A- LEVEL — MATHEMATICS Ps VECTORS IN 3D (Notes)

—> —>
Position Vector of Points A, B are OA and OB

—> —> —> —>
OA = a , OB =b
) AB =(Db -2a)
ii) Position Vector of the Mid point of AB, M
— N 4 —_— > —
oM = . “OM = a + AM
— —
= a + &
2
> >
- (b-a) D
= a + =
2 2

Components of Vectors in 3D :

Unit Vectors along the axes OX, OY, OZ are denoted by i, j, k
respectively.

or OP = (xi+yj +zk)

is the position vector of variable point P .

> —> X
ror OP = |y where OA=x ,AN=0B=y , NP=0C =z
Z
Distance OP= [P | = V(X + y*+2?)
Position vectors of given points : -
— al
A(al,az,a3); OA=a1i+a2j+a3k = a| = _5
La
—> rbl —>
and B(bl,bz,bg); OB=b1i+b2j+b3k = b2 = b
bs




—> — —> by — a
and AB=(b-a) = bZ_ a,
b; — ajz
Magnitude of a
_>
OA = |a| = V(@ + a’ + a3))
~ d
Unit Vectoralong — =a= %+
a —
la|
a . a
/(a% +a% + a% /(a% +a% + a%)




Parallel Vectors

or = ay| =k |by|lesa |l b
a3 b3
Scalar Product of Vectors B
- — >  — —>
Def" a.b =]a]]|b]cosb b
-, >
Or cos@ = 22D (if) \9 A
- — >
la| |b] .
(0] a

where 1, J, k are unitvectors along axes (are mutually perpendicular )

i2= 1x1xcos0’°=1=j.j= k.k

i2=j2= k?=1 (i) also3.3 = (3) = [al®
and i.j=j.k =k.j =0 (iv)
—»> > — —>
and a L b& a.b =0, a#z0 ,bz0
a b,
—» —>
Now given a =a;i + a,j +ask 5§ a , b =byi+ byj+bsk = | by
a3 b3
- —>
a.b = (ayby +a,b, + azbs) (v)
aq b,
dp . bz = (a1b1 +azb2+ 33b3)
ds b,
b; +a,b, + b .
a10q1 ap b asbg VI)

cosO =
/(a% +a% + a%).[(b? +Db% + b3)



Equation of a line ‘| ‘ passing through a point A whose position

vector a and direction of line is u

— - —
T o=a + }\_p.> - (i) as OP = OA + AP
a1
_5=ali +azj+a3k= ap
asz
[ x
—> . .
r=xi +yj+zk = |y
Z
Director ofline ‘I’
-»> . . P
u= pi +qj+rk= |q
r
Equation of line |
X dq P
T = y = | a + Al q (ii)
Z ds r

i i — >
Direction AB= (b- a

)




3. To verify that two given line |, and I, (May be PARALLEL / COINCIDENT /
INTERSECTING / SKEW LINES ) :

- — — - p
ly cr = a+Au ---—-—-- (i) where u =pi+qgj+rk=| ¢q
r
- > - > l
l, :r=Db +Av - (i) and v =li+ mj+ nk ={m
n

Case (a) : I | I2<:>G>= Kv> : ke R k=0
Case (b) : I | I, are coincident lines if

- —
i) u= kiv

(i) (B=2") = kU0

Case (c): Intersecting G’;t k7 ;o i
a; + Ap
To find the point of intersection |; : 7T =|a, + Aq| —------- (iii)
az+ Ar
b; + n
L P=|by,+ pm  eeeees (iv)
b;+
Fora Common point :
a; + Ap b; + ul
a,+ Aq | = b,+ um
az + Ar b;+ un
or ag+Ap= by+pul = Ap-pul = by-ag---—---- (v)
ay+Ag= byrpm = Ag-pum = b;- a;----—----- (vi)
az+Ar= bz+un = Ar-pun = bz- az--—---—-- (vii)

Solve (v) and (vi) for A and pu
And verify that these values of A and p satisfies the equation (vii) ; and to
find the point of intersection, put the value of A in equation(iii) (or pin (iv))

3. d) Pair oflines |, and |, are Skew :

I, f I, andl; and |, are non intersecting.

It happens when in [3] (c) we solve two equations for A and p but
these values of A and pu does not satisfy the third equation.



PLANE IN 3D

L . . . . _>
Direction of a Plane is expressed in terms of its Normal n to the Plane:

Normal to the Plane is perpendicular to every line lying in the plane,
through the point of intersection of Plane and normal.

—>
n Ll,and nll

1. Vector Equation of a Plane :
i) Passing through a point @ and given_rT is the normal to the plane ,_r>
is any point (variable ) on the plane.

> > — —
(r-a).n=0 - (i) [ AP 1 Normal]

General Equation of Plane ( Vector form)

> —

r.n =d - (i)

2. Cartesian Equation of a Plane :

a

i) Passing through a point A ( x1,y1,2z: ) and components of normal are | b
- c
a(x-x) +b(y-y1)+c(z-21)=0 -——-- (iii) [ n = ai+bj +ck]

General Equation of Plane in Cartesian form:

ax+by + cz=4d (iv)
here a, b , ¢ are Components of Normal




3. i) Length of perpendicular from a point to a Plane:
Givenapoint A(x;, y1, 1) e

and aplane ax+by +cz =d

aXAbyreT =ol

IaXl +bY1 +cz4 —dl

J(@%+ b2+ c2)

Length of Perpendicular AN =

i) Length of perpendicular from origin to the Plane :

| d]

ON = J(@%+ b2+ c2)

4. i) Parallel Planes

Two Planes are parallel iff they have the same
normal .i.e either the components of normal are
same or proportional.

P, : a4x + by + ¢4z d;
P, : ayx + byy + ¢z =4d,

—>
Nt = api + byj+ ¢k
_n;= ayi + byj + ¢k
a, a;
Pl P, = |bi|=k|b; : k eR and k#0
€1 C2
Parallel Planes 2x-3y+z =7 or 3x -5y +2z = 6
6x-9y +3z =10 3x -5y +2z=9



ii) Distance between two Parallel Planes

d; Make the coefficient of x,y, zin
d, both the equations equal.

a) P, : ax +by+cz
P, : ax + by + cz

|dy —dy |

J(@2+ b2+ c?)

Distance AB

b) Alternate Method : Take any point on plane P, and find the distance
(length of perpendicular ) of this point to second plane.

5. Equation of a Plane passing through the intersection of two given planes:

P, : a4x + by +cz =d;
P, : ayx + byy + ¢,z

1
o
N

is given by :
( aX + b1y+ C1Z - dl) + A (azx + bzy + CZ - d2)=0

6. To find the equation of a plane passing through

May be gi :
three pOintSA (X1 ’ y1 Iz].) ’ B (x2 ’ yZ » 22 )r _:y © glven
C(xs, ys,23) OA= X1i +Vij+ 21k

—> . .

0B= Xpi +Y,2j4+ 2ok

Equation of any plane through point A (X1, y1,21) is ot= X3i +y3j4 23k
a(x—xl) + b(y'Y1) +C (Z-Zl) =0 (I) Position Vector of A,B, C
B(x,, ¥2,2,) lieson (i) — a( Xp-%;) + -—+-=0 (ii)

C(xs, y3,23) lieson (i) — a( Xz-X1) + -——+-- -=0 -—---mmmm- (iii)

Solve (ii) and (iii ) by cross —multiplication method and put the values of a, b ,
c in (i)



7. To find the Equation of Plane passing through line ‘1 ‘ and point
B (xz » ¥2,22 )

_> _>
| :r = a+Au

—
r

or | = (x40 +y4j + 2,k ) +A(pi+qgj+rk)

Now Point A(x;, y1, Z1) online ‘I lies on Plane
Equation of Plane through A (X1 ,V1,%1)

a(x-x1) +b(y-yi) +c (z-z1) =0 (i)
and the given point B (x, ,y3, Z,) lies on required Plane
Put in (i)
a(x-x1) +b(y-y1) +c (z-z1) =0 (ii)
as line ‘1 ‘liesin plane.

| 1L Normal

- —

u.n=20

p a

q|.|b| =0

r c

= ap+bqg+cr =0 (iii)

Solve equations (ii) and (iii) for a, b and c by cross multiplication_.and put
the values of a , b,c in (i)

8. To find the equation of the Line ‘1’ of intersection of two planes:

Given Two Planes

|
o
flry

(i)
(ii)

Pl . a. X + b1y + C1Z
P2 . do X + bzy + CyrZ

1
o
N

Put x = 0 inequation (i) and (ii), we get
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by + ¢z = d
b,y + ¢,z = d,

Solve for y and z

Get the coordinate of a common pointA(0,vy,, z1)
Again put y =0 (or may z = 0 ) and get

d;
d

ax + C1Z
X + CyZ

Solve forxand z to get B (x, , 0 , z, )

III

As A, B lies on Required line
Find the equation of line through two points A and B.

9. To find the distance of a point B(x,,V,, z,)fromaline:

Given B (XZ ’ V2 y 22 )

. - —> —>
Line I: r = a + Au

— *1 p
Or r= Y1 + A ¢q
Zl T
—

Find AB = (x3- x1)i+ (ya—vVy2)j+ (z2—2z1)Kk

—>
Now AN = Projection of AB on line |
B (04, 2)
— o > _ _
—AB._) u=pi+gqj+rk
[u |
(’('/;3//'2/) A Zz

Required length of perpendicular distance

BN = V(AB>- AN?)
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GENERAL RESULTS:
—> a 1
i) Any line | to x-axis has Direction V =ai=|[0 |[or [0
0 0
i) APlane || x-axis = Normal to Plane
n 1 x- axis
a 1
b 0(= 0
c 0
—>a=0
—_ 0
son o= b
c
- — — X1 p
iii) Line | : r=a+Au = Yi|+A|q
Zl T
- —
Plane P r.n=4d = ax+ by+cz=4d

then (a) line ||| Plane P = | 1 normal

or ap+bg+cr=0
(b) I L Plane => | || Normal
—>

_>
—™> n = ku

Direction of normal is same as direction of line.
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10. To find the angle ‘ © ‘ between line ‘1‘ (AQ) and plane ‘P ‘.

> .
n is normal to the Plane.

line | : 7 =@+ AU —ommrme (i)
PlaneP : 1.1 = d -ooooemeeeeee (i)

Now < CAQ = g-e

Or sin®©

1
=~

0

1
4]
5

AN
—
=~
N

Case | : Letline ‘1 intersects plane ‘P’ at a point A.

- i >
And Let the plane containing the line ‘1 and normal n intersects
the plane ‘P inthe line <
AB

Then the required angle ‘0 ‘ is between ‘1‘ and line AB.

0 = 2QAB
Hence, the angle between Normal and line ‘1 = (g — 0)
Case Il : If the angle between Normal and the line is obtuse.

Take <« CAQ = (§+ 0)

Cos(g+9) 1 W -k (let)
In Jul
= —sinf = — k
= sinf@ = k
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SOME IMPORTANT CONCEPTS

1. Projection of a segment of a line :

Projectionof AB on | = PQ
2. Projection of ABon linel = AN
B
< |_ >
A N
—>

—

3. Let AB = a

_»
AN = Projection of AB on b

- .-
a b

AN =

—

|b|

In right A ANB
A:N =cos 0 = :i

)
)
s
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To Solve two equation in three variables ( CROSS MULTIPLICATION
METHOD)

a;Xx + by +c,z=0 Note:A=‘a><b‘=ad-bc
a;x + by +c,z2=0 c’*d

a1x+t?>y+<%z=0 aix +|b;y|+¢cz=0 a;x + by cz|=0
ax|+ b,y +¢6z=0 ax+by +cz=0 az>x§b2y +|cyz

Z

]
o

X ¥y
by c;—bycy Ciaz— Czay a; by—azbg

X _ y _ Z }\

b; c;—bycy Ciaz— Cza; a; by—azb,

ALTERNATE METHOD

a1X+b1y +C12=O
a,x + by +cz=20

aix|+ by +¢cz=0 aix +|b;y|l+cz=0 aix + by cz|=0
azx+%y§;z=0 ax +b,y Fcz=0 az>x§b2y +|czF O

Z

X
b1 Cz—b2C1 —(a1 Cr— azcl) dq bz— a2b1

b; c;—bycy —(a1 cz—azcq) a; by—azb,

X y zZ -
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APPLICATION :

To Solve for a, b, c

Q6. a+ 2b+3c=0
2a+b -2c=0

a _ b _ C
2(-2)—1x3 3x2—(1)(-2)  1x1-2x2
or & =2 .- %y

—7 8 -3

a=-7k

-7

b = 8k or k 8

— 3

c = -3k
Q9. Solve :
3a+b-c=0
-a+2b-c=0

a _ b _ C
1(-1)-2(-1) (-1D(-1)-(-1Dx3  3x2-(-1x1

a _ b _ _c
~1+2 143 6+1

a:b:c=1:4: 7

a o9
|
SN



