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Example: Learning Male Vs. Female Faces

Male Female

7
Learned rule: “roundish face or long hair is female”

Gin:1—28 ~ 11%

27

eout =

It has been known since the early days that e, << egut.
[Larson, 1931; Wherry, 1931, 1951; Katzell, 1951; Cureton, 1951; Mosier, 1951; Stone, 1974]
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Generalization Error

€gen — €out — €in
e Statistical Methods: FPE; GCV: Covariance penalties; etc.
[Akaike, 1974; Craven and Wahba, 1979; Efron, 2004; Wang and Shen, 2006].
— Generally assume a well specified model.
e Uniform Bounds:

— Distribution independent: VC [Vapnik and Chervonenkis, 1971].

— Data dependent: Maximum discrepancy; Rademacher-style; margin bounds.
[Bartlett et al., 2002; Bartlett and Mendelson, 2002; Fromont, 2007; Kaaridinen and Elomaa, 2003; Koltchinskii,
2001; Koltchinskii and Panchenko, 2000; Lozano, 2000; Lugosi and Nobel, 1999; Massart, 2000; Shawe-Taylor
et al., 1998].

e Sampling methods: Leave-K-out cross validation. [Stone, 1974]

e Permutation Methods: have been used as tests of significance for model selection.
[Golland et al., 2005; Wiklund et al., 2007]

We will present a permutation method for validation — estimation of egey,.
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An “Artificial’ Permuted Problem 7

“Male” permuted data “Female” permuted data

Learned rule: “dark skin or long hair is female”

e”:%%?)?)%

n

e™ . = 50%

out

€gen = 17% «— Use this to estimate €yt = €iy + €gen = 28%.
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Permutation Method for Regression

Real Data
Linear Fit | Quartic Fit
ey, = 0.02 | ey, = 0.002
eout = 0.11 | egye = 0.256
€gen = 0.08 | €gen = 0.254
eout = 0.07 | egye = 0.192
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Permuted Data

Linear Fit

Quartic Fit

average(ep,”) = 0.12
average(eqy™) = 0.17
average(€gen) = 0.05

average(ep,” ) = 0.05

average(equ™) = 0.24
average(€gen) = 0.19
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The Permutation Method For Validation

1. Fit the real data to obtain e;,(g).
2. Permute the y values using permutation 7r.

(a) Fit the permuted data to obtain g™

(b) Compute the generalization error on the artificial permuted problem.

1 n
Theorem 1.e” (9") = 85 + - Z(g“(azi) — )%
i=1

n

T T 2 =\ AT
Theorem 2. egen(g ) = - Z@”Z —9)g" ()

i=1
(Twice the (spurious) correlation between g™ and y™.)

3. Repeat (say 100 times) to get an average(€gen ).

4. Estimate the out-sample error

€out = €in T €gen-

(@
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Example Linear Ridge Regression

g(x) =w'x

Construct wy, to minimize ey, (w) + Aw"w. The in-sample predictions are

y =S(\)y,
where, S(A) = X(X"X + AI)~1X",
Theorem 3. 052
ou — Cin —(t S) — .
Cout(9) = €in(g) +— ( race(S) — —

When (A = 0), S is a projection matrix:

R 267d

€out = €in T .

n

(An Akaike FPE-type estimator; 65 = %85, the unbiased estimate of the y-variance.)
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(a) LOO-CV vs. Permutation (DT)
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Exp. Out-of-sample error
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(a) Different Polynomial Order.
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Validation Results
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(b) LOO-CV vs. Permutation (k-NN).
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(b) Different Regularization Parameter.
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Model Selection — Simulated Setting

A Selection

Validation | Order Selection | Unregularized | Regularized

Estimate | Regret Avg Order | Regret Aveg. % Regret
LOO-CV | 540 9.29 18.8 23.1 0.44
Perm. 185 7.21 5.96 9.57 0.39
VC 508 5.56 3.50 125 0.42
FPE 9560 11.42 51.3 18.1 0.87

Noise(%) | LOO-CV | Perm. | Rad.

5 0.30 0.28 | 0.28

10 0.28 0.27 | 0.27

15 0.28 0.25 |0.25

20 0.28 0.26 | 0.26

25 0.26 0.25 |0.25

30 0.24 | 0.24 |0.24

©
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Model Selection — Real Data

Data Decision Trees k-Nearest Neighbor
LOO-CV | Perm. | Rad. ||| LOO-CV | Perm. | Rad.
Abalone 0.05 0.02 | 0.02 0.04 0.04 | 0.04
Ionosphere 0.17 0.16 | 0.17 0.17 0.70 | 0.83
M.Mass 0.09 0.05 | 0.05 0.09 0.11 | 0.11
Parkinsons 0.24 0.34 | 0.41 0.25 0.33 | 0.43
Pima Diabetes 0.09 0.07 | 0.07 0.11 0.11 | 0.14
Spambase 0.07 0.06 | 0.07 0.19 0.43 | 0.55
Transfusion 0.10 0.08 | 0.09 0.09 0.12 | 0.19
WDBC 0.20 0.23 | 0.34 0.21 0.34 | 0.51
Diffusion 0.04 0.03 | 0.02 0.04 0.06 | 0.03
Simulated 0.16 0.15 | 0.15 0.21 0.21 | 0.21
Learning episodes limited to 10
Data Decision Trees k-Nearest Neighbor
LOO-CV | 10-fold | Perm. | Rad. ||| LOO-CV | Perm. | Rad.
Abalone 0.12 0.13 | 0.02 | 0.02 0.24 0.09 | 0.12
Ionosphere 0.24 0.21 0.18 | 0.19 0.49 0.75 | 0.84
M.Mass 0.23 0.13 | 0.06 |0.06 0.15 0.11 | 0.12
Parkinsons 0.25 0.31 0.34 | 0.40 0.34 0.32 | 0.44
Pima Diabetes 0.18 0.18 | 0.07 | 0.07 0.16 0.12 | 0.15
Spambase 0.28 0.09 | 0.07 | 0.07 0.44 0.43 | 0.54
Transfusion 0.19 0.13 0.08 | 0.09 0.17 0.12 | 0.19
WDBC 0.31 0.40 | 0.24 | 0.37 0.55 0.33 | 0.50
Diffusion 0.13 0.04 0.03 | 0.02 0.09 0.06 | 0.04
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What Have We Learned?

e To estimate e, hard to beat LOO-CV (in expectation).

e Model selection: need good estimate, but also stable.

e VC — ultra stable, very conservative.

e LOO-CV — very unstable, in general good, but can be a disaster.
e Permutation Method — Good blend.

— To have low €gep, the method must generalize well on random permutations which
have similar structure to the data. This induces stability.

— Seems to be better than Rademacher, which is of a similar flavor: the permutation
preserves more of the structure of the data, while at the same time being stable.
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... And Now the Theory: Permutation Complexity

Permutation Complexity
1
Pu(H|D) = Er |max—> " yrh(z;)

We consider random permutations 7 of the y values.

Some function in your hypothesis set achieves a maximum (spurious) correlation with
this random permutation.

The expected value of this spurious correlation is the permutation complexity.

e data dependent.

e can be computed by empirical error minimization.

[Rademacher complexity is similar except that it chooses y; independently and uniformly in {£1}.]

© Rensselaer Magdon-Tsmail : Mertsalov. 30 April, 2010. 1-19



Permutation Complexity Uniform Bound

Theorem 4.

eoni(g) < em<g>+47>m<H|D>+o( %m%),

*

= ein(g) + 265en(H|D) + 45 E [g7] + O ( Lln %) .

~
~—

() is for empirical risk minimization (ERM).

Up to a small “bias term”, e,, bounds e, (for ERM).

The bound is uniform, and data dependent.

Practical “consequence”: we are “justified” in using the permutation estimate.

0]
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Proof

e We now have tools for 7.7.d. sampling: McDiarmid’s Inequality [McDiarmid, 1989].
e The main difficulty: permutation sampling is not independent.
e The insight is to use multiple ghost samples to “unfold” this dependence.

e .. .one still has to go through a few technical details, but then you have it.
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Wrapping Up

e The permutation estimate is easy to compute numerically - all you do is run the
algorithm on randomly permuted data.

e Can be used for classification or regression.
e In some cases (linear ridge regression), can get analytical form.

e Achieves a good blend (practically) between the conservative VC bound and the
highly unstable LOO-CV.

e Similar but slightly superior (in practice) to Rademacher penalties.

e ...its only the begining.

Thank You! Questions?
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