
§10.1 - PARAMETRIC EQUATIONS

§10.1 - Parametric Equations

Definition. A cartesian equation for a curve is an equation in terms of x and y only.
Definition. Parametric equations for a curve give both x and y as functions of a third
variable (usually t). The third variable is called the parameter.
Example. Graph x = 1 � 2t, y = t

2 + 4

t x y

-2 5 8
-1 3 5
0

Find a Cartesian equation for this curve.
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§10.1 - PARAMETRIC EQUATIONS

Example. Plot each curve and find a Cartesian equation:

A. x = cos(t), y = sin(t), for 0  t  2⇡

C. x = cos2(t), y = cos(t)

B. x = cos(�2t), y = sin(�2t), for 0  t  2⇡

D. x = 5
p

t, y = 3 + t

2
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§10.1 - PARAMETRIC EQUATIONS

Example. Write the following in parametric equations:

1. y =
p

x

2
� x for x  0 and x � 1

2. 25x

2 + 36y

2 = 900
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§10.1 - PARAMETRIC EQUATIONS

Example. Describe a circle with radius r and center (h, k):

a) with a Cartesian equation

b) with parametric equations
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§10.1 - PARAMETRIC EQUATIONS

Example. Find parametric equations for a line through the points (2, 5) and (6, 8).

1. any way you want.

2. so that the line is at (2, 5) when t = 0 and at (6, 8) when t = 1.
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§10.1 - PARAMETRIC EQUATIONS

Example. Lissajous figure: x = sin(t), y = sin(2t)
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§10.1 - PARAMETRIC EQUATIONS

Example. Use the graphs of x = f (t) and y = g(t) to sketch a graph of y in terms of x.
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§10.2 CALCULUS USING PARAMETRIC EQUATIONS

§10.2 Calculus using Parametric Equations

ARC LENGTH
Example. Find the length of this curve.
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§10.2 CALCULUS USING PARAMETRIC EQUATIONS

Note. In general, it is possible to approximate the length of a curve x = f (t), y = g(t)
between t = a and t = b by dividing it up into n small pieces and approximating each
curved piece with a line segment.

Arc length is given by the formula:
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§10.2 CALCULUS USING PARAMETRIC EQUATIONS

Set up an integral to express the arclength of the Lissajous figure

x = cos(t), y = sin(2t)

.
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§10.2 CALCULUS USING PARAMETRIC EQUATIONS

Example. Write down an expression for the arc length of a curve given in Cartesian
coordinates: y = f (x).

Example. Find the arc length of the curve y = 1
2 ln(x) � x

2

4 from x = 1 to x = 3.
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§10.2 CALCULUS USING PARAMETRIC EQUATIONS

SURFACE AREA

To find the surface area of a surface of revolution, imagine approximating it with pieces
of cones.

We will need a formula for the area of a piece of a cone.

The area of this piece of a cone is

A = 2⇡r`

where r =
r1 + r2

2
is the average radius and

` is the length along the slant.
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§10.2 CALCULUS USING PARAMETRIC EQUATIONS

Use the formula for the area of a piece of cone A = 2⇡r` to derive a formula for surface
area of the surface formed by rotating a curve in parametric equations around the
x-axis.
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§10.2 CALCULUS USING PARAMETRIC EQUATIONS

Example. Prove that the surface area of a sphere is 4⇡r

2
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§10.2 CALCULUS USING PARAMETRIC EQUATIONS

Example. The infinite hotel:

1. You are hired to paint the interior surface of an infinite hotel which is shaped like
the curve y = 1

x

with x � 1, rotated around the x-axis. How much paint will you
need? (Assume that a liter of paint covers 1 square meter of surface area, and x

and y are in meters.)

2. Your co-worker wants to save time and just fill the hotel with paint to cover all
the walls and then suck out the excess paint. How much paint is needed for your
co-worker’s scheme?
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