16.

17.

18.

19.

20.

4.12

Using Equation (4.11.11), determine all vectors sat-
isfying (v, v) > 0. Such vectors are called spacelike
vectors.

Make a sketch of R? and indicate the position of the
null, timelike, and spacelike vectors.

Consider the vector space R", and let v =
(v, v2,...,v,) and w = (wy, wy, ..., wy,) be vec-
tors in R”. Show that the mapping (, ) defined by

(v, w) = kjviwi + kovowa + - - - + kv wp

is a valid inner product on R” if and only if the con-
stants ki, ko, ..., k, are all positive.

Prove from the inner product axioms that, in any inner
product space V, (v,0) =0Oforallvin V.

Let V be a real inner product space.
(a) Prove thatforallv,we V,

IV 4+ wII> = [IVII* +2(v, w) + [[w]]%.

Orthogonal Sets of Vectors and the Gram-Schmidt Process
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[Hint: [|[v+w|2=(V+Ww,Vv+w.]

(b) Two vectors v and w in an inner product space
V are called orthogonal if (v,w) = 0. Use (a)
to prove the general Pythagorean theorem: If v
and w are orthogonal in an inner product space
V, then

2 2 2
[V + W= = [Iv[]” + [Iw[]".

(¢) Prove thatforallv,win V,

@) v+wl?—[lv—w[*=4(v,w).
@) [1v+ w2+ [lv—w|?> = 2(v[]> + []w]]?).

. Let V be a complex inner product space. Prove that
forallv,win V,

IV + wlI* = [IVI* + 2Re((v, W) + [ IV]|?,

where Re denotes the real part of a complex number.

412
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The discussion in the previous section has shown how an inner product can be used
to define the angle between two nonzero vectors. In particular, if the inner product of
two nonzero vectors is zero, then the angle between those two vectors is /2 radians,
and therefore it is natural to call such vectors orthogonal (perpendicular). The following
definition extends the idea of orthogonality into an arbitrary inner product space.

DEFINITION 4.12.1

Let V be an inner product space.

1. Two vectors u and v in V are said to be orthogonal if (u, v) = 0.

2. A set of nonzero vectors {vy, v, ..
of vectors if

., Vi} in V is called an orthogonal set

(vi,vj) =0, whenever i # j.
(That is, every vector is orthogonal to every other vector in the set.)
3. A vector vin V is called a unit vector if ||v|| = 1.

4. An orthogonal set of unit vectors is called an orthonormal set of vectors.
Thus, {v1, V2, ..., vk} in V is an orthonormal set if and only if

(@) (vi,v;) =0 wheneveri # j.
(b) (v;,v;)=1foralli =1,2,... k.
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Remarks

1. The conditions in (4a) and (4b) can be written compactly in terms of the Kronecker
delta symbol as
(Vl',Vj>=5ij, i,j=1,2,...,k.

2. Note that the inner products occurring in Definition 4.12.1 will depend upon which
inner product space we are working in.

. . . . .
3. If v is any nonzero vector, then m v is a unit vector, since the properties of an
v

inner product imply that

< ! ! > Lww Loz =1
—V,— V)= ——=(V,V) = vl = 1.
VIl vl RIE e

Using Remark 3 above, we can take an orthogonal set of vectors {vy, vo, ..., Vi}
and create a new set {uj, up, ..., u;}, where u; = mvi is a unit vector for each i.
Vi
Using the properties of an inner product, it is easy to see that the new set {uy, up, ..., ug}
is an orthonormal set (see Problem 31). The process of replacing the v; by the u; is called
normalization.

Example 4.12.2| Verify that {(—2, 1, 3, 0), (0, —3, 1, —6), (—2, —4, 0, 2)} is an orthogonal set of vectors

in R*, and use it to construct an orthonormal set of vectors in R%.

Solution: Let vy = (=2,1,3,0), vo = (0, -3,1,—6), and vz = (-2, —4,0,2).
Then

(vi,v2) =0, (vi,v3) =0, (v2,v3) =0,
so that the given set of vectors is an orthogonal set. Dividing each vector in the set by
its norm yields the following orthonormal set:

] ] 1
Vi, v, V3. O
{«/14 " /a6 2 26 3}

Example 4.12.3 | Verify that the functions f}(x) = 1, f2(x) = sinx, and f3(x) = cos x are orthogonal in

CY[—, 7], and use them to construct an orthonormal set of functions in CO[—x, 7].

Solution: In this case, we have

<f1,fz>=/n sinx dx = 0, <f1,f3>=/n cosx dx =0,

Y 1 T
(f2, f3) = / sinx cos x dx = [5 sin’ x:| =0,
-7

-7

so that the functions are indeed orthogonal on [—, 7 ]. Taking the norm of each function,
we obtain

LAl = / Ldx = vax,
—7T

T T 1

|21l = / sin? x dx = / —(1 —cos2x) dx = /7,
- 2
T T 1

[l /31l = / cos? x dx = / 5(1~|—c0s2x)dx=ﬁ.
—7T —TT
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Example 4.12.6
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Thus an orthonormal set of functions on [—, 7] is

1 1 1
——, ——sinx, — COSX ¢. O
{VZJZ VT VT }

Orthogonal and Orthonormal Bases

In the analysis of geometric vectors in elementary calculus courses, it is usual to use
the standard basis {i, j, k}. Notice that this set of vectors is in fact an orthonormal set.
The introduction of an inner product in a vector space opens up the possibility of using
similar bases in a general finite-dimensional vector space. The next definition introduces
the appropriate terminology.

DEFINITION 4.12.4

A basis {vy, va, ..., v,} for a (finite-dimensional) inner product space is called an
orthogonal basis if
(vi,vj) =0 whenever i # j,

and it is called an orthonormal basis if

(V,‘,VJ')ZSU, i,j=12,...,n.

There are two natural questions at this point: (1) How can we obtain an orthogonal
or orthonormal basis for an inner product space V'? (2) Why is it beneficial to work with
an orthogonal or orthonormal basis of vectors? We address the second question first.

In light of our work in previous sections of this chapter, the importance of our next
theorem should be self-evident.

If {vi, va, ..., vk} is an orthogonal set of nonzero vectors in an inner product space V,
then {vy, vo, ..., vi} is linearly independent.

Proof Assume that
civi+cvp + - -+ v = 0. 4.12.1)

We will show that ¢y = ¢» = --- = ¢ = 0. Taking the inner product of each side of
(4.12.1) with v;, we find that

(civi+cava+ -+ + Vi, vi) = (0, v;) = 0.
Using the inner product properties on the left side, we have
ci{ve, vi) +c2(va, vi) + -+ + cr(vi, vi) = 0.
Finally, using the fact that for all j # i, we have (v}, v;) = 0, we conclude that
ci{vi,vi) =0.

Since v; # 0, it follows that ¢; = 0, and this holds for each i with 1 <i < k. [ ]

Let V. = M>(R), let W be the subspace of all 2 x 2 symmetric matrices, and let

=[] 2]
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Theorem 4.12.7

Example 4.12.8

Define an inner product on V via'l

b1 b
ardiz OO0 — by agabig + agibor + azabon.
a1 axn by1 b2

Show that § is an orthogonal basis for W.

Solution: According to Example 4.6.18, we already know that dim[W] = 3. Using
the given inner product, it can be directly shown that S is an orthogonal set, and hence,
Theorem 4.12.5 implies that S is linearly independent. Therefore, by Theorem 4.6.10, S
is a basis for W. 0

Let V be a (finite-dimensional) inner product space, and suppose that we have an
orthogonal basis {vy, va, ..., v,} for V. As we saw in Section 4.7, any vector v in V
can be written uniquely in the form

V=c1Vi+ vy + -+ cpVy, 4.12.2)

where the unique n-tuple (cy, ca, . . ., ¢,) consists of the components of v relative to the
given basis. It is easier to determine the components ¢; in the case of an orthogonal basis
than it is for other bases, because we can simply form the inner product of both sides of
(4.12.2) with v; as follows:

(v,vi) ={c1vi + Vo + - - + CpVp, V)
= cl<vlvvi> +62<V23 Vi> + e +Cl’l<vnv Vi)
= ci|lvill%,

where the last step follows from the orthogonality properties of the basis {vy, va, ..., v, }.
Therefore, we have proved the following theorem.

Let V be a (finite-dimensional) inner product space with orthogonal basis {vy, va, ..., v, }.
Then any vector v € V may be expressed in terms of the basis as

(v, V1>> ((V, V2)) ((V, vn)>
V= V] + Vo -+ V.
<||v1||2 lIv2l[? vall? )
Theorem 4.12.7 gives a simple formula for writing an arbitrary vector in an inner

product space V as a linear combination of vectors in an orthogonal basis for V. Let us
illustrate with an example.

Let V, W, and S be as in Example 4.12.6. Find the components of the vector
v = 0 -1
I I B

Solution: From the formula given in Theorem 4.12.7, we have

_2[ 2-1], 2117 1012 2
Y=%6l-1 o|" 7|12 21|2-3|

UThis defines a valid inner product on V by Problem 4 in Section 4.11.

relative to S.




Corollary 4.12.9

‘ Example 4.12.10 ‘

'Example 4.12.11
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so the components of v relative to S are
1 2 10
-, = —=. O
37 21

If the orthogonal basis {vi, va, ..., v,} for V is in fact orthonormal, then since
[lvi]| = 1 for each i, we immediately deduce the following corollary of Theorem 4.12.7.

Let V be a (finite-dimensional) inner product space with an orthonormal basis
{vi,va,..., v,}. Then any vector v € V may be expressed in terms of the basis as

V=V, V)V] +(V,V2)Va + - - - + (V, V;,)V,,.

Remark  Corollary 4.12.9 tells us that the components of a given vector v relative to
the orthonormal basis {v{, v2, ..., v,} are precisely the numbers (v, v;), for 1 <i <n.
Thus, by working with an orthonormal basis for a vector space, we have a simple method
for getting the components of any vector in the vector space.

We can write an arbitrary vector in R”, v = (ay, a2, ..., an), in terms of the standard
basis {er, €2, ..., e,} by noting that (v, e;) = a;. Thus, v=aje; + aze; + - - - + ae,.
O

We can equip the vector space P of all polynomials of degree < 1 with inner product

1
(P, q) =/1p(x)q(x)dx,

thus making Pj into an inner product space. Verify that the vectors pg = 1/+/2 and
p1 = +/1.5x form an orthonormal basis for P; and use Corollary 4.12.9 to write the
vector ¢ = 1 + x as a linear combination of pg and p;.

Solution: We have

1
1
(po, p1) =/ — - /1.5xdx =0,
142
1

! 1
IIPoll=\/(P0,Po)=\/flpgdx=\// de=«/T=1,

1

1 1
3 1 .1
||p1||=\/<p1,p1>=\//1pfdx=\/fl§x2dx= §x3 L =V1=

Thus, {po, p1} is an orthonormal (and hence linearly independent) set of vectors in Pj.
Since dim[ P;] = 2, Theorem 4.6.10 shows that {pg, p1} is an (orthonormal) basis for
Py.

Finally, we wish to write ¢ = 1 4 x as a linear combination of py and pp, by using

Corollary 4.12.9. We leave it to the reader to verify that (g, po) = V2and (g, p1) = \/g .

Thus, we have
2 1 2 3
1 =2 S =2 — 4 ]2 \/j )
+x po + 31?1 ﬁ+ 3 ( 7%

So the component vector of 1 + x relative to {pg, p1} is (W2, \/g)T. O
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Figure 4.12.1: Obtaining an
orthogonal basis for a
two-dimensional subspace of R3.

The Gram-Schmidt Process

Next, we return to address the first question we raised earlier: How can we obtain an
orthogonal or orthonormal basis for an inner product space V? The idea behind the
process is to begin with any basis for V, say {x1, X2, . . ., X, }, and to successively replace
these vectors with vectors vy, va, . .., v, that are orthogonal to one another, and to ensure
that, throughout the process, the span of the vectors remains unchanged. This is known
as the Gram-Schmidt process. To describe it, we shall once more appeal to a look at
geometric vectors.

If v and w are any two linearly independent (noncollinear) geometric vectors, then
the orthogonal projection of w on v is the vector P(w, v) shown in Figure 4.12.1. We
see from the figure that an orthogonal basis for the subspace (plane) of 3-space spanned
by v and w is {vy, v2}, where

vi=v and vy=w—P(w,vV).

In order to generalize this result to an arbitrary inner product space, we need to
derive an expression for P(w, v) in terms of the dot product. We see from Figure 4.12.1
that the norm of P(w, v) is

[[P(w, V)|| = ||w]| cos O,

where 6 is the angle between v and w. Thus

v
P(w,v) = [|w]|cost —,
[Iv]]
which we can write as
Wl |]v]]
P(W, V) = W cosf |v. (4123)
v

Recalling that the dot product of the vectors w and v is defined by
w-v = [|w[|[|v[|cos O,

it follows from Equation (4.12.3) that

or equivalently, using the notation for the inner product introduced in the previous section,

(W, v)

PO =g

Now let x; and x, be linearly independent vectors in an arbitrary inner product
space V. We show next that the foregoing formula can also be applied in V to obtain an
orthogonal basis {vy, v,} for the subspace of V spanned by {x;, x»}. Let

Vi =X
and

(XZ» Vl>

== Uy 4.12.4)
[[vi]|?

V2 =X — P(xz,v)) =% —



Theorem 4.12.13

412  Orthogonal Sets of Vectors and the Gram-Schmidt Process 329

Note from (4.12.4) that v, can be written as a linear combination of {xi, x»}, and
hence, v, € span{xi, xp}. Since we also have that x, € span{vy, v»}, it follows that
span{vy, vo} = span{x, X»}. Next we claim that v, is orthogonal to v{. We have

(XZ _ (X2, Vl)V] 1)
i I(I2 ’ )
Vi
= (X2, V1) — WWLVU =0,
which verifies our claim. We have shown that {v{, v»} is an orthogonal set of vectors
which spans the same subspace of V as x; and x».
The calculations just presented can be generalized to prove the following useful
result (see Problem 32).

<(X2, vi) 1)

= (X2, V1) — (=7 VI
’ lvil>

(va, V1) =

Let{vy, vo, ..., V¢ } be an orthogonal set of vectors in an inner product space V.Ifx € V,
then the vector
x—Px,vi)) —PX,v2) — -+ = P(X, V)

is orthogonal to v; for each i.

Now suppose we are given a linearly independent set of vectors {xi, X2, ..., X;;} in
aninner product space V. Using Lemma4.12.12, we can construct an orthogonal basis for
the subspace of V spanned by these vectors. We begin with the vector vi = x| as above,
and we define v; by subtracting off appropriate projections of X; on v, va, ..., Vi_J.
The resulting procedure is called the Gram-Schmidt orthogonalization procedure.
The formal statement of the result is as follows.

(Gram-Schmidt Process)

Let {x1, X2, ..., X} be alinearly independent set of vectors in an inner product space V.
Then an orthogonal basis for the subspace of V spanned by these vectors is {vy, vo, .. .,
Vi }, Where

V] =X
Ve —x (x2,v1)
2 =X —
[[vi]]?
v (x3, V1>V (x3, V2>V
3 =X3 1 — 2
l[vil]? l[val|?
Z Xqu
2 v
— v
m—1
(Xm» Vi)
Vi =X = D S Ve
vl
Proof Lemma4.12.12showsthat{vy, vo, ..., v, }isan orthogonal set of vectors. Thus,
both {vy, va, ..., v,}and {x1, X2, ..., X;,} are linearly independent sets, and hence

span{vi, va, ..., Vi, } and span{xp, X2, ..., X; }
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Example 4.12.14

Example 4.12.15

are m-dimensional subspaces of V. (Why?) Moreover, from the formulas given in The-
orem 4.12.13, we see that each x; € span{vy, va, ..., v, }, and so span{xy, X2, ..., X;;}
is a subset of span{vy, v, ..., v, }. Thus, by Corollary 4.6.14,

span{vy, Vo, ..., V;;} = span{xXy, Xa, ..., X; }.

We conclude that {vq, v, ..., v;,} is a basis for the subspace of V spanned by x1, X2,
o X | |

Obtain an orthogonal basis for the subspace of R* spanned by
x1 = (1,0, 1,0), x = (1,1, 1, 1), x3=(—-1,2,0,1).

Solution: Following the Gram-Schmidt process, we set vi = x; = (1, 0, 1, 0). Next,
we have

) 2
vi=xo - 22 )= 231,0,1,00= 01,0, 1)
Vil 2
and
Vi xs (X3,V1)V1 _ <X3,V2)V2
Vil vl

1 3
= (_112a O» 1) + 5(1901 190) - E(Ov 11 Oa 1)

(1111
T\ 2'2°2 2)

The orthogonal basis so obtained is

111 1
19011707 0,1,0,1 s\ T A A’ A’ A . D
{( ), ( ) ( 3573 2)}

Of course, once an orthogonal basis {vi, Vo, ..., v} is obtained for a subspace

. . . . v .
of V, we can normalize this basis by setting u; = h to obtain an orthonormal
Vi
basis {uy, uy, ..., u,}. For instance, an orthonormal basis for the subspace of R*in the

preceding example is
{( 1 0 1 0) <0 1 0 1 ) ( 111 1)}
a2 n)C B\ T T

Determine an orthogonal basis for the subspace of C°[—1, 1] spanned by the functions
filx) = x, folx) = x3, falx) = X3, using the same inner product introduced in the
previous section.

Solution: In this case, we let {g1, g2, g3} denote the orthogonal basis, and we apply
the Gram-Schmidt process. Thus, g;(x) = x, and

(f2, 81)
l1g1]1?

g2(x) = falx) — g1(x). (4.12.5)
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‘We have | |
(f. g1) =/ FHr(x)g1(x) dx:/ x*dx=2% and
—1 1

1

lonlP =g = [ atdr=3,
-1

Substituting into Equation (4.12.5) yields
@) =x% - %x = %x(sz —3).
We now compute g3(x). According to the Gram-Schmidt process,

(f3, 81) (f3, 82)
g1(x) —

8300 = 509 =7 e 212

g2(x). (4.12.6)

We first evaluate the required inner products:
1 1
(e = [ pomedx= [ xSax=}
-1 -1

1 Ll
(f3,82) = /1 f(x)g2(x) dx = 5/

1x6(5x2—3)dx=§(§_g> Y
g2l = /11[g2(x)]2 dx = % [1 x2(5x% = 3)% dx
= L /12520 — 30x* +9x?) dx = 5.
Substituting into Equation (4.12.6) yields
g3(x) = X — %x — %x(sz -3)= 61—3(63x5 —70x3 + 15x).
Thus, an orthogonal basis for the subspace of C°[—1, 1] spanned by fi, f>, and f; is

[, Lx (522 = 3), (635" = 7022 + 15)}. 0

Key Terms

Orthogonal vectors, Orthogonal set, Unit vector, Orthonor-

e Be able to replace an orthogonal set with an orthonor-
mal set via normalization.

mal vectors, Orthonormal set, Normalization, Orthogonal )
basis, Orthonormal basis, Gram-Schmidt process, Orthog- e Be able to readily compute the components of a vector

onal projection.

v in an inner product space V relative to an orthogonal
(or orthonormal) basis for V.

Skills
e Be able to compute the orthogonal projection of one
e Be able to determine whether a given set of vectors are vector w along another vector v: P(w, v).
orthogonal and/or orthonormal.
e Be able to determine whether a given set of vectors e Be able to carry out the Gram-Schmidt process to re-
forms an orthogonal and/or orthonormal basis for an place abasis for V with an orthogonal (or orthonormal)

inner product space.

basis for V.
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True-False Review

For Questions 1-7, decide if the given statement is true or
false, and give a brief justification for your answer. If true,
you can quote a relevant definition or theorem from the text.
If false, provide an example, illustration, or brief explanation
of why the statement is false.

1.

Every orthonormal basis for an inner product space V
is also an orthogonal basis for V.

. Every linearly independent set of vectors in an inner

product space V is orthogonal.

. With the inner product (f, g) = foﬂ f(t)g(t) dt, the

functions f(x) = cosx and g(x) = sinx are an or-
thogonal basis for span{cos x, sin x}.

. The Gram-Schmidt process applied to the vectors

{x1, X3, X3} yields the same basis as the Gram-Schmidt
process applied to the vectors {x3, X2, X1 }.

. In expressing the vector v as a linear combination of

the orthogonal basis {vy, v2, ..., v, } foraninner prod-
uct space V, the coefficient of v; is

oo ¥i)
P = :
[Ivill?

. If u and v are orthogonal vectors and w is any vector,

then
PP(w,v),u) = 0.

. If wi, wp, and v are vectors in an inner product space

V, then

P(wi 4+ wp,v) = P(wq, V) + P(wyp, v).

Problems

For Problems 1-4, determine whether the given set of vec-
tors is an orthogonal set in R". For those that are, determine
a corresponding orthonormal set of vectors.

1.

2.

{2,-1,1),1,1,-1),(0, 1, )}.
{(1,3,-1,1),(-1,1,1,-1), (1,0, 2, 1)}

For Problems 6-7, show that the given set of vectors is an
orthogonal set in C", and hence obtain an orthonormal set of
vectors in C" in each case.

6.
7.
8.

{1 —i,34+2i),2+3i, 1 -0}
{1 =i, 14+10,0),(0,i, 1 —i), (=3 +3i,2+2i,2i)}.

Consider the vectorsv = (1 —i, 14+2i), w = (2+1, 2)
in C2. Determine the complex number z such that
{v, w}is an orthogonal set of vectors, and hence obtain
an orthonormal set of vectors in C2.

For Problems 9-10, show that the given functions in
C 0[—1, 1] are orthogonal, and use them to construct an or-
thonormal set of functions in C°[—1, 1].

9.
10.

filx) =1, fo(x) =sinmx, f3(x) =cosmwx.

fix) =1, fo(x) = x, f3(x) = 53x? — 1). These
are the Legendre polynomials that arise as solutions
of the Legendre differential equation

(1—x?y" —2xy +nm+ 1)y =0,

whenn = 0, 1, 2, respectively.

For Problems 11-12, show that the given functions are or-
thonormal on [—1, 1].

11.

12.

13.

{(17 27 _19 0)» (19 01 19 2)7 (_1a 11 17 O)? (17 _19 _11 0)}'

. {(17 27 _19 0’ 3)7 (17 15 07 27 _1)7 (47 25 _45 _57 _4)}

.Letvy = (1,2,3),v2, = (1,1, —1). Determine all

nonzero vectors w such that {vy, v, w} is an orthogo-
nal set. Hence obtain an orthonormal set of vectors in
R3.

fi(x) = sinzx, fo(x) = sin2wx, f3(x) = sin3mx.
[Hint: The trigonometric identity

sina sinb = %[cos(a + b) — cos(a — b)]

will be useful.]

fix)y =

cos3mx.

cosmx, f(x) = cos2mx, f3(x) =

Let
11

SRR
o-[473)

Use the inner product

—11
1] and

(A, B) = a11b11 + ainbiz + a21b1 + axnbn

ab

cd
such that {A, A, A3, A4} 1is an orthogonal set of ma-
trices in M3 (R).

to find all matrices

Agq =
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For Problems 14-19, use the Gram-Schmidt process to deter-
mine an orthonormal basis for the subspace of R” spanned
by the given set of vectors.

14. {(1,—-1,-1), (2,1, -1}
15. {(2,1,-2), (1,3, —1)}.
16. {(—1,1,1,1),(1,2,1,2)}.
17. {(1,0,—-1,0), (1,1, —-1,0), (-1, 1,0, 1)}
18. {(1,2,0,1),(2,1,1,0), (1,0, 2, 1)}.
19‘ {(17 19 _150)5 (_1705 17 1)7 (27 _192’ 1)}'
20. If

14
—21
52

3
A=]1 ,
1
determine an orthogonal basis for rowspace(A).

For Problems 21-22, determine an orthonormal basis for the
subspace of C3 spanned by the given set of vectors. Make
sure that you use the appropriate inner product in C3.

21 {(1—14,0,i), (1, 1 +i,0)}.
22, (1 +i,i,2—i), (14+2i,1—i, i)}

For Problems 23-25, determine an orthogonal basis for the
subspace of C°[a, b] spanned by the given vectors, for the
given interval [a, b].

23. i) =1, h(x)=x, fslx) =x2,a=0,b=1.
24. fix) =1, h(x) =x2, fs(x) =x*,a=—-1,b=1.

HLx) = Hx) =
b=n/2.

25. filx) = 1,
a=-m/2,

sin x, Ccos X,

On M>(R) define the inner product (A, B) by
(A, B) = 5a11b11 + 2a12b12 + 3ax1b21 + 5a2bxn

for all matrices A = [a;;] and B = [b;;]. For Problems 26—
27, use this inner product in the Gram-Schmidt procedure
to determine an orthogonal basis for the subspace of M, (R)
spanned by the given matrices.

1 -1 2 =3
26 =[1 1] 23]

01 01 11
S Ly O (1 P

Also identify the subspace of M>(R) spanned by
{A1, A2, A3}

Orthogonal Sets of Vectors and the Gram-Schmidt Process
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On P,, define the inner product (p1, p2) by

(p1, p2) = aobo + aiby + - - + anby
for all polynomials

p1(x) =ap+aix + -+ apx",
p2(x) = by +bix + -+ byx".

For Problems 28-29, use this inner product to determine an
orthogonal basis for the subspace of P, spanned by the given
polynomials.

28. pi(x) =1 —2x+2x%, pr(x) =2 — x — x2.
29. pi(x) = 14+x2, pa(x) = 2—x+x3, p3(x) = 2x2—x.

30. Let {uy, up, v} be linearly independent vectors in an
inner product space V, and suppose that u; and u, are
orthogonal. Define the vector uz in V by

u3 =V+Au + puy,

where A, p are scalars. Derive the values of A and u
such that {uy, uy, uz} is an orthogonal basis for the
subspace of V spanned by {uy, uy, v}.

31. Prove that if {vy, v, ..., vt} is an orthogonal set of

vectors in an inner product space V andifu; = mvi
Vi

for each i, then {uy, uy, ..., ux} form an orthonormal

set of vectors.
32. Prove Lemma 4.12.12.

Let V be an inner product space, and let W be a subspace of
V. Set

le{veV:(V,W):OforallweW}.

The set W+ is called the orthogonal complement of W
in V. Problems 33-38 explore this concept in some detail.
Deeper applications can be found in Project 1 at the end of
this chapter.

33. Prove that W+ is a subspace of V.

34. Let V = R? and let
W = span{(1, 1, —1)}.
Find W+.
35. Let V = R* and let
W = span{(0, 1, —1, 3), (1,0, 0, 3)}.

Find W+.
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36.

37.

38.

39.

CHAPTER 4 Vector Spaces

Let V = M>(R) and let W be the subspace of 2 x 2
symmetric matrices. Compute W

Prove that W N W+ = 0. (That is, W and W+ have
no nonzero elements in common.)

Prove that if W) is a subset of W5, then (Wz)L is a
subset of (W;)~L.

The subject of Fourier series is concerned with the rep-
resentation of a 25 -periodic function f as the follow-
ing infinite linear combination of the set of functions
{1,sinnx, cosnx}2  :

f(x) = 3a0 + 302 (an cos nx + by sinnx).
4.12.7)

In this problem, we investigate the possibility of per-
forming such a representation.

(a) Use appropriate trigonometric identities, or some
form of technology, to verify that the set of func-
tions

{1, sinnx, cosnx},2,

is orthogonal on the interval [—m, 7 ].

(b) By multiplying (4.12.7) by cos mx and integrat-
ing over the interval [—m, 7], show that

1 T
apg = — f(x)dx
L

and
1 g
aym = — f(x)cosmx dx.
—TT

(¢)

(@)

(e)

[Hint: You may assume that interchange of the
infinite summation with the integral is permissi-
ble.]

Use a similar procedure to show that

1 T
by, = — f(x)sinmx dx.
—7T

It can be shown that if f is in Cl(—n, 1), then
Equation (4.12.7) holds for each x € (—m, 7).
The series appearing on the right-hand side of
(4.12.7) is called the Fourier series of f, and the
constants in the summation are called the Fourier
coefficients for f.

Show that the Fourier coefficients for the function
fx)=x,—1m <x <m f(x+27) = f(x),
are

a, =0,

2
b, = ——cosnm,
n

and thereby determine the Fourier series of f.

¢ Using some form of technology, sketch the
approximations to f(x) = x on the interval
(—m, m) obtained by considering the first three
terms, first five terms, and first ten terms in the
Fourier series for f. What do you conclude?

4.13 Chapter Review

In this chapter we have derived some basic results in linear algebra regarding vector
spaces. These results form the framework for much of linear mathematics. Following
are listed some of the chapter highlights.

The Definition of a Vector Space

A vector space consists of four different components:

1. A set of vectors V.

2. Asetof scalars F (either the set of real numbers R, or the set of complex numbers

©).

3. Arule, 4+, for adding vectors in V.

4. A rule, -, for multiplying vectors in V by scalars in F.

Then (V, +, -) is a vector space over F if and only if axioms A1-A10 of Definition 4.2.1
are satisfied. If F is the set of all real numbers, then (V, +, -) is called a real vector
space, whereas if F is the set of all complex numbers, then (V, +, -) is called a complex
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vector space. Since it is usually quite clear what the addition and scalar multiplication
operations are, we usually specify a vector space by giving only the set of vectors V.
The major vector spaces we have dealt with are the following:

R” the (real) vector space of all ordered n-tuples of real numbers.

c? the (complex) vector space of all ordered n-tuples of complex numbers.

M, (R) the (real) vector space of all n x n matrices with real elements.

Ck(I) the vector space of all real-valued functions that are continuous and have
(at least) k continuous derivatives on /.

P, the vector space of all polynomials of degree < n with real coefficients.

Subspaces

Usually the vector space V that underlies a given problem is known. It is often one that
appears in the list above. However, the solution of a given problem in general involves
only a subset of vectors from this vector space. The question that then arises is whether
this subset of vectors is itself a vector space under the same operations of addition and
scalar multiplication as in V. In order to answer this question, Theorem 4.3.2 tells us
that a nonempty subset of a vector space V is a subspace of V if and only if the subset
is closed under addition and closed under scalar multiplication.

Spanning Sets

A set of vectors {vy, v, ..., V¢} in a vector space V is said to span V if every vector in
V can be written as a linear combination of vy, vo, ..., vy—that is, if for every v € V,
there exist scalars ¢y, ¢z, ..., ¢t such that

V=cC1V] +cvy + -+ Ccpvg.

Given a set of vectors {vy, v2, ..., V¢} in a vector space V, we can form the set of all
vectors that can be written as a linear combination of v{, v, ..., V. This collection of
vectors is a subspace of V called the subspace spanned by {vy, v, . .., V¢}, and denoted
span{vy, va, ..., V¢}. Thus,

span{vi, vo, ..., Vi) ={ve V:iv=civi+cavo+ -+ ckVi}.

Linear Dependence and Linear Independence

Let {vy, Va2, ..., vk} be a set of vectors in a vector space V, and consider the vector
equation

civi+ vy + -+ v = 0. (4.13.1)

Clearly this equation will hold if ¢; = ¢ = - -+ = ¢x = 0. The question of interest is
whether there are nonzero values of some or all of the scalars ¢y, ¢3, ..., ¢ such that
(4.13.1) holds. This leads to the following two ideas:

Linear dependence: There exist scalars ¢y, ¢z, .. ., ¢k, not all zero, such that
(4.13.1) holds.

Linear independence: The only values of the scalars cy, ¢2, .. ., ¢ such that (4.13.1)
holdsareci = ¢y =--- =c¢; = 0.

To determine whether a set of vectors is linearly dependent or linearly independent we
usually have to use (4.13.1). However, if the vectors are from R”, then we can use
Corollary 4.5.15, whereas for vectors in C*k=1(I) the Wronskian can be useful.
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Bases and Dimension
A linearly independent set of vectors that spans a vector space V is called a basis for V.
If {vy, va, ..., vt} is a basis for V, then any vector in V can be written uniquely as

V=c1V] + Vo + - + Ci Vi,

for appropriate values of the scalars ¢y, ¢, .. ., ck.

1. All bases in a finite-dimensional vector space V contain the same number of
vectors, and this number is called the dimension of V, denoted dim[V'].

2. We can view the dimension of a finite-dimensional vector space V in two different
ways. First, it gives the minimum number of vectors that span V. Alternatively, we
can regard dim[V] as determining the maximum number of vectors that a linearly
independent set in V' can contain.

3. If dim[V] = n, then any linearly independent set of n vectors in V is a basis for
V. Alternatively, any set of n vectors that spans V is a basis for V.

Inner Product Spaces

An inner product is a mapping that associates, with any two vectors u and v in a vector
space V, a scalar that we denote by (u, v). This mapping must satisfy the properties
given in Definition 4.11.10. The main reason for introducing the idea of an inner product
is that it enables us to extend the familiar idea of orthogonality and length of vectors in
IR3 to a general vector space. Thus u and v are said to be orthogonal in an inner product
space if and only if

(u,v) =0.

The Gram-Schmidt Orthonormalization Process

The Gram-Schmidt procedure is a process that takes a linearly independent set of vec-

tors {X1,X2,...,X,} in an inner product space V and returns an orthogonal basis
{vi,va, ..., vy} for span{xy, X2, ..., Xp}.

Additional Problems

For Problems 1-2, let r and s denote scalars and let v and w 3. The set of polynomials of degree 5 or less whose co-

denote vectors in R?.

efficients are even integers.

1. Prove that (+ + $)V = rv + sv. 4. The set of all polynomials of degree 5 or less whose

2. Prove that r (v + w) = rv 4+ rw.

For Problems 3—13, determine whether the given set (to-
gether with the usual operations on that set) forms a vector
space over R. In all cases, justify your answer carefully.

3

coefficients of x2 and x? are zero.

5. The set of solutions to the linear system

— 2x0 4+ Sx3 =7,
4x1 — 6xp + 3x3 = 0.



10.

11.
12.

13.

14.

15.

16.

17.

18.

. The set of solutions to the linear system
4x1 — Txp + 2x3 = 0,
S5x1 — 2x0 + 9x3 = 0.

. The set of 2 x 2 real matrices whose entries are either

all zero or all nonzero.

. The set of 2 x 2 real matrices that commute with the

matrix

kH|

. The set of all functions f : [0, 1] — [0, 1] such that

fO=fH=rQ=r3=rf1=0.

The set of all functions f : [0, 1] — [0, 1] such that
f(x) <x forall x in [0, 1].

The set of n x n matrices A such that A2 is symmetric.
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For Problems 19-24, decide (with justification) whether W
is a subspace of V.

19.
20.

21.

22,

23.
24.

w

V=R W={(x,y): x>—y=0}.
V=R2W={(x,x3:xeR}.

V = M(R), W = {2 x 2 orthogonal matrices}. [An
n X n matrix A is orthogonal if it is invertible and
Al = AT

V =Cla,bl, W ={f eV: fla)=2f(b)).
V=Cla,bl,W={(feV: [’ f(x)dx=0).
V = M3x2(R),
ab
cd|:a+b=c+fanda—c=e—f—d
e f

The set of all points (x, y) in R” that are equidistant  For Problems 25-32, decide (with justification) whether or
not the given set S of vectors (a) spans V, and (b) is linearly

from (—1, 2) and (1, —2).

The set of all points (x, y, z) in R3 that are a distance
5 from the point (0, —3, 4).

Let
V ={(a1,a) :a1,a; € R,a; > 0}.

Define addition and scalar multiplication on V as
follows:

(a1, az) + (b1, b2) = (a1 + b1, axb2),
k(ay,apy) = (kal,alg), k e R.

Explicitly verify that V is a vector space over R.
Show that
W ={(a,2%:a R}

is a subspace of the vector space V given in the pre-
ceding problem.

Show that {(1, 2), (3, 8)} is a linearly dependent set in
the vector space V in Problem 14.

Show that {(1, 4), (2, 1)} is a basis for the vector space
V in Problem 14.

What is the dimension of the subspace of P, given by

W = span{2 + x2, 4 — 2x +3x%, 1 + x}?

independent.
25. V=R S={(5-1,2),(7 1D}
26. V=R S={6-32),(01,1,1),(1,-8 -1}
27. V=R* §={(6,-3,2,0),(1,1,1,0), (1,-8,—1,0)}.
28. V = R} S = {(10,-6,5),(3,-3,2),(0,0,0),

29.
30.
31.

32.

33.

(63 47 _1)7 (77 7v _2)}
V=~r=58={2x —x31 +x+x2,3,x}.

V=P, 8= {x4+x2+1,x2+x+l,x + 1,x4+2x+3}.

V = Mr3(R),
c_[[-100] [321] [-1-2-3
B o11|1’{123Y}) 3 2 11|
—11 —6 =5
1 -2 -5
V = M([R),
c_[[12]34] 21
- 211’431’ —-1=21/"

sl [eel)

Prove that if {v{, v, v3} is linearly independent and
v4 is not in span{vy, vz, v3}, then {vy, v, v3, v4} is
linearly independent.
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34.

35.

36.

37.

38.

39.

40.
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Let A be an m x n matrix, let v € colspace(A) and let
w e nullspace(AT). Prove that v and w are orthogonal.

Let W denote the set of all 3 x 3 skew-symmetric

matrices.

(a) Show that W is a subspace of M3(R).

(b) Find a basis and the dimension of W.

(c) Extend the basis you constructed in part (b) to a
basis for M3(R).

Let W denote the set of all 3 x 3 matrices whose rows

and columns add up to zero.

(a) Show that W is a subspace of M3(R).

(b) Find a basis and the dimension of W.

(c) Extend the basis you constructed in part (b) to a
basis for M3(R).

Let (V,+v,v) and (W, +w, -w) be vector spaces
and define

VeW={v,w):veVandwe W}
Prove that
(a) V @ W is a vector space, under componentwise

operations.

(b) Viathe identification v — (v, 0), V is a subspace
of V @ W, and likewise for W.

(¢) If dim[V] = n and dim[W] = m, then dim[V &
W] = m + n. [Hint: Write a basis for V & W in
terms of bases for V and W.]

Show that a basis for P3 need not contain a polynomial
of each degree 0, 1, 2, 3.

Prove that if A is a matrix whose nullspace and column
space are the same, then A must have an even number
of columns.

Let
by
by
B = and C:[clcz...cn].
by
Prove that if all entries by, by,...,b, and
c1,¢C2,...,C, are nonzero, then the n x n matrix

A = BC has nullity n — 1.

For Problems 41-44, find a basis and the dimension for the
row space, column space, and null space of the given matrix

A.

41.

42,

43.

44,

A=

A= 3

A=

3
1
A= 1
2

For Problems 45—46, find an orthonormal basis for the row
space, column space, and null space of the given matrix A.

45.

46.

126
216
A=1012
102

1 35

~1-31

A=| 0 23

1 52

| 1 58

For Problems 47-50, find an orthogonal basis for the span
of the set S, where S is given in

47.

48.

49.

50.

Problem 25.
Problem 26.
Problem 29, using p - g = fol p(t)q(t) dt.

Problem 32, using the inner product defined in Prob-
lem 4 of Section 4.11.

For Problems 51-54, determine the angle between the given
vectors u and v using the standard inner product on R”.

51.
52.

53.

u=2,3)andv=(4,-1).
u=(-2,-1,2,4andv=(-3,51,1).

Repeat Problems 51-52 for the inner product on R”
given by

(u, v) = 2uqvi + upvy +u3vy + -+ + u,yv,.
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54. Lett, 1, ..., t, be real numbers. For p and ¢ in P,, 55. Find the distance from the point (2, 3, 4) to the line in
define R3 passing through (0, 0, 0) and (6, —1, —4).

p-q = pto)q(to) + p(t)gt) +--- + p(ty)g ).

(a) Prove that p - ¢ defines a valid inner product on 56. Let V be an inner product space with basis
P,. {vi,va,...,v,}. If x and y are vectors in V such that

) Letto = 3.1 = —1.t = 1, and 13 = 3 X-v; =y-v; foreachi = 1,2,...,n, prove that

Let po(t) = 1, p1(r) = 1, and pa(r) = 12. Find X=y

a polynomial ¢ that is orthogonal to pg and pj,

such that {pg, p1, ¢} is an orthogonal basis for =~ 57. State as many conditions as you can on an n X n matrix
span{po, p1, p2}- A that are equivalent to its invertibility.

Project I: Orthogonal Complement

Let V be an inner product space and let W be a subspace of V.
Part 1 Definition Let
Wt={veV: (v,w)=0forallwe W}.

Show that W+ is a subspace of V and that W+ and W share only the zero vector:
wtnw ={0}.

Part 2 Examples

(a) Let V = M>(R) with inner product

ai ap biy bio |\ _
( |:a21 4n ] ; |:b21 by ] ) = aiibi1 + anbiz + azby + anbn.

Find the orthogonal complement of the set W of 2 x 2 symmetric matrices.
(b) Let A be an m x n matrix. Show that
(rowspace(A))L = nullspace(A)

and
(colspace(A))L = nullspace(AT).

Use this to find the orthogonal complement of the row space and column space of
the matrices below:

. 31 -1
M A= [60 —4]'

-1 06 2
i) A=| 3-10 4
1 11 -1

(¢) Find the orthogonal complement of

(i) the line in R3 containing the points (0, 0, 0) and (2, —1, 3).
(i) the plane 2x + 3y — 4z = 0in R>.
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Part 3 Some Theoretical Results Let W be a subspace of a finite-dimensional inner
product space V.

(a) Show that every vector in V can be written uniquely in the form w 4+ w+, where
w € W and w- € W+, [Hint: By Gram-Schmidt, v can be projected onto the
subspace W as, say, projy, (v), and so v = projy (v) + wt, where wt € W+, For
the uniqueness, use the fact that W N W+ = {0}.]

(b) Use part (a) to show that
dim[V] = dim[W] + dim[W].

(¢) Show that
WhHt =w.

Project Il: Line-Fitting Data Points

Suppose data points (x1, y1), (x2, ¥2), ..., (xn, y») in the xy-plane have been collected.
Unless these data points are collinear, there will be no line that contains all of them. We
wish to find a line, commonly known as a least-squares line, that approximates the data
points as closely as possible.

How do we go about finding such a line? The approach we take'? is to write the line
as y = mx + b, where m and b are unknown constants.

Part 1 Derivation of the Least-Squares Line

(a) By substituting the data points (x;, y;) for x and y in the equation y = mx + b,
show that the matrix equation AX =y is obtained, where

xp 1 V1

x2 1 2
A= , x=|:m:|, and y=

. . b .

X 1 In

Unless the data points are collinear, the system Ax = y obtained in part (a) has no
solution for x. In other words, the vector y does not lie in the column space of A.
The goal then becomes to find xg such that the distance ||y — Axg|| is as small as
possible. This will happen precisely when y — AXg is perpendicular to the column
space of A. In other words, for all x € R2, we must have

(Ax) - (y — Axg) = 0.
(b) Using the fact that the dot product of vectors u and v can be written as a matrix
multiplication,
show that
(Ax) - (y — Axo) = x- (ATy — AT Ax).

(¢) Conclude that
ATy = AT Axq.

Provided that A has linearly independent columns, the matrix AT A is invertible
(see Problem 34, in Section 4.13).

12We can also obtain the least-squares line by using optimization techniques from multivariable calculus,
but the goal here is to illustrate the use of linear systems and projections.
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(d) Show that the least-squares solution is
xo = (ATA)"1ATy
and therefore,

Axg = A(ATA)" ATy

is the point in the column space of A that is closest to y. Therefore, it is the
projection of y onto the column space of A, and we write

Axo = A(ATA)~1ATy = Py,
where
P=AATA) AT (4.13.2)
is called a projection matrix. If A is m x n, what are the dimensions of P?

(e) Referring to the projection matrix P in (4.13.2), show that PA = A and PZI=p.
Geometrically, why are these facts to be expected? Also show that P is a symmetric
matrix.

Part 2 Some Applications In parts (a)—(d) below, find the equation of the least-squares
line to the given data points.

@ (0,-2),(1,-D,(2,1),3,2), 4,2).
(b) (=1,5),(1, D, 2, D, 3, -3).
(©) (=4, —-1),(=3,1),(=2,3),(0,7).

@ (=3,1),(=2,0), (=1, 1D, (0, =1), 2, = D).

In parts (e)—(f), by using the ideas in this project, find the distance from the point
P to the given plane.

(e) P(0,0,0);2x —y+3z=6.
® P(—1,3,5); —x+3y+3z=28.

Part 3 A Further Generalization Instead of fitting data points to a least-squares line,
one could also attempt to do a parabolic approximation of the form ax? + bx + c. By
following the outline in Part 1 above, try to determine a procedure for finding the best
parabolic approximation to a set of data points. Then try out your procedure on the data
points given in Part 2, (a)—(d).



