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We focus on a family of shell elements which are a direct generalization of the shell
elements most commonly used in engineering practice. The elements in the family in-
clude the effects of the through-the-thickness normal stress and can be employed to
couple directly with surrounding media on either surfaces of the shell. We establish the
“underlying” mathematical model of the shell discretization scheme, and we show that
this mathematical model features the same asymptotic behaviors — when the shell thick-
ness becomes increasingly smaller — as classical shell models. The question of “locking”
of the finite element discretization is also briefly addressed and we point out that, for
an effective finite element scheme, the MITC approach of interpolation is available.
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1. Introduction

During the recent years, considerable focus has been given on establishing, for
certain applications, refined shell finite element analysis capabilities. For this
purpose, in particular, shell finite element procedures that include higher-order
kinematic effects through the shell thickness have been proposed, see Refs. 8, 13
and 28 and references therein. The objective in this paper is to present and mathe-
matically analyze a family of such elements which we call “3D-shell elements”.
These elements are designed to include the effects of the through-the-thickness
normal stress and to couple efficiently to surrounding media that are in contact
with the shell inner and outer surfaces.

In engineeering practice, most commonly the “general shell elements” described
for example in Refs. 2 and 13 and analyzed in Refs. 11 and 13 are employed. These
elements are based on 3D continuum mechanics, the Reissner—-Mindlin kinematic
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assumption and the plane stress assumption in the tangential plane of the shell.
The underlying mathematical model was identified in Ref. 11. This model is im-
portant because a finite element solution must converge to the exact solution of
the model. Furthermore, the analysis of the mathematical model showed that the
same asymptotic behavior is displayed as seen with the classical shell models. The
identification of this underlying model has been followed by further works directed
towards the numerical analysis of general shell elements as regards their robustness
when the thickness of the structure is very small, i.e. when numerical locking — in
particular — may appear.2:24

A key ingredient in general shell elements — and also in their underlying shell
model — is that a plane stress assumption must be used, somehow to compensate
for the low order of the Reissner—-Mindlin kinematical assumption, namely linear
tangential displacements and constant transverse displacements across the thick-
ness. This assumption can be implemented with ease for small strains but is less
practical when large strains are present (and indeed may correspond to quite a
deficient model'3).

In this paper, we consider a shell model obtained by assuming a quadratic
expansion of the 3D displacements across the thickness, without any assumption on
the stress tensor. This model is asymptotically consistent with classical shell models,
and can be used with ease for general constitutive laws. Furthermore, the model
leads to natural discretizations in the form of “3D-shell elements”, which can be
made as reliable as other existing shell elements, in particular as regards numerical
locking. In addition, the elements render the practical modeling of coupled problems
involving shells very easy, e.g. in sandwich shells or in fluid structure interaction.

An outline of this article is as follows. In Sec. 2 we introduce the geometric
concepts and the notation. In Sec. 3 we give the rationale and detailed presentation
of the proposed elements. We then obtain — in Sec. 4 — the equations of the
corresponding underlying model, and we analyze the asymptotic behavior of this
model, compared to classical shell models. Next, in Sec. 5 we analyze the 3D-shell
finite element solutions. More specifically we show that the finite element solutions
converge to the solution of the underlying model when the mesh is being refined,
and we also discuss the reliability of 3D-shell finite element solutions, in particular
as regards numerical locking phenomena. Finally we present our concluding remarks
in Sec. 6.

2. Geometry and Notation

The objective of this section is to recall the geometric concepts needed in the paper,
and to introduce the corresponding notation. For more details regarding differential
geometry we refer to Ref. 13 from which most of the related notation used here is
taken, see also Refs. 16 and 19.

Throughout the paper, we assume that all indices denoted by Greek symbols
vary in {1, 2} while indices denoted by Roman symbols vary in {1, 2,3}, and we use
the Einstein convention pertaining to implicit summation of repeated indices.
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Fig. 1. Description of the shell geometry.

The midsurface of the shell is described by a mapping ¢ defined over w, a domain
of R?, and with values in the three-dimensional Euclidean space £. In this paper we
assume that ¢ is “smooth”, namely as regular as needed in our analyses. We denote
by t the thickness — considered to be uniform — and by ¢ the scaled thickness
t
L )
where L is a global characteristic dimension of the shell. Denoting by (£, £2) the
coordinates used in R? (hence in w) and assuming that ¢ is such that the vectors

Ip(¢, &%)
Aqg — T 5 o = ].7 2

form a basis — called the covariant basis — for the tangential plane to the mid-
surface at any point with coordinates in @, the unit normal vector a3 is given by

E =

a; X as
3= T
a1 x as|

see Fig. 1. We also introduce the contravariant basis of the tangential plane (a',a?),
such that

aa-aﬂzdg, a=1,2,

where § represents the Kronecker symbol. The first fundamental form — also
referred to as the metric tensor — is given by

aag:aa-ag7
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or in contravariant components
a®? =a%.a’.
The following quantity appears in surface measures
a=|a; x as||® = ar1a — (a12)?,
and we have
dS = adetde? . (1)
The second fundamental form — also known as the curvature tensor — is denoted

by b (we denote surface tensors with a number of lower bars corresponding to their
orders) and defined by

bap =a3-aa,3 = —a3,3 " Aa,

and the third fundamental form is given by

cap = bAbrg,
where bg = aPby,.
Defining
Qt:wx]—%,%[, 2)
the 3D geometry of the shell structure is described by the mapping
®:0, = €&,

(3)
(}(51’62’63) = ¢(£17§2) + 5333(51752)7

so that the 3D geometric domain occupied by the shell, denoted by B, is given by
By = ®(Qy). (4)

We now introduce the 3D covariant base vectors

0P
T A 5
8 = 5 (5)
and the contravariant base vectors, such that
gi g = 55 . (6)

Using (3), we obtain!3
8o = (05 — €°03)an

g3 = asz,
and the following components for the 3D metric tensor
GaB = 8a 83 = Gap — 2€3baﬂ + (53)20045 5 (8)
9a3 =8a 83 =10, (9)

933 =83-83=1. (10)
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We will also use the twice-contravariant metric tensor, with components

99 =g"-¢g.
The volume measure is expressed as
dV = \/gd&tde?de? (11)
with
9= (g1 x g2) - gs]* = a(l - 2HE + K(£°)*)?, (12)

where H and K respectively denote the mean and Gaussian curvatures of the

surface. We note that the mapping ® is well-defined provided that the expression

1—2HE + K(£3)? is always strictly positive. This is equivalent to requiring that

t<2 inf |Rmin(€h €%, 13

i Run(€ ) (13)

where Rmin(§17§2) denotes the radius of curvature of smallest absolute value at
point ¢(£1,£2). We henceforth assume that Condition (13) is satisfied.

Throughout the paper we use the symbols C' and ~ in inequalities in order to

denote positive (strictly for ) constants that are allowed to take different values

at successive occurrences.

3. Rationale of 3D-Shell Elements

We briefly review in this section some results regarding the general shell elements
analyzed in Ref. 11, and then introduce the family of shell elements which are the
focus of this paper.

3.1. Owverview of general shell elements and their underlying model

The geometry of a general shell element is a 3D brick defined by data provided at
nodes that are assumed to lie on the midsurface of the shell. More specifically, the
position of a point inside an element is described by the interpolation equation

k
x=> \i(r,s) <x<i> + z% ag>) , (14)
=1

where the functions \; denote the 2D finite element shape functions associated
with each of the k nodes, (r,s) are the local coordinates corresponding to direc-
tions (approximately) tangential to the midsurface while z denotes the transverse
coordinate, see the example in Fig. 2. The nodal data consists of the position vector
x() and the unit normal vector agi). We note that a non-constant thickness can be
considered by substituting nodal thickness values ¢(*) for ¢ in the above equation.

The corresponding kinematics is obtained — as is standard in isoparametric
formulations — by taking variations of nodal position data, namely

k
V= Z Ai(ry 8) (v(i) + z% n(i)> ) (15)
i=1
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Fig. 2. Example: the Q2 general shell element.

in which n® is constrained to satisfy
n'-ay) =0, (16)

which means that the unit normal vector undergoes a rotation motion without
stretching or contracting. Note that the material fibers normal to the midsurface
at the nodes thus behave according to Reissner—Mindlin kinematics.

The above geometry and kinematics are then used with a 3D wvariational for-
mulation in which the constitutive law can be chosen arbitrarily (according to the
specific material considered), provided that it incorporates the assumption

c** =0, (17)

namely, the stress component in the transverse direction is assumed to vanish.

Although there is no mathematical shell model explicitly used in the formulation
of general shell elements, it can be shown that there exists a shell model “under-
lying” these finite element procedures.!!'!'3 By this we mean that finite element
solutions can be shown to converge — under certain standard assumptions — to
the solution of this mathematical model, also called the “basic shell model” in
Ref. 13.

Considering the 3D variational formulation for linear isotropic elasticity, the
solution of the basic shell model is obtained by minimizing the total potential
energy over the subspace of displacements of the form

V(€1’§2a§3) :V(€17£2) +§3T’(§17£2)7 n-as EO? (18)
under the plane stress assumption
o3 =0. (19)

Note that (18) corresponds to Reissner—Mindlin kinematics. We denote the solution
by

U=nu(¢", &) +£%0¢,¢%), 6-a3=0. (20)
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We point out that, for any finite element function of the type

V=3 \(rs) (v@ +z%n<i>>, (21)

with five degrees of freedom per node (three translations and two rotations), we
also have

V= V(glv 62) + 53"7(517 62) ) (22)

with v and 1 defined through the change of variables (within each element)

¢ b &) t
<£2>:;)\i(r,s)<§2 €=z, (23)

(@

where (f(li),fé)) denote the nodal coordinates in w. Note that, however, we only
have

mn-az = 0 (24)
at the nodes of the mesh. We can then compare the finite element solution

Uh = Uh(§17§2) + 530]1(51762) ) (25)

with the solution of the basic shell model U, and it can be shown — under regularity
assumptions for u, @ and ¢ — that'112

[u—un, 0 — 04 1) < CR™PEP) (26)

where p denotes the order of approximation of the finite element shape functions
in H', and C is a constant independent of h. Hence the convergence order in this
estimate is no better than quadratic (due to a consistency error arising from the
interpolation of rotation vectors), but the optimal order can be recovered.!!:12

Furthermore, an important property of the basic shell model is that it is asymp-
totically consistent with classical shell models.!! This means that, when considering
sequences of problems obtained by varying the thickness of the shell with a fixed
midsurface, as the thickness tends to zero the sequence of solutions of the basic shell
model converges to the same limit solutions as the classical models, under similar
assumptions. In particular, when the subspace of pure bending (or inextensional)
displacements V) is not reduced to the trivial zero field, the sequence of solutions
converges to the solution of the pure bending problem posed in Vg, see Ref. 10 and
references therein. By contrast, when V) is reduced to the zero field, the sequence
of solutions converges to the solution of the membrane problem, provided that the
loading satisfies some admissibility requirements.
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3.2. Principles of 3D-shell elements

A limitation of the above briefly reviewed shell theory is that transverse normal
strain and stress effects are not included. This is not a serious limitation in
many small strain analyses but may not be acceptable in large strain solutions;
for example, in metal forming problems when the through-the-thickness stress is
considerable.

While effective in many applications, the use of the above kinematic assumption
(with only five degrees of freedom at each shell node) can also result into practical
modeling difficulties. If the deformations at a shell surface need to be coupled to an
outer (or inner) medium, it is necessary to use displacement constraints that result
from the kinematic assumptions (including the Reissner—Mindlin assumption) used
for the shell structure. Typical applications are found in contact problems in which
shell surfaces come into contact with other media, each other (self-contact may also
be seen), and in fluid-structure or soil-structure interactions where a shell surface
is coupled to another medium. A more direct and effective way to model contact
on shell surfaces and to couple a shell surface to a surrounding medium would be
to use top and bottom nodes (even when fictitious) with completely independent
degrees of freedom.

We shall now introduce a family of shell elements that remove the two difficulties
mentioned above. They are the lowest-order general shell elements that include the
transverse normal strain and stress effects appropriately and that can directly be
coupled (without special constraint equations) to surrounding media.

Let us assume that, instead of the mid-surface nodes, we were to use top and
bottom nodes to describe the geometry and kinematics of the shell structure. Hence,
each mid-surface node is replaced by a top surface node and a bottom surface node.
Of course, each of these nodes would carry three displacement degrees of freedom.
The displacement interpolation would then be

2k
V=> XP(rs,2) VU, (27)
j=1

where the A?P functions are 3D shape functions linear in the z-variable, and we

would have six degrees of freedom at each shell-section with two nodes. This is
equivalent to

ul . @
V= Z)\i(r, s) (v(l) + z% n(l)) ; (28)
i=1

in which the vectors 9 are now arbitrary, namely we dispense with the Reissner—
Mindlin assumption (16).

In order to analyze the convergence of such finite element procedures, we then
need to consider a continuous model with full P;(¢3) kinematics, namely

V =v(€, ) +En(eh ), (29)
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without any particular assumption on 7. However, if we use an elastic energy in
which the assumption (19) is incorporated (which of course corresponds to the
assumption (17) in the finite element discretization) and pursue the minimization
of this energy over the subspace of displacements given by (29), it is clear that the
formulation is not coercive for the displacement component

3 =mn-as, (30)
namely the “pinching” component that is not present in Reissner-Mindlin dis-
placements. On the other hand, if we do not use the plane stress assumption, the
problem is well-posed but it is no longer asymptotically consistent with classical
shell models, see Remark 4.5 below. Therefore, the P;(£3) kinematics is not suit-
able for constructing a well-posed mathematical shell model and the corresponding
finite element schemes.

Remark 3.1. This observation was already reported and attributed to a “locking”
phenomenon (called “thickness locking”), see Ref. 7 and references therein. How-
ever, locking is a numerical phenomenon that arises when discretizing a mathe-
matical model and is, for example, not present if the relevant inf-sup condition is
satisfied by the selected finite element spaces.®?:13 The fact that the P; kinematics
is not appropriate in shell solutions is not a numerical phenomenon and therefore
there is here no locking phenomenon. Instead, the mathematical (and physical)
model used is not consistent with classical shell (and of course plate) theories.

We therefore consider displacements quadratic in &3, viz.
V=v+&n+(E)p. (31)

With this choice, we will show that the minimization of the original 3D elastic
energy (i.e. without the assumption (19)) over the given subspace yields a well-
posed shell model which is asymptotically consistent with classical shell models,
see Sec. 4. Corresponding finite element procedures have quadratic displacements
across the thickness, namely

k 2
) t . t )
V=> X(rs) (v@ + zgn“) + <z§) p@) : (32)
=1

This can also be written as

k
-1 ) ) 1 .
V=Yt (S5 Vi s o avi - EREVGL) )
=1

D) upper
with
v =v® (34)
N ;
n(l) = z (Vflgper - Vl(ozver) ’ (35)
. s i i
PV = 5 |5 (V&her + Viewer) = Viria| - (36)
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where V(i) Vr(i)id and Vﬁgper denote the corresponding displacements at the

lower?

points lying on the lower, middle and upper surfaces on the same transverse material
fiber as node 4. This is obviously equivalent to the expression

3k
V=> XP(rs,2)VO, (37)
j=1

in which the functions /\g?D are quadratic in z and represent the Lagrange shape
functions associated to 3D nodes laid out on the two outer surfaces and on the
midsurface. Therefore, the proposed shell elements can be formulated in the form
of brick elements that have the same essential features as 3D elements, namely the
same node layouts, shape functions and unknowns (nodal displacements). This is
the reason why we call these elements 3D-shell elements. Note that, in particular,
when the shape functions are also quadratic in the (r, s) variables they correspond
to standard Q2 3D shape functions, hence the practical implementation of these
elements is straightforward.

Clearly, 3D-shell elements are very easy to couple with surrounding media. In
addition, we will show in the next section — by analyzing their underlying mathe-
matical model — that they can (and indeed should) be used without the plane
stress assumption.

Remark 3.2. The above kinematic description with nine degrees of freedom per
shell-section results into a fully compatible finite element model and the shell sur-
faces can directly be coupled to surrounding media. This means that we have about
twice as many degrees of freedom per shell-section as in the case of the usual shell
elements (with five degrees of freedom per shell mid-surface node). It is of course
possible to introduce the transverse normal strain/stress effect into the usual shell
elements as incompatible modes and then condense these modes out on the element
level.? In this case, fewer degrees of freedom are processed but the normal strain be-
tween elements is discontinuous and the possibility to couple directly to surrounding
media is lost.

Remark 3.3. It is of course also possible to kinematically constrain in the above
model the tangential mid-surface nodal displacements to be equal to the mean of the
tangential top and bottom nodal displacements (the tangential displacements are
then assumed to vary linearly through the shell thickness). In this case, we would
have only seven degrees of freedom per shell-section (instead of the nine degrees of
freedom in our above model) and the displacement compatibility between elements
would be maintained. Also, the modeling feature of including the transverse normal
stress effects (with continuity in the normal strain between elements) and the feature
to couple directly to surrounding media would both still be present. We conjecture
that the resulting mathematical model behaves essentially as the model we consider
herein.
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4. Behavior of the Underlying Model

We present in this section the mathematical shell model underlying the 3D-shell
elements and mathematically analyze the model for the asymptotic behavior as the
shell thickness decreases.

4.1. Model formulation

We consider a linear isotropic elastic material, and we start from the 3D variational
formulation, viz.

Find U € V3P such that
AU, V) =F3P(V), vYVep?P, (38)

In this formulation, A3P represents the 3D internal virtual work

AU, V) = [ HMe;;(U)ey(V)y/gdetde?de? (39)
By

with e;; denoting the components of the strain tensor

1
eij(V) =5 (Vi-gj +V; &) (40)
and
Fiikl — Ev ij kl ik jl il _jk 41
“dra-) ! +72(1+V)(g 9" +9"9"), (41)

where we denote, as usual, Young’s modulus by F and Poisson’s ratio by v. In the
specific coordinate system considered we have, taking into account (9) and (10),

HO3(= HOP3Y = H13eP = HNP) =0, «a,B,7=1,2, (42)
HO333(= [[3033 = 3303 — [[3330) = 4 =1,2, (43)
FEv
eB33(— g33efy - 7  af =1.2 44
( ) (1+V)(1_2V)9 ) Oé,ﬁ 94y ( )
F
H383 (= F3a38) — af =1.2 45
(= B3 = gs 0 aB=12, (45)
E(l-v)
3333 — V) 4
(1+v)(1-2v) (46)
The external virtual work reads
F3P(V) = / F-Vvav, (47)
Bt

where F represents the applied 3D-body forces. The solution U and the test func-
tions V satisfy adequate Dirichlet boundary conditions — included in the definition
of V3P — 50 that, in particular, no rigid body motion is allowed.
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We now use kinematical assumptions corresponding to those considered in the
formulation of the above 3D-shell elements, namely quadratic displacements in the
transverse coordinate, i.e.

U €%,6%) = u(¢h, &) + £0(s1, %) + (£)°7(¢4,6?) (48)
V(£ €2,8%) = v(&h,€%) + €n(Eh, 6%) + (£9)%p(E,€7) - (49)

We thus obtain a shell model — all unknowns and test functions being given on

the midsurface — described by the following problem:
Find (u, 8, p) such that

A(u,8,p;v,m,p) =F(v.,n,p), Y(v,n,p)eV, (50)

where
A(u,0,7;u,m, p) = AP (u+ &30 + (%), v+ En + (6%)%p), (51)
F(v,n,p) = F3®(v+&&n+(8)p). (52)

The boundary conditions considered in V are directly inherited from those given
in V3P,

The expressions of the strain components with respect to &3 are:

eap(V) = 7ap(v) + EXap(v,n) + (£3)*kap(n, p) + (£2)3lap(p) , (53)
ea3(V) = (v, m) + Ema(n, p) + (£3)*na(p), (54)
es3(V) =d(n) +&p(p), (55)
where
1

7a8(V) = 5 (Vajs + Vsla) = bapus (56)

1
Xap(V,m) = 3 (Mais + Mja — bavas — b3UAa) — bagls + Capvs (57)

1
kag(m,p) = 3 (Pals + PBla — baninis — b3MAa) — basPs + Capns (58)

1
lag(p) = 3 (bApas + bgp,\\a) + capps, (59)
Calv.1) = 5 (1o + Bhor + v5.0), (60)
1

Ma(n,p) = 5 (2pa + M3.a) (61)
na(p) = 5 (~Bor +ps.a) (62)
é(m) =mns, (63)
p(p) =2ps. (64)
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We point out that the tensors 7y and ¢ respectively correspond to the membrane
and shear strain tensors of classical shell models, see e.g. Refs. 6, 13, 16 and X isa
generalization of the bending strain tensor (since n3 appears in the expressiorﬁ , for
which we therefore use the same terminology and notation. Note also that, despite
similar expressions for x and k, we use a different notation to distinguish the two
tensors since they appe_ar with different orders in ¢3. In addition, we emphasize
that — unlike with classical shell models — we have the nonzero transverse strain
es3. The first term in the expression of these strains () plays a distinctive role in
the formulation — as will become clear in the forthcoming discussion. We call this
quantity the “pinching strain”.
Specifying the displacement space

V= [H"w)]°nBC, (65)

where BC symbolically denotes the essential boundary conditions, the variational
problem (50) is clearly well-posed since it corresponds to a restriction of the varia-
tional space used in the original 3D problem (well-posed in H'), and we have the
following result, proven in the Appendix.

Proposition 4.1. Assuming that F € L?(B;)? and that essential boundary condi-
tions are enforced in V so that no rigid body motion is allowed, then there exists a
unique (u,0,7) € V solution of (50). Furthermore, we have

1w, 8,71 < ClIF || 12s,) - (66)

with C' being a constant independent of F (but dependent on the thickness
parameter).

Therefore, we have obtained a well-posed mathematical shell model. Further-
more, we expect this shell model to be the model underlying the above-presented
3D-shell elements, meaning that the finite element solutions should converge to the
exact solution of the mathematical model when the mesh is made increasingly finer.
This natural conjecture is proven in Sec. 5.1.

4.2. Asymptotic behavior

We now study the asymptotic behavior of the solution of Problem (50), namely
when the thickness parameter € goes to 0. The primary objective here is to compare
the mathematical model underlying 3D-shell elements with classical shell models
by means of the asymptotic behavior.

We introduce the space of pure bending displacements, defined in this case by

Vo = {(v,m, p) €V, such that

Yop(V) = 0,6a(v,n) = 0,6(n) =0, Va,5=1,2}. (67)

Comparing with classical shell models, V, contains displacements for which pinching
strains vanish, in addition to membrane and shear strains, see e.g. Refs. 13, 16
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and 26. Note that this can be seen as an “asymptotic justification” of the Reissner—
Mindlin kinematical assumption.

Remark 4.1. We might note here that the pinching strain is a strain embedded
in the shell model not dependent on the other strains (and stresses). It is a re-
sult of the kinematic assumptions employed. Using the Reissner—Mindlin kinematic
assumption this strain is zero. Of course, in an actual shell solution using the
Reissner—-Mindlin kinematics, once all stress components have been calculated, also
the transverse normal strain as a result of the Poisson effect can be established in
a post-processing procedure.

Depending on the geometry and boundary conditions, the shell may or may not
have nonzero pure-bending displacements. We then distinguish between the two
situations; that is, when

VoN{(v,n,0) € V}={(0,0,0)},
we say that pure bending is inhibited, and when

VO N {(V,’I’],O) € V} 7& {<07070)}7

that pure bending is non-inhibited. The asymptotic behavior of a shell is strongly
influenced by whether or not pure bending is inhibited.!?
The asymptotic analysis consists in seeking a scaling of the loading in the form

F=c71G, (68)

so that a converging solution sequence (u¢, 6%, 7¢) is obtained with G independent
of £.1'13 We also assume in our analysis that we take G in the form

G(£,8%,6%) = Go(¢4, &) + €B(¢1, 2,8, (69)

where G is in L?(w) and B is a bounded function over B; (uniformly in #).
Let us introduce some specific bilinear and linear forms that will be needed in
the forthcoming discussion. We define

Am(a,0;v,n) = L/[ﬁam“wﬁ(U)m(V) + H5 (y0p(w)d(n) +7a5(v)5(8))

w

+AH"303¢, (u,0)¢s(v, m) + H*335(0)5(n)] dS | (70)
L3 FRTED
Ap(u,0,1;v,m,p) = E/[H "Xop (W, @)xAu(v,n)

+H (xap(u, 0)p(p) + Xas(v.m)p(T))
+4H* P mo (0, 7)mgs(n, p) + H*Pp(r)p(p)]dS,  (71)
where the tensor H is defined by
Fiikl — HiM |5y, (72)
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and we also define
Glv) = / LGo - vdS. (73)

We henceforth denote — in the framework of the asymptotic analysis — the solution
of Problem (50) for a given thickness parameter € by (u®, 8%, 7¢) and we now discuss
the cases of non-inhibited versus inhibited pure bending separately.

4.2.1. Non-inhibited pure bending

Assuming that V) contains some nonzero elements, we have a model that can be
directly compared to the basic shell model with non-inhibited pure bending.'':!3
Namely, the terms of order zero in &3 in the strain expressions (53)—(55) tend to
vanish (via a penalization mechanism) and the appropriate scaling factor is then
p=3.

We introduce the norm

1
1 2
Iv.m, plls = (IIVI? +lnllE + lsll + lleslE + o+ 527}3”3) , (74)

where 1 and p represent the tangential parts of i and p, respectively, and V denotes
the surface g_radient (the covariant components of which correspond to covariant
derivatives, see Ref. 13). This is the norm for which we expect the convergence to
occur. This norm is not equivalent to the original norm of the displacement space
(namely, the H!-norm, recall Proposition 4.1), since we — in essence — loose in the
energy all the strain terms of degree higher than 1 in the &3-expansions (53)—(55)
when ¢ goes to zero. This norm is, indeed, weaker than the H' norm, hence V is
not complete with respect to || - ||,. We define V} as the completion of V for this
new norm. We will also use the space V¢, defined as the completion of V, for | - ||,
which is identified as

Vg = {(Vﬂ?aP) S Vb such that ’yaﬁ(v) = 0’

Ca(v,m) =0, 6(n) =0, Vo, =1,2}. (75)
Using the proposed scaling p = 3, the tentative limit problem reads

Find (u’, 8°,7%) € V{§ such that

Ab(ub,Bb,Tb;mmp) = / LGy-vdS, Y(v,m,p) € Vg. (76)

w
Note that the right-hand side of this variational formulation defines a linear form
in V¢ (although this completed space may contain elements that do not belong to
V) since

/ Go 'VdS‘ < ClGollollvllo < C|Gollollv,m, plls, Y (v,m,p) €Ve.  (T7)

We then have the following convergence result, proven in the Appendix.
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Proposition 4.2. The solution (u®,0°,7°) of Problem (50) converges weakly in
Vs, as € goes to 0, to (u®, 8%, 7%) solution of (76).

Remark 4.2. Unlike for classical shell models or for the basic shell model,'3 in the
present case we also have a singular perturbation problem arising from the higher
order terms in the bilinear form A, in addition to the penalization mechanism.
Strong convergence cannot be established under these circumstances, because the
terms corresponding to penalization and singular perturbation are coupled (see
Appendix, Egs. (A.45)—(A.50)) in the expression of the total strain energy, see also
Theorem 10.3 of Ref. 22 for a similar problem.

Remark 4.3. Even though we have a very weak control on 7€ in || - || (since we
only prove a convergence result for the quantity (7° + %zeg) in the L?-norm), the
scaled vector 27° — arising in the expression of the 3D displacements — converges
to zero in the norm || - ||; when € tends to zero, see the Appendix.

4.2.2. Inhibited pure bending

Assuming that pure bending is inhibited we define

1
HV7,'7||m ZAm(Vﬂ?;Vﬂ?)z ) (78)
and

V& = {(v,n) such that (v,n,0) € V}. (79)
Since pure bending is inhibited || - ||,, provides a norm in V¥ and — according to

Lemma A.5 (see the Appendix) — this norm is equivalent to
lv()llo + IS, m)llo + [16(m)lo - (80)
Comparing with the similar norms used for classical shell models and for the basic
shell model (see in particular Ref. 13), we note that in this case the norm || - ||,

additionally contains the pinching strain terms.

Proceeding like for the basic shell model,'® we introduce V,, as the completion
of V! with respect to the norm || - ||,,. The converging behavior is then obtained in
this space for the scaling p = 1, and the limit problem reads

Find (u™,0™) € V,, such that

Ap(u™,0mv,n) = / LGo-vdS, V(v,n)€V,. (81)
We point out that, since V,,, D V¥, in order to obtain a well-posed limit problem
we need to enforce that Go € (V,,)’, namely that

/ Go~vds| < CIV,mlm, Y (Vim) € Vi, (s2)

which is a standard condition for inhibited pure bending situations, see Refs. 10,
13 and 27. We can then prove the following convergence result (see the Appendix).
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Proposition 4.3. Assuming that Go € Vi)', we have that (u® + %78,96) con-
verges weakly in Vp,, as € goes to 0, to (u™,0™) solution of (81).

Remark 4.4. The term u® + %Ts is the mean value of the displacement vector
across the thickness, hence this convergence result is consistent with the asymptotic
analysis performed on the 3D problem in Ref. 16. In fact, we cannot prove the
convergence of u® by itself, since we only show that £27¢ is bounded in the H'-

norm and that ||e275||op vanishes when ¢ tends to zero (see the Appendix).

4.3. Conclusions on the asymptotic analysis

We can further analyze the variational formulations of the limit problems for both
asymptotic behaviors.

When pure bending is not inhibited, using in Problem (76) a test function with
v=0,n=0, p=0 and p3 arbitrary, we have

H Py ap(u”,0%) + H*¥p(r") =0, (83)
and this can be used to eliminate p(7°) = 27 in the variational formulation. Simi-
larly, taking p such that ps = 0 with v = n = 0 we obtain

ma(8°,7%) =0, a=1,2. (84)

Furthermore, the transverse component of n for (v,n, p) € V¢ is zero by definition
of V{. Finally, the variational formulation (76) is equivalent to

L3 ~
ﬁ/ CQBAMXaﬂ(ubvgb)XAM(v7ﬂ) ds = G(V)u V(V7ﬂ) € Vg7 (85)
with
rTa333 I Au33
oM — fpofin _ w
H3333
. E aX Bu ap,BA 2V aB g
_2(1+u)<a GrreTaT e ) (56)

We note that this is the same limit problem as for classical shell models (and also
for the shell model underlying general shell elements) when pure bending is not
inhibited, see Refs. 10 and 13.

Remark 4.5. This argument shows why the quadratic kinematical assumption
provides a consistent asymptotic behavior with non-inhibited pure bending, whereas
the linear assumption does not. In fact, with a linear kinematical assumption we
do not have (83), hence the asymptotic behavior (without plane stress assumption)
directly yields (85) with

Ev FE
a®Bat + —— (ao"\aﬁ” + a"‘”aﬁ’\) ,

NafBAp — rraBAu _
¢ H A+ )1 —20) 20+ 1)

(87)
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instead of (86), which — of course — gives a different limit solution (note that, in
particular, the behavior of these coefficients in the incompressible limit v — 0.5 is
dramatically different).

Similarly, when pure bending is inhibited, choosing test functions such that
v = 0, n = 0 with 3 arbitrary in the limit problem (81), we obtain

HPy,5(u™) + H¥¥5(0™) = 0. (88)

Using this equation to substitute §(8™) = 05" in (81), we have

L / (G5 (0™ Yy (V)
+ D (u™, 0™)(s(v,m)]dS = G(v), VY(v,n) € Vi (89)
with (86) and
D*P = 4H*3P3 (90)

In this case, we also note that the limit problem corresponds to the limit problem
obtained with classical shell models, and also with the basic shell model, see Refs. 10
and 13.

Therefore, for both asymptotic categories of shell problems, the mathematical
shell model corresponding to 3D-shell elements is asymptotically consistent with
classical shell models, i.e. the solutions converge — when ¢ tends to zero and with
proper load scaling factors — to the solutions of the same limit problems. Hence, by
analogy to the asymptotic behavior of classical shell models, me may say that the
shell structure described by the 3D-shell model analyzed here is bending-dominated
when pure bending is non-inhibited, and that it is membrane-dominated when pure
bending is inhibited and provided that (82) holds.

In addition, the above analysis shows how the elimination of the transverse
components of the first and second order terms in the kinematical assumption (48)
leads to transformations of the elasticity tensor identical to those induced by the
plane stress assumption in classical shell models, ™13 see also Refs. 8, 17, 23 and
25 for other discussions on this issue. Hence this asymptotic analysis is valuable
both as a theoretical substantiation of the model introduced in this paper, and to
provide insight into the plane stress assumption used in other models.

5. Analysis of the 3D-shell Finite Element Solution

We consider in this section the convergence of displacement-based finite element
solutions using the 3D-shell elements to the solutions of the underlying mathe-
matical model, and also discuss how to obtain reliable (non-locking) finite element
discretization schemes.
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5.1. Convergence to the solution of the underlying model

The objective of this section is to prove that the 3D-shell finite element solutions
converge to the solution of the mathematical model described above when the mesh
is refined. This will, indeed, justify the terminology “underlying model”.

Recalling Sec. 3, the finite element formulation amounts to finding Uy, the
solution of

A(?)D) (Uh7 V) = F(?)D) (V) ’ 'A% ’ (91)

where in every element K, U, and V are of the form

k

i ARG ?
i=1
k . t . 2
V= Z Ai(r, s) (v(l) tz3 n® + zQZ p(l)> . (93)
i=1

Here, h denotes (as usual) the maximum diameter of the elements in the mesh
considered, A; the shape function associated with the node (¢) and (ug), 0;?, 7'5:))
the nodal values of (uy, 8y, T,), with a similar notation being used for the nodal
values of test functions (note that we use here the expression of the finite element
displacements in terms of midsurface unknowns as in Eq. (32). In A®P) and F(DP)
all the geometric quantities are computed from the isoparametric approximation of

the geometry given by (14) that we now rewrite with the chart notation as

k

®y(r,s,2) |k = Z Ai(r, s) (qﬁ(i) + z% aéi)) , (94)

i=1

where qb(i) and agi) respectively denote the position of the midsurface and the unit
normal vector at node (7). Equation (94) can also be written as

1 = T(¢) + 5 T(aa). (95)

where 7 represents the interpolation operator associated to the in-plane finite

element discretisation. Note that we assume here the normal vector to be known

exactly at each node (and not computed from the approximation of the midsurface).
Introducing the discrete space

k
i=1

k k
k= Y Ai(r s, pli =Y Al s)p@} . (96)

i=1 =1
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the 3D-shell discrete procedure can be formulated in an equivalent manner as:

Find (uy, 0p,7r) € V3 such that

Ah(uh70ha7-h; V;U;P) = Fh(v7777 p)7 \V/(V, n, p) € Vh: (97)

where
Ap(w,0,7;v,m,p) = ABP (u+ €30 + ()21, v+ En+ (€%)%p),  (98)

Fu(v,m,p) = FOD) (v + En+ (£)%p), (99)

using the change of variables given in (23).

Comparing with Problem (50), we note that the approximation scheme proposed
here introduces a consistency error arising from the approximation of the geometry.
In order to determine the influence of the approximate geometry on the discrete
solution, we suppose that the interpolation errors are optimal. Assuming (u, 8, 7) €
HP L (w)? x HPHL(w)3 x HPTH(w)?3, p being the degree of the polynomials used for
the 2D shape functions, the following classical estimate holds'®

inf u—v,0 —n, 17—
(v,n,p)EVH | " Pl

< Ju—Z(w),0 —2(6),7 — Z(r)|, < CW[u,6,7[pr.  (100)
We can then prove the following optimal convergence result (see Appendix).

Proposition 5.1. Problem (97) has a unique solution (uy, 0y, Th) which converges
to (u,8,71), the solution of the underlying mathematical model, namely,

lu—up,0— 0,7 — 741 < CRP|u, 0,7 pt1, (101)

with a constant C depending on the thickness.

5.2. Reliability considerations

The question then arises as to what makes the proposed finite element scheme
specific to shell analysis, as in fact the finite elements that we have been presenting
are in essence 3D elements used in a single layer across the thickness of the structure.
In order to clarify this point, we may resort to reliability considerations. As a matter
of fact, it is well-known that 3D elements used in thin bending-dominated structures
are subject to severe numerical locking.?'® This means that the accuracy of the
finite element solution is very sensitive to the aspect ratio of the elements and
may seriously deteriorate when the element is thin in the direction of structural
thickness.

The sources of numerical locking for shells are now well identified, see in parti-
cular Refs. 2, 13 and the references therein. It is due to constraints that are enforced
by a penalization mechanism in the mechanical formulation (where the square of
the structural aspect ratio is the penalization parameter). In classical shell models,
these constraints are that membrane and shear strains vanish.'® Locking then arises
because the discrete displacements that satisfy the constraints are “scarce”.
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In order to circumvent the locking phenomenon, it is now classical to resort to
mixed formulations in which additional unknowns — corresponding to the “locking
producing” terms of the energy — are introduced.? For shell formulations, it is
thus natural to use the membrane and shear stresses as independent unknowns.
The effect of this procedure can be interpreted as a relaxation of the constraints
to be satisfied by the discrete displacements. A crucial difficulty is that — while
attempting to alleviate the locking phenomenon — the modifications performed
may seriously affect the performance of the method when applied in a membrane-
dominated situation, i.e. when locking is not to be expected.!?

In particular, the MITC (standing for “Mixed Interpolated Tensorial Com-
ponents”) shell elements appear to be effective for both bending-dominated and
membrane-dominated shell problems,*%13:2! although there is no complete mathe-
matical analysis available for these elements (nor for any other shell element). They
rely on an interpolation procedure of the strain components, which are computed
at some well-chosen points within an element — called the tying points — directly
from the displacements and are then re-interpolated from these points throughout
the element for the stiffness computation.

Regarding the above-proposed 3D-shell elements, we have seen by analyzing
in Sec. 4 the corresponding underlying shell model that the same constraints —
namely of vanishing membrane and shear strains — are also present in the varia-
tional formulation of the proposed shell element formulation, see (67). Hence, it is
straightforward to use the same treatments to address the induced locking pheno-
mena. In addition, we can see in (67) that a new constraint is applied in bending-
dominated situations, which is that a displacement field expressed in the form (49)
should also satisty

7’]'3.350, (102)

in the asymptotic limit. Hence this constraint creates an additional source of locking
that we call pinching locking, due to the nature of the quantity that tends to vanish,
namely, the pinching strain.

In order to circumvent the pinching locking phenomenon, a natural idea inspired
from the MITC approach is to use tying points for the corresponding e, tensorial
component. In particular, when using the nodes themselves as tying points (as
proposed e.g. in Ref. 7) we can see that the relaxed constraint imposed is that

n-az3=0 (103)

at the nodes, which is easily satisfied by the discrete displacements. In fact, it can be

mathematically proven that this strategy effectively remedies the pinching locking

phenomenon.'4

6. Concluding Remarks

The objective in this paper was to present and analyze a family of shell elements
that include the effects of the transverse normal stress and lend themselves to
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model in an effective way shell structures in which the shell surfaces are coupled to
surrounding media.

Similar shell elements have been introduced earlier but the novelty in this paper
is that we identified the underlying shell mathematical model, we analyzed the
model for the asymptotic behavior when the shell thickness decreases, and we dis-
cussed how a finite element discretization as reliable as now widely-used schemes
based on the Reissner—Mindlin kinematic assumption can be established.

The mathematical model is asymptotically consistent with the basic shell model
of Refs. 11, 13 and classical shell models, in that an analogous asymptotic behavior
is observed as the shell thickness is decreased and the solutions converge to the
solutions of the limit problems of the other shell models. Hence, bending-dominated
and membrane-dominated problems can be identified. However, in addition to the
membrane and shear strains, also the pinching strain now enters the analysis.

Considering the displacement-based solutions, a convergence analysis shows that
the optimal order of convergence is obtained but of course with a constant that de-
pends on the shell thickness. Hence, “locking” is observed in the numerical solutions,
and in these finite element solutions, shear, membrane and pinching strain locking
can arise. To obtain a finite element scheme that is more reliable and effective, the
MITC interpolation schemes for the element discretizations can be used.

Appendix A.

The purpose of this Appendix is to provide the proofs of the results stated in the
above propositions.

In the forthcoming presentation, we will use the inequalities (proven in Refs. 11
and 13) given in Lemmas A.1 to A.3. We point out that the constants appearing
in these inequalities are all independent of the thickness t.

Lemma A.1. There ezist strictly positive constants C and v such that, for any
(61752753) € Qta
7a®P (€ €)X X < g7 (€1, €%, 6%) Xa X
< Ca®P (¢ ) XaXp, V(X1,Xo)€R2. (A1)
Lemma A.2. There exist strictly positive constants C' and 7y such that, for any
(51752353) S Qt7
’yaaﬂ (617 fQ)CLAH (617 fQ)Ya)\Yﬁ,u
S gaﬂ(§17§27§3)9)\#(51762353)Yakyﬁu
< Ca™ (¢, 2)aM (€, ) YanYau, YV (Y11, Y12,Ya1,Ya2) €RY. (A2)
Lemma A.3. There exist strictly positive constants C' and 7 such that, for any
(51752353) € Qt7
Wal(gh, &%) < /g(gh, €2, 6%) < Cva(e', €%). (A.3)
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We now turn to the proof of another lemma needed in our analysis.

Lemma A.4. Assuming that the essential boundary conditions enforced in V are
such that no rigid body motion is possible, the bilinear form A is continuous and
coercive over V, i.e. there exist two strictly positive (thickness-dependent) constants
C and vy, such that for any (u,0,7T) and (v,n,p) inV,

A(w,0,7;v,1,p) < Cllu,8,7(1]v,n, pll1, (A4)

Yllvim, pllf < A(v,n,p;v,m,p) . (A.5)

Proof. We focus on the coercivity inequality (the continuity is established by sim-
ilar — although much more straightforward — arguments). To make the equations
more compact, we write e;; instead of e;;(v+&3n+(£2)2p), and Yag, Xag, kas, lags
Cay Ma; Ny 0, p instead of ¥a5(v), Xas(V, ), kas(, p), lap(p), Ca(v.m), ma(n, p),

na(p), 6(n) and p(p), respectively.
We decompose the proof into three steps.

(i) We first show that
Awv,m,p3v.m,p) = (I8 + I8 + IS + 11215
HICIE + lmllg + lzlIE + 10115 + llplI5) - (A.6)

From (A.1) and (A.2), using g¥g*le;jer = (g¥e;;)? > 0, we have

A(v,m, p;v,m,p) > 7/ g glei e dV
Bt

> 7/ (9% g7 eqgery + g™ easeps + (e33)?] AV
Bt

> 7/ [ao"\aﬁ“eage,\p + ao‘ﬁeageﬁg + (e33)?]dV . (A7)
Bt

Now using Eq. (A.3), then Eqgs. (53)—(55), and integrating through the thickness,
we obtain
t2 t2

A(v,m, p;v,m, p) > vt/ {a“aﬁ“ |:'7aﬁ'7/\u + 15 XasXow + 5 Yok

4 4 46

— kopk —lq — lapl
+80 ﬁ/\u‘i‘40 BXA“+448 g,\u]
2 t2 4

t
+ aaﬂ |:<o¢<ﬂ + E maomg + E Canﬁ + @ nan5:|

+ [52 + % p2:| } ds. (A.8)
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For two second-order surface tensors T and 27 we use the Euclidean inner-product
defined and denoted as in

(

The associated (Euclidean) norm is denoted by the usual norm symbol “|| - ||
(without a subscript). Likewise, for first-order surface tensors we use

(W, W) = a*" W, W;. (A.10)

I~

,Z> = aaﬁaANTa)\Tg#. (Ag)

By standard inequalities, we then have

t2 al, Bu 1 2 1 2 t4 2
0@ sk = £l B < 15 (rlyl + - &
1 tt
< —a®aPH (rwaﬁwu + — kaﬁkxu) ) (A.11)
12 1
and similarly
ﬁ ao‘)‘aﬂ”lag)O\ < i a®*aPH r2t6la5h + ﬁ XaBX | > (A.12)
40 "l = 80 "y a
e af¢ <L os Calp + r (A.13)
6a allp _12a T36alB Tgnang s .

with r1, ro, r3 arbitrary strictly positive constants. With an appropriate choice for

these constants — for example r1 = 10, 7o = %, rg = 10 — Eq. (A.8) gives

A(v,m, p;v,m,p) =y / {a®*a™ [yapau + XapXau + kagkau + lasli]
w

+aP[CaCs + mamp + nang] + [0 + p?]} dS, (A.14)
namely, we have (A.6) (note that the constant v depends on the parameter t).
(ii) Denoting

1/2
s, ol = (lm(m, p)13 + (o) + 1EQ. 73, )13+ [5G 12 + Ip(0)]3) "/
(A.15)

we now show that | - | 4 provides a norm equivalent to the H'-norm (i.e. the norm
prevailing in V) over the subspace of V of displacements of the type (0,0, 73, p).

In order to see that || - |4 gives a norm, we observe that from d(n) = 0 and
p(p) = 0 we obtain n3 = 0 and ps = 0, respectively. Then, from m(n, p) = 0 and
n3 = 0 we have p = 0. Bounding this norm as in

[ns, Pl < Clins, plly (A.16)

is straightforward, hence to prove the equivalence it remains to show that we have
the other inequality

Ins, Pl = vlns, Pl - (A17)
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To that purpose, we use the following Korn inequality for first-order surface tensors,
see Refs. 16 and 18,

lvl1 < C(lle@)llo + llzllo) , (A.18)
where

e(v) =
We then have, from (58),

Yo+ (¥o)"). (A.19)

N =

oIt < Cll(@E + N1plI5)
< C(IE(Q, ns, p)II5 + llopslId + enslig + llolld)
< C(IEQ, ns, p)II + llps I3 + llmsll§ + [lol13) - (A.20)
In addition, from Eq. (62) we have
lpslt < CUlnlp)lI5 + llello) (A.21)
and, from (61),
n3lt < Cllm(n, p)II5 + 1lplI5) - (A.22)

Gathering Egs. (A.20)-(A.22), we obtain
I3, plIT < Cllme(n, p)IIS + IEQ, 13, PG + lno) G + losl§ + Insli§ + llollf)

< C(|ln3, plI% + lIn3, £113) - (A.23)

Finally, in order to show that we can dispense with the L2-norm term on the right-
hand side of this inequality, we invoke a (standard) contradiction argument, see
e.g. Refs. 16 and 13.

(iii) Final coercivity bound.

We will repeatedly use the following general inequality, valid for any norm and any
(fixed) real number «,

[vi+ aval® + [[va[* = y([[vi]? + [|va]?). (A.24)
Using this inequality we obtain
Ix(v, I3 + 16(m)Ig = | x(v.,0) = bns1§ + [lm3113
> y(llx(v. n,0)lIg + Insll5) , (A.25)

hence
Iy (I + Ix v mIIE + IS, mlIE + 113

> (W + 1S mIE + (v, m, 011F + lIns113)

Y

y(lv, allf + llsllg) (A.26)
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where the last inequality directly follows from the coercivity of the bilinear form
of the classical shell model referred to as the “shear-membrane-bending model” in
Ref. 13 and “Naghdi model” in Ref. 16, see also these references (and references
therein) for a proof.

Furthermore,

1E(m, o)1+ 1l > (]

E(0,m3,p) |15 + [nl3) . (A.27)

hence,
2 2 2 2 2 2
1E(n, p)5 + [nfi + [lm(n, p)llo + ln(e)l5 + [16(m o + ()5
> Y(IEQ, n3, )5 + llm(m, oG + (p)IE + I16(m)II5 + lp(p)IIE + Inl?)
=(lns, plI% + nl?) = (s, plIE + nf3) - (A.28)
Therefore, from (A.6), (A.26) and (A.28), we have
Av,m,piv,m,p) = (N5 + X1 + 1SIE + 10115 + &S + lmlE + llzli§ + 1lpl)
> (v, nll} + lnsll§ + IENE + llzl§ + lnllg + 1p11)

> (v, nllF + [Ins, plI}) = llv.m. pll} . (A.29)
O

Proof of Proposition 4.1. The existence and the uniqueness are direct conse-
quences of the Lax—Milgram lemma, since A is a coercive bilinear form and F' is
a linear form, both in V. To obtain the estimate (66) we use the continuity of F,
which gives for any (v,n,p) € V

/B F-(v+&n+(&)°p)dV| < |[F|l 2,V + 0+ (£%)pllL2s,)

< ClF[| 2y lv,m, pllo - (A.30)
Then, from the H!-coercivity of A we infer
v, 8,73 < A(u,0,7;u,0,T)
=F(u,0,7) < C|F|125,lwn,0,7|o, (A.31)
and the a priori estimate directly follows. O
In the statement (and proof) of the following lemma we use the same compact
notation for the strains as in the proof of Lemma A.4.

Lemma A.5. We have the following equivalence relations of norms and semi-
norms:

1. Whether these expressions define norms (when pure bending is inhibited) or
semi-norms (otherwise), ||v,n||m is equivalent to (||v]|3 + [I¢|12 + [|6]|2)*/2.
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2. The norms |[v,n, pllv, (IYI3 + ICIE + 1615 + IxIF + lzlF + lIplI3)'/2, and

(A (v.1:v.m) + Ap(v, 1, p3 v, 0, p)) /2, are all equivalent.
3. The norms [[v.n, pllx and (|yII5 + 113 + 16llo + llxI15 + [lml[§ + lIlI5 + I1E/17 +

n/12)*/? are equivalent.

Proof. We split the proof according to the items in the statement of the lemma.

(i) From the definition of || - ||, we have

lv.ml2, = L / [Py g, + 33 (62

+2HP3By 56 + AH*3P3¢, (5] dS . (A.32)
Then
Ao T d— T ds
,yaﬁ’yAlJ« - (1 + V)(]. _ 21/) a a ’yaﬁ'y)\ﬂ
E aX By o, BA
—|—m (a**a”" + a**a” ) Yapyan dS
Ev E
ST -w) | t "/Ho 1, H’)’Ho (A.33)
Likewise,
- E
/H 393¢,CpdS = 0 +70) €115 » (A.34)
~ E(l-v)
3333 2 _ 2
[ e as = s 6l (A.35)
and
o935y 5dS = — 2V s A.36
TeB0 T = )1 - 20) (br3, 0 p2(w) - (A.36)
Hence,
FEv E
2 By 2 2
v, nll5 = T 1/)(1 ~ o) [try +dll5 + 70 171l
which implies
v, nll: Z’V[||l||3+H§||3+H5||3]~ (A.38)

Furthermore, since || try[[o < C||v/lo, from (A.37) we directly obtain

v, mll%, < CllIAlIE + I¢IE + 161131 (A-39)

and the equivalence is proven.
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(ii) We have
1
v, plls = VT + nllE + lInsls + lpslle + llo + 5 Vsl

1
= V1T + llnl + llm G + 118115 + 5 IpIIG - (A.40)

Using the H'-coercivity of the bilinear form of the shear-membrane-bending model
(see the proof of Lemma A.4) we have

AV + D) < 1l + 13 + (v, 0) 3. (A.41)

and
(v, 0o = lx — bmsllo < lixllo + 1Bmsllo < Cllixllo + 18llo) . (A.42)

From (A.40)—(A.42), we obtain

Iv.m. ol < CUIIGE + 1SIE + 1XI1E + Nml1§ + 1815 + 112115) - (A.43)
Furthermore, from the definition of the norm || - ||, we obtain by straightforward
bounds

13+ 1S + 13 + lmliE + 1815 + 1115 < Cllv,m, ol (A.44)

hence the equivalence of | - [ and (13 + I3 + 1313 + 13 + el + 1p12) /2
is proven.

To prove the equivalence of || - ||y and (A (-,-) + As(-,-))
(7113 + 11113 + 116113 is equivalent to Ap, (-, -). Hence to complete the proof it suffices
to show that

1/2 we recall that

Yxl§ + lezll§ + 1213) < Av(v,m, p5v,m, p) < CUUIXIG + il + [1p]) +
which is achieved exactly like in Step (i) above.
(iif) The equivalence of ||| and ([|y[I§ + <[5 + 1910+ 113+l + [IplI5 + I£l15 +

|n)|3)/? directly follows from the proof of Lemma A .4. 0

Remark A.1. Using Egs. (42), (43), (53)—(55), and the change of variables £3 = &€,
the bilinear form A can be expressed as

A(u70,T;V,’I’],p):I1 + I+ I3+ 1+ I5, (A45)

with

L)2
L= / / HOPN (o 5() + £€x05(11, 8) + £2(€) ks (6, 7)
—L/2Jw

+ 53(5)?)1&5(7-)) X (’7)\” (V) + 55)(/\;1("7 77) + 52 (5)2kku (777 p)
+3(&)%u(p)) Vg detde?de (A.46)
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L2
I = E/ / AF 353 (Ca(u, 0) +clmq (0, 1) + 62(5)2na(7))

L/2Jw
x (Ca(v.m) +e€mpa(n, p) +*(€)*np(p)) Vg d&' dEde (A.47)

L)2
B=e [ [ H(5(6) + o(r) (n) + c6o(p) Vade' P (A9

—L/2Jw
L/2
L= / . / HO3 (o 5() + e xap(u, 8) + £2(6) ks (6, 7)
+ () s () x (5(m) + c€p(p)) v/ dE dE2de (A.49)
L/2
L= / . / HO3 (5(v) + e xap (vom) + £2(6) ks (1, )
+ () as(p)) X (6(8) + c€p(r)) /7 dE dE2de . (A.50)

Similarly, the linear form F' becomes

L2
vomp) =< [ B+ S0P vadgdeiic. (A51)

L/2Jw

Proof of Proposition 4.2. We follow the same approach as for the model under-
lying general shell elements, namely the basic shell model, see Refs. 11 and 13. We
divide the proof into three steps.

(i) Uniform bound on the solution. We start by noting that, in the proof of
Lemma A.4, from (A.8) and (A.11)—(A.13), Inequality (A.14) can be restated as

A(v,m, p;v,m,p)
> ’yt/{awaﬂ”[%‘gm\u + tQXaﬁX)\N + t4kaﬁkAu + tGIagl,\N]
+a®P[Cals + Pmams + t'nang] + (6% + t2p?)} dS (A.52)
with ~ independent of t. Hence, using ¢ = % we have
A(v,m, p;v,n,p)
> *ys/ L{a“aﬂ“[ﬂyagw# + £2L2xa5>@u + 54L4ka5k>\u + €6L6lagl)\u]

+aP[CaCs + 2 LPmamp + e L*nang) + [6% + 2 L2p?]} dS . (A.53)
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Since ¢ < tmax and denoting emax = 22, (A.53) gives

1
A(vim, pivim, p) = 92° | 57— (IIllg + 11€115 + [19115)

max
x (IxlIg + lmllg + [1plI5) + *(EIG + l1zll)

> [ v.n. pll; +€”lv.m. plIT] (A.54)

using the equivalences given in Lemma A.5. In addition, recalling F = £2G, using
(12), (69), (A.51) and integrating through the thickness, we obtain

/B F-(v+ &+ (E9)2p)dV

L2
= ¢3 / / (Go + £€B)(v + et + £2(6) ) /g de dede

—L/2
= 83/ LGy -vyadetde® + R, (A.55)
where the remainder R is bounded as
[R| < Ce'|lv,m,pllo- (A.56)
Recalling (77), this gives
/B F-(v+&n+()p)dV < Ce¥|lv,n, plly + Ce*|lv,m, pllo. (A.57)

Using then (v, 7, p) = (u, 6°,7°) in the variational formulation, with (A.54) and
(A.57) we infer

[u®, 0%, 7%p +¢llu®, 6%, 75|l < C. (A.58)
Note that this bound substantiates Remark 4.3.

(ii) Weak convergence in VY. Since (uf, 0%, 7¢) is uniformly bounded in the norm
|| - Il», we can extract a subsequence (for which we will use the same notation)
converging weakly in V, to a limit (u®, 8", 7). Of course, || - ||; remains bounded
for this subsequence also, due to (A.58).

Since the geometry is smooth, we can expand the constitutive tensor as

HIR(E,62,¢%) = HM (e, %) + M (E, E8,¢%) (A.59)

where Hkl (51752,53) is bounded over B;. Using the change of variable 53 = &&,
for any (v,m,p) €V C W,

A(u870677-€;v7777p) :I1+IQ+I3+I4+IS7 (AGO)
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where Iy, I, I3, Iy, I5 are defined by Eqgs. (A.46)—(A.50). Since (u®, 6°, 7¢) is weakly
converging in V, we have

lim y(u®) = y(u"),  weakly in L (w), (A.61)
lim ¢(u®, 6%) = ((u",0"), weakly in L*(w), (A.62)
;ii% 5(6°) =4(0"), weakly in L?(w), (A.63)
lim x(u®, 6%) = x(u"”,6"), weakly in L*(w), (A.64)
Eliir(l) m(6°,7°) = m(6Y,7%), weakly in L*(w), (A.65)
lim p(7%) = p(*),  weakly in L*(w), (A.66)

so that, using the uniform boundedness of ¢||u®, 8, 7¢||1, we obtain

1 ~
lim — Iy = / LH 050 ) yau(v)yadede?, (A.67)
1 -
lim Iy = [ LA, (0, 0°)Ga (v m) Vade'de? (A.68)
lim é Iy = / LH®3335(0")6(n)V/a dé*de? (A.69)
1 -
lim — I, = / LH33y,5(u™)é(n)vade'de? (A.70)
1 -
lim © 15 = / LH,5(v)5(0")v/a de*de? (A.71)
hence,
HI% é A(u®,0°, 7% v,n, p) = A (u”,0%;v,m). (A.72)
On the other hand, recalling (A.57) we have

1 € g 15 1
Lo r ) = | [ P @) av

< Ce®|lv,m, plly + C°lv,m, pllo, (A.73)

and, since (v, n, p) is fixed in V, the left-hand side of this inequality tends to zero
with . Therefore,

Ap(u®,0%;v,n) =0, V(v,n,p) €V, (A.74)

and by density this also holds for any (v,m,p) € V,, hence in particular for
(u”, 0", 7). From Lemma A.5 (first equivalence statement) we then infer that
(uv, 0", ) € Vs.
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(iii) Characterization of (u™,0", 7). Let us now choose (v,n, p) € Vo, namely,

’Yaﬁ(v) =0, <a(vv "7) =0, 5(77) =0. (A75)
Since
1 1
6—3A(u5,96778;v,n7p) Il —|— Ig—i— Ig+ I4+ 5 15, (A.76)
we analyze each term in the right—hand 81de separately. USlng (A.75), we have
1 1 L/2 afAp € e € 2 2 g €
_3-[1:_2 H ('Yaﬁ(u)'*'f':g)(aﬁ(u ,p)+€ (5) kaﬁ(e ) T )
€ € —L/2Jw
+%(8)%1ap(7%)) X (e€xau(vim) + €2(€)*kan(n, p)
+eX()°Lulp)) Vg dE dg?de . (A.77)

Developing in powers of ¢ by using (12) and (A.59), we obtain that the only term

1.
IDEIS

L/2
/ [ s () d e (A.78)
—L/2
which vanishes because of the integration on €. The other terms in the expansion
of =11 converge to zero, except for
LS
12

To prove this claim, we use the weak convergence of (u®, 8°, 7¢) to (u*, 0", 7), the
uniform bound on ¢[|u®, 8%, 7¢||; and the fact that (™, 8", 7%) € V5. For example,

/ HM 50, 0% ) (v, ) Va, dE de? (A.79)

L/2 ~
lim _/ /EQHOLM#’Y‘W(ue)((f)Qkku(mp))\/adgldSQdf

L/2Jw

=45 / HOMry5(a e (m, p)va de de® = 0, (A.80)

because v,3(u") = 0. Note also that for the same reason, and using the bounded-
ness of H*P M we have

L/2
lim — / / £ P 5 (0 el (v 1) v/ dE dE2de

L/2
L/2 B
= liny L2 / (&) H*Pyap(u)xau (v, m)Vade d?ds = 0. (A.81)

By similar arguments, we obtain
L3

1
lim — I, = 4Ha353 «(0%, 7Y Ymg(n, p)vadetde? (A.82)
e—0 ¢ 12

lim = I3 = — [ H*33%p(r")p(p)Vadetde? (A.83)
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1 I3 [ -
: _ 333 w pw
li 5 (1) = 5 [ B 0o 0o
+ Xap(V,m)p(T))Va de de? . (A.84)
Therefore,
1
lim =5 A(u,0°, 7% v, p) = Ap(u”, 0", 7" v, p). (A.85)
E—

Furthermore, recalling (A.55) and (A.56) we have

1 Lz R
S[Erene@rpav= [ [ Govvadgtigds s S (aso
€ JB, —L/2Jw €
with
R
H < Cellv,m,plo- (A.87)
We infer
1
lir%g—?)/ F-(v+&n+(£%2%p) dV:/LG0~v\/Ed£1d£2, (A.88)
e B w
hence

Ab(uw,Hw,Tw;mmp):/LGO-V\/Edﬁld§27 Y (v,n,p) € V. (A.89)

w
By density, this equation also holds for any (v,n, p) € V§ and therefore coincides
with Eq. (76). From the uniqueness of the solution, it follows that (u%, 8", 7%) =
(u?,8°, 7). As this holds for any weakly-converging subsequence (u®, 6%, 7¢), we
conclude that the whole sequence converges weakly to (u?, 6, 7). O

Proof of Proposition 4.3. We divide the proof into two steps.

(i) Uniform bound on the solution. We proceed like in the proof of Proposition 4.2,
using Eq. (A.53) and Lemma A.5 to obtain

A(v,n, p;v,m,p) 2 (ellv,nll, +€¥lv.n. pllg +v.m, pll7) - (A.90)
Recalling that F = G 4 ¢£B and integrating through the thickness we obtain
/ F-(v+£3n+(£3)2p)dV:s/LGg-vdS+R, (A.91)
B w

where the remainder R is bounded as
IR < C(®|v,mllo +%llpllo) < CE®|lv,m, pllp +2llv.m, pll1) . (A.92)
Since Gg € (V,,)', from (A.91) we have

/B F-(v+&n+()?p)dV < Ce(||v,nllm +ellv,n, plls + %[v.m, pll1) -

(A.93)
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Considering (v,n, p) = (u, 6°, 7¢) in the variational formulation and using (A.90)
and (A.93), we infer

[u®, 6%, + el[u®, 05, 7%y + €2, 6°, 7%, < C. (A.94)
Note that this bound was discussed in Remark 4.4.
(ii) Weak convergence. Since (uf,0°) is uniformly bounded in V,, and €%(u®, 6%, 7°)

2

is uniformly bounded in H'(w), we infer that the sequence (u® + & 7¢,6°) is
also uniformly bounded in V,,. Therefore, we can extract a subsequence (of the
latter) converging weakly to a limit (u*,0") in V,,. Of course, for this subsequence
gllu®, 0%, 7¢||, and €%||u®, 6°,7¢||; are also bounded. We again use the expansion

(A.59) in the decomposition (A.60) for an arbitrary (v,n,p) € V C Vp,, noting
that we now have, due to the weak convergence in V,,,

2
lim ~ (u5 + t—7'5> =y(uv), weakly in L*(w),
e—0= ]_2 =

2
lir%g (u‘E + %T87 06) =((u”,0"), weakly in L*(w),
lirr(l) 5(0°) = 6(6"), weakly in L*(w).

Taking into account the uniform boundedness of ||u®, 6%, 7|, and £2||u®, 6°, 7¢||1,
we obtain

1 -
tim 1y = [ LA (0 () dE

e—0 ¢

g = 1o = [ AL, (0,670 (v.m)Va de'de?,

e—0 ¢
1 ~
lim . I3 = / LE?3335(0")6(n)vadetde?,

1 3
lim L 7, = / LAy, 5 (0")3(n)v/a d€'de?

e—0 ¢

lim 115 = / LHP33,5(v)6(8")Va de de? .

e—0 ¢

Hence, for any (v, n, p) fixed in V, we obtain

iii% é A(u®,0°, 7% v,m,p) = A, (u”,0Y;v,n). (A.95)

On the other hand, recalling (A.91) we have
S AW 6 ) = 1 [ Fvrgn s @ (490
= / LGovy/adetde? + ? (A.97)
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where R satisfies (A.92), hence R/e converges to zero as ¢ — 0 since (v,n, p) is
fixed. We then infer

Ay (0™, 0Y; v, n) = / LGovvadetde?, Y(v,n)eV. (A.98)

By density, this holds for any (v,n) € V,,. Since (81) has a unique solution, we have

that (u*,0%) = (u™,0™). Finally, as this identity holds for any weakly-converging
2

subsequence we conclude that the whole sequence (u® + i—QTE, 6°) converges weakly

to (u™,0™) in V,,. O

We now turn to the proof of Proposition 5.1. We first focus on consistency error
estimates which will be used in a stability/consistency argument to establish the
a priort error estimate.

Lemma A.6. We have

inf {u—v,O—n,T—le—f— Sup |(A_Ah)(V7777P;Wﬂ9aC)|}

(V,m.p)EV (w,9,6)EV [w, 9,61
< ChP||u, 0, 7| pt1 (A.99)
and
sp [ E = EIW 9,9 (A.100)
(W,9,6)EVn |w, ¥,/

Proof. Noting that the integrals in A;, and F}, are computed over the same domain
— namely, B; — asin A and F', we need to analyze the quantities which are modified
by using the approximate geometry. We have

Ah("? n,p,w, ,'97 C) = A(?)D) (V7 W)
_ / HM ey (V)ew(W)y/gde'de2de®,  (A.101)
Bt

where the constitutive tensor H*/*, the strains e;; and the Jacobian ,/g are com-
puted using the approximate quantities

o®y,
h
i = A A.102
gl 851 ? ( )
instead of g;. Since the geometry is smooth, we infer from (95) that

g} — ill ooy < CHP, (A.103)

hence all errors introduced by using the approximate forms of H™7*, e;; and /g
are in O(hP), and therefore

(A= Ap)(v,n, p;w,9,6)| < ChP||v,n, plli[|w, 6] (A.104)
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Choosing (v,m,p) = (Z(u),Z(0),Z(1)) and using the standard continuity in-
equality

HI(u),I(@),I(T)”l < CHH,0,7'||17 (A'105)

the conclusion immediately follows from the interpolation estimate (100). We use
a similar reasoning to prove the estimate (A.100). m|

Proof of Proposition 5.1. We first prove the coercivity of the bilinear form Ay,
over V. Since A is V-coercive, (A.104) indeed implies, for h sufficiently small,

An(v,m,p;v,m,p) > Clv,m,plli, ¥ (v,m,p) € V. (A.106)

Likewise, (A.100) implies that Fj, is bounded, hence the discrete problem (97) has
a unique solution (up, On, 7).

We now use a (classical) stability/consistency argument. Considering an arbi-
trary (v,m, p) € Vi, we have

lup, — v, 0, — 0,74 — pl?
< CAp(up =v,0p =, 7h — piup —v,0, —n, Thp — p)
=C[Fy(up—v,0, —m, 7, — p
+ (A= Ap)(v,n, psup — v, 0, —n,Th — p)
—A(v,m, p;up — v, —1,7THh — p)]
:C[A(U—V,O—T],T—p;uh_V70l1_7777-h -p)
+(Fp = F)(up —v,0, —n,Th — p)
+ (A= Ap)(v,n,p;up, —v,0, —n, 7, — p)], (A.107)
recalling (50) and (97). Using the continuity of A as in
Alu—=v,0 —n,0 — p;uy, — v, 0, —n, 7, — p)
<Clu—-v,0 —n,7—plillun —v,0h —n,7n — pll1, (A.108)
we then obtain

lap —v,0, —m, 71 — plh

A-A ‘w, 9
SC Hu_v70_fr,77-_p||1+ sup |( h)(Vﬂ’],p,W, a§)|
(w,9,6)EVs Iw, 9, (11

(A.109)

F — F, v,
bosyp o EOGI9L
(w:'gtg)evh ||W7197§H1

The final estimate (101) follows by using a triangular inequality and the consistency
error estimates (A.99) and (A.100). O
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