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INTRODUCTION

The question of whether or not electroragnetic cyclotron harmonic
waves can be excited in the magnetosphere near qeostationary altitude,
was raised upon examination of the data from the VLF broadband measure-
ments on the SCATHA satellite during a severe spacecraft charging
event (Donatelli et al., 1983)., During this event stronqg enission
bands were detected at or npear the first two harmonics of the 2 kHz
electron qyrofrequency. These emission hands appeared on both the
electric and magnetic wave field detectors, While the SCATHA electron
qun was in operation at varyina current/enerqy levels attempting to
discharge the satellite, there were frequency shifts in the emission
hand and consistent magnetic field components. This observation promp-
ted the present theoretical study to determine whether electromaqnetic
electron cyclotron harmonic waves could be generated in a plasma repre-
sentative of local conditions.

Theoretical and observational studies to date have explained obser-
vations analogous to those of the SCATHA data in terms of electrostatic
enissions, lsing the Harris dispersion relation, Fredricks (1971)
showed that non-resonant electrostatic waves could be excited in a
plasma in which the electron perpendicular velocity distribution has a
narrow region of positive slope, i.e. 23fy/dvy > 0. The restriction
on the velocity distribution was relaxed by Younqg et al, (1973) to
the requirement that a distribution of cold and warm electrons have a
velocity distribution that 1is non-monotonic in V, . They showed
that this provides sufficient free enerqy for driving instahbilities.
The ratio of cold to hot plasma density, above which instability will

not occur, was established by Ashour-Abdalla et al. (1975). The non-
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convective and convective nature of the instability is shown to be
controlled by the temperature ratio of the cold to hot electron popula-
tions (Ashour-Abdalla and Kennel, 1978). Flectrostatic upper hybrid
waves observed on ISEF-1 have also been explained by this theory (Kurth,
et al. 1979). Sentman et al. (1979) show examples of two-component
electron distribution functions constructed from ISEE-1 observations
of low enerqy magnetospheric electrons that occur simultaneous with
the detection of electrostatic emissions between the electron cyclotron
frequency and the upper hybrid resonance.

Flectromagnetic emissions within this frequency range, with the
exception of the whistler mode, have not been reported prior to the
SCATHA observations. Ohnuma et al. (1981) have shown that electromag-
netic cvclotron harmonic waves may bhe generated in a dense plasma;
i.e, one in which wye >> Qca, where upe and Qcp are the
electron plasma and gyro- frequencies, respectively., Although their
results were applied to laboratory plasmas, this condition may prevail
in the vicinity of SCATHA during beam operations.

Here the problem will be approached in a manner suggested by the
work of Tataronis and Crawford {(1970). They used the quasi-static ap-
proximation in deriving a dispersion relation for a warm magnetoplasma
and proceeded to examine under what conditions unstable electrostatic
cyclotron harmonic waves (Bernstein modes) exist. They looked at several
types of distrihution functions and examined ranges of plasma parameters
for finding unstable modes. They show that if the analytic solution
to the dispersion relation undulates about zero for a given distribution
function, non-convective mode coupling instabilities occur. These occur

hetween specific ranges of the two ratios, the plasma frequency/electron




gyrofrequency and the qyroradius/wavelenqth, for each harmonic pair.
For two component distributions, the density and velocity ratios of
the two components must also be considered. Similar solutions are
sought here for electromaanetic, cyclbtron harmonic waves {extraordinary
and ordinary modes).

In the next section the electromagnetic dispersion relation for a
warn, uniformly magnetized, homogeneous plasma is examined, Analytical
solutions will be presented for the three perpendicularly propaqating
modes, the Bernstein, extraordinary, and ordinary modes, using a two
component distribution function. The ambijent plasma is represented as
a Maxwellian; the electron heam is represented as a delta-function in
velocity space. Sample calculations show that instabilities may exist
for hoth the Rernstein and the extraordinary modes. The frequencies
and wave numbers of the excited modes vary with the beam-to-ambient-

plasma density and velocity ratios.

THEORY

The dispersion relation is derived using the linearized Vlasov

equation and Maxwell's equations (in cas units):

[a/3t + v « ¥+ ({v x Bp)/c) - Wyifj1 =

- (aj/my)E1 + (v x B1)/c] + %yfjo (1)
IxEyp = -7l oBy /ot
x Bl = C-l ail/at + (dwq‘]-njl/c) f—!d-!f‘]l (?)
Y« E1 = 4mjnjy [ dvfijy
yeB =0
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The equilibrium electron velocity distribution is fjo(vl,vu)
where L and # refer to components perpendicular and parallel to the

external magnetic field, By = Byz. There is assumed to be no external

electric field, Fy = 0. The perturbation electric and magnetic

fields are E; and By, respectively. The perturbed particle distribution .
and density are fjj and nj1, respectively, where particle species
is indicated by the subscript j. The charqge and mass for each particle

| species are q;j and Mys respectively; ¢ is the velocity of light in a

o

vacuum,
The plasma is assumed to be infinite, spatially homogeneous and
t uniformly magnetized, since variations in time and space may be neglected. ;
Fquations (1) and (2) are solved by introducing a Fourier transforn in
space, a laplace transform in time, and integrating alona unperturbed
particle orhits, This leads to the nine element dielectric tensor, from

Krall and Trivelpiece (1973): :?

Dyx  Pxy Pxz Fx
Pyx  Nyy  Dyz Fy 1 =0 (3) ;
Pax  Nzy DNz Fz i

where the elements of the dielectric coefficient are {Im{w)>0):

=
]

1 - (C?'k II?'/u?) - (21[/10) )‘i >'N ijz I XJ\)NZNZQ‘]'?/kJ_Z

XX
- . . \ 2 !
”xy = (2 wl/w) Lj lN ij Il XjJN']N v_]_NQj/kl
. (e? ? 2 2 ‘
Nz = (€K /6”) = (2n/w) )5ly wpi” 1T AINTV NR4/k )

- Dyy

Ny = 1 -LeZ(k P~k 2)16?] = (2n/0) Y5dy wpy? 1T x (0" )% 2
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Nyp = (27i/w) Y4dy wpi? 11 Ajdydy'v,vy
Do = (c2kgky/0?) = (2/w) Y5dy wps” 1T x3In2veNas/ky ?
' Ny = = (27i/u) Yidy ups? 1T xydudy'vevy if
Dy = 1= (2, 2/u?) - (20/0) Y4y wpy” 1T AzoyPvy° ?
where: f
IT = [ o dvyfg dv 2v /(NQ; + kyvy - w ;
H
Xj = [1- (kv 4 /) 1(3F 50/2v,7) + (kyvy/w) 4

(3fjo/aV"2)

+ (3f 34/3v,7)

. >
1]

For simplicity in the above derivation, the wave vector k 1is
defined as follows: 5
i k=kp+ky=kx+kyz, ‘
The definition of other terms are:

w = wave frequency

i = plasma frequency = (Annjqu/mj)l/2

Qj = particle qyrofrequency = qjBq/MjC

JN = Nth order Ressel function of the first kind

k v /5= arqument of the Bessel function

Jy' = derivative of Jy with respect to the arqument.

There is no separation of electrostatic and electromaqnetic modes

—

in the dispersion tensor (3), HYowever, by considering parallel propa-

gation (k= 0) and perpendicular propagation (k, = 0) separately,

PR

it is possible to simplify the dispersion tensor and examine some

T T
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characteristic wave modes. Setting k| = 0 in (3) singles out the

nodes that propagate parallel to the equilibrium maqnetic field,

These nodes are: f
(1} The longitudinal, electrostatic, Landau damped, Langmiir waves
and jon acoustic waves.
[2) The weakly damped transverse electromagnetic Alfven waves at
frequencies below the ion cyclotron frequency; the Whistler waves at
w = (1/2)2 and the cyclotron waves which occur at w = 2. The cyclotron

waves are stronqly damped for w =k,c, which is also the band in which

e

spontaneous emission of radiation occurs.

Ry taking ky = 0, the characteristic waves that propagate perpen-
dicular to the equilibrium magnetic field are singled out, These
nodes are:

{1)  the almost purely longitudinal, nearly electrostatic

Rernstein modes that correspond to the electrostatic wavas discussed at

the beginnina of this section,

(?) Tnhe transverse, electromagnetic, cyclotron-harmonic waves
#hich include the extraordinary mode with E 1L By and the ordinary
mode with E 1 By, These modes are normal rodes of a high density,
?)

magnetized plasma (wp > Q

o) (Ohnuma et al., 1981) and are

excited near ion and electron cyciotron harmonics. The SCATHA observa-
tions are within the range of these emissions. It will be determined ,

if these modes are unstable within the local beam-backqround plasma.

For k, = 0, the dispersion tensor (3) reduces to: .
¢ ‘

0 0 Nzz

e~

_x.i 5 - . 7&2{«3"““—"”"




At the frequencies of oscillation considered here, ions may

be regarded as providing a charge neutral background. The approximation
ub2 << k2c2 is also valid since:
210,2.2 2, 2,2.2 2, 2,52,.2
4 Jkeecc « VY, Jwces < wp “Vyy /a%¢t < 0.1

where: vy = beam velocity.
Since the ny terms are second order in ubzlkzcz, they may be neqlected.

Then may be approximately solved for the three eigenmodes:

= ): extraordinary mode

=
<
<
[

(4)
(1) Dyx = 0: Bernstein mode
(2)
(3)

Dz = 0: ordinary mode

where the elements of the dispersion matrix reduce to:

=2
1]

o = 1= (4na 2/k%) ) NZaZju(Na - w) | dv,

2 ?
fAvy v S af fay) (5)

ol (kZc?/u7) - 4"”b2 ) (w(Na - w))™1 [ dv,

[ vy v3y )2 afyfav,? (6)

2
|

2z = 1 - (K2c%af) - ann? ) (uiNa - W)L S dy,
f«ivl Vi vu2 JNZ[NQ/w (afolavlz

- ofgfav,2) - of fov, )] (7)

ilnstable solutions are now sought for each of the eigenmodes

using the SCATHA data to evaluate the necessary parameters.

ANALYTICAL SOLUTIONS

The SCATHA observations presented in Nonatelli et al. (1983) for 24

April 1979, indicate that beam-injected electrons may create a dense
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plasiia where electronagnetic cyclotron harronic instabilities are aqener-
ated. At the time of interest the magnetospheric plasma was made up of
two populations: a low-enerqy component with a temperature about 300 eV,
and a high-enerqgy component about ?5 keV (Mullen et al., 1981). The
ejection enerqy of the beam from the electron qun was either 5N eV or
150 eV. After passing through the satellite sheath the heam electrons had
energies of 1-3 keV due to acceleration through the vehicle potential.
Fmission hands were detected consistently at or near the first an-
second harmonic of the electron qyrofrequency, @, which was about 2 kHz,
“rom the data, beam-to-backqround velocity ratios are estimated. A ratio
of 2-3 is reasonable for the "artificial" heam (electrons from the bean
systems on SCATHA), and a ratio of 9-10 for the natural beam (injec-
tions of high energy magnetosperic electrons). The density ratios are
assumed to be greater than one, both for the natural beam (Mullen et
al,, 1981) and the "artifical” beam. Although the current and radius
of the artificial beam are known, the effective oeam density is not,
since the electrostatic forces hetween beam electrons contribute to
rapid spreading as does the external maqgnetic field (Gendrin, 1973).
Furthernore, at these low emission enerqies the electron bean cannot he
highlv focussed.

The dimensionless variables to be used in these solutinns are de-
fined as follows:

2

s? = 2kTk/ma? = vik?/a?

(15}

Xp = Vib/vT

where:
Vih = Vb Sin ¢p;

%

n

pitch angle of the electron beam, 15% < 4 < 1659,

10




Then:

sxp = kv p/Q = (kvp/Q)sin 4
and:

0.26 (kvy/Q) < sxp < kvp/2
where sxy is the arqunent of the Ressel function in equations (5), (%),
and (7).

The amhient density is between 0.5 and 1.0 cm-3, If the density is
set at 1.0 cm'3, the value of the following non-dimensionalized
parameters are:

(w,/2)2 =20

(w/ke)? = 0.1

The distribution function is approximated as follows:

fo = Mo (/2T )3/ Zexpl-(n/2kT) (v, 2 + v 21 +
(nh/2nv p) 8(vy - van) (v ~ vip) (8)
where:
T = temperature {°K)
K = Boltzmann constant
np = Tow enerqy ambient electron density
ny = density of electron heam

This distribution function is a Maxwellian combined with a ring
distribution in velocity space and including motion parallel to the
magnetic field, The Maxwellian represents the ambient plasma, and the
delta-function represents the heam, with the ring distribution descri-
bing the portion of the monoenerqgetic beam electrons moving in the

plane perpendicular to the magnetic field, uniformly distributed in

gyrophase angle. Tataronis and Crawford (1970) conducted a numerical

[P
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study of the prapagation charactoeristics of perpendicularly propanating

electrostatic waves in a combined ring-Maxwellian distributior. They
state that instability occurs if the analytic function for the disper-
; sion relation is undulatory about zero. Their results show that node
coupling is a feature of the ring distribution leading to strong non-
convective instability. Combining the ring and Maxwellian distribu-
tions leads to non-convective instahility with higher qrowth rate and
lower instahility threshhold than for the ring distribution alone.
The elactromaynetic dispersion relation may he snlved for each of the
three eiqgenmodes of perpendicularly propagatina waves, Solutions to

the dispersion relation nay be found as functions of x, and nb/np,

using preceding definitions.

A, The Bernstein Mode

The dispersion relation for the Bernstein mode, obtained by substi-

tuting equation (8) into equation (5) and integrating, is the following:

it

N

x = 1= (4w ?/02) ) N2a2ay g (w? - NZQ2) = 1 (9)

where:

Ay = s‘zexp(-sz/Z)IN(Sz/Z) + (np/ngsxp )ydy'

[y is the modified Bessel function of the first kind with arqurent 52/2.

The prime denotes the derivative of the Ressel function with respect to

the araument. ) is now the summation from N=1 to =, Since Ay

is undulatory ahout zero, unstabhle solutions are anticipated (Tataronis

and Crawford, 1970). In Appendix A it is shown that in using a three-

term approximation to equation (9), unstable solutions are found for:
np/np = 2 and xp = 2

such that:

12
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Wwe=1,7 + 0.9i ' (10)
and:

np/np = 4.5 and xp = 10
such that:

w0 = 1.8 + 1.1 (11)

The Rernstein Mode is nearly a pure electrostatic mode, The
solutions are equivalent to those obtained by Tataronis and Crawford
f1970) using the electrostatic approximation to the dispersion relation.
They found unstahle solutions in this frequency range with the growth
Eate, Y, a2 finite fraction of the real part of the frequency, w.. In
equation (10), with wr = 1.7 @, v = 0,5wp; for equation (11),

Y = D.6ue. In both equations (9) and (10) wp is in the range

of emissions detected by the SCATHA broadband receiver (Donatelli et
al., 1983). However, this mode is not expected ta have the ohserved
naanetic field component. the presence of a maqnetic component requires

the existence of electromagnetic extraordinary and/or ordinary modes.

R, The Extraordinary Mode

The dispersion relation for the extraordinary mode is obtained by

substituting equation (8) into equation (6) and integqrating to obtain:

Ny = 1 - (k2c 2/u7) - (2u,2Rg/w?) - 84y? )ANy/(m2 - N%2) (12)

where:

My = (N2/sP)exp(=s7/2) Ty(s?72) + (ny/n ) L0y' )2 + (sxp/2)dy" 0"

The function ANy is unduylatory about zero, therefore, meeting the
instahility condition of Tataronis and Crawford (1970). Using a four-

term approximation to the dispersion relation, instahilities are found

13
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for (see Appendix B):

nh/np_= 10 and xp = 9
such that:

W= 1.5 40,21
and:

np/np = 10 and xp = 3
such that:

/0= 1.8 + 0,61
Here it is shown that unstable solutions exist within the desired fre-
quency range, The larger beam-to-backaround density ratios required
to support the extraordinary mode are consistent with the work of

Ohnuma et al. (1981).

C. The Ordinarv Mode

The dispersion relation for the ordinary mode is obtained by

substituting equation (8) into equation (7) and intearating to obtain:

2
Np = 1= (BP1?) - (Ag, wy2r6?) = 2ay? ) Ayt (6? - w20f) (13)
whera:

Any = exp(-sz/Z)IN(sz/Z) + (nb/np)JN2

Since Ay, is always positive, no unstable solutions are anticipated.

CONCLUSIONS

The analytical solutions presented here show that electromagnetic
non-resonant instabilities may be excited in a plasma represented as

a Maxwellian background with a monoenergetic beam of electrons. The

electromaanetic dispersion relation was solved for k; = 0, using the




approximation mb7 << k22, These simplifications permnit the elements
of the dispersion relation to be separated and solved as three distinct
eiqenmodes of perpendicularly propagating waves:

1. Rernstein Mode; E L Ro, k I E

2. Fxtraordinary Mode; E L Bo, k L E

3. Ordinary Mode; E 1 Bo, k L F

In the first two cases it is shown that cyclotron harmonic modes
nay couple between the first two harmonics of the electron qyrofrequen-
¢y, exciting non-convective instabilities with growth rates, y, that
are a finite fraction of wp. In the third case no unstable solutions
exist, Sample solutions npresented for the Rernstein and extraordinary
mndes are shown to depend on the ratios ny/np and x, = vin/vr. These
ratios rmust be greater than one,

The ratio, nb/np, for the nearly electrostatic Bernstein nrode
can be compared quantitatively to the a of Tataronis and Crawford
(1970) and the ratio No/My of Ashour-Abdalla et al. (1975) by considering
the Maxwellian portion of the electron distribution as the "cold"
component and the delta-function as the "hot" or "rinqg" component. The
results for np/np = 4.5 and xp = 10 agrees with the results for a = 0,2
and Ne/Ny = 0.2, These are values associated with non-convective
electrostatic instabilities at frequencies between the first two har-
monics of the electron gyrofrequency.

For the extraordinary mode a larger density ratio, nb/np = 10,
is required to excite instabilities, consistent with the results of
Nhnuma et al, (1981). These instabilities may be excited for velocity
ratios of 3 and 9, representing rations of the "artificial" and "natural"

electron heam densities, respectively, to the ambient density. These

15
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electronagnetic instabilities are non-convective, non-resonant, with
large growth rates. They may be excited by electron bheams, given
sufficient beam-to-amhient density and velocity ratios, The full

ranqge of parameters over which they may occur will be explored through

numerical calculations, For further understanding of the relationship i
of these waves to effects observed in the SCATHA data and in the nagneto-
-sphere, the full electromagnetic dispersion relation, includina the ki

terms, must be solved for conditions pertaining to space vehicles in

space plasmas,
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APPENDIX A t

Solution for Bernstein Modes:

The dispersion equation for the Bernstein modes is:

Nex = 1= (8ay?/0%) ) N2aPay 1 (u” - N207) (A-1)
where:

Ang = s“zexp(-sz/Z)IN(SZ/Z) + (nb/npsxb)JN(sxh)dN'(sxb)
This may be approximated:
Dex = 1= (8a?/92)[(A10%/ (u” - 02)) + (8Rp0%/(u? - 422))]  (A-2)

Setting Nyy = 0 leads to the fourth order equation:

Arat - 15+ (80,%702) (A;+80,)1 WP /02 +
a1 + (4wb?/n2)(A1 +Ay)1 =0 (A-3)

pIngr=

(e eey—
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This inay he solved as a quadratic, then transformed to polar coordinates,
tao obtain:

o2 = (Kr)1/2[cos(0/2 + mw) 7 isin(0/2 + nn)], n = 0,1 (A-4)

where:

K =6 + (Ampz/fl?)(/\l + 4A2)]/2

[OL6(1 + (8 2/92) (A + Ap))/(5 + (8w ?/97) (A + 40,))7] - 111/2

~
1t

For instability, the following condition must be satisfied:
8¢ 5 + (B, 2/02)(Ay + 805032 < 16[1 + (8w.2/07) (A + A))]  (A-5)
“ . A}p 3 1 2 d ) UJp H 1 2

A1 and Ap are evaluated as functions of ny/ny using tabulated values of

Bessel functions from Abramowitz and Stequn (1970) for the approximate

range of the arqument, as defined by the constraints on sxj. Substituting

these and the value of wy/2 into the inequality (A-5), determines the "

constraints on np/np.

For sxp = 3.6;5 xp = 20; nb/np = 2:
A

0.0864; Ny = -0,0132,

Substituting in equation (A-4) and solving for 0 and Kr:
&2 = 1.95(0.89 + 0,45i) = 1,73 + 0.886i (A-6)

A second solution is found for sxp = 3.2, xp = 10, Then with

nh/np = 4.5 Ay = 0,078, Ap = -N,0223; and

w/ Q= 1.83 + 1,144
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APPENDIX R

Solution for Fxtraordinary Modes:

The dispersion enquation for the extraordinary mode is:

n(y_v =1 - (kzcz/wz) - (zwn?'/\o/w2) - 41‘)02 )‘ /\Ny/(m7 - [‘1292) (B-l)

where:
My = V2/52)exp(-s7/2) 1y(s7/2) + (2ny/n ) [0y (sx))? +

sxpdn' (sxp)In" (sxp)]
This may be approximated:

=1 - (kzc?'/m?‘) - (Zr.)p?‘Ao/(u?‘) -
aq?L(A (07 = 97)) + (Al (o - 422))] (R-2)

Setting nyy = ) Teads to the sixth order equation:

n
Yy

(¢ - 5w)? + a2h)[(P/Pc?) - 1 - (20,%0/k”c?)]

- (44?2 [t (A#As) - ()2(aA1+A5)T = 0 (8-3)

This may be reduced to a fourth order equation by using the approxination

£ Ik2c? << 1

[1 + (2u) 2R /k%c?) + (8,2 /kc?) (A+A) T (w/a)t -
[5(1 + (2uy?hg/k%c?)) + (up?/k7c?) (an1+8))] (w/2)? +
811 + (2u?Ag/k%c?)] = 0 (8-4)

This may be solved as a quadratic, then transformed to polar coordinates,

analogous to the solution for the Rernstein mode of Appendix A, to obtain:
Wwe = (Kr)1/2[cos(0/2 + mn) £ isin(0/2 + mn)], m = 0,1 (R-5)

where:
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S ISR )”A JCCTY (4 b//k/ 7R Ry Y
2T+ (2w Ao /k7c?) 4 (8w ?/k2c?) (A+hy)]
2oy . y?

8 = tan-1{y/x)
x = 1

[IL6(1 + 2u) Ao /kPcD) 1 + (20 PR /kBc?) + (4w, P/kPc?) (Ay+a)) Y/

i

y
[5(1 + 2u)PAo/k2c?) + (8up 2/k2c?) (8A1+0,) 17T - 121/

For instability, the follawina condition that must bhe satisfied:

0 < I5(1 + 2up2Ao/k?c3) + (4ub2/k‘c2)(4A1+A2)]7
CUB(L + 2 PR KPC?) (1 + 2 PAg/kPe? 4 (4w fk2e?) (Aq#R,) ] (R-6)

An and Anyq are evaluated as functions of np/ny using the tabulated v21-
ves of Bessel functions from Abramowitz and Steaun (1970) for the
appropriate range of the arqument as defined by the constraints on
SXpye Substitute these and the value of wh?/k?c2 inta the
inequality (B-6) to obtain the constraints on np/ny.

For sxp = 4.0; xp = 9.0, nh/np = 10:

Ao = 1.05, Ay = -0,714, Ay = 2,72, Substituting and solving for

0 and Kr:
W/ = 1.55(0.99 + 0,147) = 1,53 + 0,221 (R-7)
A second solution is found for sxy = 4.4; xy = 3. Then with

nh/np = 10 Ay = 3.06, Ay = 2.4, Ay = 2,79, and

W= 1,8 + 0,64
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