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Abstract

In this paper we present stability and convergence
results for Dynamic Programming-based reinforce-
ment learning applied to Linear Quadratic Regulation
(LQR). The specific algorithm we analyze is based on
Q-learning and it is proven to converge to the opti-
mal controller provided that the underlying system
is controllable and a particular signal vector is per-
sistently excited. This is the first convergence result
for DP-based reinforcement learning algorithms for a
continuous problem.

1. Introduction

In many practical applications a stabilizing feedback
control for the system may be known. In this pa-
per we discuss the problem of how to improve this
controller and, under certain circumstances, make
it converge to the optimal. The approach we take
can be classified as direct optimal adaptive control
and it is motivated by recent research on reinforce-
ment learning which uses the principles of Dynamic
Programming (DP). DP-based reinforcement learn-
ing algorithms include Sutton’s Temporal Differences
methods [6], Watkins’ Q-learning [7], and Werbos’
Heuristic Dynamic Programming [9]. Our approach
is closely related to Q-learning. We apply the method
to the Linear Qudratic Regulator (LQR) problem and
we show that it converges to the optimal cost if the
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system is controllable and a particular signal vector is
persistently excited. This is the first convergence re-
sult for DP-based reinforcement learning algorithms
for a continuous problem. Previous results are lim-
ited to finite-state systems, with either lookup-table
or linear function approximators [6, 8].

The optimal control for an LQR problem is easily
found [1] #f accurate models of the system and cost
functions are available. The problem we address is
how to define an adaptive policy that converges to
the optimal control without access to such models.

Despite the paucity of theoretical results, applications
of DP based algorithms have shown promise in ap-
plication to conmtinuous state problems [5]. This pa-
per takes a first step toward providing a theoretical
grounding for continuous problems.

2. Problem Statement

Consider the discrete-time, multivariable system
Zey1 = f(2e, ue) = Az + Buy (1)
with feedback control
Uy = Uz

U is chosen so that the matrix A + BU has all of its
eigenvalues strictly within the unit circle.

Associated with this system we assign a one step cost:

¢t = c(z, ut) = 2y Eze + ug Fug (2)
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where E is a symmetric positive semidefinite matrix
and F is a symmetric positive definite matrix. The
total cost of a state z; under the control policy U,
Vu(®t), is defined as the discounted sum of all costs
that will be incurred by using U from time ¢ onward,
ie., Vu(ze) = 352 o Y ctqi, where 0 < v < 1 is the
discount factor. Vy is a quadratic function [1] and
therefore can be expressed as

Vo(ze) = zi Ky o, (3)

where K, is the symmetric cost matriz for policy U.
U* denotes the policy which is optimal in the sense
that the total dicounted cost of every state is mini-
mized. K* represents the cost matrix for U*.

3. Q-functions and Policy improvement

Watkins [7] defined the Q-function for a stable control
policy U as

Qu(z,u) = ¢(z,u) + YVu(f(2, w))- (4)

The value Qyu(z, v) is the sum of the one step cost in-
curred by taking action u from state z, plus the total
cost that would accrue if the fixed policy U were fol-
lowed from the state f(z, u) and all subsequent states.
u need not be the action specified by the given control
policy for the state z. Qu(z, u) is defined for all states
z and all admissible control signals u. The function
Qu can also be defined recursively as

Qu(ze, ue) = c(®e, ) + YQu(B41, Uer1).  (5)

For an LQR problem the Q-function can be computed
explicitly as

HU 11 Hu 12 !
Qe =L o[ o 1 [ (o))
:[:c,u]’HU[:c,u], )

where [z, u] is the column vector concatenation of z
and u, Hy is a symmetric positive definite matrix,
and

HU(ll) =F+ 'YAIKU-A,
Hu(n) = ’YB’KuAa

Hu(m) = "YAIKUBy
Hygy = F+yB'KyB.
The submatrix Hy(,,) is symmetric positive definite.

Given the policy Uy and the value function V,;, we
can find an improved policy, Uk, by defining Ui 41
as

Ugpiz = a,rg;nin [e(z, w) + YVu (f(z, u))].

But equation (4) tells us that this can be rewritten
as

Ug+12 = argmin Qu(z, u).
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We can find the minimizing u by taking the partial
derivative of Qy(z, u) with respect to u, setting that
to zero, and solving for uw. This yields

v= (F+ ’YB'KU».B)_l B'Ky,Az.

Unt1

Since the new policy U1 does not depend on z, it is
the minimizing policy for all z. Using (6), Ukx+1 can
be written as

_ -1
Uk+1 — "‘HU,‘(::)HU,‘(H)-

The feedback policy Uk is per definition a stabiliz-
ing policy — it has no higher cost than Ug. A new
Q-function can then be assigned to this policy and
the policy improvement procedure can be repeated
ad infinitum.

Earlier work by Kleinman [4] and Bertsekas [1!
showed that policy iteration will converge for LQR
problems. However, their algorithms required exact
knowledge of the system model (equation 1) and the
one-step cost function (equation 2). The analysis pre-
sented in this paper shows how policy iteration can
be performed without that knowledge. Knowledge of
the sequence of functions Qy, is sufficient.

4. Direct Estimation of Q-functions

We use Recursive Least Squares (RLS) to directly es-
timate the function Q. It is not necessary to identify
either the system model or the one-step cost function
separately. First, define the “overbar” function for
vectors so that Z is the vector whose elements are all
of the quadratic basis functions over the elements of
z, i.e.,

= — (a2 2 27!
T = [ml,...,:clmn,:cz,...,mgzn,...,mn] .

Next, define the function © for square matrices.
O(K) is the vector whose elements are the n diag-
onal entries of K and the n(n + 1)/2 — n distinct
sums (Kij + Kji). The elements of Z and ©(K) are
ordered so that ¢’ Kz = '®(K). The original matrix
K can be retrieved from ©(K) if K is symmetric. If
K is not symmetric, then we retrieve the symmetric
matrix (K + K’), which defines the same quadratic
function as K. We can now write

Qu(z,u):[ T, U ]’Hu[ z,u ] = [ z,u ] O(Hy).

Finally, we rearrange equation (5) to yield
c(2e, us) = Qul@e, ue) — YQu(zeq1, Uzey1)

—_— -,
= [ Te, Ut ] @(Hu) - ’Y[Wt+1a U$t+1] Q(Hu)
= ¢;907



where ¢, = {[mt,ut]—fy[zgﬂ,Uth]}, and 8, =
O(Hy).

RLS can now be used to estimate 8. The recurrence
relations for RLS are given by

ex(i) = c; — $,6k (5 — 1)

Py (i — 1)drex (i)

1+ ¢ Pe(i— 1)¢e

_ Pe(i— )¢ Pe(i — 1)
1+ ¢¢Pi(i — 1)

(8a)

Pk(’i) = Pk(i ~ 1) (SC)

(8d)

Py = (I for some large positive constant 8. 6 =
O(Hy,) is the true parameter vector for the function
Qu,- ék () is the ©** estimate of 8. The subscript
t and the index 7 are both incremented at each time
step. The reason for the distinction between ¢ and
will be made clear in the next section.

Pk(O) = P().

Goodwin and Sin [3] show that this algorithm con-
verges asymptotically to the true parameters if 6 is
fixed and ¢, satisfies the persistent excitation condi-
tion N

1
€l < N ; Pe-idy_; < &l (9)
for all £ > Ny and N > Ny, where ¢ < €, and Nj is
a positive number.

5. Adaptive Policy Iteration for LQR

The policy improvement process based on Q-
functions (Section 3) and the ability to directly es-
timate Hy (Section 4) are the two key elements of
the adaptive policy iteration algorithm that is the fo-
cus of this paper. Figure 1 gives an outline of the
algorithm. The index 7 used in equations (8) counts
the number of time steps since the beginning of the
estimation interval.

Since the k** policy improvement step is based on an
estimate of ©(Hy, ), it is not clear a prior: that the
sequence U, will converge to the optimal policy U*,
or even that each of the Uy’s is guaranteed to be sta-
bilizing. The convergence proofs of Kleinman [4] and
Bertsekas [1] require exact knowledge of the system
and take no account of estimation error. Theorem
1 establishes that the adaptive policy iteration algo-
rithm presented above does indeed converge, under
certain conditions, to the optimal controller.

Theorem 1: (Convergence of adaptive policy
iteration). Suppose that {4,B} is a controllable
pair, that Uy is a stabilizing control, and that the
vector ¢(t) is persistently excited according to in-
equality (9). Then there exists an estimation in-
terval N < oo so that the adaptive policy itera-
tion mechanism described above generates a sequence
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1 Initialize parameters: 6, (0).
2 =0
3 for k=0to oo {
4 Initialize RLS: P (0) = Po.
5 for i =1to N {
6 uy = Urzs + e:, where e, is the “explo-
ration” component of the control signal.
7 Apply uq, resulting in state zsvy.
8 Update ék(i) using RLS (8).
9 t=1t+1.
} X )
10 Find the matrix Hx corresponding to 6.
11 Policy improvement: Ugy1 = —fl;(;z)fik(z,).
12 Initialize parameters: B (0) = fx.
13 }

Figure 1: The Q-function based policy iteration algo-
rithm. It starts with the system in some initial state zg
and with some stabilizing controller Us. k is the number
of policy iteration steps. ¢ is the total number of time
steps. ¢ is the number of time steps since the last policy
change.

{Uk, k= 1,2,3, ...} of stabilizing controls, converging
so that

lim ||[Uy - U*|| =0,

k— o0

where U* is the optimal feedback control matrix.

Proof: In order to prove this we need a few interme-
diate results concerning the policy iteration scheme
and RLS estimation. These preliminary results are
summarized below and the proofs are given in [2].
First, define the function

o(Ur) = trace(Ky, ). (10)

Lemma 1. If{A, B} is controllable, U, is stabilizing
with associated cost matrix K, and U, is the result
of one policy improvement step from Uy, i.e. Uy =
—y(F ++vB'K;B)"'B'K; A, then
AllUy - Ua|* < o(Uh) = o(Uz) < 8||Us - U7,
where
0<A=g(F)<d=
oc
trace (F +vB'K1B)|| Y v*/?(4 + BU2)"|I?,
1=0
and o(-) denotes the minimum singular value of a
matrix.
Lemma 2. If ¢, is persistently excited as given by

inequaliy (9) and N > Ny, then we have

16k — Bkl| < en(lI6 — Be—ll + 116x—1 — Bx_1]),



where ey =
value of Py.

1 . P .
wonp; and po is the minimum singular

Define a scalar “Lyapunov” function candidate

sk = o(Uk—1) + [|6k-2 — Bx-2| (11)

and suppose that

for all 0<1<k (12)

for some upper bound 53. From this it follows that
Uj-1 is stabilizing in the sense that

SiS§0<OO

G'(Uk_l) S 50 (13)
and that the parameter estimation error is bounded
so that

116k -2 — Bi—al| < So. (14)

It also follows that that the control resulting from a
policy update using accurate parameters, Uy, is sta-
bilizing and that o(U}) < 5. From continuity of the
optimal policy update it then follows that for every
§ > 0 there exists €5 > 0 so that

oU) o) <OlU ~ Ul (15)
for all ||U} — U|| < e;5. This implies that control
laws in a sufficiently small neighborhood around the
optimal are stabilizing as well.

We will show that sg41 < s provided that the esti-
mation interval N, is chosen to be long enough.

Define N
v = |0k—1 — Bx_1||,

and we get from Lemma 2 that for all &

vk < en(vr—1+ |Bk-1 — Or_2ll), (16)
where limpy_,00 €y = 0. Now from the inductive hy-
pothesis (assumption (12)) we have

vx-1 < 50 and [|k—2 — Ok—3l] < k1, (17)

where k; is a constant. By application of (16) we
then get
(18)

It follows that vy = ||6x_1 — ék_1|| can be made ar-
bitrarily small be choosing the estimation interval N
long enough.

vk < €n (%0 + K1)

Uy is defined to be the result from applying one step
of policy iteration using accurate parameter values,

1.€. (19)

whereas Uy is the feedback law which results from
applying thé estimated parameters, i.e.

Ug = . by

k-1(22)

Hk-l(:l))

— r—1 &
Uk = —H, Hk-1(21)-

k-1(22)

(20)
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The matrix inverse is guaranteed to exist when the
estimation interval is long enough. From equations
(19) and (20) we now have

Ur ~ UI: = _ﬁ;}(:z)ﬁk-l(n) + H;xl(zz)Hk-l(H)'
Hence
Ue — Uy = H_ oy (Herany — o) +
(H;xl(zz) - H}Z}(n))ﬁk-l(?l)
= H;ll(zz){(Hk-i(N) - ﬁk»lm)) +
(ﬁk—l(”) - Hk—l(zn))f};}(az)ﬁbl(?l)}‘
From the definition of § we have

1 Hcro2) — Hornll < [|0e-1 — 6x—1]  and

|| Hcsgom ] < 11851l
It follows that we have
Uk — UR1] < Ro(1 + |16k —1ll) - 116k —1 — Bk _1l},

where Rg is a positive constant, provided that N is
sufficiently large. Since the estimated parameters are
bounded it follows that there exists another constant
Ko so that

Uk = U] € Kollfk-1 — Ox-1]| = Kovk.

(21)
It follows from equation (18) that we have

Uk — Ugl] < enro(o + r1). (22)

It then follows from (15) that
lo(Us) — o(U2)] < 811U} — Ui

for all N such that exro(5o + 1) < €5. This implies
that Uy is stabilizing if NV is large enough and that
there exists an integer /Ny and an associated constant
d, so that

lo(Uk) — 0(Ux-1)| < §||Ux — Ug_1|| for all N > Nj.

In other words, if the estimation interval is long
enough, then the difference between two consecutive
costs is bounded by the difference between two con-
secutive controls. We use the definition of the param-
eter estimation vector to write this as

|]0k_1 — ak_zll < 51“Uk — Uk~1Hz for all N > Nj,
(23)
where d; is a constant. We now re-write (23) as
[16k—1 — Bk—2|| < 28:(J|Ug — U_1||® + U — U|?).
From inequality (21) and the definition of vy, we then
get
||9k_1 — 01:—2” < 261(11): + K,o‘l)k), (24)
where
wi = [{Ug — Ug—1||-



By combining equations (16) and (24) we then get

vk < en(vi-1 + 261 (wp + Kovk)),
which we re-write as

v < enpn (vi-1 + 261w}), (25)
where
UN = ('[ — 261K0€N)_la

According to the assumption we can choose N large
enough so that 0 < uy < co. This gives a recursion
for vx. The critical point to notice is that vy has a
strong stability property when the estimation interval
is long. The parameter ey is then small since ey
converges uniformly to 0 and px towards 1.

We now develop the recursion for o(Uy). First we
have

(U)o (0er) = (0) = (Uhs) (05 -o(05)

26
From equation (26) and Lemma 1, using {15) again,
it follows that we can choose the update interval so
that we have a constant 5 so that

o(Uk) ~o(Uk-1) < ~AllUg = Up—1|* + 82U — Ul|”.
Using equation (21) we then get

U(Uk) -U'(Uk_.1)

< —AUE — Uk-1[* + 8ak0l|Be—1 ~ Br—1f]

< —sz + JaKkoUk.

By using equation (25) and the recursion for vy we
then have

o(U)—0(Uk-1) < *A’wz+51N06N#N(11k_1+252’l(”12=))~
27
Equations (25) and (27) together define the system

Vg _ | evpn 0 Vg1 n
o(Uk) dakoenpuN 1 o(Ux-1)
2enpnd2 w?
—A+ 252!6061\/[1,1\] k-

In order to study this system we defined the function
sk = 0(Ug-1) + vk-1.
From the above we then have

sk+1 = 8k + (=1 + enpn(1+ d2m0))ve-1 +
(—A -+ 26NF’NJZ(1 + K;o))‘w,%.

It now suffices to choose N so that ¢ is small enough
to give

1-— EN,u,N(l + th',o) =€ >0
A~ 2enpund2(1+ ko) = €2 > 0.
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We then get
2
Sk1+1 = Sk — €1V 1 — €Wi < Sk.

From this we conclude that sg;; < s; and using in-
duction we finally have

oo oG
€1 E vk < So and € E 'w,f < 5p.
k=1 k=1

The result now follows since Uy is stabilizing.

6. Conclusions

In this paper we take a first step toward extending the
theory of DP-based reinforcement learning to contin-
uous domains. We concentrate on the problem of
Linear Quadratic Regulation. We describe a policy
iteration algorithm for LQR problems that is proven
to converge to the optimal policy. In contrast to stan-
dard methods of policy iteration, it does not require
a system model. It only requires a suitably accurate
estimate of Hy,. This is the first theoretical result
of which we are aware that proves convergence of a
DP-based reinforcement learning algorithm in a con-
tinuous domain.
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