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1.1 Basic concepts and ideas

@ Equations —bi\/b2—4ac_—1i\/m_1 4
3y2+y-4=0 = y=7? 2a B 6 "3
where y is an unknown.

= -2, f(x) = -24

@ Functions =-1,f(x)=-6
f(x) = 2x3 + 4x, x=0, f(x)=0
where x is a variable. x=1, f(x)=6

& Differential equations

A differential equation is an equation contains one or several derivative
of unknown functions (or dependent variables). For example,

o dy T, »d
d—x*‘; +e* [%} + x2£ =Xy, < (ordinary differential equation)
0z°> 0z

g, Xa_z +ylz=xyz. <= (partial differential equation)
oxoy ox oy
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& There are several kinds of differential equations

€ An ordinary differential equation (ODE) is an equation that contains one
independent variable and one or several derivatives of an unknown
function (or dependent variable), which we call y(x) and we want to
determine from the equation. For example,

dy =cosX (ie.,y' =cosx)

dx
Xzymyr + zexyrr - (X2 3 2)y2
where y is called dependent variable and
X is called independent variable.

& If a differential equation contains one dependent variable and two or
more independent variables, then the equation is a partial differential
equation (PDE).

& If differential equations contain two or more dependent variable and one
independent variable, then the set of equations is called a system of
differential equations.
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& Summary
A differential equation contains

(1) one dependent variable and one independent variable =
an ordinary differential equation.

(2) one dependent variable and two or more independent variable =
a partial differential equation.

(3) Two or more dependent variable and one independent variable =
a system of differential equations.

{y1’(x) =2 Y,(X) - 4 y,(x) I y4(X) = c,4eX +c e
Y2 (X) = y4(X) - 3 y,(X)
(4) Two or more dependent variable and two or more independent

variable = a system of partial differential equations.
(rarely to see)

Y2(X) = ¢ 8% + ce
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& What is the purpose of differential equations ?

Many physical laws and relations appear mathematically in the form of
such equations. For example, electronic circuit, falling stone, vibration, etc.

(1) Current | in an RL-circuit E' e

LI + RI = E. Resister (R) & Ejectro-motive
Inductor (L) | force (E)
- —
(2) Falling stone y 4[]

+«—0

y“ =g = constant.

(3) Pendulum N
LO” + g sind=0. <__/'

0
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& Any physical situation involved motion or measure rates of change can be

described by a mathematical model, the model is just a differential
equation.

The transition from the physical problem to a corresponding mathematical
model is called modeling.

In this course, we shall pay our attention to solve differential equations
and don’t care of modeling.

i modeling solving
FlEesl »| DE » | Solution

situation

That is, the purposes of this course are that
given a differential equation

1. How do we know whether there is a solution ?

2. How many solutions might there be for a DE, and how are they related?
3. How do we find a solution ?

4. If we can’t find a solution, can we approximate one numerically?
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& A first-order ODE is an equation involving one dependent variable, one
independent variable, and the first-order derivative. For example,

y +xy2—-4x3=0
(y' )32 + x2 — cos(xy’) = 0.

€ A solution of a first-order ODE is a function which satisfies the equation.
For example,

y(x) = e?Xis a solution of y‘—2y =0.
y(X) = x2 is a solution of xy‘ = 2y.

& A solution which appears as an implicit function, given in the form
H(x,y) = 0, is called an implicit solution;
for example x2+y?-1=0 is an implicit solution of DE yy* = -x.

In contrast to an explicit solution with the form of y = f(x);
for example, y = x? is an explicit solution of xy’ = 2y.
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€ A general solution is a solution containing one arbitrary constant;
for example, y = sinx + c is a general solution of y’ = cosx.

A particular solution is a solution making a specific choice of constant on

the general solution. Usually, the choice is made by some additional
constraints.

For example, y =sinx - 2 is a particular solution of y’ = cosx with the
condition y(0) = - 2.

& A differential equation together with an initial condition is called an initial
value problem. For example,

y' =1(X,y),  ¥(Xo) = Yo,
where X, and y, are given values.

_ _ B
@ For example, xy’ =3y, y(4)=16 = y=cx3 = C:I1 = y:TX.

# Problem of Section 1.1.
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1.2 Geometrical meaning of y’ =f (X, y); Direction fields

& Purpose
To sketch many solution curves of a given DE without actually solving
the differential equation.

£ Method of direction fields
The method applies to any differential equation y’ =f (X, y).

Assume y(X) is a solution of a given DE.

y (x) has slope y'(xo) = f (Xo, Yo) at (Xo, Yo)-

(i) draw the curves f(X, y) = k, k is a real constant. These curves are
called isoclines of the original DE.

(i) along each isocline, draw a number of short line segments (called
lineal element) of slope k to construct the direction field of the original
DE. (That is, the direction field is just the set of all connected lineal
elements.)
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& Ex.1. Graph the direction field of the 1st-order DE y’ = xy.
(i) draw the curves (isoclines) xy=..2,-1,0,12,...

Xy =3
/xy=2
xy=1

(i) draw lineal elements on each isocline,

A

Jk

A

Xy =3

/xy 2
Xy =1

/

7

Jk
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(iif) connect the related lineal elements to form the direction field.

y Y\

L W W AT / T
[ S W N AN (A ,I/ \\
(U WU NN (RN Y A
vy N2 £t / B
VN N N NN s 7 7 1 1]
' VN NNEN ST s 2 7 711 14
X NN NN PET AV A A |

| 1 . h
117207 FSdiny B 1
I 1/ 7 7 7720 SN NN N\
T A A SNNN NN
1 1t 7 ¢ 7 7 AU U U U U T
A AN A SR A U U W WO W T |
1117 77 A Y W W W S|
O R LY N ) A S Y Y O T T |

(a) By computer. (b) By hand.

Direction field of y’ = xy.

# Problems of Section 1.2.
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1.3 Separable differential equations

€ A DE is called separable if it can be written in the form of
g(y) y'=f(x) or g(y) dy = f(x) dx

To solve the equation by integrate both sides with x,
[g(y)y'dx =[f(x)dx+c
= J'g(y)j—idx = [f(x)dx+c

= [g(y)dy = [f(x)dx +cC.

& Ex.1. Solve 9yy'+4x=0.

— 9ydy = —4xdx = gy2 =-2x%+¢'

x2 2

* Y e with 6=
:>9+4—CWIthC—AS.
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® Ex.1. Solve y'=1+y?
dy
1+y2
1 1 4 X
—tan (y)=x+cC i 2d)(:gtan - +C
= y =tan(x +c).

= = dIX

€ Ex. Initial value problem
y’ + 5x4y2=0 with initial condition y(0)=1.

— W 5x*y? = d—{ = —5x*dx

ax y

1 5 1
= ——=-X"+C = y=—10—o-.

y X" —cC
Since y(0)=1 and y(0)=iC = 0=~1
=> y= L

x5 +1
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i X
# Ex. Solve y:;, y(1)=3.

— ydy = xdx = %yz =:—12-x2+c = y=+/x2+2cC.
Since y(1)=3=+1+2c
= ¢ =4 = solution y(x)=+/x*+8.

& Ex.3. Solve y =-2xy, y(0)=0.8.

Y _ oxdx = Iny=-x’+¢' = y=ce *.

y
Since y(0)=ce®=c =1.8 = solution y(x)=1.8¢"X.

@ Ex.4. Solve y'=ky, y(0)=ys,.

%_kdt = Inly|=kt+c' = y=y,e".

@ Example of no separable DE (x-1)y’ = 3x2+.

& Note: There is no nice test to determine easily whether or not a 1st-order
equation is separable.
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Reduction to separable forms

& Certain first-order differential equation are not separable but can be made

separable by a simple change of variables (dependent variable)

The equation of the form y'= g(XJ can be made separable; and the
form is called the R-1 formula.

step 1. Set %IU , theny =ux (change of variables).

step 2. Differential y'=u + xu’ (product differentiation formula).

¥

step 3. The original DE  y'= g[;) =S u+xu'=g)

du g(u)-u du dx
dx X gu)-u x
step 4. integrate both sides of the equation.

= xu'=g(u)-u=

step 5. replace u by y/x.
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@ Ex.8. Solve 2xyy =y?2-x2

Dividing by x2, we have

oY

2
xy._[)/] +1=0 = 2u(u+u'x)-u®+1=0 by setting u=);

X
= 2u% +2uxu'-u? +1=0 = 2uxu'+u®+1=0
2udu  —dx
2 - ]
ut+1 X 1" ~Inif(x) + ¢
f(x)

= Inft+u?)=-Inx|+c* = 1+u? =

= —2uxu'=u®’+1 =

x| 0

2 2 2
=3 1+[-Z] =& o x2+y?=cx = [x—g-] +y2=-c—_
X X 4
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17
& Ex. Solve initial value problem
3 2
y':Z+2X Cos(Xx )’ y(ﬁ):o.
X y
Change of variable u = %
2 2
= XU'+tU=U+ o czs(x ) = uu'=2xcos(x2)
02
=% i sin(x2)+ C = y=UXx= x\f2 sin(x2)+ 2c.
Since y(v)=0 = ¢=0 = y = x+/2sin(x?)
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& Ex. Solve (2x-4y+5)y' +x-2y+3=0.

If we set u=y/x, then the equation will become no-separable.

One way by setting x-2y =v. Then y'= %(1 —Vv').

= (2v+5)%(1-v')+v+3:0 — v+§-—vv'—§v'+v+3=0

= 2v+5-2w'-5v'+2v +6=0 = (2v+S5)Vv'=4v +11

VES Gy —dx = 2 (1———)dv = dx
4v +11 2 4v +11
= (1- )dv =2dx = v—1In|4v+11|:2x+c*.
4v +11 4

Since v=x-2y

= x—2y—%|n|4x—8y+11|=2x+c* f(x

jf'(—x))dx =Inlf(x)+c

= 4x-8y-Ind4x -8y +11=8x-c
= 4x+8y+In4x-8y+11=c.
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R-2 formula

£ Now we want to handle differential equations of the form

d_y = f[w), where a, b, c, g, e, and h are constants.

ax gx+ey+h

. dy a+b(y/x)+(c/x)
It implies that —— =f

Pt dx [g+e(y/x)+(h/x)}

which is R-1 formula when c = h =0, and
R-2 formula when c # 0 or h # 0.

& There are two ways to solve the equation:
I. R-2 formula = R-1formula = separable or
ii. R-2 formula = separable (directly).
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£ Case 1. Suppose that ae — bg # 0.

Change variables x = X + «
y=Y + £ to eliminate the effect of cand h,
where X and Y are two new variables;  and S are two constants.

dy dY
dx  dX
The differential equation becomes
ﬂzf[a(X+a)+b(Y+B)+c]:f[a X+bY +(ao+bB +c)]_
(0).4 g(X+a)+e(Y+B)+h gX+eY+(ga+eB+h)
Now we choose o and £ such that
aa+bf+c=0
ga+ef+h=0
Since ae — bg # 0, then exist o and £ satisfying these equations

It isa R -1formula.

a+b[y]
Suchthat Y. —f 8X+bY ) _4 __ \XJ|
dx gX+eY [Y)
g+e X
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8 Ex.

dy (2x+y—-1Y o .
= , Whereae—bg=2*0-1*1=0.
dx X—2

Letx=X+aandy=Y + f3to get
dy (2X+Y+(Q2a+B-1))
ax X +(0.—2)
Solving the system of linear equations

2a+p-1=0
a-2 =0 = «a=2 and f=-3.
Then the equation becomes

dy [2X+YT [ YT
= =2+—].
dX X X

Let u=Y/X = Y=Xu.
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dyY du du
—=u+X—=(2+u X—=u"+3u+4
% ax = ) = X
- du _dX:> du _aX I 1 dx—lt _15+C
w+3u+4 X [ 3)2 7 X X%+ g° g
u+—| +-
2
u+:3
1 1 2 2 4 2 ( 3]
= InX|= tan +¢ = InX|=—7tan™| =|u+—||+C
K=yt —gre = = Zotan | 22
2 2
Sinceu=Y/X,
In X| = ‘?-.tan—1[2yisxj+c:>v(x)=1 V7 X tan '\""7(|n\x\—c) -3X|.
N7 VT 2 2

Since X=x-2 and Y=y + 3.

y(x)= ;[ﬁ(xz)tan(‘zﬁ(wxz c)]s(xz)} =3,
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& Case 2. Suppose that ae — bg = 0.

Set WLEtEM . (1)
a

= av=ax+by = a(v—x)=by

Sinceae=bg (i.e.,, a= bg )
e

= ~be—g(v—x)=by = glv-x)=ey
= gv=gx+ey = V:gx;ey ......................... (2)
dv b dy
byEq.(1) —=1+——"
FEG) dx a dx
So that Q:E(ﬂ—ﬂ. ................................ 3)
dx b\dx
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Then the original equation d_y:f L
dx gx+ey+h

can be derived from Eqgs.(1),(2),and (3).

aldv av+c dv b .[av+c
=% —(——1):)‘ = —=14+—f
b\ dx gv+h dx a \gv+h

=5 qy =dx. Itis a separable equation.
b, fav+c
1+- f[ ]
a \gv+h
& Ex.
ay XN , where ae —bg=2*2-4*1=0.
dx 4x+2y—4
Let v:2x+y.

2
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The differential equation becomes

dv 1( 2v -1
— ="
dx 2(41/—4]

8v—%—é—t
:>[8V_8]dv=dx:> 5 5 |4y =adx
10v -9 10v -9

= E—i( 1 Jdv=dx:>4—v—iln|10v—9\+c:x
5 510v-9 5 25

= %(2x+ y)—2£5ln|10x+5y—9\+c= X

= X422 1ox+5y-9+c=0.
25

# Problems of Section 1.3.
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1.4 Exact differential equations

# Now we want to consider a DE as
dy _-M(xy)
dx N(xy)

That is, M(x, y)dx + N(x, y)dy = 0.

€ The solving principle can be
method 1: transform this equation to be separable or R-1;
method 2: to find a function u(x, y) such that
the total differential du is equal to Mdx + Ndy.

& In the latter strategy, if u exists, then equation Mdx + Ndy =
0 is called exact, and u(x, y) is called a potential function for
this differential equation.

We know that “du=0 = u(x,y)=c";
it is just the general solution of the differential equation.
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@ How to find such anu ?

: ou ou To find u, u is regarded
since du = &dx+@dy = Mdx + Ndy, |as a function of two

independent variables
= N. xandy.

)}

u 0
— =M|and a
X oy

Q

step1. to integrate M w.r.t. x orintegrate N w.r.t. y to obtain
u. Assume u is obtained by integrating M, then
u(x, y) = IMdx + k(y).
step2. partial differentiate u w.r.t. y (i.e.,a—u), and to compare
with N to find k function. 4

€| How to test Mdx + Ndy = 0O is exact or not ?
Proposition (Test for exactness)

“‘\M .
If M, N, ‘Z_N, and (;y are continuous over a rectangular
X
region R, then “Mdx + Ndy = 0 is exact for (x, y) in R if and
ly if oM o8 R”
only i dy - ox inR 7.
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@ Ex. Solve (x3 + 3xy?2)dx + (3x?y + y3)dy = 0.

1st step: (testing for exactness)
M=x3+3xy? N=3x%y+y?3

oM oN
i 6xy -
oy oX
It implies that the equation is exact.
2nd step:
1 3
=Ml + k(y) = J03 +3xy2)dx + k(y) = x4 +2-x2y2 + k(y)
3rd step: 5y
Since @ =N = 3x2y +K(y) =3x?y +yS3,

1
k’(y) =y3. Thatis k(y) =4—y4 + C*.
Thus u(x, y) ={1—(x4 +6X2y2 +y4) +c*.
The solution is then%(x4 +6x2y2+y4) =c,

This is an implicit solution to the original DE.
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4th step: (checking solution for Mdx + Ndy = 0)
= = 6 il

o [4(x +6x°y +y) o

= % (4x3 +12xy2 + 12x%yy’ + 4y3y’) = 0

= (x°+3xy?) + (3x%y +y°)y' =0

= (X3 +3xy?)dx + (3x2y +y3)dy=0. QED

€ Ex.2. Solve (sinx coshy)dx — (cosx sinhy)dy = 0, y(0) = 3.
X + e-x eX _e-X

sinhx =
o SIMX=775

M = sinx coshy, N = - cosx sinhy

Answer. coshx =

L sinxsinhy = o . The DE is exact.
oy oX
If u =Jsinx coshy dx + k(y) = - cosx coshy + k(y)

2—; = —c0s xsinh y = k = constant = Solution is cosx coshy = c.
Since y(0) = 3, cos0 cosh3 = ¢ = cosxcoshy = cosh 3.
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& Ex.3. (non-exact case)

ydx — xdy =0
M=y, N=-x
step 1: @zha @z-t
oy OX

If you solve the equation by the same method.

step 2: u = [Mdx + k(y) =xy + k(y)
step 3: 6—U‘X+k’()’)= N = -X
oy

= Kk(y) = -2x.

Since k(y) depends only on y; we can not find the solution.

Try u = [Ndy + k(x) also gets the same contradiction.

Truly, the DE is separable.
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Integrating factors

@ If a DE ‘;ﬁ = /\A//&ny)) (or M(x, y)dx + N(x, y)dy = 0) is not

exact, then we can sometimes find a nonzero function F(x, y)
such that F(x, y)M(x, y)dx + F(x, Y)N(X, y)dy = 0 is exact.

We call F(x, y) an integrating factor for Mdx + Ndy = 0.

& Note
1. Integrating factor is not unique.
2. The integrating factor is independent of the solution.
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& Ex.4. Solve ydx —xdy =0 (non-exact)

Assume there is an integrating factor g = 12 , then the original DE

becomes exact, X
y -1
0 0
(@) 1 o)
oy x* ox {9 ’
There are several differential factors: F E m

(conclusion: Integrating factor is not unique)
@ Ex. Solve 2sin(y?)dx + xy cos(y?)dy = 0, Integrating factor F (x,y) = x3.
FM = 2x3sin(y?)
FN = x4y cos(y?)
o(FN)

M) 4x%y cos(y?)=——
oy oX

Then we can solve the equation by the method of exact equation.
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& How to find integrating factors ?
there are no better method than inspection or “try and error”.

& How to “try and error” ?
Since (FM) dx + (FN) dy = 0 is exact,

OFM) _oFN) - vhatis, FOM .y OF _pN NyOF (1)
oy oX oy oy 0X oX

Let us consider three cases:

Case 1. Suppose F = F(x) or F =F(y)

Theorem 1. If F = F(x), then 2—,: = 0.

It implies that Eq.(1) becomes
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FaM :F5N+NdF
oy oX ax

=N F(ﬁM—f—N):Nf

oy oOX ax

=3 1 aM—ﬂ)dx:ldF.
N oy ox F

1 oM oON

—(————) must be only a function of x only;
N oy ox

thus the DE becomes separable.

L OM _ Ny v or=InF
N oy ox

1. 0M &N }

= F=exp [—(—-—)dx
N oy ox
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F
Theorem 2. If F = F(y), then ?—X= 0.
o

It implies that PDE (1) becomes
oM oF oN

F—+M—=F
oy oy oX
>mE =N M,
oy ox oy
L gpo L @N_ oM,
F M ox oy
l(?—N —i—M) must be only a function of y only; thus the DE
M ox oy
becomes separable and F(y)=ex Il(@—%)dy _
M ox oy

Case 2. Suppose F(x,y) = x2yP and attempt to solve coefficients a and b
by substituting F into Eq.(1).
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Case 3. If cases 1 and 2 both fail, you may try other possibilities,
such as e® T by xaghy eaxyb and so on.

& Ex. (Example for case 1)
Solve the initial value problem
2xydx + (4y + 3x?)dy =0, y(0.2) =-1.5
M = 2xy, N = 4y +3x?

oM = D oN =6x (non-exact)
oy ox
Testing whether l(ﬂ_%) depends only on x or not.
N oy ox

N

1 (aM — aNJ = ! 5 (2x -6X) depends on both x and y.
oy o0x) 4y+3x




l Advanced Engineering Mathematics 1. First-order ODEs 37

1 oN oM
M(&_E) depends only on y or not.
1(oN oM 1 2

— - = 6x —2x)=— depends only on y.
M[(’)x ay} 2xy( ) y P yony

testing whether

2
Thus F(y) = expj; dy = y°.

The original DE becomes
2xy3dx + (4y3 + 3x2y2)dy = 0 (exact)
u =[2xy3dx + k(y) = x2y3 + k(y)

Y = 3x2y2 + K(y) = 4y + 3x?y?
oy
= K(y) = 4y®

= k(y) =y*+c*

= u=x2y3+y4+cr*=¢

= x%y3+yt=c.

Since y(0.2) =-1.5 = ¢ =4.9275.
Solution x2y3 +y4 =4.9275.
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€ Ex. (Example for case 2)
(2y? — 9xy)dx + (3xy — 6x2)dy =0 (non-exact)
1 oM ON 1 y+3x
B (e b P (4y —9x -3y +12X) ="
N oy ox 3xy—6x2( y=9x =3y +12x)

3x(y - 2x)

1 6N oM 1 -3x-y
= = 3y —-12x -4y +9x) = dependson x & y.
M(ax oy 2y2—9xy(y y+9x) y(2y —9x) P g

dependson x & y.

Take F = x@yP, then
o(FM) _ o(FN)

oy 0X
= 0(2y%x%yP —9xyx3yP) B o(3xyxqyP —6x%xqy?)
oy 0X
— 2(2+b)yP*'x2 — 9(b+1)xa*1yP = 3(a+1)x3yP*1 — g(a+2)xa+1yb

N { 2(2+b) = 3(a+1)
9(b+1) = 6(a+2)
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= { 3a—-2b-1=0
6a-9+3=0
= { a=1
b=1
= F(x,y) = xy.
& Problems of Section 1.4.
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1.5 Linear differential equation and Bernoulli equation

8 Afirst-order DE is said to be linear if it can be written

y' + p(x)y = r(x).
If r(x) = 0O, the linear DE is said to be homogeneous, if r(x) # 0, the
linear DE is said to be nonhomogeneous.

€ Solving the DE
(a) For homogeneous equation ( = separable)

y +p(x)y=0
dy _

= -2 = -p(X
ax p(x)y

= 1 dy = - p(x)dx
y

= Inly| = -Jp(x)dx + c*

=y = ce TP,
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(b) For nonhomogeneous equation
(py—r)dx+dy=0
since l(w_%) p is a function of x only,
N oy ox
we can take an integrating factor
SRR LI O
such that the original DE y’ + py =r becomes
Py + py) = (elPy) = el
Integrating with respect to x,
efpdxy = jefpdxr dx + ¢
= y(x) = e TP [[elPdxrdx + ] .
& The solution of the homogeneous linear DE is a special case of the
solution of the corresponding non-homogeneous linear DE.
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# Ex. Solve the linear DE

y—y=e

Solution.

=-1,r=e? [pdx = -x
y(x) = eX[Je Xe2Xdx + c]
= eX[Je*dx + c]
= e+ ceX,

# Ex. Solve the linear DE

y' + 2y =e* (3 sin 2x + 2 cos 2x)

Solution.

p=2,r=eX(3sin2x+ 2 cos 2x), Jpdx = 2x
y(x) = e X [Je 2XeX (3 sin 2x + 2 cos 2x) dx + c]
=e'2x[e3xsin2x+c]

..............................

=ce?X+eXsin 2x .
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Bernoulli equation

€& The Bernoulli equation is formed of

y +p(x)y=r(x)y?, where ais a real number.
If a=0ora=1, the equation is linear.

€ Bernoulli equation can be reduced to a linear form by change of variables.
We set u(x) = [y(x)]",
then differentiate the equation and substitute y’ from Bernoulli equation
u=(1-a)y2y'=(1-a)y?(ry®-py)
=(1-a)(r-py™
=(1-2a)(r-pu)
=u+((1-a)pu=(1-a)r (Thisis alinear DE of u.)
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@ Ex. 4.

y' - Ay = - By?

a=2,u=y""

u'=-y?y'=-y?(-By?+Ay)=B-Ay"'=B-Au
=u+Au=B

u = e Jpdx [ felpdX gy + ¢
=e ™[ [Be™dx +c]
=e ™ [B/Ae™+c]
=B/A+ce X

= y=1/u=1/(B/A + ce )

# Problems of Section 1.5.
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Riccati equation (problem 44 on page 40)
y=p(Xx)y2+q(x)y+r(x) isa Riccati equation.

& Solving strategy

If we can some how (often by observation, guessing, or trial and error)
produce one specific solution y = s(x), then we can obtain a general
solution as follows:

Change variables from y to z by setting

y=s(x)+ 1/z
= y=5'(x)-(1/23) Z
Substitution into the Riccati equation given us

S'(x) - (1/22) 2 = [ p(x) s(x)? + g (x) S(x) + r(x) ] +

[ p(x) (1/2) + 2p(x)s(x) (1/z) + q(x) (1/2) ]

Since s(x) is a solution of original equation.
= -(1122) 7 =p(1/23) + 2 ps(1/z) + q(1/z)
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multiplying through by -z2
= Z+(2ps+tq)z=-p,

which is a linear DE for z and can be found the solution.
= z = clu(x) + [1/u(x) | -p(x)u(x)dx]

where u(x) = e [12ps + dl dx
= z=¢2ps+aldx[[gl(2ps+q)dx 4y + ¢ ]

Then, y = s(x) + 1/z is a general solution of the Riccate equation.

& There are two difficulties for solving Riccati equations:
(1) one must first find a specific solution y = s(x).
(2) one must be able to perform the necessary integrations.

@ EX. y=(1/X)y2+ (1/xX)y-2/x,s(x)=1.
Solution. y(x) = (2x3 + c)/(c — x3).
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Summary for 1st order DE

1.

2.

3.

.

Separable f(x) dx = g(y) dy [separated integration]
R-1 formula dy/dx = f(y/x) [change variable u = y/X]

R-2 dy/dx = f((ax + by + c)/(gx + ey +h)), c #0 or h # 0.
with two cases { i,ae-bg#0 [x=X+a,y=Y+/ = R-1= separable]
ii.ae -bg =0 [v = (ax+by)/a = (gx+ey)/g = separable]

. Exact dy/dx =-M(x, y)/N(x,y) [0M/dy = dN/ox = exact]

(Mdx+Ndy=0) [deriving u = du = Mdx + Ndy]

. Integrating factor dy/dx =-M/N [find F = (FM)dx + (FN)dy = 0 is exact]

I. (0M/dy - dN/9X)/N = F(x) or (dN/ox - dM/ay)/M = F(y)

try some factors § ii. F = x3yP

iii. F = e@*by yaghy eaxyb
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. Linear 1st-order DE y’ + p(X)y = r(x) integrating factor F(x)= glPd

y=e -Ip(x) dx [j r(x) e JD(X) dx dx + ¢ ]

. Bernoulli equation y’ + p(x)y = r(x) y2

set u(x) =[y(x)]"®, = u + (1-a) pu=(1-a)r (linear DE)

. Riccati equation y’ = p(x)y2 + q(x)y + r(x)

(1) guess a specific solution s(x)
(2) change variable y = s(x) + 1/z
(3)toderive alinearDE z'+ (2ps+Q)z=-p.
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1.6 Orthogonal trajectories of curves

& Purpose

use differential equation to find curves that intersect given
curves at right angles. The new curves are then called the
orthogonal trajectories of the given curves.

& Example
Ay
> X
Any blue line is orthogonal
to any pink circle.
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& Principle

to represent the original curves by the general solution of a DE
y’ = f(X, y), then replace the slope y’ by its negative reciprocal,
-1y’ , and solve the new DE -1/y’ = f(x, y).

Family of curves

If for each fixed value of c the equation F(x, y, ¢) = 0 represents a
curve in the xy-plane and if for variable c it represents infinitely
many curves, then the totality of these curves is called a one-
parameter family of curves, and c is called the parameter of the
family.

Determination of orthogonal trajectories
step 1. Given a family of curves F(x, y, c) =0,
to find their DE in the form y’ = (X, y),

step 2. Find the orthogonal trajectories by solving their DE
y' = -1/f(X, y).
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& EXx.

(1) The equation F(x,y,c)=x+y+c=0 represents a
family of parallel straight lines.

51

(2) The equation F(x,y, c)=x%2+y2-c2=0 represents a

family of concentric circles of radius ¢ with center at the
original.

\\\i* N

X
c=1
~Cc=-2
v c=2
\\ c=0 c=3
c=3
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& Ex.
(1) differentiating x +y + ¢ =0, gives the DE y’ = -1.
(2) differentiating x? +y?-¢2=0,
givesthe DE 2x+2yy'=0 = y = -xly.
(3) differentiating the family of parabolas y = cx?,

gives the DE Yy’ = 2cx.
since ¢ = y/X?, y’' = 2y/X.

Another method

C=yX 2
= 0=yx?-2yx3
=YX =2y

=Yy =2y/X.
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& Ex.
Find the orthogonal trajectories of the parabolas y = cx2.
Step 1. Yy’ = 2y/x

2

Step 2. solve J= o xE ryi=c
y = -X/2y
= 2y dy = -x dx

=y2=-x2+C

X2

2
= —+y~=C.
> y
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& Ex.
Find the orthogonal trajectories of the circles x2 + (y - ¢)? = ¢2.

step 1. Differentiating x2 + (y - c)2togive 2x + 2 (y—c)y' =0
= y' = x/(c-y) (error)
Correct derivation x2 + (y - ¢)2 = ¢2
=x2+y2-2cy=0
=x?yT+y=2c
=2xy T-x2y 2y +y =0
=2xy 1= (x2y2-1)y
= 2xy = (x*-y?) Y
=y = 2xy/(x* -y ?)

step 2. Solve y’ = (y 2 - x2)/2xy
= Yy =y/2x-x/2y (R-1formula)

Solution. (x - e)2 +y2 =e?

. # Problems of Section 1.6.
where e is a constant.
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1.7 Existence and uniqueness of solutions

€ Consider an initial value problem
y' =1, y), Y(X) = Yo
There are three possibilities of solution,

(i) no solution; e.g., [y'|+|y]| =0, y(0) =1.
0 is the only solution of the differential equation,
the condition contradicts to the equation;
moreover, y and y ' are not continuous at x = 0.

(i) unique solution; e.g., y' = x, y(0) = 1, solutiony = ;X2 +1

(i) infinitely many solution; e.g., xy'=y -1, y(0) =1,
solution y=1+cx.
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€ Problem of existence
Under what conditions does an initial value problem have at
least one solution?

€ Problem of uniqueness
Under what conditions does that problem have at most one
solution?

€ Theorem 1 (Existence theorem)
If f(X, y) is continuous at all points (X, y) in some rectangle
R:|Xx—=X| <@, |y-Yol <bandbounded in R: [f(x, y)| <k
for all (x, y) in R, then

the initial value problem Y 1o R
v =£(x, y), Y(Xo) = Yo" 7 o] i
has at least one solution y(x). ‘T’:‘T’
X
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€& Theorem 2 (Unigqueness theorem)
If f(X, y) and df/dy are continuous for all (x,y) in that rectangle R and

bounded,

@ fl <k, (b) |

<M forall (x,y)in R, then the

initial value problem has at most one solution y(x).
Hence, by Theorem 1, it has precisely one solution.

# The conditions in the two theorems are sufficient conditions rather than
necessary ones and can be lessened.

a—f < M may be replaced by the weaker
y
condition [f(x,y,)—f(x,y,|<M|y,-y, where y, and y, are on the
boundary of the rectangle R. The later formula is known as a Lipschitz
condition. However, continuity of f(x, y) is not enough to guarantee the
uniqueness of the solution.

For example, condition
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€@ Ex. 2. (Nonunigueness)
The initial value problem

y'=Jv,  ¥0)=0.

has the two solutions

/=0 and y:{x2/4 if x>0

—x2/14 if x<O
Although f(x,y)=y'=/|y|is continuous for all y. The Lipschitz

condition is violated in any region that include the line y = 0, because for

y, = 0 and positive y,, we have
f6y )= F(xys) _ya 1

‘yz_y1‘ Rz _\/.V_z

and this can be made as large as we please by choose y, sufficiently
small, whereas the Lipschitz condition requires that the quotient on the
left side of the above equation should not exceed a fixed constant M.
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Picards’ iteration method
& Picards method gives approximate solutions of an initial value problem
y' =X, ¥), y(Xo0) = Yo
(i) The initial value problem can be written in the form

y(X) =y, + j;: f[ &] o TSRS (1)

(i) Take an approximation unknown

yi(x)=yo + [y flt.y,(t)] o

(iif) Substitute the function y,(x) in the same way to get
y2(x)=yo + [y flt.ys(t)] ot

(iv) Yn(X)=Yo+ [ flt.yn4(t)]dt

Under some conditions, the sequence will converge to the solution y(x)
of the original initial value problem.

I Advanced Engineering Mathematics 1. First-order ODEs 60

® Ex. Find approximate solutions to the initial value problem
y'=1+y?, y(0)=0.
Solution.
X=0,¥,=0, f(x,y)=1+y?
y1(x)=0+[*[1+0]dt = x

y2(X) =y, + [ flt.y4(t)] ot

:O+j0x[1+t2]dt:x+%x3

y3(X)=y, + [ flt,y, ()] dt

_0+jox{1+(t+%t3)2}dt

LI IV LY
3 15 63
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Exact solution y(x) = tan(x).

Yaj [y2
yT - Y1

2 —
x
& Problems of Section 1.7.
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Laparoscopic surgical simulation




