4. Analysis of Two-Factor Experiments
Based on Cell-Means Models
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An Example Two-Factor Experiment

Researchers were interested in studying the effects of 2 diets
(low fiber, high fiber) and 3 drugs (D1, D2, D3) on weight gained
by Yorkshire pigs. A total of 12 pigs were assigned to the 6

diet x drug combinations using a balanced and completely
randomized experimental design. Pigs were housed in individual
pens, injected with their assigned drugs once per week, and fed
their assigned diets for a 6-week period. The amount of weight
gained during the 6-week period was recorded for each pig.

Copyright ©2019 Dan Nettleton (lowa State University) 4. Statistics 510 2/77



Factors and Levels

e This experiment involves 2 factors: Diet and Drug.
e The factor Diet has 2 levels: low fiber and high fiber.

e The factor Drug has 3 levels: D1, D2, and D3.
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Treatment Design vs. Experimental Design

@ A combination of one level from each factor forms a
treatment.

e The treatment design used in this experiment is known as a
full-factorial treatment design because each possible
combination of one level from each factor was applied to at
least one experimental unit.

e The experimental design is a balanced completely
randomized design (CRD) because all possible balanced
assignments of the 12 pigs to the 6 treatment groups were
equally likely.
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Table of Treatments

Treatment Diet Drug

WN =N =

OO0k, wWND =
NN -

Diet 1 = Low Fiber, Diet 2 = High Fiber

Drug 1 = D1, Drug 2 = D2, Drug 3 = D3
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The Cell-Means Model

Fori=1,2; j=1,2,3; and k = 1,2; let y;;, denote the weight

gain of the k™ pig that received diet i and drug j, and suppose
Yik = i + €,  Where

11, [12, [13, M1, o2, fo3 @re unknown real-valued parameters and

€111, €112, €121, €122, €131, €132, €211, €212, €221, €222, €231, €232 S N(O, 02)

for some unknown ¢% > 0.
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The Cell-Means Model

Fori=1,2; j=1,2,3; and k= 1,2; let y;; denote the weight
gain of the k™ pig that received diet i and drug j, and suppose

Vi = i+ Eiji
iid 2
Eijk ~ N(0,0' ),

where g1, pa, fu13, fro1, pa2, p23 € R and o* € R™ are unknown
parameters.
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Table of Treatments and Means for Cell-Means Model

Treatment Diet Drug Mean

WN =N =

OOk, wWND =
NN = —

Diet 1 = Low Fiber, Diet 2 = High Fiber

Drug 1 = D1, Drug 2 = D2, Drug 3 = D3
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Table of Means for the Cell-Means Model

Drug1 Drug2 Drug3

Diet 1 111 12 13

Diet 2 a1 122 123
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Same Model with Simpler Notation

Forr=1,2,3,4,5,6 and k = 1, 2; let y, denote the weight gain of
the k™ pig that received treatment ¢, and suppose

Ve = U + €x where
L1, o, [43, g, s, fe @r€ unknown real-valued parameters and

iid 2
€11, €12, €21, €22, €31, €32, €41, €42, €51, €52, €1, €2 ~ N(0,07)

for some unknown % > 0.
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Table of Treatments and Means

Treatment Diet Drug Mean

WN =N =

OO0k wWND =
DN = =

Diet 1 = Low Fiber, Diet 2 = High Fiber

Drug 1 = D1, Drug 2 = D2, Drug 3 = D3
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Table of Means for the Cell-Means Model

with Single Subscripting

Drug2 Drug3

Drug 1
Diet 1 1
Dlet 2 4

H2

Hs

M3

He
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The different notations for specifying the cell-means model are
equally valid.

Double subscripting for treatments is typically used to better
track the levels of each factor that make up each treatment.
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Cell-Means Model in Matrix and Vector Form

yii1
Y112
Y121
Y122
Y131
Y132
ya11
12
Y221
Y222
Y231
Y232

2381
H12
K13
21
K22

SO OO R, O OO O OO
SO R = OO O OO O oOOo
—_—_ 0 O OO0 OO oo oo

S OO O OO O OO O =
S OO O OO OO~ M~, OO
SO OO OO =R —=OOOOo

y=XB+e €~N(0,0%)
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Each Cell Mean is Estimable

(1.0 00 0 0] [y |
100000 .
01 00 0O 12
01000 0|7 pn] p12
001000 2 13
001000 13 13

EO=XB=10 00100/ |~ |pm

000100 22 H21
00001 0 [ ps | H22
0000T10 1
000001 1123
000 O0O0 1 23
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B is Estimable When rank(X) = p

For the General Linear Model, the parameter vector 3 is
estimable whenever X has full-column rank, i.e., whenever
rank(X) = p.
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eNeoloBoNoBoNohole =R N
eleoloBoNeoBoNeoleol S ol =N
SO OO R, OO OO
SO OoO O, OO0 OOO0O
SO, OO0 OO O0O

. 1 1
N = X/X _IX/ = 7IX/ - 7X
B= ()X = Xy =5
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Table of Cell Means

Drug1 Drug?2 Drug3

Diet 1 11 12 13

Diet 2 o1 422 23
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Marginal Means

Drug1 Drug?2 Drug3
Diet 1 I8 12 13 _N11+N312+u13
Diet2 | 7 1123 DI
Hll;#ﬂ Mz;ltzz M13;#23 M11+#12+M(13;E§L)21+#22+M23
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Marginal Means

Drug1 Drug2 Drug3
Diet 1 J% H12 H13 f.
Diet2 | pa M2 oz | Ho. i = 3 X My
f1 %) 3 M.
= 1
ﬁj:igﬂij ﬂ-zmggmj
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Least Squares Means (LSMEANS) in SAS

SAS can be used to compute LSMEANS.
LSMEANS are simply OLS estimators of cell or marginal means.
Each LSMEAN has the form ¢’3 for an appropriate vector c.

For example, the LSMEAN for diet 1 is ¢/3 with

1 11 A
¢ = {57 3 5,0707 0] and 8 = [Ji1., Y12, V13- Y21, Y22, V23 -
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LSMEANS (continued)

Note that the LSMEAN for Diet 1 is simply an average of the
estimated means for treatments involving Diet 1.

When data are balanced, the LSMEAN for Diet 1 is also just the
average of responses for all pigs that were fed Diet 1.

When data are unbalanced, the LSMEAN for Diet 1 may not
equal the average of responses for all pigs that were fed Diet 1.
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Standard Error

A standard error is the estimated standard deviation of a
statistic.

A standard error is usually found by estimating the variance of a
statistic and then taking the square root of the estimate.

Because each LSMEAN has the form ¢/3 for an appropriate
vector ¢, the standard error for an LSMEAN is given by

Var(c'B8) = /62 (X'X)c.
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Simple Effects

A simple effect is the difference between cell means that differ in
level for only one factor.

In our two-factor example, simple effects are differences
between cell means within any row or within any column.

Drug1 Drug2 Drug3

Diet 1 H11 12 713

Diet2 | puxn 122 123
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Simple Effects (continued)

The simple effect of Diet for Drug 1 is 1 — par-

The simple effect of Drug 2 vs. Drug 3 for Diet 2 is 120 — pt23-

Drug1 Drug2 Drug3

Diet 1 pi1 H12 H13

Diet 2 21 1553 H23
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Main Effects

A main effect is the difference between marginal means
associated with two levels of a factor.

In our two-factor example, the main effect of Diet is jiy. — jis..

Drug1 Drug2 Drug3

Diet 1 11 12 Hi3 | .
Diet2 | puxn 122 M3 | fio.
1 2 i3 fi..
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Main Effects (continued)

In our two-factor example, the main effects of Drug involve the
differences fi., — fip, ji.1 — 1.3, and ji, — fi3.

Drug1 Drug2 Drug3

Diet 1 i1 112 13 1.
Diet2 | o H22 X T
el fi2 a3 | B
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Main Effects (continued)

If ;. = [1n., it would be customary to say, “There is no Diet main

effect.”

If n., = i, = 13, it would be customary to say, “There are no

Drug main effects.”

Drug1 Drug2 Drug3

Diet1 | pun H12 piz | [
Diet2 | o H22 X T
f1 A2 3 f..
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Interaction Effects

The linear combination p;; — pu+ — pisj + i for i # i* and j # j*
is an interaction effect.

For example,

M1 — 12— Mo+ oy = (Mll—ﬂlz)_(ﬂzl—uzz) = (Mll—ﬂzl)_(ﬂlz—ﬁbzz)

is an interaction effect.

Drug1 Drug2 Drug3

Diet 1 11 12 13

Diet 2 H21 H22 23
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Interaction Effects (continued)

When all interaction effects are zero, we may say there are “no
interactions” between the factors or that the two factors do not
“interact.”

When there are no interactions between factors, the simple
effects of either factor are the same across all levels of the other
factor.

For example, when there are no interactions between the factors
Diet and Drug, the simple effect of Diet is the same for each

level of Drug. Likewise, any simple effect of Drug is the same for
both diets.
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Testing for Non-Zero Effects

We can test whether simple effects, main effects, or interaction
effects are zero vs. non-zero using tests of the form

Ho:Cﬁ:()VS.HA:CB#O.

The following slides give appropriate C matrices for several
examples.
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Hy: No simple effect of Diet for Drug 1 (11 = p21)

[1 00 -1 0 0]
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Hy: No simple effect of Drug 2 vs. Drug 3 for Diet 2

(Mzz = Mzs)

(00 00 1 —1]
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Hy: No Diet Main Effect (. = ji0.)

—
W=
W=
W —
[SSTIE
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Hy: No Drug Main Effects (1., = jio = fi.3)

[ g ]
1 1 1 1 H12
> —5 0 5 —5 0
2 T2 2 T2 ps | [ 0 }
1 1 1 1 K21 0
1 o -1 1 o -1
2 2 2 2 U

L M23
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Hy: No Drug Main Effects (1., = jio = fi.3)

Here is an alternative specification that will yield the same test.

[\e]

=
o

N—

=
=
(e}
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Hy: No Drug Main Effects (1., = jio = fi.3)

Here is another alternative specification that will yield the same

test.
1 1 1
2 72 03
o1 11
4 4 2 4
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Hy: No Diet-by-Drug Interactions
(puij — pije — pui=j + == = 0 for all i # i* and j # j*)

M1

1 -1 0 -1 107"
113 :[O}
1 0 —1 =1 0 1 H21 0

122
L M23
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SAS Code

proc import datafile=’'C:\dietdrug.txt’
dbms=TAB replace out=d;
run;

proc print data=d;
run;
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SAS Output

Obs diet drug weightgain
1 1 1 41.3
2 1 1 43.7
3 1 2 40.9
4 1 2 39.2
5 1 3 37.4
6 1 3 37.9
7 2 1 36.8
8 2 1 34.6
9 2 2 33.6

10 2 2 34.3
11 2 3 35.8
12 2 3 35.1
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SAS Code

proc mixed;
class diet drug;
model weightgain=diet*drug / noint;
lsmeans dietxdrug;
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The X Matrix

SO OO R, OO OO0
SO R, OO0 OO
—_—, O OO OO0 OO

eoNeNeloloNeoBoNeoNeoRel
eoleleololaoNoBoNal =N
ol eNeBoNeNel S o=l
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SAS Output

Least Squares Means

Effect diet drug

dietxdrug
dietxdrug
dietxdrug
dietxdrug
dietxdrug
dietxdrug

DN R R
w NP WD
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Estimate

42

.5000
40.
37.
35.
33.
35.

0500
6500
7000
9500
4500

Sta

O O O O o o

ndard
Error

L7832
.7832
.7832
.7832
.7832
.7832

DEF t Value

A O OO OO O O
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SAS Code (proc mixed statement continued)

estimate ’lsmean for diet 1’
diet*drug 1 1 1 0 0 0 /divisor=3;

estimate 'simple effect of diet for drug 1’
dietxdrug 1 0 0 -1 0 O;

estimate ’simple effect drug 2 vs. drug 3 for diet 2’
dietxdrug 0 0 0 0 1 -1;

estimate ’'diet main effect’
dietxdrug 1 1 1 -1 -1 -1 / divisor=3;
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SAS Output

Estimates

Label

lsmean for diet 1

simple effect of diet for drug 1

simple effect drug 2 vs. drug 3 for diet 2
diet main effect

Estimates
Label
lsmean for diet 1
simple effect of diet for drug 1

simple effect of drug 2 vs. drug 3 for diet 2
diet main effect
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Estimate

40.0667
6.8000
-1.5000
5.0333

Standard

o ko

Error

L4522
.1075
L1075
.6394

DF

o oo o

t Value

88.61
6.14
-1.35
7.87
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SAS Code (proc mixed statement continued)

contrast ’‘simple effect of diet for drug 1’
dietxdrug 1 0 0 -1 0 O;
contrast ’'simple effect drug 2 vs. drug 3 for diet 2’
dietxdrug 0 0 0 0 1 -1;
contrast ’'diet main effect’
diet*drug 1 1 1 -1 -1 -1;
contrast ’‘drug main effects’
diet*drug 1 -1 0 1 -1 O,
dietxdrug 1 0 -1 1 0 -1;

Copyright ©2019 Dan Nettleton (lowa State University) 4. Statistics 510 47 /77



SAS Code (proc mixed statement continued)

contrast ’‘drug main effects also’
diet*drug 1 -1 0 1 -1 O,
dietxdrug 0 1 -1 0 1 -1;
contrast ’"drug main effects also2’
dietxdrug 2 -2 0 2 -2 O,
dietxdrug 1 1 -2 1 1 -2;
contrast ’"diet-by-drug interactions’
dietxdrug 1 -1 0 -1 1 O,
dietxdrug 1 0 -1 -1 0 1;
run;
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SAS Output

Contrasts
Num Den
Label DF DF F Value Pr > F
simple effect of diet for drug 1 1 6 37.70 0.0009
simple effect drug 2 vs. drug 3 for diet 2 1 6 1.83 0.2244
diet main effect 1 6 61.96 0.0002
drug main effects 2 6 6.04 0.0365
drug main effects also 2 6 6.04 0.0365
drug main effects also2 2 6 6.04 0.0365
diet-by-drug interactions 2 6 5.01 0.0526
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Fitting the Cell-Means Model in R

d=read.delim("http://.../S510/dietdrug.txt")
dSdiet=factor (d$diet)

dsdrug=factor (d$Sdrug)
o=lm(weightgain~0+drug:diet, data=d)

coef ( ISﬁ

veov (o) is Var(8) = 62(X'X) "

osdfisn—r.
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An Alternative Parameterization

An alternative parameterization of the cell-means model is
Yik = p+ i+ B+ e (i=1,2j=1,23 k=12) where

1y a1y g, By Bay B3y i, Y12, 1135 V215 V22, V23
are unknown real-valued parameters and

iid 2
€111, €112, €121, €122, €131, €132, €211, €212, €221, €222, €231, €232 ™~ N(Ov o )

for some unknown % > 0.
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Table of Treatments and Means

Treatment Diet Drug

WN =N =

OOk, wWND =
DN = —

Mean
p+ o+ B+
ptar+ B+
w4 oy + B3+ 713
1+ o+ B+ 7
p+ ay + B+ 2
p+ ay + B3+ 723

Diet 1 = Low Fiber, Diet 2 = High Fiber

Drug 1 = D1, Drug 2 = D2,
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Drug 3 = D3

4. Statistics 510

52/77



Model in Matrix and Vector Form

fyyi ] [T1 101001000007 [ 1 [ean]
Y12 11 01001O0O0O0O0O0 oy €112
Y121 1 1001 0O0T1TTO0O0O0O0 an €121
Y122 11 001001O0O0O0O0 B €122
Y131 1 100 0T1TO0O0T1UO0O0O0 5 €131
yi2| |1 10001001000 B3 €132
vwil =101 100000100/ |7 en
Y212 1 01 1.000O0O0T1TUO0TO0O0 Y12 €12
V221 1 01 061 00 0O0OO0T1TO0 713 €221
Y222 1 01 061 00 0O0OO0T1TO V21 €220
Y231 1 01 001 0O0O0OO0OO01 Y22 €231
Y232 1 01 001O0O0O0O0OTO0OT71 Y23 €232

y=XB+e €~N(0,0%)
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Model in Matrix and Vector Form

Y
Y12
Y121
Y122
Y131
Y132
Y211
12
Y221
Y222
Y231
Y232

p+ar + B+
A+ aq + B+ 11
p+ar + B2+ 712
A+ aq + B2+ 712
p+ar+ B3+ 73
4o+ B3+ 713
p+ ar + B+ v
p+an + B+ 21
oo+ B2+
Bt + B+ 2
p+ar + B3+ 723

oo+ B3+ 723

y=XB+e€ €~N(0,0%)
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Table of Cell and Marginal Means

Any linear combination of the entries in this table is estimable.

Drug 1 Drug 2 Drug 3

Diet1 | p+ar+Bi+v1 p+ar+Bh+v wt+ar+B+v3 | p+or+ 8+

Diet2 | ptar+Bi+7 pta+Bbh+v wt+tw+Bi+ys | p+to+B +7.

pta+B8+51 pt+a+h+y2 pt+a+pB+ys | pta+B+79.
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Example Estimable Functions

e Simple effect of Diet for Drug 1: a1 — an + 11 — 721

e Simple effect of Drug 1 vs. Drug 3 for Diet 2:
Bi— B3+ 721 — 72

e Main effect of Diet: a; — ay +71. — %2.

e Interaction effect involving Diets 1 and 2 and Drugs 1 and 3:
(14 a1+ B+ 1) — (4 a2+ Bi +721))]
—[(p+ a1+ B +m3) — (p+ a2 + B3 + 13))]
=11 — Y13 — Y21 + 723
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Estimation and Testing

As before, estimation or testing involves finding an appropriate
matrix C to estimate C3 ortest Hy, : CG = 0.

For example, the Diet main effect is estimated by €3, where

c=[01 -1000 % & 1 -1

and

N

B=[p a a B B B A1 A2 913 A A Ao ]

/

is any solution to the Normal Equations involving the new matrix X.
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Estimation and Testing (continued)

As another example, the test for Drug main effects can be
carried out as a test of H, : C3 = 0, where

0001 -1 0
C =

0001 0 -1

D=
|

SIE

(e}

D=
|

=

D= o

| |

D=
(e}
|
N —
=
(e}
|

so that

| Bi=Pr+yr =72
Cﬂ_[ﬂl—ﬂrf—’%l—’m}'
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SAS Code

proc mixed;
class diet drug;
model weightgain=diet drug dietxdrug;
lsmeans diet drug dietxdrug;
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SAS Output

Least Squares Means

Effect diet drug

diet 1
diet 2
drug

drug

drug

dietxdrug
dietxdrug
dietxdrug
dietxdrug
dietxdrug
dietxdrug

W WD R WN e

DN N e
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SAS Code (proc mixed statement continued)

estimate ’lsmean for diet 17
intercept 3 diet 3 0 drug 1 1 1
dietxdrug 1 1 1 0 0 0 /divisor=3;

estimate 'simple effect of diet for drug 1’
diet 1 -1 dietxdrug 1 0 0 -1 0 O;

estimate ’"simple effect drug 2 vs. drug 3 for diet 2’
drug 0 1 -1 diet*drug 0 0 0 0 1 -1;

estimate ’‘diet main effect’
diet 3 -3 diet*drug 1 1 1 -1 -1 -1/divisor=3;
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SAS Output

Estimates

Label

lsmean for diet 1

simple effect of diet for drug 1

simple effect drug 2 vs. drug 3 for diet 2
diet main effect

Estimates
Label
lsmean for diet 1
simple effect of diet for drug 1

simple effect of drug 2 vs. drug 3 for diet 2
diet main effect
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Estimate

40.0667
6.8000
-1.5000
5.0333

Pr > |t]

.0001
.0009
.2244
.0002

oo oA

Sta

[ =

ndard
Error

.4522
L1075
.1075
.6394

DF

oo oo

t Value

88.61
6.14
-1.35
7.87
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SAS Code (proc mixed statement continued)

contrast ’simple effect of diet for drug 1’

diet 1 -1 diet*drug 1 0 0 -1 0 O;
contrast ’"simple effect drug 2 vs. drug 3 for diet 2’

drug 0 1 -1 dietxdrug 0 0 0 0 1 -1;
contrast ’"diet main effect’

diet 3 -3 diet*drug 1 1 1 -1 -1 -1;
contrast ’"drug main effect’

drug 2 -2 0 dietxdrug 1 -1 0 1 -1 O,

drug 2 0 -2 diet*drug 1 0 -1 1 0 -1;
contrast ’"diet-by-drug interactions’

diet+«drug 1 -1 0 -1 1 O,

dietxdrug 1 0 -1 -1 0 1;
run;
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SAS Output

Contrasts
Num Den
Label DF DF F Value Pr > F
simple effect of diet for drug 1 1 6 37.70 0.0009
simple effect drug 2 vs. drug 3 for diet 2 1 6 1.83 0.2244
diet main effect 1 6 61.96 0.0002
drug main effect 2 6 6.04 0.0365
diet-by-drug interactions 2 6 5.01 0.0526
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The model matrix X is not full-column rank.

fyyi ] [T1 101001000007 [ 1 [ean]
Y12 11 01001O0O0O0O0O0 oy €112
Y121 1 1001 0O0T1TTO0O0O0O0 an €121
Y122 11 001001O0O0O0O0 B €122
Y131 1 100 0T1TO0O0T1UO0O0O0 5 €131
yi2| |1 10001001000 B3 €132
il =11 o1 100000100/ |7 en
Y212 1 01 1.000O0O0T1TUO0TF0O0 Y12 €12
V221 1 01 061 00 0O0OO0T1TO0 713 €221
Y222 1 01 061 00 0O0OO0T1TO V21 €220
Y231 1 01 001 0O0O0OUO0OO01 Y22 €231
Y232 1 01 0010O0O0O0OTO0OT71 Y23 €232

y=XB+e €~N(0,0%)
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The Alternative Parameterization in R

The 1m function in R uses a full-rank model matrix.

The code

o=1m(weightgain®diet+drug+diet:drug, data=d)

will fit the following full-rank version of the cell-means model.
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The Full-Rank Formulation Used by R

Copyright ©2019 Dan Nettleton (lowa State University)
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The Full-Rank Formulation Used by R

Y
Y112
Y121
Y122
Y131
Y132
Y211
12
Y221
Y222
Y231
Y232

y=XzBzt+e€ €~ N(O,O'ZI)

Ur
Hr
pr + Br2
pr + Br2
pr + Br3
pr + Br3
PR + Or2
pr + ar2
pr + ar2 + Bra + Yr22
pr + arz + Bra + Yr22
Mz + a2 + Pr3 + Yr23
pr + arz + Br3 + Yr23
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Table of Means for the R Full-Rank Formulation

Diet 1

Diet 2

Drug 1 Drug 2 Drug 3
HR pr + Bre pr + Br3 Hr + %
PR+ ory  prt oo+ Brot e prtaret+ Brs+ymes | pr+am + m
+ Yr22 +VR23
3
pr + % pr + % + Bro + 7‘;22 pr + % + Br3 + 7‘;23 pr + % + ngﬁm
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Parameter Interpretation for R Full-Rank Formulation
@ iz is the mean for the Diet 1 Drug 1 treatment.

@ ax, is the simple effect of Diet 2 vs. Diet 1 for Drug 1.

@ [ is the simple effect of Drug 2 vs. Drug 1 for Diet 1.

@ (g3 is the simple effect of Drug 3 vs. Drug 1 for Diet 1.

@ "r2; IS an interaction effect involving Diets 1 and 2 and Drugs
1 and 2. It tells how much bigger the Diet 2 — Diet 1 mean
difference is for Drug 2 than it is for Drug 1.

@ 7z3 iS an interaction effect involving Diets 1 and 2 and Drugs

1 and 3. It tells how much bigger the Diet 2 — Diet 1 mean
difference is for Drug 3 than it is for Drug 1.

Copyright ©2019 Dan Nettleton (lowa State University) 4. Statistics 510 70/77



Estimation and Testing in R

As before, estimation or testing involves finding an appropriate
matrix C to estimate C3; or test H, : C3; = 0.

For example, the Diet main effect is estimated by

where 3, = (X.Xz)"'X4y.
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Estimation and Testing in R (continued)

As another example, the test for Drug main effects can be
carried out as a test of H, : C3; = 0, where

a
Il

| —|
(e) (e)
o o
o p—
—_ ()
() =
(e)
| I

so that

Bra + %
C3; = .
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Tests Based on Reduced vs. Full Model Comparison

Any of the tests we have discussed could alternatively be carried out
using a statistic of the form

P Y (Px — Px,)y/ [rank(X) — rank(Xy)]
y'(I — Px)y/ [n — rank(X)]

for an appropriate reduced model matrix Xj.

It is not always easy to specify an appropriate matrix Xj.

We will discuss specification of X, in subsequent slide sets.
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Testing for Main Effects When Factors Interact

Some statisticians argue against testing for main effects when there
are interactions between factors.

Others believe that, depending on the scientific questions of interest,
any contrasts of treatment means may be worth examining.

Be aware that “no main effects” does not necessarily mean “no effects.

Drug 1 Drug 2 Drug 3

Diet 1 i1 =42 pupp =40 pi3 =38 | g. =40

Diet 2 M1 = 38 W22 = 40 M3 = 42 Ho. = 40

=40 [in =40 ji5=40 | ji. =40

Copyright ©2019 Dan Nettleton (lowa State University) 4. Statistics 510 74177



Unbalanced Data and Missing Cells

Although we have focused on a balanced two-factor experiment
with 2 experimental units per treatment, the techniques
presented in these slides work the same way whether data are
balanced or not, as long as each treatment has a response for at
least one experimental unit and some treatments have more
than one.

If there are no experimental units for one or more treatments,
then the treatment design may not be a full-factorial treatment
design, and we may have a missing cell or missing cells.
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Example with Missing Cells

Drug1 Drug2 Drug3

Diet 1 JN 12 13 .
Diet 2 21 - 23 -
f - 3 -
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Example with Missing Cells

In this example, we have no data for the treatment combination
Diet 2 with Drug 2.

In this case, we could fit a model with the 5 means 1, p12, fi13,
por, and 3.

We could estimate any linear combination of the 5 means ,
P12, f135 poi, and fos.

Linear combinations involving u,, are not estimable.
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