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2014 AB

AP Calculus Free-Response
Solutions and Notes

Question AB-1

4(30)—4(0)

B ~—-0.197 pounds per day.
30-0 p p y

(a) The average rate of change is

(b) A’(IS) B ~-0.164 pounds per day. On day 15, the amount of grass clippings

remaining in the bin is decreasing at the rate of 0.164 pounds per day.

(c) The average amount of grass clippings is ;—OI;OA(t)dt B ~2.752635 pounds.Dl

Solving A(t)=2.752635 B gives 1 ~12.415 days.

(d) A(30) B~0.782928 and 4'(30) B ~-0.055976 .
L(1)=A(30)+4'(30)-(#—30). Solving L(¢)=0.5 Bgives 7 ~35.054 days.
Notes:

1. Store this result in a calculator variable, then use the stored value to solve the
equation.

2. Again, store these results in calculator variables (keep greater accuracy to assure that
the final answer is correct), then use the stored values in the formula for L (t)
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Question AB-2

(a) Solving f(x)=4 Bgivesx=0 andx=2.3 [
V=rf (4+2) =(f(x)+2) dx B ~98.868.

(b) The area of each isosceles right triangle is %-(4— f (x))2 . The volume of the solid

23]

is | 5(4 f(x)) dx B=3.574.

© [} (4= r()de= (4= (0)ax

[ Notes:

1. This is the exact value for the x-coordinate of the point. In this case, it’s just as easy
to enter 2.3 in subsequent calculations.

2. j(4 I(x =—j”4 £ (x))dx
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Question AB-3

(a) Using the areas of two triangles, g _[ f =— 5 4—% 1.2 "
=10-1=9."2
(b) The graph of g is increasing where g'(x)= f(x)>0. The graph of g is concave

down where g"(x)= f'(x)<0. Both of these conditions hold for -5 < x <—-3 and
for 0<x<2.

© h,(x)=5x-g’(x)—5‘g(x) . h,(3)=15-g'(3)—5-g(3)=15'f(3)—5-g(3)=
25x° 259 259
15(2)-59 0 _ 1

9-25 3
(d p'(x)=r"(¥"~x)-(2x~1). Theslopeat x=-1 is equal to
p'(—l) /'(2)-(=3)=(=2)-(-3)=6.
[ Notes:
1. You can leave it at that to avoid arithmetic mistakes.

2. Or, using the areas of three triangles, g(3):%-3-4+%-2-4—%-1-2:9.
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Question AB-4

(2)

(b)

(©)

The average acceleration is the average rate of change of velocity, which is
v(8)-v(2) -120-100 220

meters per minute per minute.
8-2 6

Since v, (t) is differentiable, it is also continuous. Since —100 is between
v,(5)=40 and v, (8)=-120, the Intermediate Value Theorem applied to v, (¢)

on the interval [5, 8] guarantees that v, (t) =—100 for some ¢ between 5 and 8.

The position at £ =12 is 300+ lev ’ (t)dt . Using a trapezoidal sum approximation,

this is approximately

300+ (5-2)1 20140 | o530+ 1200 45 g (_120);(_150) I meters.
(d) Let x(¢) and y(¢) be the positions of trains 4 and B, respectively, and z(¢) be the

distance between the trains. Then z° =x"+)° = 2% 2x@+ 2 yﬂ =

dt dt dt
2 B D At =2, x(1)=300 and y(r) =400 so (1) = 500.
dt dt dt

dx dy 2

— =v,(2)=100. —=v, (t)=-5t +60t+25, so

dt|_, 2) dt 40

Y =-5.24+60-2+25=125. Therefore, att=2,

dt =2

50092 2300100+ 400-125 = 42| 3001004400125 10 o per

dt dt|_, 500

minute.

Notes:

1.

2.

=—150, so the train is approximately 150 meters west of Origin Station.

=160
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Question AB-5

(a) fhas only one relative minimum on [-2, 3], at x = 1, because this is the only

number on [-2, 3] where f ’(x) changes sign from negative to positive

(b) Since fis a twice-differentiable function, the Mean Value Theorem applies to
f'(x) on the interval [-1,1]. Thus, there is a ¢ in the open interval (—1,1) such
"(1)-f"(-1
that f”(c) :M: 0 Dl

© w=L® o el 121

/() /()7 4

(d) An antiderivative for f’ ( )) '

[ 7 (g(x) g (x)dx= 1 (g( x))\l f( 3)) f<g< -2))=
f(l)—f(—1)=2—8——6.

[j Notes:

1. Alternatively, since f'(—1)= f'(1)=0, you can refer to Rolle’s Theorem

7
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Question AB-6

(a)

(b) At (0, 1), the slopeis (3—1)cos(0)=2. An equation of the tangent line is
y—1=2x. Forx=0.2, this gives y = 1.4. o

dy

(c) Separating variables, we get 3
-y

=Cos (x) dx =

Ii—yy = J‘cos (x)dx = —In[3—y|=sin(x)+C. Substituting the initial condition
f(0)=1,weget -In(2)=C = C=-In(2) =

~In3-y|=sin(x)-In(2) = In3-y|=-sin(x)+mn(2) =

|3 - y| = ¢ @) — 2070) - Two possible solutions satisfy this equation,
y=3-2¢""" and y=3+2¢""" but only the first one of them satisfies the initial
condition y(0)=1. Therefore, f(x)=3-2¢ ")

[J Notes:
1. The statement f (0.2) =1.4 is incorrect and could result in lost points.

2. The domain of this solution is all real numbers.
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Solutions and Notes

Question BC-1

See AB Question 1.

Question BC-2

(a) The curves intersect at & :% and @ =7 . The area of R consists of the area in the
first quadrant plus the area of the quarter circle in the second quadrant:
Area = lj5(3 ~25in(20))’ d6+-Z & ~9.708
270 4
dcx d

(b) x=rcosld = d—e=d—9((3—25in(20)~cos(6’))). Therefore,

(c) The distance between the curves as a function of @ is the difference between their
respective values of r for a given €, that is, 3 — (3 —2sin (26’)) . The rate of change

of that distance is i(3 —(3 —2sin(20))) CAte==Z , the rate of change isB -2 M
do 3

@ o940\ 9T thisis —2.3=—6.
dt do dt 6
] Notes:

1. Or write %(3 —(3 —25in(2¢9))) = 2a%sin(2¢9) = 4cos(2<9) , which is equal to -2

when sz.
3
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Question BC-3

See AB Question 3.

Question BC-4

See AB Question 4.

Question BC-5

(a) Area= J‘Ol(xe"2 —(—2x))dx=(%ex +x2]

1 2 2 2
(b) Volume = 7Z'IO (xe +2) —(2x+2)" |dx.
(¢) Given y= xe" , % =2x%" +¢" . The vertical line x =1 intersects y= xe' at
X

y =e and intersects y =-2x at y =-2, so the length of the vertical segment is
e+2. The length of the linear segment with slope —2 can be evaluated using the

Pythagorean Theorem (or the distance formula): length = V1> + 22 =/5 .

2 2 2
Perimeter = e+2+\/§+J.01\/1+(2x2ex_ +e ) dx.

] Notes:
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Question BC-6

n+ n+l
() a,., :|2 l(x—l) . n |:| 2n -(x—l)‘.
a, ‘ n+l 2" (x-1)" |n+1
. | 2n 1 1
hm—-(x—l)‘:2|x—1|<1 = |x-1<= = R=—.
n=o|p 41 2 2
(b) The series for fis 2(x—1)—2(x—1)2+§(x—1)3—...+(—1)"+12—n(x—1)"+.... The
n

n+l ~p

series for f” is 2—4(x—1)+8(x—1)2—...+(—1) 2 (x—l)"_l+

(c) The first term of the series for f” is 2 and the common ratio is —2(x - 1) , so the

series converges to f’()c):1 2(2 1):221 =
+2(x— x—

de=In|2x-1+C. f(1)=0 = C=0 = f(x)=In]2x-1].

S(x)=]

Since %< x<%, 2x—1 is positive, so f(x)=In(2x-1).

2x—1




