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~—1In the-attached-papers;~we summarize work done on this research

project. The major results include:

Development of renormalization group techniques for large-eddy
simulations of turbulent flows.

P
The first direct numerical simulation of turbulent spots in channel

and boundary layer ﬂows:

7

The further development of spectral methods for turbulence

simulations.

The identification of secondary instability modes in free shear

layers.

The development of an efficient multi-grid marching method for

solution of the parabolized Navier-Stokes equations.

A mathematical analysis of boundary conditions for the parabol-

ized compressible Navier-Stokes equations. 7
The further development of a method to improve numerical solu-
tion of singular perturbation problems by use of asymptotic ap-

proximations.

Further details are given in the attached papers.
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0:: NUMERICAL SOLUTION OF MULTI-DIMENSIONAL DIFFUSION-CONVECTION PROBLEMS
‘.:' BY ASYMPTOTIC CORRECTIONS
)
aﬂ’ M. Israeli® and p. Bar—Yoseph*'
Technion - Israel Institute of Technology
:ah Haifa, Israel
oy
\!|:|
! SUMMARY
X
ot
The Booster Method for improvement of the numerical solution of par-
O tial differential equations by the addition of asymptotic corrections to
: X the right hand side is presented. It is applied here to the diffusion-
i convection equation for the case of 'small' diffusion. The correction
agS terms were used in finite difference and finite element schemes. The
ﬁ:ﬂ finite element results were used as reference for checking the performance
of the finite difference schemes. Excellent results were obtained without
-\ the use of upstreaming or artificial diffusion. Theoretical expectations
‘ft were confirmed.
¥
W 1. INTRODUCTION

Singularly perturbed initial and boundary value problems for partial
differential equations appear in various fields of application such as

4?% fluid dynamics, heat transfer, transport of atmospheric pollution, etc. In
r} particular, such equations appear in diffusion-convection processes. Often
:5: the (normalized) diffusion coefficient € becomes small, and thin boundary
> or interior layers appear within the region of interest. Consequently,
A these problems become increasingly difficult to solve numerically by dis-
N cretization methods.
¥ ; We would like to avoid the use of a prohibitively large number of grid
.fy points, as required for resolution by straightforward numerical methods
! when € decreases. To this end, geveral approaches are possible, such as
.”j the use of nonuniform meshes, adaptive techniques, positive type schemes.
a etc. The question of applicability of such schemes to multi-dimensional
’ problems is presently open. :
S A different approach is motivated by classical singular perturbation
}: methods where ‘inner' and 'outer' solutions are combined to give approxi-
) mate soluticns. These solutions become more accurate as the equations
‘:{ become stiffer, howaver, the error is fixed for a given € and cannot be
o improved or estimated reliably in most cases of interest.

-’ The Booster Methcd attempts to combine the asymptotic approach, with
g known discretization methods, in order to obtain a numerical method which
o improves when € becomes smaller. At the same time, it keeps the proper-
. ty that the error can be made arbitrarily small for any fixed € by refin-

L ing the computational mesh (Israeli and Ungarish [1],[2]). For the one-
. dimensional case, we were able to prove that an improvement by a factor of

a eM*l  can be obtained where € is the 'small’ parameter and n is the
. order of the asymptotic approximation used (lsraeli and Ungarish [2]). We
N expect similar behaviour in the multidimensional case [1l].
\j In the present paper, we investigate a multi-dimensional application
:ﬁ to diffusion-convection problems.
02
£ * Department of Computer Science, Technion.
~ ** Department of Mechanical Engineering, Technion.
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2. FPORMULATION

We consider the transport of a quantity q in a rectangular region.
The normalized partial differential equation is

L(q) = -€V°q+V-Yg =0 . (1)

In the present application the velocity field ; is assumed to be
known and q is specified on the boundaries. This problem was often used
as a test case for various finite difference and finite element methods of
solution and it is well known that most methods fail as the cell Reynolds
number (Iv[h)/e becomes larger than 0(l) {(here h is a representative
mesh size). For example centered schemes develop unphysical oscillations
in space, while uncentered schemes have unacceptable artificial diffusion
and are of lower order over the same computational stencil,

The Booster Method uses an asymptotic approximation q(x,y) to the
solution q(x,y) in order to reduce the truncation error in the numerical
scheme.

The 'usual' numerical solution Q(x,y) (defined only at grid points}
is obtained from

L@ =£ . 12)

where Ly is the discrete approximation to the differential operator L.
The improved numerical solution @ is obtained from

LN(Q) = f+LN(q) ~Ligq) . (3)

Here L{(q) is the differential operator applied to the approximate solu-
tion. Thus the Booster Method applies an asymptotic correction to the
right hand side of the equation and therefore requires a negligible amount
of extra work. It can be used with any numerical scheme without modifica-~
tion in the method of solution. -

The same basic approach of using asymptotic corrections to the right
hand side can be used to improve the Standard Finite Element (SFE) method.
The resulting Asymptotic Finite Element (AFE) method is described briefly
in the following; for details see Bar-Yoseph and Israeli [4],{s].

Suppose that the unit square is divided into elements and that the
variation of q within the given region is approximated by

QIX) = Ni(;)Qi , (4)

where Q; is the value of the approximate solution at the i-th nodal point
and N; 1is the corresponding global trial function (we use the summation
convention, with summation over the nodes within the given region). The
Bubnov-Galerkin finite element scheme of eq. (1) is given by

T > .
e(v Nj,VNiQi)h4'(Nj.V VNiQi)h (Nj.f)h o) 1,2,...,m, (s)

where m 1is the number of inner nodal points and (+,+) denotes the usual
inner product in Lz(Q). The subscript b in (*,°)) denotes an approxi-
mation to (-,*) obtained by a quadrature rule.

Our corresponding asymptotic finite element (AFE) scheme for eqg. (1)
is the following
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'r - -> -
€(v Nj,VNiQi)h+ (Nj,v N0, = (Nj,f)h

T - - - - .
+ {e(v Nj.VNiqi)h+ (Nj,V VNiqi)h - (Nj,Lq)) , 3 =1,2,...,m , (6)

where gj 1is the value of the asymptotic solution at the i-th nodal point.

Here the terms included in the first line coincide with the SFE scheme,
eq. (5), while the terms in the second line (in curled brackets) represent
the correction term which is the essence of the present AFE scheme. This
AFE scheme can also improve the pointwise error estimate of the SFE scheme
by a factor of the o(e™*ly [4).

Usually the finite element solution supplies values everywhere inside
the elements via the interpolation (4). Applying the same interpoiation
using 51 instead of Q; will not give good results within the elements
especially when there are no nodal points inside the boundary layers. One
should use instead the interpolation

0 = 3 +N, (0 (Q,-3,)
qlx) = q(x 5 (% Qiqi
which recovers the proper boundary layer behaviour.
3. ASYMPTOTIC SOLUTION

The approximation q(x,y) can be obtained by the method of matched
asymptotic expansions (Cole [3]). Such approximations usually satisfy the
boundary conditions and become increasingly accurate as € decreases.
Often the error decreases like some power of € depending on the number of
terms used in the construction of the solution (see Table I).

We first construct the zeroth order asymptotic approximation from the
outer solution qb, where

v.v 0 (7
- qo . ’

and from the boundary layer q), satisfying a one-dimensional boundary
layer equation in the direction normal to the boundaries (where the flow
exits the computational region). A complete zeroth order solution should
also include corner regions, tangential regions, and boundary layers
developing from discontinuities in boundary conditions. Restricting our-
selves for now to continuous boundary conditions and constant velocity
field not tangent to any boundary, we find that only the exit corner layer
has to be included.

Equation (7) implies that the solution remains constant along stream-
lines, consequently it carries with it the g-values entering the computa-
tional region. The difference between these values and the values encount-
ered at the exit forces the boundary layers.

We consider the flow in the unit gquare with vertices (0,0), (0,1),
(1,0), (1,1). Let the components of V be u and v (both positive) and
the differences of the exit boundary x =1 and y =1 be f(y) and gfx)
respectively. Then the structure of the boundary layers will be

u(x-1) /€ v(y-l)/e__peu(x-l)/EQV(y-l)/C

q = f(y)e +g(x)e ' (8)
where p = f(1) = g(l) and £(0) = g(0) = 0 by assumption.

The third term in (8) is the corner boundary layer and it satisfies
the differential equation exactly (in this particular case). The approxi-

mation E is obtained by adding q, from (7) to q from (8). It is a

n.. -{ I'I*N -' |’ "'-'.-‘-\.".‘ ".\.r‘-\v* ‘_‘\{‘v‘. ‘\'... :"f‘f‘-’

“e N
)

N e g
» - A

W€ -.'..".“- ‘t’

L

RN HGPrr sty WY Y VL

&

4 ‘I.' '.I.I'T"’ 'I'rt

T % % S oy Ny

ST SRR

ot 1411-';‘.— VXL XA AS gy



R T Lo i o vy ‘f"-ll."d\VVYJ'-I"J‘.‘)"J'J,'JY'J.‘\I"J'-F

SRR T R N G e RO AR Ak g agie gra gt ai tes b ‘s A

:
2
:
:
:
v

134

uniformly valid approximation in the square, and is easily adapted to par-
ticular cases. In our example u = v = /372 and the outer solution is

q, = sinm(x-y) , {9}
corresponding to the boundary conditions
q({x,0) = sin™™; g(0,y) = -sinmy . (10)
On the other hand we take
qi{x,1l) = sinm(x-1) +x, q(l,y) = sinw(l-y}+y ., (1)

giving rise to f(y) =y and g{x) = x, which satisfy the requirement of
continuity on the boundary.

4. RESULTS

We solved the differential equation (1) in the unit square with the
boundary conditions (10) and (1l1) on a net with 6, 12 and 24 equal inter-
vals in the x and y directions. We used centered three-point differences
for the first and second derivatives. As we do not have the exact solu-
tion for this problem, we used as reference a solution obtained with the
AFE scheme employing a uniform mesh of 24 X 24 biquadratic Lagrangian ele-
ments (more details appear in [5]). The range of € reproduced in the
tables was ¢ = 0.01, € = 0.02, € = 0,05.

As a seminorm we used a weighted average of the absolute value of
the errors. A proper mix of interior and boundary layer points was ob-
tained by taking only the 25 mesh poxnts contained in a square near the
corner (1,1).

We observe that (Table I} the error in the asymptotic approximation
A(€,h) decreases roughly like €. The error in the regular (Table III)
numerical solution N(g,h) decreases very slowly with h and increases
as € decreases.

We note first that the errors in Table IX are in all cases smaller
than the corresponding errors in Tables I and III. Moreover the analysis
of [2] indicates that the error in the improved solution B(g,h) should
decrease with € and h (Table II). In fact it should be proportional
to the product of the previous errors. Table IV presents the ratio
K{e,h) = B(e,h)/((A(e,h)N{(e,h))}. We expect it to approach a constant,the
fact that the values in Table IV are not far from unity makes the booster
method quite attractive.

We note that the centered method is quite useless by itself. Our
experience shows that the Booster Method works equally well with other
schemes and other discretization methods.
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Lectures on Spectral Methods for Turbulence Computations.

S Orszaa (5)
Massachusetin Tustitute of Teclnology - Cambridye, MA 02139
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o
L
1. - Introduction to spectral methods. .
)
- Spectral methods are based on representing the solution to a problem as .
a truncated series of smooth functions of the independent variables. Whereas :.r
o

'y
*,

finite-element methods are based on expansions in local basis functions, spectral
methods are based on expansions in global functions. Spectral methods are
the extension of the standard technique of separation of variables to the solution
of arbitrarily complicated problems.

Let us begin by illustrating spectral methods for the simple one-dimensional
heat equation. Consider the mixed initial-boundary-value problem

I'd
oY

S Y -

Y

*
-
culx, t ow(r,t :
(1.1) e i O<z<a,t>0), E
(1.2) %(0,t) = u(a,)=0 {t>0), :
(1.3) u(r, 0) = f(x) O<z<m). -
"
The solution to this problem is ':
° . b
(1.9 u(r,t) = Y a.(t)sinnr, o
n=1 R,
(1.5) a,(t) = foexp [— hnt], E
where ,::.
N ]
2 . o
(1.6) fo= = fj(.t) gin nrdr N
n o

are the coeflicients of the Fourier sign series expansion of f(r).
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A speetral approximation to (1.1)-(1.3) is gotten by simply truneating
(1.4) to
N

(L.7) wy(ry 1) == > an(t) sinnr

n =1
and replacing (1.5) by the evolution equation

da,

(1.8) o

= — Knta, n=1,...N)

with the initial conditions a,(0) =f, (n =1, .... N).

The spectral approximation (1.7), (1.8) to (1.1)-(1.3) is an exceedingly good
approximation for any time t greater than zero as N— oc. In fact, the error
u(r,t) — uy(r, t) satisfies

(1.9) u(r, t) — uy(x, 1) = % f.exp[— Kn2t}sin nr = O(exp [— KXN11))
n=N41
(¥ — o0)

for any > 0. In contrast to (1.9), finite-difference approximations to the heat
equation using N grid points in x lead to errors that decay only algebraically
with N as N — co. Furthermore, this spectral method for the golution of the
heat equation is efficiently implementable by the fast Fourier transform (FFT)
in O(N log N') operations.

There are several significant difficulties in extending the simple spectral .

method employed for (1.1)-(1.3) to more general problems. Among these dif-
ficulties are those caused by imposition of nontrivial boundary conditions,
nonlinear and nonconstant ccefficient terms, and complex geometries. These
difficulties and their solutions will be discussed below (see also [1, 2]).

The Fourier series (1.4) converges fast if w(r,t) is infinitely differentiable
and w(r,?) satisfies the boundary conditions

crru(r,t)

(1.10) "l
(‘rln

0 (r = 0, 7)

for all nonnegative integers n. Under these conditions, the error after N terms

ex(r 1) = u(r,t) — Z a,(t) sin n.r

n=i

gocs to zero uniformly in o faster than any power of 1/N ax N—- oo, On the
other hand, if u(r, ?) ix not infinitely differentiable or if any of the conditions
(1.10} ix violated, then eu(r 1) = O(1/N?) ax N - oo for reme finite p, For
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example,

RETTY ST DI

- N (=
(1.11) b= S

(0.,

£

but the error ineurred by trunecating after XV terms is of order 1/N for any
fixed », 02 r<<a. Furthermore, the convergence of (1.11) ix not uniform
in .3 (1.11) exhibits Gibbs® phenomenon, namely

£x(8/N) = 0(1) (N — oo, & fixed).

For any fixed N, there are points x at which the error after N terms of (1.11)
is not small. The poor convergence of (1.11) is due to the violation of (1.10)
for n = 0.

More generally, most eigenfunction expansions of a function f(x) converge
faster than algebraically (i.e. the error incurred by truncating after N terms
goes to zero faster than any finite power of 1/N as N oo) only if f(x) is infi-
nitely differentiable and f(r) satisfies an infinite number of special boundary
conditions. For example, the Fourier-Bessel expansion

1(x) =3 a,J4(A.x) 0<r«l),

=0
where /2, is the n-th smallest root of Jy(1) = 0, converges faster than algebrai-
cally only if f is infinitely differentiable and

(1.12) [1 d 4

;axa]kﬂx)=0 atr=1
for X =0,1,2,...

When a spectral expansion converges only salgebraically fast, spectral
methods based on these eigenfunction expansions cannot offer significant
advantages over more conventional (finite-difference, finite-element) methods,
Eigenfunction expansions of this kind should not normally be used unlecss
the boundary conditions of the problem imply all the extra boundary con-
straints like (1.10) or (1.12). For example, if periodic boundary conditions
are compatible with the differential equation to be solved, complex Fourier
geries are suitable to develop efficient spectral approximations.

In the development of spectral methods for general problems, it is important
that the rate of convergence of the eigenfunction expansion being used dees
not depend on special properties of the eigenfunctions, like boundary conditions,
but rather depend only on the smoothness of the funection being expanded. Of
vourse, if the solution to the problem being solved is not smooth, one should
not expect errors that deercase faster than algebraically with 1/ when global
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eigenfunction expansions are uscd. Faster than algebraic rates of convergenee
may be achieved for these problems by either patehing the solution at discon-
tinuities or pre- and post-processing of the solution (sce [2]).

There is an easy way to ensure that the rate of convergence of a spectral
expansion of a function f(x) depends only on the smoothuess of f(r), not on it
bLoundary propertics. The idea is to expand in terms of suitable clasres of
orthogonal polynomials, including Chebyshev and Legendre polyncmials for
all these problems in which constraints like (1.10) and (1.12) are unrealistic.
These polynemial expansions aveid all difficulties asscciated with the Gibbs
phenomenon provided the solution f(x) is smcoth,

From the mathematical point of view, the classical orthogonal polynomizls
are eigenfunctions of singular Sturm-Liouville problems. It is not hard to
show [1] that expansions using eigenfunctions of such singular Sturm-Liouville
problems converge at a rate that depends only on the smoothness of f(x), in
contrast to eigenfunction expansions based on nonsingular Sturm-Liouville
problems that lead to additional boundasry constraints like (1.10) on f(x).

These results for orthogonal polynomial expansions are easily demonstrated
in the case of Chebyshev polynomial expansions. The n-th-degree Chebyshev
polynomial T,(z) is defined by

(1.13) T(co8G) = cosnb.
Therefore, if
(1.14) Hz) = z a.Ta(z),
"=
then
(1.15) g(0) = f(cos 8) = i a, cos nb .
n=0

Thus the Chebyshev polynomial expansion coefficients a, of f(x) are just the
Fourier cosine expangion coefficients of the even, periodic function g(9). A simple
integration-by-parts argument then shows that

n*a,—> 0 (n = o0),

provided g(6) (or, equivalently, f(z)) has p continuous derivatives. Since

)= 3 a,Tui)|< 3 Ja] (lel<1)

n=0 [ 0.4 29

it follows that the rate of convergence of (1.14) is faster than algebraic if f
is smooth.
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’ b
3 In summary, spectral expansions should be made using series of orthogonal "
polynomials unless the houndary conditions of the problem are fuliy compatible z
with some other class of eigenfunctions. In practice, Chebyshev and Legendre W
polynomial expansions are recommended for most applications, supplemented i
by Fourier series and surface harmonic series when boundary conditions permit, 4
‘ Another difficulty with general kinds of xpectral metheds is their application r
/ to problems with nonlinear and nonconstant coeflicient terms. Before explaining ;
N the solution to this problem, let us illustrate the difficulty. o
Suppose we wish to solve the partial differential equation ..‘
cu Y
(1.16) = =N (4, %) + Lu, ]
ct I.
>
where u = u(x,t) and A4~ is a bilinear (nonlinear) operator that involves only <
spatial derivatives and % is a linear operator that involves only spatial deriva- )

- tives. The operators 4~ and % may depend on both x and ¢. A spectral method 2
for the solution of (1.16) is obtained by seeking the solution as a finite spectral .|:
expansion: ",:

. T )y
(1.17) Uz, t) = Z a,.(t)pa(x), 2]
=1
where we assume for now that y.(x) (1 <n < oo) are a complete set of orthogonal : :
functions. If we introduce the re-expansion coefficients €,n, and d,. 80 that : |
’s. v
- L ¥
A (Pmy 9,) = 2 Camp(t) Ya s \
nwl
. ;.
'?(’Pul) = z dn-(t)wn x
nw=]
-
'~
and equate coefficients of y.(x) (n =1,...,¥) in (1.16), we obtain »
{
da, y X x . o
(1.18) 2 =3 T ermy()8alt)a,t) + 3T dum(t)aa(t} (n=1,..,N). -
dr m=1 p=1 m=1 L
Equations (1.18) are the spectral evolution equations for the solution of 2)
(1.16). They have one very serious drawback. In general e¢,,., and d,. are ’
nonzero for typical n,m, p, so that evaluation of da/d? from (1.18) for all -
n = 1,.., N requires O(X?) arithmetic operations for the bilinear term and .
O(XN?) operations for the linear term. Thus solution of (1.18) requires order e
N3 operations per time step. Since operational spectral caleulutions now involve “::
N =10% the computational cost of the direct solution of (1.18) is prohibitive .
(even if only linear terms are present). .
~
o
N
4
hJ
-
.
L% \
h ~
k o
.
-

]
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The problem here is one of computitional complexity,  Finite-diference
methods for the solution of (1.16) on N grid points may reguire only order
N operations per time step. If the spectral method really requires order N3
operations per time step, it eannot compete when N s Jarge,

Another example illusxtrating the computational complexity of spectrai
methods is given by the nonlinear diffusion equation

cufa, 1) ! el
(1.1m —5 = oxp () e (r,t).

If we seck the solution as

(1.20) Wi, ) = 3 a,(Nypa(a)

a=1
in terms of the orthonormal functions y.(x), then

da, x x ,
(1.21) == f pu() exp [ 3 ault) palz)] 3 a, pi(r)dr

R X ot

for n =1,...,N. These evolution equations for {a.(t); have an exponential
degree of computational complexity as they are expressed as an integral func-
tional of {a,(?)}.

The solution to the problem of computational complexity is to use the
author’s transform methods. Let us illustrate the technique for a pseudo-
spectral (or collocation) approximation to (1.19). First, we introduce N suitable
collocation points r,, #4, .... y 1ying within the computational domain. Then
the approximate solution (1.20) is forced to satisfy the partial differential
equation (1.19) (or its boundary conditions) exactly at these discrete points
at every time t. More specifically, the following three steps are done at each
time step ¢:

5 YN W, -)

kS
N
)
~
\-.
1

L
O
e
-

T

i) Determine N coefficients a,(f) (n — 1,..., N) s0 that

w,

N

(1.22) U(r,t) = athyalr)

n=~1

S

ii) Evaluate u (r,.t) by

]

P T

(1.23) Yelr, 1) = 2 a,(t)y,(r,)

u=l

iii) Finally, evaluate cu(r,,?),ct by

"

“y %

culr,, 1)
ct

(1.24) = exp [n(r,, Ou (7, 1)

vy,

and march forward to the next time step.

33 '\_1"'
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The idea of the pseudospeetral transform niethod can be restated s follows:
Transform freely between phiyvsical () and spectral (a,) representations, evahut-
ing eaell term in whatever representation that term is most aceurately, and
simply, evalnated. Thus, in (1.24), we evaluate exp [«] in the physical represen.
tation while we compute u,, in the speetral representation by (1.22) hecause it
is most accurately done there,

It should be apparent to the reader that pseudospectral transform methods
can be applied to any problem that can be treated by finite-difference methods
regardless of the technical complexity of nonlinear and nonconstant coefficient
terms,

For the expressions of interest, computation of derivatives of a N-term
spectral expansion requires order N arithmetical operations. For the Fourier
series (1.7), this fact is obvious:

d N X N
— Y a,sinnr = 3 na, cosnr,

dr sy n=l

dr X EA

S, 2a.8innr = — Y nta,sinnr.
dr A=l nwl

For the Chebyshev polynomial expangion (1.14), the computational complexity
of differentiation is a little legss apparent. Since T.(cos 8) = cos n0,

Tasslz)  Tacyl2) _2

A+l n—1 —ET-(-T) (n>0),

where ¢,=2, ¢,=1 (n>1) and T, = T'_l = 0. Therefore, if

d X N
a ZG.T.(T) =zbnTn(‘T)’
n=0

a=9
then

L b4 ! ! N4l
B ! —_— Aatr | el = — . )
230t = e [T = | = Biebes— b T,

Equating coefficients of T,'.(.r) for n =1,...,N 41 gives the recurrence re-
lation

b —b. = 2na, (l<n<N),

(1.95) n-17n-1 '
b,: 0 (ﬂ>;~)

The <olution of (1.23) for b, given a, requires only order N arithmetic operation~.
Similir recurreitce relations can be obtained for differentiation of spectral
series based on other xets of orthegonal polvnomials and funetions,
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In the ecase of Fourier series, the transform (1.7) and its inverse can e
computed in O(N log, ¥) operations if N = 2% nsing the fust Fourier trans-
form. However, most of tlie computational efticieney of transform methods
comes not from the FFT but from the separability of multidimensional trans-
forms. Thus o three-dimensional diserete Fourier transform ean be expressed
as three one-dimensional Fourier transforms

- JorA-pe-t fim  kan p
(1.26) > 3 Saj, kexp [2-‘11 (’7 +x + -11—)] =

1=0 4A=0 -9

= Zoxp[ -u]m’J]zexp [2~ﬂAn'IxJ \"a(],l.,l exp [2xilp/L].

=0

The left-hand side of (1.26) requires roughly (JAL)? operations to evaluate
at all the points 0<m < J, 0<Kn < K, 0<p < L. On the other hand, even
without the FFT, the right-hand side of (1.26) requires only about (JKL)-
*(J + K =~ L) operations to evaluate at all the points. When the FFT is applied
to the one-dimensional transforms on the right-hand side of (1.26), the number
of operations necessary to evaluate (1.26) is reduced further to (JKL):
*(log,J + log, K + log, L) if J, K, L are powers of 2.

Spectral approximations to general boundary-value problems lead to full
N x N matrix equations for the N expansion coefficients a,. It would seem
that solution of these equations requires O(N?) arithmetic operations, while
storage of the matrix requires O(N'*) memory locations. Since typical problems
now involve N~ 10¢, the direct solution (or even the direct formulation) of
such problems would seem unworkable now.

Consider the solution of a general linear differential equation Lu = f. Let
& N-term spectral approximation to this problem be given by

(1.27) L,wy="1,,

where f. is a suitable N-term approximation to f. As mentioned several times
earlier, the matrix representation of (1.27) is generally a full A’ x ¥ matrix, so
that direct solution of (1.27) by Gauss elimination methcds wculd require
order N'? storage (for the matrix representation of L) and order N3 arithmetic
operations.

Here we shall describe a method that permits the solution of (1.27) using
order N storage locations with the number of arithmetic operations of order
the larger of N log N and the number of operaticns required to sclve Lu = f
by a first-order finite-difference method. The important conclugion is that
spectral methods for general problems in gencral geometries can be implemented
efficiently rwith operation costs and storage not much larger than that of the simplest
finite-difference approrimation to the problem with the same number of degrees of
freedom. Since spectral methuds require mony fewer degrees of freedem fo

N “~

. " a\\ '- . '
-.f.’.'.'..-a-.'-.--rf\"'.- v N
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achiave given gecuriey (or, nearly equivalenty, spectad methodss chieve muach
higher accuriey for a given number of degrees of freedem) than required by
finite-order finite-ditfference wpproximetions, importent  ceniputational  ofli-
ciencies result from the new method.

The idea of the iteration method is s follows: Suppouse we wre able to con-
struet an appreximation L to the spectial operator L that has the following
properties:

i) L,, has a sparse matrix representation so that it can be represented
using only O(N) storage locations.

ii) L, is efliciently invertible in the sense that the equation

(1.28) Lou,. =/,

ap

is solvable as efficiently as a first-order finite-difference approximation to the
problem,

iif) L,  approximates L in the senrse that
(1.29) 0<m<L)L,"<M< oo
for suitable constants m, M as N — co. Roughly speaking, (1.29) requires
that the eigenvalues of L)L, be bounded from above and below ag N —» co.

We propose to construct L from L, by changing the discretization operator
either in addition to or in place of approximating the differential operator.
Thus we construct L by a suitable low-order finite-differcnce approximation to L.

A simple example is given by the second-order differential equation
(1.30) Lu = f(r)u'(x) < g(x)u'(x) + h(r)u(xr) = ¢(r) (0<r < 2m)
with periedic boundary conditions u(r 4~ 2:x) = #(x) and f(r)> 0. A spectral
approximation is approximately sought as the finite Fourier series

(1.31) w(r) = 3 a,exp[ikr].

k<K

If the Fourier ccefficients of f(r), g(x), h(r). r(r) are dencted f,g..0 . v,
respectively, then the spectral (Galerkin) equations for a, a1e

(1.32) Lu= 3 [—pf,+ipg_,+h JJa, =1,
i»- &
[{3s 1ENY 4

Clearly, these equations luve, in general, a full matrix representation that
requires O(R?) storage lacatic ns and O(R3) operations to invert,
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A suitable approximate operator L is constructed using the colloeation
points ;== 275N (=0, 1, ..o N — 1), where N: 2/, Tu the physieal space
representation, we use the finite-difference approximation

Su, e, Wy — U,

- C RN.UZ e ool 1 L
(1.33) L'y, = flr)) (Ar)t = glr)) e a by,

where u; = u(r,) and Ar = 2a/N. Obviously, L, is sparse and efticiently in-
vertible. To verify (1.29) we use the following elementary argument (that
nay be made more rigorous but no more correct by more involved WKB-like
arguments). If 4 is an eigenvalue of L_'L, . then there exists a function u(r)
such that

op*

(1.34) L,ou=}L u.

If u(r) is a smooth function of r (in the limit N-» oc), then both L« and
L, « should be good approximations to Lu(r), so (1.34) implies 2~ 1, On the
other hand, if w(xr) is a highly oscillatory function of » (in the limit N — oc),
then

(1.33) Ww>u'>u (N — o).
Therefore,

Ujpy — 20, 4 U,
(1.36) L,u~ flx,) "~ ('A:i)'; -

and, if transform (pseudospectral) methods are used to evaluate L, u,
(1.37) L ou~{f(r,) Y (—ka, exp[ikr],
<X 3

80 (6.18) gives

- . - U — 20, = 1,
(1.38) ey z (— k%) ag exp [1hr] ~ if(r) .
Wik (A2

The eigenfunctions of (1.38) are

. . . b
%, = expliqr)] (¢ <N)
|
and the assoecinted eizenvulue is
o gAne
T otsintlgAr’ ]
L
f
!
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V72—
|
| o . 5 - &
\ Ihius (1.29) holds with m =1 and M = a%/1 2.5, .
! There are several extensions of the above method for construeting I :
that are important in practice. First,in the case of Chebyshev speetral niethods, -~
it is appropriate to construet L using finite-difference approximations based s
on the collocation points », = cosaj/N. In this caxe, the operator bounds
(1.29) continue to hold with M= 2.3, m = 1 for a wide variety of operators L. .";
Seecond, higher-order equations are best treated by writing them as a system of :
; . . . ; -
; lower-order equations. Thus direet construction of I, for L = V* gives A
‘A
Al
. ' 42\
1<iLlnLy)<6 ~ 7/ -
1 .
However, if we introduce v = V?u and define the second-order operator A" by .
' :
; fu Viu—r, »
K =1
v Ve, L
3 <
- . . - . 3 . ”
- then direct construction of A,  as a finite-difference operator gives )

)

‘ 1<|K_ K, ]<25.
d Third, odd-order operators, initial-value problems and problems of mixed type ¥
are best treated by constructing L, on a grid that is roughly 509, finer than ::
that used in construction of L,, by colloeation. In this case the spectral bounds “
(1.29) with M <2.53 continue to hold for most problems. For example, the ]
operator ¢/Cx with periodic boundary conditions has spectrum fk, while its -
centered finite-difference approximation has spectrum 1 sin (kAx)/Arx, so
" LML, = O(k Ar/sin kAx), N
e which is unbounded for |k Az]< 7, but bounded by 47/3v3 ~ 2.4 if |k Ax]< 27/3. =
. 2. - Applications. "N
"
2'1. Introduction. - Over the last few years, there has been progress in -
! understanding fundamental nonlinear precesses in shear flows, In this seetion, e
T shall survey some results that have emerged fraom numerical studies of tran-
&
. N
L)
D .
Lot
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sition and turbulence, T shadl veview for vou three ditferent aspects of these NN
problems. First, I shall summarize vesults on the hasie iustabilities that seem s:
to he responsible for the onset of chaos in these flows, These instabilities appear )

to be universal in charaeter and may explein many of the unifying features of

transition. Second, T shall give some examples of progress in the numerical

simulation of high-Reynolds-number flows, Finally, I will give a synopsis of

new ideas for subgrid seale clogures of huge-Reynolds-number turbilence,
Full detuils of the ideas discussed here are given in the references.

o B &

XA

22, A transitional instability. — The processes by which laminar flows under-
go transition to turbulence remain basically unsolved. However, recent numeri-
cal studies have provided some insights into transition, including:

2°2.1. Nonclassical character :of transitional instabilities.
The primary linear (exponential) instability of classical plane parallel shear

)

flows with noninflectional velocity profiles, as described by the Orr-Sommerfeld ,
(or related) equations, is much too weak to describe transition. For ex- P
ample, linear instability of plane Poisenille flow (U(2) =1 — 22, 2| < 1) oc- ’f_.:
curs for Reynolds numbers R > 5778, while Squire’s theorem implies that ,»}'

the critical disturbance is two-dimensional. The fact that this instability is
induced by a subtle interplay of viscosity and shear implies that its growth
rates are quite small on convective time scales. For example, the most rapidly
growing exponential mode of the Orr-Sommerfeld equation is obtained at
R, = 48000; its growth rate is only 0.0076; it is so feeble that perturbations
grow by a factor 10 in a time of about 300, in which time a point on the center-
line moves about 150 channel widths. In contrast, transition is observed to
occur explosively over a few channel widths at Reynolds numbers as low as

a

2

IS TEY S

b4

roughly 1000. A transitional instability that affects noninflectional plane o

parallel shear flows must have a characteristic convective time seale. -}',-

22,2, Three dimensionality of transition. Two-dimensional fluids -l
do not appear to exhibit the kind of strong chaos that is characteristic of tur- c vy

bulent shear flows. In thermal convection, CURRY ef al. [3] show that two- .-_

dimensional flows do not appear to act in a strongly chaotic way, but three- N
dimensional flows may be strongly chaotic at large enough Reynolds number. .

. Even for inflectional free shear flows, in which there are strong inviseid two- t-:-
! dimensional instabilities, BRACHET and ORSzAG [4] show that the flows that t.-\
develop from two-dimensional finite-amplitude disturbances are not strongly Y
chaotic, in contrast to the flows that develop three-dimensionally. N

2'2.3. Instability of two-dimensional nonlinear travelling ":{
waves. Perhaps the simplest instability that has the character of a transi- -

tional instability iy the dinear three-dimensional instability of two-dimensional oy

finite-amplitude flows, ORszAG and KELLS [5] and Orszi¢ and PATERA [6) »
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Fig. 1. — Streamlines of the steady (stable) finite-amplitude two-dimensional travel-
ling wave for plane Poiseuille flow at R = 4000, plotted in the rest frame of the wave
{from [6)).

show how such an instability fits the basic features of transition in classical
shear flows, including their convective growth rates, inherent three-dimension-
ality, onset at Reynolds numbers in accord with experimental observations
and flow features in accord with early transitional flows. These instabilities
have been analyzed both by direct numerical simulation of the evolving three-
dimensional flow and by a linear perturbation analvsis ¢f the nonparallel two-
dimiensional (nonlinear travelling wave) flow. In 1ig. 1, we show the stream-
lines of a typieal two-dimensional base state (here for plune Poiseuille flow at
R = 4000). The nonparallel character of the base flow leads to considerable
complication in its linear stability analysis (see [6] for the formulation of these
large-matrix eigenvalue problems). A topic of much current research interest
is the development of efficient numerical methods for finding eigenvalues of
the very lurge matrices encountered in problems of this sort. In fig. 2, we
give a stability dingram for this transitional instability; here we plot contours
of constant growth ri:te as a function of the amplitude of the two-dimensional
base state and the Revnolds numiber. The growth rates of this instability arve
12 orders of magnitude larger than those of Orr-Sommerfeld medex, The
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Fig. 2. — Contours of constant growth rate (labelled by growth rate) as a function
of R and the amplitude of the background two-dimensional nonlinear wave (see right-
hand scale).

development of this three-dimensional secondary instability seems to be con-
. gistent with available experimental data on early transitional flows, In fig. 3,

o T

we compare contours of the z velocity at the so-called one-spike stage of tran- ]
sition in plane Poiseuille flow obtained a) experimentally by Nismioks, Impa L
and KANBAYASHI (7] and b} numerically by KLEISER and SCHUMAXNN {8]. The .:’
v
U+uy(xy=-0.73) b
- ~—— ~04 e 64 b
z(mm) »:'
F.: ‘
-~
78 .
Y
r\ J
o
vailey >
’
£
b
]
Fig. 3. — Contours of z velocity in the (2, y)-plane at the one-spike stage in the labora-
tory experiments of Nishioka ef al. (a)} and in the numerical simulation of Kleiser and -
Sehumann (b)) (from [8]). ’
o
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tlows that develop from the initial Hnear instabibity appesr to lead divecthy to
chuos and tarbulence and not to saturiate into opdered, leminar How stes,
Similar instabilities have bheen tonnd in bouwdiry Jevers, plione Conette tlow,
pipe Toiseuille tlow (see [6]) wid in free sheer tlows (see [ 1)

224, Competition between two-dimensional pairing and three-
dimensional instabilities. Inflectional free shear flows, like mixing lavers
and jets, are inviscidly unstable to two-dimensional disturbances. Squire's
theorem implies that these instabilities are strongest when two-dimensional:
when these two-dimeusional instabilities evolve in time, they saturate into
ordered laminar-tlow states characterized by large-seale vortieal flow structures,
These vortical tlows may themselves be unstable to subharmonic (pairing)
instabilities, in which two (or more) vortices are paired and generate a new
larger-scale vortex motion [9]. In these flows, the three-dimensional instabijity
discussed above is also present [10], but it is not necessarily stronger than the
pairing instability. However, the three-dimensional secondary instability is
effective at much smaller spanwise spatial scales than is the inviscid primary
instability and seems to lead directly to chaotic flows [4].

1%2 7%?

il

Tig. 4. - Time evolution of the Fourier component b, of the tempernture:ﬁold in
two-dimensional Bénard convection at R, = 120R,,, I'r = 20[3]. The numbers
labelling each plot give the wave number cut-off used to derive the Galerkin approxima-
tion to the Boussinesq equations. Thus 1: 2 gives the Lorentz equations, while the
higher.order models ave higher-order Galerkin approximations, Observe that as the
resolution increases the chaos disappears.
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220, Spurviows (numeriecal)y turbulence, cvrry o al. |3] show
that, while low-order dynamical systems derived by Galerkin approxinition
to the two-dimensionzl Boussinesq equations may exhibit ehaotie solutions,
this clatas typically disappears as the dimension of the projection spaeeinereases
(xee fig, ). Similarly, it was shown by Orszag and KeLes (3] that under-
resolved numerical ealeulations of transitional planar shear flows may be spu-
riously chaotie. Under-resolved computations do not have degrees of freedom
assoeiated with small spatial seales available to act as an eddy viscosity on
well-resolved large scules.

2'3. Computer simulations of turbulence. — In this subsection, I shall give
three examples of numerical simulations of turbulent flows. The first two
examples, turbulent channel flow and the simulation of a turbulent spot, are
of the nature of numerical experiments in which the numericist uses the computer
in much the same way as the experimentalist uses the laboratory, namely as a
source of data about flows in a controlled environment. The final example,
the Taylor-Green vortex, is an example in which the computer is being used
to try to uncover fundamental physical lJaws of turbulence.

2'3.1. Turbulent channel flow. Turbulent echannel flows have been
simulated numerically three ways: a) large-eddy simulation with a subgrid
scale turbulence closure for eddies outside the walllayer and a heuristic boundary
condition applied at the edge of the viscous sublayer by DEARDORFF [11] and
SCHUMANN [12], b) large-eddy simulation with a subgrid scale turbulence clo-
sure applied to eddies of all scales including those in the wall layer by MoIN
and Knr [13] and ¢) full numerical solution of the Navier-Stokes equations by
ORrszAG and PATERA [14]. The really crucial differences are, as we again note
in subsect. 2°4 below, between a) and b)-¢). Simulations of type a) have much
smaller computational requirements at a given Reynolds number R than either
of types b) or ¢), the latter requiring asymptotically similar computational work
at large B. The deficiency of simulations of type a) is that they require model-
ling of wall layer effects in terms of an over-simplified boundary condition; the

deficiencies of types b) and ¢) are that, with currently available computer reso- .

lution (say 64 x64x63 on a Cray-1 computer), Reynolds numbers are limited
to about 10000 (type b)) or 3000 (type ¢)). For simulations of types b) or ¢),
the computational work scales as R3, so future increases in computer power
do little to increase the effective Reynolds number of the computations.
Nevertheless, it is possible to achieve interesting results with full numerical
solutions of the Navier-Stokes equations. In fig. 5, we plot the mean velocity
profile found in the channel flow computations of Orszag and Patera [14).
The fit to a logarithmic wall layer velocity profile is only marginal, but the
resulting von Kirmdan constant 0.43 is within experimental bounds, so this
caleulation dees give the first computation of a wall layer from the basic prin-
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Fig. 5. — Mean turbulent profile obtained by full numerical simulation of plane Poi.
geuille flow at B = 5000 using a 64 x64 x65 spectral simulation. Note the viscous
sublayer, buffer region and logarithmic layer of 8--9 data points (from [14]).
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Fig. 6. — A plot of the turbulent wall pressure spectrum as a function of frequency
(from [15]).

ciples of fluid dynamics. Another more recent result from computations of
this type is given in fig. 6, in which we plot the wall pressure spectrum in a
moderate-resolution (32 X.32 x33) run compared with available experimental
data (see [15]). Despite the moderately low Reynolds number (R = 3000) of
the simulation, agreement is achieved pecause flow features that do not depend
explicitly on the boundary wall layer structure tend to be Reynolds number
independent.
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23,2 Purbulent spot. There has been mucl vecent interest in the
cvolution of localized «spots s in turbulent flows (see [16]). The tirst numerieal
simuletion of a turbulent spot was reported by Luosann (171 who used thyee-
dimensional vortex filiment techniques to compute the (inviscid) flow, Mere
recently, we have begun o study of spots using full nunierical sclutions of the
Navier-Ntokes equations at moderate Reynolds numbers [18]. The latter ~imu-
lations are perfermed by foreing the initial low uxing o leealized force to drive
a jet of thiid vertically, then allowing the disturbavee to evolve natwrlly.
In fig. 7 and 3, we plot contours of maximum vertical-z veleeity in the (o, y)
and oy, 2) plines at virious times of evolution of plane Poiseuille How, The
character of this spot evolution is similar to that observed experimentally:
the spot seems to spread in the spanwise direction by «transver:e contiami-
nation », in agreement with the dye injection experiments of Gad-el-Huk
¢t al, [19); the greatest turbulent activity is near the edges of the spot, the
« spreading » angle of the spot relitive to its source is about 10°, in agreement
with the channel flow experiments of Carlson et al. [20]; the vertical structure
of the spot is in qualitative agreement with that observed experiment.lly.
Further numerical experiments are under way that should elucidate det:ils of
the flow in spots and the surrcunding fluid.

T=12 T=18

x

Fig. 7. - Contours of the maximum z-velocity in the (r, y)-plane at t = 12, 18 after
initializing a turbulent-spot computation by imposed vertical forcing. These computa-
tions are performed using a spectral code with 128 (z) x 32(y) x 32(z) resolution. Fourier
series are used in z and y; Chebyshev polynomial expansions are used in z. Here
B = 6000.

T=12 Tz 18

Pt o

Fiz. 8. — Same as fig. 7, except x-r contours of max,lr,!.

2°3.3. Taylor-Green vortex. In order to guin understanding of the
basic physies of the generation of small-scale turbulent flow fextures, a nice
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edel problem is the Tavlor-Green (T6G) vortex flow (21,2200 Here the tlow is
that which develops in time from initial conditions that consist of exeitation
in basically w single Fourier mode, Because of nonlinear interzetion, the flow
becomes strongly  threedimansiona]l and develops excitation at all gpatial
seales. The TG vortex s been used to study such fundamental questions ax
the enliincement of vorticity by vortex line stretehing, the approach to isotropy
of the ~mall seales, possible singular behavior of the Euler equations, formation
of an inertial range and analyvsis of the geometry and intermittency of high-
vorticity regions, The TG flow is advantageous for these studies beciause its
specinl symmetry has allowed the development of numerical algorithms that
are a factor 64 more efficient in both memory and storage than conventional
periodic-geometry speetral methods. For a three-dimensional flow, this factor
64 translates into @ factor 4 increased range of spatial scales—it is now pessible
to compute the TG vortex flow with 512 x512 %512 Fourier mcdes for each
velocity component on the Cray-1 computer (or more than 4-10* effective

! degrees of freedem!).
\
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3 Yhe
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10"
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. "/2
: Fig. 9. ~ A plot of the distribution of large-vorticity regions in the TG vortex tlow
as a funetion of time t and distance « away from the side-walls of the impermeable
. cube in whiclh the fHow takes place. Obxerve how vorticity explodes in towards the
- center of the eube hetween 1+ 4 and 8 (Teom [22)).
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p) One of the wore exciting vesults to enmierze frone cur stindies of the 76 How

is the suggestion that viseosity may play an essentic] rele in the deveioptient of
stall-seale turbulence, not just ceting ws o sink of turbulent hinetie enegy,
Indeed, we find that the development of the tarbulent low seems to 1equite
viseosity to induce instabilities of vortics} stractures in which the initial Jarge-
scale nonturbulent vorticity undergoes an explesive redistribution in space
(see fig, 9). These viscesity-induced instabilities are probably effective because
viseosity allows vortex line reconnections prohibited in inviseid fow, Similar
diffusional instabilities hive now been shown to be rexponsible for the generation
of small-scale structures in two-dimensional magnetohydrodynamie [23] and
kinetie [24] turbulence. Further study of vixcesityv-induced instabilitiex should
clarify the development of intermittent flow structures in turbulence.

2'4. Subgrid scale turbulence closures. — Perhaps the most distinguishing
characteristic of high-Reynolds-number turbulent fows is their lirge range of
excited space and time scales. In homogeneous turbulence, dissipation scale
eddies are of order B! times snaller than energy-containing eddies. Including
the effect of this range of spatial scales on the alluwable tinie step in a numerical
solution of the Navier-Stokes equations gives the estimzte that order R® cper-
ations are required to simulate a turbulent flow. This is the rezson for interest
in the large-eddy simulation method in which excitaticns on scales smaller
than thoge resclvable numericzlly are modelled, usually by an eddy viscesity
coefficient (see [11,12]). The basic action of an eddy viscosity on large eddies
is reasonable, although it cannot reproduce the randem character of the action
of small-scale eddies. However, in order to model properly wall turbulence,
it is necessary to extend the subgrid modelling ideas of Deardorff and Schumaun
and treat the turbulence all the way up to a rigid wall, as in recent work by
Morx and Kni [13]). TUnfcrtunately, in order for MoIx and KnI to rezolve
motions down to the scale of turbulent bursts, which is necessary in order to
capture the mechanism producing the turbulence, thie werk restriction O(R3)
remains. Thus the Reynolds-number restrictions cre ximilar for large-eddy and
full numerical solutions of the Nuvier-Stokes equations that attempt to inte-
grate all the way through the wall laver region.

In rec- at work, YAKHOT and ORszAG [25] have used dynamic renormali-
zation group (RNG) methods to treat wall-bounded turbulence. The idez of the
infra-red RNG methcd is to use perturbation methcds based ¢n the direct-
interzction approximation [26] to eliminate 211 small spatial scales up to the
resolvable grid scale from the Navier-Stokes equaticns. This is done perturba:-
tively by eliminating narrew bands of wave vecters from the dynemics (ree
fig. 10), renormalizing the resulting reduced dynamical equation to Live the
form of the Navier-Stokes equation with moditied viscosity and randem forcing
terms, and then repeating the process iteratively until all the required small
seales are removed. The resulting dyviamical equations invelve a meditied
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eddy viseosity and o orandom fevce, both induced by vencornuization,  The
eddy viscosity is moditied from the Smegorinsky viscesity usad by DEsRbponr,
SeurMaxy and Moy and Kt in the wall regions in which there is imterference
between the eddy and molecular viscosities, This interference effeet is the key
to obtaining a faithful representition of the wall region, Also, the induced

0 & k Aexp[-L] 4

Fig. 10. — A schematic representation of the modal structure of the dynamic renormal.
ization group. Here k, represents wave numbers within the energy-containing range,
while .1 gives the high-wave.number (viscous) cut.-off. Modes in the hatched band
are removed at each step of the RNG procedure.

random furce is Jarge in the butfer laver between the viscous sublayer and the
logarithmic layer, giving a turbulence source in this region. Further work is
now under way applying these RNG-based closures to both large-eddy simula-
tions of turbulent shear flows and to the derivation of new classes of turbulence
transport (Reynolds averaged) equations that should be useful in engineering
applications.

3. - Conclusion.

I have reviewed several areas of activity in the numeiical simulation of
transition and turbulence in which I have been intimately involved recently.
In this short space, it has not been possible to do justice to all of the large number
of researchers involved in these fields; the references do a more complete job of
surveying the literature. The principal conclusions from our studies are:

i) Numerical methods now provide essential information complementary
to that available from experiment and mathematical analysis.

ii) Computational fluid mechanics has now matured, so that there are
techniques that can be reliably applied to the mcst difficult ¢f fluid-mechanical
problems. In contrast to 10 years ago, it is no longer mainly a question of
how to compute a complicated flow, rather, now, it is a question of which flow
to compute in order to extract the most useful information.

-
-~

iii) It i3 crucial, especially in our studies of transitional flows, that we
have used spectral numerical methods (see sect. 1 above). Spectral methods
are so accuriate for these problems that we can confidently conclude thut prop-
erly tested numerical results are true fluid-mechanical results. In coutrast to
finite-difference or finite-element methods in which an inerease in spatial yexolu-
tion hy a fuctor 2 leads to an error decrease by a factor 4 or 8 or so, with spectral
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) methods a factor 2 inevesse in resolution typically deerenses the ertor by several -
orders of ngitude, This permits accurate verification of results, For exanmiple, -
in recent studics of transition in cireslar Conette flow, MARCTs of «l. [27] and i
Mancvs [28] have been able to achieve at least three-decimal-plice agreement -
with experiment on wave speeds, The confidence in these results has permitted :
new analytical inxights into the cheracter of the onxet of wavy instabilitiex of :}
1 Taylor vortices in Couette flow [29], :'
iv) New generations of bigger and faster computers can most profitably t
: be used to extend the range of application of computational fluid dynamies. s
p Transition and turbulence problems in complex geometries with complex .:‘
; physies, like multiphase flows, will surely be the subject of studies in the near 5
y future. :_
| o ;
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