3.5 Trigonometric Form of Complex Numbers

Plot complex numbers in a complex plane.

Determine the modulus and argument of complex numbers and write them in
trigonometric form.

° Multiply and divide two complex numbers in trigonometric form.

Use DeMoivre’s Theorem to find powers of complex numbers.

Determine the nth roots of complex numbers.

What is the square root of 7 2 Are there more than one of them?
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Trigonometric form of a complex number.

z=a+bhi becomes z = r(cosOtisin )

Modvtus
r=|z| and the reference angle, 0 is given by tan@' = |b/a|

Note that it is up to you to make suref is in the correct quadrant.
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Example: Put these complex numbers in Trigonometric form.
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Writing a complex number in standard form:

Example: Write each of thei'e r&g{)ers ina+bi form.
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V2 (cos 2n/3 + i sin 2n/3) 20 (cos 75° +i sin 75°)
(4T B 5241130
2
=+




Multiplying and dividing two complex numbers in trigonometric form:

Z4Z,=rry(cos(8,+3,) + i sin(g,+3,))

l ﬂ(cos(@f @,) + i sin(2,-2,))
z,=3(cos 120° + i sin 120°)  z, = 12 (cos 45° +i sin 45°) Z N

To multiply two complex numbers, you multiply the moduli and add the arguments.
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To divide two complex numbers, you divide the moduli and subtract the arguments.
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Please note that you must be sure your that in your answer

> hoe t s
r is positive and 0< 6 <360° . 2,2,= 1,1,(COS(8,+8,) + | sin(2,+2,))

z, r .
=L = 1(cos(@,- 8,) + i sin(8,-2,))

Z; N
Here is an example. Find the product and quotient of these two complex numbers.

z, =3(cos 150° +i sin 150°) and z, =12 (cos 275° + i sin 275°)
212, = 34 (Cos4252 igin 425’
= 3¢ ((oS (,S-d'f ¢ Sin CS")
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Powers of complex numbers

DeMoivre's Theorem: Ifz =r(cos O+ i sinf)and n is a positive integer, then

3
Z"=r"(cosnO+ isinng) 2 = Ht‘osﬁ fif\f) ‘ r(f°$6-ll.$|g'r((v”ﬁﬂ)
3
=1 (evs 36 + {Sin 34)

Example: Use DeMoivre's Theorem to find{(2-2i ),/ = 2 Ui
?

7
Z=(20i(Cos ’s(;‘+£s;n3:§')> 2-aL

7 .
<~ (er‘z) /C(IS ZL_O_S"-b L Sin 22\0?)

2% 7009m(COS 75°1 L Tin ygo)
Lz PR (EN, paeT (f-)
10243 -

(029 +1p24¢
22112y



Roots of complex numbers
Every number has two square roots.

The square roots of 16 are: i "f

The square roots of 24 are: i [’2 9y = j 2 ()?
stae:  FYTET .
The square roots of -81 are: g _gl - ~_l- W lf'T - .—[. 7(.
The square roots of -75 are: == U_——— .
= WS =333 ¢

Likewise, every number has,!ﬁree cube rootg, four fourth roots, etc. (over the complex
number system.)

So if we want to find the four fourth roots of 16 we solve this equation.
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If we solve x®- 1 =0 we can do some fancy factoring to get six roots.
Do you remember how to
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el + - factor the sum/difference
Q( ' (Y ( of two cubes?
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Later we will solve this
using a variation of
DeMoivre's Theorem,
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We can extend DeMoivre's Theorem for roots as well as powers.

z=r(cos g+ isiNg)  nas ndistinct nth roots.

The first is WT(cosfnL +ising)

and the others are found by adding 360°n or 2x/n
n-1 times to the angle of the first answer.

Thus for the previous two equmpIes we write:

x5-1=0
We will do this on the next page.

Two more:

Find the three cube roots of -8. Find the five fifth roots of unity (1).
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Now to solve the previous problem, x8-1=0, we can use this theorem.

Start with x® = 1 We are looking for the six sixth roots of unity (1)
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These are the six sixth
roots of 1.

If you put them in
rectangular form you will

'[rbs . R . have:
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Finally we can answer the question: What are the two square roots of i ?
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In summary ~ Powers and roots of a complex number in trigonometric form:

Zz = ’_}(cOs S+ Lsin 115%)

Z"=r"(cos(ne) +i sin(ne))

zn = (cos(@in) +i sin (e/n))
The cube of z (z to the third power):

for the first root, with others 360°/n apart.
3 3 . .
2= 3 (Cos 3¢5%+ ¢ Sin 3759

Us n
. : = =23
= 27(cos 3ys?+ ( Sin 3v5*) hiesc o _éf

The five fifth roots of z:
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