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The structure of the Haar systems on locally compact

groupoids
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Abstract. We shall prove a decomposition property of a Haar system on a

locally compact groupoid. Using this decomposition, we shall establish the

structure of the C�-algebra associated to a locally compact groupoid whose

associated equivalence relation is a closed set.
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1. Introduction

We shall use the de�nition of a topological groupoid given by J. Renault in

[8]. For a groupoid G, G(0) will denote its unit space and G(2) the set of the

composable pairs. Usually, elements of G will be denoted by letters as x, y, or
z, and the elements of G(0) by letters as u, v, or w. The inverse map is written

x! x�1 [: G! G] and the product map is written (x; y)! xy
�
: G(2) ! G

�
. The

range and the source maps from G to G(0) will be denoted respectively by r and

d. The �bers of the range and the source maps are denoted Gu = r�1 (fug) and

Gv = d�1 (fvg), respectively. More generally, given the subsets A, B � G(0), we

de�ne GA = r�1 (A), GB = d�1 (B) and GA

B
= r�1 (A) \ d�1 (B). The reduction

of G is GjA = GA

A
.

We shall assume that G admits a continuous Haar system
�
�u; u 2 G(0)

	
. Con-

sequently, r; d : G! G(0) are open maps. We shall also assume that (r; d) (G) is a

closed subset of G(0) �G(0).

Let � : G(0) ! G(0)=G (u~v <=> 9 x 2 G such that r (x) = u and d (x) = v)
be the canonical projection. Let [u] = fv : v~ug.

We shall prove that for each orbit [u], there is a probability ��(u) supported on

[u] such that:

1) d� (�
v) ~ ��(u) for all v 2 [u]

2) �u =
R
�u;vd��(u) (v)

3) If � is a quasi-invariant probability, thenZ
�ud� (u) =

Z Z Z
�u;vd��(w) (u) d ��(w) (v)� (w) ,

where f�u;v; u ~ vg is a system of measures resulted by applying Hahn Structure

Theorem on the Haar measure
�R

�ud� (u) ; �
�
.

As a consequence of this decomposition of the Haar system, we shall establish

the structure of the C�-algebra of G with respect to the Haar system f�u; u 2

G(0)g. If G is transitive it is well known that the C�-algebra of G is isomorphic to

C� (H)
K
�
L2 (�)

�
, where H is the isotropy group Gu

u
at any unit u 2 G(0), � is

an essentially unique measure on G(0), C� (H) denotes the group C�-algebra of H ,

and K
�
L2 (�)

�
denotes the compact operators on L2 (�) (see [6]). In the general

case we shall describe the C�-algebra of G using the C�-algebras of the transitive

components of G, whose structures are known.
Let C�(G) be the C�-algebra of G with respect to the Haar system f�u; u 2

G(0)g and kk be the C�-norm. For each orbit [u], let C�(Gj [u]) be the C�-algebra

of the locally compact groupoid transitive Gj [u] with respect to the Haar system

f�v; v 2 [u]g and kk
�(u) be the C

�-norm of this algebra.

Let f 2 Cc (G). We shall prove that kfk = sup
[u]

f jGj[u]�(u). Consequently,

C� (G) is isomorphic with the completion ofn�
f�(u)

�
�(u)2G(0)=G

: (9) f 2 Cc (G) such that f jGj[u] = f�(u)

o

in the norm
�f�(u)��(u)

 = sup
f�(u)�(u).

In order to prove the equality kfk = sup
[u]

f jGj[u]�(u), we shall show that

every representation of Cc (G) induced by a representation
�
�;G(0) � H; L

�
of G
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can be written L =
R
L�(u)d� (u), where L�(u) is the representation induced by�

��(u);
�
G(0) � H

�
j[u]; LjGj[u]

�
with ��(u) a probability measure equivalent to d� (�

u).

2. The decomposition of a Haar system on a locally compact groupoid

Let G be a locally compact second countable groupoid with a continuous Haar

system, i.e. a family of positive Radon measures on G,
�
�u; u 2 G(0)

	
, such that

1) For all u 2 G(0) , supp(�u) = Gu.

2) For all f : G! C continuous with compact support,

u!

Z
f (x) d�u (x)

h
: G(0)

! C

i

is continuous.

3) For all f : G! C continuous with compact support, and all x 2 G,Z
f (y) d�r(x) (y) =

Z
f (xy) d�d(x) (y)

Let �0 be a quasi-invariant probability for the Haar system (De�nition 3.2/p.

23 [4]), and let �0 be the measure on G induced by �0. let � 2 [�0] be a symmetric

probability
�
� = ��1

�
. We set ~� = d� (�) = r� (�). Let � =

R
�ud~� (u) be the r-

decomposition of � in the sense of Theorem 2.1/ p. 5 [4]. If we set � =
R
�ud~� (u),

then �~�0~�. If P is a positive Borel function such that P = d�

d�
, then P = d�

u

d�u
for

-a.a. u 2 G(0).

(G; [�]) is a measure groupoid in the sense of P. Hahn [4] and (�; ~�) is a Haar

measure for (G; [�]) (De�nition 3.11/ p. 39 [4]). Let E = (r; d)(G) be the associated

equivalence relation on G(0) and set �0 = (r; d)�(�). Let � =
R
�u;vd�

0 (u; v) be
a decomposition of � relative to (r; d). Applying Theorem 3.9/ pg.17 [4] to the

groupoid (E ; [�0]), we obtain

Lemma 1. There is a conull Borel set U 0

0 � G(0) and a Borel function q : GjU 0

0

! R�

+ such that

1) �' has the r-decomposition �0 =
R
�0ud~� (u) on E0 = EjU 0

0.

2) For all f : E0 ! R+ Borel and all (u; v) 2 E0,Z
f ((u; v) (s; t)) q (s; t) d�0v (s; t) =

Z
f (s; t) q (s; t) d�0u (s; t)

3) (u; v)!
q(u;v)

q(v;u)
is a strict homomorphism of E0 into R�

+.

The following lemma is derived from Theorem 4.4/pg.23[4] converted to left

invariance.
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Lemma 2. There exists a conull Borel set U0 � G(0) such that

(i) (u; v)!
q(u;v)

q(v;u)
is a strict homomorphism of E0 = EjU0 into R�

+.

(ii) y ! P (y)

P (y�1)
= � = d�

d��1 is a strict homomorphism of G0 = GjU0 into R�

+.

If we de�ne Æ : G0 ! R�

+, by

Æ (y) =
P (y)

P (y�1)

q (d (y) ; r (y))

q (r (y) ; d (y))
= � (y)

q (d (y) ; r (y))

q (r (y) ; d (y))
,

then Æ is a strict homomorphism.

On G0 the integral f !
R
f (y)P (y) d� (y) has a (r; d)- decompositionZ

E0

Z
G0

f (y) d�u;v (y) q (u; v) d�
0 (u; v)

with respect to �0 on E0 such that:

1) �u;v is �-�nite measure supported on Gu
v , for all (u; v) 2 E0.

2) For all f � 0 0 Borel on G,

(u; v) 7!

Z
f (y) d�u:v (y)

�
: E0 ! R

�

is an extended real-valued Borel function.

3) For all f � 0 Borel on G,Z
f (xy) d�d(x);v (y) =

Z
f (y) d�r(x);v (y)

for all x 2 G0, v 2 G(0) such that (d (x) ; v) ; (r (x) ; v) 2 E0.
4) For all f � 0 Borel on G,

Æ (x)

Z
f (yx) d�u;r(x) (y) =

Z
f (y) d�u;d(x) (y)

for all x 2 G0, u 2 G(0) such that (u; r (x)) ; (u; d (x)) 2 E0.
Thus �u;u is a left Haar measure on Gu

u
and ÆjGu

u

is its modular function for

all u 2 U0.

As we have noted in [2], using a similar argument as in Theorem 3.4/p. 329[7],

the relations in the preceding lemma can be extended to a saturated conull Z set :

Lemma 3. On G0 the integral f !
R
f (y)P (y) d� (y) has a (r; d)- decomposi-

tion Z
E0

Z
G0

f (y) d�u;v (y) q (u; v) d�
0 (u; v)

with respect to �0 on E0 such that for some saturated conull �-compact Z � G(0)

we have:

1) �u;v 6= 0, for all u; v 2 Z, with u~v.
2) For all f � 0 Borel on G,Z

f (xy) d�d(x);v (y) =

Z
f (y) d�r(x);v (y)

for all x 2 GjZ, v 2 Z such that v~r (x).
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3) For all f � 0 Borel on G,

Æ (x)

Z
f (yx) d�u;r(x) (y) =

Z
f (y) d�u;d(x) (y)

for all x 2 GjZ, u 2 Z such that u~r (x).
4) Æ;� : GjZ ! R�

+ are strict homomorphisms

5) For all f � 0 Borel on G,Z
f
�
x�1

�
Æ
�
x�1

�
d�u;v (x) =

Z
f (x) d�v;u (x)

.for all u; v 2 Z, with u~v.

In what follows we shall assume that (r; d) (G) is a closed subset of G(0)�G(0).

Let � : G(0) ! G(0)=G (u~v <=> 9 x 2 G such that r (x) = u and d (x) = v)
be the canonical projection.

We shall prove that for each orbit [u], there is a probability ��(u) supported on

[u] such that:

1) d� (�
v) ~ ��(u) for all v 2 [u]

2) �v =
R
�v;wd��(u) (w) for all v 2 [u], where

�
�u;v; u; v 2 G(0); u ~ v

	
is a

system of measures with the properties in the preceding section.

>From this will easily follow that every quasi-invariant measure for
�
�u; u 2 G(0)

	
is equivalent with

R
� _ud~� ( _u), for some probability measure ~� on G(0)=G.

� is a continuous open map from the second countable, locally compact, Haus-

dor� space G onto the second countable, locally compact, Hausdor� space G(0)=G.
From Theorem 3.3[1] it follows that there is a full �-system of Radon measures on

G(0), i.e. a family of positive Radon measures on G(0),
�
�1_u; _u 2 G(0)=G

	
, such that:

1) For all _u 2 G(0)=G , supp
�
�1_u
�
= [u].

2) For all f in Cc

�
G(0)

�
,

_u!

Z
f (v) d�1_u (v)

h
: G(0)=G! R

i

is continuous with compact support.

Let

�1_u =

Z
�wd�1_u (w) .

Then for all f in Cc (G),

_u!

Z
f (x) d�1_u (x)

h
: G(0)=G! R

i

is continuous with compact support.

Let (Kn)n be an increasing sequence of compact sets with
S
n
Kn = G. For

each n, let fn : G! [0; 1] be a continuous with compact support function such that

fn (x) = 1 for all x 2 Kn. Let an ( _u) =
1

2n�1_u(fn)
if �1_u (fn) > 1, and an ( _u) =

1
2n

otherwise. It is not hard to see that _u! an ( _u) is continuous. Let

P _u (x) =
X
n

an ( _u) fn (x) for all x 2 G
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Since jan ( _u) fn (x)j �
1
2n
, it follows that ( _u; x)!

P
n
an ( _u) fn (x) is uniformly

convergent and therefore ( _u; x)! P _u (x) is continuous. Thus, for all f in Cc (G),

_u!

Z
f (x)P _u (x) d�

1
_u (x)

h
: G(0)=G! R

i

is continuous with compact support. If we set M ( _u) =
R
P _u (x) d�

1
_u (x), then

0 < M ( _u) <1 and _u!M ( _u) is continuous. Let �1_u de�ne by

�1_u (f) =
1

M ( _u)

Z
f (x)P _u (x) d�

1
_u (x)

for all f continuous with compact support. Then _u ! �1_u is continuous and con-

sequently, _u ! d�
�
�1_u
�
is continuous. Let �2_u = d�

�
�1_u
�
and �2_u =

R
�w d�2_u (w).

With the same argument, for each _u we can choose a probability measure �2_u in the

class of �2_u such that _u ! �2_u is continuous. For each _u, let
�
�2_u
�
�1

the image of

�2_u by the inverse map, and let � _u =
1
2

�
�2_u +

�
�2_u
�
�1
�
. Then _u! � _u is continuous

and consequently, _u! d� (� _u)is continuous: Let � _u = d� (� _u). Then for each _u � _u
is a transitive quasi-invariant probability for the Haar system

�
�u; u 2 G(0)

	
and

_u! � _u is continuous:

Let � a quasi-invariant measure for the Haar system
�
�u; u 2 G(0)

	
and let

�1 =
R
��(u)d� (u).

The quasi-invariance of � and the quasi-invariance of � _u imply that �1~�. Let
� =

R
��(u)d� (u), and observe that for all f continuous with compact supportZ
f (x) d� (x) =

Z
f (x) d��(u) (x) d� (u) =

Z
f
�
x�1

�
d��(u) (x) d� (u)

=

Z
f
�
x�1

�
d� (x)

and Z
f (u) d�1 (u) =

Z
f (v) d��(u) (v) d� (u) =

Z
f (d (x)) d��(u) (x) d� (u)

=

Z
f (d (x)) d� (x)

Therefore �1 = d� (�) with � a symmetric probability measure on G. Let � =R
�ud�1 (u) and � =

R
��(w) � ��(w)d� (w) =

R
��(w)d�1 (w). Let � =

R
�ud�1 (u)

be a r-decomposition of � and �0 = (r; d)
�
(�). The quasi-invariance of the transitive

measure � _u implies that d� (�
u) ~��(u) and Æu � d� (�

u) ~Æu � ��(u). Consequently,Z
Æu � d� (�

u) d�1 (u) ~

Z
Æu � d� (�

u) d�1 (u) ~

Z
Æu � ��(u)d�1 (u) :

On the other hand, for all f continuous with compact support, we haveZ Z
f (s; t) Æu � d� (�

u) (s; t) d�1 (u) =

Z Z
f (u; d (x)) �u (x) d�1 (u)

=

Z
f (r (x) ; d (x))� (x)

=

Z
f (s; t)�0 (s; t)
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Therefore �~�0. If q = d�

d�0
, then q is positive Borel function and it easy to verify

that for �1-a.a. u q =
d(Æu���(u))

d�0u
, where �0 =

R
�0ud�1 (u) is a r-decomposition of

�0. So Z
f ((u; v) (s; t)) q (s; t) d�0v (s; t) =

Z
f (s; t) q (s; t) d�0u (s; t) .

Applying Theorem 3.9/p. 17[4] and Corollary 3.14/p. 19[4], it results that

q (v; u)

q (u; v)
=

d��1

d�
and (u; v)!

q (u; v)

q (v; u)
is an a.e. homomorphism.

Since ��1 = �, it follows that q(u;v)

q(v;u)
= 1 for �-a.a. (u; v). Let � = d�

d��1 be

a modular function associated to the Haar system f�u; u 2 G(0)g and the quasi-

invariant measure �1, and let Æ (y) = � (y) q(d(y);r(y))
q(r(y);d(y))

. We have � (y) = Æ (y) �-a.a.

y because
q(u;v)

q(v;u)
= 1 for �-a.a. (u; v).

Applying Lemma 2 and Lemma 3, we obtain that there is a �1-conull saturated
subset Z of G(0) such that on G0 = GjZ the integral f !

R
f (y) � (y) has the (r; d)-

decomposition Z Z
f (y) d�u;v (y) q (u; v) d�

0 (u; v)

with respect to �0. Hence,

Lemma 4. There exists a �1-conull saturated �-compact subset Z of G(0)and a

system of measures, f�u;v ; u; v 2 Z; u~vg, with the following properties:

1) �u;v is supported on Gu
v , and �u;v 6= 0, for all u; v 2 Z; u~v:

2) For all f � 0 Borel on G0 = GjZ,Z
f (y) d� (y) =

Z Z
f (y) d�u;v (y) d� (u; v)

=

Z Z Z Z
f (y) d�u;v (y) d��(w) (v) d��(w) (u) d� (w) :

3) For all f � 0 Borel on G0 = GjZ,

(u; v) 7!

Z
f (y) d�u:v (y)

�
: (r; d) (G0)! R

�

is an extended real-valued Borel function.

4) For all f � 0 Borel on G0 = GjZ,Z
f (xy) d�d(x);v (y) =

Z
f (y) d�r(x);v (y) for all x 2 G0, v 2 [d (x)]

5) For all f � 0 Borel on G0 = GjZ,

�(x)

Z
f (yx) d�u;r(x) (y) =

Z
f (y) d�u;d(x) (y) for all x 2 G0, u 2 [d (x)]

6) � : G0 ! R�

+ is a strict homomorphisms.

7) For all f � 0 Borel on G0 = GjZ,Z
f (y) d�u;v (y) =

Z
f
�
y�1

�
�
�
y�1

�
d�v;u (y) for all (u; v) 2 (r; d) (G0)
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8) For �-a.a. u 2 G(0) = GjZ,

�u =

Z
�u;vd��(u) (v)

Proof. Let us apply Lemma 2 and Lemma 3 to the groupoid G, the Haar

system
�
�u; u 2 G(0)

	
and the quasi-invariant probability �1 =

R
��(u)d� (u) =

d� (�). Now it is easy to see that the system f�u;v; u; v 2 Z; u~vg ful�lls 1)-7). Let
us prove 8). Let f; g � 0 be two Borel functions on G. ThenZ

g (u)

�Z
f (x) d�u (x)

�
d�1 (u)

=

Z
g (r (x)) f (x) d� (x)

=

Z Z Z Z
g (r (x)) f (x) d�u;v (x) d��(w) (v) d��(w) (u) d� (w)

=

Z Z
g (u)

�Z Z
f (x) d�u;v (x) d��(u) (v)

�
d��(w) (u) d� (w)

=

Z
g (u)

�Z Z
f (x) d�u;v (x) d��(u) (v)

�
d�1 (u)

Hence
R
f (x) d�u (x) =

R R
f (x) d�u;v (x) d��(u) (v) for �1-a.a. u.

Remark 1. With the notation in the preceding lemma, �jGj[u] is the modular

function associated to the Haar system f�u; u 2 G(0)g and the quasi-invariant mea-

sure ��(u) for �-a.a. u. Indeed, let � _u =
R
�ud� _u, and g � 0 a Borel function on

G(0)=G, f � 0 a Borel function on G.We haveZ
g (� (u))

�Z
f (x) d��(u) (x)

�
d� (u)

=

Z
g (� (u))

�Z
f (x) d�u (x)

�
d�1 (u)

=

Z
g (� (r (x))) f (x) d� (x)

=

Z
g (� (r (x))) f (x)� (x) d��1 (x)

=

Z
g (� (d (x))) f

�
x�1

�
�
�
x�1

�
d� (x)

=

Z
g (� (u))

�Z
f
�
x�1

�
�
�
x�1

�
d�u (x)

�
d�1 (u)

=

Z Z
g (� (u))

�Z
f
�
x�1

�
�
�
x�1

�
d�u (x)

�
d��(w) (u) d� (w)

=

Z
g (� (w))

�Z
f
�
x�1

�
�
�
x�1

�
d��(w) (x)

�
d� (w) .

Hence
R
f (x) d��(u) (x) =

R
f
�
x�1

�
�
�
x�1

�
d��(u) (x) for �-a.a. u, and so � =

d�
�(u)

d(��(u))
�1 .
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3. The structure of the C�-algebra of a locally compact groupoid

Remark 2. If
�
�;G(0) � H; L

�
is a representation of the locally compact groupoid

G (De�nition 3.20 [5]), then for �-a.a. u
�
��(u);

�
G(0) � H

�
j[u]; LjGj[u]

�
is a repre-

sentation of the locally compact groupoid Gj [u]. We shall denote the representation

induced by
�
��(u);

�
G(0) � H

�
j[u]; LjGj[u]

�
by L�(u): Also L�(u) can be viewed as a

representation of the entire groupoid with respect to the transitive measure ��(u).

Let L be a representation of the space Cc (G). L is unitarily equivalent to the

integrated form of a representation on groupoid also denoted by L :

�
�;G(0)

� H; L
�
~
�
�1; G

(0)
� H; L

�

(where �1 =
R
��(u)d� (u) ~�).

The relation between the two representation is:

hL (f) �1; �2i =

Z
f (x) hL (x) �1 (d (x)) ; �2 (r (x))i�

�
1
2 (x) d�u (x) d�1 (u)

where f 2 Cc (G), �1; �2 2
R
�

G(0) H (u) d�1 (u). (� is the modular function of the

Haar system f�u; u 2 G(0)g and the quasi-invariant measure �1).
Also we shall denote by L�(u) the representation induced by

�
��(u);

�
G(0)

� H

�
j[u]; LjGj[u]

�

on Cc (Gj ([u])). (on the locally compact groupoid Gj [u] we shall consider the Haar

system f�v; v 2 [u]g). Then we have



L�(u) (f) �1; �2

�
=

Z
f (x) hL (x) �1 (d (x)) ; �2 (r (x))i�

�
1
2 (x) d�v (x) d��(u) (v)

where f 2 Cc (Gj [u]), �1; �2 2
R
�

G(0) H (v) d��(u) (v). (because �jGj[u] is the modular

function of the Haar system f�v; v 2 [u]g and the quasi-invariant measure ��(u) for
�1=a.a. u).

For f 2 Cc (G), let us denote

kfk = sup fkL (f)k : L representation of Cc (G)g (the C�-norm of f)
kfk

�
= sup fkL (f)k : L representation of Cc (G) with respect to a transitive measureg

Obviously, .kfk
�
� kfk for any f 2 Cc (G).

Lemma 5. With the notation of Remark 2 kfk
�
= kfk for all f 2 Cc (G).

Proof. It is suÆces to prove kfk
�
� kfk. Let L be a representation of

Cc (G), which is the integrated form of
�
�1; G

(0) � H; L
�
. Let us denote k�k

�(u) =�R
k� (v)k

2
d��(u) (v)

� 1
2

for � 2
R
�

G(0) H (u) d�1 (u). Then k�k
2
=
R
k�k

2

�(u) � (u).
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Let f 2 Cc (G), �1; �2 2
R
�

G(0) H (u) d�1 (u).We have

jhL (f) �1; �2ij

=

����
Z Z

f (x) hL (x) �1 (d (x)) ; �2 (r (x))i�
�

1
2 (x) d�u (x) d�1 (u)

����
=

����
Z �Z Z

f (x) hL (x) �1 (d (x)) ; �2 (r (x))i�
�

1
2 (x) d�u (x) d��(w) (u)

�
d� (w)

����
�

Z ��
L�(w) (f) �1; �2��� d� (w)
�

Z L�(w) (f) k�1k�(w) k�2k�(w) d� (w)
� kfk

�

Z
k�1k�(w) k�2k�(w) d� (w)

� kfk
�

�Z
k�1k

2
�(w) d� (w)

� 1
2
�Z

k�2k
2
�(w) d� (w)

� 1
2

= kfk
�
k�1k k�2k .

Thus kfk � kfk
�
.

Theorem 1. Let G be a locally compact second countable groupoid which ad-

mits a continuous Haar system. As a consequence the range map, r : G! G(0); is
an open map. Assume that (r; d) (G) is a closed subset of G(0)�G(0) (the graph of

the equivalence relation induced on G(0) is closed).

Then C�(G) is isomorphic to the completion ofn�
f�(u)

�
�(u)2G(0)=G

: (9) f 2 Cc (G) such that f jGj[u] = f�(u)

o

in the norm
�f�(u)��(u)

 = sup
f�(u)�(u).

Proof. Let f�u; u 2 G(0)gbe a continuous Haar system on G. Let C�(G) be

the C�-algebra of G with respect to the Haar system f�u; u 2 G(0)g and kk be

the C�-norm. For each orbit [u], let C�(Gj [u]) be the C�-algebra of the locally

compact groupoid Gj [u] with respect to the Haar system f�v; v 2 [u]g and kk
�(u)

be the C�-norm of this algebra.

Let f 2 Cc (G). Applying the preceding lemma, kfk = kfk
�
= sup

[u]

f jGj[u]�(u).
Then it is easy to observe that C� (G) is isomorphic to the algebra obtained by

completingn�
f�(u)

�
�(u)2G(0)=G

: (9) f 2 Cc (G) such that f jGj[u] = f�(u)

o

in the norm
�f�(u)��(u)

 = sup
f�(u)�(u).

Since all the groupoids Gj [u] are transitive, the structures of the C�- algebras

C�(Gj [u]) are known (see [6]).
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