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Abstract

In this paper, we propose an empirical modeling approach for social networks. To embed
the concept of strategic network formation into the model, we motivate the model specification
by an economic game in which individuals choose friendship links and economic activities with
interactions. By allowing individuals to respond to economic incentives stemming from friend
interactions on certain activities when making friendship decisions, our structural setting generates
the following two advantages. First, one can evaluate the importance of economic incentives from
certain interactions when individuals choose their friends. Second, the possible friendship selection
bias in interaction outcomes will be corrected when the network formation is explicitly modeled.
The proposed model is applied to American high school students’ friendship networks in the Add
Health data. From two activity outcomes, namely, students’ GPAs and smoking frequencies,
we find a significant economic incentive effect from GPA, but not from smoking, on friendship
formation. These results suggest that helping one another on academic learning is important for
forming friendships, while joy of smoking together may be not. However, outcomes of both GPA
and smoking frequency are subject to significant positive network interactions.
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1 Introduction

Economic research on social networks has grown rapidly over the past two decades. For many
economic issues, the role of social networks as a major channel to disseminate information or
facilitate activities is revealed.! Accompanying with wide applications of network concepts in
economics, an immediate question faced by both theorists and practitioners is to understand how
networks are formed. This question is not just interesting in its own right, but also important
to analyze how changes of network structures affect economic outcomes.? From development of
theory on network formation, the most recognized concept is strategic network formation proposed
by Jackson and Wolinsky (1996). After their seminal work, theorists enthusiastically apply this
concept on building network formation models and discuss the tradeoff between network stability
and efficiency (See survey in Jackson, 2008, 2009, and relevant chapters in Handbook of social
economics edited by Benhabib, Bisin, and Jackson, 2011). Built on richness of theory, new empirical
strategies to embed the concept of strategic network formation in real networks would be highly
desirable for economic network studies.?

In this paper, an empirical modeling approach for static networks is proposed in response to the

literature.* A static network refers to a cross sectional case where only one observation of a network

IFor example, job finding and labor force participation (Calvé-Armengol and Jackson, 2004, 2007; Bayers et al.,
2008); social learning and knowledge diffusion (Conley and Udry, 2001, 2010); risk sharing and insurance (Fafchamps
and Gubert, 2007a, 2007b); obesity transmission (Christakis and Fowler, 2007, Flower and Christakis, 2008); peer
effects on students’ academic achievement (Calvé-Armengol et al., 2009), sport and club participation (Bramoullé
et al., 2009; Liu et al., 2011) and juvenile delinquencies or criminal activities (Ballester et al., 2010; Pattcchini and

Zenou, 2008, 2012, Bayer et al., 2009, etc.)
2As a network might be formed in order to achieve favorable economic consequences, there is an empirical need

to correct for possible endogeneity bias in network (or peer) effects on outcomes due to friendship selection. In the
context of network interactions, no matter whether the research objects are labors, adolescents, or delinquents, in
order to understand peer effects among these groups, one would like to know how individuals choose their friends.
The choice of friendships might amplify observed peer interaction effects due to related unobserved factors behind
both decisions of friendships and economic activities (Weinberg, 2008). Hence, to study network interaction effects on
economic outcomes without considering endogenous friendship selections might lead to an upward biased estimate.
With regard to this problem, Hsieh and Lee (2012) propose a latent variables approach in order to capture possibly
important unobserved driving factors and use them to link network formation and social or peer interactions on

economic activity outcomes.
3Some existing empirical examples include Fafchamps and Gubert (2007a, 2007b) and Comola (2008), which

study the risk-sharing and insurance networks in rural areas of developing countries. Mayer and Puller (2008),
Christakis et al. (2010), Currarini et al. (2010), Mele (2010), and Hsieh and Lee (2012) study friendship networks

of American high school and college students.
4Except the economic literature, network formation models for static networks are also developed in the statistical

literature. One example is the exponential random graph model (ERGM) proposed by Frank and Struss (1986), or



is available.® The specification of the model, motivated from the concept of strategic network
formation, is based on an economic game where individuals determine both friendship links and
economic activities with interactions. This game setting is modified from Hsieh and Lee (2012) by
adding a device that individuals respond to economic incentives stemming from friend interactions
on certain activities when making friendship decisions. This device is meaningful because in most
of the survey data which contain friendship information, respondents are asked to nominate friends
in general, but not for any specific purpose. Therefore, it remains interesting to see which activities
with network interactions would provide significant economic incentives for forming friendships.
The advantage of modeling both the network formation and network interactions on outcomes
under a structural framework is in fact twofold. We can not only evaluate the importance of
individuals’ incentives as they stem from choosing their friends, the resulting model can also correct
possible friendship selection biases in outcomes with interactions. We apply this modeling approach
to study American high school students’ friendship networks in the Add Health data. From two
activity outcomes that are considered in the paper, namely, a student’s GPA and how frequently
a student smokes in an usual week, we find a significant economic incentive effect from GPA but
not from smoking, which suggests that helping one another on academic learning is a factor for
building friendships, while joy of smoking together is not. Furthermore, estimated endogenous
effects from outcome equations under our structural setting are smaller than those from studying
outcome equations alone with networks assumed to be exogenously given. The latter shows our
structural approach is effective in correcting possible upward biases in interaction effects due to
endogenous friendship selections.

The challenge of modeling static networks by the concept of strategic network formation comes
from the fact that, as contrary to a dynamic setting, neither the order of linking nor how each
link depends on previous existing links are observed. Therefore, one would model a network as
a polychotomous choice with 27™~1) alternatives jointly by individuals, where m is the size of

the network. The estimation of such a model is computationally intensive because discrete choice

more generally, the p* model by Wasserman and Pattison (1996), which formulates the propensity of the network
formation from observed network features, such as stars, triangles, etc. Another example is the latent position model
by Hoff et al. (2002) and Handcock et al. (2007), which introduces unobserved latent variables to create dependence
between links and use them to visualize the network. See survey of statistical models in Goldenber et al. (2009).
The main concern of using those statistical network models from an economic view is that they do not provide

causal interpretations, which are, however, the central spirit of an economic study.
5We focus on a static setting because most of the available network data are cross sectional ones without dynamics.

Few students’ friendship network data which have panel waves can be found in the literature of stochastic actor-based

dynamic network modeling proposed by Snijders et al. (2010).



variables increase exponentially with the size of the network. Furthermore, the implied model
might contain multiple equilibria which requires investigators to specify an equilibrium selection
rule or treat the model as an incomplete one. To prevent all of those complexities, few empirical
studies choose to assume pairwise independence between network links. For example, Fafchamps
and Gubert (2007a, 2007b) and Comola (2008) rely on the pairwise independence assumption
which allows them to focus on individual and dyad-specific variables to explain network links. The
estimation of those models can be done by a standard maximum likelihood approach since the
likelihood of the whole network is just the product of likelihoods from each pairwise links. How-
ever, as noted by Bramoullé and Fortin (2009), the assumption of pairwise independence is too
strong because it requires that the latent utility behind each pairwise link is separable.® One way
suggested in Christakis et al. (2010) to bypass the problem of multiple equilibria from modeling
networks without the pairwise independence assumption is to augment networks with a dynamic
formation process. They assume a sequential process which only allows a single pair of individuals
to establish (or terminate) a link at each period. By additionally assuming that individuals only
concern the current state of the network but not future, they simplify the computation and elim-
inate the concern of multiple equilibria. With an artificial order of meetings simulated within a
finite number of periods, they estimate model parameters using the Bayesian approach.

Mele (2010) also models static networks with a dynamic formation process. But instead of
simulating artificially sequential meetings during estimation, he uses a random meeting technol-
ogy and shows that observed networks can be viewed as realizations from a stable equilibrium
distribution. His model is relevant to us as he also uses an economic game with individual utility
maximization. However, there are three major differences between Mele’s modeling approach and
ours. First, the utility function proposed in Mele (2010) is restrictive. For the purpose of charac-
terizing the network formation game as a potential game, which has an advantage of summarizing
individual incentives by an aggregated potential function, he only include certain specific terms in
the individual utility function. In this paper we show that, if one begins with specifying a negative
potential (negpotential) function in an exponential distribution framework, an implied individual
utility function from the negpotential function can be used to justify network formation as either
a cooperative game or a non-cooperative game. The specification of the negpotential function can
be very general, which is allowed to capture any relevant network characteristics or individual in-

centives. Also, any constraints on parameters in the implied individual utility can be understood.

6This means that the utility derived from a network is equal to the sum of utilities from each link and is not

affected by any other links in the network.



Second, we focus on a static game with complete information rather than a dynamic game and
therefore do not require any random meeting technology. Third, we primarily concern modeling
both network and activity decision processes, which is more general than only a network decision
process considered in Mele (2010).

The remainder of this paper is organized as follows. Section 2 presents an economic game of
network formation which motivates the empirical model. A Bayesian estimation method for the
proposed model is discussed in Section 3. Section 4 includes an application of the model to high
school students’ friendship networks in the Add Health data. The paper is concluded in Section
5. We leave details of the MCMC sampling procedures, techniques and a simulation study in

appendices.

2 An economic game for network formation

Assume individuals make their decisions on friendships and economic activities in a two-stage pro-
cess.” In the first stage, individuals choose friends to maximize their link-associated utilities. In
the second stage, individuals interact with their friends and choose economic activities to maximize
their activity-associated utilities. One of our focuses on friendship formation is to consider the pos-
sibility that friendship be built upon pursuing economic incentives from friend interactions, e.g.,
students get along with other students with intention to help one another on academic learning, or
delinquents hang out with other delinquents with intention to share knowledge or interests of their
behaviors, etc. We allow the link-associated utility to contain economic incentives represented by
activity-associated utilities which will be realized in the second stage. This two-stage process can
be characterized as a two-stage static game. Individuals adopt strategies on choosing friends and
economic activities in order to obtain utilities as payoffs of the game. There is perfect information
between the two-stages. Within each stage, players move simultaneously with complete informa-
tion. The equilibrium of this two-stage game satisfies the principle of sequential rationality, i.e.,
a player’s strategy should specify optimal actions at every point in the game tree (Mas-Colell et
al., 1995). Hence, one can solve the equilibrium of this game by backward induction as follows:

First, determine equilibrium activity outcomes in the second stage with network interactions and

7One may interpret our modeling approach from simultaneous decisions on friendships and economic activities.
In such a case, both types of decisions are made simultaneously and would affect each other. By interpreting it
as a two-stage process, one can focus on friendship decisions in the first stage and activity decisions in the second
stage. It gives us an advantage to emphasize the importance of economic incentives stemming from interactions on

activity outcomes in the second stage.



calculate the corresponding equilibrium activity-associated utilities. Second, by incorporating the
equilibrium activity-associated utilities into the link-associated utilities in the first stage, solve for
the equilibrium network.

Assume that individuals are placed in a pre-specified group setting, such as students in a school-
grade, workers in a company, delinquents in a neighborhood, etc.® Let W, be a m, x m, adjacency
matrix (sociomatrix) representing a network of m, individuals (size) in the group g, where g =
1,---,G with G being the total number of groups in a sample. Each w;; 4 is a dichotomous indicator
which equals to one if individual ¢ is making individual j as a friend and zero if not. The diagonal
elements w;; 4’s are set to structural zeros. Let x; 4 be a k-dimensional row vector containing
individual i’s exogenous characteristics and the my, x k dimensional matrix X, is a collection of
such vectors in the group g. For economic activity outcomes, we consider two types of variables,
continuous and Tobit-type.? Let ; o4 (i,tg) denotes individual i’s continuous (Tobit-type) activity
outcome in the group g, then Yeq = (Y1,cq, Y2,c9:" > Ymy.eg) a0d Yig = (Y1,19: Y2195 > Ymy.tg)
are my-dimensional column vectors for all members’ continuous and Tobit-type outcomes in the

group g.

2.1 Activity-associated utility with interaction effects — continuous and

Tobit-type outcomes

We may first discuss the pursuit of economic activities in the second stage of the game.

Continuous Outcomes

Consider a continuous activity outcome variable y; .,. Depending on a network W, a profile
of economic activities Y4, an unobserved group fixed-effect a4, and an idiosyncratic shock €; 4,
which is known among individuals but not to the econometrician, an individual’s activity-associated

utility is assumed to take the following quadratic form:

mg 1 mg
_ 2
Wieg(Yegs Wy) = | @i gB1c + E Wij,gTj,gP2e + Ceg + €ircg | Yieg — FYieg T AcYi,eq E Wij,gYj,eq
=1 =1

(1)

81t would be of an interest to consider in certain situations that a specific group can be selected instead of given.

Here we are focusing on the setting with reference to the Add Health data where grade as a group would be less

subject to selectivity. Those issues of selection into groups will be left for future study.
9The case of binary variable will not be considered in the main article because of various model specifications of

it, which deserve more detailed consideration. We have a discussion of it in the Appendix A.



for i =1,---,my. This quadratic utility function has been widely applied in the studies of peer
effects, including Ballester et al. (2006), Calvé-Armengol et al. (2009), etc. The first and the second
terms show that the utility is concave in the individual’s own activity. The third term reflects a
complementary effect (competitive effect) from peer’s activities if A > 0 (A. < 0). By the theorem
of Ballester et al. (2006), as long as |A.| is less than the largest eigenvalue of W,,'% an unique
interior Nash equilibrium of activity outcomes from this simultaneous-move subgame is given by

mg

Ui eo(Wo) = i gBre + Y Wij g gBac + Ceg + €icq
i=1

00 mg mg
+ Z AL Z (W;C)ij (xﬂkgﬂlc + ijlgxl,gﬁ?c Qg + €j70g> ) (2)
k=1 Jj=1

= =1
fori=1,---,m, and the corresponding activity-associated utility is u; cq(y; ., (Wy)) = %y;ﬁg (Wy).
By stacking individual equilibrium activity outcomes from Eq. , one can obtain a vector of

equilibrium outcomes:

}/(;:](Wg) = S-il(Wg)(Xgﬁc +lgQeg + €cg), (3)

2

where Seg(Wy) = Ln, — AWy, Xy = (X, WyXy), Be = (B1es B2e)'s €cg = (€1,cq)" 1 €my,eq)’, and
ly being a mg-dimensional vector of ones. Eq. can be recognized as the reduced form of the
spatial autoregressive (SAR) model used in Lee et al. (2010), Lin (2010), Hsieh and Lee (2012),

etc., on studies of network interactions.'!

Tobit-type Outcomes

In certain cases an activity outcome might be continuous but nonnegative, i.e., a Tobit-type variable
which is left-censored at the value zero. To model Tobit-type activity outcomes, we should impose
a constraint, y; 1y > 0, in the individual activity-associated utility of Eq with ¥; .4 replaced by
Yi,tg- Under this constraint, the Nash equilibrium of the outcome vector can be summarized by

the equation:

Vi (W) = max (0,¥75) with ¥ = MW, iy + Xy + Lyarg + ey, (4)

100ne may also use a slightly stronger sufficient condition, | AWy |lcc< 1, which is considered in Liu and

Lee (2010).
1 The SAR model has the specification Yeg = AWy Yeqg + XgfBe 4+ lgacg + €cg, where the coefficient A. represents

the endogenous effect, . represents the own and contextual effects of exogenous regressors. The group fixed-effect
Qg captures unobserved environmental factors shared by group members and hence will control for correlated effects

and possible selections into a group.



.

where Y7

represents a vector of latent variables. We may call Y} the simultaneous-Tobit out-
come.'2 The solution vo must satisfy Yio > MW Yo + X Bi + [y + €14 such that Yy > 0, and
Yitg = Mt Z;n:ql Wij Y 1g T TigBre + Z;n:ql Wij g%j.gB2t + Qg + €itg Whenever yi, > 0. Under the
conditions as in Amemiya (1974) for a general simultaneous Tobit equation system,® the solution

)/t*

» is unique and can be obtained from a constrained quadratic programming problem

" . t/g[(Img = MWy )Yig — XyB — lgay — €1g] :
tg = Min

()
Yig Y;fg Z 07 (Img - )\th)Y;fg - Xgﬂt - lgatg — €tg 2 0

As an alternative, we show that with proper restricted parameter space on )\, the solution can be

conveniently obtained via a contraction mapping algorithm provided in the Appendix B.

2.2 Link-associated utility and the exponential probability distribution

Back to the first stage of the game where individuals make their friendship decisions, an individual
link-associated utility v; 4 from a network g may be specified to capture various observed network
characteristics as well as economic incentives stemmed from the second stage. As in a static game
setting with complete information, individual i’s friendship choices may depend on network links
of other individuals in the group. For example, individuals of popularity in a network may attract
more links. If this static game is non-cooperative, with a specified individual utility function v; g4,
his/her choices will be

max vj g (Wi, g, Wi g), (6)

Wi.,g

where w;. 4 represents the it row of Wy, and W_; 4 is the W, with its i*" row removed. Due
to the nature of simultaneous moves, an equilibrium of this game determined by Eq. @ for each
individual in the group will be characterized as a Nash equilibrium. As the system via Eq. @ is
a simultaneous discrete choice one, there can be multiple Nash equilibria. However, with properly

specified utility functions, the existence of an unique Nash equilibrium is possible. Instead of a

12 Another possible way to handle the Tobit-type activity outcome is to assume individuals choose latent activities
based on Eq without the nonnegative constraint, but only the Tobit-type outcomes are observed, i.e., the
observed outcome y; tg = max{0, §} tg} with a latent variable 3} tg from Eq . ‘We may call this case the latent-

Tobit outcome to distinguish it from the simultaneous-Tobit outcome.
13 A sufficient condition for a unique solution of this quadratic programming problem is that the quadratic objective

function is strictly concave, which will be guaranteed if Irn, — % (Wy +W5/,) is positive definite. A necessary and suffi-
cient condition is every principle minor of (I, —AtWy) is positive. Another sufficient condition is that (I, —AtWy)
has positive dominant diagonals, i.e., there exists positive d;, ¢ = 1,--- ,mg such that d; > || Z;’;"Z |[Wij,gld; for

alli=1,--- ,mg.



non-cooperative game, we may also consider this static game to be cooperative in which an unique
equilibrium will be guaranteed with maximization of the aggregated utility. Both game concepts
provide useful insights for us to model the observed equilibrium network and hence we pursue both
strategies and show how they can be related.

We prefer that our empirical specification of the utility function will result in a statistical
estimation framework which describes an observed network W, as a realization from an exponential
distribution on a network space. The exponential distribution framework is basic for random
graph and p* network models in the statistical literature (Frank and Struss, 1986; Wasserman and
Pattison, 1996). A network space €, for a group g consists of all possible network patterns W for

that group. An exponential distribution for W, has a probability specification in the form

P(Wy) = exp(Qq(Wy))/ Z exp(Qq(W)) (7)

weQ,

for a function Q4. A specification of the function Q4 gives a specific exponential distribution of
networks. In the statistical mechanics literature (e.g., Ruelle 1969), —Q, plays a role of a potential
energy function, and @), is referred to as a negpotential function. In the random graph statistical
literature, Q4(W,) may consist of various network statistics. The exponential probability function
implies that conditional probabilities will also take the logistic form, which gives rise the notion of a
Markov random field in spatial statistics (see, e.g., Cressie, 1993). The interest on the exponential
distribution for networks is due to its computational tractability as witnessed by the statistical
literature (See Strauss and Tkeda, 1990; Geyer and Thompson, 1992; Snijders, 2002; Liang, 2010).
To incorporate economic rationality for this distribution, one may allow an individual’s utility v; 4
to incorporate observed or unobserved (from an econometrician’s view) individual characteristics,
and relevant network characteristics. The deterministic components of v; , for all 4 in the group g
will then be part of a negpotential function.

The specification of a model via a negpotential function in the exponential distribution will
ensure the implied statistical model is model coherent, i.e., the econometric model has a well
defined probability structure for an observed equilibrium network. For a multivariate system with
discrete choices or limited dependent variables, a coherent model reflects an unique equilibrium
generated by the system (see, e.g, Amemiya (1974) on a multivariate Tobit model). For our network
formation process, in order to have the existence of an unique equilibrium, a possible modeling
strategy is to embed individual link utilities into a negpotential function and use the specified

negpotential function to study the network as a whole.



2.2.1 The specification of an individual link-associated utility

As motivated by several economic and statistical studies on network formation, we consider the

following individual link-associated utility specification,

mgy d s
_ )
vig(Wy) = D wiggisg + wig(wi g Wiy + ) 5 YiagWy) - (8)
=1 —
\] , Network Structure Effects =t
Exogenous Effects Economic Incentive Effects

In Eq. , the exogenous effects capture influences from individual-specific and dyad-specific ex-

ogenous characteristics on the link utility. The function 1;; 4 has an explicit expression

Vij,g = Ci,gV1 T CjgV2 + Cijg3- 9)

The variable ¢; 4 (¢j ) in Eq. (9) is a 5-dimensional row vector of individual-specific characteristics
and the variable ¢;; 4 is a g-dimensional row vector of dyad-specific characteristics, such as the
same age, sex or race shared by each pair of individuals (¢, 7) in the group g to capture the utility
from homophily of observed characteristics in friendship formation. The idea of using ¢; 4, ¢;,4 and
Cij,g in explaining the link decisions is from Fafchamps and Gubert (2007a, 2007b) in the study
of risk-sharing network formation. For notational simplicity, we let Cy = {¢; q,¢; 4, Cij g} and
v = (71,7,7) . The network structure effects in Eq. capture influences from link dependence
within the network on individual 4’s link utility, where w; 4(w;_4, W—;. 4) represents a h-dimensional
row vector of summary statistics constructed from components of W, and 7 is a corresponding
vector of coefficients. The idea of considering network structure effects in Eq. comes from the
p* models (Wasserman and Pattison, 1996; Snijders et al., 2006), the actor-based dynamic network
model (Snijders et al., 2010), and the model of Mele (2010). In the p* models, summary network
statistics such as the number of k-stars and k-triangles, k € N, are used for the network structure
effects to measure how likely those network patterns appear in observed networks. The coefficients
of those network structure effects do not represent causal relationships. In the actor-based dynamic
network model and the model of Mele (2010), the summary statistics used for the network structure
effects are economically motivated and constructed from the number of individuals’ reciprocal,
outward, inward, and transitive links. The coefficients of those network structure effects provide
causal interpretations. The empirical specification of the network structure effects used in this
paper will be discussed later in Section 4.1.

The novel effects considered in this paper for an individual link-associated utility are economic
incentive effects from network interactions, which are represented by the activity-associated utilities

that will be realized in the second stage. There may be several (d) economic activities which

10



provide economic incentives for forming friendships. The coefficients of these economic incentive
effects are denoted as § = (d1,---,04)". As noted by Ballester et al. (2006), activity-associated
utilities will always increase with the number of links in the network if network interactions provide
complementary effects on activity outcomes. Since individuals’ link decisions partially depend on
the activity-associated utilities, they might choose to add as many links as possible if there were
no cost on the link formation. To mitigate such a strong incentive to form links, we rely on the
existence of nontrivial negative exogenous and network structure effects which represent possible
costs of adding friendship links.'#

Based on the link utility v; 4 in Eq. , its specification implies that, in particular, each pairwise
friendship link from individual 4 to individual j will depend on whether the difference of utilities,
Vi g(Wij.g =1, W_4j 4) —v; g(wij.g = 0,W_;j ), is greater than zero or not, where W_;; , represents

the existing links except the entry (i, j) in W. Using v; 4(W,) defined in Eq. (8, one has
Vig(Wijg = 1, Weijg) = vig(wijg = 0, W_ijg)

= Yijg + (@ig(Wijg =1, W_ijg) — @i,g(wijg = 0, W_ijg))n

d *
B} yl dg (wijg =1, W_ijq) — yz‘,?ig(wij,g =0, W—ij,g)) : (10)

M&

d=1
One should note that if W_;;, were not expected to have any effects on the link decision w;; g,
including those in the economic incentive effects, then only the exogenous effects should be included

in Eq. . In such a case, each pairwise link decisions would be independent.

14Based on our economic theory, the activity outcomes {yi,dg}gzl enter into the link-associated utility of Eq.
through economic incentive effects. It is also possible to have another economic theory which implies that y; 44,
Yj,dg (O |Yj,dg — Yi,dg|) appear in ¢;; 4 of Eq. for capturing individual-specific (or dyadic-specific) effects. Such
a theory will emphasize that activity outcomes (or the absolute difference of activity outcomes) directly affect the
utility of friendship links. For example, one may consider activities which are usually engaged by one person, e.g.,
watching TV, playing video games, etc. The more time students spend on those activities, the less time they can
spend on associating with friends. Hence, y; 44 and y; 44, which denote the time individual i and j spend on one of
those activities, should be specified in the function ¥;; 4 to capture the influences on the link utility. However, those
activities would still be subject to friendship interactions as friends may share information about new games or TV
programs so that individuals spend even more time on those activities. In another example, we can consider that
the frequency of delinquent behaviors is the activity outcome. Students care |y; 4g — ¥i,dg| in forming friendships
as differences in levels of their delinquent behaviors could create negative effects on their utilities. In terms of
estimation, having ¥; 4, ¥jdg O |Yj,dg — ¥i,dg| in the link utility will not cause large changes on the Bayesain

approach and corresponding MCMC algorithms proposed in this paper.
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2.2.2 The negpotential function in a cooperative game

Under a cooperative game setting, an unique equilibrium of the network formation game would be
a realization, W, chosen by a social planner which maximizes the aggregated link utility Vg (Wy).

By summing individual utilities from Eq , one has

My
= E Ui,g(W
Mg My

d
= Z Z Wij,g¥ij.g + Z @ig(Wig, W—i g) Z Ed d* qu(W ). (11)
d=1

i=1j=1
To relate V,(W,) to the exponential probability distribution of W, we introduce a disturbance
&w for each network pattern W in Qg additively to Vi (W). The disturbance &w is assumed to
be observable to the planner but not the econometrician. Thus, W, is the formed network if and
only if V(W) + &w, = maxweq, {Vy(W) + {w}. By assuming that {y’s are i.i.d. type I extreme
value distributed, we have a polychotomous choice logit model with the exponential probability in

Eq. with the negpotential function @), being V.

2.2.3 The negpotential function in a non-cooperative game

Instead of a cooperative game, one may model the formation process as a non-cooperative game
with an individual utility function v; ; which results in an unique Nash equilibrium. Let &,, be
a disturbance for each link pattern of individual ¢ in €;4, which is the set of all link patterns
for individual ¢ in the group g. The utility maximization for link decisions of individual i is
Viyg (Wi g) +&w, , = MaxXy, cq,, {0ig(wi, W_;.) +&w, }. The specification proposed for the function
V3,4 in Eq. may not be able to directly apply to U; 4 as it might cause multiple equilibria. To
find a specification of v; 4 which not only includes utility components in the function v; , but also
ensures an unique equilibrium, one possibility is to treat the game as a potential game and use a
pre-specified function @, for the potential function. Monderer and Shapley (1996) shows that a
potential game possesses an unique pure-strategy Nash equilibrium when the equilibrium outcome
maximizes the value of the potential function.!> The exponential distribution in Eq. implies
the conditional probability distribution for individual i’s link decisions as

P(w;. g, W_; 4) _ exp(Qg(wig, Wi g))
PW_; 4) Zwi‘eﬁig exp(Qg(wi., W-i.))’

151f one considers local maximum values of the potential function, then there may be multiple pure-strategy or

P(wi g|W_i 4) = (12)

mixed-strategy equilibria.

12



which is also a logistic probability. As in McFadden (1973), one may give an economic justifica-
tion for this probability as a result from an individual’s utility maximization over discrete choice
alternatives as Qg (wi. g, W_i. g) 4 Ew, , = maxy, cq,, (Qq(wi., W_;.) + &, ), where &, ’s are i.i.d.
type I extreme value distributed over €; ,. Thus, we may take the function Qg4(w;. 4,W_; 4) as
the individual utility function v; 4(w;. 4) in a non-cooperative game. The exponential probability

distribution further implies, for each binary link decision, a binary logit as

P(wij g, W_ij4) exp(Qg(wij,g, W_ijg))
P(wi; o|W_ii o) = 5,9 5,9) _ g\Wij,g, 4.9 (13
(il W=ssg) PW_ijg) exp(Qg(wij,g, W_ijg)) +exp(Qq(1 — wij g, W_ij4)) (13)

This conditional probability may also be justified with an utility maximization setting. Individual

1 will make a friend with individual j if

Qg(wijﬂ =1, W_ijag) + ng‘j.g:LWfij,g > Qg(wijﬂ =0, W—ijﬂ) + gwij,g:07wfij,g' (14)

If one considers to first write down an individual utility function for the network formation
game, the negpotential function can always be constructed as the sum of these pre-specified indi-
vidual utility functions from the whole network. However, under few cases one may have another
negpotential function which is not equal to the sum of the pre-specified individual utility func-
tions. One example can be found in Mele (2010). In his network formation model, some selected
effects from direct, mutual and indirect friends are specified in an individual utility function with
constrained coefficients. Those effects correspond to the exogenous effect, reciprocality effect, re-
ceiver’s expansiveness effect, and sender’s popularity effect by our paper’s terminology. Based on
this individual utility function, which we denote as ¥; 4(W,), he writes down a special negpotential

function Q,(W,) where
Qq(wijg =1, W_ijg) — Qg(wijg = 0, W_ijg) = Vi g(wijg = 1, W_ij ) — Ui g(wijg =0, W_jj ),

however, Qg (Wy) # 324 % 4(W,). Such a special negpotential function would only exist when the
specified individual utility function has certain constraints on included terms or coefficients, as in
Mele (2010). On the contrary, the negpotential function constructed by the sum of individual utility
function always exists, but one might not prevent having a number of constraints on parameters
to reflect externality or for parameter identification. Instead of a pre-specified individual utility
functions, our modeling strategies also suggest that one can first specify a negpotential function
and use its implied utility to justify an exponential distribution specification on network formation
as either a cooperative game or a non-cooperative game. The specified negpotential function can
be rich enough to incorporate a variety of interesting network statistics or individual incentives and

parameter constraints in the implied utility function can be understood. For empirical applications,
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our network model is defined as the exponential probability function of Eq. (|7]) with the negpotential
function @, replaced by the aggregated link utility function V; of Eq. .

2.2.4 Identification

The identification of our network model is similar to standard discrete choice models, comes from
differences in utility. To identify (or estimate) parameters in the aggregated utility function V,, it
requires that the parameters in Vy(wi; o =1, W_j; 4) — Vg(wij g = 0, W_;; 4) can be identified (or
estimated). The identification of parameters would be guaranteed as long as the summary network
statistics being considered in V; are not linearly dependent. We also need to normalize the variance
of the disturbance &, to one to eliminate the concern of arbitrary scaling problem in discrete choice
models. After all, we require the parameters of economic incentive effects from activity outcomes
to be nonnegative. This constraint is not needed for identification but can helps us to prevent the
negative case which violates the spirit of our economic model.

There are two advantages of modeling the endogenous network formation and activity outcomes
jointly under our structural framework. First, it allows us to study how individuals respond to
economic incentives from network interactions when choosing their friends, which are revealed
by the coefficients d4’s. Second, it handles the bias problem on the interaction effects caused by
friendship selections. The disturbance term ¢, appears in both the friendship and activity decision
processes. Hence, it captures unobserved factors which contribute to these two decisions. In the

next section we will discuss estimation issues of our model.

3 Model estimation

3.1 The likelihood functions of models

We first provide the likelihood function of our model with economic incentives from either a single
continuous or a single Tobit-type activity outcome. Then we introduce correlations between dis-
turbances for the bivariate case. The joint likelihood function based on this bivariate case will be
used for the posterior analysis in section 3.2.

Continuous Outcomes

Given the model structure built by continuous activity outcomes of Eq. , the aggregated link
utility of Eq. 7 and the assumption of the exponential distribution for networks, we consider
the parametric approach to estimate those equations. Individual idiosyncratic shocks €; 4’s in the

outcome equation are assumed i.i.d. normally distributed with a zero mean and a variance equal
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to o2 . With the economic incentive effect from one continuous outcome Y, the joint probability

function of the outcome Y.y and the network Wy can be written as

P(W;‘,E*;l@c’acg) = P(KZW;ﬂc’acg) : P(W;wwacg)
= |SCQ(W;)| : f(609|W;7 Oc, acy) : P(W;‘ew acy)

= |SCQ(Wg*)| < f(ecglOc, acg) - P(W;|€C9’ Oc, Qtcg)

exp(Vg(W;, €cg) 90; acg))

. , 15
> w exp (Vo (W, ecg, b, atey)) (15)

= [Seg(Wg)l - flecg|bes acy)

where

mg

_mg 1
flecglOc, aeg) = (27) 2 (0620) ©exp <_M629609) ’

with ecg = Seg (W)Y —XgBec—lgacg and 0. = (7,1, 6¢, Ae, BL, 02 ) being the vector of parameters.

Tobit-type Outcomes

For the simultaneous Tobit-type activity outcome, we can divide the m, agents in the network
g into two blocks such that the first mgy; agents have outcome variables equal to zero and the
remaining agents from mgy; + 1 to mg have positive outcome variables. According to Eq. , the

observed activity outcome vector Y;; and network W can be conformably decomposed into

\ Wi, Wi \ X
tgl 11,9 12,9 tgl 1g
=X + B
* * * *
Ytgz W21,g W22,g Ytg2 X2g
Wl*l,g W1*2,g Xig I €tgl
Bae + Qg + )
* *
WQLQ WQQ}Q ng lgg 6tg2

where Yy, = 0, Y5, > 0, and the latent variables ﬁzl < 0. Individual idiosyncratic shocks €; ¢4’s
are assumed i.i.d. normally distributed with a zero mean and a variance equal to aft. If economic

incentive effect is only from one single Tobit-type outcome, the likelihood function of Y, and Wy
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can be written as
P(Yyg, W10t oueg)
= P(Y*l =0, tg27W |0, veg)

- / IV, = 0,%7,) - PV, Yy W2 6r ang) - AV,

)‘tWl*z,th§;2+Xlgﬁlt+(W1*1.gX19+W1*2,gX2g)BZt)

P(Gtghyt W;\au atg) 'thgl

92’

— 00
()\tW1*2,gyt):]2+X19ﬂ1t+(W;1,gX19+W1*2,gX29)ﬁ2t)

‘Img_mgl - )\tWZ*Q,g| : f(6t917 6t92|W;, 9,5, Oltg)'
—o0

(W |9t, Oétg) : dﬁtgl

/ >‘th2,9 tg2+X19131f«+(W1*1,gX19+W1*2,gX29)B2t)

‘Img_mgl - )‘tW2*2,g‘ ’ f(etgh 6tg2|975’ O‘tg)'
o0
P(Wletgr; €tg2, 0t, autg) - dergn

)‘tW12,g tg2+X19ﬂ1t+(W11,gX19+W1*2,yX29)62t)

*
‘Imgfmgl - )\t W 22’g| : f (etglv 6tg2|9t7 atg) :
—00

exp (VQ(W;, €tg1, €tg2; O, atg))
ZW exp (Vg(VV7 €tgls €tg2; Ot atg))

: detgl7 (16)

where I(Y;5; =0, Yt;l) is a dichotomous indicator which is equal to 1 when Ytg1 is negative and
equal to 0, otherwise. Also, €40 = (Img,mg1 - )\tWQ*Q’g) Y;’;Z—ngﬁlt—(WQ*LgXlg—i—WQQ’ngg)Bgt—
logoug and 0, = (’y’,n’,ét,)\t,ﬁé,ai).

Economic incentive effects can be from d outcomes mixed with the continuous ones and the
Tobit-type ones. For simplicity, considering a model of d = 2 which consists of one continuous and

one Tobit-type outcomes where the disturbances ;4 and €; 4 follow a joint normal distribution,

.. 0 0.62t UEtc .
(Ei,tga 6i,cg) ~ i.i.d. </V2 ) y L= 1) T, Mg (17)
0 Oy 0520
From Eq. , one has
€tg = Ocr,0c €eg + g, g ~ N, (0,00 L,), (18)

where 02 = (0% — Oe,.0C. 20c.,.). Let 0 = (7,0, 8¢, 06, Ay At BLy Bhy 02

€t

02 ,0.,.), the joint likeli-

e’
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*

hood function of Y,

Y7, and W can be written as

P( t>;7Y;Za W;‘96t7a0g7atg)

= P( tZli/;’;vW;K,ectaacmatg) : P(}Q’;|W;7ect7acg) : P(W;|ect7acgaatg)

_()‘tWl*z,gYt*zg+Xlgﬁtl+(W1*1,gX19+W1*2,gng)ﬁtz)
_ *
Img—mgl - >\tW227g| : f (Etg|5cg7 9ct7 atga acg) .

— 00

|ch(W;)| : f(ecg|905 acg) ’ P(W;‘ecm €tgs Oct, Qeg, atg) ’ detlg

—(Me Wi, Yiag+X1g B +(Wiy ( X1g+ Wiy X20)Bra)
%
= / Img—mgl - )\tW227g| ' f (ug|€cg7 ecta Qitg, acg) .
—00

eXp(Vq (W;, €cgy €tgs Oct, Utg, acg))

Sea(WH - flecqlbe, teg) -
| g( g)| f( g| g) Zwexp(Vg(VVaecgyetgaectaatgaacg))

. dEtg]_. (19)
If €;4 and €4 are uncorrelated, i.e., o.,, = 0, = 0, then

* * *
P(Y;ga tganwctaOécgyOétg)
/()\twl*Q,thBngXlgﬁtl+(W1*1,9X19+W1*2,_qx29)ﬁt2)

Ly gy — MW g| - f (e1g10e, ttg) -

— 00

eXp(Vg(W;, €cgs €tg) et Qtg, acg))

' ZW €xXp (Vg(VVv €cg) €tg> 0ct7 Qtg, acg))

‘SCQ(W;” - fecglOec, atey) - detgr . (20)

One main issue we will encounter during the estimation is to calculate the likelihood function
of the exponential distribution for the network. When the network size is large, its calculation
is almost impossible since it requires evaluating all network patterns in €, for the denominator
of the exponential distribution function.'® Hence, the standard maximum likelihood estimation
approach would be infeasible. This problem applies to all the p* models for networks and can
be traced back to the spatial analysis in Besag (1974). To deal with this problem, we turn to
the Bayesian estimation with an effective MCMC technique developed to handle an intractable

normalizing term in the the posterior density function.'”

16For example, even in a network with just 5 individuals, it needs to evaluate 2**% = 220 possible network

realizations for the denominator.
17There are also several classical approaches that have been proposed. The first is the maximum pseudo-likelihood

approach (MPL). This approach was first mentioned in Besag (1974) and later be applied to the network study in
Strauss and Ikeda (1990). A pseudo-likelihood simply uses the product of conditional probabilities for estimation.
The estimates from the MPL would not be the MLE. One may use the estimates from the MPL as initial values
for other estimation approaches. Another approach is the Monte Carlo maximum likelihood (MCML) estimation
approach which simulates auxiliary networks for approximating the denominator of the exponential distribution
density function with its simulated counterpart (Geyer and Thompson, 1992). One shortcoming of the MCML
approach is that the choice of initial values during the optimization algorithm plays a critical role. They have to be

close enough to the true parameter values, otherwise, the convergence of the algorithm might not be attained (Bartz
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Suppose we have a likelihood function of y given the parameter § which takes the form P(y|0) =
f(y;0)/D(60), where D(6) is an intractable normalizing term. In the usual Metropolis-Hastings (M-
H) algorithm, we generate a new parameter 6 from a proposal distribution ¢(-|#). Then updating
the previous draw 6 to the new draw 6 with an acceptance probability «. Denoting () as the

prior probability of 6, the acceptance probability « is computed as

o(810) — min{l P“"@Dq("'@} — {1, <(0) (3 8)a(010) D(a)}.

m(0)f(y:0)a(6]6) D(8)

We can see that the normalizing terms are left in both the numerator and denominator and will

" P(6]y)q(6]0) '

not cancel out, so the evaluation of the acceptance-rejection criterion with a would be intractable.
Murray et al. (2006) first show that by introducing auxiliary variables into the model, the accep-
tance probability can be replaced with

(0], z) = min {1, m(0)P(y16)(616) ‘ P(zl0) } = min {1, m(0)/y: 0)a(010) 1 (x:0) } (21

©(0)P(yl0)q(0]6) P(x|6) (0)f(y;0)a(810)  f(:0)

where the auxiliary variable # is simulated from the likelihood function f(x;6)/D(f) with the exact

sampling (Propp and Wilson, 1996). In this acceptance probability, all normalizing terms cancel
out and the other terms left are computable. This algorithm bypasses evaluating the normalizing
terms. However, implementing the exact sampling is time consuming. In order to save time on
the computation, Liang (2010) proposes a ‘double M-H algorithm’ which utilizes the reversibility
condition and shows that when z is simulated by m iterations of the usual M-H algorithm starting
from y, the acceptance probability of the exchange algorithm can be obtained regardless of the
value of m. This gives the double M-H algorithm an advantage as a small value of m can be
used, removing the need of the exact sampling. Due to this computational efficiency, we adopt the
double M-H algorithm in this study.

One thing worth to mention is that, in this paper we have provided a technical modification
on the standard double M-H algorithm to make it simplify the simulation and better fit into our
application. When using the standard double M-H algorithm to update 6 from P(0|{Y, }, {W}),
it requires to simulate auxiliary networks {Wg} and outcomes {}79} However, {}N/g} would be
redundant as they can be fully replaced by a function of {Wg}. Therefore, we modify the standard
double M-H acceptance probability in Eq. to

~(6)P(ylf)g(816) P*(z@} i {1’ 7(6)/(y:0)a(816) _ f*(x;0) } (22)
m(0)P(y0)q(0]6) P*(x]6) m(0)f (y; 0)q(010)  f*(x:0)

et al., 2008; Caimo and Friel, 2010). The Robbins-Monro approach used in Snijders (2002) to simulate auxiliary

(00, z) = min {1,

networks for constructing simulated moments usually accepts a wide range of initial values which will lead to a

convergent algorithm.
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where the density function P*(z|0) = f*(x;0)/D(0) can be different from P(z|0) but shares the
same normalizing term D(6).'® This modification allows us to construct the double M-H algorithm
acceptance probability by only simulating auxiliary networks. The validity of the Markov chain
based on the acceptance probability in Eq. , i.e., the reversibility condition of the transition
density p(A]6) = «(6]0)q(0|6) is provided in the Appendix C-1. Moreover, to improve the perfor-
mance of the double M-H algorithm when the vector of parameters is in high-dimension, we use
the adaptive algorithm by Robert and Rosenthal (2009) for proposing candidate draws. The detail
of the adaptive algorithm is provided in the Appendix C-2.

3.2 Posterior distributions of parameters and the MCMC

Here we show the posterior distributions of parameters based on the model which considers both
continuous and Tobit-type activity outcomes. For dealing with Tobit-type outcome variables under

*

the Bayesian approach, it is natural to include the sampling of latent variables {Ytgl} during the
MCMC procedure along with other unobservables as an augmentation (Albert and Chib, 1993).
By Bayes’ theorem, the joint posterior distribution of the parameters and unobservables in the

model is
P (Bt {aeg b Ao AV Y2 1 AV} 1))
G mg1
08 77(901&7 {acg}; {atg}) H { (H I(yz*,tg = O) . I(y::tq S 0)) - P (YZ}, th;a W;vnzl|ecta O4cga atg)} 9

g=1 i=1

(23)
where 7(-) represents the density function of the prior distribution and exogenous variables {X,}
and {C,} are suppressed from the above expression for simplicity. We assume independence be-
tween prior distributions, i.e., (0, {eeg}, {aug}) = m1(0cr)ma({acq})m3({atg}). It is not easy to
directly simulate draws from the joint posterior density in Eq. . But one can use the Gibbs
sampling algorithm and work on the marginal posterior densities of parameters. By properly block-

ing parameters in f.; into subgroups, we define prior distributions for parameters in the model as

18More explicitly, P(y|f) is the joint density function of {Y*} and {W} and P*(x;0) is simply the density
function of {,Wg}.
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follows:

o= (V1,06,0t) ~ TN 54447 (00, o),
Ao, Mde ~ Ul=1/7¢,1/7¢],
Bes Be ~ Nak(Bo, Bo),

o= (0%,0%,0.,)~TN3(00,%0),

€Ec? T €

—~ o~ o~ o~ o~
NN N
~N O o

e D D

Qeg, Atg ~ ‘/V(a()?AO)? g = 17' o 7G7

where ¥, represents a truncated multivariate normal distribution of dimension s and ¥ (a,b)
represents a inverse-gamma distribution with a shape parameter a¢ and a scale parameter b.
These prior distributions, except for A. and )\;, are conjugate priors commonly used in the
Bayesian literature. We assign v, 7, d. and d; into the group ¢ since they are all linear coef-
ficients in the function V,(Wy). The prior distribution of ¢ is the truncated normal which is
defined on a convex area O where 6. and ¢; are nonnegative. For A. and ), they are inde-
pendent and we employ a uniform prior for each suggested in Smith and LeSage (2002). We
restrict the valid value of A. between —1/7¢ to 1/7¢, where 7¢ = max{r{, .-, 75} and 7, =
2 2

min{max<i<m, Y1 [Wij.gl, maxi<jcm, Y i [wijg|}'?. o2, 02 and o, are put into a group

2 2
¢, o;, and o, together

called 0. We specify a truncated distribution for ¢ to an area T where o
form a proper correlation matrix. For group effects, oy and ayy, as they are treated as fixed
effects, hyperparameters in its prior distribution will not be updated. Applying the Gibbs sam-
pling, random draws can be simulated from the conditional posterior distribution for each of the

parameter groups. Here we list the set of conditional posterior distributions required by the Gibbs

sampler:

(3) P (Vi 0uts g g, Vi Vi Wy ) g = 1+, G

cg’

By the Bayes’ theorem,

P (¥,

Qct,acmatg’yc}xfz’ W;)
mgl ..
x (H I(yzg = O)I(y;g S 0)) f( tt]l?Y:g))/;;7W5|9ct7acgaatg)7 g = 1, e ,G.
i=1
(29)

(i) P(¢|{Yt’;1}, Yo b AYE AW}, 0c\ @, {aeg }, {ug }), where 0.4\ ¢ stands for ., without ¢. By

19This interval is suggested by Kelejian and Prucha (2010) in which I, — AWy is nonsingular for all values of A

in this interval.
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Bayes’ theorem, we have

P(¢\{Y{;1}v {Yc*g}’ {th»;}’ {W;}, Oct — @, {acg}a {atg})
G

o« TN 251q+8(9; b0, o) - H POy, Y0 Yy, Wi lOer, g, acg), ¢ € O.

g=1

(iii) POGH Y1 1 ¥ 1 Y1 AW 3 0\ Ay e} {aug )
By applying Bayes’ theorem, we have

POCHY g0 b AV b Y 1 AW e\ e, {acg . {atg})

G
{7 * * *
x H P(Y;gh chﬂ Y;gv Wg |9(1t7 Qg acg)a
g=1

where A\, € A =[-1/7q,1/7¢].

(iv) PO 3 (Ve b AV 1 IV 3 e\, {aeg } {ng })-
By applying Bayes’ theorem, we have

POHY 50 b A Y b AW e\, {acg b {aug})

G
% * * *
X H P(Y;&glvy;ga Yz-fg, Wg ‘actaatg,acg)y
g=1

where \s € A = [-1/7¢,1/7¢].

(V) P 1 Y AV b AW 3 0\ Bes {aeg } {auig })-
By applying Bayes’ theorem, we have

P(Bel{¥ i MY b AV AW, b 0 \Bes {aeg b, {eug})

G
o AN (Be; Bo, Bo) - [ [ PV, Yo Yo

gly “cg) “tg
g=1

(Vi) PBHY i b AV b AY i 1 AW} 0 \Br, { g} {aug }).-
By applying Bayes’ theorem, we have

P(ﬂt|{}/tﬂ;1}7{K:Z}a {Y;;}a {Wg*}a Gct\ﬂtv {acg}; {atg}>
G
oc A (B1; Boi Bo) - [ [ PV, Yo Vo
g=1
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Wg*|9ct7 atg7 acg)'

W; |60t7 Qig, acg)~

(30)

(32)

(34)



(Vﬁ) P(U|{)/t>;1}’ {KZL {Ytz}v {W;}, GCt\Ua {acg}’ {atg})'
After removing irrelevant arguments from the conditional posterior distribution of o, by

applying Bayes’ theorem, we have

Plol{Yu b AV b Vi b AWs 1 0\ 0 {aeg b, {aug})
G .
x TN 5(0100,%0) - [[ P(Vior: Ve Vo

cgr “tg

W;IGm g, Qleg)- (35)

g=1

(viid) Py [ V751,V

cg’

Y*

tg7W5590t7atg)7 g = 17' o 7G'

By applying Bayes’ theorem, we have

7% * *
P(an‘}/;gl7}/;g’ Y;‘/g’

*
Wg ) ecty atg)

o N (Oreg; 00, Ag) - P(Yioy, Yoo Yo

cg’ “tgo

W;|95t7atg7acg)7 g=1,--- ,G. (36)

(i) Pasg| Vg, Yoy Ve

W;aect;acg)v g=1,-- 7G~
By applying Bayes’ theorem, we have

7k * *
P(atg‘}/;g17}/;g’ Y:fg’

*
Wg ’ ecty O4(:g)

o N (ougi o, Ao) - Py, Yo Y

cg’ T tg?

W;lechatg,acg)a g=1--- ,G. (37)

All of the conditional posterior distributions are not available in a closed form and hence, we use
the double M-H algorithm to draw from those conditional distributions. It has been shown in
Tierney (1994), Chib and Greenberg (1996) that the combination of Markov chains (Metropolis-
within-Gibbs) is still a Markov chain with the invariant distribution equal to the correct objective
distribution. The procedure of the MCMC sampling can start with arbitrary initial values for
{agg)}, {agg)}, and Ggg), and then sampling sequentially from the above set of conditional posterior
distributions. The detailed implementation steps of the MCMC sampling based on the model
with both the continuous and Tobit-type activity outcomes are provided in the Appendix C-3. To
examine the computational aspects of our MCMC algorithms, especially with the use of double
M-H algorithm, we have conducted a simple simulation study and its results show that the double

M-H algorithm can handle the problem of normalizing terms without problem. The details of this

simulation study are left in the Appendix D.
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4 Empirical Study

We apply our model to study American high school students’ friendship networks in the Add
Health data, which is a national survey based on 7" to 12t grades from 132 schools.?’ Four
waves of surveys were conducted between 1994 to 2008. In the wave I in-school survey, the total of
90,182 students were interviewed. Fach respondent answered questions about their demographic
backgrounds, academic performances, health related behaviors, etc., and most uniquely, they were
asked to nominate up to five male and five female friends which provide information of their
friendship networks. In the following waves of in-home surveys, more information about students’
families and living neighborhoods are available for a subset of the total sample. To accommodate
most of students’ nominated friends into our studying framework, the sample used in this study
is constructed from the wave I in-school survey. We consider two activity outcomes which may be
relevant for friendship formation. One is a student’s academic performance (measured by GPA),
which is represented by a continuous variable.?! Another is how frequently a student smokes in an
usual week, which is represented by a Tobit-type variable.

In the context of social interactions, both students’ academic performances and smoking be-
haviors are extensively studied as they have important long-term consequences on students’ future
lives and health.?? To obtain interaction effects on these two objects, researchers face difficulties of
identification from endogenous selections into groups, correlated effects from group-level unobserv-
ables (Moffitt, 2001), and separating the endogenous interaction effect from contextual effects in a
linear model (the reflection problem by Manski, 1993). Sizes of peer effects reported in the litera-
ture usually differ from each other due to uses of different data sets or different strategies to deal
with the identification problem. However, researchers generally provide evidence of the existence

for peer effects. Hsieh and Lee (2012) further considers the identification problem on peer effects

20This is a program project designed by J. Richard Udry, Peter S. Bearman, and Kathleen Mullan Harris, and
funded by a grant P01-HD31921 from the National Institute of Child Health and Human Development, with coop-
erative funding from 17 other agencies. Special acknowledgment is due Ronald R. Rindfuss and Barbara Entwisle
for assistance in the original design. Persons interested in obtaining data files from Add Health should contact Add
Health, Carolina Population Center, 123 W. Franklin Street, Chapel Hill, NC 27516-2524 (addhealth@unc.edu). No

direct support was received from grant PO1-HD31921 for this analysis.
21GPA is regarded as a proxy for studying activities.
22For studying peer effects on students’ academic performance, see Hoxby (2000), Hanushek et al. (2003), Sac-

erdote (2001), Zimmerman (2003), etc., on using the linear-in-means model and Calvé-Armengol et al. (2009),
Lin (2010), Boucher et al. (2010), Liu et al. (2011) on using the SAR model. For students’ smoking behaviors,
see evidences of peer effects on Powell et al. (2005), Gaviria and Raphael (2001), Clark and Loheac (2007), Lund-
borg (2006) and Fletcher (2010).
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caused by endogenous friendship selections within a group when using the SAR model for studying
network interactions. They show that the endogenous effect obtained from the SAR model without
controlling the endogeneity of the adjacency matrix will be upward biased and this endogeneity
problem can be resolved by a modeling approach with unobservables in both the outcome and
network formation processes. In the present study, we confirm their findings that the endogenous
effect would be smaller after controlling endogenous formation of friendship networks. Moreover,
we will show that the benefit from helping one another in academic learning is an important factor

for students to form friendships.

4.1 The empirical specification of network structure effects in the link-

associated utility

For empirical applications, we consider the following specification of the network structure effects

in the link-associated utility of Eq. ,23

Wi,g (wi.,g7 Wfi.,g)n

2
mg myg mg mg mg mg mg
=M E Wij,gWii,g + 72 E Wig,g E Wik,g | + 13 E Wij,g E Wik,g | + M4 E Wig,g E Wkj,g
j=1 j=1 j=1 j=1

k#j k#j k#i

Reciprocality Effect Sender’s Expansiveness Effect Receiver’s Popularity Effect
Mg Mg Mg Mg Mg myg

+ 51 E  Wijg E Wik, gWhiyg | + 152 E Wijg E Whi,gWkj,g | + 753 E Wijg E Wik,gWjk,g
j=1 k j=1 k j=1 k

Transitive Triads Effect

Mg Mg

6y Wi (E wjk,gwki,g> : (38)
=1 &

Three Cycles Effect

In Eq. , the reciprocality effect reflects the utility from reciprocal friendships. Since each link
decision is made by one individual without mutual consents from the other, the possibility of
reciprocality may be a factor in an individual’s link decision. The sender’s expansiveness effect
in Eq. reflects the utility from being an outgoing person who actively nominate friends. The
statistics involved are the sender’s outdegrees and their squares. We expect the coefficient 73 would
be negative to reflect the reality that individuals might not make friends with everybody due to

limited resources, e.g., time, energy, etc. The receiver’s indegree is used to measure the receiver’s

23The effects we consider here are mostly mentioned in Snijders et al. (2010) except the squared term of sender’s
outdegrees to capture a nonlinear expansiveness effect. In practice, our formulations can be modified to incorporate

any relevant utility specification.
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popularity effect in Eq. , which reflects the utility from making a friend with someone who is
popular. The transitive triads effect and the three cycles effect reflect the utility from engaging in
a transitive relationship, i.e., friends of my friends are my friends. However, they are distinguished
by directions of links. We allow different coefficients to capture their possibly distinctive effects
on the utility. From Kovéiik and van der Leij (2012), transitive triads effects may be linked
to individual’s sense of risk aversion. The three-cycles effect can be interpreted as an opposite
hierarchy effect (Snjiders et al., 2010). If the coefficient ng is negative, it implies a local hierarchy
among linked individuals.

Given w; g(w;. 4, W_;_¢)n in Eq. , the term Z;’;gl @i g(wi.g, W_;_g)n in the aggregated link
utility of Eq. can be written as

Mg
Z Wi, g (wi.,gv Wfi»yg)ﬁ

=1
= mtr(WZ) + n2 (L, WoWlg — 1 Woly)
+ 03 (1, W, Diag(Wylg)Wly — 2L WiWglg + 1, Wly)

+ (L WaWily — 1 Wlg) + (n51 + 052 + 153)tr(W W) + netr (W), (39)

where Diag(A4) is a n x n diagonal matrix with its diagonal elements formed by the entries of a
n X 1 vector of A. One can see that parameters 151, 1752 and 753 are not separately identified from

Eq. . Hence, without loss of generality, we will use 75 for 151 + 152 + 153 hereafter.

4.2 Data summary

To ease the computation burden, we only work with small networks in this study. The following
steps are used to construct the sample. First, we group students by their school-grades and
friendships are considered inside groups.?* Second, we focus on senior high school students from
9th to 12t grades. Third, we restrict our network sample to those groups of the size between 10
to 50 (10 to 60 for the smoking case). After removing missing observations on outcome variables
in each group, there are total 1,177 (1,476 for the smoking case) respondents from 47 networks (44
networks for the smoking case) left for analysis.?> Those networks have the average size equal to

25.043 (33.546 for the smoking case), average density equal to 0.142 (0.108 for the smoking case),

24In the Add Health data, about 80% of friendship nominations happen within the same grade. Hence, about

20% of links will miss due to the design of network boundary.
25For the smoking sample, we remove groups in which there are fewer than three students who have ever smoked.

The number of missing observation is equal to 113 (9.6%) for the GPA sample and 34 (2%) for the smoking sample.
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average outdegree equal to 2.564 (2.866 for the smoking case), and average clustering coefficient?®

equal to 0.327 (0.332 for the smoking case). In the network model, we capture individual-specific
effects by a dummy variable of whether a student is older than the group average or not. Three
other dummy variables — whether a pair of students has a same age, same sex, or same race are
used to capture dyadic-specific effects. For the activity outcome equation, the continuous variable,
GPA, is calculated by the average of respondent’s reported grades from several subjects, including
language, social science, mathematics, and science, and each of which has a value between 1 to 4.
The Tobit-type variable, smoking, is obtained from the survey question, “During the past twelve
months, how often did you smoke cigarettes?” and we transform the responses to a weekly base.
The choice of independent variables used in the outcome equation follows from Lin (2010), Lee et
al. (2007, 2010) and Hsieh and Lee (2012). A complete list of variables is in Table[l] In Figure
and 2] we plot two networks — one is from the GPA sample and another is from the smoking
sample. From these two figures, one can observe that students who have higher GPAs tend to
receive more friendship nominations than those who have lower GPAs. This observation does
not seem to be evident for smoking behaviors, but one can find that smokers are friends of each
other. Our estimation results shown in the next subsection will provide evidences for the economic
incentive stemming from benefits of helping one another in academic learning, but not from joy of
smoking together, on friendship decisions. Moreover, our results show that interaction effects on
improving GPA or increasing smoking frequency are significant.

To obtain estimates from the Bayesian estimation in this empirical study, the values of hyperpa-
rameters in the prior distributions are set as follows: ¢g = 0; &y = 10[2§+q+ﬁ§ Bo = 0; By = 1012g;
ko = 0.1; 99 = 2; ag = 0; Ay = 400. These specified values of hyperparameters are designed to

allow relative flat prior densities over the range of the parameter spaces.

4.3 Estimation results

We first estimate the model with a single economic incentive effect from GPA and report results
in Table [2l Results in the first two columns are obtained separately from the full model and the
outcome equation alone with networks assumed exogenous. For examining possible consequences
of dropping the 10% missing observations on GPA in the sample, results in the third column are

obtained from the full model with a Bayesian data augmentation approach to recover the missing

26The clustering coefficient is calculated as the total fraction of transitive triples in the network, i.e.,

o(W,) = Ei;j;ﬁi;k;ﬁi,j wijygwjk,gwik,g‘

Zi;j;&i;k;ﬁi,j Wij,gWik,g
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observations.?” The values shown for each parameter are the mean and the standard deviation (in
parenthesis) from posterior draws. From the network model in the first column, we observe that
whether being older than the group average or not does not have a significant effect on sending or
receiving friendship nominations. However, three dyadic-specific effects we consider are all positive
and significant, where the effect of the same race is strongest, followed by the effect of the same
sex. Among network structure effects, the positive and strong reciprocality effect is consistent with
findings in the literature (Snijders et al., 2010, Mele, 2010), which reflects that mutual friendship
nominations are pervasive among students. In our sample, 49.8 percent of friendship links are
reciprocal. The sender’s expansiveness effect is concave as the coefficient of the first order term is
positive and the coefficient of the second order term is negative. This result confirms our conjecture
that limited resources, e.g., time, energy, money, etc., might constraint students from making too
many friends. The receiver’s popularity effect is negative, which suggests that students between 9"
to 12" grades in our sample do not prefer to make a friend with someone who is popular, i.e., having
received many friendship nominations. The positive and strong transitive triads effect shows that
transitive relationships are valued by students. When accompanying with the negative three cycles
effect, as discussed in Snijders et al. (2010), it reveals a certain degree of local hierarchy among
students. The last parameter of the network model, the economic incentive effect, is found to be
positive and significant. Therefore, for high school students in our sample, potential benefits from
helping one another in academic learning is a factor which determines their friendship decisions.
From the outcome equation in the first column, the estimated endogenous effect is equal to
0.021 and significant. It implies that, on average, one standard deviation increase in total friends’
GPAs will increase a student’s GPA by 0.154 units. The social multiplier effects across students
and groups implied by this estimate have the maximum and average equal to 1.248 and 1.060,
respectively.?® From estimated own and contextual effects, we observe that for students who are
older, male, or whose moms have education less than high school tend to have lower GPAs.? Also,

students’ GPAs could be negatively affected by having friends who are either older, male, Black or

27 At the time we drop observations with missing outcome variables, we also drop the potential links connected
to these observations. Since we study network formation and network interactions, if many links were dropped,
the resulting estimates of parameters might be biased. These missing observations can be treated as unobserved
random variables and updated with other unknown parameters by the MCMC sampling. The advantage of doing
this is that we could retrieve information provided by these missing observations and obtain consistent and efficient

estimates.
28The vector of social multiplier effects can be calculated by (Img — )\Wg)’llmg.
29We do not interpret estimates which are insignificant, i.e., the posterior standard deviation is close to or larger

than the posterior mean.
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Asian.

When estimating the outcome equation alone by treating the adjacency matrix as exogenously
given, results in the second column show that, the estimate of the endogenous effect as well as
its standard deviation are nearly double than those obtained from the full model. Meanwhile,
estimated own and contextual effects are also different from those of the full model and have
larger standard deviations. Those differences between results in the first and second columns show
the problem of friendship selection bias in outcomes and this problem can be remedied by our
proposed system of models. In the third column, with missing observations on GPA augmented
during the estimation procedure, we do not observe significant changes on estimates of parameters
in the network model and the endogenous effect in the outcome equation, when comparing to the
first column. Although there are few changes on estimates of own and contextual effects, these
are insignificant estimates. The advantage of using this data augmentation approach can be seem
from smaller standard deviations of posterior draws for parameters in both the network model and
the outcome equation.

Next we turn to the model with a single economic incentive effect from smoking. Estimation
are done separately for the full model and the outcome equation alone with networks assumed
exogenous and results are reported in the first and the second columns of Table As there
are only 2% of missing observations on the variable of smoking, we do not think it is necessary
to recover them. From the network model in the first column, we again find that being older
than the group average or not does not have a significant effect on sending or receiving friendship
nominations. The estimates of dyad-specific effects show that being same sex or same race are
important for friendship decisions, while being same age is not. Network structure effects are
generally found similar to those in the case of GPA. An exceptional finding is that the economic
incentive effect from smoking is small and insignificant. Hence we can know that, for students in
our sample, they do not consider joy of smoking together as a factor for their friendship decisions.
From the outcome equation of the full model, the estimated endogenous interaction effect is equal
to 0.080 and significant, which implies that, on average, one standard deviation increase in total
friends’ smoking frequencies will increase a student’s smoking frequency by 0.425 units. The social
multipliers across students and groups implied by this estimate have the maximum and average
equal to 2.708 and 1.345, respectively. Estimated own and contextual effects show that students
who are Black, or who live with both parents tend to smoke less than their counterparts. Also, a
student may smoke less if having friends who are male or Asian. As shown in the second column,

the estimated endogenous effect from the outcome equation alone is equal to 0.088, which is not
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significantly different from that obtained from the full model. Although several estimated own and
contextual effects are different from what are obtained from the full model, those are insignificant
effects. These results suggest that outcomes of network interactions for smoking are not subject
to friendship selection biases.

Lastly, for robustness checks, we estimate the model with economic incentive effects from both
GPA and smoking and report results in Table 30 In the network model, a strong and significant
economic incentive effect is still found from GPA, while it is not found from smoking. By comparing
results between the full model and the outcome equations alone with networks assumed exogenous,
we observe a significant friendship selection bias on the estimated endogenous effect for GPA,
which changes from 0.049 when estimating the outcome equation alone to 0.025 when estimating
the full model. For smoking, due to a small and insignificant incentive effect, we do not find clear
evidences of friendship selection biases in effects of network interactions. After all, the covariance of

disturbances in outcome equations between GPA and smoking is found to be -0.653 and significant.

5 Conclusion

An important reason why researchers study network structures is to analyze network impacts
on outcomes. As mentioned in Jackson (2011, section 5), if networks only serve as conduits for
diffusion, e.g., diseases or ideas, given the network structure, the impacts on outcomes are sort
of mechanical and one do not need to worry any feedback effects from outcomes. However, for
studying impacts of friendship networks on outcomes, both the network structure and the strategic
interactions between networks and outcomes should be considered. This extra consideration should
be reflected on a dynamic or static equilibrium model. In this paper, we propose a static equilibrium
model which takes into account those features. The modeling approach used in this paper assumes
that students respond to economic incentives stemming from interactions with friends on certain
behaviors when making their friendship decisions. The empirical results show that, American
high school students regard achieving better academic outcomes through friendship interactions
as a significant incentive for forming friendships, while the same incentive effect is not found from
smoking behaviors. A valuable byproduct of our approach, which contributes to the literature of
social interactions, is to correct the possible friendship selection biases in interaction effects.

Some issues which are not emphasized in this paper remain important for future extensions.

30The sample used for estimating this model is based on the original GPA sample where we remove missing
observations on smoking within groups and remove groups in which there are fewer than three students who have

ever smoked. The resulting sample has 1,062 observations and 37 groups.
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The first is the problem of possible multiple equilibria in the simultaneous network formation
game. We circumvent this problem in the present paper by assuming a benevolent social planner
who manages the overall network links to maximize the aggregated utility or each individuals
internalize the generated externality during the friendship formation process. Those assumptions
are questionable for general friendship networks. When discarding these assumptions, one could
either provide an equilibrium selection rule or characterize the estimation problem with moment
inequalities. The second issue to consider is missing links which are prevalent in empirical network
data. Missing links could happen due to the specification of the network boundary, survey non-
responses or the fixed choice design, e.g., nominate best ten friends by the survey design. Those
three causes are all relevant to our use of the Add Health data. Kossinets (2006) uses simulation
methods to examine impacts of missing links due to these causes and finds that biases of missing
links in estimated network statistics due to the network boundary specification and the fixed

1A simple solution to overcome missing links due to the network

choice design are dramatic.?
boundary is to examine results under various network boundaries as robustness checks. This
has not been done in the present paper due to the capacity to handle computation with large
networks. For dealing with missing links from the second and third causes, the likelihood-based
approach (Robins et al., 2004, Gile and Handcock, 2006) and imputation (Huisman, 2009) provide
few possible solutions. For potential biases brought by missing network links in outcomes with
network interactions, Chandrasekhar and Lewis (2012) and Liu (2012) have useful discussions. The
third issue to consider is the dynamic evolution of networks and outcomes. The work of Snijders et
al. (2010) is surely leading the direction of this research. Soon or later, panel network data would

become more available for network researchers and different modeling and estimation approaches

should be highly desirable.

31However, for data collection purpose, researchers tend to believe that if an individual is allowed to fill in many
friends as possible, that might be a difficult task for the individual, and the filled-in responses might not reflect

what one would hope for from a survey. There are various opinions on this issue by survey scholars.
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APPENDIX A: The case of binary activity outcome variable

For binary outcomes variables, we assume the vector of latent outcomes follow the SAR model,

ie.,
Y;; = /\quﬁL + XgBb + lgong + €bg  €bg ~ A, (0, Img)7 (40)
and the observed outcomes are determined by

y;bg = I{y;bg > 0}
=1 {([mg - )‘ng)i_l(Xng + lgang + €vg) > O}

=1 {Sb_g}z(Xgﬁb + lgang + Gbg) > 0} , (41)

where Sl;i is the ith row of Sl;gl, and I{-} represents an indicator function. The normalization
of the variance of €4 to one is a standard practice to deal with the arbitrary scaling problem in
binary choice models. This specification is meaningful in the sense that the latent variables in
)“/b’; can be treated as unobserved utilities, motivations or intensions from individuals. Interactions
between individuals may be generated via inter-dependences of these latent variables and then
their interactions are reflecting on the observed binary outcomes of Yy¢. To estimate the model
with economic incentive effects from binary outcomes, we can follow a similar approach used for
the Tobit-type outcomes by including the sampling of latent variables {Y},*g} along with other

unobservables in the MCMC procedure. Hence, the details of the estimation procedure will not be

repeated again.

APPENDIX B: A contraction mapping algorithm for solving the unique solution

from the simultaneous Tobit outcome equation

To find out the solution of Eq. , we may consider a contraction mapping algorithm. Denote
a V0 = max{a,0} for a scalar a. Consider a mapping h : R:_ng — RTQ where RTQ ={Y:Y e
R™sY > 0} defined by

()\wl_ng + ZLg) VO
hY) = (AW,Y + Zy) VO = )

(Awnmy..gY + Zim, ) VO
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where Z; = X B+ lgay + €4, w;. 4 is the ith element of W, and Z; 4 is the ith row of Z,. For any
Y: and Ys in R,

1A (Y1) = 1(Y2) [loo =[ (AWY1 + Zg) V 0) = (AW Y2 + Zg) V 0) [loo

=  max \(()\wi‘,ng + Zi,g) V 0) — (()\wi.,ng + Zi,g) \Y 0)‘

i=1,---,my

< max [wg(Yi — Ya)| =[] AW,(Yi - ¥2) [l

z:l,u-,mg

SIAW floo - [ Y1 = Y2 oo -

Thus, if || AWy [lo< 1, h(Y") is a contraction mapping. As h(Y’) is a contraction mapping, there
exists a unique fixed point Y, such that h(Yg*) =Y, . This Y is the unique solution for this
simultaneous Tobit equation because Y, = h(Y,) = (AW Y + Z,) v 0, which gives Y > 0,
Y > AW, Y + Zy and yf ) = Aw; oY + Z; g whenever y7 > 0 for any ¢ in the group g. This
contraction mapping feature suggests a simple iterative algorithm to solve for Y given values of

A, Wy and Z,.

APPENDIX C-1: The reversibility condition of the modified double M-H algorithm

To show one can successfully draw from a target density P(0|y) (assuming 6 is continuous for
simplicity) by using the double M-H algorithm with the acceptance probability of Eq. , we need
to show the Markov chain based on the transition density p(6|6) = «(6|6)q(0]6) is reversible, and
therefore, P(f|y) is an invariant distribution. One should note that the acceptance probability of
Eq. is conditioning on drawing x from the density P* (x\é) To check the reversibility condition
of this modified double M-H algorithm, we need the unconditional acceptance probability, that is

because x has the density P* (x|§) We want to check if the following equality holds,
P(0]y)a(010)q(016) = P(0]y)a(016)q(0]6).
From the left hand side,

P(8ly)a(@16)a(@1p) = [ min {a(@18)P(@ly)" 216), a@10) POl P* (x18) } .
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From the right hand side,
P(@ly)a(610)a(618) = [ min {a@16)P(6ly)P* (16). (610)P(@1)P* (216) } d.

Those two are equal. Hence, the reversibility condition is satisfied.

APPENDIX C-2: The Adaptive Metropolis (AM) algorithm

One difficulty faced by the M-H algorithm is that, when the dimension of the draw is large,
the convergence of the Markov chain might be slow when proposals were poor. To improve the
efficiency of the M-H algorithm, we consider the Adaptive Metropolis (AM) algorithm introduced
by Haario et al.(2001). The idea of the AM algorithm is to provide effective proposals for the
M-H algorithm. The standard M-H algorithm uses the random walk proposal which has mean
equal to the previous draw and its covariance equal to an identity matrix. It is often the case that
the target distribution will not be well characterized with an identity matrix. The AM algorithm
suggests to use the covariance of historical MCMC draws to form the covariance matrix of the
proposal distribution. Suppose we use the M-H algorithm to update the parameter vector 6, say
dimension K. At the iteration ¢ with historical MCMC draws (), 91 ... #(=1D) the AM

proposal suggested by Robert and Rosenthal (2009)3? is

%(9\9(0)7'“ ,g(tfl))

= 2 2 (42)
(1= p)Aic (1471, Cov(0), -, 001 235) 4 p e (041, [ %) ¢ > 2K,

Nk (Q(t_l),IK%) t <2K

where the scaling factor 2.382/K is suggested in Gelman et al. (1996), which optimizes the mixing
properties of the Metropolis search in the case of Gaussian proposals. This AM proposal is a
mixture of two normal distributions with a ratio parameter p. This works as an extra safe scheme
to prevent us to generate the proposal from a problematic value of Cov(ﬁ(o), o ... L0 eg,

singular. In this paper we set p as 0.05 following Robert and Rosenthal (2009).

APPENDIX C-3: The algorithm of the MCMC sampling for the model with both

continuous and simultaneous Tobit outcome variables

32They have proved the ergodicity of the resulting MCMC using this AM proposal in their paper.
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At the rt* run of the iteration, perform the following steps:

Step I. For g = 1,--- , G, simulate Ytg(lr) from P(Y;;;lw(r D, g_l), (r=1) Y7, Y W) by the
double M-H algorithm.

(a) propose Y, tgl from a AM proposal ¢ (Y;;l

Y*(O) . Y*(r—1)>.

tgl 5 Yig

(b) Calculate
€ig1 = E*g/l ()‘(T 1)W12 o Yig2 + Xlgﬁy Yoy (Wi g X1g + Wi gXZg)ﬂzz Y4 g ,E; U)
and e(r Y= (Imgfmgl - /\gr 1)W22 g) Y%gQ X2951T Y — (W3, gX19+W22 gX2g) G-

lggag v, Denote &, = (6t91,€§;2 1)> . To make a distinction, denote eggfl) —

N

(egl b’ ,eg;l) ) with

r—1 *(r—1 r—1 * r—1 r—1 r—1
Egl ) = Ytg(l )*(A( )W129Ytg2+Xlgﬂ( )+(W11 gX1g+W12gX2g)52t )t lgal ))-

g1%4g
Also calculate e(r D= (Img Y 1)W;) Yi — X, §Z n_ W)X, (r=1) alr=1

2~ lgeg
(c) Given ¢4 and 6&;71) from (b), simulate an auxiliary network Wg by m runs of the M-H

algorithm based on??

exp (Vg(W etg,ecg — glr= 1) (Tfl),aggfl)))

» Vet

P(W, ety .05 oy, oy ) = -
Zwexp (V (W 6tg7ecq )706: 1) E; 1>,Oé£§ 1))>

» Vet cg

starting from Wy, i.e., first set the initial auxiliary network W, equal to W. For each
entry of Wy, wij g, ¢ # j, in turn, we propose w;j4 = 1 — w;j5,4. With the acceptance

probability

cg

exp (V (w”g,W_”g,etg,ecg D 0 " 1) (T D oz(T_l)))

a(Wij,g|wij,g) = min — 1o,
€xp (V (wiz,g, W—ij, gvetg>€cg 1)796§ 1) (Z Y a£§ 1)))

updating Wij,q to ﬁz‘j7g.

33In practice, we set m = 2mg(mg — 1) where my is the size of the network g.
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(d) With the acceptance probability equal to

v )

o (Vs
eg 1) (r 1) (7’71))

Qig "5 Qcg

9 r—1) a(r—l) a(r—l))

tg > Ceg

P(Y Y Vi, Wi

tglr “tgr ~cgr

= min

tgl tgr *cg?

P(Y*(T DY Y, W

(r—1 r—1 r—1 r—1
( €tg ) €cg )79@5 ), ( ) agg )) I (Ytgl < 0)
r—1) r—1 r—1 r—1
( 6t97609 ’egt gg ) aﬁg )> I (Y;gl ) )

£ (&g = oG ey Y exp (Vi (W5 Bty 00 a0ty

(7 n o _(r= 1)(0_2(7“—1)) 1 (7 1)) ( Egr 1) (Z 1) 9(: 1) Er_l) a(z_l)))'
€c g , €c » Ve g ) Lt

etg Oe¢ye g
exp (V (Wg,et; 1>’ C7g 1)795; SR I 1))) I(Y{;l <o)
O (e ) T G )

= min
exp

set Ytg(1 " with Yt’;l Otherwise, set ).};;(lr) = )'}t’;(lr_l).

Step II. Simulate ¢(") from P (qﬁ‘{Yt*m} (Y AYs {w;y, i 1)> by the double M-H algo-

rithm, where Y("~1) denotes the rest of paramters evaluted at the (r — 1) iteration.

(a) propose a from a AM proposal ¢(¢|¢(®,---, ¢"=1)

(b) For g =1,---,G, calculate
ar=b

r—1 *(r r—1 r—1 r—1
1(591 )= Y;tg(l ) (A( )W12 g}/;g2 + Xlgﬁ( ) + (Wll gXlg + W12 gXQg) ( ) + lgl tg )

r—1 r—1
and 6§q2 ) = (Imgfmgl - )‘g )W22 g) Y;SQQ_X2951:‘, (W21 g X191t W3, gX2g) G-
1)

l gag Y Denote eg*l) = (eggfl) egg v’ ) Also calculate 6297 = (Img — AU W;) Y-
r—1 * r—1 r—1
Xg gc ) - Wg Xg gc ) - lgagg )-

(r—1)

g and 62;71) from (b), simulate an auxiliary network W, by

(¢)Forg=1,---,G, given €
m runs of the M-H algorithm based on

oxp (Vg (Wg,6§;71)7 SZ 1) . &, T(r_l)))

ZW oxp (Vg (W eg_l) 65:; 1)’¢, T(rfl)))

P(Wlery ey, 6,100 =

7(;9

starting from W. See details in Step I. part (c).
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(d) With the acceptance probability equal to

(oY)
N AR )
= min (W* (T 1) r 1) T 1) (T 1)
g=1 ‘6 ) €cg , ¢ , T )
(r=1) (r=1) (r— r ~ N
P (Wlefy V. ely™ 00D XCD)N (o, Do) 130) .
P (Wylefy ™, ey 0,8, 70-0) ) Hosiqr < oDy, @) I(¢7~D € O)’

e A R ).
o1 \exp (V, (Wy. ety ey D, 600, 10-D))

(r=1) (r=1) (r—1) ~(r—1) ~ ~
exp (V (Wg7€t ) Cg ¢ T )) ’/‘/2§+§+;L(¢|¢0’ @0) . I(¢ (S O)
exp (Vg (ngfgil)’ AR 1))) Nossqrn (0 V|0, Bo)  I(p"—1) € 0)

= min

set ¢(") with ¢. Otherwise, set ¢ = ¢(r—1).

Step IIL Simulate AL from POV} (Y0} AV} AW, ¢, Y1) by the double M-H

algorithm.

(a) propose Ao from a random walk proposal density q()\c\)\y_l))
(b) For g = 1, ,G, caleulate &y = (I, = AWy ) Vi = X80 = Wy x, 88" —
aly V. and ey = (Lo, = ATTIWE) Vg = X80T - WX sl — 1y Y.

Also calculate

r—1 k(T r r—1 r—1
eV =y </\( )W12 g Yig2 T Xlgﬁu + (Wi,g X1g + Wiy gX2f])62t )t lpa §g ))

tgl tgl
r—1 T * r—1 r—1
and 61(592 = ([mg—mgl /\( )W22 g)Yth X2961 ) — (W5 gXlg + Wi, gX2g) G-
lggagg Y Denote e(r D= (eggl 2 ,67(5;2 2 ) .
(c) For g =1,--- ,G, given €4 and e(r Dy n (b), simulate an auxiliary network Wg by m

runs of the M-H algorithm based on
exp (Vy (Wysegety V0, X, TOD))
ZWeXp (Vg (W’gcgvegg 1)7¢ c»T(T 1 ))

P(Wyleeg, esr™™, 60, X, TO-1) =

starting from W. See details in Step I. part (c).
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(d) Let A =[-1/7¢,1/7¢], with the acceptance probability equal to
a(Ae[ A1)

tgr ~cgr

o (P (Vo) Y, Yo, Welet), X, 10D)

= min .
*(r * % * r r—1 e
e P(Y;q(1>,Y;g,1/Cg,Wg|¢< ) AU 1))
r—1 r—1 r—1 re B
P (Wylely™, ey ™ 00 AT, 10-0)Y 5 e g
(W |66976tg ’¢(T)7XC’T(T—1)) I()\y—l) c A)7
(r—1) (r—1) 2(7”71) ~ g %
= min ﬁ ! <€tg o Lo i 1669) ‘Img — AWy ‘ f(€cq)
- r r r— r— : r_ : —1).
g=1 f(ﬁgg Y Uétc 1)( A 1))’16£g 1)) ‘Img — Al 1)W; f(egg ))
5 r—1 * -
eXp( oy W ely™ )Yy (Wi ey ))) Ihed) |
* ' (r—1) )
exp (Y (W )V (W 2)) ) 1OV € 4)

set /\Er) with A;. Otherwise, set )\ET) = Aﬁ’“*”.

Step IV. Simulate A{"” from P(O\{Vi}, Y5 Y b AWs ), ¢, T0=1) by the double M-H
algorithm.

(a) propose A; from a random walk proposal density q()\t|)\§r_1))

(b) For g =1,---,G, calculate
Etg1 = Ytg(lr) - ()‘th2 g Yig2 + Xlg/31r Yy (Wi g X1g + Wiy gXQg)/BQT 2 + g (T_l))
and €2 = (Imn,—m,, — )‘tW22,g) tg2 X295(r Y — (W31 g X1g + W3 ( Xog) By b _
l (r—1)

=~ (= o=y (r=1) _ ( (r= 1)’ (r=1)’
g204g - Denote 4 = <€tg1>€tgz) . To make a distinction, denote €;, " = (€151 ;€440

with 6%;1), and eg;l)/ calculated based on /\Y*l). Also calculate

r—1 T * * r—1 * r—1 r—1
o = (I, = AW ) Vi = X810 = Wy X8 10l
(c) For g =1,--- ,G, given &, and eggfl) in (b), simulate an auxiliary network Wg by m
runs of the M-H algorithm based on

(r=1) () (r=1)
_ exp (Vy ( Wy, €g, €cq Lo )\ )\t,T
P(wgl'gtg’egz—l)’¢(T),)\£T),)\t’ T(r—l)) _ ( 9 ( 9 ))

2w exp (Vg (VVa 'ég,eﬁz 1), o), )\ET),Xt’ T(r71)))

starting from W. See details in Step I. part (c).

37



(d) Let A =[-1/7¢,1/7¢], with the acceptance probability equal to
a(eA™Y)

o (P (Fal Y ¥a, Wil A0, R, 100)

. tgr ~cg’
= min H
7

e Ytz(lr),y* y W*|¢(r)’)\gr)’)\gr—l)7T(r_1)>

tgr Yegrs
(W |6(r 1’ E’; 1) 6, )\(r) )\(r 1) ’r(r 1)) I(S\t e 4)
P (Wg|gtg,eg; D) AL At,W*l)) NG
G Iy = MW | £ (B — ol (@2 e )
Bt [Ty = XWy [ £ (e = ol 020 )1l ™)

1

€te cg

" _ -
exp <6t2 Yig (W5, €)Yy (W* etg))

§t(r) « (r—1 * % r—1 .
exp( (W, DYy (W, >>)

(r)
exp<§ Y (W ery )Y (W, epy 1))) Iy € A)

6,(7\) ' (Txr ~ % (Trr ~ (Tﬁl) ’
€Xp < Y (W, etg)Ytg(ng €tg)) (A €4)

set )\( ") with )\t Otherwise, set )\( N = )\(r D

Step V. Simulate 5 from P(8:[{Vy "}, (¥} (Y 1 (W} 6, AT AL, 10=1) by the double
M-H algorithm.
(a) propose B. from a AM proposal q(ﬁclﬁgo), e 75&71)).
(b) For g = 1,--- ,G, calculate €, = (Img — )\g)W;) Yo, — ngm — W;ng2c agz b
and Y = (Img - /\g”Wg*) Yy — X, 8070 — wrx 80 — 1,0l Also caleu-

g—cg
late €£T2 Y= (Imgfmgl - )\y)sz,g) Yo — X2gﬁ1r Y — (W3 g X1g T Wi, gX2g) G-
lggozg Y and
5;1 V= Ytt;(lT) ( MW, .Y, g Yig2 T Xlgﬁlr Yoy (Wi g X1g + sz,gX2g)bem(2t Y +lg1 (T 1)>'
Denote egg_l) = ( gl v’ 6%22 ' )
(¢c) Forg=1,---,G, given €, and eg_l) from (b), simulate an auxiliary network Wg by m

runs of the M-H algorithm based on

(W |€Cg7€tg 1 ¢(r) )\(r) )\(r) 6 T(r 1))
€xp (VQ(W GCngt; 1)7¢ C 7 75 TT 1)))
S exp (VoW Zug, ey, 600,00 ,AE" B X00))
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starting from Wy. See details in Step I. part (c).

(d) With the acceptance probability equal to

o Be|BD)
P(Ytq(l),Y* Yo, W

G
tg) *cg?
= min H (

60 A A, B, 1Y)

Vol Yi, Yo Wi |00 A A7, 00, 0 )

tgr *cg
(r—1) (T—l ) A1) () p(r=1) ~n(r— ~
P (W, |0, g™, 60, AL A, 50, x0) B
( 6597615; 1)7¢(T 7 76& (r— 1)) ‘/VQk( gr_l)‘/@(%BO)
r—1 (r—1 2(r—1
fi (Ll e DI
= min . .
e e e i)
5(m) r— * r— ~
exp( o (W, el 1))Y (W, el ))> N1 (Be| Bo, Bo) .
exp (5Yey Wy Ve (Wysiiy)) ) Aol 160, Bo)
set 6£T) with EC. Otherwise, set Bér) = 5§T_1).
Step VI. Simulate ﬁt from P(B;|{Y;; (T)} YA b {W;},¢(T)7A§T)7A(T)7ﬁ(r ~1) by the

double M-H algorithm.

(a) propose 3, from a AM proposal q(,é’twt(o), e t(rfl)).

(b) For g=1,---,G, calculate
€ig1 = i};ft](lr) - ()‘( )W12 Y2 + Xlgﬁtl + (W g X1g + Wi gX2g)5t2 + lglaﬁg U) and
~ T r—1
€tg2 = (Img—mgl AW, g) Yy — XogBu — (W31 g Xug + Wiy g Xag)Bez — lgzafy V.

Ny
Denote & = (€41, ¢42) - To make a distinction, e(r V= (egl D' =) ) is calculated

» ~tg2
based on 8"V, Also calculate ey V) = (Img - A&’"’W;) Yy — X80 — Wi X,8% —
ly a(r b,
(¢c) Forg=1,---,G, given &, and ecg Y from (b), simulate an auxiliary network Wg by m

runs of the M-H algorithm based on

P(Wy[erg, er= D, o™ AP AT, B0 G, pr=D)
xp (Vg(Wg’gtg’ECz 1)7¢ T) )\(T)7 gT‘)’B; T(Tfl)))

S exp (VoW ey, 60, A0 7, 80, 5, 10-0))

See details in Step I. part (c).
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(d) With the acceptance probability equal to

a(Bi18")
¢ P (YZ‘,g(l )’ YZ’ }/(:]’ W; ¢(T)) /\ET) A(T)) £T)7 g T(r_l))
= min —
o1 \ P (B0 i Y W [ 60 200 N7, 0, g x-n )
(r—1) (T 1) (r) y(r) p(r) (T—l) r— ~
(Wg Ecg ) tg 7(725 )\c ;)\ s Mc T( 1)) </V2k(/8t‘507B0)
(r— r r—1) ’
P (Wy ety 200 AN, 50 B0 ) ) (87 B, Bo)
NEIORS 1>(03<r,1>)_1€g;,1>)
= min H (r=1) (r 1), 2(r—=1)y_1 _(r—1) .
g=1 \ f (Gtg Oee (0c, )" tecg )

6,5” * * =~ * * ~
eXp < 2 thg (Wg ) Etg)y;tg(Wg ) 6tg))

5
exp | 5

627‘) « (117 r—1 * (Yx7 r—1
eXp< 2 }/tg (Wg,f,gg ))Yrcg(Wgaegg ))> %k(gt‘ﬂo BO)

" = — ' (r—1) '
oo (05 W)V (W) ) | sl o)

*/ * 1 * % r—1
YmWé;mMWégﬂ

set ﬂt(r) with Et. Otherwise, set ﬁtr) = ,fr‘”.

Step VIL Simulate o) from P(o[{¥7,"7}, {V;5 1, (Y2} AW o, A7, A0, 00 g0 v =1y by
the standard M-H algorithm.

(a) propose & from a AM proposal ¢(a|c@ ... (=),
(b) For g =1,--- ,G, calculate
(r—=1) _ Y*(T) _ )\(T)W* Y X (r) W* X W X (r) l (r—1)
€91 = Yig t Wia o Yige + X1gB” + (Wi g Xag + Wis ( Xog)Byy” + lg1cvy
T 1 r r * *
and €tg2 ) = (Imy—mgl /\( )sz q) tg2 XQQBt(l) - (W3 gX1g + W3y gX2q)5t2 -

lggag Y. Denote e(r b ( E;l b’ 7622—1) ) Also calculate e(r b ( my )\(T)W*) Y —
T r r—1
5( ) 4 gﬁﬁz) - gaﬁg ).
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(¢) With the acceptance probability equal to

a(5|a(r_1))

P (Vi Vi, Vi Wi 60 A A 60, 60,5, 100

G
tgr T cgr
= min H (

Y;qur)vy* Y * W*‘¢(T)7 )\g”)7 )\Er)7ﬁcr 7ﬂ§7“),0.(r—1)’ ’r(r—l))

tgr ~cg’
%(0\00720) I(GeT)
Na(0T o9, 5) 1D eT)’
w11 (o () ) 507)  s(570)
= min )
9=t (tg Ugcfl)(U?c(Tfl))_leggfl);U(T—l)) f( & (r—ﬁ)
A5(Glo0, %) I(GET)
%(O—(T_]‘”UO, EO) I(O-(T—l) c T)? 9

set o(") with 7. Otherwise, set (" = g("=1),

Step VIIL For g =1,--- , G, simulate o} from
P(acg\Y*(T) Yo, Yo W*7¢(T),/\,ET),/\£T), " g g2 g2, GEQ,ag; D) by the double M-

tgr ~cg?

H algorithm.

(a) propose ¢y from a random walk proposal density q(acg|a(r 1))

(b) Caleulate &, = (Img - A&”W*) Yy = XgB) = Wi X8 — 1yde, and
&=l = (Img f/\(’”)W*> Yy — X B0 —WirX,8%) — 1,0 Y. Also caleulate €7, ) =
T * T r—1
(Imgfmgl )\( W22 g) Ytgz ngﬂ( ) (W21 gXlg + W22 gX2g)52t g20‘£g ) and

k(1 * r—1
€tg1 = Y;g(l )_()‘E )le gYig2 t Xlgﬁlt + (Wi,g X9 + W12,gX2Q)B2t +1 10‘59 )) De-
(r—1) _ (6(7‘71) (r—1)" ) .

note €, tgl €ig2

(c) Given €4 and e(r Y from (b), simulate an auxiliary network Wg by m runs of the M-H

algorithm based on

P(Wylea, el ™0, 6, AN A B0 5200 5200 () 5, ofr=D)

exp (VQ(W Gcg&t; D g /\<> () 2) 520, U§1~0>7acg7a§g 1>))

ZW exp (Vg(m gcg»ez(s; 1), ¢(r), )\Er), )\z(sr)’ £r)’0€(r ’o_?t(r) Ug),acgvaz(sg 1)))

c

See details in Step I. part (c).
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(d) With the acceptance probability equal to

O‘<acq|a(r 1))

P(Y*(’”) Y, Y, W

tgl > tcg) Ttg

S AD A G0 200 2 () o 1))

t »MC > Uec Gét U€tc I a697 atg

= min .
P (Y Yy Yo Wy |60 00 A7, 87,027,620 6 ) a0, aly ™)
P<W (=1 g; D g A AN g0 G200 j20) o) (1) 1>)

P (W, e
N (Qeglao, Ao) 1}
r/V(Oécg )|O‘03A0)
Py =@ %) 4

eegr ey, 00 A A, B0 620 620 60 Gy 0l ”)

= min . .
£y ol 2<T>>fle£’;”) o (77)
5( r—1 %
exp (%5 o ety ey (W ei™) 4 (@uglaos Ao)
exp (25 Yey Wy, €00) Yy (Wi ey ) (@7 Do, Ao)

set a&}? with aq. Otherwise, set aﬁg) = ag;, 1)

Step IX. For g =1,--- , G, simulate agg) from
Plong V17, Yy, Yo Wi, oM AT A, B0 87 620 62 6l) aly)) by the double M-H

tgr ~cg’

algorithm.

(a) propose ¢y from a random walk proposal density q(atg|ag_1))

(b) For g =1,--- ,G, calculate
€rg1 = 5'62(1” - ()‘(T)Wl*z oYig2 + Xlgﬂg) + (Wi 9 X1g T Wiy gXQQ)ﬂzg) +1 15‘@) and
€rg2 = (Imq_mql )‘(T)sz g) 192 X2gﬂt(1r)*(W21 g X1g+ Wy gXQQ)ﬂtQ lg2@iig. De-
note €, = (E”tgl,?m) . To make a distinction, 6%;71) = ( gl v’ ) 1222 b’ ) is calculated
based on aggfl). Also calculate egg) = (Img - )\gr)Wg*) Yo —X B(T) W;Xgﬁég)—lgagg).

(c) Given €4 and eéz) from (b), simulate an auxiliary network Wg by m runs of the M-H

algorithm based on
P(Wg|gtgv€g;),¢(T)v)‘gr)a)‘£r)75(r) O-€2<:(T)7052t(r) (T) agg) Qitg)

exp (Vg(W 66976:5; D g™ AD A g 520 20, aé,f,aﬁg),atg))

S exp (Vo (W, efy 00N A0, 80,020 020 0l7), 0ly) y))

See details in Step I. part (c).
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(d) With the acceptance probability equal to

r—1
)
1)(?*“)}W Yy, Wi

tgl » Tcg) Ttg

alagla

(;s(r)’ )\l(f), )\Er)’ gr)7 U€2C(r)’ O.gt(r)7 UgtTc)7 agz)’ 62tg>

¢“%A9%AY% yla$”¢ﬁﬁlogla$%ag’”)

2(r) S2(r) (r) () (T—1)>

Wy

= min ()
P(Ytgl 71/;2’5/;‘/2’

P (Wg eﬁg),eg‘l),¢(”),/\§"),>\§"),ﬁ£’"),aec L0630l Qg g
P (/V\V/g €g;),gtga q{)(r’)7 )\gr)7 )\gr)wggr)’ GE2§T)7U€2t(T)’ UEQ, CV&?ﬂtg)
N (@rgleto, Ao) 1}
A (air™V|ao, 4o)
51(” * * =~ * * =
_ f (Etg - oéff(affr))‘leﬁ?) exp (2Ytg Wy, 6tg)ytg(vvg’ﬁ’fg)>
= min .
(r=1) _ _(r)¢ 2(r)\_1 (r) 6wt e =D\ e (r—1
f(ftg Oere(0ce ) fcg) exp( Y (Wg,egg ))Y;g(Wg,egg ))>

5 T r—1 * (TA7 r—1
exp <t2}/tg (an 6§g ))1/"49(‘/1/97 egg ))) JV(atg‘O‘O AO)
: (r—1

A (i oo, Ag)

6£T) « (T = « (7 =
exp <2Ytg (W, 6ty)Y;tg(wfgv 6tg)>

set ozg) with &y,. Otherwise, set ag) = ag;_l)-
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APPENDIX D: Computational performances of our MCMC algorithms

We conduct a simulation study to examine computational aspects of the proposed MCMC al-
gorithms. The artificial data is generated by a data generating process (DGP) based on continuous
outcomes of Eq. 34 and the aggregated link utility function of Eq. . For simplicity, we only
specify one exogenous variable X and do not include WX as another regressor in the outcome
equation. As for the link utility function, we capture the exogenous effect with a dyad-specific
variable C' and a matrix of ones for intercept terms. The networks are generated in three mixed
sizes: 20, 30, and 40, and the corresponding number of networks for each size is 10. The exogenous
variable X for outcomes are generated from a normal distribution with a zero mean and a variance
equal to 25. The group effect a’s are generated from a normal distribution with a mean equal to
the group average of X times 0.3 and a variance equal to 13°. The disturbance term €’s are gener-
ated from a normal distribution with a zero mean and a variance equal to o2 as will be specified
below. The elements of the dyad-specific variable C' for the exogenous effect are generated by first
drawing two vectors of random variables from U (0, 1), U; and Us. If the ith element of U; and the
jth element of U, are both larger than 0.7 or less than 0.3, we set C;; equal to one. Otherwise, we
set it to zero.

By assigning the following parameters

o Network: v33 = —3.2; 732 = 0.4; n1 = 0.4; 2 = 0.2; n3 = —0.03; n4 = 0.03; 15 = 0.30;
n¢ = —0.20; § = 0.20,

e Outcome: A = 0.05; B = 0.50; 02 = 0.50,

into these two equations and use the exponential distribution of Eq. @, we can then simulate the
networks and the activity outcomes: using the designed parameters and those generated exogenous
components, each artificial network W is simulated starting from an empty network. Each entry
of W except the ones on the diagonal is updated using the Gibbs sampling with the conditional
probability of w;; in Eq. . Outcome variables are simulated along with the network. The
Gibbs sampling runs through the whole network for total 10,000 iterations and realizations of the

network and outcomes from the last iteration are used for the data. Those generated networks

34The same simulation study has been done for the case of simultaneous Tobit outcomes based on Eq. ) and
we obtain similar results. For the purpose of illustration without unnecessary repeats, we only choose to report the

results based on continuous outcomes here.
35We follows Mundlak (1978)’s specification to generate the dependence between group effects and exogenous

regressors.
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have the average density equal to 0.083, the average outdegree equal to 2.498, and the average
clustering coefficient equal to 0.125.

We estimate the true model using the algorithm provided in Appendix C-3. The idea is see
whether the proposed algorithm can return the correct estimates of parameters. To check how
well and how fast the posterior draws will converge to the target distribution, three sets of initial

values are assigned to the sampling process, ¢ = (7/,7/,¢') =
o (-2.00, 0.20, 0.20, 0.10, -0.01, 0.01, 0.20, -0.10, 0.10);
e (0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.10);
e (-5.00, 1.00, 1.00, 1.00, -0.05, -0.50, 0.50, -0.50, 0.50),

and initial values for all other parameters are set to 0. The hyperparameters used in prior distri-
butions are specified as follows: ¢g = 0; &g = 101gy; Bg = 0; By = 10; 09 = 0.0; Xy = 1.0; a9 = 0;
Ap = 100. These parameters are designed to allow relative flat prior densities over the range of
the parameter spaces. The total 100,000 draws of (v, 7,d, A) based on these three initial values are
plotted separately in Figure [3| to Figure

From Figure [3 one can observe, when starting with initial values which are close to the true
parameters, the convergence of the Markov chain achieves in a timely fashion. In this case it costs
about the first 10,000 draws to achieve convergence. Once the Markov chain converges and is
stable at a certain level, the following draws show a nice variation which represents the variance
of the target posterior distribution. In the following Figure |4] and [b| bad initial values cause the
Markov chain to take longer for the convergence. Since the draws approach the true parameters
gradually and hence, exhibit certain degree of dependence. In these two cases, more draws would
be needed to make sure that the posterior distributions of parameters are characterized properly.
From this simulation, it shows that the double M-H algorithm can handle the estimation of our

model without any problem.
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Figure 1: A friendship network from the GPA sample

Note: White: GPA less than 2. Green: GPA between 2 and 3. Blue: GPA between 3 and 4.
Red: GPA equal to 4. Nodes with a larger size means they have higher indegrees.

Figure 2: A friendship network from the Smoking sample

Note: White: Do not smoke. Green: Smoke once. Blue: Smoke 3 to 5 times. Red: Smoke

Every day. Nodes with a larger size means they have higher indegrees.
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Table 1: Summary Statistics

GPA Smoking
variable min max mean s.d. mean s.d.
GPA 1 4 2.910 0.734 - -
Smoking 0(57.86%) 7 - - 1.257 2.511
Age 10 19 16.004 1.285 15.997 1.269
Male 0 1 0.493 0.500 0.482 0.499
Female 0 1 0.507 0.500 0.517 0.499
White 0 1 0.611 0.487 0.629 0.483
Black 0 1 0.246 0.430 0.230 0.421
Asian 0 1 0.016 0.125 0.016 0.123
Hispanic 0 1 0.068 0.251 0.067 0.250
Other race 0 1 0.059 0.236 0.058 0.233
Both parents 0 1 0.725 0.447 0.733 0.442
Less HS 0 1 0.114 0.318 0.109 0.312
HS 0 1 0.340 0.473 0.341 0.474
More HS 0 1 0.398 0.490 0.402 0.490
Edu missing 0 1 0.068 0.252 0.067 0.250
Professional 0 1 0.248 0.432 0.249 0.432
Staying home 0 1 0.220 0.414 0.228 0.419
Other Jobs 0 1 0.366 0.481 0.356 0.479
Job missing 0 1 0.076 0.265 0.077 0.266
‘Welfare 0 1 0.011 0.103 0.010 0.100
Num. of students at home 0 6 0.580 0.818 0.568 0.793
Network size 25.043 13.146 33.546 16.551
Network density 0.142 0.100 0.108 0.076
Outdegree 2.564 2.294 2.866 2.406
Indegree 2.564 2.418 2.866 2.596
Clustering Coef. 0.327 0.120 0.332 0.086
Sample size 1,177 1,476
Num. of networks 47 44

Both parents means living with both parents. Less HS means mother’s education is less than high school.

Edu missing means mother’s education level is missing.

Professional means mother’s job is either scientist, teacher, executive, director and the like.

Other jobs means mother’s occupation is not among “professional” or “staying home”.

‘Welfare means mother participates in social welfare programs.

Number of students at home means how many other students of grade 7 to 12 living in the same household with you.

The variables in italics are omitted categories in the estimation.

47



Figure 3: plot of MCMC draws from the continuous case — 15¢ set of initial values
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Figure 4: plot of MCMC draws from the continuous case — 2"¢ set of initial values
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Figure 5: plot of MCMC draws from the continuous case — 3" set of initial values
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