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Nonlinear optics I

Polarization : P =¢,xE

Susceptibility : y =z, + ,E+ 7,E* +---
D=¢E=g,Et+e,/E > e=e,(1+y) — n:%:\/gzzm

P=P +P,+ P3+---:5011E+8012E2+80;(3E3+---

A

Linear .- Nonlinear * Nonlinear
first order: second order: third order:
P,=ex E P; = egxz E* Ps = egxs E?

Classical optics: Matenials lacking inversion Third harmonic generation

Superposition symmetry: Four-wave mixing
Reflection Second harmonic generation Kerr effect
Refraction Three-wave mixing Raman scattering
Birefringence Optical rectification Brillouin scattering
Absorption Parametric amplification Optical phase conjugation

Pockels effect




\Second-order Nonlinear optics P, =¢g,x,E° |

Second-harmonic generation (SHG) and rectification
E = E(a))‘opticm —> P, E*(w) - P(0tw)=P,(20), >Frequency doubling

P2 (0) - Rectification
Electro-optic (EO) effect (Pockell’s effect)

E = E(O)‘electrical, DC + E(a))‘optical {bUt’ E(O)‘ >> ‘E(w)‘}
— P, c E?
- P,(0)x E2(0)}, P, (@){x E(0)E(@)}, P,(20){x E(w)E(w)}
— P,(0), P,(@){oc E(0)E(w)} — An oc E(0)|

- Index modulation by DC E-field

electric,DC

Three-wave mixing
E = E(a)l)‘optical + E(a)z)‘optical
—>P,c E?
5 P, (20)c E2(@)} P, (200, EX(e9)} > stiG
P, (@, +@,){x E(@)E(@,)}, > Frequency up-converter

P, (o, —a)z){oc E(a)l)E(a)z)} - Parametric amplifier, parametric oscillator



Third-order Nonlinear optics P, =g, ,;E°

Third-harmonic generation (THG)

E = E(0)),,,,, = P, < E*(@) > PBy(0)|[E(0) E(@)}P,Go){x B (o))
- Frequency tripling

optical

Electro-optic (EO) Kerr effect

E= E(O)‘electrical, DC + E(w)‘optical {bUt’ E(O)‘ > ‘E((())‘}

2

- P3 (Cf)) x E(O)‘jlectric,DC E(a)) —>Ano E(O)‘electric,DC = Index modulation by DC E2

Optical Kerr effect
P,(w) oc \E(a))\2 E(w) < | (@)E(®w) = Anoc | (@) - Index modulation by optical Intensity
n=n,+An(l) > ¢ =@, + Ap(=K,AnL) - Self-phase modulation
n=n, +An{l (X)} = An{l(X)} > N, > self-focusing, Self-guiding (Spatial solitons)

n=n, +An{l(X)} = An{l (X)} < N, > self-defocusing



Third-order Nonlinear optics P, =g, ,;E°

Four-wave mixing
E = E(a)l)‘optical + E(a)Z)‘optiCm + E(a)3)‘optical
—> P, x E* 5 (o, tw,tw,) — 6% =216 terms

— One example: P, (@, + @, + ®, = ®,) < E(o,)E(®,)E(®,;) > Frequency up-converter

> Ifo=0=0,>0,=30 > THG

— Another example: P,(w, + , - @, = ®,) o« E(@,)E(@,)E" (@)
-S> o+, =0+0,
— If w, =W, = W; =W, - Degenerate four-wave mixing
— Assume two waves among them are

plane waves traveling in opposite directions

— P, (0, = w) ‘E(a))E(a)) E*(a)) - Optical phase conjugation




24-2. Second harmonic generation (SHG) I

P2 =&y X E2 . Only for non-centro-symmetry crystals

[GaAs. CdTe, InAs, KDP, ADP, LiNbOj, LiTaO,, ...]
E = E, cos wt

P=P,+P,

1
= £,1,E, Cos ot + £, y,EZ cos’ wt {cos2 0= §(1+ COS 20)}

1 Il
= g,7,E, cOs wt +‘é’507(2E§ +—-2—go;(2E§ cos 2mt

P,(t) = {%80 Z E§}+{%go > Eg}cos 20t = P,(0)+ P, (2w)

Second harmonic term
- 20

Constant (DC) term
-> Optical rectification




SHG does not occur in isotropic, centrosymmetry crystals

It can easily be shown that the second-order term makes no contribution to po-
larization in an isotropic optical material, or one having a center of symmetry. A
crystal having a center of symmetry is characterized by an inversion center, such
that if the radial coordinate r is changed to —r, the crystal’s atomic arrangement re-
mains unchanged and so the crystal responds in the same way to a physical
influence. In such a crystal, reversing the applied field should not—except for a
change in sign—change any physical property, such as its polarization. Thus we
should have both

P, = e)x(+E)} and —P, = €x:—E)*

Because the E-field is squared, P, = —P,, which can only be true if P, = 0. The
quartz crystal used by Franken, and many other crystals as well, do not possess in-
version symmetry. They can, therefore, manifest second harmonic generation in ad-
dition to other second-order phenomena to be described presently.

P, = EOZZEZ

If yx, is isotropic or centrosymmetric,
— Dboth + E and - E give the same P, polarization
— that means the molecules are not polarized by the sencond y effect.



Second harmonic generation

1 1
58022 Eg} + {E Eo > Eg}cos 20t = P,(0)+ P,(2w)

dec second-harmonic

Figure 19.2-1 A sinusoidal electric field of angular frequency w in a second-order nonlincar
optical medium creates a polarization with a component at 2 (second-harmonic) and a steady
(dc) component.

From Fundamentals of Photonics (Bahaa E. A. Saleh)



Second harmonic generation I

(3 /\\//\\/[\\//\ Fundamental at w E = EO cos wt

@) /-\ /-\ /-\ Nonsymmetrical polarization P= Pl + I:)2

(3) /\\/[\\//\\//\ Fundamental at & Pl =& X1 EO COoS mt

(4) |

1
Second harmonic at 2w P2 = E 8012 Eg COS( 2&)1:)

1
2
(5) Constant negative bias +E 80/’(2 EO




Second harmonic generation w—>20 (1> A/2)

347 nm (UV)

( Ruby laser O @
694 nm (red) )

KDP crystal

w ; 2w
Nd3+ YAG laser ( N 530 nm
. b | ey mr s e 1 _i
( 106 um (IR) Ge- and P-doped (green)

silica glass fiber

> 780 nm (R)
Do 390 nm (violet)

AlGaAs laser

Figure 19.2-2 Optical second-harmonic generation in (a) a bulk crystal; (b) a glass fiber; (c)
within the cavity of a semiconductor laser.

From Fundamentals of Photonics (Bahaa E. A. Saleh)



Second harmonic generation

Laser beam enters a crystal of ammonium dihydrogen phosphate as red light
and emerges as blue—the second harmonic. Courtesy of R. W. Terhune.



Phase matching (index matching) in SHG

Output intensity after second harmonic generation

| ocsincz(l'%k), Ak =k, — 2k

()

Optic‘:‘ axis

Phase matching : Ak=0 o

Direction of
Matching
Ak =Kk, —2k (Ak=0)
20 C “\c E-ray surface
a) (nZ(o)
={n,,—Nn_ )| 2— |=
( 20 w)( C ) 0 O-ray surface

(N,)



F ixing by th IXi
S 5 S S s e S |

frequency up-converter (@, + @, = ;)

Up-converted
signal
w3z=w] +wr

Signal w;

Pump w;

Filter
(@, — idler, or parameter, = 71} )

parametric oscillator (o, > @, +w, — @,—@, = o)

w1
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E = E(@,)+ E(@,)
= E, cosat + E, cosm,t

= % Eo. {exp(iot) +exp(—iat)} +% E,, {exp(im,t) +exp(—im,t)}

P, = 507(2E2

= (a)1+a)1=2a)1), (a)2+a)2 =2w2), (a)l—a)2=a)3), (a)l+a)2=a)3)

/

ﬁa.rl fwy
MWW VW ¥
M«i{r Z’?%\

hws = hw| + hw, > Frequency conservation

hky = hk, + hk, - Momentum (phase) matching



Third-order nonlinear effect.

In media possessing centrosymmetry, the second-order nonlinear
term is absent since the polarization must reverse exactly when the

electric field is reversed.
The dominant nonlinearity is then of third order,

. 3
Py = &y %3E
The third-order nonlinear material is called a Kerr medium.

P, .4




Optical Kerr effect
P, (@) o ‘E(a))‘z E(w) < | (w)E(w) > An oc | (w) - Index modulation by optical Intensity

n=n,+An(l) > ¢ =@, + Ap(=Kk,AnL) - Self-phase modulation
n=n,+An{l (X)} = An{l (X)} > N, > self-focusing, Self-guiding (Spatial solitons)

n=n, +An{| (X)}_> An{l (X)}< Ny > Self-defocusing

Payi(@) = 3x¥| E(0) | E(w)

= 3xV E(w)|" = 6xPnI, where I = |E(w)*/27

Since n* =1 + y,

An =(dn/dx)Ay = Ax/2n, —— Ap = il xOI = n,I
€ N
3
s n(I)= n+n2I where 7, = ”f”xm
Ea

The order of magnitude of the coefficient n, (in units of cm?/W) is 107 to 107"
in glasses, 107 to 1077 in doped glasses, 10~ ' to 10™% in organic materials, and
10~ to 102 in semiconductors. It is sensitive to the operating wavelength (see Sec.
19.7) and depends on the polarization.



n(l)=n+n,l

Self-phase modulation

The phase shift incurred by an optical beam of power P and
cross-sectional area A, traveling a distance L in the medium,

L P
ALA

o

¢ =2mn(I)L/A, = 27w(n + n,P/A)L/A, — A¢ = 2mn,

P,=A,A/2Ln; at which Ap = 7

Self-focusing (Optical Kerr lens)

n \ ((((((((((((“" ]

medium



Spatial Solitons In-alinear medium, In an optical Kerr medium,
wave IS spreadln. wave can be self-guided.

= Self-guided beam

(Also, see 19.8)

Helmholtz equation, [V2 + n®(I)k2)E = 0, where n(I) =n + n,I, k,=w/c,, 1=|El’/2n
- nonlinear differential equation in E

E = Aexp(—jkz) assuming that 4 = A(x, z) varies slowly in the z direction
(9% /022 A exp( —jkz)] = (=2jk 04 /02 — kA4) exp( —jkz),

a°A 9A - ,
=) 5 - 2k + k2nA (1) = n?lA=0 (ny] <n)
2n,nlAl°  n’n
2 _ 2|A|2

[n2(1) = 2] = [n(1) = n)ln(1) + n] = [n1](20] = —— = —

FA  ny oo !
) =t ﬂ_k |AI°A = 2jk—: Nonlinear Schrodinger equation
[

Z

x .
A(x,z) = Ay sech(ﬁ) e:-ip( —;a) nf(A2/2m,) = 1/kWE 2o = LkWE = aW2/A



Raman Gain

The nonlinear coefficient y® is in general complex-valued, |x® = x% + jx}

o PR 6mn, x¥ L p
__________________________ » =
A, A €, n’ A,A

o

phase shift A¢ = (67n, /€, Xx&/n*XL/A,A)P
phase factor exp(—j¢)

Raman gain exp(3yL)

12 3 1 :
y = Mo Xi p : Raman Gain

€, Nt ALA Coefficient

Coupling of light to the high-frequency vibrational modes of the medium,
which act as an energy source providing the gain.

For low-loss media, the Raman gain may exceed the loss at reasonable levels
of power, so that the medium can act as an optical amplifier.

- Fiber Raman lasers



Four-wave mixing (third-order nonlinearity)

Superposition of three waves of angular frequencies w,, @,, and w;

&(t) = Re{E(wy) exp(jwt)} + Re{E(w;) exp(jwyt)} + Re{ E(w3) exp(jwst)}

g(t)y= L :E(w,)exp(jo,t) Where o_,= —ao,

=+1, +2, +3
AL ERE and E(-w,) = E*(w,).

Py =&y%3 E° (as sum of 6% = 216 terms)

— L y E(w,)E(0,)E(w,) exp|j(w, + o, + ,)t]
q,r,f=:|:1; i21 +3 :

{k3+k4=k1+k2} M%”K




Opnca{ phase conjugation (OPC)
is the spatial complex conjugate of the incident wave. This means that a new wave is
produced that exactly reverses the direction and overall phase factor of the primary

beam. Thus the phase conjugate wave precisely retraces the path of the original
beam and, at each position, reproduces the exact shape of the original wavefront.

.E1[I, f) = Euﬂ'ﬂmt-lﬂ

S B S

Es(z, 1) = Ege'lwt HHa

A

'

g

(a) Plane wave

!

'

v

Eiz, 1) = Eo gttt

Eﬂf, f) = % Ei{mr+ kr)

(b} Spherical wave

Ey(r, 1) = Re[¥(r)e'lwt- k)

4

Exlr, ) = RelW* (r)e'\@!+ k2

(c} “Nearly plane" wave



Phase conjugate mirror (PCM)

Conventional mirror Ordinary mirror

PCM Phase conjugate
mirror




Optical phase conjugation

When all four waves are of the same frequency =2 degenerated four-wave mixing (DFWM)

ﬂ.l'1=[l:}2=ﬂ.l'3=£t}4=m

Assuming further that two waves (3,4) are uniform plane waves traveling in opposite
directions,

A3
*
AZ oC A3A4A1 : conjugated version of wave 1 Pump beam
I .
A, : .| Nonlinear
Probe beam | Medium
|
Ay < j (DFWM)
PC beam l —
|

/

Ay

Pump beam




Note: Phase Conjugation and Time Reversal

Incident E,(r,t)= Re[';”(r)ei(d_kz)]

Phase conjugation Ez(r,t)= Re[’ﬂ*(r)ei(mkz)]

Time reversal E, (r,t) = Re['ﬂ(r)ei[w(_t)_kﬂ

—— T ump )
Pump(1) e T Ump
beam //P /r* e DEAM

¢ I v
: PC beam

Input (3) =

beam \




Degenerate Four-Wave Mixing as a Form of Real-Time Holography

E, o E,ELE#

Laser
Wave 3 Wave 4 Wave 3
Wave 4
(reference) {reference) . (reference)
&)
1@0{@%"
° e N
NG WL
2\ e
e W

two possibilities corresponding to (a) transmission and (b) reflection gratings.



Image restoration by phase conjugation

Optical reciprocity.

Phase
conjugate
mirror

Distorting
medium




19.4. Coupled-wave theory of three-wave mixing

Coupled-Wave Equations

Wave propagation in a second-order nonlinear medium

gtg %P aL

2 L
= %  where - g ¥

1
g - — and Py =27F7

¢ t?
The field #(¢) is a superposition of three waves of angular frequencies ,, @,, and ®;

(1) = L Re[E,exp(ing)] = L 3[E;ex(iogr) + EF exp(—jw,t)]
g=1,2,3 q=1+2b3

_ l = .
= > 2k, exp(,rmqr), where w_, = —w, and E__ = E*.
g=+1,+2, +3

The corresponding polarization density

q,r=+1,£2, +3

the corresponding radiation source

P
at?

e Mo = %p‘.{,ng E (mq + wr)quE,. exp[j{mq + mr)t]

g, r=+1,+2, 43



Coupled-Wave Equations

by equating terms on both sides at each of the frequencies w,, w,, and w;, separately,

(V2 + k2)E, = —S§,
where §, is the amplitude of the component of . with frequency w,

(V2+K3)E, = -8,
{?2 + k%]Ez = —38;
S, =2u,w7 ZESE¥  (since w, = w, — w;)

Assume, for example, w; = w; + @, - S, =2u,w3 ZELE¥  (since @2 = w, — )

Sy =2u,w5Z/EE, (since w; = w, + ;)

(V24 k?)E, = =2p 0wl ZE;L¥
Coupled-wave Equations

(V> +k3)Ey = —2p,w) ESE¢ in three-wave mixing

(V2 + k3)Ey = —2p,03 #EE,.

Homework : EXERCISE 19.4-1 Degenerate Three-Wave Mixing



Mixing of Three Collinear Uniform Plane Waves

Eq=Alep(—jqu)-a q = 112:3

1
= (2nhao,) / 2q exp( —jk,z), < 2y =A,/2nhw,)/?
I, =|E |2/21’}' = hw,la |2 ------ > | 2 Iq The photon flux
q q q q ‘;ql _ v
hmq densities (photons /s-m?)

_ ] _ ) d
slowly varying envelope approximation (?2 + ki)[“’q exp( —jqu)] = —jqu% exp( —jkq;:)

de, -

—— = -] a¥ —j : whnere
(V2 + k})E; = —2u,0} ZE;E3 T = —ipazed exp(—jAkz)

2 3,2
2 2V o= — 2 da 22 = 2h0, 00037
(7 + kz)ﬁz = —2p,w; ZEJE Ef' — i pare* exp(—jAkz)
(724 5}y = ~2uoui sBiky do Ak =ky—k; =k,
3 . .
F —jgaa,exp(jlAkz),

Homework : EXERCISE 19.4-2 Energy Conservation.

EXERCISE 19.4-3 Photon-Number Conservation: The Manley-Rowe Relation.



Second-harmonic generation (SHG)

Assuming two collinear waves with perfect phase matching (Ak = 0),

da, _ N 1 da, : *
~r = lga3e; exp( —jAkz) 0 = oy = = e
da, _ ‘ wy = 2w das @
i —jgayal exp(—jAkz) -------mommmooo > L T TIme
dea, Coupled Equations

7 - —jgeaa,exp(jAkz), (Second-Harmonic
Generation)

#z(0)z
photon-number conservation T
2 2 ,
|a,(2)|° + 2|ay(2)|]” = constant - p2,(0)z
e
21 V2




Second-harmonic generation (SHG)

Photon flux densities

2 Yz
1(2) = la (2" = ¢,(0) sech?— where y/2 = 3a,(0)/V2,
1 z 2 2 2 2 0) =2 2 U
(}53(2} _ |cz3(3)l2 — —4,(0) tanhET : Y 7 £1( ) # ¢,(0)
2 2 = 820 *hw’d,(0) = 8270 w1 (0]
i
HO) o ————— ———— $1(z) +2¢3(2)

¥291(0)

Since sech? + tanh? = 1,  ¢(z) + 2d4(z) = ¢,(0) is constant

- photons of wave 1 are converted to half as many photons of wave 3.
- photon numbers are conserved.



Second-harmonic generation (SHG)

Efficiency of second-harmonic generation

(L) . hwyds(L) . 2¢5(L) ahis
L PRTOl T E b

y? = 8«70 w’1|(0)

For large yL (long cell, large input intensity, or large nonlinear parameter),

all the input power (at frequency w) has been transformed into power at frequency 2w;
all input photons of frequency w are converted into half as many photons of frequency 2w.

For small vL
tanh x = x
I(L) »" 2% 12

) = L= 100(0) = 27 %ha’L9,(0) = 24 LA (0) = 2m30’ 5 2P
1

To maximize the efficiency, we must confine the wave to the smallest possible area A
and the largest possible interaction length L.
This is best accomplished with waveguides (planar or channel waveguides or fibers).



Second-harmonic generation (SHG)

Effect of Phase Mismatch Ak # 0 % = ~jgaya’ exp(—jAkz)
da
d: = —j%lﬁlexp(j&kz),
For weak-coupling case, yL < 1,
the fundamental wave z(z) varies only slightly with z ----- » a(z) =a(0)
ay(L) = —j—@l([])f exp(jAkz') dz’
-~ 357 )i lew(iakz) - 1) (82
2 ﬁ.k 1 sing (?)“
1
$3(L) = la (L) = (g /AK)*$}(0)sinX(Ak L /2)
The efficiency of second-harmonic generation is
I(L 2¢.(L ,AKL
3( ) — ¢'3( ) _ észE(ﬁl(n} ‘“nc
;](U) ¢1(0) ] e,
-2 -1 0 1 2 Ak
L L L L 2m

where sinc(x) = sin(7x) /(7 x)
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g i i i i i A SRR
s B & - S Bit it b

polarization vector g = (%, P, 2,)

Fy =€ 1 Xy + 2L A& + AL XGWEEEL ik, 1=1,2,3
i ik :

Jkt
symmetries i - R > 6%3
Xf;?l' ““““““ Xﬁc} ------------ > 5 ){ ﬁ

Three-Wave Mixing in Anisotropic Second-Order Nonlinear Media

Pi(w:;) = zzﬁi’”kbj({ﬂ‘l)hk(fﬂ:), j-., k = ]., 2,3
ik

where E{w,), E;(w,), and P{w;) are components of these vectors
along the principal axes of the crystal.

where @,; and 8,, are the angles the vectors E(w,) and E(w,) make with the principal axes,

ik



Phase Matching in Three-Wave Mixing
I’E3 e kl + kz _____________ > m3ﬂ3ﬂ3 = w]ﬂlfil + w:nzﬂg

As an example, consider second-harmonic generation in a uniaxial crystal with
waves traveling in the same direction.
w, = w, =w, and w; = 2w

necessary to find the direction and polarizations of the two waves such that the wave of
frequency w has the same refractive index as the wave of frequency 2w.

in a uniaxial crystal with refractive indices n, and n,

1/n*(8) = cos?8/n2 + sin® @ /n?

n“(0) to n, = n3®, |l

To match n,

1 cos? 0 sinZ @

= +
n”  (n2)*  (n2)’

Thus the fundamental wave is an extraordinary wave
and the second-harmonic wave is an ordinary wave.



