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Abstract. A study of Ihe ezislesce and uniqueness of solutions to Iwo classes of nonlinear 
&ne-independent diffusion equalions is presented. 

The first non-linear spherically symmetric time-independent diffusion equation is: 

1 d -- 
r* dr [ 1 g db 

dr 
= h(a, r) , Ri 5 r < R, (1) 

subject to boundary conditions: 

a(Ri) = Ui 

a(R,) = ~00 > Ui 
(2) 

where u is the oxygen concentration, h an arbitrary oxygen consumption rate, l& the radius 
of the necrotic core and R, the radius of the spherical tumor. Our goal is to determine 
conditions, on h(a, r) under which a unique solution to problem (1) exists. 

The following transformations are used 

u(r)=u,y(r) , r=xRo , q=z , 6=$, 
0 

X-6 
e=,, , Y(l) = G> + 4a> , @> = 9 + (1 - TN 

6 
Q=1_6 t A = (1 - a>$ 

p(t) = (l+ a)~@ + 2(1- q) and f(y, 4 = -$l + cr)h(y, x) 

to yield the system: 

$ + Xf(Y2) = 0 

with P(0) = 0 

P(1) = 0 

(3) 

whose solution is given by the integral equation, 
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p(e) = x l wx, P(O)4 
J 

(4) 
0 

where 

K(4<, P(t)) = G(4 E)f(t, p(E)) (5) 

The integral equation (4) has a unique solution PcLs[O, l] provided that [l]: 
(i) K satisfies a Lipschitz condition, 

I K(J,t,a) - KC&t, 22) II NC40 I *I - ~2 I VZl, z2 

where N is square integrable with 

1 1 

JJ 
1 N(e,t) I2 dedt = Q2 c 00, 

0 0 

(ii) K(e,t, 0) is continuous for e, [e[O, l] 

(iii) I X I< Q-’ 

It is assumed that $$ 
I I 

< M for 0 5 e 5 1 and all P. 

By the Mean Value Theorem, 

Hence, N(.&t) = M 
It follows that 

Q2 = 

G(U) I. 

I wqe,o I I %l - z2 I for some Cc(zi, z2) 

1 1 

IJ 
M2 I G(e,t) I2 ded[ = 

0 

=M2 

= M2 1 
e2(i -t)2 + 

J 
t2(i -e)2de 1 i 4 = M2& e 

M 
i.e. Q = - 

3fl 

Therefore, there exists a unique solution to (4) provided 

(6) 
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A more complete model from the biological standpoint can be constructed from system (1) 
by taking into consideration the flux of oxygen at the interfaces & and R,. Thus systeme 
(1) can be re-examined with the appropriate boundary conditions to get 

1 d -- r2 dr I 1 p db 
dr = h(u, r) , Ri<r_<R, 

subject to: CT’(&) = 0 

c’( R,) = m( 1 - u( R,)) 

where m is a constant representing the permeability of the tissue surface [2], [3]. 

Again by making the following transformations 

r = Roz, 5 = 9, t = %, u(t) = v(t) + 1, X = (1 - LS)~, 
6 

o=1_6 

system (8) is reduced to 

(1 + o)?+‘(e) + 2?J’(1) = d(u, e), 0 5 e 5 1 

with v’(0) = 0 

v’(l) + mv(1) = 0 

with solution given by 

where 

and 

(8) 

(9) 

(10) 

(11) 

(12) 

(Conditions under which (10) has a unique solution were stated above). 

Once more we assume that af 
I I 
z 5 M for 0 _< 1 5 1 and all v, and by the Mean Value 

Theorem 

sMIG(4~)Il~l - z1 ] for some Cc(zi, 22) 

i.e. N(e,[) = M I G(e, <) I - 

It follows that 
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Q2 = ] ] M2 ( G(t, () 1’ d&Z< = 

0 0 

1 E 

=M2 

{ [( Jl m(l+a>(l-E)+(t+a) 2de 
0 0 

m(l + a>2 > 

1 

+ /( (‘t + a) 
m(l + a)(1 - 1) + (t + a> 

m(l + CY)~(~ + a) 
’ dt dt 

e )I1 
= M2A 

where 

A= 602 + 2cy + 9 + 2p2(1 + 3lnp) + 2(1 - 31n/3)(P2 + a3m) 

12 9 9mP 

3cr2 + a + 1 

3P 

+ a2(8m2 + 3) o(1 + 3cy) + (4c~ + 1)(2m2 + 1) 
6m2,d3 - 3mp3 12m2P4 

+ 6(3a2+a+l)lnP-2a3(1-3lncr) 

9 mp2 

with ,0 = (1 + o). (For given m, 
Thus Q = Ma, 

A is a monotone increasing function of cr). 
an d a unique solution to (10) exists provided 

It is worth noting that since the metabolic reactions in a cell are catalyzed by enzymes 
[2], [3], it is possible to express the oxygen consumption rate h(u, r) in (1) and (8) by means 
of Michaelis-Menten kinetics: 

h(a, r) = * 
m 

where V is the maximum reaction rate, and km the Michaelis-Menten constant. 

The above conditions are sufficient for uniqueness; whether or not their violation gives 
rise to solution bifurcation or instability with biologically significant consequences will be 
explored elsewhere. Note that very general conditions for the existence and uniqueness of 
solutions have been given in [4]-[6]. 
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