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Introduction  
 
 
Metamaterials are artificial structures, engineered to provide unusual electromagnetic 
properties not found in naturally occurring materials. There are two common design 
strategies: the volumetric metamaterials and the transmission line metamaterials.  

 
Figure 1-1 a) A concept of volumetric metamaterial, b) A concept of transmission-line-based metamaterial 

 
Volumetric metamaterials (Figure 1-1(a)) are based on an array of electrically small 

electromagnetic scatterers (inclusions) embedded into a dielectric host material, at mutual 
distance that is a small fraction of the wavelength. If an electromagnetic (EM) wave impinges 
on this structure, all the local fields scattered from the particular inclusions will change the 
original field distribution. This process is, in principle, very similar to the mechanism of 
electric or magnetic polarization in ordinary, continuous materials. Therefore, the structure 
behaves as a hypothetical continuous material with new (homogenized) values of constitutive 
parameters (permittivity ε and permeability μ). These values are generally different from the 
parameters of the host material and the inclusions. In this way, it is possible to obtain the 
permittivity and permeability values that are not available in Nature. 

The second approach in construction of metamaterials uses an ordinary transmission 
line that is periodically loaded with series and/or shunt lumped reactive elements (Figure 
1-1(b)). If the mutual distance between the loading elements is much smaller than the 
wavelength, the additional reactive elements modify the distributed impedance and 
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admittance (and therefore, effective permeability and effective permittivity). This is the main 
idea of the so-called transmission-line metamaterials. Furthermore, it is possible to extend this 
simple approach to 2D metamaterials [66]. 

There are several classes of metamaterial. Apart from familiar Double-PoSitive 
materials (DPS), there are also materials with Single-Negative (SNG) and Single-Near-Zero 
(SNZ) behavior. This class comprises Epsilon-NeGative (ENG) and Mu-NeGative (MNG) 
materials, as well as Epsilon-Near-Zero (ENZ) and Mu-Near-Zero (MNZ). Finally, there are 
also classes of Double-Negative (DNG) and Double-Near-Zero (DNZ) or Mu-and-Epsilon-
Near-Zero (MENZ) metamaterials [1-4]. 

The majority of proposed applications of metamaterials are based on ‘negative’ (εr<0, 
μr<0, i.e. ENG, MNG, DNG) or ‘plasma-like’ (0<εr<1, 0<μr<1, i.e. ENZ, MNZ) 
metamaterials (εr and μr being relative permittivity and permeability, respectively) [5-15]. It 
would be very convenient if these metamaterials were dispersionless and, therefore, of 
broadband nature (Figure 1-2 (a)). However, it is well known that all ‘negative’ and ‘plasma-
like’ metamaterials exhibit pronounced dispersion (Figure 1-2 (b)), accompanied with a 
narrow operating bandwidth [16]. This is the inherent drawback of all known passive 
metamaterials, which is critical in many applications. A typical example is the anisotropic 
cloak, in which the dispersion limits the fractional operating bandwidth to a value smaller 
than 1% [12-14]. 
 

 
Figure 1-2 (a) Behavior of a fictitious dispersionless metamaterial,  Solid –Epsilon-Near-Zero (ENZ) or Mu- 
Near-Zero (MNZ) metamaterial, Dashed - Epsilon-NeGative (ENG) or Mu–NeGative (MNG) metamaterial, 

(b) Behavior of realistic metamaterial with Lorentz dispersion model (ωp and ωs stand for angular frequencies of 
‘parallel resonance’ and ‘series resonance’, respectively). 

 
Pronounced dispersion of any passive material, relative constitutive parameters of which are 
smaller than one is a very basic issue associated with causality i.e. with dispersion constraints 
[6,7], that are valid for any material (or metamaterial)[ 16]: 
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Here, εr and μr are relative permittivity and permeability, respectively. The circuit 

theory analogue of (1.1) is Foster’s reactance theorem [17]: 
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 Here, X and B stand for the reactance and susceptance, respectively.  
In our recent report (Broadband Epsilon-Near-Zero (ENZ) and Mu-Near-Zero (MNZ) 

Active Metamaterial, FA 8655-10-1-3030, EOARD and AFRL, August 2011 [73]) we  
showed that it is possible to overcome the basic dispersion-energy constraints  (and, therefore, 
to overcome the inherent narrowband operation) of passive metamaterials by incorporation of 
the so-called non-Foster elements into standard transmission-line-based structures. Non-
Foster elements are actually electronic circuits. These circuits employ positive feedback and 
generate either negative capacitance or negative inductance that violate Foster’s theorem [25-
47]. The susceptances of these ‘negative’ elements read: 

.,11
nnC

nn
L CjCjB

L
j

L
jB

n
ωω

ωω
−==+=−=

    (1.3) 
The dispersion curves of negative elements are inverse to their counterparts of the ordinary 
elements (Figure 1-3) 
 

 
Figure 1-3 Susceptances of positive (solid line) and negative (dashed line) reactive elements 

 

 

Figure 1-4 Equivalent circuits of a differential section of different 1D ENZ metamaterials, (a) Passive ENZ 
metamaterial, (b) Active ENZ metamaterial developed in [66,73] 

 
The basic principle of non-Foster metamaterial is briefly explained in Figure 1-4. A 

typical one-dimensional (1D) implementation of an ENZ (or ENG) metamaterial uses a 
transmission line periodically loaded with lumped inductances (Figure 1-4 (a)). Here, Z and Y 
stand for the distributed impedance and admittance of the line, respectively. This equivalent 
circuit describes a well-known wire medium [5]. The resonator in Figure 1-4 (a) is actually a 
tank circuit formed by the line shunt capacitance CΔx (C being the distributed capacitance 
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and Δx being the line segment length) and the lumped inductor L2. This circuit obeys the 
Drude dispersion model (i.e. Lorentz model with ωp=0, Figure 1-2):  
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Within the narrow band above the resonant frequency, the expression in square brackets in 
(1.4) has a value smaller than one, which shows the ENZ behavior (0<εr<1). It is important to 
stress that all known passive metamaterials (Split-Ring-Resonator-based [2,3], wire-based [8], 
Complementary-Split-Ring-Resonator-based [4], transmission-line-based [3], ‘fishnet’-based 

[10] etc.) behave very similarly and, inevitably, also exhibit dispersion. 
In [66,73] we proposed a novel equivalent circuit of an active non-Foster metamaterial 

(Figure 1-4 (b)). It is rather similar to that of a passive metamaterial (Figure 1-4 (a)). The 
important difference is that the lumped inductor L2 is replaced with an artificial negative 
capacitor CN (CN<0) (as mentioned before, this is actually an electronic circuit that employs 
positive feedback and generate negative capacitance [30]). A new CCN ‘tank circuit’ in Figure 
1-4 (b) does not have the usual resonant behavior and the equivalent permittivity is not 
dependent on the frequency:  
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Thus, if (|CN|/Δx)<C, the equivalent permittivity will show an ENZ behavior (0<εr<1) that is 
entirely dispersionless.  

In [66] we have developed several negative capacitors in 2-40 MHZ RF range, in 50-
100 MHz RF range and in 1-2 GHz microwave range with appropriate 1D and 2D ENZ unit 
cells, extracted effective permittivity and verified broadband operation. We have also 
developed an entire three-cell 1D active ENZ metamaterial that has a fractional dispersion 
bandwidth of 200% (more than four octaves). In addition, this line supports counter-intuitive 
superluminal phase and group velocities [73,80,81]. All of the prototypes were ‘hand-crafted’ 
and based on low-cost FET, BJT and OPAMP components. Achieved bandwidth varied from 
one octave (1-2 GHz) to more than four octaves (2-40 MHZ). This is significantly better than 
the bandwidth of any passive metamaterial available at present and, to the best of our 
knowledge, this is the first experimental demonstration of a non-Foster broadband, 
dispersion-less ENZ metamaterial. In addition, in [73] a possible extension of this approach to 
MNZ and MENZ metamaterials was highlighted (Figure 1-5).   

  

  a)                         b) 
Figure 1-5 a) Transmission-line model of 1D active  MNZ metamaterial, (b) Transmission-line model of 1D 

active  MENZ metamaterial  (Cn and Ln stand for the negative capacitor and the negative inductor, respectively). 
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The basic idea of a non-Foster MNZ metamaterial is very similar to the previously explained 
ENZ case. Instead of a shunt negative capacitor, one uses a series negative inductor that 
decreases the distributed inductance, and therefore, decreases the effective permeability 
below the free-space value: 
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In the previous report [73], we have also proposed a possible extension to, both the 
isotropic and the anisotropic, 2D non-Foster metamaterials (Figure 1-6). The unit cells of 
such metamaterials are based on two orthogonal branches with series inductances. By varying 
these  inductances  one can adjust needed values of the (positive) permeability in the x and y 
directions, respectively. Similarly, the shunt susceptance contains a negative capacitor 
(connected in parallel with a distributed capacitance of the transmission line assuring ENZ 
behavior). 
The isotropic versions of the above mentioned active metamaterials are simply constructed by 
selecting identical values of the inductances in the x and y branches. 
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Figure 1-6 Examples 2D anisotropic active non-Foster metamaterials, a) ENZ, b) MNZ, c) MENZ 

 
It is worth mentioning that the results published in our previous report [73], and subsequent 
publications [74-83], significantly enhanced the interest in this new field. Now, there are 
several research groups that actively work in the field of non-Foster metamaterials with 
proposals of novel applications such as squint-free leaky-wave antennas [100], broadband 
PMC surfaces [99] and many others. 

 
Shortly, the study in [73] yielded novel and promising results but several important 

questions remain opened: 
 

1. Is it possible to increase the operating frequency into microwave region by use of 
microelectronic technology?  

2. Is it possible to develop a negative inductance needed for proposed anisotropic MNZ 
and MENZ metamaterials? 

3. Is it possible to develop a non-Foster unit cell that is tunable (with possible adjustment 
of the generated negative capacitance/inductance i.e. the permittivity/permeability to a 
desired value by an external DC control signal)? 
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4. Is it possible to develop a ‘universal’ non-Foster unit cell that is in-situ reconfigurable 
(in order to obtain either DPS-ENZ or DPS-MNZ behavior by external DC control 
signal)? 

5. Is it possible to interface these unit cells (and associated metamaterial structures) with 
free-space for possible scattering applications (e.g. cloaking)? 

 
 
The purpose of the project is, therefore, to provide further insight into issues presented above 
by analytical, numerical and experimental investigation. The most important goal is the 
development of an experimental demonstrator of a tunable/reconfigurable DPS-ENZ and 
DPS-MNZ unit cell operating in the RF band. Finally, a route towards the microelectronic 
realization, that should extend the operating frequency into the microwave regime, is 
proposed. 
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Project objective and realized outcomes 
 
 
 

 
In our recent report (Broadband Epsilon-Near-Zero (ENZ) and Mu-Near-Zero (MNZ) 

Active Metamaterial, FA 8655-10-1-3030, EOARD and AFRL, August 2011 [73]) we  
showed that it is possible to overcome the basic dispersion-energy constraints  (and, therefore, 
to overcome inherent narrowband operation) of passive metamaterials by incorporation of 
non-Foster elements into standard transmission-line-based structures. Indeed, the 
measurements of developed active metamaterials revealed almost dispersionless ultra-broad 
bandwidth of more than four octaves [73,74]. This bandwidth is considerably wider than the 
bandwidth of all passive ENZ metamaterials available at present and this clearly proves the 
correctness of the proposed novel concept.  All experiments in [73] were limited to a maximal 
operating frequency that lied either in low RF range (up to100 MHz) or in low microwave 
range (up to 2 GHz). Maximal frequency was limited by available fabrication facilities at 
University of Zagreb that include only discrete technology and not microelectronic 
processing. Therefore, investigation of possible extension of basic concepts of non-Foster 
metamaterials into UHF or even microwave region has not been attempted so far.  
 In this project, we have extended the frequency of operation into UHF region and, at 
the same time, increased the versatility of non-Foster-element-based metamaterials. It was 
done by the development of specially designed reconfigurable unit cell. This unit cell is in-
situ reconfigurable (by external DC control signal) and able to achieve either DPS-ENZ or 
DPS-MNZ behavior. Using this novel approach, the same unit cell could be inserted into 
various transmission-line-based structures and (depending on its configuration) enable 
different applications such as: cloaking, leaky-wave antennas, artificial DB [94-96] or PMC 
surfaces [99], broadband phase shifters e.t.c.  
 
The work in the project has been divided in the following tasks: 
 

1. Development of a realistic model of negative non-Foster capacitor and associated 
active ENZ metamaterial. This model should be capable of both qualitative and 
quantitative prediction of capacitor behavior (an ideal, dispersionless loss-free model 
used in our previous study [73] was able to qualitatively predict only basic physical 
phenomena). The new model is verified by measurements on the low-frequency 
demonstrator (prototype), in both frequency and time domain.  

 
 

2. Development of a negative capacitor with maximal operating frequency that lies in the 
UHF frequency band. Developed negative capacitor has been equipped with external 
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elements forming a unit cell of active non-Foster ENZ metamaterial.  Since the 
microelectronic technology is not available at University of Zagreb, we opted for the 
realization based the best commercially available discrete of-the-shelf components 
(ultra-high-speed operational amplifiers).  

 
3. Development of a non-Foster negative inductor. In our previous project [73], an RF 

negative capacitor (and associated ENZ metamaterial), operating in 2MHz-40MHz 
band, was successfully developed and tested. In [73], it was noted that the availability 
of a negative inductor would be needed for construction of practical active MNZ non-
Foster metamaterial. Therefore, here we investigate the feasibility of construction of 
stable negative inductor by a two-stage process. In the first step, the selection of the 
most appropriate topology is done and the basic idea is proven by construction of a 
low-frequency RF demonstrator. In the second step, the fabrication and the 
measurement of the improved UHF version of the negative inductor, (based on the 
most advanced commercially available OPamp), is performed.    

 
4. Adding tuneability/reconfigurability features to the developed negative 

capacitors/inductors and to the unit cells of associated metamaterials. It is done by the 
investigation of possible methods of tuning based on commercial varactors and PIN 
diodes. The associated prototypes of unit cells of ENZ/MNZ metamaterials are 
designed, manufactured and tested. 

 
The main realized outcomes of the project are: 
 

• We have improved understanding of the basic physics of a negative capacitance 
phenomenon by the analysis of a response of a negative capacitor to the pulse 
excitation. Towards this end, we have developed a low-frequency laboratory 
demonstrator based on a commercial integrated audio amplifier. Developed model 
generates large negative capacitance (-1.2μF to -0.6μF in the frequency range from 1 
kHz-25 kHz). Such large values of negative capacitance bypasses the problem of 
oscilloscope input capacitance and enable direct measurements in the time domain. 
All the measurements show that a negative capacitor could be interpreted as a 
generator/sink.  Generator/sink helps in charging/discharging of the external 
additional positive capacitor. This process alters the overall value of capacitance and 
leads to the ENZ behavior. 

• We have improved the analysis of stability of negative-capacitor-based metamaterials. 
The previous approach developed in [73] used a very simple dispersionless model of a 
negative capacitor that is not causal. We have developed a more realistic one-pole, 
two-pole and three-pole models of a dispersive negative capacitor [97]. Developed 
model showed very good agreement with both SPICE-based simulations and the 
measurements on the manufactured prototypes across the whole operating bandwidth. 

• We have performed a detailed experimental investigation of recently observed 
simultaneous superluminal phase and group velocities in non-Foster ENZ 
metamaterials [73,80] and found that, although being counter-intuitive, this behavior 
is in a perfect agreement with causality requirements. Simply, the group velocity is not 
equal to the energy velocity. The concept of group velocity covers the components of 
the input signal present only in the steady state condition. However, the spectrum will 
never be finite in the transient state (the switching-on phase of the generator). In the 
transient state, there is always a fraction of energy (however, small it is) that lies 
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outside the operating band and it travels with the speed of light, preserving the 
causality. 

• We have investigated the basic physics of negative non-Foster RLC tank circuit. A 
simple analytical study revealed that this circuit is stable if it is driven by a generator, 
internal resistance of which is smaller than the absolute value of negative resistance in 
the non-Foster RLC tank circuit. We have manufactured the experimental prototype 
operating in the lower RF region (up to 70 MHz) and the measurements of input 
reflection coefficient indeed showed a stable behavior. To the best of our knowledge, 
this is the first experimental demonstration of stable negative RLC tank circuit. 

• We have analyzed the feasibility of increase of the highest operating frequency of a 
non-Foster ENZ metamaterial towards UHF and microwave parts of the EM spectrum. 
We have designed, simulated and built the prototypes of the active ultra-broadband 
non-Foster ENZ unit cells that operate from 1 MHz to 700 MHz. This bandwidth 
(1:700 or more than 9 octaves) surpasses the bandwidth of all passive and active 
metamaterials available at the present state of the art. The main part of the developed 
unit cell is a negative capacitor based on a commercial ultra-fast OPamp or on an 
integrated gain-block with modified feedback. Developed negative capacitor generates 
a capacitance of -5 pF with negligible losses (the losses are an order of magnitude 
lower than those in [73]) across the whole bandwidth. We believe that the achieved 
bandwidth can be hardly improved further without switching to the microelectronic 
technology (specially designed MMICs). 

• We have analyzed a feasibility of construction of a stable RF negative inductor that 
would enable development of non-Foster MNZ metamaterials [73]. Unexpectedly, we 
have found that it is a much more difficult task than a construction of a negative 
capacitor. Difficulties arise from the low-frequency instabilities caused by the 
inductor-based positive feedback. We have bypassed this problem by the introduction 
of a lower cut-off frequency of a negative inductor. In this way, a point of potentially 
unstable operation was moved below the operating frequency range. We have 
designed, simulated and measured two prototypes of negative inductors and associated 
MNZ unit cells. The first prototype uses a modified Kolev’s circuit [59] and generates 
effective inductance of -60 nH within the  bandwidth 1 MHz-50 MHz. The second 
prototype uses an OPamp and it generates effective inductance of –10 nH within the 
bandwidth 100 kHz–700 MHz. As far as our knowledge goes, these are the best 
results available at the present state of the art (using technology of discrete 
components). Further improvement could eventually be possible by the use of 
microelectronic technology. Our numerical study showed that it should be possible to 
increase the highest operating frequency above 10 GHz by the use of standard 63 nm 
CMOS technology. 

• We have analyzed a feasibility of adding tuneability/reconfigurability features to the 
developed negative capacitors/inductors and the associated unit cells of ENZ/MNZ 
metamaterials. In order to achieve this goal, we have built two prototypes based on 
two different approaches: tuning based on a variable positive feedback loop and 
tuning based on a variable negative feedback loop. In the first approach (a case of the 
negative capacitor), the key element is a varactor diode that allows direct tuning of the 
effective capacitance (by applying an external DC voltage). Achieved capacitance was 
between -25 pF and –100 pF within the bandwidth 1 MHz-40 MHz (OPamp-based 
prototype). In addition, the range between -1 pF to -3 pF within the bandwidth 100 
kHz-700 MHz (improved OPamp-based prototype) was designed. In the case of the 
negative inductor, we used a PIN diode configured as a variable resistor that controls 
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the gain and, therefore, the value of generated effective inductance. Achieved 
effective inductance was between -5 nH and -9 nH, within the bandwidth 100 kHz-
700 MHz. Finally, we have built and tested  associated reconfigurable DPS-ENZ and 
DPS-MNZ unit cells. 

• We have analyzed a feasibility of extension of the developed planar ENZ/MNZ 
metamaterials toward volumetric applications. The approach was based on 
‘interfacing’ the TL structure to free-space via an array of ‘antennas’.  Full-wave 
simulations proved correctness of the basic idea.  
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Background physics of practical non-Foster metamaterials  

 
3.1. Previous work: The unclear issues of physics of non-Foster 
elements 
 

The basic element of any broadband non-Foster metamaterial is a non-Foster element 
itself (i.e, a negative capacitor or a negative inductor). Practical non-Foster metamaterials 
developed so far were predominantly based on negative capacitors [65-68,73-83].  A negative 
capacitor  Cn (Figure 3-1 (a)), briefly explained in Chapter 1, is a hypothetical network 
element, capacitance of which has the sign opposite to the sign of an ordinary (positive) 
capacitor Cp with equal capacitance: 

 
.0,0, ><−= pnpn CCCC     (3.1) 

 
A negative capacitor may be thought as a positive capacitor with flipped sign of the 

current (while the sign of the voltage across the capacitor terminals remains unchanged): 
 

( ) ( )[ ]∫ ∫∫ −=−== .11)(1 dtti
C

dtti
C

dtti
C

v
ppn    (3.2) 

 
Here v(t) and i(t) stand for the voltage and current defined at the capacitor terminals 

(Figure 3-1 (a)). It is known that an ordinary capacitor is a passive element, usually defined 
(in the circuit theory) as a reactive load. Thus, the current i(t) flows into the positive terminal 
of an ordinary (positive) capacitor. However, (3-2) shows that the current i(t) flows  out of  
the positive terminal of a negative capacitor. Due to this, the negative capacitor should be 
thought of as a (reactive) source. As it was shown in Figure 1-3 (and, for the sake of 
convenience, repeated here in Figure 3-1) the dispersion curve of the negative capacitor is the 
exact inverse of the dispersion curve of an ordinary capacitor.  In other words, the negative 
capacitor obviously violates Foster’s reactance theorem (1.2).  

The violation of (1.2) is actually not surprising since the negative capacitor is a source 
(i.e. it is an active device). On the contrary, Foster’s theorem is strictly valid only for lossless 
passive networks.  

From a practical point of view, it is important to construct a circuit that can flip the 
sign of the current in (3.2) (i.e. to invert the direction of the current flow while the voltage 
remains unchanged). One possible way of achieving this ‘inversion’ is sketched in Figure 3-1 
(b). 
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Here, a positive (grounded) capacitor Cp is connected in series with a voltage source 
v0(t) that is controlled by the input signal v(t) (dependent source). The amplitude of v0(t) is 
chosen to be twice the amplitude of the input signal (v0(t)=2v(t)).  Since the voltage drop 
across the capacitor is now negative (v(t)-2v(t)=-v(t)), the net current i(t) flows outward. 
Practically speaking, the dependent voltage source (v0(t)=2v(t)) can be implemented by an 
(ideal) amplifier with (voltage) gain A=+2. 

 
In principle, it is straightforward to generalize this simple principle to the circuit that 

does impedance inversion of any passive lumped element (Figure 3-2). 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 Repeating above analysis in phasor domain, one simply finds that the input 

impedance is given by: 

 
Figure 3-1 (a) Dispersion of a susceptance of various capacitor types. Cp (positive capacitor): solid blue 
curve, Cn (negative capacitor): dashed red curve. (b) Evolution of a model of negative capacitor. Cp2 is a 
additional stabilizing (‘swamping’) capacitor used for ENZ effect 

 

Figure 3-2 An example of the general operating principle of negative non-Foster impedance, based on a 
current negative impedance converter (INIC) 
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( ).1 AZ

I
VZin −⋅==        (3.3) 

 
In the case of an amplifier with fixed gain A=+2, (3.3) leads to a simple impedance 

inversion (Zin=-Z). The circuit in Figure 3-2  is the so-called current negative impedance 
inverter (INIC) [30-36,73]. It is able to generate (depending on the character of impedance Z) 
negative resistance, negative capacitance, and negative inductance. Of course, it is possible to 
achieve the impedance inversion in other ways, as well. Looking back to (3.1) one could have 
flipped the sign of the voltage v(t) or time t. These options would have led to the voltage 
negative impedance converter (VNIC) and a time-reversal circuit, respectively. The general 
theory can be explained equally well by any type of the NIC. However, the majority of 
practical devices developed in this project are of the INIC and, therefore it is used in all 
subsequent discussions.  

It is important to notice that an idealized model in Figure 3-1 is dispersionless, i.e. a 
generated capacitance (or inductance) is not dependent on frequency, at all. It is interesting 
that many authors do not consider possible practical realization of it at all. Instead, they deal 
with a negative capacitor as an ordinary circuit element, defined in a formal mathematical 
way, Cn<0.  Sometimes, this simple approach is able of predicting (qualitative) behavior of 
the specific network.  

For instance, this simple dispersionless model was used as a basic idea of capacitance 
decrease phenomenon (1.5) that led to the first practical non-Foster ENZ metamaterial 66]. 
Practical realization directly used the INIC approach from Figure 3-1. It was based on the 
AD8099, an ultra-fast voltage feedback operational amplifier (Figure 3-3 (a)) [73]. The circuit 
generates a negative capacitance, value of which can be adjusted (by varying a capacitance of 
C1) to an arbitrary value in the range -20 pF to -100 pF, in the frequency band 2 MHz-40 
MHz. 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
Three negative capacitors were built and the measurement of input reflection coefficient 
revealed stable operation with an input capacitance of -60 pF in the frequency range 2 MHz-
40 MHz. A simple, air transmission line was manufactured and periodically loaded with three 
negative capacitors [74] (Figure 3-3 (b)). The distance d between the elements was much 
smaller than the wavelength (approximately λ/20 at the highest frequency, λ being the free-
space wavelength). According to the simplified explanation in (1.5) (the decrease of the 

a)     b)   

 

Figure 3-3 a) OpAmp-based RF negative capacitor, b) 1D ENZ metamaterial based on a transmission line 
loaded with three negative capacitors ( [74]) 
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distributed shunt capacitance of the host transmission line by an ideal negative capacitor) one 
would (naively) expect the entirely dispersionless behavior of equivalent permittivity. 
However, complex permittivity extracted from the measurements of scattering parameters 
(Figure 3-4) shows only approximately dispersionless behavior.   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
The real part of the effective permittivity is nearly dispersionless (it varies from 0.27 to 0.37 
in the frequency range of more than four octaves (2 MHz to 40 MHz). At the same time the 
change of the imaginary part is more pronounced (it varies from +0.8 to -0.5). It can be 
guessed that the non-ideal, slightly dispersive behavior of a real part of the permittivity occurs 
due to a non-ideal amplifier in Figure 3-2 that obviously introduces some signal delay.  
However, it is not so straightforward to guess the origin of the pronounced dispersion of the 
imaginary part of equivalent permittivity that has both positive and negative signs. Although 
it is intuitively clear that every realistic negative capacitor (or more generally, every non-
Foster element) must be frequency-limited, simple realistic models are not available. Thus, in 
this case, a simple model of a negative capacitor predicted correct quantitative behavior, but, 
it was not able to predict accurate dispersion characteristic.  

Furthermore, the formal mathematical model of a negative capacitor (Cn<0) says 
almost nothing about the background physics. What is the physical mechanism of the 
capacitance decrease in (1.3)? Does the negative capacitor somehow changes the net charge 
in the shunt branch of the unit cell in Figure 1-4 and, therefore, alters the equivalent 
capacitance? Does the energy flow into or out of the negative capacitor?  

There are several other problems with the simple dispersionless model of a negative 
capacitor. The (entire) absence of the dispersion in ENZ metamaterial would mean the 
existence of superluminal group velocity at every frequency (i.e. the existence of  
superluminal energy propagation), which clearly violates causality. Again, it was noted that 
this paradox can be resolved by assumption that every realistic negative capacitor is always a 
frequency-limited device [74].  

Even more striking example is the charging of the capacitor C by connecting it 
suddenly to a DC source via the resistor R [26]. From very basic physics, it is known that the 
voltage across the capacitor v(t) has exponential form: 
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Figure 3-4 Measurement results of an active 1D non-Foster ENZ metamaterial [74], Solid–real part, Dashed – 
imaginary part 
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Here, VB stands for the voltage of the DC source (a battery), t is the time and τ=RC is 
the time constant. In the case of an ordinary capacitor, both R and C are positive numbers. 
Therefore the time constant τ is a positive number, as well. This leads to a familiar 
exponential growth of the voltage until it reaches the voltage of the battery.  However, in the 
case of a negative capacitor, the time constant τ is negative (due to C<0) causing an 
unbounded exponential decay. As time increases, the voltage decreases towards (negative) 
infinite value, causing infinite stored energy in the negative capacitor.  At the same time, the 
power dissipated at resistor R increases towards infinite value. These effects do not seem to 
have a solid physical basis. This example shows  that a negative capacitor is, under some 
circumstance,  unstable (in practice, an onset of the oscillations will occur instead of the 
constant growth of the negative voltage). Actually, a negative capacitor cannot be used as a 
single isolated element because it is inherently unstable. Of course, one can work out the 
natural response of the circuit [73,46]. This analysis shows that there is a pole located in the 
right-hand-side of a complex plane. Formally, occurrence of instability occurs due to this 
pole.  However, again it says nothing about the physical origin of the instability. Additionally, 
previous studies showed that a frequency-domain approach to stability issue completely fails 
here [73,46]. If one evaluates the absolute value of a reflection coefficient, he will get unit 
value, exactly as it would be in the case of an ordinary capacitor. So, one could (wrongly) 
conclude that the negative capacitor is a stable device. 

For stable operation, a negative capacitor should always be connected to other 
(swamping) network elements. For instance, let us analyze a parallel combination of a 
positive capacitor Cp and a negative capacitor Cn. One easily deduces that the positive 
capacitor should have capacitance larger that the capacitance of the negative capacitor in 
order to assure stability. In other words, the overall capacitance Co should be positive: 

 
.,0 npnpnp CCCCCCC >−=+=      (3.5) 

 
In attempt of generalization of (3.5) one may say that the positive overall capacitance along a 
closed loop is enough to assure stability.  Although, this is usually believed so, the recent 
studies [73,46] showed that this is not true. The stability criterion is much more complicated 
and it depends on the network topology (therefore on the external passive elements connected 
to a negative capacitor).  

There is also an unclear issue of ‘boosting’ of the negative capacitance. Let us assume 
that there is a negative capacitor Cn connected in a series with the positive capacitor Cp. In 
addition, let us assume that the capacitance of the positive capacitor is larger than the 
capacitance of the negative capacitor. A simple calculation shows that the overall capacitance 
should be negative and larger than a capacitance of the active negative capacitor: 
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What is the physical background of this  ‘boosting’ phenomenon?  

Brief discussion above clearly shows that the basic physics of the negative capacitor is 
indeed counter-intuitive and that it should be investigated in time domain. There are three 
main problems with a simple, ideal, dispersionless model of a negative capacitor (Cn<0): 

 
• A dispersionless model can predict qualitative behavior but only within some 

finite bandwidth (the bandwidth, in which a practical negative capacitor 
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generates negative capacitance). Outside this band, the model should not be 
used at all (even for qualitative analysis) because it gives unphysical behavior 
(cases with pulse excitation, transient effects e.tc). This is a direct consequence 
of the fact that the ideal model is not causal. Capacitance of every practical 
negative capacitor change with frequency. When frequency increases, the 
capacitance must become positive at some frequency. 

• A dispersionless model is useful only in the case of low losses of a realistic 
negative capacitor. Inclusion of the shunt resistor in the model can 
(approximately) describe the losses. However, this approach cannot predict the 
negative input conductance that occurs quite often in the negative capacitors.  

• A dispersionless model cannot predict any quantitative behavior. Therefore, it 
cannot be used for the design that should meet some prescribed specifications.  

 
 
3.2. Investigation of basic physics of negative capacitor in time domain 
(*The part  of the results presented in the sections 3.2. were achieved with the help of  Boris Okorn, who is a 
Ph.D student at University of Zagreb). 

 
Recently, the negative capacitor was experimentally investigated in frequency domain, 

as a part of the metamaterial-based active transmission line [73,46,74 ]. In the same study, it 
was stressed that the analysis of basic physics in general, and of the stability, in particular, 
should be performed in time-domain. This is due to previously noted fact that ordinary 
frequency domain methods of assessing stability fail for the case of negative elements [73,46 
]. On the other hand, the time-domain measurements of the negative capacitors are difficult in 
the RF regime since associated values of capacitance are usually of the same order of 
magnitude as the capacitance of the oscilloscope probe (a few pF). Therefore, it was decided 
to relax this constrain by construction of a low-frequency laboratory model of a negative 
capacitor that can generate high values of the capacitance (in order of μF).  This model should 
enable direct investigation of physics of the negative capacitor and, hopefully, help in 
understanding of some counter-intuitive basic issues.   
 
3.2.1 Construction and initial testing of a low-frequency demonstrator 
 
The experimental low-frequency prototype of a negative capacitor is shown in the lower part 
of Figure 3-5 (a). The design of the negative capacitor closely follows the basic idea from 
Figure 3-1 and it is actually a low-frequency version of our previous RF prototypes [7374]. It 
is based on an integrated audio amplifier LM1875 and it was designed in a way that enables 
generation of a rather large negative capacitance (-1.2 μF). This large value is almost 
insensitive to the capacitance of the oscilloscope probes, assuring simple and reliable time-
domain measurements. At first, the basic properties of negative capacitance circuit were 
investigated using a commercial circuit-theory simulator (ADSTM). A sample of predicted 
values of generated input negative capacitance and parallel conductance is shown in Figure 
3-5 (b) and (c). It can be seen that the circuit generates almost constant capacitance of -1.2 μF 
with negligible conductance (<–5mS) in the frequency range 1 kHz-25 kHz.  
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In the first experiment, the stability of the negative capacitor was checked. Several 

different parallel combinations of positive and negative capacitors were used for this purpose. 
The voltage across the negative capacitor and the current flowing through it were monitored 
by a digital oscilloscope (Tektronix TDS 2024B) and the current probe (Tektronix TM502A 
with AM503 amplifier). It was found that no voltages or currents existed in the loop if 
|Cp|>|Cn|. On the contrary, if |Cp|<|Cn| the circuit was unstable (the negative capacitor circuit 
was oscillating and associated waveforms resembled those from ordinary relaxation oscillator. 
In addition, a trimmer resistor was connected in series with the negative and positive 
capacitors, forming a closed loop. It was found that this combination was stable for vary small 
values of the resistance (<5Ω). If the resistance is increased above this value the circuit 
becomes unstable. It is in excellent agreement with the theoretical results from [73,46]. This 
clearly shows that the stability does not depend on the negative capacitor only, but rather it 
depends on the topology of the whole network including external elements.  

 
 

 
 
 
3.2.2 Direct observation of negative capacitance 
  

(a) 

 
   b)      c) 
 

Figure 3-5  a)Experimental realization of a low-frequency negative capacitor demonstrator, b)Simulated 
input capacitance, c) Simulated input conductance  
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In the second experiment, a simple RC filter (an integrator) was constructed (Figure 
3-6). It comprised a resistor (R=3900 Ω) and a positive capacitor (Cp=1.5 uF). The function 
generator, adjusted to generate sinusoidal signal at the frequency of 2.4 kHz, was used as a 
source. The measured waveforms revealed familiar positive phase shift of +90° between the 
voltage and current at the positive capacitor.  However, the phase shift between the voltage 
and current at the negative capacitor (Figure 3-6 (b)) was found to be negative (-90°), thus the 
voltage signal leads the current signal for all the frequencies within the range of 1 kHz-25 
kHz. It resembles a property of an ordinary inductor. However, if one evaluates the reactance 
(V/I), he will reveal a decrease with the respect to the frequency. This is a direct proof of the 
negative capacitance. Due to small inherent losses the phase shift was not exactly equal to -
90° for all the frequencies. However, the basic phenomenon was proven.  
 

 
 
 
3.2.3  Capacitance decrease phenomenon (ENZ phenomenon)  

 
In this step, the capacitance decrease phenomenon was investigated. The waveform of the 
signal generated by the function generator was adjusted to a square wave. The rectangular 
signal is needed for the investigation of the energy exchange between the positive and 
negative capacitors (Figure 3-7). When the negative capacitor is disconnected from the 
network, one has an ordinary (passive) integrator circuit. It has familiar waveforms that show 
charging and discharging of the positive capacitor (the integration) ( 
Figure 3-7 (a)). However if the negative capacitor is present, the situation is fundamentally 
different ( 
Figure 3-7 (b)). At first, one notices that the output voltage reaches its final value sooner than 
in a previous case (the curve has a steeper slope). In the same graph it can be seen that the one 
current flows from the negative capacitor while the second current flows into the positive 
capacitor. The current that flows into the positive capacitor is larger than the current which 
would flow into it if the negative capacitor were disconnected. Therefore, it can be concluded 
that the negative capacitor is indeed a source that helps in charging the positive capacitor 
when the square wave at the input of the network has positive amplitude. However, it is also a 
sink (in other words, a source with reversed polarity) that helps in discharging the positive 
capacitor when the input square wave has negative amplitude. Very similar behavior was 
observed for the other frequencies in the whole frequency bandwidth of the experimental 
model (1 kHz - 25 kHz).  
 

Figure 3-6: a) Experimental integrator circuit with positive capacitor Cp and negative capacitor Cn, excited 
by a sinusoidal signal. b) Measured waveforms at Cp: voltage (dashed blue) and current (solid green).  
c) Measured waveforms at Cn: voltage (dashed blue) and current (solid green). 
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3.2.4  Negative capacitance boosting phenomenon  
 

In this step, the ‘boosting’ of the negative capacitance was investigated (Figure 3-8). 
The circuit comprise a series combination of a positive capacitor (+3 μF) and a negative 
capacitor (generated by low-frequency demonstrator) (-1.2 μF). Analysis of the charging 
curve revealed generation of the negative capacitance that is 70% larger than the capacitance 
generated by the active circuit itself. The physical explanation is similar to that from the 
previous experiment. The negative capacitor now helps in charging/discharging of both 
positive capacitors. This allows the series combination of the positive and negative capacitor 
to be interpreted as the new equivalent negative capacitor. Achieved overall negative 
capacitance is larger than the negative capacitance obtained by the active circuit in the case 
with no additional positive capacitor.   
 

 
 

Figure 3-7: Measured waveforms on experimental integrator circuit with positive capacitor (Cp) and 
negative capacitor (Cn), excited by a signal with rectangular waveform 
a) Input voltage (doted blue), output voltage (dashed blue) for the integrator with a positive capacitor, 
current (solid green) that flows into the positive capacitor (Cp) 
b) Input voltage (doted blue), output voltage (dashed blue), the current that flows into positive capacitor  Cp 
Cp (solid green) and current that flows out from the negative capacitance Cn (dotted red) 
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As a simple cross-check of the operation of low-frequency negative capacitance 
demonstrator, the values of generated negative capacitance were extracted from the time-
domain measurements, (using a circuit from Figure 3-6 (a)). Obtained results (Figure 3-9) 
showed that the developed circuit generated the negative capacitance from -1.2 uF to -0.6 uF 
within the frequency range of 1 kHz-25 kHz. It can be observed that the circuit indeed 
generates almost constant, large negative capacitance (-1.1 uF) in a wide frequency range (5 
kHz-15 kHz).  

(a) 

 
(b)     (c) 

 

 
Figure 3-8 a) Experimental circuit for investigation of negative capacitance boosting phenomenon 
 b) Measured input voltage (doted blue), output voltage (dashed blue) for integrator with a positive capacitor, 
current (solid green) that flows into the positive capacitor (Cp) 
c) Measured input voltage (dotted blue), output voltage (dashed blue, ), the voltage on negative capacitor Cn 
(dot- dashed ), the current through the positive capacitor Cp (solid green) and the current that flows out from 
the negative capacitance Cn (dotted  red) 

Distribution A:  Approved for public release; distribution is unlimited.



Chapter 3 - Background physics of practical non-Foster metamaterials 32

 
 
All the results presented in this section show that time-domain analysis gives a deep insight 
into the physics of non-Foster capacitor. In addition, it is clear that the dispersion of realistic 
negative capacitor is a key issue that somehow should be incorporated into the basic model 
from Figure 3-1. This is attempted in the next section.  
 

 
3.3. Improvement of model of negative capacitor   
 

In the first step, one may try to model a realistic negative capacitor as a parallel 
combination of the conductance G and an ideal non-Foster negative capacitance Cn (Figure 
3-10). (Of course, the model based on a series combination of a resistor and a negative 
capacitor is mathematically correct, as well. However, this model is inconvenient since the 
negative capacitors are usually used in a shunt branch of the host transmission line.) 

 In the case of an ideal amplifier (in Figure 3-1), the voltage gain A is a real number 
and there is no signal delay across the amplifier. In the frequency domain (phasor domain), it 
means that there is no phase shift between the input and output signals. If one draws the 
phasor diagram (Figure 3-10 (a)), he will find that the input current lags the input voltage, 
thus the input impedance is a pure negative capacitance. However, every realistic amplifier 
always introduces some delay or (in the frequency domain) some phase shift Φ (in other 
words, the gain A is a complex number). The phasor diagram for this case is sketched in 
Figure 3-10 (b). A simple analysis shows that in this case there is a component of the input 
current that is 180 degrees out of phase in respect to input voltages. Thus, the origin of 
negative input conductance (that often occurs in realistic negative capacitors) lies in the 
inevitable phase shift of the used active element.  

This brief analysis shows importance of the phase shift (or, more generally, complex 
gain) of the active element used in negative capacitor. In the following sections, this issue is 
investigated in more details. Obtained analytical results are cross-checked by SPICE 
simulation of a low-frequency demonstrator based on the LM1875 OPamp (section 3.2). 

 

 
Figure 3-9 Values of negative capacitance extracted from the time-domain measurements. Dots (blue): raw 
data,  Dotted green curve: 4th order polynomial fit 
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3.3.1 One-pole model of the negative capacitor 
 

As mentioned before, every realistic amplifier introduces some signal delay (dependent on 
the used elements and internal construction of the amplifier). In the frequency domain, it 
means that the gain (both the magnitude and phase) is a function of frequency. In circuit 
theory, the transfer function of an amplifier is often described by the n-pole model: 
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Here, A0 stands for the zero-frequency gain and ωi is the angular frequency of i-th pole. The 
number of poles that is needed for description of some device depends on the required 
accuracy and device’s internal construction.  

Let us start with a very simple one-pole model. It is a simple exercise to derive the 
input admittance of the realistic negative capacitor:  
 

a)  

b)  
Figure 3-10 Phasor diagram for a negative capacitor. a) ideal case with zero-valued time delay (there is no 
phase shift in dependent voltage source) b) realistic case with finite time delay (there is a phase shift in 
dependent voltage source) 
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Equivalent input capacitance and inductance (Cn, Gn) of the LM1875 OPamp-based negative 
capacitor were calculated using (3.8). The element values from Figure 3-5, together with the 
frequency of the first pole (found in the manufacturer’s data sheet) were used in calculation. 
The results are shown in Figure 3-11. It can be seen that the input capacitance becomes 
positive above the frequency of the first pole, which is physically sound.  However, the input 
conductance remains negative for all of the frequencies up to infinity. This is clearly a non-
physical result that shows that the one-pole model is not a good description of a realistic non-
Foster negative capacitor.  
 
 

 
 
 
 
 

 
a) 

b)      c) 
Figure 3-11 One-pole analysis a)  Equivalent input conductance G, b) Equivalent input capacitance Cn , c) 
Equivalent input capacitance Cn plotted in logarithmic scale that prompts a flat frequency response across wide 
bandwidth. (fp1= 250 kHz)  
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3.3.2 Two-pole model of the negative capacitor  
 
One may say that the unrealistic results obtained by the one-pole model are not surprising 
since the phase shift of the amplifier has a maximal value of 90 degrees. Adding the second 
pole to the transfer function leads to the maximal phase shift of 180 degrees, which is more 
realistic. Again, the input admittance is calculated using the basic circuit equations: 
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     (3.9) 

 
Similarly to the previous case, equivalent input admittance was calculated using the 
manufacturer’s data for the frequencies of the first and second pole.  Obtained results are 
shown in Figure 3-12.  It can be seen that the behavior of the input capacitance Cn remained 
similar to the previous one-pole case. The difference is in the occurrence of a slight 
overshoot. The curve of the equivalent conductance Gn is still negative within the large part of 
the frequency spectrum and it asymptomatically approaches zero for the frequencies above 10 
MHz. This behavior does not seem to be physical. In addition, an unexpected, pronounced 
‘dip’ at the frequency of 800 kHz is noted.  
 

 

 
a) 

b)      c) 
Figure 3-12 Two-pole analysis a)  Equivalent input conductance Gn, b) Equivalent input capacitance Cn , c) 
Equivalent input capacitance Cn plotted in logarithmic scale that prompts a flat frequency response across wide 
bandwidth. (fp1= 250 kHz, fp2 = 1 MHz) 
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3.3.3 Three-pole model of the negative capacitor 
 

The next step is a three-pole analysis. The source voltage and input admittance are 
given by: 
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The results of calculation of a three-pole model are given in Figure 3-13. It can be 

seen that both the conductance and capacitance become positive numbers at high frequencies. 
This is causal behavior, therefore, the three-pole model appears to be physically correct.   

 

 
 
In order to validate the three-pole model we performed circuit-theory simulation of the 

negative capacitor using manufacturer’s SPICE model of the LM1875 amplifier. It should be 
noted that all other passive components are assumed to be ideal. It can be seen (Figure 3-14) 
that obtained results are in a good agreement with three-pole analysis.  

 

  

a)      b) 
Figure 3-14  Results of SPICE simulation of  input impedance of LM1875-based negative capacitor  a) 
equivalent input conductance Gn, b) equivalent input capacitance Cn 

  
 

a)      b) 
Figure 3-13 Three -pole analysis a)  Equivalent input conductance Gn, b) Equivalent input capacitance Cn  

(fp1= 250 kHz, fp2 = 1 MHz, fp3 = 3 MHz) 
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The three-pole mode can be used for the theoretical investigation of the 'boosting' 
phenomenon that was studied experimentally in the section 3.2.4. We compared two different 
cases. The first case (Figure 3-15 (a)) deals with ‘boosted’ negative capacitor of capacitance -
2 μF (a series combination of a positive capacitor (+3 μF) and a negative capacitor (-1.2 μF)). 
The second case (Figure 3-15 (b)) deals with a negative capacitor of -2 μF.  It can be seen that  
the bandwidth of the ‘boosted’ negative capacitor is narrower than the bandwidth of a 
‘regular’ negative capacitor. Additional interesting observation is that the generated 
conductance is lower in the case of ‘boosted’ capacitor. Thus, the boosting might be useful for 
lowering loss/gain of the negative capacitor (but, at the cost of bandwidth).  
 

 
 

Finally, we measured the input admittance of the low-frequency demonstrator with the help of 
an Agilent 4294A impedance analyzer. The standard method with additional stabilizing 
(‘swamping’) positive capacitor was used in extraction. The results are shown in Figure 3-16 
and Figure 3-17. At first, the isolated stabilizing capacitor was measured (Figure 3-16). After 
that, the stabilizing capacitor was connected to the negative capacitor and input admittance is 
measured (Figure 3-17 (a)).  Using obtained data, the equivalent capacitance and conductance 
of the negative capacitor are extracted (Figure 3-17 (b)).  At first, it can be seen that the used 
stabilizing capacitor was of rather poor quality (there is a resonance at 450 kHz). The similar 

a) 
 

b) 
 
Figure 3-15  The 'boosting' of the negative capacitance. a) Gn and Cn of a 'boosted' negative capacitor  , b) Gn 
and Cn of a ‘regular’ negative capacitor  
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resonance can be spotted in the curve of extracted negative capacitance (located at the slightly 
different frequency of 350 kHz). This happened because the same type of the (low quality) 
capacitor was used in the feedback loop. These irregularities should disappear with the use of 
the capacitors with higher quality. Apart from these unwanted resonances associated with 
technological problems, the general behavior of both the input capacitance and input 
conductance (Figure 3-17 (b)) was found consistent with the prediction from the three-pole 
model. It can be seen that around the frequency of 250 kHz (the frequency of the first pole), 
the capacitance becomes a positive number. This is in a very good agreement with the 
prediction from the three-pole theory.   

 

 
 

 
a)      b) 

Figure 3-17 (a) Measured capacitance and conductance of the  negative capacitor (low frequency demonstrator) 
with connected ‘swamping’ positive capacitor Cp (b) Extracted values of the input capacitance and input 
conductance for low-frequency demonstrator. 

 
 

It can be concluded that three-pole model of negative capacitor is physically sound and 
accurate. It can predict both qualitative and quantitative behavior of a realistic negative 
capacitor.   
 

 
Figure 3-16  Measured capacitance and conductance of the ‘swamping’ positive capacitor Cp  
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3.4. Phenomenon of simultaneous superluminal phase and group 
velocities 
 

The phase velocity (vp) is one among the fundamental quantities in the electromagnetic 
theory, defined by [16]: 
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Here, ω stands for the angular frequency, c is the speed of light, k is a real-valued wave 

vector and n=n’-jn’’ is the complex index of refraction. If εr (or μr) has a real part that is 
smaller than one (a case of ENZ or MNZ metamaterials) the phase velocity becomes 
‘superluminal’ (vp>c). It is well known that the superluminal phase velocity does not violate 
causality. The phase velocity is just a velocity of the point of a constant phase of a 
monochromatic signal, so it is not a ‘physical’ velocity [16]. In spite of this, the effect of 
superluminal phase velocity is essential for many potential engineering applications based on 
transformation electromagnetics. These include the invisibility cloaks [5,6], the field 
concentrators and wavefront converters [12,13,]. Unfortunately, the operating bandwidth of 
all these devices is inherently narrow (a typical relative bandwidth is smaller than 1% (1:1.01) 
[14].  This happens because a band with either ENZ (0<εr<1) or MNZ (0<μr<1) behavior (i.e. 
the ‘superluminal band’) is always finite and dispersive. Of course, this is the consequence of 
the energy-dispersion constraints (1.1) or, in other words of the Foster theorem, (1.2). 
Essentially, the superluminal phase velocity is a resonant narrowband phenomenon.  

The second fundamental velocity is the group velocity (vg), defined as the velocity of an 
envelope of a narrowband multi-frequency signal [16,17] : 
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Strictly speaking, the superluminal group velocity violates dispersion constraints. 
Therefore it occurs only in the vicinity of either an absorption line or a gain line (this is a 
well-known case of the anomalous dispersion [16], which is again a resonant narrowband 
phenomenon). However, the preliminary results recently shown in [73,74] demonstrated that 
non-Foster ENZ metamaterial supports simultaneous (and nearly dispersionless) superluminal 
phase and group velocities. Here, we report the detailed experimental investigation of these 
counter-intuitive effects and correlate them to the model of the negative capacitor. This 
investigation is done both in the frequency and time domain. The used non-Foster ENZ 
metamaterial was a transmission line loaded with three negative capacitors, previously 
developed in our group and used in several experiments [73] (and briefly reviewed in section 
3.1). The relative permittivity varied from 0.27 to 0.37 within the frequency range of  
2 MHz-40 MHz, spanning a bandwidth of 1:20 (180%)).   

 
3.4.1 Investigation in frequency domain 
 

The investigation in the frequency domain was based on the measurements of the 
scattering parameters (network analysis) with the help of an ZVA8 Rohde Schwarz vector 
network analyzer (test port impedance of 50 Ω). Active transmission line (1D active non-
Foster ENZ metamaterial from [74]) was sequentially excited at both of its ends (Figure 3-18 
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(a)). The corresponding 2x2 scattering matrix was measured and the phase and group 
velocities were extracted using a standard approach [17, 74]. Obtained results are shown in 
Figure 3-18. As expected, it was found that the real part of the complex index of refraction is 
smaller than one and nearly dispersionless (it varies from 0.5 to 0.65) within a very broad 
frequency range  
(2 MHz - 40 MHz). The change of the imaginary part is more pronounced (it varies from -0.4 
to +0.3). 

  The extraction of the group velocity involves a numerical derivative of the real part of 
index of refraction in (3.12). However, due to inevitable influence of noise on the 
measurement, a direct calculation of derivative using raw data leads to significant numerical 
errors.  

Thus, the measurement data were first fitted using the fifth order polynomial. The analysis 
of the fitting residuals revealed that the accuracy of this procedure was better than 1%.  

The extracted phase and group velocities (Figure 3-18 (d)) show that active non-Foster 
ENZ metamaterial indeed supports ultra-broadband simultaneous superluminal phase and 
group velocity (vp varies from 1.6c to 1.9c and vg varies from 1.5c to 1.8c within 1:20 
bandwidth (180%). Of course, these results are the direct consequence of the ultra-broadband 
behavior of extracted complex effective permittivity shown in Figure 3-4 and repeated here 
for the sake of the convenience (Figure 3-18 (b)). The real part of the extracted permittivity is 
almost dispersionless, while the imaginary part shows both inherent loss and gain. It is 
interesting that the non-ideal behavior of the imaginary part does not have a significant 
impact on the broadband superluminal behavior. This can be seen from comparison of the real 
part of the exact index of refraction ( ( )efn εωRe=′ ) and the approximation that neglects loss/gain 
( ( )efn εω Re≈′ ) (Figure 3-18 (c)). The maximal difference between the exact value and loss-free 
approximation is 15%, which gives the maximal difference of 13% in the phase and group 
velocity. 
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Figure 3-18 Measurements in the frequency-domain, (a) Experimental set-up (b) Extracted effective 
permittivity (real part: solid-blue, imaginary part: dashed-red) ,(c) Extracted index of refraction (real part-solid-
blue, imaginary part: dashed-red, the lossless approximation: dotted-black), (d) Extracted phase velocity 
(dashed-red) and the group velocity (solid-blue) [80]. 
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3.4.2 Investigation in time domain 
 
 
  In order to understand the counter-intuitive underlying physics of a simultaneous 

superluminal broadband phase and group velocities and its connection with causality, we 
have performed the measurements in time-domain, as well (Figure 3-19). Active non-Foster 
ENZ metamaterial was excited by Agilent arbitrary waveform generator 81160A (with output 
impedance of 50 Ω). Furthermore, the input and output waveforms were acquired by a high-
speed Agilent digital oscilloscope MSO7034B (with input impedance of 2.2 MΩ ||12pF). 
Similarly to the measurements in the frequency domain, some additional components were 
used in order to overcome the problems with unwanted reflection in the ‘off’ state. The 
termination of the system (a loading resistor) was switched between 50Ω (the ‘on’ state) to 
33Ω (the ‘off’ state). Furthermore, in the ‘off’ state there was an additional resistor (75Ω) 
connected between the output of the arbitrary waveform generator and the ground. The 
parallel combination of the generator output impedance and the external resistor (50Ω || 75Ω) 
changes the effective output impedance to 33Ω. In this way, the line is matched to the 
generator and unwanted reflections are avoided.  Moreover, two connecting coaxial cables 
(IN to CH1, OUT to CH2) were prepared very carefully in order to assure identical electrical 
lengths. The repetitive Gaussian pulse (period of 100 ns, -40 dB spectral width of 50 MHz) 
was used for the excitation. The measured propagation time of the active line in the ‘off’ and 
the ‘on’ states (thus, the propagation time in air and the propagation time in the non-Foster 
ENZ metamaterial) is shown in Figure 3-19 (b)). It can be noted that the output pulse in the 
‘on’ state indeed comes sooner than the output pulse in the ‘off’ state, despite of its extremely 
broad spectrum (3 MHz-60 MHz). This is a clear evidence of the broadband superluminal 
propagation. The measured time advance of 1.25 ns gives the group velocity of 1.61c, which 
corresponds well with the frequency-domain results in Figure 3-18 (d). The analysis of the 
graph in Figure 3-19 (b) also revealed that the -3dB spectral width of the output pulse was 
increased by 13% in ‘on’ state due to small (but inevitable) dispersion. The amplitude FFT 
spectra of the input and output waveforms are shown in Figure 3-19 (c). It is clear that the 
dispersion occurs because there are some spectral components of the input signal that lie 
above the operating band of the active non-Foster ENZ metamaterial. Due to these ‘missing’ 
components (and therefore the ‘missing’ fraction of the energy of the input signal), the group 
velocity is not equal to the energy velocity and it does obey causality. Clearly, only the 
frequency components of the signal that lie within the operating band of the non-Foster 
negative capacitor travel with the superluminal velocity. This shows that one should not 
analyze these superluminal effects using a simple, dispersionless model of a negative 
capacitor. 

One may immediately ask what would have happened if one had used even broader active 
ENZ metamaterial, the spectral width of which would have spanned over all the frequency 
components of the input signal.  It is important to understand that the spectrum that covers all 
the components of the input signal describes only the steady state condition. The spectrum 
will never be finite in the transient state (the switching-on phase of the generator). In the 
transient state, there is always a fraction of energy (however small it is) that lies outside the 
operating band and it travels with the speed of light, preserving the causality. Thus, the signal 
front always travels with the speed of light.  
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Figure 3-19 Measurements in time-domain, (a) Experimental set-up (b) Time-domain waveforms, (input signal: 
dashed-black, output signal with ENZ off: dashed-blue, output signal with ENZ on: solid-red), (c) FFT spectra 
(input signal: dashed-black, output signal with ENZ off: dotted -blue, output signal with ENZ on: solid-
red).[80] 
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3.5 Feasibility of non-Foster ENG/MNG metamaterial  
 

It is well known that an isolated negative capacitor is unstable. In a very thorough 
analysis in [79] it was shown that the stability does not depend only on the active negative 
element and its parasitic effect, as it is usually believed. Furthermore, the stability of a non-
Foster element also depends on the elements of the external passive network. For instance, let 
us briefly analyze a case of the isolated negative capacitor. One should not forget that the 
negative capacitor is actually an amplifier with a capacitor in positive feedback. 
Theoretically, if the input of the amplifier is left open, both the input and output voltages will 
be zero and the circuit will be stable. Of course, in reality, there is always some noise present 
at the input of the amplifier. This noise will appear at the output, as well (however, its level 
will be increased due to the gain of the amplifier, and it will be ‘modulated’ by the frequency 
characteristic of the amplifier). Output (amplified) noise will be fed back again to the input, 
then again amplified e.t.c. Obviously, this process resembles the behavior of an ordinary 
oscillator and leads to self-oscillations (every signal waveform is allowed in idealized case 
with an amplifier with infinite bandwidth, while the three-pole models can predict the 
waveform). In order to stabilize the circuit one should decrease the signal fed back to the 
input below the level that supports an onset of oscillation. For instance, this can be achieved 
by an additional ordinary (positive) capacitor Cp connected in parallel to the input (in parallel 
to the ‘negative’ capacitor). These two capacitors (C and Cp, here C stands for the ‘inverting’ 
capacitor in the feedback loop) form a voltage divider (please look at Figure 3-1 (b)) 
described by a simple equation: 

.
 )(
)(0

CC
C

tv
tv

P +
=

       (3.13) 
 

From (3.13), it can be concluded that the self-oscillation will occur if Cp<C. On the 
other hand, the circuit will be stable if Cp>C. This is actually a well-known analysis of a 
feedback factor in microwave electronics [17].  

The analysis in [46] shows that parallel and series networks that contain non-Foster 
elements have different stability criteria. Particularly, a 1D transmission line periodically 
loaded with shunt CCn circuits (providing that C>│Cn│, C being the positive capacitor and Cn 
being the negative capacitor) shows stable ENZ dispersionless behavior. A dual circuit (a 
transmission line periodically loaded with series LLn circuits (providing that L>│Ln│) shows 
stable MNZ dispersionless behavior. On the other hand, active ENG and MNG metamaterials 
should include isolated negative capacitors (inductors) that are unstable. Therefore, in [73] it 
was mentioned that the ENG and MNG metamaterials do not seem to be feasible in practice. 

 
sign of R sign of C sign of L Stability 

+ + + Stable 
+ - + Unstable 
+ + - Unstable 
+ - - Unstable 
- + + Unstable 
- - - Stable 
- + - Unstable 
- - + Unstable 

Table 3-1 Stability criteria for driven positive/negative LC tank circuit [73] 
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However, one should be very careful in the analysis of this issue. If one looks at Table 
3-1, he will find that a series RLC circuit (driven by a generator) is stable in two 
fundamentally different cases: the case in which all the elements are positive and the case in 
which all the elements are negative. Let use analyze these two cases in more details.  

In the case of a familiar passive (positive) RLC tank circuit driven by a sinusoidal 
signal, a part of the energy is exchanged between the elements and a generator while a part is 
dissipated. It is clear that below the resonant frequency, majority of the energy is stored in the 
capacitor C. On the contrary, above the resonant frequency, majority of the energy is stored in 
the inductor L. That is the reason why the input impedance ‘seen’ form the generator port 
(Figure 3-20) has a familiar behavior. Now, imagine that one of the elements of the tank 
circuit has a negative sign. That element (a negative capacitor, for instance), must be of an 
active type. Therefore, it would act as a new source of energy that would break the balance 
causing instability.    

 

 
 

f0
f

R

R, X

 
Figure 3-21  Input impedance of an ordinary (positive) series RLC circuit, (blue: R, magenta: X)  

 
Now, let us see what would happened if all three elements of the tank circuit (R,L,C) 

were negative. According to Table 3-1 such an isolated system would be stable (formally, 
there is a balance of ‘negative’ energy). However, an RLC circuit is in practice always driven 

Z > 00 

Z

VS

+
R > 0

L > 0

C > 0

 
Figure 3-20  Ordinary (positive) series RLC circuit driven by a generator with positive internal resistance  
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by some generator that, of course, has a positive real part of the impedance. Thus, one would 
have a combination of positive and negative elements that leads to instability (Table 3-1).  
 
3.5.1 An idea of stable negative RLC tank circuit  
 

Let us now imagine that a generator has a real internal impedance Z0 that is lower than 
the absolute value of the negative resistance R in the ‘negative’ RLC circuit (Z0 < |R|) (Figure 
3-22). The overall resistance would be Z0+R= Z0 -|R| and this is a negative number (Z0 -|R| 
<0). Since all other elements are also negative (L<0, C<0), this system should be stable 
(Table 3-1). The impedance curve of such a negative RLC circuit should be an exact inverse 
of the impedance curve of an ordinary (positive) RLC circuit (Figure 3-23). 
 

Z  < |R|0

Z

VS

+
R < 0

L < 0

C < 0

 
Figure 3-22 An idea of a stable negative non-Foster RLC circuit driven by a generator. 

   
 
Is it possible to test this counter-intuitive idea in practice? At first, one should manage to 
somehow construct a negative RLC circuit. The first idea is to use a series combination of 
three NICs terminated with appropriate loads (thus, a series combination of a negative 
capacitor, a negative inductor, and a negative resistor). Of course, all three negative elements 

f0
f

- R

R, X

 

Figure 3-23  Input impedance of a stable negative non-Foster  RLC circuit, (blue: R, magenta: X) 
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will always be dispersive i.e. they will become positive at some frequency. This ‘crossing’ 
frequency must be exactly equal for all three elements (in order to assure stability). This 
appears to be very challenging. A better way is to use ordinary positive RLC circuit in the 
feedback loop of INIC (Figure 3-1). This circuit can be connected to the vector network 
analyzer and (providing that Z0 < |R|) and it should be stable. Thus, it would be possible to 
measure the input impedance of a negative RLC circuit.   
 
3.5.2 Negative RLC tank circuit RF demonstrator 
 
We attempted this novel idea in practice. At first, we used the AD8099 INIC developed in 
[73] (Figure 3-3 (a)) and substituted the capacitor in the feedback loop with an RLC circuit. 
Unfortunately, this system was found to be always unstable. A thorough analysis revealed that 
the problem occurred due to non-negligible positive/negative conductance generated by the 
circuit itself (please look at the discussion in section 3.3). It means that one needs a better 
active element, with broader bandwidth and negligible phase shift. We performed a very 
detailed survey of all high-speed OPamps available in the market (as mentioned before, the 
microelectronic technology is not available at the University of Zagreb and, therefore we used 
of–the-shelf components). After a long survey, and a lot of testing of the purchased samples, 
it appeared that the THS 4043 amplifier was the best choice for the RF demonstrators of non-
Foster elements and associated metamaterials. The THS4303 device is a wideband, fixed-gain 
amplifier that offers high bandwidth of 1.8 GHz at a nominal gain of 10), high slew rate (5500 
V/μs), low noise, and low distortion. This combination of specifications enabled us to 
overcome the performance limitations experienced with the previously used AD8099 
amplifier. The main improvement over the AD8099 comes from the internal negative 
feedback which lowers the parasitic capacitance from inverting the input of the operational 
amplifier to the ground. Therefore, higher rollover frequency and a wider frequency span of 
the negative capacitance are possible. Also, the gain of the amplifier is not fixed since one 
terminal of the gain setting resistor is left open. This allowed us to trim the overall gain easily 
by connecting an additional resistor in series between this terminal and ground. Additional 
improvements come from the package, that is significantly smaller than the packages of 
previously used amplifiers, minimizing serial parasitic inductance and capacitance.  
 The negative RLC circuit was designed as an INIC using the approach detailed in [73] 
and the final circuit diagram is sketched in Figure 3-24 (a). Briefly, the gain of the amplifier 
itself (A=10) was lowered to A=3 with an additional resistor (220 Ω). The resonance of the 
RLC circuit in the positive feedback loop (R=470 Ω, L=100 nH, C=100 pF) was chosen to be 
approximately 55 MHz, which is well below the maximal frequency of the NIC inversion 
(700 MHz) that should assure stable operation. A photograph of the assembled prototype is 
depicted in Figure 3-24 (b). The input reflection coefficient was measured with the help of an 
ZVL Rohde Schwartz network analyzer and the extracted reactance and resistance values are 
shown in Figure 3-25. It can be seen that the slope of the reactance curve is indeed opposite to 
the slope of the associated curve of a classical positive RLC circuit. The curve crosses zero at 
the frequency of 60 MHz indicating the resonance. In addition, the resistance is negative and 
its curve approximately flat within the analyzed frequency band. The most important and 
counterintuitive fact is that this circuit is stable. To the best of our knowledge, this is the first 
demonstration of a negative non-Foster RLC circuit. We believe that this finding may pave a 
way towards non-Foster ENG and MNG metamaterials that have appeared not to be feasible 
so far.  
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Figure 3-24 a) Circuit diagram of the negative non-Foster RLC circuit  b) -  Photograph of the manufactured 

negative non-Foster RLC circuit   
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Figure 3-25 , (a) – Measured imaginary part of the impedance of the negative RLC circuit  (b) - Measured real 
part of the impedance  of negative RLC circuit   
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3.5. Summary 
 
 
Some unclear issues of the basic physics of practical non-Foster metamaterials have been 
analyzed in this chapter. The most important findings are summarized below: 
 

• Commonly used ‘mathematical’ dispersionless model of an ideal non-Foster negative 
capacitor is non-causal and it might be used only for the crude prediction of the 
qualitative behavior within a finite bandwidth. Outside this band, the model should not 
be used at all (even for qualitative analysis) because it gives unphysical behavior.  

• A simple, more realistic three-pole model of a dispersive negative capacitor is 
proposed. This model showed very good agreement with both the SPICE-based 
simulations and the measurements on the manufactured prototypes across the whole 
operating bandwidth. The model is cabable of prediction of both basic physical 
phenomena and accurate dispersion characteristic. 

• The understanding of the basic physics of a negative capacitance phenomenon was 
improved by the analysis of a response of the negative capacitor to a pulse excitation 
using a developed low-frequency demonstrator based on a commercial integrated 
audio amplifier. All the measurements show that a negative capacitor could be 
interpreted as a generator/sink. In addition, performed experiments explained clearly 
the physics of the ENZ behavior and negative capacitance ‘boosting’ phenomenon. 

• A detailed experimental investigation of the recently observed simultaneous 
superluminal phase and group velocities in non-Foster ENZ metamaterials has been 
performed both in the frequency and time domain. It was found that, although being 
counter-intuitive, this behavior is in a perfect agreement with the causality 
requirements. However, for the correct interpretation of the results one must use a 
dispersive model of a realistic negative capacitor.   

• The basic physics of a negative non-Foster RLC tank circuit is investigated. A simple 
analytical study revealed that this circuit is stable if it is driven by a generator, internal 
resistance of which is smaller than the absolute value of the negative resistance. The 
prototype operating in the lower RF region (up to 70 MHz) has been designed and 
manufactured, and the measurements of the input reflection coefficient indeed showed 
a stable behavior. To the best of our knowledge, this is the first experimental 
demonstration of a stable negative RLC tank circuit. This approach might pave a way 
towards non-Foster ENG and MNG metamaterials that have appeared not feasible so 
far. 
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4.1 Previous work: Technological constraints of state-of-the art non-
Foster metamaterials 

 
The first paper that theoretically discussed a possible use of active non-Foster 

elements in metamaterials was published in 2001 [25]. This paper analyzed the equations for 
the polarizability of metamaterials based on short loaded dipoles and small loaded loops. It 
was shown analytically that a loading of a short dipole with a negative capacitance (instead 
of a ordinary, positive inductance) should lead to a wideband dispersionless ENG behavior. 
Similarly, the loading of a small loop with a negative inductance (instead of an ordinary, 
positive capacitance) should lead to a wideband dispersionless MNG behavior. It is important 
to stress that, in this case, the bandwidth would be limited only by the bandwidth of the 
realized non-Foster element. Thus, one might expect multi-octave bandwidth, which would be 
a significant progress in the metamaterial field. The authors in [25] also proposed active 
‘impedance sheets’ (i.e. very thin metamaterials) with ENG or MNG properties. In 
conclusion, it was noted that the required negative non-Foster elements appear to be feasible 
at the lower end of RF range using available technology (OPamps). However, the subsequent 
theoretical study [26] revealed that the ‘isolated’ dispersionless ENG and MNG metamaterials 
based on negative non-Foster elements are inherently unstable (usually, it is an accepted rule 
that a sum of the capacitances (or inductances) along a closed mesh is a positive number). 
Due to stability problems, the ENG and MNG metamaterials have appeared not to be feasible 
in practice, at least so far (please look at the discussion in the section 3.5). Following the 
original idea from [25] the authors in [27] theoretically investigated the stability of an array of 
small loops loaded with non-Foster reactive elements. Surprisingly, it was found that such a 
metamaterial can be stable, but only if the array is infinitely large. In this case (that is 
probably non-practical), the predicted MNG behavior was not entirely dispersionless, but the 
estimated bandwidth was significantly larger than a bandwidth of passive metamaterials.  

The first practical realization of a non-Foster-based active dispersionless ENZ 
metamaterial was developed in our group, presented in [65] and further improved in [66]. The 
negative capacitors were constructed using discrete FET-based circuits incorporated into a 2D 
microstrip unit cells. Measurement of the equivalent effective permittivity showed fairly 
constant ENZ behaviour (0.25<εr<0.35) within one octave (1 GHz-2 GHz) [66]. In the 
subsequent study [74] a complete 1D active RF ENZ metamaterial (based on an air 
transmission line loaded with three op-amp-based negative capacitors) was analysed, built 
and tested.  The measured real part of the effective permittivity was rather constant (it varied 
from 0.27 to 0.37) in the frequency range 2 MHz-40 MHz (the bandwidth of more than four 
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octaves). This bandwidth is significantly wider than the bandwidth of any passive ENZ 
metamaterial. In addition, it was found that this type of line supports counter-intuitive (but 
causal) superluminal phase and group velocities [80].  

It is important to understand the technological problems of non-Foster elements. The 
first limitation is the transit frequency (ft ) of the active element itself. In [73] it was pointed 
out that this frequency should be at least ten times higher than the maximal operating 
frequency of the non-Foster element. This comes from a very simple fact that the operation of 
all NIC circuits is based on either voltage or current inversion. The inversion requires no 
phase shift between the input and the output of the active device (zero-degree phase shift). 
This can be achieved only at very low frequencies, for which the transit time across the active 
device can be neglected. As ‘a rule of thumb’ one can say that the ft should be ten times 
higher than the maximal operating frequency of a non-Foster element.  The drawback of the 
high transit frequency is that it makes the circuit more prone to unwanted oscillations due to 
unavoidable parasitic capacitances and parasitic inductances within the circuit. Of course, this 
problem is further pronounced due to inherent instability of the non-Foster elements caused 
by the existence of the positive feedback. 

All non-Foster metamaterials developed in our group (to the best of our knowledge 
there are no other successful practical realizations published so far) were ‘hand-crafted’, 
using either discrete BJTs, FETs or OPamps. Achieved maximal frequency of operation was 
below 100 MHz (except examples in [66] that operated in the 2 GHz band, but with the 
problem of repeatability of ‘hand-crafted’ prototypes). Most of the devices constructed in our 
group used high-speed OPamps [65-68,73-78]. They are cheap and the associated NIC 
designs are very simple, without complicated DC bias networks. In addition, the repeatability 
of the manufactured circuits (even in the case of simple ‘hand-crafting’) is excellent. The only 
drawback is the worse noise performances comparing to BJT and FET technology. Therefore, 
the OPamp technology is very convenient for the construction of proof-of-concept 
demonstrators of active non-Foster metamaterials. So far, the ENZ metamaterial that used 
OPamp technology operated up to the frequency of 40 MHz, thus in the lower RF band.   

 Much better results could be expected if one used microelectronic technology. The 
reason for this is very simple: parasitic capacitances and inductances may significantly 
influence the operation of practical non-Foster elements (due to the inherent positive 
feedback, which is very sensitive to an additional phase shift). To the best of our knowledge 
there is only one successful realization of an integrated microelectronic non-Foster element 
(negative inductance) [98]. At the same time, this is the only realization of a negative 
inductance operating in the UHF band. In [98]authors developed stable variable negative 
inductance that can be adjusted from -60 nH to -20 nH up to the frequency of approximately 
600 MHz. This paper probably presents the state-of-the art in non-Foster elements from a 
technological point of view. Unfortunately, the used technology (IBM 8 HP BiCMOS 
process) is very expensive and not available for many research groups. In addition, no 
attempts to use this microelectronic version of the negative inductance in the broadband 
metamaterial have been published so far. In the subsequent paper, the same group used the 
developed negative inductance for the realization of a broadband PMC surface in antenna 
technology [99]. These are certainly important contributions, but they use very expensive 
technology.  

Therefore there are (a least in our opinion) two important issues that are not clear at 
the moment: 

• Is it possible to extend the operating frequency of negative capacitors based on 
discrete elements (and associated metamaterials) into the UHF band? 
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• Is it possible to add the reconfigureability/tuneabilty feature to these 
metamaterials?  

 
 

4.2 Increase of the maximal operating frequency: Negative capacitor 
demonstrator  
 

In this section we report our efforts toward the increase of the maximal operating 
frequency of a negative capacitor into the UHF band.  
 
4.2.1. Initial design based on OpAmp(100 kHz - 450 MHZ) 
 

For the construction of a negative capacitor we used an OPamp INIC approach 
detailed in [73] and briefly reviewed here in Figure 3-3. The selected OPamp was a THS 4304 
and the initial circuit is depicted in Figure 4-1. As in the case of a negative RLC circuit, 
(3.5.2), the gain of the amplifier itself (A=10) was lowered to A=3 with the additional resistor 
(220 Ω). The value of the inverting feedback capacitor was quite low (1.7 pF) and it was 
chosen as a compromise between a wideband operation and an acceptable dispersion. With 
this capacitance value, SPICE-based circuit simulation predicted generated negative 
capacitance of -5 pF with the maximal operating frequency of approximately 700 MHz. In 
addition, the ‘swamping’ stabilizing capacitor of 33 pF was added to the circuit. Designed 
negative capacitor was prototyped at 0.6 mm thick FR4 substrate and it used high quality 
0805 SMD components. The PCB layout of the prototyped device is shown in Figure 4-2 and 
its photograph in Figure 4-3. Please note that, for the sake of initial testing, the PCB was 
equipped with an SMA connector. 

+

-

450Ω50Ω220Ω

22Ω

100nF

82pF
+2.5V

4.7uF

Bead

22Ω

100nF

82pF
-2.5V

4.7uF

Bead

THS4303

1.7pF

-

+
VIN

33kΩ

33pF

 

 

Figure 4-1 Circuit diagram of the initially designed negative capacitor demonstrator (100 kHz – 450 MHz)  

Distribution A:  Approved for public release; distribution is unlimited.



Chapter 4 – Towards more versatile non-Foster metamaterials  
 

55

 
Figure 4-2 PCB layout of the initially designed negative capacitor demonstrator (100 kHz – 450 MHz)   

 

Figure 4-3 Photograph of the initially designed negative capacitor demonstrator (100 kHz – 450 MHz)   
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The first measurements (using an ZVA 40 VNA), after the de-embedding of a ‘swamping’  
33 pF capacitor, showed unexpectedly dispersive negative capacitance, with the maximal 
operating frequency of approximately 450 MHz (not shown in the figures). After thorough 
investigation it was found that this behavior was caused by an unwanted parasitic tracks 
inductance and pad capacitance. So, we estimated the values of these parasitics using a simple 
quasi-static approach. Then, the appropriate lumped elements were incorporated into the 
circuit diagram and the SPICE-based simulation was repeated. Obtained results (compared 
with the measurements) are shown in Figure 4-5. It can be seen that now the simulated values 
match the measurements quite well, highlighting the importance of proper handling of the 
parasitic effects. Furthermore, it was found that the use of an microwave VNA (such as 
Rohde Schwartz ZVL 40 that operates from 10MHz to 40 GHz) is problematic for the 
measurements of these non-Foster circuits. The problem appears due to pronounced noise in 
the lower part of the measurement range that significantly decreases the measurement 
accuracy. This noise is a consequence of a complicated harmonic and sub-harmonic mixing 
that is usually used in the VNAs that cover RF and microwave bands. It was found that it is 
better to use a RF VNA that has a better noise figure at low frequency (please compare the 
differences among the results in Figure 4-5 a), b) and c)). 
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Figure 4-4 Circuit diagram of the initially designed negative capacitor demonstrator (100 kHz – 450 MHz) with 
parasitic effects included  

 
Furthermore, it was attempted to investigate the sensitivity of the PCB layout on the 
properties of the manufactured negative capacitor. It was done by tuning the values of the 
parasitic track inductances and pads capacitances. It was found that the two most sensitive 
parameters were the length of the track in the feedback loop and the length of the input track 
that connects the negative capacitor to an SMA connector (i.e. the track parasitic 
inductances). Just a slight change of the track length (in order of 1 mm) significantly alters 
the performances of the circuit. Therefore, it was decided to perform a new design cycle, in 
which the lengths of all the connecting tracks were minimized. 
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Figure 4-5 Measurements of the initially designed negative capacitor demonstrator a) generated capacitance 
(solid black – simulations, dashed red - measurements) (measured with an ZVA 40VNA) b) generated 
capacitance (solid black – simulations, dashed red - measurements) (measured with the help of an ZVL 8 
VNA) c) generated conductance (solid black – simulations, dashed red - measurements) (measured with an 
ZVL 8 VNA) 
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 4.2.2. Improved  design based on OpAmp (100 kHz  - 700 MHZ) 
 
 The circuit diagram (with included parasitic effects) of a new prototype and the 
associated optimized PCB layout are shown in Figure 4-6 and Figure 4-7, respectively. 
Measured values of the extracted effective parameters are given in Figure 4-8. 
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Figure 4-6 Circuit diagram of the improved design of the negative capacitor demonstrator (100 kHz – 700 
MHz) with included parasitic effects  

 

Figure 4-7 PCB layout of the improved design of the negative capacitor demonstrator (100 kHz – 700 MHz)   
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Figure 4-8 Measurements of the improved design of the negative capacitor demonstrator a) generated 
capacitance (solid black – simulations, dashed red - measurements) (measured by an ZVA 40 VNA) b) 
generated capacitance (solid black – simulations, dashed red - measurements) (measured with the help of an 
ZVL 8 VNA) c) generated conductance (solid black – simulations, dashed red - measurements) (measured with 
an ZVL 8 VNA)   
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At first, it can be seen (Figure 4-6) that the parasitic inductance at the input is greatly 
reduced (from 1 nH to 0.2 nH) by shortening the input track (Figure 4-7). Secondly, the 
resonance between the inverting capacitor and the parasitic inductance (14 nH and 1.7 pF) 
was moved further away from the operating region. These changes improved the operating 
bandwidth that now spans from 100 kHz up to almost 700 MHz (it was difficult to determine 
the accurate maximal frequency due to a problem with calibration of the reference plane).  
Actually, it was found that the inductance of an SMA inner pin also affects the results. 
Additional simulations showed that a structure that would use a negative capacitor without 
the connector should have maximal operating frequency above 700 MHz. In spite of the 
experienced difficulties, it was proven possible to push the operation frequency of a negative 
capacitor into the UHF range using cheap, commercially available OPamps. We believe that 
these results can hardly be improved without the use of the microelectronic technology.  
   
  
4.2.3. The ENZ unit cell 
 

Finally, the developed negative capacitor was used as a part of a simple 1D ENZ unit 
cell (similar to that used in [73]) in which a (positive) capacitance of the host line had a value 
of 5 pF/cell. Extraction of the measured parameters showed that it was possible to obtain an 
equivalent relative permittivity of 0.7 ± 15% in the frequency band 100 kHz-700 MHz. By 
lowering distributed capacitance of a host line (or by adding additional positive capacitor) it 
is possible to lower relative permittivity down to the value of 0.2.  
 

 
4.3 Increase of the maximal operating frequency: Negative inductor 
demonstrator 
(*The part  of the results presented in the sections 4.31. and 4.3.2 were achieved with the help of Eduardo 
Ugarte Muñoz, who is a Ph.D student at Universidad Carlos III de Madrid). 

 
In order to build an MNZ unit cell, one would need a negative inductor. 

Unfortunately, the literature available in public is sparse of studies that report successful 
realization of a stable non-Foster negative inductor in the RF range. We are aware of only two 
papers and they use expensive microelectronic technology [98,99]. Since microelectronic 
technology is not available at the University of Zagreb, it was attempted to prove the basic 
ideas using two cheap approaches: discrete FET transistors and commercially available high-
speed OPamps. The final goal is to build a negative inductor that operates in the range 100 
kHz-700 MHz (similarly to the negative capacitor developed in the previous section). In this 
way, it would be possible to combine negative capacitors and negative inductors in various 
types of ENZ/MNZ unit cells and associated metamaterials.   
 
 
4.3.1 Design based on Kolev’s circuit with FETs (1 MHz – 50 MHz)  
 

Kolev’s circuit (also known as Meunier-Kolev circuit) is an active network that does 
inversion of the load impedance [59]:  
 

Distribution A:  Approved for public release; distribution is unlimited.



Chapter 4 – Towards more versatile non-Foster metamaterials  
 

61

 
 
A simple and a straightforward analysis [73] showed that the input impedance is proportional 
to a negative inverse of the load impedance: 
 

in
1

m1 m2 L

Z =
g g Z

−    .       (3.14)                        

 
Here, gm1 and gm2 stand for the transconductances of the FETs, while ZL is the load 

impedance. So, if ZL is an inductor, the input impedance will behave like a negative 
capacitance and this property was used in [59,73]. Here, we propose to use this circuit for the 
generation of a negative inductance by a simple use of a capacitor as the load ZL.  At first, the 
circuit simulation of the Kolev’s circuit that contains both ideal FETs and realistic SPICE 
models of BF999 Si MOS FETs was performed. A sample of the obtained results is shown in 
Figure 4-10 and Figure 4-11. The analysis of these figures shows that the circuit based on 
ideal FETs generates almost ideal negative inductance up to a frequency of approximately 
500 MHz.  On the other hand, a realistic case with BF999 FETs shows good behavior up to a 
frequency of 200 MHz (the reactance curve closely follows the curve of an ideal negative 
conductor). However, the existence of non-negligible real part of the input impedance limits 
the maximal operation frequency to approximately 50 MHz. 

 

 
      a)       b) 

Figure 4-10 Simulated input impedance of the Kolev’s circuit,  a): imaginary part , b) real part 

 
Figure 4-9 Kolev-Meunier’s circuit 
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Figure 4-11 Simulated negative inductance of the Kolev’s circuit 

 
We manufactured and tested a variant of the Kolev’s circuit that operates as a negative 

inductor. Complete circuit diagram (including the biasing networks) and the photograph of 
the prototype are shown in Figure 4-12 and Figure 4-13, respectively.   

 

 
Figure 4-12 Schematic diagram of the manufactured prototype of a negative inductor circuit based on Kolev’s 
topology 
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Figure 4-13 Photograph of the manufactured prototype 

 
There are some practical aspects of the basic circuit: 

• UHF silicone depleted-type MOSFETs Q1 and Q2 are the main active devices 
• Q3 and Q4 are the current sources that provide the drain currents for Q1 and Q2, 

respectively.  
• C =20 pF is the load capacitor  
• DC decoupling capacitors of 1 nF are used in the feedback paths as well as for the 

input decoupling 
• The filters consisting of a parallel combination of 100 pF and 1 nF capacitors and a 

1500 nH choke are used to block the RF signal from the power supply paths 
• 10 kΩ resistors are used for setting the Q1 and Q2 gate bias voltage at Vg ≈ 0 V. Those 

behave as high impedance for the RF signals.  
• The purpose of the 10 Ω resistors connected in series with the MOSFETs is to balance 

the VDS of Q1-Q4, keeping it close to 9 V, thus assuring a decent voltage swing on 
each transistor.  

• A 15 Ω resistor, connected in series with the input, partially compensates the negative 
resistance, occurrence of which is inevitable in this type of an impedance inverter.  

 
As mentioned before, a negative inductor by itself is unstable (therefore, it will not be 

possible to measure it by a network analyzer) if it is not compensated at the input to obtain an 
overall positive inductance. It seems logical to conclude that the correct way to compensate a 
negative inductor would be by placing a series positive inductor (inductance of which is 
larger than the modulus of the generated negative inductance), so that Ltotal = Lpositive -|Lnegative| 
is a positive number. However, the first measurements of the Kolev’s circuit from Figure 4-12 
showed instability. On the other hand, it was found that the circuit was stable when a positive 
shunting inductor (39 nH) was connected at the input. Thus, we used an additional shunt 
positive inductor in the extraction procedure (the stability analysis that explains why this is 
necessary, is presented later in this chapter). 

 
Measured reflection coefficient of the prototype (obtained with the help of an ZVL 8 

Rohde Schwartz VNA) and the extracted equivalent input impedance are shown in Figure 
4-14 and Figure 4-15, respectively. 
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Figure 4-14 Measurements of the reflection coefficient of the Kolev’s circuit. Blue: the stabilizing inductor  
39 nH, red: the circuit shunted with the stabilizing  inductor, magenta: de-embedded reflection coefficient ) 

 
From the measurement results presented in Figure 4-14, one could conclude following: 

• The input impedance has a negative real part up to 37 MHz. 
• For the frequencies from 10 MHz to 200 MHz the input impedance behaves as a 

negative inductance. 
• For the frequencies above 200 MHz, the input impedance does not behave as a 

negative inductance  (The  magenta  locus in Figure 4-14 shows clockwise rotation 
with the respect to the frequency) 
The real and imaginary parts of the input impedance are presented in Figure 4-15. It 
can be seen that these results agree well with the results from the simulation (Figure 
4-10). Thus, the circuit behaves as a negative inductance for the frequencies up to 200 
MHz. However, the real part of the input impedance can be neglected for the 
frequencies up to 50 MHz.  This issue is explained in details in 

 Figure 4-16. 

 
Figure 4-15 Input impedance of the measured negative inductance circuit 
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It presents the comparison of the simulated and the measured impedance in the frequency 
range 10 MHz-200 MHz. It can be seen that the behavior of the input impedance can be 
approximated with the behavior of an ideal -60 nH inductor. The real part of the input 
impedance is quite small (it is lower than 10 Ω for f=100 MHz, but it becomes slightly 
negative at the frequencies below 37 MHz). This negative resistance (that can lead to 
instabilities) can be compensated by increasing the value of a series 15 Ω resistor at the input, 
but at the cost of more pronounced losses at higher frequencies. Thus, the realized circuit 
behaves closely to the ideal negative inductor of -60 nH, within the frequency range 1-50 
MHz. 
 

 

 
 Figure 4-16 Real and imaginary part of the input impedance of the Kolev’s circuit 

 
Finally, a comparison between the simulated inductance and the inductance extracted 

from the measurements is shown in Figure 4-17.   
 

 
Figure 4-17 Simulated and measured equivalent inductance 

 
As it was mentioned in the previous discussion, the circuit was not stable with a 

positive inductor (with inductance larger than a modulus of generated negative inductance), 
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connected in the series with the input. Counter-intuitively, it was only stable when a positive 
inductor (39nH) was placed in parallel with the circuit. In other to understand this issue, we 
developed the equivalent circuit of a realistic negative inductor (Figure 4-18). It was found 
that this circuit fits the measurement results quite well (Figure 4-19). The equivalent circuit 
comprises the ideal negative inductor Ln=-50 nH, connected in parallel with a series 
combination of a positive inductor L=7 nH and a positive capacitor of C=8.5 pF. For very low 
frequencies, the capacitor in Figure 4-18 presents a very high reactance, so the circuit behaves 
almost as an ideal negative inductor. On the other hand, for the high frequencies the capacitor 
behaves nearly as a short circuit. Due to this, the circuit behaves as a simple parallel 
combination of Ln and L. Thus, the overall inductance (at high frequencies) is positive due to 
the fact that |Ln|>L 

 

 
Figure 4-18 Realistic equivalent circuit of the manufactured negative inductor 

 

 

Figure 4-19 Imaginary part of the input impedance.  Blue: calculation from the equivalent circuit , red: 
measurements 

 
It can be seen that the agreement between the measured reactance and the reactance obtained 
by the equivalent circuit is rather good (Figure 4-19). Thus, it is possible to use this 
equivalent circuit for studying the stability of the manufactured negative inductor.   

Let us first analyze the case of a realistic negative inductor connected in series with 
the positive inductor driven by a Norton current source (I, R) (Figure 4-20). 
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Figure 4-20 Realistic negative inductor L with a series positive inductor L1 

 
The unknown current I1 can be obtained from the analysis in the Laplace domain: 
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The circuit will be stable if I1(s) has no poles in the right-hand part of the s-plane. Figure 
4-21shows the loci of the poles of I1(s). It can be observed that there are two poles in the 
right-hand part of the s-plane. When the value of the positive series inductor L1 is changed, 
the locations of the poles change but they are always in the right-hand part of the s-plane. 
Thus, this circuit is unstable, exactly as it was observed during the first measurements on the 
experimental prototype. 
 

 

Figure 4-21 Poles of the manufactured negative inductor L2 with a series positive inductor L1 

 
Now, let us analyze the case of a realistic negative inductor shunted with the positive 

inductor L1 (Figure 4-22): 
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Figure 4-22 A realistic negative inductor L2 with a parallel positive inductor L1 

 
The Laplace transform of the current I1 is given by: 
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The location of the poles loci is shown in Figure 4-23. It can be seen that the poles are in the 
left-hand part of the s-plane if the inductance of the positive inductor L1 is smaller than the 
modulus of the negative inductance L2 (blue). However, they are located in the right-hand part 
of the s-plane (red), if the inductance of the positive inductor L1 is larger than the modulus of 
the negative inductance L2. So, the circuit is stable if a positive inductor (inductance of which 
is smaller than a modulus of negative inductance) is connected in parallel with a realistic 
negative inductor. Exactly this behavior was observed during the experiments on the 
prototype. 
 

 

Figure 4-23 Loci of poles of a manufactured negative inductor L2 shunted with a positive inductor L1 
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As a conclusion of this stability investigation, one can state that the stability 
calculation of a realistic non-Foster element should take into account the dispersion behavior.  
This is consistent with the general discussion in Chapter 3.  
 
4.3.2. Design based on Kolev's circuit with OPamps (1 MHz – 10 MHz) 
 

The negative inductor developed in the previous section showed nearly ideal behavior 
in the lower RF range (up to 50 MHZ). It is very difficult to increase this frequency using 
discrete FETs and ‘hand-crafting’, primarily due to the problems of construction of a stable 
active bias network. As mentioned several times, previously, we used high-speed OPamps for 
the construction of stable RF negative capacitors, operating in 2-40 MHz range ([73], Figure 
3-3). It would be interesting to see if it is possible to use OPamps arranged in a way that 
somehow ‘imitates’ the Kolev’s circuit (Figure 4-9). This would enable building a negative 
inductor based on cheap OPamps. 

The basic idea of a ‘replacement’ of a discrete MOSFET with a block comprising two 
operational amplifiers is sketched in Figure 4-24. 
 

 
Figure 4-24  OPAMP transconductance amplifier circuit as a replacement for a MOSFET device 

 
The current through the load IL can be expressed by: 
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Using (3.17) and (3.18), one gets: 
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If the condition R=R1+R2 is satisfied, the output current does not depend on the load 
resistance, but only on the input voltage Vin and R1 and R2. From the relationship between the 
input voltage and the output current one can calculate the equivalent transconductance of an 
OPamp-based ‘FET replica’:  
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 Figure 4-25 shows the frequency response of a transconductance amplifier with 

R2=600 Ω, R1=100 Ω, R=500 Ω  gm=-2/100=-20 mS. The red curve shows the ideal 
behavior (using an ideal OPamp), while the magenta and blue curves show the behavior using 
the AD8099 OPamp with, and without compensation, respectively. The OPamp without 
compensation has current peaks at high frequencies which could lead to instabilities. On the 
contrary, the compensated circuit presents an almost constant transconductance up to 500 
MHz.   

 
 
Once the transconductance block is designed, it is possible to connect two of them together in 
order to obtain Kolev’s topology of a negative inductor circuit. 

 

Figure 4-26  AC equivalent circuit of the designed negative inductance  

 
In the next step, the complete design of a negative inductance circuit was performed 

(Figure 4-27). 

 

Figure 4-25 The response of the transconductance amplifier 
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The chosen resistor values were R2=200 Ω, R1=100 Ω, R=300 Ω. Therefore, the 

transconductance of the amplifiers is set to gm= -20 mS. The input impedance and inductance 
are given by: 

2 2 2

1 1 1
in n

m L m m

CZ j C L
g Z g g

ω− − −
≈ ⋅ = ⋅ ⋅ ⋅ ⎯⎯→ =

    (3.21),   
 

Taking into account that C1=20 pF, the expected negative inductance is -50 nH.  
Capacitors C2 and C3 were added for DC decoupling. The purpose of the resistor R3 (5 Ω) is 
the (partial) compensation of the negative resistance. The inductor L1 assures the circuit 
stability when connected to a 50 Ω measurement system (stabilizing inductor, influence of 
which is removed during de-embedding procedure).  
 

Figure 4-28, Figure 4-29, and Figure 4-30 show simulated input impedance of the 
negative inductance circuit (Figure 4-27), based on ideal OPAMPs and the AD8099. Using 
the ideal OPAMP we obtain the expected -50 nH value, while using the real AD8099 SPICE 
model we obtained a negative impedance about -65 nH up to 60MHz (the imaginary part of 
the input impedance is linear up to 60 MHz). The losses are quite low (equivalent series 
resistance is lower than 10 Ω within the whole operating frequency band). 

 

 

Figure 4-28 Simulated S11 of the negative inductance circuit based on four OPamps 

 

Figure 4-27 Designed negative inductance circuit based on four OPamps 
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After the simulation, the circuit was prototyped on a low-cost FR4 substrate (Figure 

4-31). Each of the operational amplifiers was placed on a small piece of the FR4 substrate 
with local feedback resistors connected directly to the pins of the integrated circuit. Four of 
such blocks were placed on a larger piece of FR4, and the interconnections were made by 
simple air bridges. After assembling, the input impedance was measured by an ZVL8 VNA 
and the obtained results are presented in Figure 4-32 and Figure 4-33. It can be seen that the 
obtained maximal operating frequency is only 10 MHz. It is worse than the bandwidth of the 
original FET-based Kolev’s circuit from the previous section. Furthermore, this result is not 
close to the maximal frequency of 60MHz, predicted in simulation. The cause of these bad 
results is primarily in the parasitic inductance of the connecting air bridges. These parasitic 
inductances introduce significant phase shifts on the signal and feedback paths. The circuit 
could be improved by the placement of all elements on a single, miniaturized PCB, and even 
further by using multiple amplifiers on one chip/package and to use passive SMT elements. 
Very probably, by minimization of the lengths of the connecting tracks, it would be possible 
to achieve maximal operating frequency that is close to 60 MHz, predicted by the simulations. 
However, this was not attempted due to the inherent complexity of the circuit, which could 
have been a serious problem in adding tuneability/reconfigurability feature. Instead, it was 
decided to modify the design of an INIC OPamp based negative capacitor from section 4.2.2 
into a negative inductor.  

        a)       b) 
Figure 4-29 Simulated input impedance of the negative inductance circuit based on four OPamps.  
a) imaginary part, b) real part 

 

Figure 4-30 Simulated equivalent negative inductance 
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Figure 4-32 Measured S11 of the negative inductance circuit based on four OPamps. Blue: circuit power 
off, red: circuit power on, magenta: de-embedded S11, circuit power on) 

 

Figure 4-31 The prototype of the negative inductance circuit based on four OPamps 

            a)      b) 
Figure 4-33 De-embedded inductance and resistance of the negative inductance circuit based on four 
OPamps. a) inductance, b) resistance 

Distribution A:  Approved for public release; distribution is unlimited.



Chapter 4 – Towards more versatile non-Foster metamaterials  
 

74

 
4.3.3. Design based on an Opamp (100 kHz - 700 MHz) 
 
At first sight, turning the THS4303-based negative capacitor from section 4.2.2. into a 
negative inductor looks rather straightforward. The only modification needed is the 
replacement of a capacitor in the feedback loop with an inductor. However, it is clear that an 
inductor in the feedback loop must be DC decoupled (otherwise, the circuit will be unstable at 
low frequencies for which the inductor reactance approaches zero). It is also clear that the 
capacitance of the decoupling capacitor directly influences the lowest operating frequency. 
Therefore, one should select a high quality DC decoupling capacitor. The second problem 
comes from the ‘swamping’ stabilizing inductor that should shunt the input of the circuit. It 
might happen that the resonance of this inductor with the OPamp input capacitance falls into 
the operating frequency range. Finally, there is a previously explained problem of the 
parasitic inductances of the tracks. Of course, these are pure technological problems but they 
can decrease the operating bandwidth. We used the approach similar to that from the section 
4.2.2. All the parasitic effects were approximated using quasi-static equations form the 
literature and predicted values are used in the SPICE-based simulations. After that, several 
optimization cycles of the PCB layout were performed. The final circuit diagram (with 
parasitic effects included) and a photograph of the fabricated prototype are shown in Figure 
4-34 and Figure 4-35, respectively.  
   

+

-

450Ω50Ω20Ω

22Ω

100nF

82pF
+2.5V

4.7uF

Bead

22Ω

100nF

82pF
-2.5V

4.7uF

Bead

THS4303

300nF
100nH

1.52nH

-

+
VIN

 

 

Figure 4-34 Circuit diagram of the design of the negative inductance demonstrator (100 kHz – 700 MHz)  
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Figure 4-35 Photograph of the design of the negative inductance demonstrator (100 kHz – 700 MHz)   

 
 

After the assembling, the input reflection coefficient was measured using an ZVL8 
VNA. Input inductance and shunt conductance, de-embedded form the results of the 
measurements are shown in Figure 4-36 . It can be seen that the measured value follows the 
prediction form the simulations rather well, up to the frequency of 600 MHz. Above that 
frequency, the negative inductance becomes dispersive, but this dispersion is still acceptable 
up to the frequency of 700 MHz. Similarly to the case of a negative capacitor, it was found 
that the inductance of an SMA inner pin seriously affects the results. Again, additional 
simulations showed that a structure that would use a negative inductor without the connector 
should have a maximal operating frequency above 700 MHz with almost dispersionless 
behavior (± 15%). As it was mentioned in the case of a negative capacitor, we believe that it 
is very difficult to achieve better results without the use of microelectronic technology. 
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Figure 4-36 Measurements of the design of the negative inductance demonstrator a) generated inductance (solid 

black – simulations, dashed red - measurements) (measured with the help of an ZVL 8 VNA) b) generated 
resistance (solid black – simulations, dashed red - measurements) (measured with the help of an ZVL 8 VNA)   

 
4.3.4. The MNZ unit cell 
 

Similarly to the approach in the section 4.2.3. the developed negative inductor was 
used as a part of a simple experimental 1D MNZ unit cell (Figure 1-5). Extraction of the 
measured parameters shows that it was possible to obtain an equivalent relative permeability 
of 0.4 ± 15% in the frequency band 100 kHz-700 MHz.  
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4.4. Adding tuneability/reconfigurability feature 
 

In the section 4.3 it was shown possible to build a stable negative capacitor and a 
negative inductor demonstrators that operate in the frequency band 100 kHz-700 MHz. The 
demonstrators have been built using cheap, commercially available, ultra-high-speed OPamps 
that are very convenient for ‘hand-crafting’. Here, we report the efforts towards adding a 
tuneability feature to the previously developed prototypes. This would enable dynamic 
control of the effective permittivity and/or effective permeability of the associated ENZ/MNZ 
metamaterial unit cell. The final goal would be a reconfigurable unit cell that could be simply 
in-situ ‘programmed’ to have tunable ENG and/or MNG properties. One of the possible 
applications of this approach could be in cloaking technology [12-14,66,115] that requires 
many unit cells with different (previously predetermined) ENZ or MNZ behavior. 
 
4.4.1. Basic ideas 
  

There are several simple ways of tuning the generated negative capacitance in the 
prototypes developed in the section 4.2. The simplest (and cheapest) solution is using varactor 
diodes that have been used in RF and microwave engineering for many decades. Simply 
stated, a varactor diode behaves as a capacitor, the capacitance of which can be tuned by the 
applied reversely polarized bias voltage.  

For instance, one might think of a simple replacement of the inverting capacitor in the 
positive feedback loop of INIC-based negative capacitor with a varactor diode (Figure 4-37). 
Here, Co is the inverting capacitor and Cp is the stabilizing capacitor. 
 

Figure 4-37 Tuning of the negative capacitance: Method I  

 
A Good property of this approach is the linear tuning characteristic that, at least in theory, 
obtains simple adjustments of the desired value of the equivalent relative permittivity between 
0 and 1 (Figure 4-38).  
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Figure 4-38  Achieved range of the equivalent permittivity: Method I 

 
Of course there are some drawbacks of this approach, as well. At first, it is rather 

difficulty to construct a broadband biasing network (that should be DC decoupled from the 
amplifier). Secondly, a lot of ultra-fast broadband OPamp are very sensitive to the change of 
the capacitance in the positive feedback loop. Thus, the tuning of the feedback capacitor 
might affect the properties of the OPamp and lead to stability problems (this instability is of 
the OPamp itself, not the insatiability of the negative capacitor as the circuit element).  

Another possible way of tuning might be to use a varactor diode as the ‘swamping’ 
stabilizing capacitor (Figure 4-39). The advantage of this approach lies in the fact that one 
terminal of the varactor is grounded, which significantly simplifies the construction of the 
biasing network. The drawback is a non-linear tuning curve (Figure 4-40) that follows the 
Drude dispersion model. 
 

V

I

A
CP

C0

Figure 4-39  Tuning of the negative capacitance: Method II 
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Figure 4-40  Achieved range of the equivalent permittivity: Method II 

  
Yet another possibility is to change the amplifier gain (Figure 4-41). This approach is 
technologically difficult since there are almost no OPamps with variable gain available in the 
market. There are several types of so-called gain blocks with this feature, but they are not 
convenient for the use in non-Foster applications due to a 50 ohm input impedance. One 
might think of adding a PIN diode to the negative feedback loop. Since the PIN diode behaves 
(within some range of DC bias voltages) as a resistor, it is possible to use it for the tuning of 
the gain. Of course, this method is widely used in automatic gain control of commercial 
communication receivers. From the negative capacitor application point of view, the 
drawback of this approach is in a complicated bias network. In addition, the tuning curve is 
non-linear and it follows a Lorentz dispersion model (Figure 4-42). 
 

 
Figure 4-41  Tuning of the negative capacitance: Method III 
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Figure 4-42  Achieved range of the equivalent permittivity: Method III 

 
Let us now analyze the possibility of adding tuning to the INIC-based negative 

inductors. Since there are no variable inductors that can be adjusted by DC signals, it appears 
that only (simple) solution is the gain tuning (Figure 4-43). The circuit is almost equal to that 
proposed in the negative capacitor case (Figure 4-41, Lo is the inverting inductor with DC 
decoupling capacitor, Cc and Lp are the stabilizing capacitor and inductor, respectively). As in 
the previous case, the gain tuning is achieved by changing the bias of the PIN diode). A nice 
property of this method is a linear tuning curve of the equivalent permeability. 
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Figure 4-43  Tuning of the negative inductance  
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Figure 4-44  Achieved range of the equivalent permeability 
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4.4.2.  OP-amp-based tunable negative capacitor (1 MHz- 40 MHz) 
 

In our previous project, an RF negative capacitor (and associated ENZ metamaterial), 
operating in 2MHz-40MHz band, was successfully developed and tested [73]. We decided to 
use that prototype for testing the idea of tuneabilty by adding a varactor.  The negative 
capacitor (Figure 3-3 a)) was based on the AD8099 OPamp that is sensitive to the change of 
the capacitance in the positive feedback loop.  Thus, the Method II (Figure 4-39) was chosen 
for the implementation of tuning. In our previous report [73] we developed a prototype of a 
grounded negative capacitive impedance converter that has been successfully simulated and 
fabricated. It is a circuit that converts a capacitive impedance from a positive to a negative 
value. The actual electronic version of the converter is depicted in Figure 4-45. 

 
 

 
Figure 4-45 Circuit diagram of the AD8099 based tunable negative capacitor 

 
 

BB207 silicon Varactor diode was chosen for tuning. One of the advantages of the 
Method II (Figure 4-39) is in a very simple DC bias network.  The varactor with a series 
resistor R7 (and AC shunting capacitor C4) was simply connected in shunt across the input 
port of the negative capacitor. The additional stabilizing capacitor of 56 pF (not shown in 
Figure 4-45) was connected in shunt to the input terminals of the negative capacitor.  In the 
first step, ADS simulation (with SPICE-based models of both the AD8099 OPamp and 
BB207 varactor) was performed. A sample of the obtained results is shown in Figure 4-46. It 
depicts the generated input capacitance as a function of the tuning DC voltage.  
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Figure 4-46  Simulated input capacitance of the AD8099 based tunable negative capacitor 

It can be seen that it is possible to achieve both positive and negative values of the 
input capacitance (from + 55pF to -42pF, for the bias voltage 0-10 V, at the frequency of 2 
MHz). Possible application of this property may be in a DPS-ENZ unit cell. Another good 
feature is a weak dispersion of the generated capacitance (±15% across the range 2-40 MHz. 
After the simulations, the varactor with the associated DC bias circuit was added to the 
negative capacitor prototype developed in [73] and the input reflection coefficient was 
measured with the help of an ZVL8 VNA. The results are shown in Figure 4-47 . It shows the 
net capacitance (input capacitance of the circuit together with the capacitance of the 
stabilizing capacitor of 56 pF). It can be seen that the generated negative capacitance agrees 
with the simulation results (Figure 4-46) quite well. The value of the generated negative 
capacitance (calculated by simple subtraction of the capacitance of stabilizing capacitor) 
ranged from +54pF to -46 pF, at the frequency of 2 MHz, for the bias voltage 0-10 V. 

 
[F] 

Figure 4-47  Measured net capacitance of the AD8099 based tunable negative capacitor 
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[Ω] 

 

Figure 4-48  Measured input resistance of the AD8099 based tunable negative capacitor  (the 
DC bias is varied, red: 0V, blue: 5V, green: 10V) 

 
 

Finally, the influence of the DC bias on the losses was investigated. It was done by the 
extraction of the input resistance from the measured input reflection coefficient (Figure 4-48). 
It can be seen that the losses depend on the DC bias and that they are not negligible. 
Equivalent input resistance changes from +30 Ω to -50Ω for a 5V DC bias. For a 10 V DC 
bias, the equivalent input resistance changes from +1000 Ω to -39Ω. This bad result is the 
consequence of the attenuator (R2, R3 in  Figure 4-45) that was used due to the inherent 
instability of the AD8099 OPamp for the gain values lower than 5 [73]. It was envisaged that 
this loss/gain might be susbstantially lower if one would use the topology without the 
attenuator (for instance, the topology of the negative capacitor based on a THS4303 amplifier 
(Figure 4-4). Therefore, in the next section we report our efforts towards adding the 
tuneability to the THS4303-based negative capacitor. 
 
 
4.4.3.  OP-amp-based tunable negative capacitor (100 kHz- 700 MHz) 
 

This tunable negative capacitor was designed as a simple upgrade of the THS4303 
OPamp-based negative capacitor detailed in the section 4.2.2. (Figure 4-4). BBY53-02 high Q 
hyperabrupt varactor diode was chosen for tuning. A simple DC bias network with BBY53-02 
varactor was added to the circuit from Figure 4-4 (again using Method II from Figure 4-39). 
The circuit diagram of the designed tunable negative capacitor (with parasitic effects 
included), used in ADS simulations, is shown in Figure 4-49). It can be seen that the values of 
the elements in the positive feedback loop were changed, comparing to the previous case 
(Figure 4-4). This was done in order to achieve better tuning linearity and minimize the 
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dispersion. The results of simulations (for different DC bias voltages) are shown in Figure 
4-50, Figure 4-51, Figure 4-52, Figure 4-54, and Figure 4-55. 
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Figure 4-49  Circuit diagram of the tunable negative capacitor (100 kHz – 700 MHz) with 
parasitic effects included 

 
It can be noted that the generated negative capacitance can be tuned from -2 pF to almost 0 
pF, for the DC bias voltages in the range 2-10 V, within the frequency range 100 kHz – 700 
MHz.  It is important to stress that the losses are indeed negligible (equivalent conductance 
was smaller than 0.1 mS). Unfortunately, we were not able to test this circuit in practice 
because the required varactors (BBY53-02) were (at that time) not available in the market. 
Therefore, we tested the circuit using the MA 45228-30 varactor diode (which was used 
previously in some other project in our group). The measurement results showed the 
equivalent capacitance in the range 1.1 pF to -0.8 pF across the range of 300 MHz-700 MHz.  
It was not possible to observe any tuning capability below for the frequencies below 300MHz. 
These bad results are solely caused by the properties of the used varactor that is not suitable 
for this purpose.  One should be aware that the SPICE model of the BBY53-02 varactor, 
obtained from the manufacturer, and the operation of the negative capacitor circuit itself, was 
successfully verified experimentally in the section 4.2.2. Therefore, we strongly believe that, 
with the use of the proposed varacor, it is possible to obtain tuneability in the range  100 kHz 
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– 700 MHz. It will be attempted in the future, providing that the required varactor is 
available. 
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Figure 4-50  Simulations of the tunable negative capacitor (VBIAS = 10 V)  
a) generated capacitance b) generated conductance 
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Figure 4-51  Simulations of the tunable negative capacitor (VBIAS = 7 V)  
a) generated capacitance b) generated conductance 

Distribution A:  Approved for public release; distribution is unlimited.



Chapter 4 – Towards more versatile non-Foster metamaterials  
 

87

  

a)

100 101 102 103-20

-18

-16

-14

-12

-10

-8

-6

-4

-2

0

Frequency [MHz]

C
ap

ac
ita

nc
e 

[p
F]

 

b)

100 101 102 103-0.5

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

Frequency [MHz]

C
on

du
ct

an
ce

 [m
S]

Figure 4-52  Simulations of the tunable negative capacitor (VBIAS = 5 V)  
a) generated capacitance b) generated conductance 
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Figure 4-53  Simulations of the tunable negative capacitor (VBIAS = 4 V)  
a) generated capacitance b) generated conductance 
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Figure 4-54  Simulations of the tunable negative capacitor (VBIAS = 3 V)  
a) generated capacitance b) generated conductance 
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Figure 4-55  Simulations of the tunable negative capacitor (VBIAS = 2 V)  
a) generated capacitance b) generated conductance 
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4.4.4.  OP-amp-based tunable negative  inductor (100 kHz- 700 MHz) 
 

In order to add a tuneability feature to a negative inductor, we used the previously 
designed circuit from the section 4.3.3 (Figure 4-34) and upgraded it with the PIN-based 
tuning circuit (Figure 4-56). The PIN diode (BA595) was connected as a (variable) shunt 
resistance in the negative feedback loop. Furthermore, the PIN diode was biased via a series 
combination of the choke (270 nH) and the resistor (220 Ω). Since the gain of the amplifier is 
different than that in the section 4.3.3, it was necessary to change the elements in the positive 
feedback loop, as well. One of the problems was achieving a large value of a coupling 
capacitor that is connected in series with the inverting inductor. Therefore, it was decided to 
use several capacitors for this purpose. In addition, due to the input capacitance of the 
AD8099 OPamp, it was necessary to choose the values of the stabilizing inductor very 
carefully (in order to avoid unwanted resonant behavior). 

 At first, a series of ADS circuit simulations (with the SPICE model of BA595 PIN 
diode) were performed and the values of the used elements were optimized. After the 
satisfactory results were achieved (in the range 100 kHz- 700 MHz), the circuit was 
manufactured (Figure 4-57), and measured with the help of an ZVL8 VNA. The measurement 
results and the simulations are compared inFigure 4-58, Figure 4-59Figure 4-60Figure 
4-61Figure 4-62, and Figure 4-63 (for the DC bias voltages of 0.8 V–5 V). Again, it can be 
seen that the  measured values agree with the simulation results well, up to the frequency of 
600 MHz. Above that frequency, the negative inductance becomes dispersive and this 
dispersion depends on the biasing voltage. Additional thorough investigation revealed that the 
cause of this behavior is twofold. At first, it was again found that the inductance of an SMA 
inner pin affects the results.Secondly, this effect is now even more pronounced due to the 
change of the amplifier gain. In spite of that, dispersion it is still acceptable up to the 
frequency of 700 MHz.  

 As far as the tuning is concerned, it can be seen that it was possible to achieve 
negative inductance from -5 nH to -9 nH within the frequency band of 100 kHz – 600 MHz. 
Due to the dispersion, the tuning range becomes -10 nH to -15 nH for the frequencies in the 
range of 600 MHz – 700 MHz. As in the previous case, (section 4.3.3) additional simulations 
showed that a negative inductor without  the SMA connector should have a maximal 
operating frequency above 700 MHz with moderate dispersion behavior (± 20%). In spite of 
the explained problems these results are promising. To the best of our knowledge there has 
not been any other successful implementation of a tuneable negative inductor in discrete 
technology yet. As stated before, we believe that it is very difficult to achieve better results 
without the use of microelectronic technology. 

At this point, it is interesting to compare achieved results with those from the only 
published successful realization of a tuneable negative inductor [98]. The tuning range 
obtained in [98] was -40 nH to -60 nH. Although these values are larger than obtained in our 
prototype (-5 nH to -9 nH ), the relative tuning ranges are similar (66% in [98] and 56% in 
our prototype).    
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Figure 4-56  Circuit diagram of the tunable negative inductor (100 kHz – 700 MHz) 

 
 

 
Figure 4-57  The photograph of the tunable negative inductor (100 kHz – 700 MHz) 

Distribution A:  Approved for public release; distribution is unlimited.



Chapter 4 – Towards more versatile non-Foster metamaterials  
 

93

a)

101 102 103-40

-35

-30

-25

-20

-15

-10

-5

0

Frequency [MHz]

In
du

ct
an

ce
 [n

H
]

 
 

b)

100 101 102 103-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

Frequency [MHz]

R
es

is
ta

nc
e 

[o
hm

]

 

Figure 4-58  Measurements of tunable negative inductor (VBIAS = 0.8 V) a) generated 
inductance (solid black – simulations, dashed red - measurements) b) generated resistance 

(solid black – simulations, dashed red - measurements) 
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Figure 4-59  Measurements of tunable negative inductot (VBIAS = 1 V) a) generated inductance 
(solid black – simulations, dashed red - measurements) b) generated resistance (solid black – 
simulations, dashed red - measurements) 
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Figure 4-60  Measurements of tunable negative inductot (VBIAS = 2 V) a) generated inductance 
(solid black – simulations, dashed red - measurements) b) generated resistance (solid black – 

simulations, dashed red - measurements) 
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Figure 4-61  Measurements of tunable negative inductot (VBIAS = 3 V) a) generated inductance 
(solid black – simulations, dashed red - measurements) b) generated resistance (solid black – 

simulations, dashed red - measurements) 
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Figure 4-62  Measurements of tunable negative inductot (VBIAS = 4 V) a) generated inductance 
(solid black – simulations, dashed red - measurements) b) generated resistance (solid black – 

simulations, dashed red - measurements) 
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Figure 4-63  Measurements of tunable negative inductot (VBIAS = 5 V) a) generated inductance 
(solid black – simulations, dashed red - measurements) b) generated resistance (solid black – 

simulations, dashed red - measurements) 
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4.4.5.  Tunable/reconfigurable DPS-ENZ  and DPS-MNZ  unit cells 
 

We attempted to test the developed tuneable negative capacitors and inductors in a 
reconfigurable metamaterial unite cells. The construction of all these unit cells was very 
similar to previously described cases (sections 4.2.3. and 4.3.4). Each unit cell contained 
either the section of a microstrip transmission line shunted with the negative capacitor, or 
with the negative inductor connected in series. The following results were obtained after the 
extraction procedure: 

 
• AD8099-based DPS-ENZ cell: relative permittivity of 0.2 – 1.5 (dispersion ± 

15%, operating bandwidth 2 MHz -40 MHz). 
• THS4303-based ENZ cell: relative permittivity of 0.2 – 0.6 (dispersion ± 20%, 

operating bandwidth 300 MHz-700 MHz (using a MA 45228-30 varactor). The 
whole operating bandwidth could not be tested because the optimal varactor 
diode BBY-53-02 was not available). The simulation of the ENZ unit cell with 
BBY-53-02 varactor revealed the relative permittivity of 0.2 – 0.8 (dispersion 
± 15%, operating bandwidth 100 kHz-700 MHz). 

• THS4303-based MNZ cell: relative permittivity of 0.3 – 0.5 (dispersion ± 
20%, operating bandwidth 100 kHz-700 MHz). 
 

It can be concluded that the feasibility of adding tuneabilty/reconfigurability to a non-Foster 
metamaterial unit cells has been demonstrated. 

 
 
4.5. Towards a microelectronic non-Foster metamaterial unit cell 
 
(*The part of the results presented in the section 4.5 were achieved with the help of Bosko Mrkovic, who is a 
Ph.D student at University of Zagreb). 

 
In sections 4.2, 4.3. and 4.4. it was shown possible to build a stable tuneable negative 

capacitors and negative inductors. These devices used cheap OPamp technology and operated 
in the bandwidth 100 kHz -700 MHz. So the maximal operating frequency lied in the UHF 
band. We believe that the achieved maximal operating frequency can be hardly improved 
further without switching to the microelectronic technology (specially designed MMICs).  
 Microelectronic technology is not available at the Universty of Zagreb. Therefore, we 
put some preliminary efforts towards the design of the microelectronic non-Foster 
metamaterial unit cell. So far, we have studied possible realizations of a negative capacitor. 
We hope that in the future it would be possible to find a partner with available processing 
microelectronic facilities. 

As the basic element of future microelectronic version of unit cell, we decided to use a 
negative capacitor with cross-coupled FET-based ()Figure 4-64.  
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This is a floating type of a NIC, which has been used for decreasing the input capacitance of 
microwave amplifiers [60] and in the construction of an inductorless integrated oscillator 
[61]. It resembles a relaxation oscillator (without the cross-capacitors) and it inverts the 
impedance connected between the source electrodes of two FETs. It is interesting that this 
very recent and popular design is actually a modern version of one of the first vacuum-tube-
based NICs proposed back in 1951 [62]. An approximate equation for the input impedance 
[60] is given by: 
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    (4.1) 
 
Here, C is the load capacitance and Cgs stands for the internal capacitance between the gate 
and source electrodes, and gm is the FET transconductance. This circuit is used exclusively in 
the microelectronic  version, which allows  extremely broad operating bandwidth (a prototype 
reported in [60]  used 180 nm CMOS technology and generated capacitance of  -60 fF in the 
frequency range 100 MHz – 1.9 GHz ). It could be even possible to extend the operating 
frequency up to more than 20 GHz using modern 90 nm technology.  This circuit seems to be 
a very good candidate for applications in the proposed active ENZ or MNZ metamaterial. The 
only possible drawback might be the low value of the generated negative capacitance (or 
inductance).  
 We attempted to design a similar NIC, operating as a negative capacitor in a very 
cheap 130nm CMOS technology using the CadenceTM CAD environment. The circuit diagram 
is sketched inFigure 4-65. Figure 4-66depicts the simulated input capacitance for three 
different values of the inverting capacitors. It can be seen that the increase of  the capacitance 
of the inverting capacitor decreases the bandwidth. Input capacitance of -10 pF can be 
achieved only to the maximal frequency of 10 MHz, while the input capacitance of -1 pF is 
feasible up to 1 GHz. 

 In order to overcome this unwanted behavior, it could be possible to use a bank of 
negative capacitors connected in parallel. This idea is shown in  Figure 4-67.  It depicts the 
input capacitance for three different banks of negative capacitors. The banks are designed in 
such a way that the capacitance of each negative capacitor is scaled down by the number of 
the capacitors. It assures required net negative capacitance although each NIC generates 
smaller capacitance. It can be clearly seen that this approach enables broadening of the 

 
Figure 4-64 Floating NIC with two FET’s 
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bandwidth without sacrificing the value of the generated negative capacitance. For instance, 
one NIC can generate the capacitance of -5 pF up to the frequency of 10 MHz, while the bank 
of 50 NICs can generate the capacitance of -5 pF up the frequency of 1 GHz. 
 

Figure 4-65  A simplified circuit of CMOS negative capacitor  

 
 
 
 

Figure 4-66  Simulated input capacitance of a CMOS negative capacitor (green; C=-10 pF, 
blue; C=-5.5 pF, red C=-1 pF) 
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Figure 4-67  Simulated input capacitance of a CMOS negative capacitor (green;5x(-1 pF), 
blue; green;10x(-0.5 pF), red green;50x(-0.5 pF) 

Some additional simulations showed that with the use of a standard 65 nm CMOS 
technology it should be possible to increase the highest operating frequency into the 
microwave regime (above 10 GHz). Adding the tuneabily feature seems to be very 
straigforward, by integration of the MOSFET-based varactor as a load in the circuit inFigure 
4-64.  

Presented results are very preliminary, but they show that the microelectronic 
approach can significantly increase the versatility of non-Foster elements and their 
applications in metamaterials. There are several papers that report successful realization of 
microelectronic negative capacitors, application of which was to decrease the input 
capacitance of the amplifiers [60,61] However, possible applications in the metamaterial field 
(apart from the very recent paper about the application of a variable negative inductance in 
artificial PMC surface [99] have not been reported so far.  
 
4.6. Towards volumetric non-Foster metamaterials interfaced to free- 
space 
(*The part of the results presented in the section 4.6 were achieved with the help of Iva Malcic, who is a Ph.D 
student at University of Zagreb). 
 
The first practical realization of a non-Foster 1D metamaterial uses a microstrip transmission 
line loaded with negative capacitor [74]. The 2D variant of a non-Foster metamaterial has not 
been reported yet (there was one experimental demonstration of a 2D ENZ unit cell with a 
possible application in cloaking technology [66]). All these approaches actually use 
transmission lines, thus they are of a planar nature. They are convenient for the integration 
into standard microwave planar devices but their use in free-space scattering applications 
(such as cloaking) needs further investigation. 
 The basic idea deals with ‘interfacing’ of a transmission-line metamaterial (produced, 
for instance, in strip-line-like technology) via ‘antenna’ (Figure 4-68). The coupling to free 
space is achieved by ‘flaring’ the transmission at both its ends. This ‘flarings’ operate as 
antennas and convert the plane wave that propagates in the free-space into a guided EM wave. 
Several cases have been investigated by full-wave simulation with the help of a commercial 
CSTTM Microwave Studio EM solver. At first, three wavelength long empty transmission line, 
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equipped with two ‘anennas’ was simulated. It can be seen (Figure 4-68) that the EM wave is 
indeed coupled to the line and converted into the guided wave. In the next step, the model 
with the transmission line filled with hypothetical ENZ metamaterial was prepared. The 
simulation showed the increase of the wavelength, which is one of the basic characteristics of 
an ENZ metamaterials. Finally, the model of the transmission line was loaded with realistic 
negative capacitors, properties of which were taken from the measurements of developed 
prototypes (chapter 4). It can be seen that the structure is indeed coupled to the free space and 
that it showsENZ behavior. 
 The drawback of this approach is the fact that the ‘flaring’ should be rather long (in 
the order of half of the wavelength) in order to minimize the reflections. In addition, the 
inclusion of the ‘flaring’ inevitably decreases the operating bandwidth. 
 

Figure 4-68  Interfacing of the transmission-line non-Foster metamaterial with free-space via 
‘antenna’ layer  

  
The next idea might be the use of bare transmission lines loaded with non-Foster 

elements designed in such a way that they are directly coupled to free space without any 
reflections [76].The basic idea is to stack many layers of 2D transmission-line-based 
metamaterials in such a way that the vector of the incoming plane wave is perpendicular to 
the layers (Figure 4-69,  Figure 4-70). If the transmission line is properly designed, it is 
possible to convert the incoming plane wave into a guiding wave without any reflection. In 
such a way, one would have a 2 ½ D ultra-broadband non-Foster metamaterial.  
 Very recently, we reported the possible use of this approach in cloaking technology 
[77]. At first, the 2 ½D model of non-Foster anisotropic cloak , based on the idea from Figure 
4-69, was prepared in CST Microwave Studio environment. The values of negative capacitors 
and negative inductors used in the model were taken from the measurements of the 
prototypes. The results of the simulations of the power scattering ratio (the quantity related to 
the radar cross-section) clearly shows that the use of a non-Foster metamaterials would yield 
extremely broad bandwidth (more than two octaves, comparing to the few percent relative 
bandwidth of a passive cloak). 
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Figure 4-69  Stacking the transmission line non-Foster metamaterials with ‘flarings’ 

 
 
 

Figure 4-70  An idea of 2 ½ D non-Foster metamaterial 
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The realization of all presented ideas would be very elegant with the use of 

tuneable/reconfigurable non-Foster metamaterials. In such a way it would be possible to 
achieve the desired values of the equivalent permittivity and permeability (thus ENZ, MNZ or 
DPS behavior) by in-situ tuning. This might pave a way towards the ‘on-the-demand’ 
metamaterials, properties of which could be tailored for a particular, specific application. 
 
 

 

 
4.7. Summary 
 
 
In this chapter, the efforts toward increasing the versatility of non-Foster metamaterials have 
been reported.  The most important achievements are summarized below: 
 

• It has been shown possible to increase the highest operating frequency of a non-Foster 
ENZ metamaterial towards UHF and microwave parts of the EM spectrum. We have 
designed, simulated and built the prototypes of the active, ultra-broadband, non-Foster 
ENZ unit cells that operate from 100 kHz to 700 MHz This bandwidth (1:700 or more 
than 9 octaves) surpasses the bandwidth of all passive and active metamaterials 
available at the present state of the art. The main part of the developed unit cell is a 
negative capacitor based on a commercial ultra-fast OPamp. We believe that the 
achieved bandwidth can hardly be improved further, without switching to the 
microelectronic technology (specially designed MMICs). 

Figure 4-71  The bandwidth  comparison between  a passive cloak and a cloak based on non-
Foster metamaterials 

Distribution A:  Approved for public release; distribution is unlimited.



Chapter 4 – Towards more versatile non-Foster metamaterials  
 

106

• We have analyzed a feasibility of construction of a stable RF negative inductor that 
would enable development of non-Foster MNZ metamaterials. We have designed, 
simulated and measured two prototypes of negative inductors and associated MNZ 
unit cells. The first prototype uses a modified Kolev’s circuit [59] and generates 
effective inductance of -60 nH within the bandwidth 1 MHz-50 MHz. The second 
prototype uses an OPamp and generates effective inductance of -10 nH within the 
bandwidth 100 kHz–700 MHz. As far as our knowledge goes, these are the best 
results available at the present state of the art (using technology of discrete 
components). Further improvement could eventually be possible by the use of the 
microelectronic technology. Our numerical study showed that it should be possible to 
increase the highest operating frequency above 10 GHz by the use of standard 65 nm 
CMOS technology. 

• We have analyzed a feasibility of adding tuneability/reconfigurability features to the 
developed negative capacitors/inductors and the associated unit cells of ENZ/MNZ 
metamaterials. The capacitance between -25 pF and -100 pF, within the bandwidth of 
1 MHz-40 MHz (OPamp-based prototype) was achieved experimentally. The negative 
inductance prototype achieved the inductance between -5 nH and -10 nH, within the 
bandwidth of 100 kHz-700 MHz. Finally, we have built an associated reconfigurable 
DPS-ENZ and DPS-MNZ unit cell and demonstrated its operation.  

• We have analyzed a feasibility of extension of the developed planar ENZ/MNZ 
metamaterials toward volumetric applications. The approach was based on either 
‘interfacing’ the TL structure to free-space via an array of ‘antennas’ or  the use of a 
properly designed ‘bare’ transmission lines loaded with non-Foster elements.  Full-
wave simulations proved correctness of the basic idea.  
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Conclusions and future work  

 
 
This study reports a 12-month research effort undertaken to increase the versetality of 

recently introduced ENZ and MNZ non-Foster metamaterials. Using the non-Foster 
metamaterials, it is possible to overcome the basic dispersion-energy constraints (and, 
therefore, to overcome the inherent narrowband operation) of passive metamaterials by 
incorporation of non-Foster elements into standard transmission-line-based structures. The 
results published so far revealed almost dispersionless ultra-broad bandwidth of more than 
four octaves. This bandwidth is considerably wider than the bandwidth of all passive ENZ 
metamaterials available at present and this clearly proves the correctness of the proposed 
novel concept. However, almost all published experiments were limited to a maximal 
operating frequency that lies either in low RF range (up to100 MHz).  
 In this project, we have extended the frequency of operation into the UHF region and, 
at the same time, increased the versatility of non-Foster-element-based metamaterials. It was 
done by the development of specially designed reconfigurable unit cell. This unit cell is in-
situ reconfigurable (by external DC control signal) and able to achieve either DPS-ENZ or 
DPS-MNZ behavior. Using this novel approach, the same unit cell could be inserted into 
various transmission-line-based structures and (depending on its configuration) enable 
different applications in RF engineering and antenna technology.  
 

As a short summary, the realized outcomes of the project are: 
 

• We have improved the understanding of the basic physics of a negative capacitance 
phenomenon by the analysis of a response of a negative capacitor to a pulse excitation. 
Towards this end, we have developed a low-frequency laboratory demonstrator based 
on a commercial integrated audio amplifier. Developed model generates large 
negative capacitance (-1.2 μF to -0.6 μF in the frequency range from  
1 kHz-25 kHz). All the measurements show that a negative capacitor could be 
interpreted as a generator/sink.   

• We have improved the analysis of stability of the negative-capacitor-based 
metamaterials. We have developed a realistic one-pole, two-pole and three-pole 
models of a dispersive negative capacitor. The developed model showed very good 
agreement with both the SPICE-based simulations and the measurements on the 
manufactured prototypes across the whole operating bandwidth. 

• We have performed a detailed experimental investigation of a recently observed 
simultaneous superluminal phase and group velocities in a non-Foster ENZ 
metamaterials and found that, although being counter-intuitive, this behavior is in 
perfect agreement with the causality requirements.  

• We have investigated the basic physics of a negative non-Foster RLC tank circuit. A 
simple analytical study revealed that this circuit is stable if it is driven by a generator, 
internal resistance of which is smaller than the absolute value of the negative 
resistance in the non-Foster RLC tank circuit. We have manufactured the experimental 
prototype operating in the lower RF region (up to 70 MHz) and the measurements of 
input reflection coefficient indeed showed a stable behavior. To the best of our 
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knowledge, this is the first experimental demonstration of stable negative RLC tank 
circuit. 

• We have analyzed the feasibility of increasing the highest operating frequency of a 
non-Foster ENZ metamaterial towards UHF and microwave parts of the EM spectrum. 
We have designed, simulated and built the prototypes of an active, ultra-broadband, 
non-Foster ENZ unit cells that operate in the frequency range 100 kHZ -700 MHz.  
This bandwidth (1:700, or more than 9 octaves) surpasses the bandwidth of all passive 
and active metamaterials available at the present state of the art. The main part of the 
developed unit cell is a negative capacitor based on a commercial ultra-fast OPamp. 
The developed negative capacitor generates a capacitance of -5 pF with negligible 
losses, across the whole bandwidth. We believe that the achieved bandwidth can be 
hardly improved further without switching to the microelectronic technology 
(specially designed MMICs). 

• We have analyzed a feasibility of construction of a stable RF negative inductor that 
would enable development of non-Foster MNZ metamaterials. We have designed, 
simulated and measured two prototypes of negative inductors and associated MNZ 
unit cells. The first prototype uses a modified Kolev’s circuit and generates effective 
inductance of -60 nH within the bandwidth 1 MHz-50 MHz. The second prototype 
uses an OPamp and it generates effective inductance of -10 nH within the bandwidth 
100 kHz–700 MHz. As far as our knowledge goes, these are the best results available 
at the present state of the art (using technology of discrete components). Further 
improvement could eventually be possible by the use of microelectronic technology.  

• We have analyzed a feasibility of adding tuneability/reconfigurability features to the 
developed negative capacitors/inductors and the associated unit cells of ENZ/MNZ 
metamaterials. In order to achieve this goal, we have built two prototypes based on 
two different approaches: tuning based on a variable positive feedback loop and 
tuning based on a variable negative feedback loop. In the first approach (a case of the 
negative capacitor), the key element is a varactor diode that allows direct tuning of the 
effective capacitance (by applying an external DC voltage). Achieved capacitance was 
between -25 pF and -100 pF within the bandwidth 1 MHz-40 MHz (OPamp-based 
prototype). In addition, the range between -1 pF to -5 pF within the bandwidth 100 
kHz-700 MHz (improved OPamp-based prototype) was designed. In the case of the 
negative inductor, we used a PIN diode configured as a variable resistor that controls 
the gain and, therefore, the value of the generated effective inductance. Achieved 
effective inductance was between -5 nH and -10 nH, within the bandwidth 100 kHz-
700 MHz. Finally, we have built an associated reconfigurable DPS-ENZ and DPS-
MNZ unit cells and demonstrated their operation. 

• We have analyzed a feasibility of extension of the developed planar ENZ/MNZ 
metamaterials toward volumetric applications. The approach was based on 
‘interfacing’ the TL structure to free-space via an array of ‘antennas’.  Full-wave 
simulations proved correctness of the basic idea.  

 
The future research efforts should be devoted to the realization of the reconfigurable 
ENZ/MNZ non-Foster unit cell in microelectronic technology. This would enable the 
extension of the maximal operating frequency into the microwave part of the EM spectrum. 
Integration of developed unit cells in various antenna/scattering devices such as 
electromagnetic cloaks would enable multi-octave operation, that is not feasible by the use of 
conventional passive metamaterials.  
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