ential and
arithmic Functions

ntial Growth and Decay Functions

atural Base e

garithms and Logarithmic Functions

ransformations of Exponential and Logarithmic Functions
Properties of Logarithms

.6 Solving Exponential and Logarithmic Equations

7.7 Modeling with Exponential and Logarithmic Functions

Astronaut Health (p. 399) D

Cooking (p. 387)

Tornado Wind Speed (p. 367)

Duckweed Growth (p. 353)

Mathematical Thinking: Mathematically proficient students can apply the mathematics they know to solve problems
arising in everyday life, society, and the workplace.



Maintaining Mathematical Proficiency

Using Exponents (6.7.A)

4
Example 1 Evaluate (—%) .

-5 -

3

EE N "

-
5
(- ol

4
%) (— L Rewrite (— %) as repeated multiplication.

Multiply.

Evaluate the expression.

3: —(.2)2 a [3)

Finding the Domain and Range of a Function (a.2.a)

Example 2 Find the domain and range of the function represented by the graph.

Ay

3

1, “x prange
\
\
1

3"
N —

domain

P The domainis {x|—3 < x < 3}.
The range is {x| =2 <y < 1}.

Find the domain and range of the function represented by the graph.

5. 6. \ 7. A
GAy 6 y 2 y

°

4 [
-2 9 2

2 |, il

2

4

2

2

[

-4 -2

y T ¥

8. ABSTRACT REASONING Consider the expressions —4" and (—4)", where r is an integer.
For what values of 7 is each expression negative? positive? Explain your reasoning.




: Mathematically proficient students select tools, including real objects,
Mathematical |

. “ manipulatives, paper and pencil, and technology as appropriate, and
Th ln kl" g techniques, including mental math, estimation, and number sense as
appropriate, to solve problems. (2A.1.C)

Selecting Tools

G Core Concept

Using a Spreadsheet

To use a spreadsheet, it is common to write A2 = AT+1
one cell as a function of another cell. For instance,

in the spreadsheet shown, the cells in column A

starting with cell A2 contain functions of the cell

in the preceding row. Also, the cells in column B

contain functions of the cells in the same row in

column A.

B1 =2*A1-2

ONOOOAWN -~

JO|N(O|Oo ||| —

\_

FEAIGNRE Using a Spreadsheet

You deposit $1000 in stocks that earn 15% interest compounded annually. Use a spreadsheet to
find the balance at the end of each year for 8 years. Describe the type of growth.

SOLUTION

You can enter the given information into a spreadsheet and generate the graph shown. From the
formula in the spreadsheet, you can see that the growth pattern is exponential. The graph also
appears to be exponential.

A | B | Stock Investment

Balance $3500.00
$1000.00

$1150.00 = B3 = B2*1.15
$1322.50

$1520.88

$1749.01

$2011.36

$2313.06

$2660.02

$3059.02 $1000.00 ¢

o

$3000.00

$2500.00

$2000.00

Balance (dollars)

$1500.00

Jolo|o(Njo|o| M|
N OB WN -~

Monitoring Progress

Use a spreadsheet to help you answer the question.

1. A pilot flies a plane at a speed of 500 miles per hour for 4 hours. Find the total distance
flown at 30 minute intervals. Describe the pattern.

. A population of 60 rabbits increases by 25% each year for 8 years. Find the population at
the end of each year. Describe the type of growth.

. An endangered population has 500 members. The population declines by 10% each decade
for 80 years. Find the population at the end of each decade. Describe the type of decline.

. The top eight runners finishing a race receive cash prizes. First place receives $200, second
place receives $175, third place receives $150, and so on. Find the fifth through eighth place
prizes. Describe the type of decline.
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TEXAS ESSENTIAL
KNOWLEDGE AND SKILLS

2A.2.A

MAKING
MATHEMATICAL
ARGUMENTS

To be proficient in math,
you need to justify

your conclusions and
communicate them

to others.

>

Exponential Growth and Decay

Functions

Esgential Quegﬂon What are some of the characteristics of the

graph of an exponential function?

You can use a graphing calculator to evaluate an exponential function. For example,
consider the exponential function f(x) = 2*.

Function Value Graphing Calculator Keystrokes Display

A(—3.1) =231 ol ~ | ) E¥N EnTER | 0.1166291
(3) =2~ ] ~ 1 ( Bl - K ) | enter IEEEREIPOT

EXPLORATION 1 Identifying Graphs of Exponential Functions

Work with a partner. Match each exponential function with its graph. Use a table
of values to sketch the graph of the function, if necessary.

a. f(x) = 2¢ b. f(x) = 3* c flx) = 4%
d. fo = (5) e. fo) = (5) £ S = ()
A. Ayl T4 B. A Ay
6 / \ 6
4 \ 4
2
A / L. - -
-4 -2 Y | 21 4% -4 -2 [y |2 4 [x
C Ayl D. A Ay
6 | \ 6
4 4
51/
- - ) T~ g
-4 -2 |y | 21 4% -4 -2y | 2 a4 ['x
E A GAy F GAy IA
|
4 4 l
\ 2
2 2 v 2 4 2 2 Y 2z 4 x

T - Characteristics of Graphs of Exponential
EXPLORATION 2 Functions

Work with a partner. Use the graphs in Exploration 1 to determine the domain,
range, and y-intercept of the graph of f(x) = b~, where b is a positive real number
other than 1. Explain your reasoning.

Communicate Your Answer

3. What are some of the characteristics of the graph of an exponential function?

4. In Exploration 2, is it possible for the graph of f(x) = b~ to have an x-intercept?
Explain your reasoning.
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What You Will Learn

P Graph exponential growth and decay functions.

P Use exponential models to solve real-life problems.

Core Vocabulary
exponential function, p. 348 Exponential Growth and Decay Functions
exr;;)nge;gal growth function, An exponential function has the form y = ab*, where a # 0 and the base b is a

positive real number other than 1. If @ > 0 and b > 1, then y = ab* is an exponential
growth function, and b is called the growth factor. The simplest type of exponential
growth function has the form y = b*.

growth factor, p. 348

asymptote, p. 348

exponential decay function,
p. 348

decay factor, p. 348 cﬁ cor@ CO"CGPT

Previous Parent Function for Exponential Growth Functions
properties of exponents

The function f(x) = b*, where b > 1, is the parent function for the family of
exponential growth functions with base b. The graph shows the general shape
of an exponential growth function.

y
fix) = bX
(b > 1) | The graph rises from
— left to right, passing
The x-axis is an asymptote of , 1) (1. 6) through the points
the graph. An asymptote is a > (0, 1) and (1, b)
€ >\ T T .
X

line that a graph approaches
more and more closely.

The domain of f(x) = b*is all real numbers. The range is y > 0.

Ifa>0and 0<b<1,theny = ab* is an exponential decay function, and b is called
the decay factor.

&) Core Concept

Parent Function for Exponential Decay Functions

The function f(x) = b*, where 0 < b < 1, is the parent function for the family of
exponential decay functions with base b. The graph shows the general shape
of an exponential decay function.

f(x) = b
O<b<1)

The graph falls from
left to right, passing
through the points
(0, 1) and (1, b).

The x-axis is an

asymptote of
the graph.

—~—
<Y

The domain of f(x) = b~*is all real numbers. The range is y > 0.

.
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EXAMPLE 1 Graphing Exponential Growth and Decay Functions

Tell whether each function represents exponential growth or exponential decay. Then
graph the function.

a.y=2" b.yZ(%)x
SOLUTION

a. Step 1 Identify the value of the base. The base, 2, is greater than 1, so the function
represents exponential growth.

Step 2 Make a table of values.

\
x| —2|-1,0 |12 3 g]” ﬁ;s)
i I IN
y I 5 1 2 4 8 6 N
fr-2)
Step 3  Plot the points from the table. 1 1) 4 2, 4)
{13
Step 4 Draw, from left to right, a smooth curve that 1) {2 ,2)
begins just above the x-axis, passes through (;2' 4) (0, 1) _
the plotted points, and moves up to the right. —4 -2 y | 2 | 4 x

b. Step 1 Identify the value of the base. The base, %, is greater than O and less than 1,

so the function represents exponential decay.

Step 2 Make a table of values.

3 | = || % Ay
X 3 2 1| 0 1 2 (=3.8) \ 8
1 1
y 8 4 2 1 5 < 6 -
> | =6
Step 3  Plot the points from the table. (=2, 4) 4'£/ Z (‘1 1‘)
I E 1
Step 4 Draw, from right to left, a smooth curve that —1.2) V/ / ]
begins just above the x-axis, passes through ' o, 1 \2: 3 ]
the plotted points, and moves up to the left. -4 [-2 [ Y | 2 [ 4x

s D
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Tell whether the function represents exponential growth or exponential decay.
Then graph the function.

1. y=4¢ 2.y=(§)x

3. f(x) = (0.25)" 4. f(x) = (L.5)

Exponential Models

Some real-life quantities increase or decrease by a fixed percent each year (or some
other time period). The amount y of such a quantity after # years can be modeled by
one of these equations.

Exponential Growth Model Exponential Decay Model
y=a(l +r) y=a(l —r)

Note that a is the initial amount and r is the percent increase or decrease written as a
decimal. The quantity 1 + ris the growth factor, and 1 — r is the decay factor.
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REASONING

The percent decrease,
15%, tells you how much
value the car /loses each
year. The decay factor,
0.85, tells you what
fraction of the car’s value
remains each year.

350

>

X Y
6 6.5341
7 6.6112
8 6.6892
9 6.7681
10 6.848
11 6.9288
7.0106
X=12
Chapter 7

EXAMPLE 2 Solving a Real-Life Problem

The value of a car y (in thousands of dollars) can be approximated by the model
y = 25(0.85)!, where ¢ is the number of years since the car was new.

a. Tell whether the model represents exponential growth or exponential decay.
b. Identify the annual percent increase or decrease in the value of the car.

c. Estimate when the value of the car will be $8000.

SOLUTION

a. The base, 0.85, is greater than 0 and less than 1, so the model represents
exponential decay.

b. Because t is given in years and the decay factor 0.85 = 1 — 0.15, the annual
percent decrease is 0.15, or 15%.

c. Use the trace feature of a graphing calculator to
determine that y = 8 when ¢t = 7. After 7 years,
the value of the car will be about $8000.

EXAMPLE 3 Writing an Exponential Model

In 2000, the world population was about 6.09 billion. During the next 13 years, the
world population increased by about 1.18% each year.

a. Write an exponential growth model giving the population y (in billions) ¢ years after
2000. Estimate the world population in 2005.

b. Estimate the year when the world population was 7 billion.

SOLUTION

a. The initial amount is a = 6.09, and the percent increase is r = 0.0118. So, the
exponential growth model is

y=a(l +r) Write exponential growth model.
= 6.09(1 + 0.0118)" Substitute 6.09 for a and 0.0118 for r.
= 6.09(1.0118)". Simplify.

Using this model, you can estimate the world population in 2005 (z = 5) to be
y = 6.09(1.0118)> = 6.46 billion.

b. Use the fable feature of a graphing calculator to determine that y = 7 when
t = 12. So, the world population was about 7 billion in 2012.

. 9
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5. WHAT IF? In Example 2, the value of the car can be approximated by the model
y = 25(0.9)". Identify the annual percent decrease in the value of the car. Estimate
when the value of the car will be $8000.

6. WHAT IF? In Example 3, assume the world population increased by 1.5% each
year. Write an equation to model this situation. Estimate the year when the world
population was 7 billion.

Exponential and Logarithmic Functions



EXAMPLE 4 Rewriting an Exponential Function

The amount y (in grams) of the radioactive isotope chromium-51 remaining after
tdays is y = a(0.5)"28, where a is the initial amount (in grams). What percent of the
chromium-51 decays each day?

SOLUTION
y = a(0.5)"28 Write original function.
= a[(0.5)/28) Power of a Power Property
=~ a(0.9755)" Evaluate power.
= a(l — 0.0245)" Rewrite in form y = a(1 — nt.

P The daily decay rate is about 0.0245, or 2.45%.

Compound interest is interest paid on an initial investment, called the principal, and
on previously earned interest. Interest earned is often expressed as an annual percent,
but the interest is usually compounded more than once per year. So, the exponential
growth model y = a(1 + r)’ must be modified for compound interest problems.

&) Core Concept

Compound Interest

Consider an initial principal P deposited in an account that pays interest at an
annual rate r (expressed as a decimal), compounded » times per year. The amount
A in the account after ¢ years is given by

A =P(1 +£)m.
q

EXAMPLE 5 Finding the Balance in an Account

You deposit $9000 in an account that pays 1.46% annual interest. Find the balance
after 3 years when the interest is compounded quarterly.

SOLUTION
With interest compounded quarterly (4 times per year), the balance after 3 years is
nt
A= P(l + %) Write compound interest formula.
4.3
= 9000(1 + O'Oi46) P = 9000, r = 0.0146,n = 4,t = 3
~ 9402.21. Use a calculator.

P> The balance at the end of 3 years is $9402.21.

s N
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7. The amount y (in grams) of the radioactive isotope iodine-123 remaining after
t hours is y = a(0.5)""13, where a is the initial amount (in grams). What percent of
the iodine-123 decays each hour?

8. WHAT IF? In Example 5, find the balance after 3 years when the interest is
compounded daily.
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—Vocabulary and Core Concept Check

1. VOCABULARY In the exponential growth model y = 2.4(1.5)*, identify the initial amount, the
growth factor, and the percent increase.

2. WHICH ONE DOESN'T BELONG? Which characteristic of an exponential decay function
does not belong with the other three? Explain your reasoning.

base of 0.8 decay factor of 0.8

decay rate of 20% 80% decrease

Monitoring Progress and Modeling with Mathematics

In Exercises 3-8, evaluate the expression for (a) x = —2 21. MODELING WITH MATHEMATICS The value of a
and (b) x = 3. mountain bike y (in dollars) can be approximated by
the model y = 200(0.75), where ¢ is the number of

3.2 4. & years since the bike was new. (See Example 2.)

5. 83 6. 6 2¢ a. Tell whether the model represents exponential
growth or exponential decay.

7. 5+3 8. 27-2 b. Identify the annual percent increase or decrease in

the value of the bike.
In Exercises 9-18, tell whether the function represents

exponential growth or exponential decay. Then graph the
function. (See Example 1.)

c. Estimate when the value of the bike will be $50.

22. MODELING WITH MATHEMATICS The population P

9. y=6" 10. y=7¢ (in thousands) of Austin, Texas, during a recent decade
N B can be approximated by y = 494.29(1.03), where ¢ is
M. y= (%) 12. y= (%) the number of years since the beginning of the decade.
a. Tell whether the model represents exponential
4\ 2\ growth or exponential decay.
13. y= (—) 14. y= (—) . . .
3 5 b. Identify the annual percent increase or decrease in
population.
= X = X
15 y=02 16. y=(0.75 c. Estimate when the population was about 590,000.
17. y = (0.6)* 18. y= (1.8

23. MODELING WITH MATHEMATICS In 2006, there were
approximately 233 million cell phone subscribers in
the United States. During the next 4 years, the number
of cell phone subscribers increased by about 6% each

ANALYZING RELATIONSHIPS In Exercises 19 and 20, use
the graph of f(x) = b* to identify the value of the base b.

19. Y, A 20. Ry year. (See Example 3.)
/ . 5) a. Write an exponential growth model giving the
4 4 | number of cell phone subscribers y (in millions)
2 (1,3) ) / t years after 2006. Estimate the number of cell
(_ l) (_1 %) 0 phone subscribers in 2008.
' 2”[(0, 1 > ’ 1 >
-2 Y [ 2 4&x 2 | Y | 2 4x b. Estimate the year when the number of cell phone

subscribers was 275 million.
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24. MODELING WITH MATHEMATICS You take a
325 milligram dosage of ibuprofen. During each
subsequent hour, the amount of medication in your
bloodstream decreases by about 29% each hour.

a. Write an exponential decay model giving the
amount y (in milligrams) of ibuprofen in your
bloodstream ¢ hours after the initial dose.

b. Estimate how long it takes for you to have
100 milligrams of ibuprofen in your bloodstream.
JUSTIFYING STEPS In Exercises 25 and 26, justify each

step in rewriting the exponential function.

25. y

a(3)"M4 Write original function.
a[(3)\14)r

a(1.0816)!

a(l + 0.0816)"

26. y = a(0.1)" Write original function.
= a[(0.1)B3]
= a(0.4642)"

=a(l — 0.5358)

<
I

27. PROBLEM SOLVING When a plant or animal dies, it
stops acquiring carbon-14 from the atmosphere. The
amount y (in grams) of carbon-14 in the body of an
organism after 7 years is y = a(0.5)"3730, where a is
the initial amount (in grams). What percent of the
carbon-14 is released each year? (See Example 4.)

28. PROBLEM SOLVING The number y of duckweed
fronds in a pond after ¢ days is y = a(1230.25)"16,
where a is the initial number of fronds. By what
percent does the duckweed increase each day?

In Exercises 29-36, rewrite the function in the form
y =a(l + r)ory = a(1 — r)’. Then state the growth or
decay rate.

29. y = a(2)"”3 30. y = a(4)’

31. y = a(0.5)"2 32. y = a(0.25)"

Section 7.1

33.

35.

37.

38.

39.

40.

y= a(g)t/l() 34. y= (5)t/22
3
v = a) 36. y=al})"

PROBLEM SOLVING You deposit $5000 in an account
that pays 2.25% annual interest. Find the balance after
5 years when the interest is compounded quarterly.
(See Example 5.)

DRAWING CONCLUSIONS You deposit $2200 into
three separate bank accounts that each pay 3% annual
interest. How much interest does each account earn
after 6 years?

Account | Compounding Balance after

6 years
1 quarterly
2 monthly
daily

ERROR ANALYSIS You invest $500 in the stock of a
company. The value of the stock decreases 2% each
year. Describe and correct the error in writing a model
for the value of the stock after ¢ years.

( Initial )( ecay \*
amount/ \factor

y=500(0.02)*

ERROR ANALYSIS You deposit $250 in an account
that pays 1.25% annual interest. Describe and correct
the error in finding the balance after 3 years when the
interest is compounded quarterly.

4.3
X A= 250(1 + 122

A=$6533.29

In Exercises 41-44, use the given information to find
the amount A in the account earning compound interest
after 6 years when the principal is $3500.

41.

42.

43,

44.

r = 2.16%, compounded quarterly
r = 2.29%, compounded monthly
r = 1.83%, compounded daily

r = 1.26%, compounded monthly
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45.

USING STRUCTURE A website recorded the number
y of referrals it received from social media websites
over a 10-year period. The results can be modeled by
y = 2500(1.50)', where ¢ is the year and 0 < ¢ < 9.
Interpret the values of a and b in this situation. What
is the annual percent increase? Explain.

50. REASONING Consider the exponential function

fx) = ab*.
1Y)
a. Show that T& -1 —
J)
b. Use the equation in part (a) to explain why there

is no exponential function of the form f(x) = ab~
whose graph passes through the points in the

46. HOW DO YOU SEE IT? Consider the graph of an table below.
exponential function of the form f(x) = ab™.
X 0 1 2 3 4
y 4 4 8 24 | 72
51. PROBLEM SOLVING The number E of eggs a Leghorn
chicken produces per year can be modeled by the
equation E = 179.2(0.89)*2, where w is the age
(in weeks) of the chicken and w > 22.
a. Determine whether the graph of f represents
exponential growth or exponential decay.
b. What are the domain and range of the function?
Explain.
47. MAKING AN ARGUMENT Your friend says the graph
of flx) = 2" increases at a faster Fate than the graph 9f a. Identify the decay factor and the percent decrease.
g(x) = x2 when x > 0. Is your friend correct? Explain
your reasoning. b. Graph the model.
Ay Vel c. Estimate the egg production of a chicken that is
8 / 2.5 years old.
A / d. Explain how you can rewrite the given equation
I so that time is measured in years rather than
0 d > in weeks.
0 2 4 | x
52. CRITICAL THINKING You buy a new stereo for $1300
48. THOUGHT PROVOKING The function f(x) = b* and are able to sell it 4 years later for $275. Assun'le
. . . that the resale value of the stereo decays exponentially
represents an exponential decay function. Write a oy . . .
. .. with time. Write an equation giving the resale value V
second exponential decay function in terms of b and x. . : . .
(in dollars) of the stereo as a function of the time # (in
years) since you bought it.
49. PROBLEM SOLVING The population p of a small

town after x years can be modeled by the function

p = 6850(1.03)*. What is the average rate of change
in the population over the first 6 years? Justify

your answer.

( Maintaini”g Mathematica, PrOfiCiency Reviewing what you learned in previous grades and lessons

Simplify the expression. Assume all variables are positive. (Skills Review Handbook)

8\4
53. 0. 2 sa. *. 5. 4x « 6x 56. (4—)‘6)
X 2x
57. X+ 3x 58. bx + 4x 59. 12x + 5x 60. (2x «3x°)°
2 2 4x
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TEXAS ESSENTIAL
KNOWLEDGE AND SKILLS

2A.2.A

SELECTING
TOOLS

To be proficient in
math, you need to use
technological tools to
explore and deepen
your understanding

— of concepts.

The Natural Base e

Eggenﬁal Quegﬁon What is the natural base e?

So far in your study of mathematics, you have worked with special numbers such as
s and i. Another special number is called the natural base and is denoted by e. The
natural base e is irrational, so you cannot find its exact value.

SGELYSIIYEN  Approximating the Natural Base e

Work with a partner. One way to approximate the natural base e is to approximate
the sum
pede Loy Ly ! +
I 12 1¢2¢3 12344

Use a spreadsheet or a graphing calculator to approximate this sum. Explain the steps
you used. How many decimal places did you use in your approximation?

SIS  Approximating the Natural Base e

Work with a partner. Another way to approximate the natural base e is to consider
the expression

(1+1].
X
As x increases, the value of this expression approaches the value of e. Copy and

complete the table. Then use the results in the table to approximate e. Compare this
approximation to the one you obtained in Exploration 1.

X 10! 10? 103 10* 10° 100

13

EXPLORATION 3 Graphing a Natural Base Function

Work with a partner. Use your approximate value of e in Exploration 1 or 2 to
complete the table. Then sketch the graph of the natural base exponential function
y = e*. You can use a graphing calculator and the key to check your graph.
What are the domain and range of y = ¢*? Justify your answers.

X -2 -1 0 1 2

y=er

Communicate Your Answer

4. What is the natural base e?

5. Repeat Exploration 3 for the natural base exponential function y = e~*. Then
compare the graph of y = e* to the graph of y = e™*.

6. The natural base e is used in a wide variety of real-life applications. Use the
Internet or some other reference to research some of the real-life applications of e.
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What You Will Learn

P Define and use the natural base e.
P Graph natural base functions.
P Solve real-life problems.

Core Vocabulary

natural base e, p. 356
Previous The Natural Base e
irrational number The history of mathematics is marked by the discovery Ay A—‘:—e‘T
propertlgs of exponents of special numbers, such as 7 and i. Another special 3 y= ¢
percent increase number is denoted by the letter e. The number is called the - "@ ]
percent decrease natural base e, or the Euler number, after its discoverer, 2 // -
compound interest i 1\ ly= (1 + 1)XI:
\ Leonhard Euler (1707-1783). The expression (1 + ;) -1 X
approaches e as x increases, as shown in the graph and table. o >
0| 48 12 x
X 10! 10? 103 10* 105 100
X
(1 4k l) 2.59374 | 2.70481 2.71692 | 2.71815 2.71827 2.71828
X

&) Core Concept

The Natural Base e

The natural base e is irrational. It is defined as follows:

X
As x approaches +, (1 + l) approaches e = 2.71828182846.
X

EXAMPLE 1 Simplifying Natural Base Expressions

Simplify each expression.

Check
34 o6 16¢° —4x)2
You can use a calculator to check a. e’ s e b. ot c. (Be™)
the equivalence of numerical
expressions involving e. SOLUTION
( 5
e"(3)§$8§?883928 A @3 e eb =3t b. 146:4 =4¢5 4 ¢ (3e™%)2 = 32(e—4)2
er(9) 0 .
8103.083928 =e = 4e — Q8¢
_9
“ &

. N
Momtormg Progress ‘)‘4/ Help in English and Spanish at BigldeasMath.com
Simplify the expression.

248

1. &7 « ¢* L=
8ed

3. (10e3%)?
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Graphing Natural Base Functions

) Core Concept

Natural Base Functions

A function of the form y = ae™ is called a natural base exponential function.
e When a > 0 and r > 0, the function is an exponential growth function.
* When a > 0 and r < 0, the function is an exponential decay function.

The graphs of the basic functions y = e* and y = ¢~ are shown.

A4 AoAr

- / exponential |

exponential 5] | decay ||
e AL A
A= \s
£(1,2.718) \

(0, 1) ( -

-4 -2 [y [ 2] 4aT% -4 2]y ] 2] 47Tx

\

F NGRS  Graphing Natural Base Functions

Tell whether each function represents exponential growth or exponential decay.
Then graph the function.

a. y = 3e* b. f(x) = ¢ 05
ANALYZING
SOLUTION
MATHEMATICAL
RELATIONSHIPS a. Because a = 3 is positive and b. Because a = 1 is positive and
You can rewrite natural r = 1 is positive, the function is r = —0.5 is negative, the function
base exponential functions an exponential growth function. is an exponential decay function.
to find [F;ercen t rates of Use a table to graph the function. Use a table to graph the function.
change. In Example 2(b),
f(X) — e*O.SX X _2 _1 0 1 X _4 _2 O 2
= (e~05)x y 1041110 3 |8.15 y |739(272| 1 |037
~ (0.6065)~
= (1 — 0.3935). | 34 ’A A‘(JL"\B\%‘W
So, the percent decrease is ol \ _
about 39.35%. 1 \ |
L {> | d(1,8.15) \ 4
(—1,1.10) ° \
/ (2,272,
(=2,041\] #(0,3) N (2, 0.37)
< ANNEER < 0, 1)
-4 -2 | Yy | 2 4x -4 -2 Y| 2 4x

. o W
Momforlng Progress *»’ Help in English and Spanish at BigldeasMath.com

Tell whether the function represents exponential growth or exponential decay.
Then graph the function.

4. y=1le 5. y=de™ 6. f(x) = 2e¥
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Solving Real-Life Problems

You have learned that the balance of an account earning compound interest is given by
nt
A= P(l + 1) . As the frequency n of compounding approaches positive infinity, the
n

compound interest formula approximates the following formula.

&) Core Concept

Continuously Compounded Interest

When interest is compounded continuously, the amount A in an account after
t years is given by the formula

A = Pe

where P is the principal and r is the annual interest rate expressed as a decimal.

EXAMPLE 3 Modeling with Mathematics

Your Friend’s Account You and your friend each have accounts that earn annual interest compounded
continuously. The balance A (in dollars) of your account after ¢ years can be modeled
AN by A = 4500094, The graph shows the balance of your friend’s account over time.
12,000 / Which account has a greater principal? Which has a greater balance after 10 years?
% 10000 / SOLUTION
©
g 8,000 /4/ 1. Understand the Problem You are given a graph and an equation that represent
o 4 account balances. You are asked to identify the account with the greater principal
é 6,000 A and the account with the greater balance after 10 years.
E 4,000975 " 2000) 2. Make a Plan Use the equation to find your principal and account balance after
I 10 years. Then compare these values to the graph of your friend’s account.
2,000
3. Solve the Problem The equation A = 4500e%%% is of the form A = Pe’’, where
%2 8 12 18 P = 4500. So, your principal is $4500. Your balance A when ¢t = 10 is
Year A = 4500e00410) = $6713.21.
Because the graph passes through (0, 4000), your friend’s principal is $4000. The
graph also shows that the balance is about $7250 when ¢ = 10.
P> So, your account has a greater principal, but your friend’s account has a
greater balance after 10 years.

4. Look Back Because your friend’s account has a lesser principal but a greater
balance after 10 years, the average rate of change from ¢ = 0 to ¢+ = 10 should be
greater for your friend’s account than for your account.

ANALYZING

MATHEMATICAL Your account: AU10) = A©) _ 6713.21 = 4500 =221.321
RELATIONSHIPS ' 10-0 10 '
You can also use this . A(10) — A(0) 7250 — 4000

reasoning to conclude that Your friend’s account: =0 0 =325 /
your friend’s account has

a greater annual interest

 rate than your account.

—_ 3
Monltormg Progregg *v/ Help in English and Spanish at BigldeasMath.com

7. You deposit $4250 in an account that earns 5% annual interest compounded
continuously. Compare the balance after 10 years with the accounts in Example 3.
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7.2 EXxercises

Vocabulary and Core Concept Check

Tutorial Help in English and Spanish at BigldeasMath.com

1. VOCABULARY What is the Euler number?

2. WRITING Tell whether the function f(x) = Lot represents exponential growth or exponential decay.

3
Explain.

Monitoring Progress and Modeling with Mathematics

In Exercises 3—12, simplify the expression.
(See Example 1.)

3. 3e¢° 4, e 4eeb
11€° 27e7
5. 6.
2210 3et
7. (5e™y 8. (42
9. /9t 10. V/ge>

11. e¥ee %o 8 12, efeeteet ™3

ERROR ANALYSIS In Exercises 13 and 14, describe and
correct the error in simplifying the expression.

13.
X (46592 = 4639(2)
= 4¢6x
14.
X 35)( = B5x— 2x
e—2x
= 35x

In Exercises 15-22, tell whether the function represents
exponential growth or exponential decay. Then graph the
function. (See Example 2.)

15. y=e¥ 16. y=¢ %
17. y=2e* 18. y = 3¢
19. y =0.5¢* 20. y =0.25¢3%

21. y = 0.4e 02 22. y = (.60«

ANALYZING EQUATIONS In Exercises 23-26, match the
function with its graph. Explain your reasoning.

23. y=¢€* 24, y=e™
25. y = 4e 05 26. y=0.75¢"
AT T [ AAy B. [N Y
SN \°
(—=1,7.39) X
\\ ©, 4
\ 21\
N
1\“ \‘\*
2 2 V| 2 4x “a =2 ¥ 2 | ax
C. A D.
s}’ IA Y S
(1,7.39)
6 6
4 /I 4 I
2 2 /
(0, 0.75) (1, 2.04
1 [ [ I CLEEN
—4 ‘,2 ‘ ' 2 4'x —A |-2 Y ‘ 2 4

USING STRUCTURE In Exercises 27-30, use the
properties of exponents to rewrite the function in
the formy = a(1 + r)! or y = a(1 — r)’. Then find the
percent rate of change.

27. y = e—O.ZSt 28. y = g—0.751

29. y = 204 30. y = 0.5¢0%

USING TOOLS In Exercises 31-34, use a table of values
or a graphing calculator to graph the function. Then
identify the domain and range.

31. y=e* 2 32, y=e*"!

33. y=2e*+1 34, y=3e¢*—5
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35. MODELING WITH MATHEMATICS Investment

36.

accounts for a house and education earn annual
interest compounded continuously. The balance H
(in dollars) of the house fund after ¢ years can be
modeled by H = 3224095, The graph shows the
balance in the education fund over time. Which
account has the greater principal? Which account has
a greater balance after 10 years? (See Example 3.)

Education Account
HA ¥
10,000
) /l/
1
s 8,000 o
o
T 6,000 //
S ﬂsss
v
£ 4,000 (©, )
©
@ 5000
% 4 8 12 16 ¢
Year

MODELING WITH MATHEMATICS Tritium and
sodium-22 decay over time. In a sample of tritium,
the amount y (in milligrams) remaining after ¢ years is
given by y = 10e700562/, The graph shows the amount
of sodium-22 in a sample over time. Which sample
started with a greater amount? Which has a greater
amount after 10 years?

Sodium-22 Decay

c

30

oo

E= 10

<E \

~ 0 —>
0 10 20t

Year

37. OPEN-ENDED Find values of a, b, r, and g such that

f(x) = ae™ and g(x) = be % are exponential decay

Jx)

functions, but ) represents exponential growth.
glx

38.

39.

40.

41.

42.

43.

THOUGHT PROVOKING Explain why A = P(l + 1)'"
n

approximates A = Pe’" as n approaches positive
infinity.

WRITING Can the natural base e be written as a ratio
of two integers? Explain.

MAKING AN ARGUMENT Your friend evaluates
f(x) = e~ when x = 1000 and concludes that the
graph of y = f(x) has an x-intercept at (1000, 0).
Is your friend correct? Explain your reasoning.

DRAWING CONCLUSIONS You invest $2500 in an
account to save for college. Account 1 pays 6%
annual interest compounded quarterly. Account 2 pays
4% annual interest compounded continuously. Which
account should you choose to obtain the greater
amount in 10 years? Justify your answer.

HOW DO YOU SEE IT? Use the graph to complete
each statement.

a. f(x) approaches Ay fr
as x approaches +o. |
b. f(x) approaches < - >

as x approaches —.

PROBLEM SOLVING The growth of Mycobacterium
tuberculosis bacteria can be modeled by the function
N(f) = ae01% where N is the number of cells after
t hours and a is the number of cells when t = 0.

a. At 1:00 p.M., there are 30 M. tuberculosis bacteria
in a sample. Write a function that gives the number
of bacteria after 1:00 p.M.

b. Use a graphing calculator to graph the function in
part (a).

c. Describe how to find the number of cells in the
sample at 3:45 p.M.

( Mainfaining Mathemafical PrOficiency Reviewing what you learned in previous grades and lessons

Write the number in scientific notation.

44. 0.006 45. 5000

Find the inverse of the function. Then graph the function and its inverse.

(Skills Review Handbook)
46. 26,000,000

\

47. 0.000000047

(Section 6.6)

48. y=3x+5 49. y=x2—-1,x<0
50. y=Vx+6 51. y=x3—-2
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TEXAS ESSENTIAL
KNOWLEDGE AND SKILLS
2A.2.A

2A.2B

2A.2.C
2A5.C

MAKING
MATHEMATICAL
ARGUMENTS
To be proficient in math,
you need to justify

your conclusions and
communicate them

to others. {>

Logarithms and Logarithmic

Functions

Esgential Quegﬂon What are some of the characteristics of the

graph of a logarithmic function?

Every exponential function of the form f(x) = b*, where b is a positive real number
other than 1, has an inverse function that you can denote by g(x) = log, x. This inverse
function is called a logarithmic function with base b.

EXPLORATION 1 Rewriting Exponential Equations

Work with a partner. Find the value of x in each exponential equation. Explain your
reasoning. Then use the value of x to rewrite the exponential equation in its equivalent
logarithmic form, x = log, y.

a. 2r=8 b. 3*=9 c. 4 =2
d. 5°=1 e 5° =1 f. 8 =4

EXPLORATION 2 Grapl?lng Exponential and Logarithmic
Functions
Work with a partner. Complete each table for the given exponential function. Use

the results to complete the table for the given logarithmic function. Explain your
reasoning. Then sketch the graphs of f and g in the same coordinate plane.

0 x —2 ~1 0 1 2
f(x) = 10¢
X
gx) =logox| -2 —1 0 1 2
b1 x 2 -1 0 1 2
f(x) = ex
X
g(x) = log, x -2 -1 0 1 2

L — Characteristics of Graphs of Logarithmic
EXPLORATION 3 [

Work with a partner. Use the graphs you sketched in Exploration 2 to determine the
domain, range, x-intercept, and asymptote of the graph of g(x) = log, x, where b is a
positive real number other than 1. Explain your reasoning.

Communicate Your Answer

4. What are some of the characteristics of the graph of a logarithmic function?

5. How can you use the graph of an exponential function to obtain the graph of a
logarithmic function?
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What You Will Learn

p Define and evaluate logarithms.

P Use inverse properties of logarithmic and exponential functions.

COI"G Vocabularv P Graph logarithmic functions.
logarithm of y with base b
function, p. 362 Logarithms

common logarithm, p. 363

natural logarithm, p. 363 You know that 22 = 4 and 23 = 8. However, for what value of x does 2* = 6?

Mathematicians define this x-value using a logarithm and write x = log, 6. The
definition of a logarithm can be generalized as follows.

&) Core Concept

Definition of Logarithm with Base b

Let b and y be positive real numbers with b # 1. The logarithm of y with base b
is denoted by log, y and is defined as

Previous
inverse functions

log,y =x if and only if b* =y.

The expression log, y is read as “log base b of y.”

This definition tells you that the equations log, y = x and b* = y are equivalent. The
first is in logarithmic form, and the second is in exponential form.

EXAMPLE 1 Rewriting Logarithmic Equations

Rewrite each equation in exponential form.

a. log, 16 =4 b. log,1=0 c. log,12=1 d. log,,4=—1
SOLUTION
Logarithmic Form Exponential Form
a. log, 16 =4 24 =16
b. log,1 =0 =1
c. log,12=1 121 =12
d. log,, 4= —1 (2)'=

EXAMPLE 2 Rewriting Exponential Equations

Rewrite each equation in logarithmic form.

a. 52 =125 b. 107! =0.1 c. 8B=4 d. 673=5
SOLUTION
Exponential Form Logarithmic Form

a. 52=25 logs 25 =2
b. 1071 = 0.1 loglo 0.1 = _1
c. 83 =4 logg4 =3

3 _ 1 I
d.63—m 10g6m—_3
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Check

(104¢0.903)
7.99834255

e*(-1.204)
.2999918414

Parts (b) and (c) of Example 1 illustrate two special logarithm values that you should
learn to recognize. Let b be a positive real number such that b # 1.

Logarithm of 1 Logarithm of b with Base b
log,, 1 = 0 because b° = 1. log, b = 1 because b' = b.

EXAMPLE 3 Evaluating Logarithmic Expressions

Evaluate each logarithm.

a. log, 64 b. logs0.2 c. logy; 125 d. logss 6
SOLUTION
To help you find the value of log, y, ask yourself what power of b gives you y.
a. What power of 4 gives you 647 43 = 64, so log, 64 = 3.
b. What power of 5 gives you 0.2? 571=0.2,s0logs 0.2 = —1.
-3
¢. What power ofé gives you 125? (%) = 125, so log;;s 125 = —3.
d. What power of 36 gives you 67 36! = 6, 50 logss 6 = %

A common logarithm is a logarithm with base 10. It is denoted by log, or simply by
log. A natural logarithm is a logarithm with base e. It can be denoted by log, but is
usually denoted by In.

Common Logarithm Natural Logarithm

log,qx = log x log, x =1Inx

EXAMPLE 4 Evaluating Common and Natural Logarithms

Evaluate (a) log 8 and (b) In 0.3 using a calculator. Round your answer to
three decimal places.

SOLUTION

Most calculators have keys for evaluating common Mog(8)

and natural logarithms. .903089987
Ln(0.3)

a. log 8 = 0.903 -1.203972804

b. In 0.3 = —1.204

Check your answers by rewriting each logarithm
in exponential form and evaluating.

Monitori"g Pl"ogress ‘)\}\/ Help in English and Spanish at BigldeasMath.com
Rewrite the equation in exponential form.

1. log; 81 =4 2. log,7=1 3. log;, 1 =0 4. log,,32= -5
Rewrite the equation in logarithmic form.

5. 72 =49 6. 500 =1 7471 =1 8. 256!% =2
Evaluate the logarithm. If necessary, use a calculator and round your answer to
three decimal places.

9. log, 32 10. log,; 3 11. log 12 12. In0.75
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Using Inverse Properties

By the definition of a logarithm, it follows that the logarithmic function g(x) = log,, x
is the inverse of the exponential function f(x) = b*. This means that

{> g(f(x)) =log, b*=x  and  f(g(x)) = bl = x.
REMEMBER In other words, exponential functions and logarithmic functions “undo” each other.
The function g is denoted

by 1, and read as EXAMPLE 5 Using Inverse Properties

“finverse.”

Simplify (a) 10'°24 and (b) logs 25*.

SOLUTION

a. 10lg4 =4 blogox = x

b. logs 25* = logs(52)* Express 25 as a power with base 5.
= logs 5* Power of a Power Property
= 2x log, b¥ = x

EXAMPLE 6 Finding Inverse Functions

Find the inverse of each function.

a. f(x) = 6% b. f(x) = In(x + 3)
SOLUTION
a. From the definition of logarithm, the inverse of f(x) = 6% is f~(x) = logg x.
b. y = In(x + 3) Set y equal to f(x).
x =lIn(y + 3) Switch x and y.
e*=y+3 Write in exponential form.
e*x—3=y Subtract 3 from each side.

P The inverse of f(x) = In(x + 3)is f(x) = e* — 3.

Check
a. f(f1(x)) = 6% = x / b. &
4 f
FH(f(x) = logg 6% = x [ = In(x + 3) |

The graphs appear to be reflections
of each other in the line y = x.

Monitoring Progress ")\/ Help in English and Spanish at BigldeasMath.com
Simplify the expression.

13. 8logsx 14. log, 73 15. log, 64* 16. 20

17. Find the inverse of f(x) = 4~. 18. Find the inverse of f(x) = In(x — 5).
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x | f(x)
1
1

0 1
2

2 4

Graphing Logarithmic Functions

You can use the inverse relationship between exponential and logarithmic functions to
graph logarithmic functions.

) Core Concept

Parent Graphs for Logarithmic Functions

The graph of f(x) = log,, x is shown below for b > 1 and for 0 < b < 1. Because
f(x) = log, x and g(x) = b* are inverse functions, the graph of f(x) = log, x is the
reflection of the graph of g(x) = b~ in the line y = x.

Graph of f(x) = log, x for b > 1 Graph of f(x) = log, xfor 0 < b < 1

Note that the y-axis is a vertical asymptote of the graph of f(x) = log, x.

Because the range of g(x) = b*isy > 0, the domain of its inverse, f(x) = log,, x is
restricted to x > 0. Because the domain of g(x) = b* is all real numbers, the range
of its inverse, f(x) = log, x is all real numbers.

g

EXAMPLE 7 Graphing a Logarithmic Function

Graph f(x) = log, x. Identify the domain and range of the function.

SOLUTION

Step 1 Find the inverse of f. From the definition of logarithm, the inverse of
fx) = log, xis f~1(x) = 2~
Step 2 Make a table of values

for f ~1(x) = 2. Ay v
Step 3 Plot the points from the table and 7 7 T 1,7 4
connect them with a smooth curve. 6 [ L7
~~ fx) =2¥
Step 4 Be_cause flx) = lf)g2 x and ' A fﬁﬁ
f~1(x) = 2% are inverse functions, 5 /T
the graph of f is obtained by AT
reflecting the graph of f ~!in the 4!‘/ 2 | >
: _ . -2 |7 2 | 4 6 | 8%
ane y= (ic To do fth}lls, reverse ,:2 P% -
t_elcoor inates of the p01r'1ts on P f(x) = log, x |
f ! and plot these new points L’ L 2
on the graph of f.

P The domain of fis {x|x > 0} and the range is all real numbers.

s D
Monltormg Progregg ‘7{/ Help in English and Spanish at BigldeasMath.com

Graph the function. Identify the domain and range of the function.

19. f(x) = logy x 20. f(x) = logs x 21. f(x) = log), x
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—Vocabulary and Core Concept Check
1. COMPLETE THE SENTENCE A logarithm with base 10 is called a(n) logarithm.

2. COMPLETE THE SENTENCE The expression log; 9 = 2 is read as
3. WRITING Describe the relationship between f(x) = 7* and g(x) = log, x.

4. DIFFERENT WORDS, SAME QUESTION Which is different? Find “both” answers.

What power of 4 gives you 16? What is log base 4 of 16?

Evaluate 42. Evaluate log, 16.

Monitoring Progress and Modeling with Mathematics

In Exercises 5-10, rewrite the equation in exponential In Exercises 27-32, evaluate the logarithm using a
form. (See Example 1.) calculator. Round your answer to three decimal places.
(See Example 4.)
5. log39=2 6. log,4=1
27. logh6 28. In12
7. loggl =0 8. log,343 =3
29. Inj 30. log2
9. log,, 16 = —4 10. logyi=—1
31. 3In0.5 32. log0.6 +1

In Exercises 11-16, rewrite the equation in logarithmic
form. (See Example 2.) 33. MODELING WITH MATHEMATICS Skydivers use an
instrument called an altimeter to track their altitude
11. 62 =36 12. 120=1 . . .
as they fall. The altimeter determines altitude by

13, 16-1 =L 18, 52= L measuring air pressure. The altitude % (in meters)

16 25 above sea level is related to the air pressure P
(in pascals) by the function shown in the diagram.
What is the altitude above sea level when the air

15. 1253 =25 16. 4912 =7

In Exercises 17-24, evaluate the logarithm.

(See Example 3.)

17. log, 81 18. log, 49 h = —8005 |n101")300

19. log; 3 20. log), 1 '

21. logs oz 22. logg <>

23. log, 0.25 24. log,, 0.001 T ——— Not drawn to scale
25. NUMBER SENSE Order the logarithms from least 34. MODELING WITH MATHEMATICS The pH value

for a substance measures how acidic or alkaline the
substance is. It is given by the formula pH = —log[H™],
logs 23 log, 38 log, 8 log, 10 where H™ is the hydrogen ion concentration (in moles
per liter). Find the pH of each substance.

value to greatest value.

26. WRITING Explain why the expressions log,(—1) and a. baking soda: [H*] = 1078 moles per liter

log, T are not defined. b. vinegar: [H*] = 1073 moles per liter
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In Exercises 35-40, simplify the expression.
(See Example 5.)

35, 7logrx 36. 3log 5«
37. 4 38. 10Qlel5
39. log, 3% 40. Ine ™!

41. ERROR ANALYSIS Describe and correct the error in

.. -3 — L . . .
rewriting 4 oz in logarithmic form.

X 09, (~3) = o

42. ERROR ANALYSIS Describe and correct the error in
simplifying the expression log, 64*.

X

log, 64* =1log,(16 « 4%)
= log,(4? - 4¥)
=log, 4% * %

=2+x

In Exercises 43-52, find the inverse of the function.
(See Example 6.)

43. f(x) = 0.3* 44. f(x)=11%

45. f(x) = log, x 46. f(x) = logsx
47. f(x) =In(x — 1) 48. f(x) = In2x

49. f(x) = & 50. f(x) =e* 4

51. f(x)=5"—9 52. f(x) =13 + log x

53. PROBLEM SOLVING The wind speed s (in miles per
hour) near the center of a tornado can be modeled by
s =93 log d + 65, where d is the distance (in miles)
that the tornado travels.

a. In 1925, a tornado
traveled 220 miles
through three states.
Estimate the wind
speed near the center
of the tornado.

b. Find the inverse of
the given function.
Describe what
the inverse represents.

54. MODELING WITH MATHEMATICS The energy

In

magnitude M of an earthquake can be modeled by
= % log E — 9.9, where E is the amount of energy
released (in ergs).

Pacific
tectonic

plate Eurasian

tectonic plate
fault line

a. In 2011, a powerful earthquake in Japan, caused
by the slippage of two tectonic plates along a fault,
released 2.24 X 10?8 ergs. What was the energy
magnitude of the earthquake?

b. Find the inverse of the given function. Describe
what the inverse represents.

Exercises 55-62, graph the function. Identify the

domain and range of the function. (See Example 7.)

55

57

59

61

. fx) = log, x 56. f(x) = logg x

. f@) = log, 5 x 58. f(x) = log,, x

. fx) = log x 60. f(x) = Inx

. f) =logyx — 1 62. f(x) = log,(x + 2)

USING TOOLS In Exercises 63—66, use a graphing

cal

culator to graph the function. Determine the domain,

range, and asymptote of the function.

63.

65.

67.

68.

Section 7.3

y = log(x + 2) 64. y=—Inx
y = In(—x) 66. y=3 —logx
MAKING AN ARGUMENT Your friend states that every

logarithmic function will pass through the point (1, 0).
Is your friend correct? Explain your reasoning.

ANALYZING RELATIONSHIPS Use the graph of f to
determine the domain and range of f ~!. Explain
your reasoning.

a. YN AF b. YA
4
N f
- [ - i
-4 )14 T -4 4 x
V
> 4
\ Yy
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69. PROBLEM SOLVING Biologists have found that
the length £ (in inches) of an alligator and its
weight w (in pounds) are related by the function
{=271Inw— 328.

a. Use a graphing calculator to graph the function.

b. Use your graph to estimate the weight of an
alligator that is 10 feet long.

c. Use the zero feature to find the x-intercept of the
function. Does this x-value make sense in the
context of the situation? Explain.

70. HOW DO YOU SEE IT? The figure shows the graphs
of the two functions fand g.

%l\ Af
|
2 / g
/,
‘7? 2 4 6 i
IR /

a. Compare the end behavior of the logarithmic
function g to that of the exponential function f.

b. Determine whether the functions are inverse
functions. Explain.

c. What is the base of each function? Explain.

71.

72.

73.

(— Mainfaining Mafhemafical Pr'Oficiency Reviewing what you learned in previous grades and lessons

PROBLEM SOLVING A study in Florida found that
the number s of fish species in a pool or lake can be
modeled by the function

s =30.6 — 20.5 log A + 3.8(log A)?

where A is the area (in square meters) of the pool
or lake.

a. Use a graphing calculator to graph the function on
the domain 200 < A < 35,000.

b. Use your graph to estimate the number of species
in a lake with an area of 30,000 square meters.

c. Use your graph to estimate the area of a lake that
contains six species of fish.

d. Describe what happens to the number of fish
species as the area of a pool or lake increases.
Explain why your answer makes sense.

THOUGHT PROVOKING Write a logarithmic function
that has an output of —4. Then sketch the graph of
your function.

CRITICAL THINKING Evaluate each logarithm. (Hint:
For each logarithm log,, x, rewrite b and x as powers
of the same base.)

logg 32
log, 128

a. log,s 25 b.
c. log,; 81 d.

graph of f. (Section 6.3)
74. g(x) = —f(x)
76. glx) =f(—x)+3

parent function. (Section 1.2)

Letf(x) = Vx. Write a rule for g that represents the indicated transformation of the

75. g0 =f(%x)
77. g(x) =f(x +2)

Identify the function family to which f belongs. Compare the graph of f to the graph of its

\y

80. Ay

78. A 79. ik
\

I~

<

A

xY

<Y
| A

N

A

Y

368 Chapter 7

Exponential and Logarithmic Functions



TEXAS ESSENTIAL
KNOWLEDGE AND SKILLS

2A5.A

REASONING

To be proficient in math,
you need to make sense
of quantities and their

relationships in problem

Transformations of Exponential

and Logarithmic Functions

Essential Quegﬂon How can you transform the graphs of

exponential and logarithmic functions?

EXPLORATION 1 Identifying Transformations

Work with a partner. Each graph shown is a transformation of the parent function
flx) =e* or f(x) =Inx.

Match each function with its graph. Explain your reasoning. Then describe the
transformation of f represented by g.

a gx)=e*t2 -3 b. g(x) = —e* T2+ 1 c. glx)=e*"2-1
d. gix) = In(x + 2) e. gx) =2+ Inx f. g(x) =2 + In(—x)
A. A 4 B. Ry
/ ~
<
2
/
i -4 [-2 2 x 2 2 2 | ax
12 I
\
_\4\7 \
C AY D. Ay
4 >
2 ]
< 2
-4 2 Ix B _
\ ) 2 4 [x
\\ T2
|
y Ty
E Y F A
|
2 [ /
’ - / S
—4 2 | 4x -4 [-2 ) 2 [x
i) -2
; enuin,
' I

BETVSIGIWN Characteristics of Graphs

Work with a partner. Determine the domain, range, and asymptote of each function
in Exploration 1. Justify your answers.

Communicate Your Answer

How can you transform the graphs of exponential and logarithmic functions?

situations. 3.
{> 4. Find the inverse of each function in Exploration 1. Then check your answer by

using a graphing calculator to graph each function and its inverse in the same
viewing window.
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Core Vocabulary

Previous
exponential function
logarithmic function
transformations

STUDY TIP

Notice in the graph that
the vertical translation

also shifted the asymptote
4 units down, so the range
ofgis{yly > —4}.

370 Chapter 7

What You Will Learn

>
>
>

Transform graphs of exponential functions.

Transform graphs of logarithmic functions.

Write transformations of graphs of exponential and logarithmic

functions.

Transforming Graphs of Exponential Functions

You can transform graphs of exponential and logarithmic functions in the same
way you transformed graphs of functions in previous chapters. Examples of
transformations of the graph of f(x) = 2* are shown below.

&) Core Concept

Transformation f(x) Notation Examples
Horizontal Translation N glx) =23 3 units right
Graph shifts left or right. fix ) glx) =2¢+2 2 units left
Vertical Translation gx)y=2+5 5 units up

. fx) +k .

Graph shifts up or down. gx)y=2—1 1 unit down
Reflection f(—x) glx)y=27* over y-axis
Graph flips over x- or y-axis. —f(x) glx) = —2¢ over x-axis
Horizontal Stretch or Shrink g(x) = 2 shrink by %
Graph stretches away from Sflax) —p
or shrinks toward y-axis. g0 =2 stretch by 2
Vertical Stretch or Shrink g(x) = 312" stretch by 3
Graph' stretches away from a s f(x) PO % (2%) shrink by %
or shrinks toward x-axis.

\_

EXAMPLE 1 Translating an Exponential Function
Describe the transformation of f(x) = (%) represented by g(x) = (%) — 4.

Then graph each function.

SOLUTION

X
Notice that the function is of the form g(x) = (f)

Rewrite the function to identify k.

s = (1] + P

k

{> P Because k = —4, the graph of g
is a translation 4 units down of

the graph of f.

Exponential and Logarithmic Functions

1
2

+ k.

—

A

<Y

Y




F ARSI  Translating a Natural Base Exponential Function

Describe the transformation of f(x) = e* represented by g(x) = e** 3 4 2. Then graph
each function.

SOLUTION
Notice that the function is of the form 7 S Vi
= ¥~ + k. Rewrite the functi [
STUDY TIP igé;cr)ltifyeh andkk ewrite the function to / :
Notice in the graph that ’ |
the vertical translation gx)=ex"CH 42 / 5 /
also shifted the asymptote T 3 /
2 units up, so the range ok < W,
ofgis{yl|ly > 2}.
{> P Because h = —3 and k = 2, the graph <~ v

of g is a translation 3 units left and
2 units up of the graph of f.

ANALYZING SONVIINEEN Transforming Exponential Functions
MATHEMATICAL
RELATIONSHIPS Describe the transformation of f represented by g. Then graph each function.
In Example 3(a), the a. flx) = 3% g(x) = 3% 3 b. f(x) = 7% g(x) = —éefx
horizontal shrink follows
the translation. In the SOLUTION
function h(x) = 33~ 3, th
tlrjanrfsllstri]on();) units right € a. Notice that the function is of the b. Notice that the function is of the
follows the horizontal form g(x) = 3%~ where a = 3 form g(x) = ae™*, where a = —%.
shrink by a factor of % and 2= 5.
P> So, the graph of g is a translation P> So, the graph of g is a reflection
5 units right, followed by a in the x-axis and a vertical
horizontal shrink by a factor of % shrink by a factor of % of the
of the graph of f. graph of f.
NI TMI f A AY
[ \
6
II
* Ry 2 4x
2 -2
[ ]
-« > / 7‘4
-2 Y | 2|4 % ay "y

o . W
Momtormg Progregg ‘)\” Help in English and Spanish at BigldeasMath.com

Describe the transformation of f represented by g. Then graph each function.

1. f(x) =105, gx) = 1003 + 1
2. fx)=e N gx)y=e*—5
3. f(x) = 0.4% g(x) = 04 %

4. f(x) = 10*, g(x) = —10* 3
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STUDY TIP

In Example 4(b), notice

in the graph that the
horizontal translation also
shifted the asymptote

4 units left, so the domain
of gis {x|x > —4}.

372 Chapter 7

Transforming Graphs of Logarithmic Functions

Examples of transformations of the graph of f(x) = log x are shown below.

) Core Concept

or shrinks toward x-axis.

.

gx) = glog X

EXAMPLE 4 Transforming Logarithmic Functions

Describe the transformation of f represented by g. Then graph each function.

a. f(x) = log x, g(x) = log(— 1)

Transformation f(x) Notation Examples
Horizontal Translation g(x) = log(x — 4) 4 units right
Graph shifts left or right. fx=h gx) =log(x +7) 7 units left
Vertical Translation gx)=1logx +3 3 units up
Graph shifts up or down. foo +k gx)=1logx —1 1 unit down
Reflection f(—x) g(x) = log(—x) over y-axis
Graph flips over x- or y-axis. —f(x) glx) = —logx over x-axis
Horizontal Stretch or Shrink g(x) = log(4x) shrink by %
Graph stretches away from flax)
or shrinks toward y-axis. gx) = log(%x) stretch by 3
Vertical Stretch or Shrink gx) =5logx stretch by 5
Graph stretches away from a s f(x)

shrink by 3

b. f(x) = log,, x, g(x) = 2 log,,(x + 4)

SOLUTION
a. Notice that the function is of the form g(x) = log(ax),

where a = — %

P> So, the graph of g is a reflection in the y-axis Ay n
and a horizontal stretch by a factor of 2 of g_ - 1 /,4/?
the graph of f. ~ /

graph of f. . |/ .
-16 -8 8 16X
b. Notice that the function is of the form

g(x) = alog,,,(x — h), where a = 2 and

h= —4.

P> So, the graph of g is a horizontal translation A y
4 units left and a vertical stretch by a factor \ P
of 2 of the graph of f. \ \

=~ -1 ax
1, S
\‘
Y ~Na 9|
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Check
4
/f
-5 A——=‘/ nnnnnnn
I\h 9
-4
Check
7
g
=1
f

o . W
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Describe the transformation of f represented by g. Then graph each function.

5. f(x) = log, x, g(x) = —3 log, x 6. f(x) = log;,, x, g(x) = log,,4(4x) — 5

Writing Transformations of Graphs of Functions

EXAMPLE 5 Writing a Transformed Exponential Function

Let the graph of g be a reflection in the x-axis followed by a translation 4 units right of
the graph of f(x) = 2*. Write a rule for g.

SOLUTION
Step 1 First write a function A that represents the reflection of f.
h(x) = —f(x) Multiply the output by —1.
= =2 Substitute 2* for f(x).

Step 2 Then write a function g that represents the translation of 4.
gx) =hx —4) Subtract 4 from the input.
= —Qx—4 Replace x with x — 4 in h(x).

P The transformed function is g(x) = —2% ~ 4.

EXAMPLE 6 Writing a Transformed Logarithmic Function

Let the graph of g be a translation 2 units up followed by a vertical stretch by a factor
of 2 of the graph of f(x) = log,,; x. Write a rule for g.

SOLUTION
Step 1 First write a function /4 that represents the translation of f.
h(x) = fx) + 2 Add 2 to the output.
=log,3x + 2 Substitute log, ;5 x for f(x).
Step 2 Then write a function g that represents the vertical stretch of A.
gx) =2 « h(x) Multiply the output by 2.
=2 ¢ (log;3x+2) Substitute log, 5 x + 2 for h(x).

=2log;sx+ 4 Distributive Property

P The transformed function is g(x) = 2 log;,; x + 4.

s D
Monltormg Pl"ogress *)‘{/ Help in English and Spanish at BigldeasMath.com

7. Let the graph of g be a horizontal stretch by a factor of 3, followed by a
translation 2 units up of the graph of f(x) = e~*. Write a rule for g.

8. Let the graph of g be a reflection in the x-axis, followed by a translation 4 units to
the left of the graph of f(x) = log x. Write a rule for g.
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7-4 Exe rCISeS Tutorial Help in English and Spanish at BigldeasMath.com

—Vocabulary and Gore Concept Check

1. WRITING Given the function f(x) = ab* =" + k, describe the effects of @, i, and k on the graph
of the function.

2. COMPLETE THE SENTENCE The graph of g(x) = —log, x is a reflection in the of the
graph of f(x) = log, x.

Monitoring Progress and Modeling with Mathematics

In Exercises 3—6, match the function with its graph. 14. flx) = e glx) = e~
Explain your reasoning.
1\ 1
3. fly=2xT2-2 4, gx)=2"2+2 15. f(x)z(z),g(x)z(z) + 12
5. h(x) =2*"2-2 6. k(x)=2""2+4+2 (l)x (1)x+2 2
1 . = —_— = — El—
6. f(x) 3 ,8(0) 3 3
A. B.
A A M 4 In Exercises 17-24, describe the transformation
/ of f represented by g. Then graph each function.
2 4 (See Example 3.)
< > < — 17. =107, = 2(10)*
« > @) = 10% g() = 2(10)
< — < o 4
\ 4 :4 _2 Y 2 47( 18' f(x) = exa g(x) = gex
C. D. 19. f(x) = 2% g(x) = 3(2)* 3
A 4 y
/ 20. f(x) = 4% g(x) = 405 =5
2
3 21. f(x) = e %, g(x) = 3e &
- - < el
-4 1, 2 | 4x ]
P B - 22, fx)=e % glx)=e >+ 2
Y -6 |-4 [-2 | ¥ 2%

1\ 1\ t5
23. = (L] s =¢[}] T2
In Exercises 7-16, describe the transformation
of f represented by g. Then graph each function.

3
(See Examples 1 and 2.) 2

O

5

7. fx)=3%¢gx)=3*+5
ERROR ANALYSIS In Exercises 25 and 26, describe and

8. f(x) =4 g(x) =4*—8 correct the error in graphing the function.

9. f(-x) =e", g(x) =e¥— 1 25. f(x) =243

10. f(x) = e%, g(x) = e* + 4 X 7v|
M. fx) = 2%, g(x) = 257 y

12. f(x) = 10%, g(x) = 10+ !

A
\

Xy

13. flx) = €% g(x) = —e*
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26. f(x)=3"*

Y
-4 -2

A

xY

Nl
B

In Exercises 27-30, describe the transformation
of f represented by g. Then graph each function.
(See Example 4.)

27. f(x) =log, x, g(x) = 3log,x + 5

28. f(x) = logy; x, g(x) = log;5(—x) — 6

29. f(x) = logys x, g(x) = — logy;s(x — 7)

30. f(x) =log, x, g(x) = log,(x +2) — 3

ANALYZING RELATIONSHIPS In Exercises 31-34, match

the function with the correct transformation of the
graph of f. Explain your reasoning.

31, y=f(x—2) 32, y=f(x+2)

33. y=2f(x) 34. y=f(2x)

A. Ay B. Ay

el

A

A
x
—
xY

A

xY

Section 7.4

In Exercises 35-38, write a rule for g that represents
the indicated transformations of the graph of f.
(See Example 5.)

35. f(x) = 2% translation 2 units down, followed by a
reflection in the x-axis

36. f(x) = (%)X; reflection in the y-axis, followed by a
vertical stretch by a factor of 6 and a translation
4 units left

37. f(x) = e%; horizontal shrink by a factor of %, followed
by a translation 5 units up

38. f(x) = e™*; translation 4 units right and 1 unit down,
followed by a vertical shrink by a factor of %

In Exercises 39-42, write a rule for g that represents
the indicated transformation of the graph of f.
(See Example 6.)

39. f(x) = log x; vertical stretch by a factor of 6, followed
by a translation 5 units down

40. f(x) = log, x; reflection in the x-axis, followed by a
translation 9 units right

41. f(x) = log x; translation 3 units right and 2 units up,
followed by a reflection in the y-axis

42. f(x) = In x; translation 3 units right and 1 unit up,
followed by a vertical stretch by a factor of 8

JUSTIFYING STEPS In Exercises 43 and 44, justify each
step in writing a rule for g that represents the indicated
transformations of the graph of f.

43. f(x) = In x; reflection in the x-axis, followed by a
translation 6 units down

h(x) = —f(x)
= —Ilnx
g(x) = h(x) — 6
=—lnx—6

44, f(x) = 8% vertical stretch by a factor of 4, followed by
a translation 1 unit up and 3 units left

h(x) = 4 = f(x)

=4 « 8"
gx)=hx+3)+1
=4 ¢ 8+34+1]

Transformations of Exponential and Logarithmic Functions 375



USING STRUCTURE In Exercises 45-48, describe the 51. MAKING AN ARGUMENT Your friend claims a single
transformation of the graph of f represented by the transformation of f(x) = logx can result in a function
graph of g. Then give an equation of the asymptote. g whose graph never intersects the graph of f. Is your
friend correct? Explain your reasoning.
45. f(x) =e*, glx)=e*+ 4
46 _ 10 _ 10%-5 52. THOUGHT PROVOKING Is it possible to transform the
- ) =107 g(x) = graph of f(x) = e* to obtain the graph of g(x) = In x?
Explai ing.
47. f() = Inx, g(x) = In(x + 6) Xplain your reasoning
48. f(x) = log,;sx, g(x) = logy;s x + 13 53. ABSTRACT REASONING Determine whether each
statement is always, sometimes, or never true. Explain
49. MODELING WITH MATHEMATICS The slope S your reasoning.
O,f a b.ea.ch is related to the average diameter d a. A vertical translation of the graph of f(x) = log x
(in millimeters) of the sand particles on the beach by .
. . changes the equation of the asymptote.
the equation S = 0.159 + 0.118 log d. Describe the . .
transformation of f(d) = log d represented by S. Then b. A vertical translation of the graph of f(x) = e*
use the function to determine the slope of a beach for changes the equation of the asymptote.
each sand type below. c. A horizontal shrink of the graph of f(x) = log x
does not change the domain.
Sand particle Diameter (mm), d d. The graph of g(x) = ab* ~" + k does not intersect
fine sand 0.125 the x-axis.
medium sand 0.25 54. PROBLEM SOLVING The amount P (in grams) of
100 grams of plutonium-239 that remains after ¢ years
coarse sand 0.5 can be modeled by P = 100(0.99997Y.
very coarse sand 1 a. Describe the domain and range of the function.
b. How much plutonium-239 is present after
50. HOW DO YOU SEE IT? Ay 12,000 years?
The graphs of f(x) = b* 8 £l | c. Describe the transformation of the function if the
_ (1) \ 6 / initial amount of plutonium were 550 grams.
and g(x) = A are \ /
d. Does the transformation in part (c) affect the domain
shown for b = 2. 4 . . .
and range of the function? Explain your reasoning.
55. CRITICAL THINKING Consider the graph of the
P — N~ - . . .
=2 —2 YV | 2 | 4x function 4(x) = e ~ 2. Describe the transformation
' ' of the graph of f(x) = e~ represented by the graph
a. Use the graph to describe a transformation of the of h. Then describe the transformation of the graph
graph of f that results in the graph of g. of g(x) = e* represented by the graph of 4. Justify
b. Does your answer in part (a) change when your answers.
0 < b < 17 Explain.
56. OPEN-ENDED Write a function of the form

Perform the indicated operation.

y = ab* ~ " 4 k whose graph has a y-intercept of 5
and an asymptote of y = 2.

(— Mainfaining Mafhematical PrOfiCiencY Reviewing what you learned in previous grades and lessons

(Section 6.5)

57. Letf(x) = x* and g(x) = x%. Find ( fg)(x). Then evaluate the product when x = 3.

58. Letf(x) = 4x% and g(x) = 2x°. Find (f )(x). Then evaluate the quotient when x = 5.
8

59. Let f(x) = 6x3 and g(x) = 8x3. Find (f + £)(x). Then evaluate the sum when x = 2.
60. Let f(x) = 2x? and g(x) = 3x2. Find ( f — g)(x). Then evaluate the difference when x = 6.

N
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71-7.4 What Did You Learn?

Core Vocabulary

exponential function, p. 348 decay factor, p. 348

exponential growth function, p. 348 natural base e, p. 356

growth factor, p. 348 logarithm of y with base b function, p. 362

asymptote, p. 348 common logarithm, p. 363

exponential decay function, p. 348 natural logarithm, p. 363

Core Concepts

Section 7.1

Parent Function for Exponential Growth Exponential Growth and Decay Models, p. 349
Functions, p. 348 Compound Interest, p. 351

Parent Function for Exponential Decay
Functions, p. 348

Section 7.2

The Natural Base e, p. 356 Continuously Compounded Interest, p. 358
Natural Base Functions, p. 357

Section 7.3
Definition of Logarithm with Base b, p. 362 Parent Graphs for Logarithmic Functions, p. 365

Section 7.4
Transforming Graphs of Exponential Functions, p. 370  Transforming Graphs of Logarithmic Functions, p. 372

Mathematical Thinking

1. How did you check to make sure your answer was reasonable in Exercise 23 on page 3527
2. How can you justify your conclusions in Exercises 23-26 on page 359?
3. How did you monitor and evaluate your progress in Exercise 66 on page 367?

e Select students who are just as dedicated to doing well in
the math class as you are.

e Find a regular meeting place that has minimal distractions.

e Compare schedules and plan at least one time a week to
meet, allowing at least 1.5 hours for study time.




Tell whether the function represents exponential growth or exponential decay. Explain
your reasoning. (Section 7.1 and Section 7.2)

1. f(x) = (4.25) 2. y= (%)x 3. y=¢00r 4. f(x) =5

Simplify the expression. (Section 7.1 and Section 7.2)

3
5. o8 et 6. 1?—5 7. (5¢4)3
8. ¢n? 9. log, 49~ 10. log, 81~

Rewrite the expression in exponential or logarithmic form. (Section 7.3)

1. log, 1024 =5 12. log,;27 = —3 13. 74 = 2401 14. 472 =0.0625

Evaluate the logarithm. If necessary, use a calculator and round your answer to three
decimal places. (Section 7.3)

15. log45 16. In14 17. log, 32

Graph the function and its inverse. Identify the domain and range of the function and
its inverse. (Section 7.3)

18. f(x) = (%) 19. f(0) = In(x — 7) 20. f(x) = logs(x + 1)

The graph of g is a transformation of the graph of f. Write a rule for g. (Section 7.4)

21. f(x) = logyx 22. f(x) = 3" 23. f(x) = log;,x
Ay Y49 Y —%
3 > |
| g9 _ IR _ _
7 <~ > =< >
) L/ 4 -2 2 X ) 2 4] 6x
< > -2 2
4 | 8 |12 x }
Yy < Y 7T4V

24. You purchase an antique lamp for $150. The value of the lamp increases by
2.15% each year. Write an exponential model that gives the value y (in dollars)

of the lamp 7 years after you purchased it. (Section 7.1)

25. A local bank advertises two certificate of deposit (CD) accounts that you can
use to save money and earn interest. The interest is compounded monthly for
both accounts. (Section 7.1) i '
a. You deposit the minimum required amounts in each CD account. How g EX“YWW“ j

much money is in each account at the end of its term? How much interest j Community Bank APY
does each account earn? Justify your answers. :

5 @@mﬂlsz 0APY

36/mo CD  $1500 Minimum Ba/ance 0

60/mo CD ® $2000 Mm/mum Balance [&
b. Describe the benefits and drawbacks of each account. T T T R R T T R R e T

26. The Richter scale is used for measuring the magnitude of an earthquake. The Richter magnitude
R is given by R = 0.67 In E + 1.17, where E is the energy (in kilowatt-hours) released by the
earthquake. Graph the model. What is the Richter magnitude for an earthquake that releases
23,000 kilowatt-hours of energy? (Section 7.4)
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TEXAS ESSENTIAL
KNOWLEDGE AND SKILLS

2A5.C
Preparing for 2A.5.D

MAKING
MATHEMATICAL
ARGUMENTS

To be proficient in math,
you need to understand
and use stated
assumptions, definitions,
and previously
established results.

>

Properties of Logarithms

Eggenﬁal Quegﬁon How can you use properties of exponents to

derive properties of logarithms?
Let
x = log, m and y = log, n.
The corresponding exponential forms of these two equations are

b*=m and by = n.

EXPLORATION 1 JRICS: Property of Logarithms

Work with a partner. To derive the Product Property, multiply m and n to obtain
mn = by = b¥ 7,
The corresponding logarithmic form of mn = b* 7 is log, mn = x + y. So,

log;, mn = . Product Property of Logarithms

EXPLORATION 2 Quotient Property of Logarithms

Work with a partner. To derive the Quotient Property, divide m by n to obtain

7:bx—y.

m _ b*
n by

The corresponding logarithmic form of L = p-vis log, By y. So,
n n

log, UL . Quotient Property of Logarithms
n

EXPLORATION 3 2N Property of Logarithms

Work with a partner. To derive the Power Property, substitute b* for m in the
expression log, m", as follows.

log;, m" = log,(b*)" Substitute b* for m.
= log, b™ Power of a Power Property of Exponents
= nx Inverse Property of Logarithms

So, substituting log,, m for x, you have

log, m" = . Power Property of Logarithms

Communicate Your Answer

4. How can you use properties of exponents to derive properties of logarithms?

5. Use the properties of logarithms that you derived in Explorations 1-3 to evaluate
each logarithmic expression.

a. log, 16° b. log; 8173
c. Ine2+1néd d. 2Ine® —Ineé?
e. logs 75 — logs 3 f. log, 2 + log, 32

Section 7.5 Properties of Logarithms 379



Core Vocabulary

Previous
base
properties of exponents

What You Will Learn

P Use the properties of logarithms to evaluate logarithms.

P Use the properties of logarithms to expand or condense logarithmic
expressions.

P Use the change-of-base formula to evaluate logarithms.

Properties of Logarithms

You know that the logarithmic function with base b is the inverse function of the
exponential function with base b. Because of this relationship, it makes sense that
logarithms have properties similar to properties of exponents.

C) Core Concept

>

STUDY TIP

These three properties of
logarithms correspond to
these three properties of
exponents.

— (am)n = gmn

>

COMMON

ERROR

Note that in general
m _ log,m
n logy,n

—log, mn # (log, m)(log, n).

log, and

380 Chapter 7

Properties of Logarithms

Let b, m, and n be positive real numbers with b # 1.

Product Property log, mn = log, m + log, n

Quotient Property log, m_ log, m — log, n
n

Power Property log, m" = nlog, m

.

F AR Using Properties of Logarithms

Use log, 3 = 1.585 and log, 7 = 2.807 to evaluate each logarithm.

a. log, 3 b. log, 21 c. log, 49
SOLUTION
a. logzg = log, 3 — log, 7 Quotient Property
~ 1.585 — 2.807 Use the given values of log, 3 and log, 7.
= —1.222 Subtract.

b. log, 21 = log,(3 « 7) Write 21 as 3 « 7.

=log, 3 + log, 7 Product Property

~ 1.585 + 2.807 Use the given values of log, 3 and log, 7.
= 4.392 Add.
c. log, 49 = log, 7? Write 49 as 72.

=2log, 7 Power Property
~ 2(2.807) Use the given value log, 7.
=5614 Multiply.

s s M
Momtormg Progress *’}/ Help in English and Spanish at BigldeasMath.com
Use log, 5 = 0.898 and log, 8 = 1.161 to evaluate the logarithm.

1. ]0g6% 2. logy 40 3. log, 64 4. log 125

Exponential and Logarithmic Functions



STUDY TIP

When you are expanding

or condensing an

expression involving

logarithms, you can

assume that any variables
‘- are positive.

>

Rewriting Logarithmic Expressions

You can use the properties of logarithms to expand and condense logarithmic
expressions.

EXAMPLE 2 Expanding a Logarithmic Expression

7
Expand In Si
y

SOLUTION
5x7 7 )
In=—=In5x"—Iny Quotient Property
y
=In5+Inx’—Iny Product Property
=In5+7Inx—1Iny Power Property

EXAMPLE 3 Condensing a Logarithmic Expression

Condense log 9 + 3 log 2 — log 3.

SOLUTION
log9 + 3log2 —log 3 =log 9 + log 23 — log 3 Power Property
= log(9 « 2% — log 3 Product Property
.93
= log 2 32 Quotient Property
= log 24 Simplify.

9 3 \
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Expand the logarithmic expression.

5
.1 . In—=—
5. logg 3x* 6. In 1
Condense the logarithmic expression.
7. logx —log9 8. In4+3n3—1Inl2

Change-of-Base Formula

Logarithms with any base other than 10 or e can be written in terms of common or
natural logarithms using the change-of-base formula. This allows you to evaluate any
logarithm using a calculator.

&) Core Concept

Change-of-Base Formula
If a, b, and c are positive real numbers with b # 1 and ¢ # 1, then

log, a = log, a

log, ¢
. log a Ina
I ticular, log. a = dl =—
n particular, log. a log ¢ andlog.a = - —

.
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EXAMPLE 4 Changing a Base Using Common Logarithms

Evaluate log; 8 using common logarithms.

ANOTHER WAY

SOLUTION
In Example 4, log; 8 can
be evaluated using natural logs 8 = log 8 log, a = loga
logarithms. log 3 log c
In8
log; 8 = n3 1.893 ~ 83(7)31 ~ 1.893 Use a calculator. Then divide.

Notice that you get the
same answer whether you
use natural logarithms or
common logarithms in the

EXAMPLE 5 Changing a Base Using Natural Logarithms

‘- change-of-base formula. Evaluate log, 24 using natural logarithms.
SOLUTION
_In24 _ha
loge 24 = 6 log, a = na
3.1781 N
~ 17018 1.774 Use a calculator. Then divide.

EXAMPLE 6 Solving a Real-Life Problem

For a sound with intensity / (in watts per square meter), the loudness L(/) of the sound
(in decibels) is given by the function

L) =10 logli
0

where I is the intensity of a barely audible sound (about 10™!2 watts per square meter).
An artist in a recording studio turns up the volume of a track so that the intensity of the
sound doubles. By how many decibels does the loudness increase?

SOLUTION
Let I be the original intensity, so that 2/ is the doubled intensity.
increase in loudness = L(21) — L(I) Write an expression.
—1010g 2L — 1010g L Substitute.
Iy Iy
=10 (log 2l log i) Distributive Property
Iy Iy
1 1
=10 (log 2 + log— — log —) Product Property
Iy Iy
= 101log 2 Simplify.

P> The loudness increases by 10 log 2 decibels, or about 3 decibels.

Monﬂ'oring Progregg *)\/\/ Help in English and Spanish at BigldeasMath.com

Use the change-of-base formula to evaluate the logarithm.

9. logs 8 10. logg 14 11. logy 9 12. log,, 30

13. WHAT IF? In Example 6, the artist turns up the volume so that the intensity of the
sound triples. By how many decibels does the loudness increase?
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—Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE To condense the expression log; 2x + log; y, you need to use the
Property of Logarithms.

2. WRITING Describe two ways to evaluate log, 12 using a calculator.

Monitoring Progress and Modeling with Mathematics

In Exercises 3-8, use log; 4 =~ 0.712 and log, 12 =~ 1.277 22.
to evaluate the logarithm. (See Example 1.) X
In8x>=3In8& + Inx

3. log;3 4. log, 48

5. log,; 16 6. log; 64

In Exercises 23-30, condense the logarithmic

7. 10g7i 8. log7% expression. (See Example 3.)
23. log, 7 — log, 10 24. In12—1In4
In Exercises 9—12, match the expression with the
logarithm that has the same value. Justify your answer. 25. 6lnx+41Iny 26. 2logx + log 11
9. log;6 —log;2 A. log; 64
’ ’ ’ 27. logs4 + +logsx
10. 2log; 6 B. log;3
’ ’ 28. 6In2—4lny
11. 6log;2 C. log; 12
’ ’ 29. 5In2+7Inx+4Iny
12. log; 6 + log; 2 D. log; 36

30. log;4 + 2log; % + log; x
In Exercises 13-20, expand the logarithmic expression.

(See Example 2.) 31. REASONING Which of the following is not equivalent
4
13. log; 4x 14. logg 3x to log; :};—x? Justify your answer.
15. log IO.XS 16. In 3X4 @ 4 logs y = 1og5 3x
N 62 4logsy — logs 3 + logs x
17. In— 18. In -
3y y © 4logsy — logs 3 — logs x
19. log,; 5Vx 20. log;s \3/x2y D@ logsy* — logs 3 — logs x
ERROR ANALYSIS In Exercises 21 and 22, describe 32. REASO{':""G. Which of the following equations is
and correct the error in expanding the logarithmic correct? Justify your answer.
expression.

@ log; x + 2log; y = log,(x + y?)

9
X 910gx—210gy=logx—2
y

log, 5x = (log, 5)(log, %) © Slogyx +7log, y = log, x5

21.

@ logy x — 5 logg y = logy Si
y
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In Exercises 33—40, use the change-of-base formula to

evaluate the logarithm. (See Examples 4 and 5.)
33. log,7 34. logs 13
35. logy 15 36. logg22
37. logy 17 38. log, 28
3 9
39. log; ¢ 40. log;, o

44, The intensity of the sound of a certain television
advertisement is 10 times greater than the intensity
of the television program. By how many decibels
does the loudness increase?

Intensity of Television Sound

41. MAKING AN ARGUMENT Your friend claims you can
use the change-of-base formula to graph y = log, x
using a graphing calculator. Is your friend correct?
Explain your reasoning.

42. HOW DO YOU SEE IT? Use the graph to determine

the value of IOLS.
log 2
,441 y = Iog2 i}
2 P

xY

Y 2 4 6 8

MODELING WITH MATHEMATICS In Exercises 43 and 44,
use the function L(I) given in Example 6.

43. The blue whale can produce sound with an intensity
that is 1 million times greater than the intensity of the
loudest sound a human can make. Find the difference
in the decibel levels of the sounds made by a
blue whale and a human. (See Example 6.)

45.

46.

47.

48.

:

i -
01MNNMMMNMMNMNMIN))

«))

During show:
Intensity =/

During ad:
Intensity = 10/

REWRITING A FORMULA Under certain conditions,
the wind speed s (in knots) at an altitude of 4 meters
above a grassy plain can be modeled by the function

s(h) = 2 In 100A.

a. By what amount does the wind speed increase
when the altitude doubles?

b. Show that the given function can be written in
terms of common logarithms as

2
s(h) = Iog e(log h+2).

THOUGHT PROVOKING Determine whether the
formula

log,(M + N) = log, M + log, N

is true for all positive, real values of M, N, and b
(with b # 1). Justify your answer.

USING STRUCTURE Use the properties of exponents
to prove the change-of-base formula. (Hint: Let
x =log, a,y =log, c, and z = log. a.)

CRITICAL THINKING Describe three ways to
transform the graph of f(x) = log x to obtain the graph
of g(x) = log 100x — 1. Justify your answers.

Solve the inequality by graphing.
49. x2—4>0
51. X2+ 13x+42<0

53. 4x2—3x—6=—x2+5x+3

Solve the equation by graphing the related system of equations.

55. 2x2—4x—5=—-(x+3)2+10

'_Main'raini"g Mafhemafical PrOfiCiency Reviewing what you learned in previous grades and lessons

(Section 4.6)
50. 2(x — 6)2 — 5> 37
5. —x2—4x+6< -6
(Section 4.5)
—(x+3)x—2)=x>—6x

—(x+7?+5=(x+1072-3

54.
56.
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7.6 Solving Exponential and

Logarithmic Equations

Essential Quegﬂon How can you solve exponential and
TEXAS ESSENTIAL logarithmic equations?
KNOWLEDGE AND SKILLS

%ﬁ-g-g EXPLORATION 1 Solving Exponential and Logarithmic Equations

Work with a partner. Match each equation with the graph of its related system of
equations. Explain your reasoning. Then use the graph to solve the equation.

a.e* =2 b. Inx= -1
c. 2¥=37% d. log, x =1
e. logsx =1 f.4=2
A. A AV B. A C. A4
2 < / >
< — - - L - >
-4 -2 2 | 4x -4 [-2 2 4x S 2 | 4x
\ \ \
I I I
D. 4‘\}’1 E. 41\}/ F. 41\)’
<€ l > 2 2
- >
<t — =
7R Y 2 | 4x 1 2 ax DI 2 | 1 x
T2 12 I
| |
Y I Y
USING
PROBLEM-SOLVING S _ _ o _
STRATEGIES S Re LV NIol/ Pl Solving Exponential and Logarithmic Equations
To be proficient in math, Work with a partner. Look back at the equations in Explorations 1(a) and 1(b). Suppose
you need to plan a you want a more accurate way to solve the equations than using a graphical approach.

solution pathway rather
than simply jumping into
a solution attempt.

a. Show how you could use a numerical approach by creating a table. For instance,
you might use a spreadsheet to solve the equations.

{> b. Show how you could use an analytical approach. For instance, you might try
solving the equations by using the inverse properties of exponents and logarithms.

Communicate Your Answer

3. How can you solve exponential and logarithmic equations?

4. Solve each equation using any method. Explain your choice of method.

a. 16-=2 b, 2% =42 +1
c. 2r=3*1 d. logx =7
e. Inx=2 f. 10g3x=%
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Core Vocabulary

exponential equations, p. 386
logarithmic equations, p. 387

Previous
extraneous solution
inequality

Check

What You Will Learn

P Solve exponential equations.
P Solve logarithmic equations.
P Solve exponential and logarithmic inequalities.

Solving Exponential Equations

Exponential equations are equations in which variable expressions occur as
exponents. The result below is useful for solving certain exponential equations.

&) Core Concept

Property of Equality for Exponential Equations

Algebra If b is a positive real number other than 1, then b* = b if and only
ifx=y.

Example 1f3* = 3’ then x = 5. If x = 5, then 3* = 33,

The preceding property is useful for solving an exponential equation when each side
of the equation uses the same base (or can be rewritten to use the same base). When
it is not convenient to write each side of an exponential equation using the same base,
you can try to solve the equation by taking a logarithm of each side.

EXAMPLE 1 Solving Exponential Equations

Solve each equation.

1 x—3
. 100"=(—) b. 2x=7
? 10
SOLUTION
1 x—3
a. 100F = (E) Write original equation.
(10%)* = (10~ 1y*—3 Rewrite 100 and 11—0 as powers with base 10.
10> =10"**3 Power of a Power Property
2x=—x+3 Property of Equality for Exponential Equations
x=1 Solve for x.
b. v =17 Write original equation.
log, 2* = log, 7 Take log, of each side.
x =log, 7 log, b* = x
x = 2.807 Use a calculator.
Check
10

Enter y = 2*and y = 7 in a graphing i /

calculator. Use the intersect feature r

to find the intersection point of the i

graphs. The graphs intersect at about i

(2.807, 7). So, the solution of 2* = 7 0 . . . . |5

/ Intersection
is about 2.807. (X=2.8073549 Y=7

-3

386 Chapter 7 Exponential and Logarithmic Functions



>

ANALYZING
MATHEMATICAL
RELATIONSHIPS

Notice that Newton's
Law of Cooling models
the temperature of a
cooling body by adding a
constant function, Ty, to
a decaying exponential
—function, (T, — Tgle .

An important application of exponential equations is Newton’s Law of Cooling. This
law states that for a cooling substance with initial temperature T, the temperature T’
after  minutes can be modeled by

T = (T, — Tpe ™ + Ty

where T}, is the surrounding temperature and r is the cooling rate of the substance.

F YN IIRIN  Solving a Real-Life Problem

You are cooking aleecha, an Ethiopian stew. When you take it off the stove, its
temperature is 212°F. The room temperature is 70°F, and the cooling rate of the stew is
r = 0.046. How long will it take to cool the stew to a serving temperature of 100°F?

SOLUTION
Use Newton’s Law of Cooling with 7 = 100, T;, = 212, T, = 70, and r = 0.046.
T=(T,— Tpe "+ Tg Newton's Law of Cooling
100 = (212 — 70)e 00461 + 70 Substitute for T, Ty, T, and r.
30 = 142¢700400 Subtract 70 from each side.
0.211 = ¢~ 0:040r Divide each side by 142.
In 0.211 = In ¢~ 00461 Take natural log of each side.
—1.556 = —0.046¢ In e = log, & = x
338 =1t Divide each side by —0.046.

P> You should wait about 34 minutes before serving the stew.

o < N
Monltormg Progl"ess 4)\’/ Help in English and Spanish at BigldeasMath.com

Solve the equation.

1. 2v=5 2. 7*=15 3. 4e7 0 —7=13

4. WHAT IF? In Example 2, how long will it take to cool the stew to 100°F when the
room temperature is 75°F?

Solving Logarithmic Equations

Logarithmic equations are equations that involve logarithms of variable expressions.
You can use the next property to solve some types of logarithmic equations.

&) Core Concept

Property of Equality for Logarithmic Equations

Algebra If b, x, and y are positive real numbers with b # 1, then log, x = log,, ¥
if and only if x = y.

Example If log, x = log, 7, then x = 7. If x = 7, then log, x = log, 7.

The preceding property implies that if you are given an equation x = y, then you can
exponentiate each side to obtain an equation of the form b* = b>. This technique is
useful for solving some logarithmic equations.
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Check
9

In(4 +4 —7) = In(4 + 5)

9

In(16 —7) = In 9

In9=1n9 \/

Check
?
log,(5 +5—17)=3
2
log,(25 — 17) = 3

?
log, 8 = 3

Because 23 = 8, log, 8 = 3. \/

Check

9

log(2 + 10) + log(10 — 5) = 2
9

log20 + log 5 = 2

?
log 100 = 2

log[2 « (—5)] + log(—5 — 5) ; 2

9

log(—10) + log(—10) = 2
Because log(—10) is not defined,
—5 is not a solution. X

388 Chapter 7

FONIRIEN Solving Logarithmic Equations

Solve (a) In(4x — 7) = In(x + 5) and (b) log,(5x — 17) = 3.

SOLUTION

a. In(4x — 7) = In(x + 5)

Write original equation.

4x—T=x+5 Property of Equality for Logarithmic Equations
3x—7=5 Subtract x from each side.
3x=12 Add 7 to each side.
x=4 Divide each side by 3.

b. log,(5x — 17) =3

log,(5x = 17) = 73

Write original equation.

Exponentiate each side using base 2.

S5x—17=38 blogyx = x
5x =25 Add 17 to each side.
x=5 Divide each side by 5.

Because the domain of a logarithmic function generally does not include all real
numbers, be sure to check for extraneous solutions of logarithmic equations. You can
do this algebraically or graphically.

VIR  Solving a Logarithmic Equation

Solve log 2x + log(x — 5) = 2.

SOLUTION
log 2x + log(x — 5) =2
log[2x(x — 5)] =2
100822 = 5)] = 102

Write original equation.

Product Property of Logarithms

Exponentiate each side using base 10.

2x(x — 5) = 100 blogex = x

2x% — 10x = 100 Distributive Property

2x> = 10x — 100 =0
XX —=5x—-50=0

x—10)x+5 =0

h—2 ‘/ Write in standard form.
Divide each side by 2.
Factor.

x=10 or x= -5 Zero-Product Property

P The apparent solution x = —5 is extraneous. So, the only solution is x = 10.

Mﬂh”ﬂriﬂg Prﬂgrﬁgf ‘3\/\’ Help in English and Spanish at BigldeasMath.com
Solve the equation. Check for extraneous solutions.
5. In(7x —4) = In(2x + 11)
7. log 5x + loglx — 1) =2

6. log,(x —6) =5
8. logy(x + 12) + logyx =3

Exponential and Logarithmic Functions



STUDY TIP

Be sure you understand
that these properties of
inequality are only true
for values of b > 1.

>

Solving Exponential and Logarithmic Inequalities

Exponential inequalities are inequalities in which variable expressions occur as
exponents, and logarithmic inequalities are inequalities that involve logarithms of
variable expressions. To solve exponential and logarithmic inequalities algebraically,
use these properties. Note that the properties are true for < and >.

Exponential Property of Inequality: If / is a positive real number greater than 1,
then b* > b if and only if x > y, and b* < b if and only if x < y.

Logarithmic Property of Inequality: If b, x, and y are positive real numbers with
b > 1, then log, x > log,, y if and only if x > y, and log,, x < log, y if and only if
X <y.

You can also solve an inequality by taking a logarithm of each side or by
exponentiating.

EXAMPLE 5 Solving an Exponential Inequality

Solve 3* < 20.

SOLUTION
3¥ < 20 Write original inequality.
log; 3* < log; 20 Take log; of each side.
x < log;20 log, b* = x

P The solution is x < log; 20. Because log; 20 = 2.727, the approximate solution
isx < 2.727.

EXAMPLE 6 Solving a Logarithmic Inequality

Solve log x < 2.

SOLUTION
Method 1 Use an algebraic approach.
logx <2 Write original inequality.
10810 * < 102 Exponentiate each side using base 10.
x <100 plogy x = x

} Because log x is only defined when x > 0, the solution is 0 < x < 100.

Method 2 Use a graphical approach.

Graph y = log x and y = 2 in the same viewing
window. Use the intersect feature to determine
that the graphs intersect when x = 100. The graph
of y = log x is on or below the graph of y = 2
when 0 < x < 100.

~50 |— ] REE
. . Intersection

P> The solutionis 0 < x < 100. (X=100 Y=2
-1

9 3 \
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Solve the inequality.

9. ¢! <2 10. 10> 6> 3 1. logx+9<45 12. 2Inx—1>4
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7.6 EXxercises

Tutorial Help in English and Spanish at BigldeasMath.com

—Vocabulary and Core Concept Check

1. COMPLETE THE SENTENCE The equation 3* ~ ! = 34 is an example of a(n)
2. WRITING Compare the methods for solving exponential and logarithmic equations.
3. WRITING When do logarithmic equations have extraneous solutions?

4. COMPLETE THE SENTENCE If b is a positive real number other than 1, then b* = bY

if and only if

equation.

Monitoring Progress and Modeling with Mathematics

In Exercises 5-16, solve the equation. (See Example 1.)

5.

7.

9.

1.

13.

15.

17.

18.

390

73x+5:7]—x 6. 62x263x—]
5%=3 =1925x—=5 8. 62x—6:363x—5
=7 10. 5*=33

1 11 —x 1 -4 —x
495x+2=(—) 12, 5125x—1=(—)

7 8
75 =12 14. 114 =38
3e +9 =15 16. 22 —7=5

MODELING WITH MATHEMATICS The length £ (in
centimeters) of a scalloped hammerhead shark can be
modeled by the function

£ =266 — 219¢~005

where ¢ is the age (in years) of the shark. How old is a
shark that is 175 centimeters long?

MODELING WITH MATHEMATICS One hundred grams
of radium are stored in a container. The amount R

(in grams) of radium present after 7 years can be
modeled by R = 100e~0000437 After how many years
will only 5 grams of radium be present?

Chapter 7

In Exercises 19 and 20, use Newton’s Law of Cooling to
solve the problem. (See Example 2.)

19.

20.

You are driving on a hot day when your car overheats
and stops running. The car overheats at 280°F and can
be driven again at 230°F. When it is 80°F outside, the
cooling rate of the car is » = 0.0058. How long do
you have to wait until you can continue driving?

You cook a turkey until the internal temperature
reaches 180°F. The turkey is placed on the table until
the internal temperature reaches 100°F and it can

be carved. When the room temperature is 72°F, the
cooling rate of the turkey is » = 0.067. How long do
you have to wait until you can carve the turkey?

In Exercises 21-32, solve the equation. (See Example 3.)

21.

22,

23.

25.

27.

29.

31.

In(4x — 7) = In(x + 11)
In(2x — 4) = In(x + 6)
log,(3x — 4) =log, 5 24. log(7x + 3) = log 38
log,(4x + 8) =5 26. log;(2x +1)=2
log,(4x +9) =2 28. logs(5x +10) =4
log(12x — 9) = log 3x 30. logs(5x + 9) = log, 6x

log,(x2 —x — 6) =2 32. logy(x> + 9x +27) =2

Exponential and Logarithmic Functions



In Exercises 33—40, solve the equation. Check for
extraneous solutions. (See Example 4.)

33. log,x +logy(x —2)=3

34. logy3x + logg(x — 1) =3

35, hx+Inx+3)=4

36. Inx+In(x—2)=5

37. log;3x? +log;3 =2

38. log,(—x) + log,(x + 10) =2
39. logz(x —9) + logy(x —3) =2
40. logs(x +4) + logs(x + 1) =2

ERROR ANALYSIS In Exercises 41 and 42, describe and
correct the error in solving the equation.

41.
logz(5x— 1) =4
5Ioga(5x— 1) =43
5x— 1 =064
5x = 65
x=13
42,
X log,(x + 12) + log, x = 3
log,[(x+ 12)(x)]1 =3

Alogul(x+12)(9] = 43

(x+ 12)(x) = 64
x*+12x—64=0
(x+16)(x—4)=0
x=—16 or x=4

43. PROBLEM SOLVING You deposit $100 in an account
that pays 6% annual interest. How long will it take
for the balance to reach $1000 for each frequency of

compounding?
a. annually b. quarterly
c. daily d. continuously

44. MODELING WITH MATHEMATICS The apparent
magnitude of a star is a measure of the brightness
of the star as it appears to observers on Earth. The
apparent magnitude M of the dimmest star that can
be seen with a telescope is M = 5 log D + 2, where
D is the diameter (in millimeters) of the telescope’s
objective lens. What is the diameter of the objective
lens of a telescope that can reveal stars with a
magnitude of 127

Section 7.6

45. ANALYZING RELATIONSHIPS Approximate the
solution of each equation using the graph.

a. 1 —5"=-9 b. log,5x =2
Y ~ LAY
B / 8 ; 778«&‘/: 2
. | 2
(y = _9} 774% P
< VT 17 >
—12 2 | 31X

iv iy =1-5"X f—4ﬁy:IogZSX}

46. MAKING AN ARGUMENT Your friend states that a
logarithmic equation cannot have a negative solution
because logarithmic functions are not defined for
negative numbers. Is your friend correct? Justify
your answer.

In Exercises 47-54, solve the inequality. (See Examples
5andé6.)

47. 9% > 54 48. 4* <36
49. Inx >3 50. log,x <4
51. 3% -5« 8§ 52. e *T4> 11

53. —3logsx+6<9 54 —4logsx—523

55. COMPARING METHODS Solve logs x < 2
algebraically and graphically. Which method do you
prefer? Explain your reasoning.

56. PROBLEM SOLVING You deposit $1000 in an account
that pays 3.5% annual interest compounded monthly.
When is your balance at least $1200? $3500?

57. PROBLEM SOLVING An investment that earns a
rate of return r doubles in value in ¢ years, where
_ In2
In(1 + r)
rates of return will double the value of an investment
in less than 10 years?

and r is expressed as a decimal. What

58. PROBLEM SOLVING Your family purchases a new
car for $20,000. Its value decreases by 15% each

year. During what interval does the car’s value
exceed $10,000?

USING TOOLS In Exercises 59-62, use a graphing
calculator to solve the equation.

59. In2x=3"*"2 60. logx =7~

61. logx =33 62. In2x=¢*3
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63. REWRITING A FORMULA A biologist can estimate the

64.

65.

66.

CRITICAL THINKING In Exercises 67-72, solve the

age of an African elephant by measuring the length of equation.

its footprint and using the 3 a1 8 _ A5

equation £ = 45 — 25.7¢700%, 67. 27 =5 68. 10m77=2""1
here £ is the length

where £15 the feng 69. log;(x — 6) = log, 2x

(in centimeters) of the footprint
and a is the age (in years).

70. log, x = logg 4x 71. 2% — 122 +32=0
a. Rewrite the equation,
solving for a in terms of . 72, 52 +2055—-125=0
b. Use th tion i rt
tosfein di;;ll;;:zfllzhia @ 73. WRITING In Exercises 67-70, you solved exponential
. and logarithmic equations with different bases.
elephants whose footprints ; . .
Describe general methods for solving such equations.
are shown.
74. PROBLEM SOLVING When X-rays of a fixed

HOW DO YOU SEE IT? Use the graph to solve the
inequality 4 In x + 6 > 9. Explain your reasoning.

OPEN-ENDED Write an exponential equation that has
a solution of x = 4. Then write a logarithmic equation
that has a solution of x = —3.

THOUGHT PROVOKING Give examples of logarithmic
or exponential equations that have one solution, two
solutions, and no solutions.

wavelength strike a material x centimeters thick, the
intensity /(x) of the X-rays transmitted through the
material is given by I(x) = Ije™ ¥, where [ is the
initial intensity and u is a value that depends on the
type of material and the wavelength of the X-rays.
The table shows the values of w for various materials

Y | and X-rays of medium wavelength.
< P >
-6 Material Aluminum | Copper | Lead
g—gﬁ / (y=4|nx+6} PP
- I I I I I I T
NERE AERE BRI Value of u 0.43 3.2 43

a. Find the thickness of aluminum shielding that
reduces the intensity of X-rays to 30% of their
initial intensity. (Hint: Find the value of x for
which I(x) = 0.31,.)

b. Repeat part (a) for the copper shielding.
c. Repeat part (a) for the lead shielding.

d. Your dentist puts a lead apron on you before
taking X-rays of your teeth to protect you from
harmful radiation. Based on your results from
parts (a)—(c), explain why lead is a better material
to use than aluminum or copper.

'_Maintaining Mathemafica, PrOficiency Reviewing what you learned in previous grades and lessons

\

Write an equation in point-slope form of the line that passes through the given point and

has the given slope. (Skills Review Handbook)
75. (1,-2);m=4 76. (3,2);m= —2

1

77. (3, —8);m= —3 78. (2,5):;m =2

Use finite differences to determine the degree of the polynomial function that fits the data.
Then use technology to find the polynomial function. (Section 5.9)

79. (=3, —50), (=2, —13),(—1,0), (0, 1), (1, 2), (2, 15), (3, 52), (4, 125)
80. (—3,139),(—2,32),(—1,1),(0,=2), (1, —1),(2,4), (3,37), (4, 146)

81. (-3, —327),(—2, =84),(—1, —17), (0, —6), (1, —3), (2, —32), (3, —189), (4, —642)
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TEXAS ESSENTIAL
KNOWLEDGE AND SKILLS
2A5.8

2A.8.A

2A.8.B
2A.8.C

SELECTING TOOLS

To be proficient in
math, you need to use
technological tools to
explore and deepen
your understanding

of concepts. {>

Modeling with Exponential and

Logarithmic Functions

Essential Quegﬂon How can you recognize polynomial,

exponential, and logarithmic models?

EXPLORATION 1 Recognizing Different Types of Models

Work with a partner. Match each type of model with the appropriate scatter plot.
Use a regression program to find a model that fits the scatter plot.

a. linear (positive slope) b. linear (negative slope)  ¢. quadratic

d. cubic e. exponential f. logarithmic
A. | Ay B. Ay
[ ]
,6 6
[ ] Py
4 [ ]
[ ] 4 P
[ ]
2 [ ] 2
‘Il

xY
A
xY

C Ay D. Ay
6 6
4 4 (]
[ ]
> [ ] 2 [ ]

A

xY
xY

A

xY

EXPLORATION 2 Exploring Gaussian and Logistic Models

Work with a partner. Two common types of functions that are related to exponential
functions are given. Use a graphing calculator to graph each function. Then determine
the domain, range, intercept, and asymptote(s) of the function.

a. Gaussian Function: f(x) = e b. Logistic Function: f(x) = 1 +1 —
e X

Communicate Your Answer

3. How can you recognize polynomial, exponential, and logarithmic models?

4. Use the Internet or some other reference to find real-life data that can be modeled
using one of the types given in Exploration 1. Create a table and a scatter plot of
the data. Then use a regression program to find a model that fits the data.
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What You Will Learn

P Classify data sets.
P Write exponential functions.

Core Vocabulary

P Use technology to find exponential and logarithmic models.
recursive rule for an

exponential function, p. 396 classifying Data
Previous

finite differences
common ratio

You have analyzed finite differences of data with equally-spaced inputs to determine
what type of polynomial function can be used to model the data. For exponential
data with equally-spaced inputs, the outputs are multiplied by a constant factor. So,
consecutive outputs form a constant ratio.

F NN Classifying Data Sets

Determine the type of function represented by each table.

a.
x | 2| -1 0 1 2 3 4

y | 05 1 2 4 8 16 | 32

b. x | -2 0 2 4 6 8 10
y 2 0 2 8 18 | 32 | 50
SOLUTION

a. The inputs are equally spaced. Look for a pattern in the outputs.

x | 2| -1 0 1 2 3 4

y (05| 1 | 2 4|8 |16 32

N AN AN AN AN AN A
X2 X2 X2 X2 X2 X2

P Asxincreases by 1, y is multiplied by 2. So, the common ratio is 2, and the
data in the table represent an exponential function.

b. The inputs are equally spaced. The outputs do not have a common ratio.
So, analyze the finite differences.

REMEMBER

First differences of linear x —2 0 2 4 6 8 10

functions_ are constant, y 2 0 2 8 18 32 | 50
second @fferen_ces of N VA V2 V2 VA V4
quadratic functions are -2 2 6 10 14 18 first differences
constant, and so on. NN NS NS
{> 4 4 4 4 4 second differences

P The second differences are constant. So, the data in the table represent a
quadratic function.

. . W
Momforlng Progress 4»’ Help in English and Spanish at BigldeasMath.com

Determine the type of function represented by the table. Explain your reasoning.

1. X 0 10 | 20 | 30 2. X 0 2 4 6

y (15|12 9|6 y (279 3|}
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REMEMBER

You know that b must be
positive by the definition
of an exponential
function. So, take the
positive square root
when solving for b.

| >

Year, Number of
X trampolines, y
1 12
2 16
3 25
4 36
5 50
6 67
7 96

Writing Exponential Functions

You know that two points determine a line. Similarly, two points determine an
exponential curve.

EXAMPLE 2 Writing an Exponential Function Using Two Points

Write an exponential function y = ab* whose graph passes through (1, 6) and (3, 54).

SOLUTION
Step 1 Substitute the coordinates of the two given points into y = ab™.
6 = ab! Equation 1: Substitute 6 for y and 1 for x.
54 = ab? Equation 2: Substitute 54 for y and 3 for x.

Step 2 Solve for a in Equation 1 to obtain a = % and substitute this expression for a

in Equation 2.

54 = (%)Iﬁ Substitute % for a in Equation 2.
54 = 6b? Simplify.
3=> Solve for b.
. _6_6_
Step 3 Determine that a = 53" 2

P> So, the exponential function is y = 2(3%).

Data do not always show an exact exponential relationship. When the data in a scatter
plot show an approximately exponential relationship, you can model the data with an
exponential function.

EXAMPLE 3 Finding an Exponential Model

A store sells trampolines. The table shows the numbers y of trampolines sold during
the xth year that the store has been open. Write a function that models the data. Do you
think this model can be used to predict the number of trampolines sold in the 15th year?

SOLUTION
Step 1 Make a scatter plot of the data. '
The data appear exponential. Trampoline Sales
Step 2 Choose any two points to write a model, § ) b
such as (1, 12) and (4, 36). Substitute the 5 80
coordinates of these two points into y = ab~. o '
% 60
12 = ab' s °
S 40
= ab? g °
36 = ab F .
Solve for a in the first equation to obtain E 20 ° ®
2 >
a =12 Substitute to obtain b = V/3 ~ 1.44 ) e
Year
anda = 1—2 ~ 8.32.

V3
P> So, an exponential function that models the data is y = 8.32(1.44)*. The end
behavior indicates that the model has unlimited growth as x increases. While the
model is valid for a few years after the seventh year, in the long run unlimited
growth is not reasonable.
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In real-life situations, you can also show exponential relationships using
recursive rules.

{> A recursive rule for an exponential function gives the initial value of the function
REMEMBER f(0), and a recursive equation that tells how a value f(n) is related to a preceding

1 - 1).
Recall that for a sequence, value f(n )

a recursive rule gives the

beginning term(s) of the Cﬁ Core concep.l.

sequence and a recursive

equation that tells how Writing Recursive Rules for Exponential Functions
a, is related to one or

. An exponential function of the form f(x) = ab* is written using a recursive rule
‘—more preceding terms.

as follows.
Recursive Rule f(0) =a, fn) =r«f(n — 1)

where a # 0, r is the common ratio, and » is a natural number
Example y= 6(i)x can be written as f(0) = 6, f(n) =3 «f(n — 1)

initial value

common ratio

g

Notice that the base b of the exponential function is the common ratio r in the
recursive equation. Also, notice the value of « in the exponential function is
the initial value of the recursive rule.

EXAMPLE 4 Writir_\g a Recursive Rule for an Exponential
Function

Write a recursive rule for the function you wrote in Example 3.

STUDY TIP
Notice that the domain SOLUTION
consists of the natural The function y = 8.32(1.44)~ is exponential with initial value f(0) = 8.32 and common
numbers when written ratio r = 1.44. So, a recursive equation is
recursively.
{> fm)y=refn—1 Recursive equation for exponential functions
=144 «f(n—1). Substitute 1.44 for r.

P> A recursive rule for the exponential function is f(0) = 8.32,

f(n) =144 «f(n — 1).

. N
Momformg Progress ‘3'” Help in English and Spanish at BigldeasMath.com

Write an exponential function y = ab* whose graph passes through the
given points.

3. (2,12),(3,24) 4. (1,2),(3,32) 5. (2,16),(5,2)

6. WHAT IF? Repeat Example 3 using the sales data from another store.

Year, x 1 2 3 4 5 6 7
Number of trampolines,y | 15 | 23 | 40 | 52 | 80 | 105 | 140

Write an recursive rule for the exponential function.

7. f(x) = 4(T)" 8. f(0) =9(4)
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Weather balloons carry instruments
that send back information such

as wind speed, temperature, and
air pressure.

Using Technology

You can use technology to find best-fit models for exponential and logarithmic data.

FCVILREN  Finding an Exponential Model

Use a graphing calculator to find an exponential model for the data in Example 3.
Then use each model to predict the number of trampolines sold in the eighth year.
Which prediction should you use?

SOLUTION

Enter the data into a graphing calculator and (ExpReg

perform an exponential regression. The model y=axb”x

isy = 8.46(1.42)". a=8.457377971

b=1.418848603
Substitute x = 8 into each model to predict the

number of trampolines sold in the eighth year.
Example 3: y = 8.32(1.44)% = 154
Regression model: y = 8.46(1.42)3 = 140

P> All of the points were used to create the regression model, instead of only
two points as in Example 3. So, use the prediction of 140 trampolines.

FENILIERN Finding a Logarithmic Model

The atmospheric pressure decreases with increasing altitude. At sea level, the average
air pressure is 1 atmosphere (1.033227 kilograms per square centimeter). The table
shows the pressures p (in atmospheres) at selected altitudes / (in kilometers). Use

a graphing calculator to find a logarithmic model of the form 4 = a + b In p that
represents the data. Estimate the altitude when the pressure is 0.75 atmosphere.

Air pressure, p 1 0.55 0.25 0.12 0.06 0.02

Altitude, h 0 5 10 15 20 25

SOLUTION

Enter the data into a graphing calculator and ( LnReg

perform a logarithmic regression. The model y=a*blnx

ish = 0.86 — 6.45 In p. a=.8626578705
b=-6.447382985

Substitute p = 0.75 into the model to obtain r2=.9925582287
r=-.996272166

h=0.86—645In0.75 = 2.7.

So, when the air pressure is 0.75 atmosphere, the altitude is about 2.7 kilometers.

. . N
Monltormg Progl"ess 4)\’/ Help in English and Spanish at BigldeasMath.com

9. Use a graphing calculator to find an exponential model for the data in Monitoring
Progress Question 6.

10. Use a graphing calculator to find a logarithmic model of the formp =a + blnh
for the data in Example 6. Explain why the result is an error message.
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7.7 EXxercises

Tutorial Help in English and Spanish at BigldeasMath.com

—Vocabulary and Gore Concept Check

fn) =r e f(n— 1), ris the

is a good model for a set of data pairs (x, y).

1. COMPLETE THE SENTENCE In the recursive rule for an exponential function f(0) = a,
andnisa .

2. WRITING Given a table of values, explain how you can determine whether an exponential function

Monitoring Progress and Modeling with Mathematics

In Exercises 3—6, determine the type of function
represented by the table. Explain your reasoning.
(See Example 1.)

3.

0 3 6 9 12 | 15
025] 1 4 16 | 64 | 256

> x |5 10 15| 20 | 25 | 30
4 0 3 7 16|30 | 49

6. ' x | 3] 1|5 9 |13
8 | —3 | —14 —25| —36

In Exercises 7-16, write an exponential function
y = ab* whose graph passes through the given points.
(See Example 2.)

7. (1,3),(2,12) 8. (2,24), (3, 144)
9. (3, 1),(5,4) 10. (3,27), (5, 243)
1. (1,2), (3, 50) 12. (1, 40), (3, 640)

13. (—1,10),(4,031)  14. (2,6.4), (5, 409.6)

15. Ay y 16. N Ay
6 /I (-3,108)% " |
74 (41 4) 87

\
2 -2, 3.6)(\4 -

L +~(1,0.5)
Y 2[4

A

-2 \

xY
|
<))
|
iN
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ERROR ANALYSIS In Exercises 17 and 18, describe and
correct the error in determining the type of function
represented by the data.

17.
X o 1|23 ] 4
y | 5 | 3| 1309
N AN AN AN A
X3 X3 X3 X3
The outputs have a common ratio of 3, so the
datarepresent a linear function.
18.

Xx—2—1124
y

3 6 12 | 24 | 48

N AN AN AN A
X2 X2 X2 X2

The outputs have a common ratio of 2, so the
data represent an exponential function.

19. MODELING WITH MATHEMATICS A store sells
motorized scooters. The table shows the numbers y
of scooters sold during the xth year that the store has
been open. Write a function that models the data.

Do you think this model could be used to predict
the number of motorized scooters sold after the 20th
year? (See Example 3.)

14
19
25
37
53
71

N N R WY~ X
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20. MODELING WITH MATHEMATICS Your visual near
point is the closest point at which your eyes can see
an object distinctly. The diagram shows the near point
v (in centimeters) at age x (in years). Write a function
that models the data. Compare the average rate of
change in the visual near point distances from
age 20 to age 40 with that from age 40 to age 60.

Visual Near Point Distances
h—4 Age 20
N\ S 12 cm
P f’ Age 30
L 15 cm
b :‘ Age 40

o 25 cm

b _‘ Age 50
N 40 cm
B, JAge 60

W\ 100 cm

In Exercises 21-24, determine whether the data show
an exponential relationship. Then write a function that
models the data.

22 1 el 11l 16! 2

y 12 | 28 | 76 | 190 | 450

2. | vl 3| =1l 1] 3| s
y 27 | 24 68 | 194
23. 0 | 10|20 30 | 40 | 50 | 60
y | 66 | 58 | 48 | 42 | 31 | 26 | 21
28. | x| —20|-13| -6 1 | 8 | 15
y 2519 14 11| 8| 6

In Exercises 25-32, write a recursive rule for the
exponential function. (See Example 4.)

25. f(x) = 3(7)* 26. f(x) = 509)"

27. f(x) = 128) 28. f(x) = 19(4)"
29. f(x) = 0.5(3)" 30. f(x) =1y
31. £ = 4(L)

32. f() = 0.25(2)"

In Exercises 33—-36, show that an exponential model

fits the data. Then write a recursive rule that models

the data.

3. I o 123 4]:5
fn) 1075 15| 3 | 6 | 12 | 24

34. Bn ol 1|23 4
f) | 2 8 | 32| 128 512

35. I o 1 23|45
fn) | 96 | 48 | 24 | 12 | 6 | 3

36. [ o 121|345
fn) | 162 54 | 18 6 | 2 | 2

37. USING EQUATIONS Complete a table of values for
0 < n < 5 using the given recursive rule of an

exponential function.

FO) =4, fn) =3+ f(n—1)

38. USING STRUCTURE Write an exponential function for
the recursive rule £(0) = 24, f(n) = 0.1 « f(n — 1).
Explain your reasoning.

39. USING TOOLS Use a graphing calculator to find an
exponential model for the data in Exercise 19. Then

use the model to predict the number of motorized
scooters sold in the tenth year. (See Example 5.)

40. USING TOOLS A doctor measures an astronaut’s

pulse rate y (in beats per minute) at various times x

(in minutes) after the astronaut has finished

exercising. The results are shown in the table. Use a
graphing calculator to find an exponential model for
the data. Then use the model to predict the astronaut’s

pulse rate after 16 minutes.

172
132
110

92

o) @) +~ [\ (=) x

84

12 75
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41. USINGTOOLS An object at a temperature of 160°C
is removed from a furnace and placed in a room at
20°C. The table shows the temperatures d (in degrees
Celsius) at selected times 7 (in hours) after the object
was removed from the furnace. Use a graphing
calculator to find a logarithmic model of the form
t = a + b In d that represents the data. Estimate how
long it takes for the object to cool to 50°C.

(See Example 6.)

d | 160 90 56 38 29 24
t 0 1 2 3 4 5

42. USING TOOLS The f-stops on a camera control the
amount of light that enters the camera. Let s be a
measure of the amount of light that strikes the film
and let f be the f-stop. The table shows several f-stops
on a 35-millimeter camera. Use a graphing calculator
to find a logarithmic model of the form s =a + b In f
that represents the data. Estimate the amount of light
that strikes the film when f = 5.657.

f s
1.414 1
2.000 2
2.828 3
4.000 4
11.314 7

43. DRAWING CONCLUSIONS The table shows the
average weight (in kilograms) of an Atlantic cod that
is x years old from the Gulf of Maine.

Age, x 1 2 3 4 5
0.751 | 1.079 | 1.702 | 2.198 | 3.438

Weight, y

a. Find an exponential model for the data. Then write
a recursive rule that models the data.

b. By what percent does the weight of an Atlantic cod
increase each year in this period of time? Explain.

o Mainfaining Mafhemafical PrOficiency Reviewing what you learned in previous grades and lessons

44. HOW DO YOU SEE IT? Use the graph to write a
recursive rule that models the data.

Af(n)

A
sY

45. MAKING AN ARGUMENT Your friend says it is
possible to find a logarithmic model of the form
d = a + b In t for the data in Exercise 41. Is your
friend correct? Explain.

46. THOUGHT PROVOKING Is it possible to write y as an
exponential function of x? Explain your reasoning.
(Assume p is positive.)

X

1 P
2 2p
3 4p
4 8p
5 16p

47. CRITICAL THINKING You plant a sunflower seedling
in your garden. The height /4 (in centimeters) of
the seedling after  weeks can be modeled by the
logistic function
_ 256
I
a. Find the time it takes the sunflower seedling to
reach a height of 200 centimeters.

b. Use a graphing calculator to graph the function.
Interpret the meaning of the asymptote in the
context of this situation.

(Skills Review Handbook)

48.y:§ 49. y=3x—12
(Section 3.3)
52. x =) 53. y = 4x2

Tell whether x and y are in a proportional relationship. Explain your reasoning.

- Y

Identify the focus, directrix, and axis of symmetry of the parabola. Then graph the equation.

54. x* =3y

\

=§ 51. y=—2x

55. y? = %x
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7.5-7.7 What Did You Learn?

Core Vocabulary

exponential equations, p. 386
logarithmic equations, p. 387
recursive rule for an exponential function, p. 396

Core Concepts

Section 7.5

Properties of Logarithms, p. 380
Change-of-Base Formula, p. 381

Section 7.6

Property of Equality for Exponential Equations, p. 386
Property of Equality for Logarithmic Equations, p. 387

Section 7.7

Classifying Data, p. 394

Writing Exponential Functions, p. 395

Writing Recursive Rules for Exponential Functions, p. 396
Using Exponential and Logarithmic Regression, p. 397

Mathematical Thinking

1. Explain how you used properties of logarithms to rewrite the function in part (b) of
Exercise 45 on page 384.

2. How can you use cases to analyze the argument given in Exercise 46 on page 3917

N
&
Y

Visasters

In 2005, an earthquake measuring 4.1 on the Richter scale barely shook
the city of Ocotillo, California, leaving virtually no damage. But in 1906,
an earthquake with an estimated 8.2 on the same scale devastated the
city of San Francisco. Does twice the measurement on the Richter scale
mean twice the intensity of the earthquake?

To explore the answer to this question and more, go to
BigldeasMath.com.

401



7 Chapter Review

Exponential Growth and Decay Functions (pp. 347-354)

Tell whether the function y = 3* represents exponential growth or exponential decay.
Then graph the function.

Step 1 Identify the value of the base. The base, 3, is greater than 1,

so the function represents exponential growth. Ay |
2 M le of values. gl 29
Step ake a table of values x| -2 -1l 0 | )
Step 3  Plot the points from the table. ) ) L 13 o 6 II
y | <1
Step 4 Draw, from left to right, 2 1 A
a smooth curve that begins . )
just above the x-axis, passes through the plotted points, and moves ‘1'\ 3\ 2 (1.3)
up to the right. ’(*2, B8% (%)
-4 -2 |y ] 2 [x

Tell whether the function represents exponential growth or exponential
decay. Identify the percent increase or decrease. Then graph the function.

1. fw = (L) 2. y=5 3. f(x) = (0.2)"

4. You deposit $1500 in an account that pays 7% annual interest. Find the balance after 2 years
when the interest is compounded daily.

yWHN The Natural Base e (pp. 355-360)

Simplify each expression.

18e!3
2¢7

= Qpl3 =7 = 9p6 b, (2e3%)3 = 23(e3¥)3 = 8%

Simplify the expression.

20e3

5. oteell el
¢ e 10€6

7. (—3e )2

Tell whether the function represents exponential growth or exponential decay. Then graph
the function.

8. f(x) = ze* 9. y=6e* 10. y = 3075

VAW Logarithms and Logarithmic Functions (pp. 367-368)

Find the inverse of the function f(x) = In(x — 2). Check

y=lIn(x —2) Set y equal to f(x). 6 . The gfatph]:

_ . appear to be
x=In(y —2) Switchxandy. _/{/,/ ’/ reflections of
e*=y—2 Write in exponential form. -0 p ° each. other in
_ R the line
e*+2=y Add 2 to each side. 7 y=x
-6

P The inverse of f(x) = In(x — 2)is f~!(x) = e* + 2.
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Rewrite the equation in exponential or logarithmic form. Then find the value of x.

11. 2*=8 12. log, 36 =2 13. logsx =3

Find the inverse of the function.
14. f(x) = & 15. f(x) = In(x — 4) 16. f(x) = log(x + 9)

17. Graph f(x) = log, 5 x. Identify the domain and range of the function.

YW Transformations of Exponential and Logarithmic Functions (pp. 369-376)

Describe the transformation of f(x) = (%)x represented by Ak OMY

glx) = (%)x o + 3. Then graph each function. \\\

Notice that the function is of the form g(x) = (%)X o + k, ! >
where h = 1 and k = 3.

P> So, the graph of g is a translation 1 unit right and 3 units up 2V 24

of the graph of f.

Describe the transformation of f represented by g. Then graph each function.

18. f(x) =e %, gx)=e > —8 19. f(x) = log, x, g(x) = %10g4(x +5)

Werite a rule for g.

20. Let the graph of g be a vertical stretch by a factor of 3, followed by a translation 6 units left and
3 units up of the graph of f(x) = e*.

21. Let the graph of g be a translation 2 units down, followed by a reflection in the y-axis of the
graph of f(x) = log x.

Properties of Logarithms (op. 379-384)

5
Expand In %

5
n 12 - 1y 12x5 — Iny Quotient Property
y
=mnl2+Inx’-Iny Product Property
=Inl2+S5hx-Iny Power Property

Expand or condense the logarithmic expression.

22. logg 3xy 23. log 10x3y 24. In 3%
X
25. 3log;4 + log; 6 26. log,12 — 2log, x 27. 2Inx+5In2 —1n38

Use the change-of-base formula to evaluate the logarithm.

28. log, 10 29. log, 9 30. logy; 42
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YAW Solving Exponential and Logarithmic Equations (pp. 385-392)

Solve In(3x — 9) = In(2x + 6).
In(3x — 9) = In(2x + 6) Write original equation. Check

3x—9=2x+6 Property of Equality for In(3 « 15 — 9) E In(2 « 15 + 6)
Logarithmic Equations

;
In(45 — 9) = In(30 + 6)

x—9=6 Subtract 2x from each side.
In 36 = 1n 36
x=15 Add 9 to each side.
Solve the equation. Check for extraneous solutions.
31. =38 32. log;(2x —5)=2 33. Inx +In(x +2)=3
Solve the inequality.
34. 6*> 12 35. Inx<9 36. e 22> 16

YA Modeling with Exponential and Logarithmic Functions (pp. 393-400)

Write an exponential function whose graph passes through (1, 3) and (4, 24).
Step 1  Substitute the coordinates of the two given points into y = ab™.
3 = ab! Equation 1: Substitute 3 for y and 1 for x.
24 = ab* Equation 2: Substitute 24 for y and 4 for x.

Step 2 Solve for a in Equation 1 to obtain a = % and substitute this expression for a in Equation 2.

24 = (%)b“ Substitute % for a in Equation 2.
24 = 3b3 Simplify.

8 =03 Divide each side by 3.

2=> Take cube root of each side.

Step 3 Determine that a =

S W
N W

P> So, the exponential function is y = %(2").

Write an exponential model for the data pairs (x, y).

37. (3,8),(5,2) 38.

X 1 2 3 4
y | 5.16 7.39 | 10.59 | 15.18

39. A shoe store sells a new type of basketball shoe. The
table shows the pairs sold s over time 7 (in weeks). Use
a graphing calculator to find a logarithmic model of the | Pairssold,s| 5 | 32 | 48 | 58 | 65
form s = a + b In ¢ that represents the data. Estimate
how many pairs of shoes are sold after 6 weeks.

Week, t 1 135|719
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Graph the equation. State the domain, range, and asymptote.

1

.y = (l) 2. f(x) = log,;s x 3. y=de ™

2

Describe the transformation of f represented by g. Then write a rule for g.

X
4. f(x)=logx 5. f(x) = e* 6. f(x)=(%)
Ayl A Ay IMyY
< X J ?
2 ] T~ g 1 < A >
] < S -4 -2 2 X
-4 [-2 2 | 4x
Y | Ly \ Y

Evaluate the logarithm. Use log; 4 = 1.262 and log; 13 = 2.335, if necessary.

7. log; 52 8. log; % 9. log; 16 10. log; 8 + log3%

11.

12.

13.

14.

15.

Describe the similarities and differences in solving the equations 4 =2 = 16 and
log,(10x + 6) = 1. Then solve each equation.

log 11 arldln 11

Without calculating, determine whether logs11, g5 n5

expressions. Explain your reasoning.

are equivalent

The amount y of oil collected by a petroleum company drilling on the U.S. continental
shelf can be modeled by y = 12.263 In x — 45.381, where y is measured in billions of
barrels and x is the number of wells drilled. About how many barrels of oil would you
expect to collect after drilling 1000 wells? Find the inverse function and describe the
information you obtain from finding the inverse.

The percent L of surface light that filters down through bodies of water can be modeled
by the exponential function L(x) = 100e**, where k is a measure of the murkiness of the
water and x is the depth (in meters) below the surface.

a. A recreational submersible is traveling in clear water with a k-value of about —0.02.
Write a function that gives the percent of surface light that filters down through clear
water as a function of depth.

b. Tell whether your function in part (a) represents exponential growth or exponential
decay. Explain your reasoning.

c. Estimate the percent of surface light available at a depth of 40 meters.

The table shows the values y (in dollars) of a new snowmobile after x years of ownership.
Describe three different ways to find an exponential model that represents the data. Then
write and use a model to find the year when the snowmobile is worth $2500.

Year, x 0 1 2 3 4

Value, y 4200 3780 3402 3061.80 | 2755.62
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7 Standards Assessment

Which graph best represents the parent function y = 2* *3? (TEKS 2A.5.A)

® Ay A NI ¥
4 4
2 2
- — - L — -
-4 -2 2 | 4 x -4 -2 2 | 4 'x
I T2
,‘4 7‘4
Y Y
© M4 ® N
sl \ 4
2 2
< > - X
P 2 4 x -4 -2 ~L_ 4 =
12 1°
_‘4 —‘4
Y Y

Find the extraneous solution(s) of the equation V20 — 2x = x + 2. (TEKS 2A.4.G)

® x=2 @ x=-8
M x=-8andx=2 @ x=6

During a laboratory experiment, an antibiotic is introduced into a colony of 5000 bacteria. The
number n of cells in the colony ¢ minutes after introducing the antibiotic is given by the function
n(f) = 5000(0.762)/19. Which is the most reasonable approximation of the amount of time it
takes for the number of cells to drop to 1000? (TEKS 2A.5.D)

A 6min 25 min
© 59 min (D 42 min
Find the value of k such that x — 5 is a factor of x> — x2 + kx — 30. (TEKS 2A.7.C)
® -14 @ -2
@ 26 @ 32
The area of the rectangle shown is 112 square units. What is the value H| ]
9 ,
of x? (TEKS 2A.4.F) X+ 6
(A 16 units or 106 units 2 units [ []

7x
(© 10.6 units (D) —8 units or 2 units
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10.

11.

Find the inverse of i(x) = 2 logs x. (TEKS A.2.B)

® hl@ =55
M h ') = 5log, 5

@ h“(x) — 5x/2
@D h7l(x) = logs1x

GRIDDED ANSWER The length £ (in centimeters) of a tiger shark can be modeled by the

function 4(t) = 337 — 276e 0178 where ¢ is the age of the shark (in years). Find the length of
a tiger shark that is 3 years old. Round your answer to the nearest centimeter. (7EKS 2A.8.C)

Which equation represents the data shown in the table? (TEKS 2A.4.E)

@ y=5x+2

© x=52+2

y=5x+2

D y=5x3+2

X 1

y 7

22 | 47

127

The graph shows a translation of the graph of y = log;x. What is the equation of

the graph?

(TEKS 2A.5.A)

@® y=logz(x+2)—1
@ y=logz(x—2)—1
@ y=logz(x—2)+1
(D none of the above

AY

|
(11, 3)

A

xY

The table shows the atomic weights of three compounds. Let F, Na, and CI represent the
atomic weights of fluorine, sodium, and chlorine, respectively. What is the atomic weight
of fluorine? (TEKS 2A.3.A, TEKS 2A.3.B)

@ 19
23
© 355
@ 1005

Compound Formula Atomic weight
Sodium flouride NaF 42
Sodium chloride NaCl 58.5

Chlorine pentafluoride CIF; 130.5

Which of the following logarithmic equations are equivalent to the exponential

equation 3*

L
IL.
III.
Iv.

(P 1and III only

M L 1L and IV only

= 487 (TEKS 2A.5.C)

x = log; 48

x =log; 8 + 2log;3
x =log; 16 + log; 3
x=%10g34 + log; 6

@
@ L 111, and IV only

I, II, and III
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