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“Signals & Systems” by Alan V. Oppenheim and Alan S. Willsky, 1997
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals
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The Sampling Theorem

= Representation of CT Signals by its Samples
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The Sampling Theorem

= Sampling with Zero-Order Hold:

x{t) »| Zero-order %p (f)
hold

p(t)
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals

Reconstruction of a Signal from its Samples Using Interpolation

= Exact Interpolation:
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Reconstruction of a Signal from its Samples Using Interpolafiofe qrcszo samping.12

= Exact Interpolation:
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Reconstruction of a Signal from its Samples Using InterpolatioRe qrcsyo samping.13

= Higher-Order Holds:
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals

Effect of Under-sampling: Aliasing

= Qverlapping in Frequency-Domain: Aliasing
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Effect of Under-sampling: Aliasing

= Qverlapping in Frequency-Domain: Aliasing
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Effect of Under-sampling: Aliasing

= Qverlapping in Frequency-Domain: Aliasing
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Effect of Under-sampling: Aliasing

= Qverlapping in Frequency-Domain: Aliasing
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Effect of Under-sampling: Aliasing

= Strobe Effect:

wg = 100 rad/sec

Rotating disc

= w = Tws = wq

v — 420, -20

=

ws = 120 rad/sec

Strobe 60
g

—220  -20'20 = 220
~100 100
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= Representation of of a CT Signal by Its Samples:
The Sampling Theorem

= Reconstruction of of a Signal from Its Samples
Using Interpolation

= The Effect of Under-sampling: Aliasing

= Discrete-Time Processing of Continuous-Time Signals




Discrete-Time Processing of Continuous-Time Signals

= Discrete-Time Processing of CT Signals:
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= C/D or A-to-D (ADC) and D/C or D-to-A (DAC):

xq[n] = x. (NT n) = T
% ) ! C/D ol =%, (1) Discrete -Time Ya [ =: (nT) D/C ye (1
@ conversion System conversion
T T

C/D: continous-to-discrete-time conversion

A-to-D: analog-to-digital converter

1
1
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v ()| Conversion to || Discrete-time |2, | Gonversionto |ty D/C: discrete-to-continous-time conversion
i discrete time system continous time | | ¢
I
1
1
! : D-to-A: digital-to-analog converter
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C/D conversion

= C/D Conversion: i "o !

Conversion of
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= C/D Conversion:
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Discrete-Time Processing of Continuous-Time Signals

= C/D Conversion:
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C/D conversion

= C/D Conversion:
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Discrete-Time Processing of Continuous-Time Signals

= D/C Conversion:
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= Frequency-Domain lllustration: Ny == Elpn O e i
‘Xc(] w) X ()
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Discrete-Time Processing of Continuous-Time Signals e rroas aminaso
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= CT & DT Frequency Responses:
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= The Sampling Theorem:

* If the sampling instants are sufficiently close,
very little is lost by sampling a CT signal

« If the sampling points are too far apart,
much of the information about a signal can be lost

» So, when a CT signal can be uniquely given
by its sampled version?

04/12/03




Sampling & Reconstruction

= Theorem 7.1: (Shannon, 1949) :l:

e f(t): a continuous-time signal

e I'(w): the Fourier transform of f(t)
— F(w) = 0 outside (—wq, wg)

e ws. sampling frequency

= If ws > 2wg

Then f(t) can be computed by:

sin(ws(t — kh)/2)
ws(t — kh)/2

=3 fkh)
k=—o00

%incws(t — kh)
2
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= Note that:

e wy = ws/2: Nyquist fregency
e Reconstruction of signlas:

F(w) =0 when w > wy

03/29/03
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= Reconstruction: Flo)
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F.tw)

o f(t) = %/_O:o "R (w)dw

o Fs(w) = % i F(w + kws)

k=—00
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k=—o00 s
0 .
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= Shannon Reconstruction:

e For periodic sampling of band-limited signals

sin(ws(t — kh)/2)
ws(t — kh)/2

f@y= > f(kh)

k=—00

e However, it is NOT a caucal operator

03/29/03
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= Shannon Reconstruction:

e Let’s look at the impulse response:

h»(ﬁ) = & niflu;g/f2/2) uv\ANM\/\/\/W

10 i 10
Time

e The weights are 10% after 3 samples
< 5% after 6 samples

e T his construction has a delay
= Not good for control

e Only applied to periodic sampling

03/29/03
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= Zero-Order Hold (ZOH) & First-Order Hold (FOH)

Sampling & Reconstruction

T N T .
o t ty e ty ts fg Time i t ty ty ty t; tg Time

e [ hey are caucal operators

= Predictive FOH: —\f/
e It is NOT caucal
But, can be replaced Lr—r— 77—
by model prediction T

03/29/03
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= Sinusoidal signal withh =1 and h=0.5

h=1 h=0.5

=}
=24
—

Zero order hold
Lo -
]
rd
”
-~
-
Zero order hold
Lo w

0

=}
=24
—

First order hold
Lo o~
P4

First order hold
Lo e

0

Predictive hold
Lo
Predictive hold
Lo w

-

0 0 5 10
Time Time
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Aliasing or Frequency Folding (7.4)

= Aliasing:
» Two signals with frequency, 0.1 Hz and 0.9 Hz
* They have the same values at all sampling instants

1F =

“1F . —
0 5 10
Time

03/29/03
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= Fourier transform of sampled signal:

. F(w) o /oo e—iwlf(t)dt ° Fs(w) = i f(kh)e—ikhw

k=-—o00

Fim) F,(w)

11
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» Example 7.1: Feed-water heater in a ship boiler

Pressure
Steam

Feed Valve

water ;
To boiler

Pump

Condensed Temperature
water

] 35 min 2 N
| ey o ews= ?ﬂ = 3.142 rad/min
%— pot L T— __”::...“,.f
=] 2 min 2
0wy = 2—:1 = 2.978 rad/min

Pressure

WA @ ws — wo = 0.1638 rad/min

T T T T T T T T T T T-”_'_ .
2oy —oy 0 oy 2wy 20y —oy 0 oy 2oy Sk = T = 38 min
Time
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= Frequency Folding

Wy 0 (O} N

|~ Sampled
spectrum

M.
':ﬂ— h--
‘~’ -

-
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» Pre-Sampling Filter in Example 7.2:

singal + disturbance (0.9 Hz) filtered through a 6th-order Bessel filter
(a) (b)

0 10 20 30 0 10 20 30
sample + hold of (a) (1 Hz) sample + hold of (b)
(c) (C]
14 e, LEE T
'8y 40" Sy 1 "
»
0 0¢*
-
A e, ”‘.u“o. A Sasssnsnssey
0 10 20 30 0 10 20 30
Time Time
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= Pre-Sampling Filter in Example 7.2:

» With a sinusoidal perturbation (0.9Hz)
» Sampling frequency = 1 Hz

il

03/29/03

Feng-Li Lian © 2010

Aliasing or Frequency Folding NTUEE-RTCS22-Samaline-46

= Post-Sampling Filter:

= Because signal from D/A is piecewise constant

» May excite some oscillatory modes

» So, use higher-order hold!
such as piecewise linear signal

03/29/03

Timing Analysis

= Real-Time Control Systems:
e Computing, Communication, and Control

: I actuator sensor
g input m output

—.. 1

reference
input
4

sensor
delays
Vi

—wl
controller

02/07/04
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1 Sensor

sampling instants
1 Controller é{////,/,//////fi\\\xﬂ

(k-)T kT (k+1)T

1 Actuator
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Timing Analysis

1 Sensor

%

sampling instants
1 Controller /\

1 I
(kDT kT (KEDT
1 Actuator

02/24/04

Timing Analysis

R Sensars (-1st, -- 2nd, ... Rth)
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Sk sampling instants

1 Controller

(kDT KT (k!

M Actuators ( -1st, -- 2nd, ... Mth)

— — — — —
1 1
} a(k-1) au(k) }
az(k-1) : a(k) :
| |
T T
au(k-1) am(k)
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Further Readings

= Multiple time-delay systems
= Random time delays

Iy, Process
output Vi
Actuator Proces Sensor — } } -
. g . 1 1 !
node e8s node %%ﬂgouer ! 0 !
signal ! i ! I
— R
Actimtor [ H H H
nod el 1 1 i |
signa 1 | 1 1
- H il L7 H -
N i | i -
Process i i i
- input _{_l—'_lL:_r
Controller | e L 0 L g
node =Dk  &r  (k+Dk

Xpe1 = (ka + r()(f,ﬁc, TE,H)uk —+ Fl(ffﬂ TE,U)U,k,1 + v

J. Nilsson, B. Bernhardsson, B. Wittenmark, Lund Institute of Technology

Further Readings
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= Multiple time-delay systems

= Random time delays b

| Tr“ (t) T T
| —

Sensor - : L ;r-_ 4‘ ! b L -

‘\ : 11' \\ 11 \ \

| A 1 1 1
| Rn-j.qt'h‘rl \
I sample

Received | +

data at i: | 1 : | -

controller y i v ¢ 1
\ facan \
1 sample |

[}
|
1
A
I
Data I
used by | T
1

) A) L] 1] gl
controller I A \ y \

| A \ 1 \ \

| A \ 1 \ \

' y \ 1 \ \

' \ 3 s
Plant
input T T T T T T o

Time

B. Wittenmark, J. Nilsson, M. Torngren, “Timing problems in real-time control systems,” ACC1995




Multi-Rate Sampling (7.9)

= Multi-rate System:

Period h Period

u ¥
_‘-1—

2h

'

= Switch Decomposition:

(b)
(a)

esfw‘Z | ] o 512

gthim |_J}4_I g sl
h

h
sm -11him
e

~slm-11him
&
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Further Readings

= Multi-rate systems

Fig. 7. TLA compensator structure.

M.C. Berg, N. Amit, J.D. Powell, "Multirate digital control system design”, IEEE-TAC 33(12): 1139-1150, Dec 1988




