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Partial Equilibrium Analysis

* In a competitive equilibrium (CE), all agents must
select an optimal allocation given their resources:

— Firms choose profit-maximizing production plans
given their technology;

— Consumers choose utility-maximizing bundles given
their budget constraint.

* A competitive equilibrium allocation will emerge
at a price that makes consumers’ purchasing

plans to coincide with the firms’ production
decision.



Partial Equilibrium Analysis

* Firm:
— Given the price vector p*, firm j’s equilibrium
output level q; must solve

which yields the necessary and sufficient
condition
p* < c;(q;), with equality if g; > 0

— That is, every firm j produces until the point in
which its marginal cost, ¢;(q}), coincides with the

current market price.
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Partial Equilibrium Analysis

e Consumers:

— Consider a quasilinear utility function
w;(my, x;) = m; + ¢;(x;)

where m; denotes the numeraire, and ¢; (x;) > 0,
(x;) < 0forallx; > 0.

— Normalizing, ¢;(0) = 0. Recall that with
quasilinear utility functions, the wealth effects for
all non-numeraire commodities are zero.
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Partial Equilibrium Analysis

— Consumer i’'s UMP is

max m: + Q;(x;
m;ER,, X;ER l ¢l( l)

* J * % *
St M +px; < Wy, + Z]-=1 0:;(p qj — Cj(Qj))
Total e'xpend. Profits

N—

Total resources (eridowment+profits)

— The budget constraint must hold with equality (by
Walras’ law). Hence,

m; = —px; + [Wmi + Z§=1 0, ('P*q;f — Cj(q;))]
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Partial Equilibrium Analysis

— Substituting the budget constraint into the objective
function,

xriré%%)i di(x;) —px; +

Wi, + E) 65(0°0} — a)))]

— FOCs wrt x; yields
¢;(x;) < p*, with equality if x;” > 0

— That is, consumer increases the amount he buys of

good x until the point in which the marginal utility

he obtains exactly coincides with the market price he
has to pay for it.
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Partial Equilibrium Analysis

— Hence, an allocation (x5, x5, ..., X/, 41, >, ...,q}‘)
and a price vector p* € R* constitute a CE if:

p* < c/(q}), with equality if g7 > 0
¢;(x;) < p* with equality if x; > 0

11 l_Z] 1q]

— Note that the these conditions do not depend
upon the consumer’s initial endowment.



Partial Equilibrium Analysis

 The individual demand curve, where ¢;(x;) < p*

} MU < p
4,(0)




Partial Equilibrium Analysis

e Horizontally summing individual demand curves
vields the aggregate demand curve.

p A
¢,(0)

¢,(0)

X(p)=x(p)+x,(p)

x,(p)

5@ @ Ap)
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Partial Equilibrium Analysis

* Theindividual supply curve, where p™ < cj’(q;)

P A

¢,(0)
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Partial Equilibrium Analysis

e Horizontally summing individual supply curves yields
the aggregate supply curve.

P A

q, (B 9 (»)

q(p)

&(0)
¢,(0)

4@ 4. 4p) r

Advance d Microeconomic Theory

12



Partial Equilibrium Analysis

* Superimposing aggregate
demand and aggregate p
supply curves, we obtain
the CE allocation of good max4(0)
X.

A

* To guarantee that a CE P
exists, the equilibrium
price p* must satisfy mind (0)

max $/(0) = p°
l
> min ¢;(0)
J

x(p)=q(p") X,q
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Partial Equilibrium Analysis

* Also, since ¢;(x;) is downward sloping in x;, and
cj’(qi) is upward sloping in g;, then aggregate
demand and supply cross at a unique point.

— Hence, the CE allocation is unique.
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Partial Equilibrium Analysis

* |f we have

max ¢{(O) < m.in Cj,(o)) “1
l J

then there is no

positive production or
consumption of good

X.

q(p)

J
\ »

15

X,q



Partial Equilibrium Analysis

e Example 6.1

— Assume a perfectly competitive industry
consisting of two types of firms: 100 firms of type
A and 30 firms of type B.

— Short-run supply curve of type A firm is

sa(p) =2p
— Short-run supply curve of type B firm is
sp(p) = 10p

— The Walrasian market demand curve is
x(p) = 5000 — 500p

Advance d Microeconomic Theory
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Partial Equilibrium Analysis

 Example 6.1 (continued):

— Summing the individual supply curves of the 100
type-A firms and the 30 type-B firms,
S(p) =100-2p+30-10p = 500p
— The short-run equilibrium occurs at the price at
which quantity demanded equals quantity
supplied,

5000 —500p =500p, or p=5
— Each type-A firm supplies: s,(p) =2 -5 =10
— Each type-B firm supplies: sz(p) = 105 = 50
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Comparative Statics
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Comparative Statics

Let us assume that the consumer’s preferences are affected
by a vector of parameters « € RY, where M < L.

— Then, consumer i’s utility from good x is ¢; (x;, a).
Similarly, firms’ technology is affected by a vector of
parameters § € R®, where S < L.

— Then, firm j’s cost function is ¢;(q;, B).

Notation:

— pi(p, t) is the effective price paid by the consumer

— p;(p, t) is the effective price received by the firm

— Per unit tax: p;(p,t) = p + t.
* Example: t = $2, regardless of the price p

— Ad valorem tax (sales tax): p;(p,t) = p + pt = p(1 + t)
e Example:t = 0.1 (10%)).
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Comparative Statics

* |f consumption and production are strictly positive in
the CE, then

¢{(X£k, a) = p;(p*, t) for every consumer i
C]{(q;,ﬁ)—ﬁ] (p*, t) for every firm j
ZI 1x — Z] 1q]

* Thenwe havel + ] 4+ 1 equations, which depend on
parameter values a, f and t.

* In order to understand how x;" or q depends on

parameters a and 3, we can use the Implicit Function
Theorem.

— The above functions have to be differentiable.

Advanced Microeconomic Theory
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Comparative Statics

* Implicit Function Theorem:

— Let u(x, y) be a utility function, where x and y are
amounts of two goods.

— If au;i’y) # 0 when evaluated at (X, y), then
qu(x,y) du(x,y) _
™ dx + " dy =0
which yields
_ ou(x,y)
dy(x) _ ___ 0Ox
dx Iu(Z,y)
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Comparative Statics

— Similarly, if au(ga;y) # 0 when evaluated at (X, y),
then
ou(x,y)
dx(y) _ Oy
dy  ou(x,y)
0x

for all (x,y).
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Comparative Statics

— Similarly, if u(x, a) describes the consumption of

a single good x,where a determines the
ou(x,a)

consumer’s preference for x, and ™ # 0,
then
ou(x, a)
dx(a) R
da  ou(x,a)
0x

— The left-hand side is unknown
— The right-hand side is, however, easier to find.



Comparative Statics

e Sales tax (Example 6.2):

— The expression of the aggregate demand is now
x(p + t), because the effective price that the
consumer pays is actually p + t.

— In equilibrium, the market price after imposing the
tax, p”(t), must hence satisfy
x(p*(t) +t) = q(p* ()
— if the sales tax is marginally increased, and
functions are differentiable at p = p*(t),
X @)+t @ 'O+ =q@©) ")
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Comparative Statics

— Rearranging, we obtain
p*' () - [x' (* () + t) — ¢’ (p* (©))]
= —x'(p*(t) +1t)
— Hence,
WY x'(p*(t)+t)
P =~ -0 ()
— Since x(p) is decreasing in prices, x'(p*(t) +t) < 0,
and q(p) is increasing in prices, ¢'(p*(t)) > 0,

p*/(t) — _ x'(p*(t)+t) T

P O+)-a' (P’ (D) -
- ¥
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Comparative Statics

— Hence, p*'(t) < 0.
— Moreover, p*'(t) € (—1,0].
— Therefore, p*(t) decreases in t.

= Thatis, the price received by producers falls in the tax,
but less than proportionally.

— Additionally, since p*(t) + t is the price paid by
consumers, then p*'(t) + 1 is the marginal increase
in the price paid by consumers when the tax
marginally increases.

= Sincep*(t) = 1, thenp*(t) + 1 = 0, and consumers’
cost of the product also raises less than proportionally.



Comparative Statics

* No tax:
— CE occurs at p*(0)
and x*(0)
* Jax:

— x* decreases from r{”*“”
x*(0) to x*(t) U

— Consumers now pay
p*(t) +t

p*(f)+f

— Producers now
receive p*(t) for the
x*(t) units they sell.

Advanced Microeconomic Theory
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Comparative Statics

* Sales Tax (Extreme Cases):
a) The supply is very responsive to price changes, i.e.,
q’(p*(t)) is large.
KN x'(p*(£)+t) X
pr(t) = ' (p*()+t)—-q' (p* () 0
— Therefore, p*'(t) — 0, and the price received by
producers does not fall.

— However, consumers still have to pay p*(t) + t.

= A marginal increase in taxes therefore provides an
increase in the consumer’s price of

p'M)+1=0+1=1
= The tax is solely borne by consumers.

Advanced Microeconomic Theory
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Comparative Statics

e Avery elastic supply curve

— The price received by
producers almost does
not fall.

— But, the price paid by P 0)=p )
consumers increases by
exactly the amount of

the tax. ;

X () x'(0)

-

p*(t)+r
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Comparative Statics

b) The supply is not responsive to price changes, i.e.,
q'(p*(t)) is close to zero.

!/ *
“E) = — x'(p*(t)+t) — 1
P~ (1) x'(p*(®)+t)—q' (p*(@))
— Therefore, p*'(t) = —1, and the price received by
producers falls by S1 for every extra dollar in taxes.
" Producers bear most of the tax burden

— In contrast, consumers pay p*(t) + t

= A marginal increase in taxes produces an increase
in the consumer’s price of

p’(t)+1=—-1+1=0
= Consumers do not bear tax burden at all.

Advanced Microeconomic Theory 30



Comparative Statics

* |nelastic supply curve

P

P (0)=p 1)+t

l

p ()

A
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Comparative Statics

e Example 6.3:

— Consider a competitive market in which the
government will be imposing an ad valorem tax of
L.

— Aggregate demand curve is x(p) = Ap?, where
A > 0 and € < 0, and aggregate supply curve is
q(p) = ap¥, wherea > 0andy > 0.

— Let us evaluate how the equilibrium price is
affected by a marginal increase in the tax.



Comparative Statics

* Example 6.3 (continued):

— The change in the price received by producers at t =

Ois
x'(p*)
Y(0) = ——=7= T
P x'(p*) —q'(p*)
B Aegp*e1 B Aep*€
~ Aeprel—aypVT!  Aep* —ayp™
ex(p”®) 3

T ax() —valp)  e—v
— The change in the price paid by consumersatt = 0 is
PO +1=———t1=——"
E—Y E—Y

Advanced Microeconomic Theory
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Comparative Statics

 Example 6.3 (continued):

— When y = 0 (i.e., supply is perfectly inelastic), the
price paid by consumers in unchanged, and the
price received by producers decreases be the
amount of the tax.

= That is, producers bear the full effect of the tax.

— When € = 0 (i.e., demand is perfectly inelastic),
the price received by producers is unchanged and
the price paid by consumers increases by the
amount of the tax.

= That is, consumers bear the full burden of the tax.
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Comparative Statics

 Example 6.3 (continued):

— When € - —oo (i.e., demand is perfectly elastic),
the price paid by consumers is unchanged, and

the price received by producers decreases by the
amount of the tax.

— When y — 4o(i.e., supply is perfectly elastic), the
price received by producers is unchanged and the
price paid by consumers increases by the amount
of the tax.



Welfare Analysis
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Welfare Analysis

Let us now measure the changes in the aggregate
social welfare due to a change in the competitive

equilibrium allocation.
Consider the aggregate surplus

:Z 1¢(xl) Z] 1 ](Qj)

Take a differential change in the quantity of good
k that individuals consume and that firms

produce such that Yi_, dx; = Z§=1 dq;.
The change in the aggregate surplus is

dS = ¥i—q1 ¢i(x;)dx; — Z] 16 (g)dq;



Welfare Analysis

* Since
— ¢;(x;) = P(x) for all consumers; and
e That is, every individual consumes until MB=p.
—¢;(q;) = C'(q) for all firms
e That s, every firm’s MC coincides with aggregate MC)
then the change in surplus can be rewritten as

dS = ¥I_, P(x)dx; — ¥)_, C'(q)dq;
= P(x) ¥l_, dx; — C'(q) ¥)_, dg;

Advance d Microeconomic Theory
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Welfare Analysis

e Butsince Y;_, dx; = Z§=1 dq; = dx,and x = q

by market feasibility, then
dS =|P(x) — C'(q)]dx

* |ntuition:

— The change in surplus of a marginal increase in
consumption (and production) reflects the
difference between the consumers’ additional
utility and firms’ additional cost of production.



Welfare Analysis

* Differential change in surplus
p

p(x)

c'(x)

Xo T X1
dx

Advanced Microeconomic Theory
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Welfare Analysis

* We can also integrate the above expression,
eliminating the differentials, in order to obtain

the total surplus for an aggregate consumption
level of x:

S(x) =Sy + [, [P(s) = C'(s)]ds

where S = S(0) is the constant of integration,
and represents the aggregate surplus when
aggregate consumption is zero, x = 0.

— So = 0 if the intercept of the marginal cost function
satisfies ¢;(0) = 0 for all J firms.



Welfare Analysis

* Surplus at aggregate consumption x
P A

A)9()

: [ p(x)—c '(x)]ds

px)

!

c'(x)

(), ()

ES
X X X,q
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Welfare Analysis

* For which consumption level is aggregate surplus
S(x) maximized?
— Differentiating S(x) with respect to x,
S'"(x) =P(x*)—C'(x*)) <0
or, P(x*) <C'(x*)
— The second order (sufficient) condition is
S'"(x) = [@ —C"(x*) <0

N e’
— +
* 0
* Hence, S(x*) is concave.

* Then, when x* > 0, aggregate surplus S(x) is maximized at
P(x*) =C'(x").
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Welfare Analysis
* Therefore, the CE allocation maximizes aggregate
surplus.

* This is the First Welfare Theorem:
— Every CE is Pareto optimal (PO).



Welfare Analysis

 Example 6.4.

— Consider an aggregate demand x(p) = a — bq
and aggregate supply y(p) =] - g, where J is the
number of firms in the industry.

— The CE price solves
_7.P _ 2a
a—bp =] > orp TN,
— Intuitively, as demand increases (number of firms)
increases (decreases) the equilibrium price
increases (decreases, respectively).

Advance d Microeconomic Theory 45




Welfare Analysis

* Example 6.4 (continued):
— Therefore, equilibrium output is

. b 2a _a
Ty T 2b 4y
— Surplus is
x*
S(x*)zj p(x) — C'(x)dx
0
where p(x) = abiand C'(x) = 27x
— Thus,
X a—x  2x a?]
S(x)_fo ( b _])dx_4b2+2b]

which is increasing in the number of firms J.

Advanced Microeconomic Theory
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General Equilibrium
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General Equilibrium

e So far, we explored equilibrium conditions in a
single market with a single type of consumer.

* Now we examine settings with markets for
different goods and multiple consumers.

Advanced Microeconomic Theory
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General Equilibrium: No Production

* Consider an economy with two goods and two
consumers, [ = {1,2}.

e Each consumer is initially endowed with e! =
(e1, e3) units of good 1 and 2.

» Any other allocations are denoted by x* =

(x1,x2).

49



General Equilibrium: No Production

* Edgeworth box:

x2
. 4 e 0?,Consumer 2
x] -
|
|
|
|
|
|
|
|
|
|
| ¢=(e',e?)
CpPp————e,e—e——————-— _——— e

|
Consumer 1, 0 e

! \J

2

X,
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e IC!is the indifference curve of consumer i, which

General Equilibrium: No Production

passes through his endowment point e'.

The shaded area
represents the set of
bundles (xl,xz) for
consumer [ satisfying

ul(xi, x3) = ul(ed,
u?(x#,x5) = u?(ef,
Bundle 4 cannot be a

barter equilibrium:

— Consumer 1 does not
exchange e for A.

82;)
e;)

0%,

Consumer 2

Consumer 1, (!

Advanced Microeconomic Theory
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General Equilibrium: No Production

* Not all points in the lens-shaped area is a barter equilibrium!

 Bundle B lies inside the lens-
shaped area

— Thus, it yields a higher utility ! o 0%, Consumer 2
level than the initial , e e
endowment e for both e .. |
consumers.

 Bundle D, however, makes Contract

Curve (CC)

both consumers better off c
than bundle B.

— It lies on “contract curve,” in dfmmmmmmmmaa >4 -
which the indifference curves e~ (eed)
are tangent to one another. Consimer 1. 0! 1 -

— It is an equilibrium, since
Pareto improvements are no
longer possible
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General Equilibrium: No Production

* Feasible allocation:

— An allocation x = (x1,x2, ...,x") is feasible if it
satisfies

I [ I [
i—1X' < )i, €

— That is, the aggregate amount of goods in
allocation x does not exceed the aggregate initial
endowmente = Y/_, e’.
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General Equilibrium: No Production

* Pareto-efficient allocations:

— A feasible allocation x is Pareto efficient if there is
no other feasible allocation y wh|ch IS weakly
preferred by all consumers, i.e.,,y* = x' foralli €
I, and at least strictly preferred by one consumer,
yi > x!.

— That is, allocation X is Pareto efficient if there is no
other feasible allocation y making all individuals at
least as well off as under X and making one
individual strictly better off.
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General Equilibrium: No Production

* Pareto-efficient allocations:

— The set of Pareto efficient allocations (x1, ..., x!)
solves

max ul(x!)
x1 .. xI>0

s. L. uj(Xj) >u~/ forj # 1, and
[ xt <Y el (feasibility)
where x! = (x}, xb).

— That is, allocations (x1, ..., x!) are Pareto efficient if
they maximizes individual 1’s utility without reducing
the utility of all other individuals below a given level
u~/, and satisfying feasibility.

Advanced Microeconomic Theory
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General Equilibrium: No Production

— The Lagrangian is
L(xt, ... x52%, .., w) =
ul(Xl) 1+ )2 [uZ(XZ) _ u—Z] + ...
AW (D) = u™'] + p[Zi e = Xis X]
— FOCwrt x! = (x{, x3) yields
oL oul(xl) _
oxi = oxi H=0
for every good k of consumer 1.
— For any individual j # 1, the FOCs become
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General Equilibrium: No Production

— F(?Cs wrt AJ and u yield w(x))=u/ and Yj_;x' <
i—1 €', respectively.

— In the case of interior solutions, a compact condition
for Pareto efficiency is

oulix)  auw(x))

2k = "k o0 MRS1, = MRS]
oulix)  agui(x)) or 1,2 — 1,2

for every consumer j # 1.

— Graphically, consumers’ indifference curves become
tangent to one another at the Pareto efficient
allocations.
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General Equilibrium: No Production

 Example 6.5 (Pareto efficiency):

— Consider a barter economy with two goods, 1 and
2, and two consumers, A and B, each with the
initial endowments of e* = (100,350) and e® =
(100,50), respectively.

— Both consumers’ utility function is a Cobb-Douglas
type given by u'(x!, x%) = xix} for all individual
i = {A,B}.

— Let us find the set of Pareto efficient allocations.



General Equilibrium: No Production

* Example (continued):

— Pareto efficient allocations are reached at points
where the MRS4 = MRSE. Hence,

A B

X X
MRS4 = MRSE = 22 =22 or x5x8 = x8x4
X1 X1

— Using the feasibility constraints for good 1 and 2, i.e.,
e + el =xf +xP
es + el = x5 + x5

we obtain

xf =ef +ef —xf

x5 =es +e5 — x4

Advanced Microeconomic Theory
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General Equilibrium: No Production

* Example (continued):

— Combining the tangency condition and feasibility
constraints yields

x5 (ef +ef —xi)= (e + ef — x3)xf
X7 X3

which can be re-written as

A eé4+€2BxA_ 350+50 XA_ZXA
2 eAreB™1 T 100+10071 1

for all x{* € [0,200].

X
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General Equilibrium: No Production

* Example (continued):

— The line representing the set of Pareto efficient
allocations

X7
A

B 08 _Consumer 2
X1

<
-

Contract Curve, x‘f= 2.xi4

Consumer 4,04
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General Equilibrium: No Production

* Blocking coalitions: Let S C I denote a coalition

of consumers. We say that S blocks the feasible
allocation x if there is an allocation y such that:

1) Allocation is feasible for S. The aggregate amount of

2)

goods that individuals in S enjoy in allocation y
coincides with their aggregate initial endowment,
i.e., Dies V' = Dies€’; and

Preferable. Allocation y makes all individuals in the
coalition weakly better off than under x, i.e., y* = x*

where i € §, but makes at least one individual
strictly better off, i.e., y* > x*.
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General Equilibrium: No Production

* Equilibrium in a barter economy: A feasible
allocation X is an equilibrium in the exchange
economy with initial endowment e if X is not
blocked by any coalition of consumers.

* Core: The core of an exchange economy with
endowment e, denoted C(e), is the set of all
unblocked feasible allocations X.

— Such allocations:

a) mutually beneficial for all individuals (i.e., they lie in the
lens-shaped area)

b) do not allow for further Pareto improvements (i.e., they lie
in the contract curve)
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General Equilibrium: No Production

A 2 2
, e 0°, Consumer 2
x| I
Ict
. I
IC*
I
I
I
I
. I
Contract Curve, x; = 2x%
I
I
| e= (e, e?)
dfF—f——e<sT 2 — == e
I
| > x!
Consumer 1, (' &
! \J
2
x;
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General Equilibrium: Competitive Markets

Barter economy did not require prices for an
equilibrium to arise.

Now we explore the equilibrium in economies
where we allow prices to emerge.

Order of analysis:

— consumers’ preferences
— the excess demand function

— the equilibrium allocations in competitive markets
(i.e., Walrasian equilibrium allocations)
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General Equilibrium: Competitive Markets

e Consumers:

— Consider consumers’ utility function to be
continuous, strictly increasing, and strictly
quasiconcave in RY.

— Hence the UMP of every consumer i, when facing
a budget constraint

p-x' < p-e'forall price vector p > 0

yields a unique solution, which is the Walrasian
demand x(p,p - e').

—x(p,p - ) is continuous in the price vector p.
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General Equilibrium: Competitive Markets

— Intuitively, individual i’s income comes from
selling his endowment e! at market prices p,
producing p - e* = pjel + -+ pke,i dollars to be
used in the purchase of allocation x'.
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General Equilibrium: Competitive Markets

e Excess demand:

— Summing the Walrasian demand x(p, p - ') for
good k of every individual in the economy, we
obtain the aggregate demand for good k.

— The difference between the aggregate demand
and the aggregate endowment of good k yields
the excess demand of good k:

z(p) = Xi4 xlic(p» p-e)—Yi, elic
where z, (p) € R.
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General Equilibrium: Competitive Markets

—When z,(p) > 0, the aggregate demand for
good k exceeds its aggregate endowment.

= Excess demand of good k

—When z,(p) < 0, the aggregate demand for
good k falls short of its aggregate endowment.

= Excess supply of good k



General Equilibrium: Competitive Markets

* Difference in demand and supply, and excess demand

Pk
A

Equilibrium price,
where z(p) =0

/
&
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General Equilibrium: Competitive Markets

* The excess demand function z(p) =

(2 (), 2 (P), -, 2 (P) ) satisfies following
properties:

1) Walras’ law: p - z(p) = 0.

— Since every consumer i € [ exhausts all his
Income,

n [ I\ — \'n [
k=1Pk "X (P,p-€) = Dr-1Prer ©

roaDe[xe(pp-e) —ep] =0
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General Equilibrium: Competitive Markets

— Summing over all individuals,
{=1 k=1 Dk [xllc(p' p- ei) — ellc] =0
— We can re-write the above expression as
Yk=12i=1Pk|xk (PP €") —ex] =0
which is equivalent to
2ok (heaxi(pp - e)] ~ T, ef) = 0
zk(p)

— Hence,
di=1Pk - Zx(p) =p-z(p) =0
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General Equilibrium: Competitive Markets

— In a two-good economy, Walras’ law implies
p1 -z, (p) = —p3 * Z(p)

— Intuition: if there is excess demand in market 1,
z,(p) > 0, there must be excess supply in market
2, Zz,(p) < 0.

— Hence, if market 1 is in equilibrium, z;(p) = 0,
then so is market 2, z,(p) = 0.

— More generally, if the markets of n — 1 goods are
in equilibrium, then so is the nth market.
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General Equilibrium: Competitive Markets

2) Continuity: z(p) is continuous at p.

— This follows from individual Walrasian demands
being continuous in prices.

3) Homegeneity: z(Ap) = z(p) forall A > 0.

— This follows from Walrasian demands being
homogeneous of degree zero in prices.

e We now use excess demand to define a
Walrasian equilibrium allocation.



General Equilibrium: Competitive Markets

 Walrasian equilibrium:

— A price vector p* > 0 is a Walrasian equilibrium if
aggregate excess demand is zero at that price
vector, z(p*) = 0.

" [n words, price vector p* clears all markets.

— Alternatively, p* > 0 is a Walrasian equilibrium if:
1) Each consumer solves his UMP, and
2) Aggregate demand equals aggregate supply

(o el) = ILy e
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General Equilibrium: Competitive Markets

* Existence of a Walrasian equilibrium:

— A Walrasian equilibrium price vector p* € R,
i.e., Z(p*) = 0, exists if the excess demand

function z(p) satisfies continuity and Walras’ law
(Varian, 1992).
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* Uniqueness of equilibrium prices:

Pk Pi

A A

zi(p)
zi(p)

> 2 0 ” 2
satisfied violated
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* Example 6.6 (Walrasian equilibrium allocation):
— In example 6.1, we determined that

MRSA = MRSB =21

D2
A B
X2 _ X2 _P1
A~ B

— Let us determine the Walrasian demands of each
good for each consumer.

— Rearranging the second equation above, we get

A _ A
P1X1 = D2X>
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* Example 6.6 (continued):

— Substituting this into consumer A’s budget constraint
yields

p1x{ +p1x{ = p; - 100 + p, - 350

or xi =50+ 175%
1

which is consumer A’s Walrasian demand for good 1.
— Plugging this value back into p;x{* = p,x4 yields

D1 (50 + 175 i—i) = p,x4

or x4 = 175+50?
2

which is consumer A’s Walrasian demand for good 2.
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General Equilibrium: Competitive Markets

* Example 6.6 (continued):

— We can obtain consumer B's demand in an analogous
way. In particular, substituting p;x? = p,x% into

consumer B‘s budget constraint yields
p1x7 +p1x7 =p; - 100+ p, - 50

or x8 = 50+25§2
1

which is consumer B’s Walrasian demand for good 1.
— Plugging this value back into p;x7 = p,x5 yields

D1 (50 + 25 &) = p,x5

or x5 = 25+50§1
2

which is consumer B’s Walrasian demand for good 2.
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* Example 6.6 (continued):

— For good 1, the feasibility constraint is
x# +xF =100+ 100

(50 +175 Z—j) + (50 + 255—9 — 200

p2 _ 1
P12
— Plugging the relative prices into the Walrasian
demands yields Walrasian equilibrium:

(xf’*,x;l’*,xf’*,xf’*;Z—:) = (137.5,275,62.5,125; 2)
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A

* Example 6.6 (continued): ** IO?CA .
— Initial allocation, IItC]/
— Core allocation, and o o Core locations
— Walrasian equilibrium
allocations (WEA). 200 T 00
x5=2x{"
04 100 ,,;Xf

Advanced Microeconomic Theory 82



General Equilibrium: Competitive Markets

* Equilibrium allocations must be in the Core:

— |f each consumer’s utility function is strictly increasing,
then every WEA is in the Core, i.e., W(e) c C(e).

* Proof (by contradiction):
— Take a WEA x(p™) with equilibrium price p*, but
x(p”) € C(e).
— Since xX(p*) is a WEA, it must be feasible.

— Ifx(p*) € C(e), we can find a coalition of individuals
S and another allocation y such that

ut(yh) = ul(xt(p*,p*-e))foralli €S
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* Proof (continued):

— The above expression:

= holds with strict inequality for at least one individual in the
coalition

= is feasible for the coalition, i.e., Y;cs ¥* = Y €'

— Multiplying both sides of the feasibility condition by
p” yields
P Yies ¥ =P Lies €
— However, the most preferable vector y* must be more
costly than x'(p*, p* - e'):

p'y' = p'x'(p’,p*-e)=p e
with strict inequality for at least one individual.
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* Proof (continued):

— Hence, summing over all consumers in the
coalition S, we obtain

P Yies V' > P Yies X' (PP ') =p* - Nyes €
which contradicts p* - )¢ yi =p* - Yo al

— Therefor, all WEAs must be part of the Core, i.e.,
X(p*) € C(e)
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e Remarks:

1) The Core C(e) contains the WEA (or WEAs)
" Thatis, the Core is nonempty.

2) Since all core allocations are Pareto efficient (i.e.,
we cannot increase the welfare of one consumer
without decreasing that of other consumers),
then all WEAs (which are part of the Core) are
also Pareto efficient.
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* First Welfare Theorem: Every WEA is Pareto
efficient.

— The WEA lies on the core (the segment of the
contract curve within the lens-shaped area),

— The core is a subset of all Pareto efficient
allocations.
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First Welfare Theorem

: Competitive Markets

Consumer B

OB

IC#

IC4

Contract curve
(Pareto efficient allocations)

\

Core Allocations

OA

Consumer 4
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e Second Welfare Theorem:

— Suppose that X is a Pareto-efficient allocation (i.e.,
it lies on the contract curve), and that
endowments are redistributed so that the new
endowment vector e*! lies on the budget line,

thus satisfying
p*-e* = p* - X' for every consumer i
— Then, the Pareto-efficient allocation X is a WEA
given the new endowment vector e”.
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e Second welfare theorem

2
A
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General Equilibrium: Competitive Markets

 Example 6.7 (WEA and Second welfare theorem):

— Consider an economy with utility functions u4 =
x#x4 for consumer A and u® = {x8, x5} for
consumer B.

— The initial endowments are e = (3,1) and e® =
(1,3).

— Good 2 is the numeraire, i.e., p, = 1.
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 Example 6.7 (continued):
1) Pareto Efficient Allocations:

— Consumer B’s preferences are perfect
complements. Hence, he consumes at the kink of
his indifference curves, i.e.,

x? = x5
— Given feasibility constraints
x +xf =4
x84+ x5 =4
substitute x2 for x{ in the first constraint to get
x5 =4 — xi
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 Example 6.7 (continued):
1) Pareto Efficient Allocations:

— Substituting the above expression in the second
constraint yields
2+ (4—xMH=4 & x5 =x8

B
X2

— This defines the contract curve, i.e., the set of
Pareto efficient allocations.
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* Example 6.7 (continued):

2) WEA:
— Consumer A’s maximization problem is
s.t. ppxfl +x8 <p;-3+1
— FOCs:
x84 —Ap; =0
xf —21=0

pxf + x4 =3p; + 1
where A is the lagrange multiplier.
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 Example 6.7 (continued):
2) WEA:
— Combining the first two equations,

A A

X X
1=2 ot o py =

P1 X1

— From Pareto efficiency, we know that x4 = x1.
Hence,
A
X
pr="5=1
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* Example 6.7 (continued):

— Substituting both the price and Pareto efficient
allocation requirement into the budget constraint,

1-x{‘+xf‘=1 3+1
or x{* = x* =2
— Using the feasibility constraint,

2 +x7 =4orxf"=x3"=2
x{
— Thus, the WEA is

(o, s B, B z—;) = (2,2;2,2; 1)
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General Equilibrium: Production

* Let us now extend our previous results to setting
where firms are also active.

* Assume J firms in the economy, each with
production set Y/, which satisfies:

— Inaction is possible, i.e., 0 € Y7,
— Y7 is closed and bounded, so points on the production
frontier are part of the production set and thus

feasible.
— Y7 is strictly convex, so linear combinations of two
production plans also belong to the production set.



General Equilibrium: Production

* Production set Y/ for a representative firm

ay+(l-a)y'e¥’

Production
set of firm j

Y

0eY’

7

Advanced Microeconomic Theory

98



General Equilibrium: Production

* Every firm j facing a fixed price vectorp > 0
independently and simultaneously solves

max ‘Y
yrev) P Y
* A profit-maximizing production plan y;(p) exists
for every firm j, and it is unique.

* By the theorem of the maximum, both the
argmax, y;(p), and the value function, m;(p) =

p - y;(p), are continuous in p.



General Equilibrium: Production

 yJ(p) exists and is unique

'
,’ " yf (p), profit maximizing production plan
,, % el \Isoproﬁt z(p) where
‘ profits are maximal
/ “ y:p-y=7(p)}
’ >

I

X Isoprofit lines for

where 7'<z(p)
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General Equilibrium: Production

* Aggregate production set:

— The aggregate production set is the sum of all
firms’ production plans (either profit maximizing
or not):

Y = {y|y = Z§=1Yj where y; € Yj}

— A joint-profit maximizing production plan y(p) is
the sum of each firm’s profit-maximizing plan, i.e.,
y(p) = y1(P)+y2(p)+ -+ y;(p)
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General Equilibrium: Production

* In an economy with J firms, each of them earning
1t;(p) profits in equilibrium, how are profits
distributed?

— Assume that each individual i owns a share 8% of

firm j’s profits, where 0 < Y < land }|_, Y =
1.

— This allows for multiple sharing profiles:
= Y = 1:individual i owns all shares of firm j

= QU = 1/I: every individual’s share of firm j coincides
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General Equilibrium: Production

— Consumer s budget constraint becomes
p-x'<p-e +¥i_ 0Ym(p)
where 21_1 R 1;(p) is new relative to the
standard budget constraint.

— Let us express the budget constraints as
p-x'<p-e+¥_ 0Ym(p)

‘(p)
= p - x' < m'(p)

where m!(p) > 0 (given assumptions on Y/).
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* Equilibrium with production:

— We start defining excess demand functions and
use such a definition to identify the set of
equilibrium allocations.

— Excess demand: The excess demand function for
good k is

z,(p) = Ti_ i xk(p,mi(p)) — Tiy el — ¥, vl (p)

where Z§=1 y,{ (p) is a new term relative to the

analysis of general equilibrium without
production.
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General Equilibrium: Production

— Hence, the aggregate excess demand vector is
z(p) = (z1(p).z2(P), -, Zn(p))

— WEA with production: If the price vector is strictly
positive in all of its components, p* > 0, a pair of
consumption and production bundles

(x(p*),y(p*)) is a WEA if:

1) Each consumer i solves his U_MP, wh_ich becomes
the ith entry of x(p*), i.e., x*(p*, m'(p*));

2) Each firm j solves its PI\/IP,.which becomes the
jth entry of y(p*),i.e., y/(p*);
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General Equilibrium: Production

3) Demand equals supply
Y xi(pt,mi(p)) = i, et + X v/ (p7)
which is the market clearing condition.

— Existence: Assume that

= consumers’ utility functions are continuous, strictly
increasing and strictly quasiconcave;

= every firm j’s production set Y/ is closed and bounded,
strictly convex, and satisfies inaction being possible;

= every consumer is initially endowed with positive units of at
least one good, so the sum Yi_; et > 0.

Then, there is a price vector p* > 0 such that a
WEA exisits, i.e., z(p*) = 0.
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General Equilibrium: Production

* Example 6.8 (Equilibrium with production):

— Consider a two-consumer, two-good economy where
consumer i = {A, B} has utility function u* = xjx3;.

— There are two firms in this economy, and each of
them use capital (K) and labor (L) to produce one of
the consumption goods each.

— Firm 1 produces good 1 according to y; = K-7°L9-%°.

— Firm 2 produces good 2 according to y, = K3-2°L% 75.

— Consumer A is endowed with (K4, L4) = (1,1), while
consumer B is endowed with (K%, L) = (2,1).

— Let us find a WEA in this economy with production.
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 Example 6.8 (continued):

— UMPs: Consumer i’s maximization problem is
max XX,
X1, %3
s.t. p1x1+x; =rK'+wl

where r and w are prices for capital and labor,
respectively.

— FOC:

p1 i p1 X% P i
— = MRS, = === = pP1X{ = P2X3
(%) p2 X1

fori = {A,B}.
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 Example 6.8 (continued):

— Taking the above equation for consumers A and B,
and adding them together yields

p1(xf +x7) = pa (x4 + x3)

where x{ + x7 is the left side of the feasibility
condition x#! + xB =y, = K27°19%>,
— Substituting both feasibility conditions into the

above expression, and re-arranging, yields

0.25;0.75
p1 _ K" L2

— 70.75:0.25
D2 Ki " Ly
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 Example 6.8 (continued):

— PMPs: Firm 1’s maximization problem is

max p,K>7°L%%° —rK, —wl,
K1,Lq

— FOCs:
r = 0.75p, Ky O*° L3
w = 0.25p K72 L7073
— Combining these conditions gives the tangency
condition for profit maximization

L= MRTS}, = =32

w w K1
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General Equilibrium: Production

* Example 6.8 (continued):

— Likewise, firm 2’s PMP gives the following FOCs:
r = 0.25p2K2—0.75Lg.75
w = 0.75p,K;"*°L7°%°

— Combining these conditions gives the tangency
condition for profit maximization
r_ 1L

— = MRTSZy = =

w W_3K2
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 Example 6.8 (continued):

— Combining both MRTS vyields,
Ki 3K Lq L,
" Intuition: firm 1 is more capital intensive than firm
2, i.e., its capital to labor ratio is higher.
— Setting both firm’s price of capital, 7, equal to

each other yields
0.75p1K1_0'25L(1)'25 — 0.2 5p2K2—0.75Lg.75

0.25 —0.75
1 /K K
P2 3 \lq L
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* Example 6.8 (continued):

— Setting both firm’s price of labor, w, equal to each
other yields
0.2 5p1K10.75LIO.75 — 0.75p2K20.25LEO.25

Lq Lo
— Setting price ratio from consumers’ UMP equal to
the first price ratio from firms’ PMP yields

K0'75L0'25 T 1 — 2
1 1

3 \L4 L,
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* Example 6.8 (continued):

— By the feasibility conditions, we know that K; +
K, =KA4+KB8=3o0r K, =3—-Kj.

— Substituting the above expression into K; = 3K,,
we find the profit-maximizing demands for capital
use by firms 1 and 2:

Ky =3B-K) = K =-
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General Equilibrium: Production

* Example 6.8 (continued):

— Setting price ratio from consumers’ UMP equal to
the second price ratio from firms’ PMP yields

0.25,0.75 -0.75 0.25
K9-2°19 3 (K K> I 1y
0.7570.25 1 2
K975L9 Ly L, 3

— By the feasibility conditions, we know that L; +
L2=LA+LB=2 or L2=2_L1.
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General Equilibrium: Production

* Example 6.8 (continued):

i . 1
— Substituting the above expression into L; = §L2,

we find the profit-maximizing demands for labor
use by firms 1 and 2:

1 .1
L1 =§(2—L1) — Ll :E

Ly =3L3 ==
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General Equilibrium: Production

* Example 6.8 (continued):

— Substituting the capital and labor demands for
firm 1 and 2 into the price ratio from consumers’
UMP vyields

0.25 0.75
) G _
p, (00751025 0.82
2 G
where normalizing the price of good 2, i.e., p, =
1, gives p; = 0.82.
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* Example 6.8 (continued):

— Furthermore, substituting our calculated values
into the price of capital and labor yields

1

r* = 0.75(0.82) (%)_0'25 (5)0'25 = 0.42

w* = 0.25(0.82) (3)0'75 (%)_0'75 = 0.63
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General Equilibrium: Production

 Example 6.8 (continued):

— Using consumer A’s tangency condition, we know
x4 = %x{l = x4 = 0.82x%
2

— Substituting this value into consumer A’s budget
constraint yields

pxd + p,(0.82x8) = rK4 + wiA
— Plugging in our calculated values and solving for
x4 yields
X = 0.64
x{7 = 0.82x" = 0.53
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General Equilibrium: Production

* Example 6.8 (continued):

— Performing the same process with the tangency
condition of consumer B yields

— Thus, our WEA is

B.DP1, i _
(x1»x2;x1»x2» L1»L2»K1»K2) =

"274" 4

(064053 0.90,0.74;0.82; >, 5)
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* Equilibrium with production — Welfare:

— We extend the First and Second Welfare Theorems
to economies with production, connecting WEA
and Pareto efficient allocations.

— Pareto efficiency: The feasible allocation (X,y) is
Pareto efficient if there is no other feasible
allocation (X,y) such that

ul(xY) = ul(xh)
for every consumer i € I, with u*(X%) > ut(x!)
for at least one consumer.
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General Equilibrium: Production

— In an economy with two goods, two consumers,
two firms and two inputs (labor and capital), the
set of Pareto efficient allocations solves

max ul(x,x3)
1,.1.2.,.2 1 2
xl,xz,xl,xz,Ll,Kl,LZ,KZZO

s.t. u?(x%,x2) > u?
xi +x; < F (L, Ky)
xi + x5 < F,(Ly, K5)
L +L, <L

_} input feasibility
Ki+K, <K

} tech. feasibility
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— The Lagrangian is
L

= u'(x1,x7) + Au(xf, x3) — @]

+ wy [Fi (Ly, Ky) — 21 — %3]

+ 1p[Fo (Lo, K3) — xf — x5] + 8, [L — Ly — L]
+ 6k K — K1 — K5 ]

— In the case of interior solutions, the set of FOCs
vield a condition for efficiency in consumption
similar to barter economics:

MRS}, = MRSZ,
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General Equilibrium: Production

— FOCs wrt L; and K;, where j = {1,2}, yield a
condition for efficiency that we encountered in
production theory

OF, OF,
0L _ 0L
oF, — OF,
0K 0K

— That is, the MRTS|  between labor and capital
must coincide across firms.

— Otherwise, welfare could be increased by
assigning more labor to the firm with the highest
MRTS; .
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General Equilibrium: Production

— Combining the above two conditions for efficiency
in consumption and production, we obtain

oV 5F,
0x; _ 9L
Ut 9F;
oxi 0L

— That is, MRS{"Z must coincide with the rate at
which units of good 1 can be transformed into
units of good 2, i.e., the marginal rate of
transformation MRT ,.
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General Equilibrium: Production

— If we move labor from firm 2 to firm 1, the

production of good 2 increases by ZLLZ while that of
good 1 decreases by %. Hence, in order to

increase the total output of good 1 by one unit we

OF, ,0F, .
~ / S units of good 2.

nheed

— Intuition: for an allocation to be efficient we need
that the rate at which consumers are willing to
substitute goods 1 and 2 coincides with the rate at
which good 1 can be transformed into good 2.



General Equilibrium: Production

* First Welfare Theorem with production: if the

utility function of every individual i, u!, is strictly
increasing, then every WEA is Pareto efficient.

* Proof (by contradiction):

— Suppose that (X,y) is a WEA at prices p*, but is
not Pareto efficient.

— Since (X,y) is a WEA, then it must be feasible

I i — i J '
=1 X' = =€ + 2,y
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General Equilibrium: Production

— Because (X,y) is not Pareto efficient, there exists
some other feasible allocation (X, ¥) such that
u'(X') = u'(x')
for every consumer i € I, with ui(ﬁi) > ul(x') for at
least one consumer.

* That is, the alternative allocation (X, ¥) makes at least
one consumer strictly better off than WEA .

— But this implies that bundle R is more costly than x!,
p* -k >p*-x
for every individual i (with at least one strictly
inequality).
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General Equilibrium: Production

— Summing over all consumers yields
* I Sl * I [
P* 21 X' >Pp i X
which can be re-written as

or re-arranging

— However, this result implies that p* - )A'j >p*- Yj
for some firm j.
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General Equilibrium: Production

— This indicates that production plan yj was not
profit-maximizing and, as a consequence, it
cannot be part of a WEA.

— We therefore reached a contradiction.

— This implies that the original statement was true:
if an allocation (X,y) is a WEA, it must also be
Pareto efficient.
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* Example 6.9 (WEA and PE with production):
— Consider the setting described in example 6.8.
— The set of Pareto efficient allocations must satisfy

MRS{, = MRSE, and MRTS}; = MRTS?
— We can show that

MRrsA, =2 053 _ o
L2 XA 064
MRSB :§_074—08z
b2 xF 090

which implies that MRS1 2 = MR51 5.
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General Equilibrium: Production

* Example 6.9 (continued):

— We can also show that

L 1,9 2
2
3

3,3
3(3/3) =
which implies that MRTS} x = MRTS/ .

MRTSZ = 32
2

— Since both of these conditions hold, our WEA
from example 6.8 is Pareto efficient.
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General Equilibrium: Production

e Second Welfare Theorem with production:

— Consider the assumptions on consumers and
producers described above.

— Then, for every Pareto efficient allocation (X, V)
we can find:

a) a profile of income transfers (T4, T, ..., T;)
redistributing income among consumers, i.e.,

satisfying Y1, T; = 0;
b) a price vector p,
such that:
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1) Bundle %! solves the UMP
max u'(x})
Xl
s.t. p-x'*<m'(p)+T;foreveryi€l
where individual i’s original income m*(p) is

increased (decreased) if the transfer T; is
positive (negative).

2) Production plan §/ solves the PMP
max p -y’
v
s.t. y/ eY/foreveryj €]
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 Example 6.10 (Second Welfare Theorem with
production):

— Consider an alternative allocation in the set of
Pareto efficient allocations identified in example
6.9.

—Such as, (27,25 28,%28) = (0.82,1;0.79,0.65).
— Consumer A’s budget constraint becomes
D X8 +p, 8 =rKA+wlA + Ty
— Recall that
(pl,pz;KA L4 r,w) =(0.82,1;1,1;0.42,0.63)
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General Equilibrium: Production

— Substituting these values into consumer A’s

budget constraint
0.82%# + x5 = 1.05+ T}

— Recall that

X ~ A
p—2=§ = x4 = 0.82%4

— Substituting
2(0.82)(0.75) =1.05+T; = T, =0.17
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General Equilibrium: Production

— Likewise for consumer B, his budget constraint
becomes
p X2 + p, 85 =rKB + wlB + T,

— Substituting the unchanged values
(py, p; KA, L4 7, w) = (0.82,1;1,1; 0.42,0.63),

0.82%7 + x5 =147+ T,
— Recall that
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General Equilibrium: Production

— Substituting
2(0.82)(0.79) =147+T, = T; = —0.17

N———

~B
X1

—Clearly, T, + T, =0

— Thus these transfers will allow for the new
allocation to be a WEA.
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Comparative Statics

* We analyze how equilibrium outcomes are
affected by an increase in:

— the price of one good
— the endowment of one input

* Consider a setting with two goods, each being

produced by two factors 1 and 2 under constant
returns to scale (CRS).

* A necessary condition for input prices (w{,w;) to
be in equilibrium is

c1 (w1, wz) = pg and cy(wq, wy) = p,
— That is, firms produce until their marginal costs equal
the price of the good.



Comparative Statics

* Let z;;(w) denote firm j’s demand for factor 1,
and z,;(w) be its demand for factor 2.

— This is equivalent to the factor demand
correspondences z(w, q) in production theory.
* The production of good 1 is relatively more
intense in factor 1 than is the production of good
2 if

Z11(W) > Z12(W)
Z21(W)  Zza(W)
where 21 () represents firm j's demand for input
Zyj(w)

1 relative to that of input 2.



Comparative Statics: Price Change

1) Changes in the price of one good, p;
(Stolper-Samuelson theorem):

— Consider an economy with two consumers and
two firms satisfying the above factor intensity
assumption.

— If the price of good j, p;, increases, then:

a) the equilibrium price of the factor more
intensively used in the production of good
increases; while

b) the equilibrium price of the other factor
decreases.
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Comparative Statics: Price Change

* Proof:
— Let us first take the equilibrium conditions

c1(wy,wy) = py and c;(wy, wy) = p,
— Differentiating them vyields

dci(wq,wy) dci(wq,wy)
dw dw, = d
v 1t o, 2 P1
dcy(wq,wy) dcy(wq,w3)
dw dw-, = d
e 1t o, 2 P2

— Applying Shephard’s lemma, we obtain
z11(W)dwy + z1,(w)dw, = dp,
Z1(W)dwy + 75, (w)dw, = dp,
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Comparative Statics: Price Change

— If only price p; varies, then dp, = 0.

— Hence, we can rewrite the second expression as
Zy1(W)dwy + zp;(W)dw, =0

yA
— dW1 — _ﬁdWZ

Z21
dw

— Solving for dpl in the first expression yields
1

dwi Z22

dpq Z11Z22—Z12Z21

— Solving, instead, for —= dwz ylelds

dwy Z21

dl%a-va nced I\/IicrerC(;]ﬂgﬂ%czTZe;ryzl 2 Zz 1 144



Comparative Statics: Price Change

— From the factor intensity condition, zllig >
21
i;zix;, we knOW that 211Z22 - Z12Z21 > O
d dws .
— Hence, the denominator in both =—= and —2 is
dp1 dp
positive.
. d dws . -
— The numerator in both == and =2 is also positive
_ dp1 dp
(they are just factor demands).
d d
— Thus, =2 > 0 and —=2 < 0.

dp4 dp1
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Comparative Statics: Price Change

e Example 6.11.
— Let us solve for the input demands in Example 6.8:

4
T'l — p10.75K1_0'25L(])_'25 — le —_ Kl — (Sﬂ) L1

4r
4
wy = p;0.25K075[7075 = 7, = L, = (f—vlv)B K,
4
rz — p20.25K2_0'75L(2)'75 — Z12 — KZ — (ﬁ)s LZ

~_
TN
N

w, = p;0.75K$2515025 = z,, = L, = (222
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Comparative Statics: Price Change

 Example 6.11 (continued):

— Since firm 1 is more capital intensive than firm 2,
then 211222 - 212221 > O mUSt hOId, i.e.,

()" (2) k. - <4T>4Lz (2K > 0

— From example 8.4, ? = L— = KiL, = 9K,L,.
2

1
— Substituting this value into the above expression,

8

36.33 (p1p2)§ —1>0 = P25 026

rw rw
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Comparative Statics: Price Change

* Example 6.11 (continued):

P1D2
T™W

— In our solution, = 3.08, hence this condition

is satisfied.

— Next, observe that both z;; and z,, are trivially
positive.

— Applying the Stolper-Samuelson theorem vyields

dWl — VAN > O

dpq Z11Z22—Z12Z21
dw, Z21

s P <0

dpq Z11Z22—Z12Z1
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Comparative Statics: Endowment Change

2) Changes in endowments (Rybczynski
theorem):

— Consider an economy with two consumers and
two firms satisfying the above factor intensity
assumption.

— If the endowment of a factor increases, then

a) production of the good that uses this factor
more intensively increases; whereas

b) the production of the other good decreases.
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Comparative Statics: Endowment Change

* Proof:
— Consider an economy with two factors, labor and
capital, and two goods, 1 and 2.

— Let z;;(w) denote firm j’s factor demand for labor
(when producing one unit of output)

— Similarly, let zk ;(w) denote firm j’s factor
demand for capital.

— Then, factor feasibility requires
L=z,(wW)- -y, +2z,(w)-y,
K=z, (W) -y, +2zg,(W) -y,
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Comparative Statics: Endowment Change

— Differentiating the first condition

0y2

_ 0y1
dL — ZLl I + ZLZ aL

oL
— Dividing both sides by L yields

dL _ zjq4 0y1 |, ZLp 0Y2
ar _ . 4+ .
L L oL L oL

— I\/Iultlplymg the first term by and the second

term by , We obtain
2

dy1 0y>
dL _ Zp1y1 3L n ZL2Y2 8L

L L V1 L V2
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Comparative Statics: Endowment Change

— We can express:

a) le(va) i = Y1, i.€., the share of labor used by

firm i;
ayl

b) == oL = = %Ay;, i.e., the percentage increase in
the production of firm i brought by the

increase in the endowment of labor;

dL
c) — = %AL, i.e., the percentage increase in the

endowment of labor in the economy.
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Comparative Statics: Endowment Change

— Hence, the above expression becomes
%AL =y - (%Ay,) + y12 - (%AY,)

— A similar expression can be obtained for the
endowment of capital:

%AK = ygq - (%Ay;1) + vk - (%AY,)
— Note that y;1,v1» € (0,1)

" Hence, %AL is a linear combination of %Ay, and
%Ayz

— Similar argument applied to %AK, where
Yk1, Yk2 € (0,1).

Advance d Microeconomic Theory 153



Comparative Statics: Endowment Change

— Capital is assumed to be more intensively used in
firm1,i.e.,

Y1 > Vpq forfirm 1 and yg, < vy, for firm 2

— Hence, if capital becomes relatively more
abundant than labor, i.e., WWAK > %AL, it must
be that %Ay; > %Ay,.
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Comparative Statics: Endowment Change

— That is

WAL = vy - (%Ay) + vz - (%Ayy)
A A I \Y; |

WAK = vyg1 - (%Ay) + vk2 - (%Ayy)

— Intuition: the change in the input endowment
produces a more-than-proportional increase in

the good whose production was intensive in the
use of that input.
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Comparative Statics: Endowment Change

 Example 6.12 (Rybczynski Theorem):

— Consider the production decisions of the two
firms in Example 6.8, where we found that K; =
3K, and K; + K, = K = 3.

— Assume that total endowment of capital increases
toK =5,ie,K, =5—Kj.

— The profit maximizing demands for capital are

K, =305-K,) = K1*=14—5

1 5
K, =1k =2
27371 7y
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Comparative Statics: Endowment Change

 Example 6.12 (continued):

— Similarly, for labor we found that L, = —Lz and
Li+L,=L=2.
— We do not alter the aggregate endowment of

labor, L = 2.
. . . . O
— Hence, capital use by firm 1 increases from K{ = ”
5
to 1_
4

— Firm 1 uses capital more intensively than firm 2
3
. K
does, i.e., =2 > X2 since 1>3 Y

"Ly Lz
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Comparative Statics: Endowment Change

 Example 6.12 (continued):

— The factor demands for each good are

g1 — \— and Z11 = \—

w w
. B ( r )—0.75 and 7. = ( r )0.25
K2 — 3w L2 — 3w

— Using the values from example 6.8, we can assign
following values:

()/Kl, yLl' )/Kz, )/LZ) — (075,02 5,02 5,075)
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Comparative Statics: Endowment Change

* Example 6.12 (continued):

— Our two equations then become

0.66 = 0.75 - (%Ay;) + 0.25 - (%Ay,)

— Solving the above equations simultaneously yields
%Ay, = —0.3333 = —33.33%

— Intuition: an increase in the endowment of capital by

53;3 = (0.66 = 66% entails an increase in good 1’s

output by 100% while that of good 2 decreases by
3 3 . 3 3 % . Advanced Microeconomic Theory 159



Introducing Taxes
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Introducing Taxes: Tax on Goods

* Assume that a sales tax t;, is imposed on good k.

. Then the price pald by consumers increases by

pk =(1+ tk)pk, where pk is the price received
by producers.

* Ifthe tax on good 1 and 2 coincides, i.e., t; = t,,

the price ratio consumers and producers face is
unaffected:

P_(1: _ (1+t1)py _ ﬁ
pS  (+t)pf  pf
— Hence, the after-tax allocation is still Pareto efficient.
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Introducing Taxes: Tax on Goods

 However, if only good 1 is affected by the tax, i.e.,
t; > 0 whilet, = 0 (i.e., t; # t,), then the
allocation will not be Pareto efficient.

— In this setting, the MRTS| g is still the same as before
the introduction of the tax:

oL _ " _ oL
0F;  wg 0F
0K 0K

— Therefore, the allocation of inputs still achieves
productive efficiency.
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Introducing Taxes: Tax on Goods

— Similarly, the MRT , still coincides with the price ratio
of goods 1 and 2:

0F, , OF,

9L _PL_3K
% P2 aﬂ
0L 0K

where the price received by the producer, p?, is the
same before and after introducing the tax.
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Introducing Taxes: Tax on Goods

— However, while the MRS, , is equal to the price ratio

C P
. 1+t
that consumers face, i.e., 2 = (d+t)py

, it now

p2 P2
becomes larger than the price ratio that producers

P
face, P1.

P2 C P P

1+t

MRS, , = P1 _ ( 1)P1 S P1

P2 P2 D2
— Intuition:

= The rate at which consumers are willing to substitute good 1 for 2
is larger than the rate at which firms can transform good 1 for 2.

= Thus, the production of good 1 should decrease and that of good 2
increase.
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Introducing Taxes: Tax on Inputs

* Similar arguments extend to the introduction of
taxes on inputs

* Price paid by producersis wh = (1 + t,,,)w$, for
inputm = {L, K}.

* |f both inputs are subject to the same tax, i.e,,
t; =ty = t, the input price ratio consumers and
producers face coincides:

Wf . (1+t)wf Wf
wk  A+t)ws  wé

— Hence, the efficiency conditions is unaffected
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Introducing Taxes: Tax on Inputs

* However, when taxes differ, t; # tg, productive
efficiency no longer holds under such condition:

— While input consumers satisfy

. OF
Wi _ dL
¢  OF
wg 0
K
and input producers satisfy
»  O0F
WL _ 0L
W}; dF,

0K
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Introducing Taxes: Tax on Inputs

the input price ratios they face do not coincide
OF, oF,
9L _wi, (A+t)wp wl 3L
oF1  wt A+towt wk 05
0K 0K

— For instance:
" Ift, > tg, the MRTS  is larger for firm 1 than 2,

= Thus the allocation of inputs is inefficient, i.e., the
marginal productivity of additional units of labor
(relative to capital) is larger in firm 1 than in 2.
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Appendix A:
Large Economies and the Core
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Large Economies and the Core

* We know that equilibrium allocations (WEAs) are
part of the Core.

* We now show that, as the economy becomes

larger, the Core shrinks until exactly coinciding
with the set of WEAs.
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Large Economies and the Core

e Let us first consider an economy with I consumers,
each with utility function u' and endowment vector e.

* Consider this economy’s replica by doubling the
number of consumers to 21/, each of them still with
utility function u' and endowment vector e’.

— There are now two consumers of each type, i.e., "twins,"
having identical preferences and endowments.
* Define an r-fold replica economy &.., having
consumers of each type, for a total of I consumers.
— For any consumer type i € I, all r consumers of that type

share the common utility function u' and have identical
endowments e* > 0.



Large Economies and the Core

* When comparing two replica economies, the
largest will be that having more of every type of
consumer.

« Allocation x'? indicates the vector of goods for
the gth consumer of type i.

* The feasibility condition is

oy Do X9 = 1Bl €
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Large Economies and the Core

* Equal treatment at the Core: If X is an allocation
in the Core of the r-fold replica economy &.., then
every consumer of type i must have the same
bundle, i.e.,

%t = xiq’
for every two “twins” g and q’ of typei,q # q' €
{1,2,...,7}, and for every type i € I.

— That is, in the r-fold replica economy, not only similar
type of consumers start with the same endowment
vector e!, but they also end up with the same
allocation at the Core.
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Large Economies and the Core

* Proof (by contradiction):

— Consider a two-fold replica economy &,
= The results can be generalized to r-fold replicas).

— Suppose that allocation x = {x!1,x1%,x41,x%%} is
at the core of &,.

— Since X is in the core, then it must be feasible, i.e.,
X'+ xM +x%t +x%% = 2e! + 2e”
— Assume that allocation X does not assign the same
consumption vectors to the two twins of type-1,
e, xtt = x12
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Large Economies and the Core

— Assume that type-1 consumer weakly prefers x**
tox? ie., x!t =zt x12,
= This is true for both type-1 twins, since they have the
same preferences.

= A similar result emerges if we instead assume
%12 =1 411
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Large Economies and the Core

* Unequal treatment at the core for type-1 consumers

A A
xZ x2
xll x]l
xll
x]l
> >
xl xl
In this case x'' ~' x> since both bundles In this case x'!'>! x"

lie on the same indifference curve
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Large Economies and the Core

— Consider that for type-2 consumers we have
%21 =2 422
— Hence, consumer 12 is the worst off type-1

consumer and consumer 22 is the worst off type 2
consumer.

— Let us take these two "poorly treated" consumers
of each type, and check if they can form a blocking
coalition to oppose allocation x.

— The average bundles for type-1 and type-2
consumers are

12 X11+X12 X21+X22

X112 = and X?%% =
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Large Economies and the Core

* Average bundles leading to a blocking coalition

> >

xl xl
In this case x''~' x> but we can find In this case x''>' x",
another bundle, X, which satisfies X" >' x" but we can still find

another bundle, X' which

. —12 (1 _12
: . satisfies X~ > x
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Large Economies and the Core

— Desirability. Since preferences are strictly convex,
the worst off type-1 consumer prefers X% =1 x4,

» That is, a linear combination between x1! and x? is
preferred to the original bundle x4,

— A similar argument applies to the worst off type-2

consumer, i.e., X%% =% x??,

— Hence, (X1%,%%%) makes both consumers 12 and

22 better off than at the original allocation
(X12 XZZ).
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Large Economies and the Core

— Feasibility. Can consumers 12 and 22 achieve
()—(12,)—(22)?
— Sum the amount of goods consumers 12 and 22
need to achieve (X14,X%?) to obtain
)_(12 + )_(22 _ X11_;X12 + XZl;XZZ

_ %(Xn +x12 4 x21 4 x22)

= %(Ze1 + 2e?) = el + e?

— Hence, the pair of bundles (X1?, X%4) is feasible.
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Large Economies and the Core
— In summary, pair of bundles (X124, X?%?):

®" makes consumers 12 and 22 better off than the original
allocation (x12,x%%)

= is feasible

— Thus, these consumers can block (x14,x4%).

» The original allocation (x'?, x%?) cannot be at the Core.

— Therefore, if an allocation is at the Core of the
replica economy, it must give consumers of the
same type the exact same bundle.
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Large Economies and the Core

* IfXisin the core of a r-fold replica economy &,
i.e., X € C,, then (by the equal treatment
property) allocation X must be of the form

| 1 o2 2 I I
X=(X"..,X X% .. ,X°,.,X,.,X)

-

r times r times r times

— All consumers of the same type must receive the
same bundle.

— Core allocations in &, are r-fold copies of
allocations in £, x = (x1,x7, ..., x1).
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Large Economies and the Core

* The core shrinks as the economy enlarges. The
sequence of core sets (Cq, Cy, ..., C,. is decreasing.

 That is,

— the core of the original (un-replicated) economy,
(1, is a superset of that in the 2-fold replica
economy, Cs;

— the core in the 2-fold replica economy, (5, is a
superset of the 3-fold replica economy, C5;

— etc.
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Large Economies and the Core

e The Core shrinks as r increases

=WEAs

183



Large Economies and the Core

* Proof:
— Since we seektoshowthatC; 2 C, 2 -2 (C,_1 2
C,, it suffices to show that, for any r > 1 Cr_q1 2 C,.
— Suppose that allocation x = (x1,x%, ...,x!) € C

— There is no blocking coalition to X in the r-fold replica
economy &,..

— We then need to show that x cannot be blocked by
any coalition in the (r — 1)-fold replica economy
either.

» |f we could find a blocking coalitionto xin £,._1, then we
could also find a blocking coalition in &,..

= All members in £€,_; are also present in the larger economy
&, and their endgwments have not changed.
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Large Economies and the Core

— Now we need to show that, as r increases, the
core shrinks.

— We will do this be demonstrating that allocations
at the frontier of C; do not belong to the core of
the 2-fold replica economy, C,.
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Large Economies and the Core

* Un-replicated economy &,

0%, Consumer 2

ndles in this line are corne allocations

X
Not a WEA/

Ict 1

Consumer 1, 0!

In addition, X yields the lowest utility for consumer 1,
among all core allocations.
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Large Economies and the Core

— The line between X and e includes core
allocations.
= All points in the line are part of the core.
= However, not all points in this line are WEAs.

" For instance: X is not a WEA since the price line through
X and e is not tangent to the consumer’s indifference
curve at X.

— If the Core shrinks as the economy enlarges, we
should be able to show that allocation X & C,.

— Let us build a blocking coalition against X.
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Large Economies and the Core

— Desirability. Consider the midpoint allocation X
and the coalition S = {11,12,21}. Such a midpoint
in the line connecting X and e is strictly preferred

by both types of consumer 1.

— If the midpoint allocation X is offered to both
types of consumer 1 (11 and 12), and to one of
the consumer 2 types, they will all accept it:

11 — %(el n 5211) 1 11

ol

= (el + %7) 1 %12

5('21 ~2 5('21
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Large Economies and the Core

— Feasibility. Since X1 = X2, then the sum of the
suggested allocations yields
_ _ - 1 ~ ~
XU+ x R =2-(et X)) + X1
=e' + X' + %V
— Recall that X is part of the un-replicated economy
Eq.
= Hence, it must be feasible, i.e., X1 + %% = el + e2.
» Therefore, X1 + %12 = el + €2.
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Large Economies and the Core

— We can thus re-write the above equality as
g1l 4 512 4 21 — @l 4 g11 4 12
h el+e2 -
= el + el + e =2e! + €°
which confirms the feasibility.
— Hence, the frontier allocation X in the core of the
un-replicated economy does not belong to the
core of the two-fold economy, X &€ C,.

* There is a blocking coalition § = {11,12,21} and an
alternative allocation X = {X'1, %12, %21} that they
would prefer to X and that is feasible for the coalition
members.
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Large Economies and the Core

* WEA in replicated economies:

— Consider a WEA in the un-replicated economy &;,
x = (x1,x%,...,xD).

— An allocation x is a WEA for the r-fold replica
economy &.. iff it is of the form

| 1 o2 2 I I
X = Q( e, X0, X5, 00, X0, X ,...,XJ)

e

r times r times r times

— If X is a WEA for &,., then it also belongs to the
core of that economy (by the "equal treatment at
the core" property).
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Large Economies and the Core

* A limit theorem on the Core: If an allocation x
belongs to the core of all r-fold replica economies
then such allocation must be a WEA of the un-
replicated economy &;.

* Proof (by contradiction):

— Consider that an allocation X belongs to the core of
the r-fold replica economy C,- but is not a WEA.

— A core allocation for the un-replicated economy &4,
X € (; satisfyies X € C,. since C; D C,.

— Allocation X must then be within the lens-shaped area
and on the contract curve.
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Large Economies and the Core

e A core allocation X that is not WEA

1
I
, 0?, Consumer 2
X, -
> X
Consumer 1, 0'

\j
2
xZ
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Large Economies and the Core

— Consider now the line connecting X and e.

— Since X is not a WEA, the budget line cannot be
tangent to both consumers’ indifference curves:

P1 < MRS orZ < MRS
(%) P2

— Can allocation X be at the Core C,. and yet not be a
WEA?

— Let us show that if X is not a WEA it cannot be part
of the Core C,. either.

* To demonstrate that X & C,., let us find a blocking
coalition
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Large Economies and the Core

— By the convexity of preferences, we can find a set
of bundles (such those between A4 and X) that
consumer 1 prefers to X:

1 r—1
R=—el+—x!
r r
1
forsomer > 1, wherer+r7— 1.

— Consider a coalition S with all r type-1 consumers
and r — 1 type-2 consumers.

— Let us now show that allocation X satisfies the
properties of acceptance and feasibility for the
blocking coalition S.
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Large Economies and the Core

— Acceptance. If we give every type-1 consumer the
bundle &1, 1 =1 X1, Similarly, if we give every
type-2 consumer in the coalition the bundle 8% =

X?, then %% ~? X2,

— Feasibility. Summing over the consumers in
coalition §, their aggregate allocation is

r—1 o

r& + (r— 1R = r[ + —xll + (r — 1)X*
=el+(r—-1DE + %%
— Since X = (X1, %%) is in the core of the un-
replicated economy &, then it must be feasible
X1 + %% = el + €.
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Large Economies and the Core

— Combining the above two results, we find that
r+ (r—1DR*=e' + (r—1)(e! +e?)
Txiixz
=re! +r(e! + e%) — (e! + e?)
=rel + (r—1)e?

which confirms feasibility.

— Hence, 7 type-1 consumers and r — 1 type-2
consumers can get together in coalition and block
allocation X.
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Large Economies and the Core

— Thus if X is not a WEA, then, X cannot be in the
Core of the r-fold replica economy &,..

— As a consequence, if X € C.forallr > 0, thenX
must be a WEA.
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Appendix B:
Marshall-Hicks Four Laws of
Derived Demand
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Marshall-Hicks Four Laws

Consider a production function g = f (K, L), with
positive marginal products, f;, fx > 0.

Assume that the supply of each input (W(L),r(K)) is
positively sloped, w' (L) > 0and r'(K) > 0.
Demand for output is given by g = g(p), which
satisfies g'(p) < 0.

The total costis w(L)L + r(K)K.

Assume that the capital market is perfectly

competitive, but the labor and output markets are
not necessarily competitive.
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Marshall-Hicks Four Laws

* Define:
— &gp = (0q/0p)(p/q) as the price elasticity of output

Skr = (0K /0r)(r/K) as the elasticity of capital supply to a
change in its price

Spr = (OL/0r)(r/L) as the elasticity of labor supply to a
change in the price of capital

Spw = (OL/ow)(w/L) as the elasticity of labor supply to a
change in its price

o as the elasticity of substitution between inputs

* We use superscript i to refer to the elasticity that an
individual firm faces (g ,,).

* The industry elasticities do not include superscripts (g, ,,).
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Marshall-Hicks Four Laws

 Letd; = wL/pq and 8 = rK/pq be the cost of
labor and capital, respectively, relative to total sales.

* Thisimpliesthat 8, = 1 — 0.
* For compactness, let us define

A=1-(1/¢g;,)
B=1+ (1/s},)
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Marshall-Hicks Four Laws

 Marshall, Hicks, and Allen analyze how the input
demand of a perfectly competitive input, such as
capital, is affected by a marginal change in the price

of capital:
OxeqpA+ (0€gp/SLw)A% + 6,ABo

SKr =~ (B + HLB)Z‘l'HK(O'/SL,W)A T HL(O-/SL'W)AB
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Marshall-Hicks Four Laws

* Marshall-Hicks’s four laws of input demand (“derived
demand”) state that an input demand becomes more
elastic, whereby sy ,- decreases, in

1. the elasticity of substitution between inputs o
2. the price-elasticity of output demand &, ,,

3. the cost of the input relative to total sales O
4

the elasticity of the other input’s supply to a change in its
price s, .,

* We analyze these four comparative statics under two
market structures:

1. The Marshall’s presentatlon eqp =sl,=0,0=0

2. Tf)ie Hick’s presentation: eqp = SLW = oo (no assumptions on
o
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Marshall’s Presentation

* Assumptions:
— Output and inputs markets are perfectly competitive,
Egp = SLw = oo, for every firm
— Inputs cannot be substituted in the production process,
=0
* The expression for sk ,. can be simplified to
Ok €q,pSLw

SKr —
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Marshall’s Presentation

 The derivatives testing the laws are:

0Sk _ HK(SL,W)Z

0gg p (Spw +6LEgp)*
aSK,r _ SLw " €qp (SL,W + gq,p)
00 (Spw + 0LEqp)?

aSK,r _ QKHL(Eq,p)Z

0SL, w (Spw + 0LEgp)?

* Iflaborisa “normal” input, s; ,, > 0, the three derivatives
are all negative (the three Iaws hold)

* Iflabor is inferior, s; ,, < 0, s, is still decreasing in g ,,
and in sy ,,,, but not necessarily in Oy.
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Hick’s Presentation

* Assumptions:
— Output and inputs markets are perfectly competitive,
Egp = SLw = oo, for every firm
— No condition imposed on the substitution of inputs (o)

* The expression for sk ,. can be simplified to

Sk r =
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Hick’s Presentation

 The derivatives testing the laws are

aSK,r . QK(SL,W + 0-)2

0egp T (Spw +0xo +0,8,,)?
aSK,r . (gq,p + SL,W) + (SL,W + U) (Eq,p _ O-)
00, (Spw + 0k0 + 6,64 )?

OSkr 00, (eqp — 0)°

0SL w - (Spw +0xo + 0,85 ,)?

aSK,r . HL(gq,p + SL,W)Z

do (Spw t+0ko + 0,64,)*

* Hence, sk, decreasesin g, 5, Sy, and o (the three laws hold).

* Sk alsodecreases in Oy if the input is “normal”, s, > 0, and
inputs are not extremely easy to substitute, &,, > 0.
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