6. Definition of Derivative — Classwork

Let’s review. For f(x)=x”-3x+1, find the slope of the tangent line at a) x = 2, b) x = 1.

2 |m, _f(2+n)-f(2) _(2+h) —3(2+h)+1—(—1):4+4h+h2—6—3h+2:h(1+h):1+h:1
" h h h h
b) mtan:f(—1+h2—f(—1)=(h—1) —3(:—1)+1—5=h2—2h+1h—3h+3—4=h(hh—S)zh_Sz_S

Notice how the process is the same — only the point at which we find the slope changes. With that in mind, we
introduce a basic concept of calculus. The derivative of a function is a formula for the slope of the tangent line
to that function at any point x. The process of taking derivatives is called differentiation.

The mathematical definition of a derivative of a function f(x) is

lim
h—0

or lim

r(ee i)
h

rlra)— /()
Ax

This mimics the procedure above but calculates the slope of the tangent line at any value x. We now formally
define a derivative in terms of a limit, which substitutes for the awkward “as / gets close to zero.”

Since derivatives are so important, we need some notation to denote them. There are two that we use frequently:

dy

Function: f(x)= ... Derivative: f’(x)= or {’ = Function: y = ... Derivative: y = or — =
y y

dx

The latter % appears as a fraction but for now, we think of it as one entity — the derivative. We say “dy dx”
X

“Example 1) For the function f(x)=x*—3x+1, find its derivative f’(x). Then find f’(2), f7(0), and f’(-1).

(x4 h) =3(x+R)+1=(x"=3x+1) 2 ogh = 3x— 3kt 1—x 4351

h

/()

=lim
h—0

h(2x+h-3)

h—0

_3h=li

h—0

=lim(2x+h-3)=2x-3  f/(2)=4-3=1 f(0)=-3 f/(~1)=-2-3=-5

Example 2) If f(x)= 4x, find f*(x) Example 3) If g(x)=x"+x, find g’(x)

(x+Ax)2+x+Ax—(x2+x)

_ g’(x)=lim
f’(x):y%lwz%iﬁol%=lhing4=4 Ax—0 Ax
o) = tim AXEHEAHD o Avr ) = 2041
Ax—0 Ax—0
Example 4) If f(x)= 2x*=5x+6, find f(x) and f’(3) Example 5) y = i find &
X

 2(x+h) =5(x+h)+6— (227 —5x+6) dy (i) X th) | 4x—d(x+h)
f'(x)=lim = e o0

150 h dx h x(x+h) hx(x+h)

. h(4x+3h-5) y .. - . —4 —4

4 — = — ’ = — 5= —:1 :1 =

f (x) 1;,1_r>r(Jl h 4x=5 f (3) 12=5=7 dx hl—IB hx(x+h) hlf(} x(x+h) x’
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6. Definition of Derivative — Homework

For the following functions, find their derivatives and evaluate at x = 2, —4, 0, and ©. Use proper notation.

1. y=2x 2. f(x)=x"=5

y'zlhliro‘z(ﬁh)_zx:?i%zh_h ) f,(x)zgg(ﬁm) _Ai_(xz_S)

yY(2)=2 y(-4)=2 y(0)=2 y(m)=2 f,(x):iﬁox2+2xm+(ixx) —5-x*+5
()= mh(zx; AY)
f(2)=4 f(-4)=-8 f(0)=0 f'(n)=2x

3. f(x)=x"+3x—-4 4. f(x)=6x—4x

f,(x)zyrg(ﬁh) +3(x+h)h—4—(x +3x—4) f,(x)zlhi_r)%6(x+h)—4(x+hh) —(6x—4x?)
f,(x)zynolxz+2xh+h2+3x-;3h—4—x2—3x+4 f,(x)zlhinol6x+6h—4x2—8)Zl—4h2—6x+4x2
f’(x):gnngzxw f’(x):%liitgh(6_8hx_4h):6—8x

f(2)=7 f(4)=-5 f(0)=3 f(rx)=2r+3| |f'(2)=-10 f(-4)=38 [f(0)=6 f'(x)=6-8x

5. g(x)=x"+2x 6. h(x)=§+1
X
x+h) +2(x+h)—(x*+2x
- , , h2 X s h=0 h x(x+h)
, . X 4+3xh+3xh +h +2x+2h—x"—2x
g(x)zlhl_{rol P h,(x):thx—S(x+h):im -5h :—_5
5 5 =0 xh(x+h) =0 xh(x+h) x°
i h(3x* +2+3xh+h )_3 - 5 S .
g'(x)=lim h - W(2)==3 W(4)=-— W(0)=DNE F'(r)=—
T
g(2)=14 g(-4)=50 g'(0)=2 g'(m)=3n"+2

. Use the formula to

7. An alternative method for finding f’(a) is to use the formula f’(a)=1lim fx)-7(a)
-a

X—a X

find f’(5) for f(x)=3x"-8x-10.

vy o 3x0—=8x—-10-25 . . 3x"—8x-35 . (3x+7)(x-5) . B
Fe)=lin—— s =)=l s i S imBe7) =22
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7. Derivatives Using Technology - Classwork

While the TI-84 calculator cannot find derivatives, it can approximate the value of a derivative of a function at a
specific value of x. Only calculators like the TI-89 or N-Spire with CAS (Computer Algebra System) can find
the actual derivative of a function because of its ability to work symbolically.

The derivative is defined as a formula for the slope of a tangent line to a function f(x). Its formal definition is:

f’(a)=1lim

h—0

f’(x)=1lim

h—0

f(x+h)—f(x) f(a+h)—f(a)
h h

and at a specific value q,

The TI-84 (or equivalent) calculator uses another formula to approximate the slope of the tangent line to a
function f(x) at a specific x-value. It is called the numerical derivative. The TI-84 abbreviates this command

as nDeriv.”® To find the numerical derivative of a function f(x) at a specific value x = a, we calculate the

slope of the secant line between 2 points the same distance from x = a, one to the left of @, and one to the right
of a.

The definition of the numerical derivative (an approximation to the actual derivative) is

f(x+h)—f(x—h) f(a+h)—f(a—h)

f(x)= lim > and at a specific value a, | f'(a) = lim >
T We want the derivative (the slope of the tangent line
(a+h,f(a+h)) at (a, f (a)), shown by the dashed line). We start at
nDeriv: x =a, move a distance / to the left and the same
llirrgw AW distance A to the right and draw the secant line.

The slope of this line is rise over run. The rise is

f(a+h)—f(a—h) and the run is 2A. The slope is

a-h,f(a-h i thus f(a+h)—f(a—h)
. 2h

a+h x this should be a very good approximation to f”(a).

. When A gets very small

[ ]

[ X J
]
\ 4

To use nDeriv with the TI-84: (to approximate f’(a)) TI-84 example: Find f/(3) for f(x)=x>—4dx+1. |

Flotl Flotz Flotz
1) Place the function you wish to use in Y1. DY1l=x>—4x+1 :ﬁé?xz"‘x”
2) nDeriv is Math 8. Use nDeriv(Y1, X, ). 2) nDeriv(Y1,X,3) N
Get Y1 through the VARS Y-VARS Function menu. or nDeriv(X>4X+1,X,3)  jlerivi¥i:X:3
You can also type the function in the nDeriv command.

It is not necessary to use an 4 with nDeriv. The calculator assumes the value 0.001 as /. You can specify a
smaller value of 4 using nDeriv(Y1, X, a, /).
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A
2

2%

\\ For the examples below, taking the derivative by the limit method is difficult algebraically, or for you

at this point, impossible, because you haven’t been taught differentiation methods. But if you are
asked to find derivatives at specific values of x, the calculator works well. It is suggested that you set
your calculator to 3-decimal place accuracy as nDeriv is only an approximation to the slope of the tangent line.
On the calculator-active section on the AP, you are allowed to use the calculator to find derivatives without
showing work.”

_ 4 3 g2 _ .
Ex 1) Iff(x)=x"+3x"-5x* —6x Ex 2) Iff(x)=e*—x Ex 3) If f(x) = sinx find f* ()
find f*(-2) find f*(~1)
nDer*iu('-.’1,>1<é.-%aa| nnepiuwh}%:%id I"IDE'I"‘IU(H"1,X:_J.'[%18|

For the following functions f(x), find the equation of the tangent line to f'at x = a. Confirm by graphing.

Ex4) f(x)=+vx+10,a=6 Ex 5) f(x)=sin2x+cosx, a=r/2 EX6)f(x)=ln(x2+2x+1),a:0

nberiviy1, 5. 62
125

nheriviyy . B, ms2)
-3.6888

nheriviy,¥,8)
2.884

4=0125(:-6) y=-3(x-Z)

There are times when the nDeriv command will give a false answer. One of these is a
point at which the derivative of a function is not defined. The best example of this is the
absolute value function, f(x)=|x|, in the figure to the right. We have shown that there

is no tangent line to |x| atx=0. Yet, the nDeriv command gives the ’—‘E?eriu(abs(X),X,
8. 668

value zero as shown because nDeriv is defined as rise over run or
0/2h=0. This illustrates that nDeriv is an approximation to the derivative. But for PP Ly

most functions you will encounter, this approximation will be a good one.

Setting up the calculator with a function such as f(x)=x* +2x -3 and a numerical derivative |.}/{gxz 455"

sYeBrnDerivcy s K.
lead to an interesting result. Placing f(x) in Y1 and defining Y2 as nDeriv(Y1,X,X) 2

Y Ve

commands the calculator to take the numerical derivative of Y1 with respect to x at each value |-

of x that is graphed. The resulting TI-84 table shows each point of the function (x, Y1) and Y2 | i

is the slope of the tangent line at that point. For instance, f(x) passes through the point fn| -
=3

rox

mEoLrS

(-3, 0) and the slope of the tangent line to fat that point is —4. f(x) passes through the point

(0, —3) and the slope to the tangent line to f'at that point is 2. If you graph all points (x, Y2),
you get the line y =2x+ 2, the result of taking the derivative of f(x)=x*+2x—3. This line /C

T

is not tangent to f(x)= x> +2x—3. The y-values are the slopes of the tangent line to f(x) at

each value x.

Remember that the calculator only finds derivatives numerically, not symbolically. Since the derivative is a
formula for the slope of the tangent line, we must learn techniques to find this formula. Much of the semester
will be devoted to that need and the calculator will not be of much use. But, if you need to find the slope of a
tangent line at a specific point, the calculator will work well. Even if you have to show your work, the

calculator will verify what you find by paper and pencil techniques.
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7. Derivatives Using Technology - Homework

For each function f(x), find f’(a) using the calculator.

L f(x)=x"-x",a=1 2. f(x)=(x*-3x-2),a=~-1 3. f(x)=N2x"+x+4,a=2

”?g’"i”(er_xA3’x ?ﬁrﬂlk{g(xz A2 ?Dﬁr%guczxuxm
' 3. 000 “60. B0 o 1.283
. N 2x+4
4. f(x)=(sinx+2)",a=x 5. f(x)=e-x*a=1 6. f(x)= ca="2
QDer UL C=InCRI+2 hheriv(e” (2X3-X? hheriv(Ser+dr/(x
-4, 086 12.778 -. 2568
For each function f(x), find the equation of the tangent line at x = a using the calculator.
3
f(x)=x"-x’,a=1 8. f(x):(4x+3)3,a:—1 0. f(x)zﬁ,a=2
x_
nlerivia™e—n2, %, nOeriuC (4H+30 3, % nOerivis TCrr—50
12 217 2 %7 2)
5. 868 12. 608 -.389
y=3(x-1)=y=3x-3 y+1=12(x+1)= y=12x+11 y—1=-0.389(x—-2)
. /4 et —e . 1
10. f(x)=sinxcosx,a== 1. f(x)=——,a=0 12. f(x)=sin(In(4x-1)),a==
4 e +e” 2
nherivisintxicos nOeriv((e™(Hi—e" nOeriv(zintln{4x
CRI 2 Ea gD ComAd e R +e™ =123:%:.92
8.88a8 PR« b 4. 8684
1.6886
! 4f -1 4x—2
=— =X =4l X—= |=>y=4x—
y > y y > y
Show the following using your calculator.
13. the derivative of y = x’ 14. the derivative of y =¢* 15. the derivative of y=sin2x
graphs a parabola. isalso y=e¢". 1S y=2c0s2x.

Y1=nDeriviiTaHag

Floti Flotz Flots
~NaBe D
gngnDer1v(Y1,X,

2.00
0.600
“Na= 1000
2000
3000

X2 VZ=nDeFiv(SinCZRI RN 1=zcos(zi)

iz | =T
s e [

o AN AWN AW AW,
i 1 VVIVVIIVVIV Y

H=0 =i “NE= =3 =0 v=2 H=0 V=2

[ [ o
Siatut
SmeSmas
@oms
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8. Techniques of Differentiation - Classwork

You might wonder why this concept of a derivative, a slope of a tangent line to a curve, is important enough to
have an entire math course based on it. When you examine applications of the derivative later on in the course,
you will understand its significance. But for now, trust that derivatives are important and we need to learn how
to take them rather than go through the cumbersome limit process. We will spend some time learning how to
take derivatives of all sorts of functions in order that when we learn applications, we will be able to use real-life
situations. For the different rules below, for each problem, take the derivative using correct notation.

1) The constant rule: The derivative of a constant is 0. That is, if ¢ is a real number, then i[c] =0.Froma
X

geometric point of view, the graph of y = ¢ is a horizontal line and at any point along the line, its slope is 0.

2) y=9 b) £(x)=0 0) s(1)=-8 d)y:%
=0 F=0 (=0 =0

2) The single variable rule: The derivative of x = 1: i[x] =1. This is consistent with the fact that the slope of

dx
the line y = x is 1 at any point on the line.
a) y=x b) f(x)=x ) s(t)=1t d) g(T)=T
V=1 f(x)=1 s'(1)=1 g(T)=1

Functions for which the derivative exists are called differentiable. A function may be differentiable at some
x-values and not differentiable at others. If the derivative doesn’t exist at a value c, it is non-differentiable at c.

3) The Power Rule: If 7 is a real number, then the function f(x)=x" is differentiable and di[x”:l =nx"".
X

Usually, some work will need to be done to get the function in the proper form so the power rule can be used.

Determine the derivatives and determine any values of x for which the function is differentiable.

a) y=x’ b) f(x)=x° c) s(t)=1" d) y=+x=x"
— 2
Yy =2x £(x)=6x° s’ (1) =301 y=r 1
Diff. everywhere Diff. everywhere Diff. everywhere y = F Diff: x>0
X

In general, we prefer to leave answers with positive exponents.

1 1 1 1
Q) y=— D flx)=— o s()= by y=—&
y=x" flx)=x7 s(t)=1" y=x"
’_ —2__1 ’ _ —4__3 ’ _ 1—4/3_ -1 ’_ 3 -7/4 _ -3
vy =-lx =z f (x)——3x == s (t)——gt =37 y ——Zx =
Not diff. at x =0 Not diff. at x =0 Not diff. at =0 Diff at x>0
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4) The constant multiple rule: If fis a differentiable function and c is a real number i[c

(x)]=ef"(x)-

Take the derivative of each function. Use proper notation.

2
Q) y=— b) f(x)= 4; 0) s(t)= -+ d) y=4x
y:2x_2 y:4xl/2
_ ’ :4 2 ’ ¢ :_5t4
y = —4x7 :_‘3‘ f (X) X s ( ) y,:2x—1/2 :i
X
5 -5 40 12
c = — = t)=—— h =
) y 350 f) f(x) (3x)3 g) S( ) \/; )y %/;
20 -20
- AN T e - T e - N
Y = —5x7 :x_45 7(x)= ;i 4 9i4 s'(1)=-2017" = g V' ==20x""= R

5) The sum or difference rule. The derivative of a sum or difference is the sum or difference of the derivatives

@)= ()£ (x)

Take the derivative of each function. Use proper notation.

a) y=x"+5x-3 b) f(x)=x4—%x3+2x2+x—6

FrR) =520 e

c) y=(2x-3)’

y=4x"-12x+9

y =8x-12
2
4 x*—x+1
D y==- e ¢) f(x)=6vx(2x-3) Dy=%
y:l(x4—2x3+3x2—2x+1)
y=4x""—4x7 +4x7 f()c)=12x—18x1/2 2
V' =—4x2+8x7 —12x7* f(x)=12-9x7" y’=%(4x3—6x2+6x—2)
, -4 8 12 , 9 /
y :74—?_? f(x)=1 ﬁ Yy =2x"-3x"+3x-1
gyt 6 y y= 22— iy =6x-10
N T . Y T x4
yzgx—1/2_6x—1/3 f( ) 9_129 3512 _(x+2)(x 8)
Y = —4x7? 4 2x7 Jx 2(x+2)
-4 2 f'(x)=§x‘3/2= . . B
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6) The Product Rule: The derivative of the product of two functions is the first function times the derivative of
the second plus the second function times the derivative of the first.®

L1 ()-8(0]= £(2)- () +8(x)- 1 (+)

a) Find y" if y=(2x" - 4x)(3x-5) b) Find f(x) if f(x)=(x*—x—1)(x*+2)

without product rule with product rule

f(x)= (x2 —x—l)(2x)+(x2 +2)(2x—1)
y=6x"=22x" +20x y’=(2x2—4x)3+(3x—5)(4x—4) f(x)=2x"-2x =2x+2x" - x> +4x-2
Yy =18x"—44x+20 y' =6x>—12x+12x> —=32x+20 f(x)=4x"=3x"+2x-2

Seems easier y =18x" —44x+20

c¢) Find f’(x) if f(x)= (3x2 —2x+ 5)(—5)64 +2x° = T7x" +x+ 2)

f(x)= (3)62 —2x+ 5)(—20)63 +6x° —14x+ 1)+ (—5)64 +2x° = Tx" +x+ 2)(6x -2)

Expressions this complicated are not expanded so the product rule is far superior than expanding f(x).

7) The Quotient Rule: The derivative of the quotient of two functions is found using the following formula:

drﬁq:%ﬂfﬁ%ﬂﬂ@&)

dx| g(x) [s(0)]
. . 5 . . 4x-3 . ody . —X
Find y" if y=—— b) Find £’ f = Find =% if y= —— =~
a) Find y’ if y 2 ) Find f7(x) if f(x) P ¢) Fin iy =

,_ 0-5(3) f,(x)_(2x+1)4—(4x—3)2 dy _—(x" +4x-2)+x(2x+4)
g (3x-2) (2x+1)° dx (x2 +4x— 2)2
15 . 8x+4-8x+6 10 2
Y = o f(x): 2 2 ﬂ=—x 2 5

Ge-2) R B e

The quotient rule scares student for some reason, and many will try and avoid it. There are times you can avoid
it and experience in taking derivatives will tell you when it is easier to attack a problem using another technique
or biting the bullet and using the quotient rule.

- : 1 . : P -3x+1
d) Findy" ify=— e) Find y’ 1fy=%
X X
quotient rule separating
power rule quotient rule , x* (2x—3)—(x2 —3x+1)2x _1_§+L
_ -2 _2 _2 y X4 y X Xz
y=2x X _ T4 3 2 3 2 3 2
y 3 3 , 2x =3x"—=2x +6x" —2x ,_
T T Y= ; -
Y= ~ 2  Abiteasier X _
, x(3x-2) 3x-2 Answers are equivalent.
yYET e TS Separating is easier.
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8) Find an equation of the tangent line to the graph of f"at the point — use your calculator to confirm the result.

a) f(x)=3x"-2x"—x+2at (1,2) b) f(x)=(x"—4x+2)(4x—1) at (1,-3)
£(x)=4(x" —4x+2)+(4x-1)(2x - 4)
f(1)=4(-1)+3(-2)=-10

Tangent line: y+3=-10(x—1)

f(x)=9x"-4x-1 f(1)=
Tangent line: y—2 =4(x—1)

y=4x-2
y=—10x+7
8 8 x—4 1
=——— at (-2,-6 d = 2,—
0 10=2-% w(2-0) 1= (27
, X’ +4-(x-4)(2x) 4+8x—x’
.. -8 16 f(x)= 2( 2)( ) —
f (x)=7+; (x +4) (x +4)
f(-2)=-2-2=-4 f’(2)=§=i
Tangent line: y+6 =—4(x +2) -
y=—4x—14 Tangentline:y+Z:Z(x—2)

9) Find an equation of the line normal to the graph of f at the point — use your calculator to confirm the result.

3 A2 _ b B
a) f(x)=x"—4x" at (3,-9) ) f(x)= \/_+ at (4,-2)
f/(x)=3x"-8x ( \/_j 6
1(3) = _ -l Fr(x)= 2> ey N
fE)=3=ml== (x)= (1] (4)=g=g=m
Normalline:y+9:_?1(x—3):>y:%1x_8 Normal line: y+2 = —6(x—4) = y = —6x+22

10) Determine the points at which the graphs of the following functions have horizontal tangents.
a) f(x)=x>+2x-24 b) f(x)=x"-4x"

£(x)=4x" —8x=4x(x*-2)=0
4x=0=x=0 x*-2=0=>x=%2

Points: (0,0), (\/5,—4), (—\/E,_4)

f(x)=2x+2=0=x=-1
Point: (—1,-25)

2_3 -1

C)f() x> +1 d)f() x’+3
, (x +1)2x—(x2—3)2x 8x , _(x +3)—(x—1)2x__x2+2x+3

f(x)= 2 = 2 f(x)— 2 = 2
e A R R

f,(x) =0=x=0 Point: (0’_3) —(x+1)(x—3)=0:x=—1,3 Points: (—1,—%), [3,%)
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11) Use the chart to find f/(3).

) f(x) = 4g(x)~ S h(x)+1

£(x) = 4g’(x)—%h’(x)

1(3)=4g'3)- 31 (3)

Zh(x)
by L A(x)g (x) g (x) (x)
- s
say_ L h(3)g’(3)-g(3)n’'(3)
f (3)—2_ o7 ]
f,(3):% 3(—23)2—475}
f,(3):%:—6;47r}:—3;27z

lx)=1-20
[0 e
f(x) [ O] ]
=2

, dr+6 | -2m-3
)= 28|22

The 2™ derivative of a function is the derivative of the derivative of the function. We
will learn about the geometric meaning of the 2" derivative later in the course.
Notation for the 2™ derivative and subsequent derivatives are shown in the chart.?

12) For each of the following functions, find their second derivatives.

a) f(x)=§x3—5x2—7x—1

f(x)=8x>-10x-7

f7(x)=16x-10

2
) y=4Jx ——=
' Jx
b _ 2x VP47
dx
&y __wn 3 513
d 2 )

© www. MasterMathMentor.com

2nd ” dzy
deriv. ! (x) Y W
3rd w | dy
deriv f (x) Y E
nth W || dy
deriv f Y dx"

b) 5= x’+4x—-2

’ ” —4
y=x+4d-—=y'=l+— y :7
d) f(x)=——
i\ 1 B -1
/ (x)— (x—l)2 X2 —2x+1
2x-2 2(x-1) 2
f”(x) = = =
(x2 —2x+1)2 (X—1)4 ()C_l)3

=36 -
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8. Techniques of Differentiation - Homework

For the following functions, find f”(x) and f’(c) at the indicated value of c. Use proper notation.

1
fx)=—=5+—, c=-1
x X x
1 6 12
(x):xz ? e

f(-1)=-1-6-12=-19

1

3. f(x)=3\/;—$, c

, 3 1
I3)= gt 5
3 1 11
_+_:_
2 3 6

=1

()=

For the following functions, find the derivative using the power rule. Use proper notation.

y = %(Sx—S)

13. y=x4—§x3+5x2—6x—2

y’=4x3—%x2+10x—6
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5.

_x2+2
6

y

14. y=

X =3x*+10x=5

2
X

10 5

X X

10 10
X

y'=1

-37-

1 1
6. y= —(xz ——2x+c), a,b,c constants
a b

x+2

(x+2)(x2 —2x+4)
x+2
y=2x-2

y:

15. y=(x" +4x)(2x-1)

y=2x"+7x* —4x
y =6x>+14x-4
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16. y=(x—-2)’

y=x"—6x>+12x-8
y =3x>—12x+12

17. y=3x -3x*

y= T
, 1 2
y = 3x2/3 - 3x1/3

xt=2x+5x* —4x+4
18. y=

X

y:x3—2x2+5x—4+i
X

y’:?axz—4x+5—i2
X

For the following functions, find the derivatives. Simplify all but # 19 fully. Use proper notation.

19. y=(x" —4x-6)(x" - 5x" - 3x)

%:(x2 —4x-6)(3x" —=10x-3)+
X
(x3 —-5x* - 3x)(2x —4)
2. y=21
X

y= x1/2 _ x—1/2

dy 1 1

dx 2x7 i 2x7?

© www. MasterMathMentor.com

3x-2
20. y=
Y 2x+3
ﬂ_3(2x+3)—2(3x—2)
dx (2x+3)°
ﬂ_ 13
dx (2x+3)2
X =x+1
23, y=———
T

y= NPT

dy_Sap_ 2 1
dx 3 3x? 3x*3

26. y:x+k
x_

, k 1s a constant

Q: (x—k)—(x+k)
dx (x—k)*
dy -2k
dx  (x—k)’

-38-

x*—4x-2
21, y=——— —
Y x* -1

dy _ (x> -1)(2x—4) - (x* —4x-2)(2x)

dx

@_ 2%  —4x® —2x+4-2x>+8x* +4x

dx

ﬂ_4x2+2x+4

(1)

dx

(o)

(1)

24, y:(x_ )(3x+2)
X—
_ 3x*~7x-6
Y= x—4
dy (x—4)(6x—7)—(3x2 —7x—6)
dx (x—4)2
dy _3x"—24x+34
dx  (x—4)
Xk
27. y= pEREE k is a constant
dy (x2 —k2)2x—(x2 +k2)2x
dx (xz 52 )2
dy —4k*x
dx (xz _k2)2
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Find the equation of the tangent line to the graph of f'at the indicated point and then use your calculator to

confirm the results.
2

28. f(x)= a " at (2,4) 29. f(x)z(x—2)(x2—3x—l) at (-1,-9)
x—
, (x—=1)2x—x* x*-2x f'(x)=(x—2)(2x—3)+x2—3x—1
f(x): - P
(x=1) (x=1) S/(-1)==3(=5)+143-1=18
f'(2)=0 Tanline:y-4=0(x-2)=y=4 Tanline:y+9:18(x+1):>y=18x+9
30. _ X —4x+2 ( __2) 31, __ I ( _l)
f(x) I 2, 3 f(x) 23 at | 0, 9
_(2x-1)(2x—4)-2(x" —4x+2) oy 8x—I2
1= (2x-1)° /() (4x2—12x+9)2
()= 3(0)-2(=2) _4 70) P
FR)=="5""=3 f0)=2r=5
ine: y+ 2= X (x— _4_ 14 ine: y+ o= gy g X3
Tanhne.y+3—9(x 2)=y 9x 9 Tanlme.y+9 27x:>y >

Find the equation of the normal line to the graph of fat the indicated point and then use your calculator to
confirm the results.

32. f(x)=4x>-8x—-3at (l,—6 33. f(x)=&+4 at (4,3)
2 Jx
f'(x)=8x-8 fx)=1+4x" = f'(x)=—2x"
1 1 -2 -1
| =|=4-8=—4 1=— 4)=—=— 1=4
f(z) "y 1'(4) 8 4 "
Normal line: y—3=4(x—4)= y=4x-13
Normal line:y+6=i(x—%j ey (x=4)=y=dx

Determine the point(s) at which the graphs of the following functions have a horizontal tangent.

x 4x 5
M. y= 35 ) == 36. f(x)=x"—9x
f’(x)z (xz _4)2x—)§2 (2x) f'(x)z (x2 +4)24 —44;6(2)6) f’(x) —3:2-9=0

(*=4) oo (¥+4) 3(x*-3)=0= x=%3
—8x —4(x*-4) —4(x+2)(x-2)

~=0 L= —5——=0|  |Pts: (V3,-6V3), (/3,613
(x2—4) (x2+4) (x +4) ( ) ( )
x=0 Pt (0,0) x=12 Pts: (2,1),(-2,-1)
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Use the chart to find h’(4). f(4) f,(4) g(4) g’(4)

37. h(x) =57 (x) - 24(x) 38. h(x)=2*f () 39. h(x) = £(x)g(x)
W(x)=5F (1) 2'(x)
;g () =221 (x)+ 20 £ (x) W (2)= ()8 (x)+ 8 (x) (%)
h’(4)=5f’(4)—§g’(4) W (4)=16f"(4)+8f(4) W(4)=f(4)g'(4)+g(4)f (4)
2, . 37 '(4)=16(3)+8(-8)=-16 '(4)=-8(4)+37(3) =9 — 32

h(x) f(x)+g(x)

40. h(x)= g((x; 41 ()= 250
) f<x>g'<[a;>(; ;g](zx)f’(X) oy 2L )¢ ][ 6]
o (4) = f (4)g’(§)(; )81(24)f '(4) e (4) = AL (4)+ g’(4)32— [f(x)+5(4)]
o 8(4)-32(3) -9r-32 W(4)= 4(3+4)—(-8+37) _36-3x
W (4)= T 16 16
For each of the following, find f”(x).

" f(x):x3_3x;x—4x—1 43, f(x):xf4 44, f(x)=&_4y;+%
1, 1 (o Xm4-x_ A F(x)=x"—4x" +6x*
f(X)—E(x —3x—4—;j f ( ) ()c—4)2 x> —8x+16 f,(x):lx,l/z_ix72/3_§x75/4

, 1 1 sy 4(2x-8) 2 3 2
S (X)25(2x—3+?j f (x)—m f,,(x)z—_lx_s/z+§x—5/3+gx—9/4
4 9 8
o 1, 2) 1 ) e i
O ety | romghegtes

45. Find an equation of the line tangent to f(x)=x>—6x+7 and

a. parallel to the line y=2x+4

parallel means same slope so slope of /' (x) = slope of line
f(x)=2x-6=2=2x=8=>x=4
the point of tangency is (4,f(4)) = (4,—1)

Parallel line: y+1= 2(x—4) =y=2x-9
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b. perpendicular to the line y=2x+4

-1

perpendicular means slope of f (x) = ———
slope of line

oint of tangency is Ef(ﬂ) —(E __31)

31 -1 11
Perpendicular line: y+ —=—| x——
rpendicu mne: y 6 2 (x 4]
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9. The Chain Rule - Classwork

Suppose you were asked to take the derivative of the following. Could you do so?

a) f(x)=(2x+5)’ b) f(x)=(2x+5) ©) f(x)=(2x+5) d) f(x)=+v2x+5
f(x)=4x"+20x+25 | f(x)=8x"+60x"+150x+125| [Possible Not
f'(x) =8x+20 f’(x) =24x*+120x+150 but a lot of work possible

a) causes no problem. b) is also not a problem but multiplying it out is a pain. ¢) can be done but clearly you do
not want to do it. d) cannot be done with knowledge you have. At this point, unless you can generate individual
terms, you cannot take the derivative.

We now introduce a method of taking derivatives of more complicated expressions. It is called the chain rule.
If y= f(u) is a differentiable function of u and u = g(x) is a differentiable function of x, then y = f(g(x)) is a

. . . dy dy du . d

differentiable function of x and — = —.— or, equivalently, — x))=f"1eglx)|-&(x).
y_b d LT 1 (g(0)]= 1 Te(0)]& (3

The chain rule looks quite complicated, but it is easy to ’ Function Derivative
understand once you get away from all the notation. Let’s
examine taking the derivative of f(x)=(2x+5) using e dl”f
the chain rule. The function has an “inside function” and f(x)=(2x+5) 2 ’ A\
an “outside function.” The outside function is the square T f(x)=2(2x+5) - @
and the inside function is the expression that we are e e funion | derivative of
squaring. When we take the derivative, we take the ftalone inside function

power of 2, place it in front of the inside expression
(2x+5), reduce the power by 1, and then multiply it by the derivative of the inside function: 2

DIf f(x)=(2x+ 5)3 , find f”(x) without and with the chain rule and show they are equivalent.
a) without chain rule b) with chain rule

f’(x) _ 3(2x n 5)2 (2) We will see that it is

f(x)=8x"+60x>+150x+125
f/(x)=24x* +120x+150

f(x)=6(2x+5)’
f/(x)=24x* +120x+150

preferable for derivatives
to be in factored form

so the chain rule is superior.

For the following, find f’(x) using the chain rule.

4) f(x)=2x-5

Tt , _l . -1/2 _
ay| =5 )=

£(x)=V2x+5=(2x-5)"

1

; b
2) f(x)=(2x+5) 3) f(x)_ (2x_5)2
f/(x)=10(2x+5)’(2) f(x)=(2x-5)"
f’(x)=20(2x+5)9 f’(x):_2(2x+5)73(2): —4
© www.MasterMathMentor.com 41

Illegal to post on Internet



1

5) f(x)= 13

a) quotient rule

b) power rule

4x-3)(0)-1(4)
(4x— 3)2
4x-3)

7)<

/()

(

2/3

7) f(x)=(7-4x")
7(x)=2(7-42)" (-8x)
, —16x
f(x)_3(7_4 2)1/3

3

6) = >
S () (3% —2x+1)‘

f(x)= 3(3)62 —2x+1)_3
£/(x)=-9(3x* —2x+1)" (6x-2)

e 18(3x—1)

()= — ") = —0WX77)

(x)_<4x—3)2 f( ) (3x2_2x+1)4

§) f(x)=-50e" i1 9) f(¥)= g

() =2 (e —x+1) P (2x-4) f(x)=-2(6x-1)"
2 1 /4

Xx):__:éﬁfizl__ ()——5(6x 1)7*(6)

f o) f(x)= 3

_(6x_1)5/4

We have 3 basic forms for differentiation: Other than constants, problems are written in these forms:

i) power rule: (expression)™""

ii) product rule: (expression 1)(expression 2)

. expression 1
iii) quotient rule: ——————
expression 2

Note that the chain rule is not a basic form. The chain rule is always in effect. For instance, when you take the
derivative of 7x?, you get 14x times the derivative of x (which is 1). So the answer is 14x.

Once you apply your derivative rules, you have to decide whether the expression can be simplified. In general,
we prefer derivatives in factored form, if possible. This adds a degree of algebraic skill to the mix and unless
your algebra skills are good, you can get problems incorrect, not because of the calculus, but for the algebra.*?

For the following, decide the form of f(x) and then find f’(x). (* adequate answer ** best answer)

= xV4—x*

10) f(x)=x*(2x-3)" 1) f(x
3 4 f’(x) -

f(x)=x*(4)(2x-3)"(2)+(2x-3) (2x)
*f7(x)=8x*(2x—3)’ +2x(2x -3)" *f7(x) =

F(x)=2x(2x=3)" (4x+2x-3)

(x) 2x(2x-3) (3)(2x—1) f(x)

*f/(x)=6x(2x— 3)3 (2x-1)
= (x)=
© www. MasterMathMentor.com -42 -

YA [\/4—x2J_\/4—x2

x(%)(4—x2)_v2(—2x)+(4—x2)1/2
Jis

2
X

Va4 - x?

4-2x?

_\/4—x2

2 2
4—x"—x

\/4—x2
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12) £(x)= (j;;)

2x+1

2x l
2x+1 (2x 1
)

20(2x-1)"

)= (2x+1)°

f,(x)zs(zx 1) {(2“1)2 (2x— 1)2}

2x+1)

14) f / Power rule

( j [4)( 1-dx
4x -1 4x— 1
*f’(x):_2(4x 1y _(4xx J”
* () = :2(4;1_ 1)2:(4);_1)’/2
=3 1/2(;_1)3/2

Given that f(2)=-3, f'(2)=

6,2(2)=3,¢(2)=-2, f'(3)=

3
) Power rule

x’ +4j2[(x2 —4)2x—(x2 +4)2x]

(=]

et

 —48x(x*+ 4)

)

4, g'(-3)=—1, find 1'(2).

16) h(x)=[f(x)] 17) h(x)=[ f(x)-g(x)] 18) h(x)=j4g(x)-x-1
W (x) = 4g’(x)-1
Y@= =2l ]U'x ] Aale) -
ve=rT e | =l -selre-se] o=
1 (2)=3(-3)'(6) =162 K (2)=2(-3-3)(6+ 2)=—96 M-t 9
h(2):2 4(3)-3 6 2

19) h(x)=f(g(x))

W)= (e()( (x)
W)= 1 (s2))('2)
W(2)= 1 ()(-2)=4(-2)=-8

© www. MasterMathMentor.com

P (=) =1())
(2)=f( -f)(=r'(2))
f'(3)(=6)=4(-6)=-24
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9. The Chain Rule - Homework

Find the derivative of the following functions. Use proper notation.

L. f(x)=(3x-8)’
F'(x)=4(3x-8)"(3)

2. h(x)

= (3x2 + 2)5

=5(3x>+2) (6x)

3. y= —4()62 +x+1)10

V' =—4(10)(x* +x+1) (2x+1)

f(x)=12(3x-8)’ ¥ =30x(3x* +2)' V' =—40(x* +x+1) (2x+1)
4. y=—6(4-9x)" 5. y=—1 6. g(x)=——"
ax—b (x —5x—6)
B T f=2(e -5-6)' (-9
o TR P9 N B i W
Yy =81(4-9x) (ax—b) (x*=5x-6)
2 3
7.y:( j 8. s(t)=+1-t 9. y=x3x"-6x+
2—x
2 9x* -6
, 2 2 , i ’_
g _3(2—)6] {(2—x) } s'(1)=5(1~1) / (-1) g 3(3x3—6x+2)
’_ 24 S’(l): _1 , 3x2_2
’ (2—x)4 V1=t g (3x —6x+2)
10. y= ll.y:_—l 12. y= !
\/2x+ V2x+1 X2+ x
oL 2 = ) (2x 41
y—Z(zj(2x+3) (2) y,:%(Zx)_1/2(2): 1 y=—(xt+x) " (2r+1)
i (o) V)] el
(2x+3) 2()62 + x)
13. f(x) =+ (5x-1) 14, y= 2
(2x+1)°
, 4(2x+1) —4x(2)(2x+1)(2)
f(x) =2 (4)(5x=1)"(5)+ (5x = 1)" (3x°) h o (2x+1)°
*f7(x)=20x" (5x - 1) +3x (5x—1)4 *y,:4(2x+1)2—16x(2x+1)
£(x)=x*(5x-1)"[20x+3(5x-1)] (2x+1)*
4 f7(x) = x° (Sx—l) (35x-3) y,:4(2x+1)(2x+1—4x):>>l<>l< ,:4(—2x+1)
(2x+1)4 (2x+1)3
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3x
2x-3

15. y=

16. y=(x*+1) (* +1)’

[ (2x-3)3-3x(2)

1 3x YY"
y‘E(zx—sj | (2x-3)

» 1(2x—3j1/2_ 9
y == 2
2\ 3x (2x—3)

-9 ]
2(3x)"* (2x-3)

* %y —
y =

32

|

v = (2 +1) @) +1)(35) + (6 +1) ()22 +1) (22)
*y' = 6x" (x2 + 1)3 (x3 + 1) +6x (x3 + 1)2 (xz + 1)2
¥ =6x(x’+1)(x? +1)2 [x(x2 +1)+x"+ 1]

*E oy = 6)6()63 +1)(x2 +1)2 (2)63 +x+1)

For each of the following, find the equation of the tangent line at the indicated point. Confirm by calculator.’®

17. f(x)=+x*+2x+8 at (2,4)

2x+2

rx)= 24x? +2x+8
) 1]

f( _\/x2+2x+8

y—4:%(x—2):>y=%x+§

18. f(x)=<3x"+4x at (2,2)

ox’+4
5(3x +4x)"
40 1

For each of the following, find point(s) of horizontal tangency.

20. y=x*(x—4)

y =x (2)()6—4)+2x(x—4)2
2x x—4)(2x—4)=0:>x=0,4,2

2l y=—2
Y V2x-—1
(—2x— 3 2x

¥ = 22x -1 ~0
2x—1

N2x— =L:>2x—1=x
V2x—1

x=1 Pt (1,1)

Below are the graphs of f(x) and g(x). For each problem, find #’(1).

J y
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23. h(x)=[f(x)+g(x)]

3x—1

t(—=1,2
2x+1 a ( )

19. f(x) =

o1 [x+i] =S
fx)=3 3x—1{(2x+1)2}

, 1 [-1| =5 | 5
s e

_5x+13

y—2=%(x+1):>y

22. f(x)=-3+V24+2x-x

2—-2x
'(x)==+ ~0
) 2724+ 2x — x°
+(2-2x)=0=x=1

Pts:(1,-3£5)=(1,2),(1,-8)

n(1)=2[3+2][-1+2]=10

h'(x)=2[f(x)+g(x)][f’(x)+g’(x)] 1 (x) = f"(g(3x))g"(3x)(3)
w (1) =2 ()+gM]LF (1)+g'1)]

=45 -
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Given the following functions /(x), find the values of 4’(3) using the information

in the chart to the right. These problems are important, so we have given you the
answers. If you don’t get these answers, redo the problem.*

|

(o)}
I o] =
=

(SR EN )
oo
&
W

|

LR

w

N wn
IS

25. h(x)=f(3x—1) 26. h(x)=[f(x)] 27.
n(x)=f"(3x-1)(3) K (x)=2f(x)f"(x)
h'(3)=3£"(8) n(3)=2f(3)f(3)
3)=3n 1 (3)=2(1)(=3) =6
28. h(x)=xf (x) _Ti 29. h(x):(fix>j3 _2—170 30.
) (x) - xf/(x)+f(x) h (x) :3(fix) {Xf,(xl;f(x)}
20 () A FOY[3B)-10)
(5= LB v B2 [
s A( 1Y ]3(=3)-1
h,(3)23(—3)+1:—T;1 h(3)_3(3 { 9 }
20 03[0
31 a(x) =T+ 8() 5 32 1(x)=[ /()] &(x)
( ): f,(X)—i_g (X)lz
25{2;))+g<é>)1/ W@ =[r ] ¢ () + LT ()
_ +g' _ 3, + 2
e T 0) I U ek K
s 4 (3)=(1")(=5)+3(8)(1*)(-3) =77
,(3) = 2
2(1+8) 3
34. h(x)=f(g(x)) |57 35. h(x)=g(f(x)) [0]
W(x)=r"(g(x))(g'(x)) W (x)=g'(f(x))(f"(x))
n'(3)=f'(2(3)(¢'(3)) h'(3)=¢'(f(3))(f(3))
'(3)=f"(8)(-3) '(3)=g'(1)(=3)
W(3)=-5n W (3)=0(=3)=0
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