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Preface

The purpose of this monograph is to present a detailed introduction to selected fundamentals
of modern probability theory. The focus is in particular on discrete-time and continuous-time
processes, including the law of large numbers, Lindeberg’s central limit theorem, martingales,
the martingale convergence theorem and the martingale central limit theorem, as well as
basic results on Brownian motion. The reader is assumed to have a reasonable grasp of basic
analysis and measure theory, as can be obtained through Hansen (2009), Carothers (2000)
or Ash (1972), for example.

We have endeavoured throughout to present the material in a logical fashion, with detailed
proofs allowing the reader to perceive not only the big picture of the theory, but also to
understand the finer elements of the methods of proof used. Exercises are given at the
end of each chapter, with hints for the exercises given in the appendix. The exercises form
an important part of the monograph. We strongly recommend that any reader wishing to

acquire a sound understanding of the theory spends considerable time solving the exercises.

While we share the responsibility for the ultimate content of the monograph and in partic-
ular any mistakes therein, much of the material is based on books and lecture notes from
other individuals, in particular “Videregaende sandsynlighedsregning” by Martin Jacobsen,
the lecture notes on weak convergence by Sgren Tolver Jensen, “Sandsynlighedsregning pa
Malteoretisk Grundlag” by Ernst Hansen as well as supplementary notes by Ernst Hansen,
in particular a note on the martingale central limit theorem. We are also indebted to Ketil
Biering Tvermosegaard, who diligently translated the lecture notes by Martin Jacobsen and

thus eased the migration of their contents to their present form in this monograph.

We would like to express our gratitude to our own teachers, particularly Ernst Hansen, Martin

Jacobsen and Sgren Tolver Jensen, who taught us measure theory and probability theory.
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Also, many warm thanks go to Henrik Nygaard Jensen, who meticulously read large parts of

the manuscript and gave many useful comments.

Alexander Sokol
Anders Rgnn-Nielsen
Kgbenhavn, August 2012

Since the previous edition of the book, a number of misprints and errors have been cor-
rected, and various other minor amendments have been made. We are grateful to the many
students who have contributed to the monograph by identifying mistakes and suggesting

improvements.

Alexander Sokol
Anders Rgnn-Nielsen
Kgbenhavn, June 2013



Chapter 1

Sequences of random variables

In this chapter, we will consider sequences of random variables and the basic results on such
sequences, in particular the strong law of large numbers, which formalizes the intuitive notion

that averages of independent and identically distributed events tend to the common mean.

We begin in Section 1.1 by reviewing the measure-theoretic preliminaries for our later results.
In Section 1.2, we discuss modes of convergence for sequences of random variables. The results
given in this section are fundamental to much of the remainder of this monograph, as well
as modern probability in general. In Section 1.3, we discuss the concept of independence
for families of o-algebras, and as an application, we prove the Kolmogorov zero-one law,
which shows that for sequences of independent variables, events which, colloquially speaking,
depend only on the tail of the sequence either have probability zero or one. In Section 1.4,
we apply the results of the previous sections to prove criteria for the convergence of sums
of independent variables. Finally, in Section 1.5, we prove the strong law of large numbers,

arguably the most important result of this chapter.

1.1 Measure-theoretic preliminaries

As noted in the introduction, we assume given a level of familiarity with basic real analysis
and measure theory. Some of the main results assumed to be well-known in the following

are reviewed in Appendix A. In this section, we give an independent review of some basic
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results, and review particular notation related to probability theory.

We begin by recalling some basic definitions. Let 2 be some set. A c-algebra F on € is a
set of subsets of Q0 with the following three properties: € F, if F' € F then F°¢ € F as
well, and if (F),),>1 is a sequence of sets with F,, € F for n > 1, then U2, F,, € F as well.
We refer to the second condition as F being stable under complements, and we refer to the
third condition as F being stable under countable unions. From these stability properties,
it also follows that if (F,),>1 is a sequence of sets in F, N°2,F,, € F as well. We refer
to the pair (Q,F) as a measurable space, and we refer to the elements of F as events. A
probability measure P on (2, F) is a mapping P : F — [0, 1] such that P(})) =0, P(Q) =1
and whenever (F),) is a sequence of disjoint sets in F, it holds that Y~ , P(F,) is convergent
and P(US2  F,) = > 7 P(F,). We refer to the latter property as the c-additivity of the

probability measure P. We refer to the triple (2, F, P) as a probability space.

Next, assume given a measure space (£, F), and let H be a set of subsets of 2. We may then
form the set 2( of all o-algebras on {2 containing H, this is a subset of the power set of the
power set of . We may then define o(H) = NregF, the intersection of all o-algebras in 2,
that is, the intersection of all o-algebras containing H. This is a o-algebra as well, and it is
the smallest o-algebra on ) containing H in the sense that for any o-algebra G containing
H, we have G € 2 and therefore o(H) = NrecaqF C G. We refer to o(H) as the o-algebra
generated by H, and we say that H is a generating family for o (H).

Using this construction, we may define a particular o-algebra on the Euclidean spaces: The
Borel o-algebra B; on R? for d > 1 is the smallest o-algebra containing all open sets in R?.
We denote the Borel o-algebra on R by B.

Next, let (F},)n>1 be a sequence of sets in F. If F,, C F, 44 for all n > 1, we say that (F},)n>1
is increasing. If F,, D F,4 for all n > 1, we say that (F},),>1 is decreasing. Assume that
D is a set of subsets of € such that the following holds: 2 € D, if F,G € D with F C G
then G\ F € D and if (F,),>1 is an increasing sequence of sets in I then U2, F,, € D.
If this is the case, we say that D is a Dynkin class. Furthermore, if H is a set of subsets
of 2 such that whenever F,G € H then FF NG € H, then we say that H is stable under
finite intersections. These two concepts combine in the following useful manner, known as
Dynkin’s lemma: Let D be a Dynkin class on 2, and H be a set of subsets of  which is
stable under finite intersections. If H C D, then o(H) C D.

Dynkin’s lemma is useful when we desire to show that some property holds for all sets F' € F.
A consequence of Dynkin’s lemma is that if P and @ are two probability measures on F which



1.2 Convergence of sequences of random variables 3

are equal on a generating family for F which is stable under finite intersections, then P and

Q@ are equal on all of F.

Assume given a probability space (£, F, P). The probability measure satisfies that for any
pair of events F,G € F with F C G, P(G\ F) = P(G) — P(F). Also, if (F},) is an increasing
sequence in F, then P(USS,F,) = lim, o P(F),), and if (F},) is a decreasing sequence in

F, then P(N2, F),) = lim,,_,oc P(F),). These two properties are known as the upwards and

downwards continuity of probability measures, respectively.

Given a mapping X : 2 — R, we say that X is F-B measurable if it holds for all A € B
that X~1(B) € F, where we use the notation X 1(B) = {w € Q | X(w) € B}. Letting
the o-algebras involved be implicit, we may simply say that X is measurable. A measurable
mapping X : Q — R is referred to as a random variable. For convenience, we also write
(X € B) instead of X ~!(B) when B C R. Measurability of X ensures that whenever B € B,
the subset (X € B) of Q is F measurable, such that P(X € B) is well-defined. Furthermore,
the integral [ |X|dP is well-defined. In the case where it is finite, we say that X is integrable,
and the integral [ X dP is then well-defined and finite. We refer to this as the mean of X
and write EX = [ X dP. In the case where |X|P is integrable for some p > 0, we say that
X has p’'th moment and write EX? = [ XPdP.

Also, if (X;)ser is a family of variables, we denote by o((X;);cr) the o-algebra generated
by (X;)icr, meaning the smallest o-algebra on Q making X; measurable for all i € I, or
equivalently, the smallest o-algebra containing H, where H is the class of subsets (X; € B)
for i € I and B € B. Also, for families of variables, we write (X;);c; and (X;) interchangably,

understanding that the index set is implicit in the latter case.

1.2 Convergence of sequences of random variables

We are now ready to introduce sequences of random variables and consider their modes of
convergence. For the remainder of the chapter, we work within the context of a probability
space (2, F, P).

Definition 1.2.1. A sequence of random variables (X,,)n>1 5 a sequence of mappings from

Q to R such that each X,, is a random variable.

If (X,)n>1 is a sequence of random variables, we also refer to (X,),>1 as a discrete-time
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stochastic process, or simply a stochastic process. These names are interchangeable. For
brevity, we also write (X,,) instead of (X,),>1. In Definition 1.2.1, all variables are assumed
to take values in R, in particular ruling out mappings taking the values co or —oco and ruling
out variables with values in R?. This distinction is made solely for convenience, and if need
be, we will also refer to sequences of random variables with values in R? or other measure

spaces as sequences of random variables.

A natural first question is when sequences of random variables exist with particular distri-
butions. For example, does there exists a sequence of variables (X,,) such that (X1,...,X,)
are independent for all n > 1 and such that for each n > 1, X,, has some particular given
distribution? Such questions are important, and will be relevant for our later construction of
examples and counterexamples, but are not our main concern here. For completeness, results

which will be sufficient for our needs are given in Appendix A.3.

The following fundamental definition outlines the various modes of convergence of random

variables to be considered in the following.

Definition 1.2.2. Let (X,,) be a sequence of random wvariables, and let X be some other

random variable.

(1). X,, converges in probability to X if for all e > 0, lim, o P(|X,, — X| >¢) =0.
(2). X,, converges almost surely to X if P(lim,, o, X,, = X) = 1.
(8). X, converges in LP to X for some p > 1 if lim,, o, F|X,, — X|P = 0.

(4). X, converges in distribution to X if for all bounded, continuous mappings f: R — R,
lim, o Ef(X,) = Ef(X).

In the affirmative, we write X, £, X, X, X, X, L—p> X and X, 2, X, respectively.

Definition 1.2.2 defines four modes of convergence: Convergence in probability, almost sure
convergence, convergence in £P and convergence in distribution. Convergence in distribution
of random variables is also known as convergence in law. Note that convergence in LP as
given in Definition 1.2.2 is equivalent to convergence in || - ||, in the seminormed vector
space LP(Q, F,P), see Section A.2. In the remainder of this section, we will investigate
the connections between these modes of convergence. A first question regards almost sure
convergence. The statement that P(lim, . X, = X) = 1 is to be understood as that the
set {w € Q| X, (w) converges to X (w)} has probability one. For this to make sense, it is
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necessary that this set is measurable. The following lemma ensures that this is always the
case. For the proof of the lemma, we recall that for any family (F;);es of subsets of €, it
holds that
ﬁieIFi:{OJEQ|ViEIZOJEFi} (11)
UiGIFi = {OJ e | diel:we F1}7 (12)

demonstrating the connection between set intersection and the universal quantifier and the

connection between set union and the existential quantifier.

Lemma 1.2.3. Let (X,,) be a sequence of random variables, and let X be some other variable.
The subset F' of Q given by F = {w € Q | X,,(w) converges to X(w)} is F measurable. In
particular, it holds that

F=ny_y UnZy M2, (1 Xk — X[ < ). (1.3)

Proof. We first prove the equality (1.3), and to this end, we first show that for any sequence
(2,) of real numbers and any real z, it holds that z,, converges to z if and only if

VmENHnENszn:\xk—ﬂSi. (1.4)
To this end, recall that z,, converges to z if and only if
Ve>03aneNVEk>n: |z —x| <e. (1.5)

It is immediate that (1.5) implies (1.4). We prove the converse implication. Therefore,
assume that (1.4) holds. Let € > 0 be given. Pick a natural m > 1 so large that % <e.
Using (1.4), take a natural n > 1 such that for all k > n, |z — 2| < L. It then also holds
that for k > n, |z — 2| < e. Therefore, (1.5) holds, and so (1.5) and (1.4) are equivalent.

We proceed to prove (1.3). Using what we already have shown, we obtain

F={we ]| X,(w) converges to X (w)}
={we|Ve>03aneNVE>n:|X,(w) - X(w)| <e}
={weQ|VmeNIneNVE>n:|X,(w)— X(w) <L},

and applying (1.1) and (1.2), this yields

F=ny_{weQ| IneNVi>n:|X,(w) —X(w)| <=}
=M U {we Q| VE2n: [X,(w) - X(w)| < 5
= Mh—1 Unly Ml {w € Q| [Xp(w) = X (W)] < 5}

)
= M=t UnZy MR, (1 Xk — X[ < 50),

}
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as desired. We have now proved (1.3). Next, as X and X both are F measurable mappings,
| X}, — X| is F measurable as well, so set (|X; — X| < L) isin F. As a consequence, we
obtain that NZ°_, USS; M° (| X}, — X| < L) is an element of 7. We conclude that F € F,
as desired. O

Lemma 1.2.3 ensures that the definition of almost sure convergence given in Definition 1.2.2
is well-formed. A second immediate question regards convergence in probability: Does it
matter whether we consider the limit of P(|X,, — X| > ¢) or P(|X,, — X| > ¢)? The following
lemma shows that this is not the case.

Lemma 1.2.4. Let (X,,) be a sequence of random variables, and let X be some other variable.
It holds that X,, converges in probability to X if and only if it holds that for each € > 0,
lim,, 0 P(|Xn — X| >¢) =0.

Proof. First assume that for each e > 0, lim,,_, o P(| X, —X| > €) = 0. We need to show that
X, converges in probability to X, meaning that for each € > 0, lim,,_,», P(|X,,—X| > ¢) = 0.
To prove this, first fix € > 0. We then obtain

limsup P(|.X,, — X| > ¢) < limsup P(|X,, — X[ > §) =0,

n—roo n—oo

so limy, o0 P(|X,, — X| > &) = 0, as desired. Conversely, if it holds for all ¢ > 0 that
lim, 00 P(| Xy — X| > €) =0, we find for any € > 0 that

limsup P(|X,, — X| > ¢) < limsup P(|X,, — X| > ¢) =0,
n—oo

n—oo

which proves the other implication. O

Also, we show that limits for three of the modes of convergence considered are almost surely

unique.

Lemma 1.2.5. Let (X,,) be a sequence of random variables and let X and 'Y be two other
variables. Assume that X, converges both to X and to Y in probability, almost surely or in

LP for some p>1. Then X and Y are almost surely equal.

Proof. First assume that X,, — X and X,, — Y. Fix & > 0. Note that if X — X, | <e/2
and | X, — Y| <¢&/2, we have |X — Y| < e. Therefore, we also find that |X — Y| > ¢ implies
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that either | X — X,,| > ¢/2 or | X,, — Y| > ¢/2. Hence, we obtain

P(X-Y|>e) <P X — X,|+|Xn—Y]| >¢)
S P((IX = Xo| 2 5) U (X0 = Y[ = 3))
< P(IX = X, > 5)+ P(IX, - Y| > 5),
so that P(|X — Y| > ¢) < limsup,, ., P(|X — X,| > §)+ P(|X, = Y| > §) = 0. As
(X —=Y|>0)=U2,(|X - Y| > 1) and a union of null sets again is a null sets, we conclude
that (]X — Y] > 0) is a null set, such that X and Y are almost surely equal.

In the case where X,, == X and X,, = Y, the result follows since limits in R are unique. If
X, 5 X and X,, £5 Y, we obtain || X — Y|, < limsup,, . | X — Xullp + [| X0 — Y|, = 0,
so E|X — Y|P =0, yielding that X and Y are almost surely equal. Here, || - ||, denotes the
seminorm on LP(), F, P). O

Having settled these preliminary questions, we next consider the question of whether some
of the modes of convergence imply another mode of convergence. Before proving our basic
theorem on this, we show a few lemmas of independent interest. In the following lemma,
f(X) denotes the random variable defined by f(X)(w) = f(X(w)).

Lemma 1.2.6. Let (X,,) be a sequence of random variables, and let X be some other variable.
Let f : R = R be a continuous function. If X, converges almost surely to X, then f(X,)
converges almost surely to f(X). If X,, converges in probability to X, then f(X,) converges
in probability to f(X).

Proof. We first consider the case of almost sure convergence. Assume that X, converges
almost surely to X. As f is continuous, we find for each w that if X,,(w) converges to X (w),
f(Xp(w)) converges to f(X(w)) as well. Therefore,

P(f(X,) converges to f(X)) > P(X,, converges to X) =1,

proving the result. Next, we turn to the more difficult case of convergence in probability.
Assume that X,, converges in probability to X, we need to prove that f(X,,) converges in
probability to f(X). Let € > 0, we thus need to show lim,, .. P(|f(X,) — f(X)| > ¢) = 0.
To this end, let m > 1. As [—(m + 1), m + 1] is compact, f is uniformly continuous on this
set. Choose § > 0 such that ¢ parries € for this uniform continuity of f. We may assume
without loss of generality that 6 < 1. We then have that for  and y in [—(m + 1),m + 1],
|z —y| <6 implies |f(z) — f(y)| < e. Now assume that |f(z) — f(y)| >e. If |z —y| <0 and
|z| < m, we obtain z,y € [-(m + 1), m + 1] and thus a contradiction with |f(z) — f(y)| > e.
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Therefore, when |f(x) — f(y)| > ¢, it must either hold that |z —y| > J or |x| > m. This
yields

P(If(Xn) = f(X)] > &) < P((|Xn = X[ > d) U (|X]| > m))
< P(|Xn — X[ >6) + P(|X] > m).

Note that while § depends on m, neither § nor m depends on n. Therefore, as X,, converges

in probability to X, the above estimate allows us to conclude

limsup P(|f(X,) — f(X)] > ¢) < limsup P(| X, — X| > 0) + P(|X]| > m) = P(|X]| > m).

n— oo

As m was arbitrary, we then finally obtain

limsup P(|f(Xn) = f(X)[ > ) < lim P(|X[>m) =0,

n—o0

by downwards continuity. This shows that f(X,) converges in probability to f(X). O

Lemma 1.2.7. Let X be a random wvariable, let p > 0 and let € > 0. It then holds that
P(|X|>¢e) <ePE|X]P.

Proof. We simply note that P(|X| > ¢) = El(|x|>¢) < e PE|X|P1(x|>) < e PE|X|P, which
yields the result. O

Theorem 1.2.8. Let (X,) be a sequence of random wvariables, and let X be some other
variable. If X, converges in LP to X for some p > 1, or if X,, converges almost surely to
X, then X, also converges in probability to X. If X,, converges in probability to X, then X,

also converges in distribution to X.

Proof. We need to prove three implications. First assume that X,, converges in LP to X for
some p > 1, we want to show that X, converges in probability to X. By Lemma 1.2.7, it
holds for any € > 0 that

limsup P(|X,, — X| > ¢) < limsupe PE|X,, — X|? =0,

n—oo n—oo
so P(|X, — X| > ¢) converges as n tends to infinity, and the limit is zero. Therefore,
X, converges in probability to X. Next, assume that X,, converges almost surely to X.

Again, we wish to show that X,, converges in probability to X. Fix € > 0. Using that
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(I X5 — X| > ) C UL, (| Xk — X| > ¢) and that the sequence (U2, (| Xk — X| > €))n>1 is
decreasing, we find

limsup P(|X,, — X| > ¢) < lim P(U, | Xt — X| > ¢)
n—oo

n—oo
= P(MpZy Uil [ Xk — X[ = )
< P(X,, does not converge to X) = 0,

so X,, converges in probability to X, as desired. Finally, we need to show that if X, converges
in probability to X, then X,, also converges in distribution to X. Assume that X,, converges
in probability to X, and let f : R — R be bounded and continuous. Let ¢ > 0 be such that
|f(z)| < cforall z. Applying the triangle inequality, |f(X,,)— f(X)| < |f(Xn)|+]|f(X)] < 2¢,
and so we obtain for any ¢ > 0 that

[Ef(Xn) — Ef(X)] < E[f(Xn) — f(X)]

= E|f(Xn) = F(X)(rx)—fx)>e) T Bl (Xn) = FXIL(5(x0)—F(X)|<e)
< 2eP(|f(Xn) — f(X)| > €) +e. (1.6)

By Lemma 1.2.6, f(X,) converges in probability to f(X). Therefore, (1.6) shows that
limsup,,_, o |[Ef(X,) — Ef(X)| < e. As e > 0 was arbitrary, this allows us to conclude
limsup,,_, |[Ef(X,)— Ef(X)| =0, and as a consequence, lim,,_,oc Ff(X,) = Ef(X). This

proves the desired convergence in distribution of X, to X. O

Theorem 1.2.8 shows that among the four modes of convergence defined in Definition 1.2.2,
convergence in £P and almost sure convergence are the strongest, convergence in probability
is weaker than both, and convergence in distribution is weaker still. There is no general
simple relationship between convergence in £P and almost sure convergence. Note also an
essential difference between convergence in distribution and the other three modes of conver-
gence: While both convergence in £P, almost sure convergence and convergence in probability
depend on the multivariate distribution of (X,,, X), convergence in distribution merely de-
pends on the marginal laws of X,, and X. For this reason, the theory for convergence in
distribution is somewhat different than the theory for the other three modes of convergence.
In the remainder of this chapter and the next, we only consider the other three modes of

convergence.

Example 1.2.9. Let £ € R, let ¢ > 0 and let (X,,) be a sequence of random variables
such that for all n > 1, X,, is normally distributed with mean ¢ and variance o2. Assume
furthermore that Xi, ..., X, are independent for all n > 1. Put én = % > or_q Xi. We claim
that én converges in L? to £ for all p > 1.
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To prove this, note that by the properties of normal distributions, %22;1 X} is normally
distributed with mean £ and variance %02. Therefore, \/no~1(¢ — %22:1 X}) is standard
normally distributed. With m, denoting the p’th absolute moment of the standard normal
distribution, we thus obtain

p

n n p
- 1 oP 1 oPm
_ P _ = _ —1 _ _ P
Ble-&p=Ele- 13 x| - Zop| i (5 L Zxk>‘ _omy
k=1 k=1
which converges to zero, proving that = >°7 | X, £ & forall p > 1. o

The following lemma shows that almost sure convergence and convergence in probability

enjoy strong stability properties.

Lemma 1.2.10. Let (X,) and (Y,) be sequences of random variables, and let X and Y
be two other random wvariables. If X, converges in probability to X and Y, converges in
probability to Y, then X,, + Y, converges in probability to X +Y, and X, Y, converges in
probability to XY . Also, if X, converges almost surely to X and Y, converges almost surely

toY, then X,, +Y, converges almost surely to X +Y, and X,,Y,, converges almost surely to
XY.

Proof. We first show the claims for almost sure convergence. Assume that X, converges
almost surely to X and that Y,, converges almost surely to Y. Note that as addition is
continuous, we have that whenever X,, (w) converges to X (w) and Y, (w) converges to Y (w),
it also holds that X, (w) + Y, (w) converges to X (w) + Y (w). Therefore,

P(X, +Y, converges to X +Y) > P((X,, converges to X) N (Y, converges to Y)) =1,
and by a similar argument, we find
P(X,Y, converges to XY) > P((X,, converges to X) N (Y, converges to Y)) =1,

since the intersection of two almost sure sets also is an almost sure set. This proves the
claims on almost sure convergence. Next, assume that X,, converges in probability to X and
that Y,, converges in probability to Y. We first show that X,, + Y, converges in probability
to X +Y. Let € > 0 be given. We then obtain

limsup P(|X,, + Y, — (X +Y)| > &) <limsup P((| X, — X| > %) uU(y,-Y|> %))

n—oo n— oo

< limsup P(IX, — X| > §) + P([Ya — Y| 2 §) = 0,

n—oo

proving the claim. Finally, we show that X, Y, converges in probability to XY . This will

follow if we show that X, Y;, — XY converges in probability to zero. To this end, we note the
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relationship X,,Y,, — XY = (X,, - X)(Y¥,, - Y) + (X, — X)Y + (Y, — Y)X, so by what we
already have shown, it suffices to show that each of these three terms converge in probability
to zero. For the first term, recall that for all z,y € R, 22 +2zy+y? > 0 and 22 —2zy+32 > 0,
so that |zy| < $x% 4+ $y*. Therefore, we obtain for all £ > 0 that

P(|(Xy — X) (Y — Y)|>s)<P(%( X453, —Y)>¢)
P(3(Xn—X)? > 36)+ P(3(Ya —Y)? > L)
=P(|X X[ >Ve)+ P(IY, = Y| > Ve).

Taking the limes superior, we conclude lim, o, P(|(X,, — X)(Y, —Y)| > ¢) = 0, and thus
(X, —X)(Y, —Y) converges in probability to zero. Next, we show that (X, —X)Y converges
in probability to zero. Again, let € > 0. Consider also some m > 1. We then obtain

P(|(Xn = X)Y[ =€)
= P((|(Xn = X)Y[ =) N ([Y] < m)) + P((|(Xn — X)Y[ = &) N (Y] > m))
< P(m|X, — X|>¢e)+ P([Y]|>m)=P(|X,, — X| > Le)+ P([Y]| > m).

Therefore, we obtain limsup,,_,. P((X, — X)Y| > ¢) < P([Y| > m) for all m > 1, from
which we conclude limsup,,_, ., P(|(X,, — X)Y| > ¢) < lim,,—oo P(|Y| > m) = 0, by down-
wards continuity. This shows that (X,, — X)Y converges in probability to zero. By a similar
argument, we also conclude that (Y,, —Y)X converges in probability to zero. Combining our
results, we conclude that X, Y, converges in probability to XY, as desired. O

Lemma 1.2.10 could also have been proven using a multidimensional version of Lemma 1.2.6
and the continuity of addition and multiplication. Our next goal is to prove another con-
nection between two of the modes of convergence, namely that convergence in probability
implies almost sure convergence along a subsequence, and use this to show completeness
properties of each of our three modes of convergence, in the sense that we wish to argue that
Cauchy sequences are convergent for both convergence in £P, almost sure convergence and
convergence in probability.

We begin by showing the Borel-Cantelli lemma, a general result which will be useful in several

contexts. Let (F),) be a sequence of events. We then define

(F) 1.0.) = {w € Q| w € F,, infinitely often }
(F,, evt.) ={w € Q| w € F, eventually }

Note that w € F,, for infinitely many n if and only if for each n > 1, there exists k > n
such that w € Fj. Likewise, it holds that w € F,, eventually if and only if there exists n > 1
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such that for all £ > n, w € Fy. Therefore, we also have (F), i.0.) = N32; U Fj and
(Fy evt.) = U2, N2 Fy. This shows in particular that the sets (F, i.0.) and (F), evt.) are
measurable. Also, we obtain the equality (F}, i.0.)¢ = (F¢ evt.). It is customary also to write
limsup,,_, . Fy, for (F, i.0.) and liminf, . F;, for (F,, evt.), although this is not a notation
which we will be using. The main useful result about events occurring infinitely often is the

following.

Lemma 1.2.11 (Borel-Cantelli). Let (F,) be a sequence of events. If > - | P(F,) is finite,
then P(F, i.0.) = 0.

Proof. As the sequence of sets (U3, Fy)n>1 is decreasing, we obtain by the downward con-
tinuity of probability measures that
P(F, i0.) = P(MZ, 32, Fy) = lim P(U2,Fy) < lim » P(F) =0,
n— 00

n— 00
k=n

with the final equality holding since the tail sum of a convergent series always tends to

Z€ero. O

Lemma 1.2.12. Let (X,) be a sequence of random wvariables, and let X be some other
variable. Assume that for alle > 0, Y 0° | P(|X, — X| > ¢) is finite. Then X,, converges

almost surely to X.

Proof. Recalling (1.3), it suffices to show that
P(My UnZy M2, (1 Xk — X[ < 1)) = L.

Fix € > 0. By Lemma 1.2.11, we find that the set (|X,, — X| > € i.0.) has probability zero.
As (| X, — X| < g evt.)® = (| X, — X| > e i.0.), we obtain P(|X,, — X| < eevt.) = 1. As
e > 0 was arbitrary, we in particular obtain P(|X,, — X| < L evt.) =1 for all m > 1. As the
intersection of a countable family of almost sure events again is an almost sure event, this

yields

P(Ny—y UnZy ML, (1 Xk — X[ < 50)) = P(Op—1 (1K — X[ < o evt) = 1,
as desired. O
Lemma 1.2.13. Let (X,) be a sequence of random wvariables, and let X be some other

variable. Assume that X, converges in probability to X. There is a subsequence (Xp,)

converging almost surely to X.
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Proof. Let (e)k>1 be a sequence of positive numbers decreasing to zero. For each k, it holds
that lim, . P(|X, — X| > &) = 0. In particular, for any k,n* > 1, we may always pick
n > n* such that P(|X,, — X| > e;) < 27%. Therefore, we may recursively define a strictly
increasing sequence of indicies (ny)r>1 such that for each k, P(|X,, — X| > ;) <27%. We
claim that the sequence (X, )r>1 satisfies the criterion of Lemma 1.2.12. To see this, let

€ > 0. As (ex)r>1 decreases to zero, there is m such that for k > m, €, < e. We then obtain

D P(Xn = X|2e) <D P(|Xn, — X[ Ze) < Y275,
k=m k=m

k=m
which is finite. Hence, Y, | P(|X,, — X| > ¢) is also finite, and Lemma 1.2.12 then shows
that X, converges almost surely to X. O

We are now almost ready to introduce the concept of being Cauchy with respect to each of

our three modes of convergence and show that being Cauchy implies convergence.

Lemma 1.2.14. Let (X,,) be a sequence of random wvariables. It then holds that
(Xn is Cauchy) = N5_y UpZy M2, (1 Xy — Xi| < 1), (1.7)

and in particular, (X,, is Cauchy) is measurable.

Proof. Recall that a sequence (x,) in R is Cauchy if and only if
Ve>03dneNVki>n:|o,—x] <e (1.8)
We will first argue that this is equivalent to

VmeNIneNVE>n:|r, —a,| < (1.9)

i.
To this end, first assume that (1.8) holds. Let m € N be given and choose € > 0 so small
that e < % Using (1.8), take n € N so that |z — 2;| < & whenever k,i > n. Then it holds in
particular that |z — x,| < % Thus, (1.9) holds. To prove the converse implication, assume
that (1.9) holds. Let ¢ > 0 be given and take m € N so large that - < /2. Using (1.9),
take n € N so that for all k > n, |z —z,] < % We then obtain that for all k,7 > n, it holds
that |xg — ;] <ok — xn| + |2 — 20| < % < e. We conclude that (1.8) holds. We have now
shown that (1.8) and (1.9) are equivalent.

Using this result, we obtain
(X, is Cauchy) ={w e Q| Ve>0IneNVEki>n:|Xp(w) — X,(w)| <e}
={weQ|VmeNIneNVEk2>n:|X;(w) - Xp(w)| < £}
= NMpv_y UnZy M2, (1 X — Xk < 1),
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as desired. As a consequence, the set (X,, is Cauchy) is F measurable. O

We are now ready to define what it means to be Cauchy with respect to each of our modes
of convergence. In the definition, we use the convention that a double sequence (Znm)n,m>1
converges to  as n and m tend to infinity if it holds that for all € > 0, there is k > 1 such
that |znm — 2| < € whenever n,m > k. In particular, a sequence (z,)n>1 is Cauchy if and

only if |z,, — 2,,| tends to zero as n and m tend to infinity.

Definition 1.2.15. Let (X,,) be a sequence of random variables. We say that X,, is Cauchy
in probability if it holds for any e > 0 that P(|X,, — X,n| > €) tends to zero as m and n tend
to infinity. We say that X, is almost surely Cauchy if P((X,,) is Cauchy) = 1. Finally, we
say that X,, is Cauchy in LP for some p > 1 if E|X,, — X,,|P tends to zero as m and n tend
to infinity.

Note that Lemma 1.2.14 ensures that the definition of being almost surely Cauchy is well-

formed, since (X,, is Cauchy) is measurable.

Theorem 1.2.16. Let (X,,) be a sequence of random variables. If X,, is Cauchy in proba-
bility, there exists a random variable X such that X,, converges in probability to X. If X, is
almost surely Cauchy, there exists a random variable X such that X, converges almost surely
to X. If (X,,) is a sequence in LP which is Cauchy in LP, there exists a random variable X
in LP such that X,, converges to X in LP.

Proof. The result on sequences which are Cauchy in £LP is immediate from Fischer’s com-
pleteness theorem, so we merely need to show the results for being Cauchy in probability and

being almost surely Cauchy.

Consider the case where X, is almost surely Cauchy. As R equipped with the Euclidean
metric is complete, (X, is convergent) = (X,, is Cauchy), so in particular, by Lemma 1.2.14,
the former is a measurable almost sure set. Define X by letting X = lim,, .., X,, when the
limit exists and zero otherwise. Then X is measurable, and we have

P(lim X, = X) = P(X, is Cauchy) =1,

n— oo

so X, converges almost surely to X, proving the result for being almost surely Cauchy.

Finally, assume that X,, is Cauchy in probability. For each k, P(|X, — X,,| > 27%) tends
to zero as m and n tend to infinity. In particular, we find that for each k, there is n*
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such that for n,m > n*, it holds that P(|X, — X,,| > 27%) < 27%. Therefore, we may
pick a sequence of strictly increasing indicies (nz) such that P(|X, — X,,| > 27F) < 27F
for n,m > ni. We then obtain in particular that P(|X,,,, — Xn,| > 27%) < 27% for all
k > 1. From this, we find that > 7 | P(|X,,., — Xn,| > 27%) is finite, so by Lemma 1.2.11,
P(| Xy, — Xn,| =277 i0.) =0, leading to P(].X — X, | <27% evt.) = 1. In particular,
it holds almost surely that > -, |X

MNk+1

— X,,,,| is finite. For any k& > ¢ > 1, we have

NEk+1
k—1 [eS)

|Xnk - Xm' S Z |an+1 - an| S Z ‘X7Lj+1 - X’ﬂj |
j=i j=i

Now, as the tail sums of convergent sums tend to zero, the above shows that on the almost
sure set where > 77 | |X

is almost surely Cauchy, so by what was already shown, there exists a variable X such that

nisr — Xny| is finite, (X, )r>1 is Cauchy. In particular, (X, )r>1
X, converges almost surely to X. In order to complete the proof, we will argue that (X,,)
converges in probability to X. To this end, fix ¢ > 0. Let § > 0. As (X,,) is Cauchy in
probability, there is n* such that for m,n > n*, P(|X, — X;,| > §) < 4. And as X,,,
converges almost surely to X, X,, also converges in probability to X by Theorem 1.2.8.
Therefore, for k large enough, P(|X,, — X| > §) < 4. Let k be so large that this holds and

simultaneously so large that ny > n*. We then obtain for n > n* that
P(X, - X|>¢) < P(|Xn*Xnk|+|Xnk - X|>¢)

< P(IX, = Xy, | > §) + P(1 X0, — X| > §) < 26.

Thus, for n large enough, P(|X,, — X| > ¢) < 2. As § was arbitrary, we conclude that
lim;, oo P(|X,,—X| > €) = 0, showing that X, converges in probability to X . This concludes
the proof. O

This concludes our preliminary investigation of convergence of sequences of random variables.

1.3 Independence and Kolmogorov’s zero-one law

In this section, we generalize the classical notion of independence of random variables and
events to a notion of independence of g-algebras. This general notion of independence en-

compasses all types of independence which will be relevant to us.

Definition 1.3.1. Let I be some set and let (F;)icr be a family of o-algebras. We say that

the family of o-algebras is independent if it holds for any finite sequence of distinct indicies
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i1,...,0n € I and any F1 € F;,,..., F,, € F; that

e=1F%) = f[ Fy). (1.10)

The abstract definition in Definition 1.3.1 will allow us considerable convenience as regards
matters of independence. The following lemma shows that when we wish to prove indepen-
dence, it suffices to prove the equality (1.10) for generating families which are stable under

finite intersections.

Lemma 1.3.2. Let I be some set and let (F;)icr be a family of o-algebras. Assume that for
each i, F; = o(H;), where H; is a set family which is stable under finite intersections. If it
holds for any finite sequence of distinct indicies i1, ..., i, € I that P(N?_, Fy) = [1r_; P(Fy),
where Fy € H;,, ..., F, € H; , then (F;)icr is independent.

Proof. We apply Dynkin’s lemma and an induction proof. We wish to show that for each n,
it holds for all sequences of n distinct indicies i1,...,4, € I and all finite sequences of sets
Fy € Fi,,...,F, € F;, that P(N7_,Fx) = [1;_, P(Fk). The induction start is trivial, so it
suffices to show the induction step. Assume that the result holds for n, we wish to prove it

for n 4+ 1. Fix a finite sequence of n + 1 distinct indicies ¢1,...,%,+1 € I. We wish to show
that
n+1
PN, H P(F},) (1.11)
for Fy € Fiy,...,Foy1 € Fi,,,- Tothisend, let k <n+1, and let F; € F;; for j # k. Define
n+1
D =< F € Fi, | P(N2Fy) H P(F;) 3. (1.12)

We claim that D is a Dynkin class. To see this, we need to prove that 2 € D, that B\ A € D
whenever A C B and A, B € D, and that whenever (A,) is an increasing sequence in D,
U, A, € D as well. By our induction assumption, Q € D. Let A, B € D with A C B. We

then obtain

P((B\ A)NNjzF;) = P(BNA°NNjxF;) = P((BNNjzpF;) NAS)

(
(BN Njzeky) N(ANN£6F))
(
(

BONjziky) — P(ANN 21 Fy)

B) [T P(Fy) — P(A) [ P(Fy) = P(B\ A) [] P(F))

i#k i#k i#k

P
P
P
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so that B\ A € D. Finally, let (4,,) be an increasing sequence of sets in . We then obtain

P((UpZ1An) NNjzely) = P(URZ Ap NNy Fy) = lim P(A, 00 Fy)

n— oo
= 1m_P(4,) [ P(F) = Pz AL ] P(E)),
j#k J#k
so U22; A, € D. This shows that D is a Dynkin class.

We are now ready to argue that (1.11) holds. Note that by our assumption, we know that
(1.11) holds for Fy € H;,,...,Fuy1 € H;,,,. Consider F; € Hy,,...,Fry € H The
family D as defined in (1.12) then contains H;, , and so Dynkin’s lemma yields F;, = o(H;,) C
D. This shows that (1.11) holds when Fy € F;, and Fy € Hy,, ..., F11 € H;,,,. Next, let
L Fp €eH Then D as defined
in (1.12) contains H,, and therefore by Dynkin’s lemma contains o(H;,) = F;,, proving that
(111) holds when F} € ]:i17 e ]:iz and F3 € Hi37 - ,Fn+1 € Hin+1-
argument, we conclude that (1.11) in fact holds when Fy € F;,, ..., F41 € F;
This proves the induction step and thus concludes the proof. O

Tn+41”

Fy € F;, and consider a finite sequence of sets F3 € H

939 ¢ - in,+1'

By a finite induction

ni1» as desired.

The following definition shows how we may define independence between families of variables

and families of events from Definition 1.3.1.

Definition 1.3.3. Let I be some set and let (X;)ie; be a family of random variables. We
say that the family is independent when the family of o-algebras (o(X;))icr is independent.
Also, if (F})ier s a family of events, we say that the family is independent when the family
of o-algebras (o(1g,))iecr is independent.

Next, we show that Definition 1.3.3 agrees with our usual definitions of independence.

Lemma 1.3.4. Let I be some set and let (X;)icr be a family of random variables. The family
is independent if and only if it holds for any finite sequence of distinct indicies i1, ... i, € I
and any A1, ..., A, € B that P(N?_,(X;, € Ax)) =1h_; P(X, € Ak).

Proof. From Definition 1.3.3, we have that (X;);cs is independent if and only if (o(X;)):er is
independent, which by Definition 1.3.1 is the case if and only if for any finite sequence
of distinct indicies iy,...,4, € I and any Fy € o(X;),...,Fn € o(X;,) it holds that
P(Ny_,Fy) = [1h_, P(Fy). However, we have o(X;) = {(X; € A) | A€ B} for all i € I, so
the condition is equivalent to requiring that P(N}_,(X;, € Ax)) = [[i_, P(X;, € Ay) for
any finite sequence of distinct indicies 41, ...,4, € I and any A;,..., A, € B. This proves
the claim. O
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Lemma 1.3.5. Let I be some set and let (F;)icr be a family of events. The family is
independent if and only if it holds for any finite sequence of distinct indicies i1,...,1, € 1
that P(“Z:lFik) = HZ:l P(Fik)'

Proof. From Definition 1.3.3, (F});cr is independent if and only if (0(1F,))ser is independent.
Note that for all ¢ € I, o(15,) = {Q,0, F;, Ff}, so o(1g,) is generated by {F;}. Therefore,
Lemma 1.3.2 yields the conclusion. O

We will also have need of the following properties of independence.
Lemma 1.3.6. Let I be some set and let (F;)ier be a family of o-algebras. Let (G;)icr be
another family of o-algebras, and assume that G; C F; for alli € I. If (F;)icr is independent,

50 is (Gi)ier-

Proof. This follows immediately from Definition 1.3.1. O

Lemma 1.3.7. Let I be some set and let (X;);c; be a family of independent variables. For
each i, let 1; : R — R be some measurable mapping. Then (1¥;(X;))icr is also independent.

Proof. As o(¢;(X;)) C 0(X;), this follows from Lemma 1.3.6. O

Lemma 1.3.8. Let I be some set and let (F;)i;er be an independent family of o-algebras.
Let J,J' C I and assume that J and J' are disjoint. Then, the o-algebras o((F;)icy) and
o((Fi)icyr) are independent.

Proof. Let G = o((Fi)icy) and G’ = o((F;)icyr). We define

H:{ﬁzlek|n217i1,...,in€JaHdF1Gfil,...,FnG.Fin}
H = {;_,Gy, |n' > 1,4),...,i, € J and Gy € Fy,...,Gp € Fyr }.

Then H and H' are generating families for G and G’, respectively, stable under finite in-
tersections. Now let ' € H and G € H’'. Then, there exists n,n’ > 1, t1,...,0, € J
and 7,...,4, € J' and F1 € Fy,...,F, € F;, and Gy € Fy,..., G, € Fy, such that

Sl

’ . . . . . . . .
F =n}_,F, and G = N}_,Gj. Since J and J’ are disjoint, the sequence i1, ..., 0,9, .., 1,

consists of distinct indicies. As (F;);es is independent, we then obtain

P(FNG) = P((N{_1Fi) N (M2, Gi)) = (H P(Fk)> [ PGy | = P(F)P(G).
k=1 k=1
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Therefore, Lemma 1.3.2 shows that G and G’ are independent, as desired. O

Before ending the section, we show some useful results where independence is involved.

Definition 1.3.9. Let (X,,) be a sequence of random variables. The tail o-algebra of (X,,)
is defined as the o-algebra NS0 (X, Xny1,-..).

Colloquially speaking, the tail o-algebra of (X,,) consists of events which only depend on the
tail properties of (X,,). For example, as we will see shortly, the set where (X,,) is convergent

is an element in the tail o-algebra.

Theorem 1.3.10 (Kolmogorov’s zero-one law). Let (X,,) be a sequence of independent vari-
ables. Let J be the tail o-algebra of (X,,). For each F € J, it holds that either P(F) =0 or
P(F)=1.

Proof. Let F € J and define D = {G € F | P(GNF) = P(G)P(F)}, the family of sets in F
independent of F'. We claim that D contains o(X7, Xa,...). To prove this, we use Dynkin’s
Lemma. We first show that I is a Dynkin class. Clearly, Q € D. If A, B € D with A C B,

we obtain

P(B\A)NF)=P(BNA°NF)=P(BNF)N(ANF)°)
= P(BNF)— P(ANF) = P(B)P(F) — P(A)P(F) = P(B\ A)P(F),

so B\ A €D as well. And if (B,,) is an increasing sequence in D, we obtain

P((U,B,)NF) = P(U,B,NF) = lim P(B,NF)

n—roo

n—oo

proving that U2, B,, € D. We have now shown that D is a Dynkin class. Now fix n > 2.
As F € J, it holds that F € o(X,, Xp41,...). Since the sequence (X,,) is independent,
Lemma 1.3.8 shows that o(X,, X,,41,...) is independent of o(X1,...,X,_1). Therefore,
o(X1,...,Xpn—1) €D for all n > 2. As the family US2 ,0(X1,...,X,) is a generating family
for 0(X1, Xs,...) which is stable under finite intersections, Dynkin’s lemma allows us to
conclude (X1, Xa,...) CD. From this, we obtain J C D, so F € D. Thus, for any F € 7,
it holds that P(F) = P(F N F) = P(F)?, yielding that P(F) =0 or P(F) = 1. O

Example 1.3.11. Let (X,,) be a sequence of independent variables. Recalling Lemma 1.2.14,
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we have for any k > 1 that

((Xn)n>1 is convergent) = ((Xp)n>1 is Cauchy) = ((X,,)n>k is Cauchy)

= Np=1 Unzy M2 ([ Xktn—1 — Xgtioa] < %)7

which is in 0(X%, Xg41,...). As k was arbitrary, we find that ((X,)n>1 is convergent) is in
the tail o-algebra of (X,,). Thus, Theorem 1.3.10 allows us to conclude that the probability

of (X,,) being convergent is either zero or one. o

Combining Theorem 1.3.10 and Lemma 1.2.11, we obtain the following useful result.

Lemma 1.3.12 (Second Borel-Cantelli). Let (F},) be a sequence of independent events. Then
P(F,, i.0.) is either zero or one, and the probability is zero if and only if .- | P(F,) is finite.

Proof. Let J be the tail-o-algebra of the sequence (1p, ) of variables, Theorem 1.3.10 then
shows that J only contains sets of probability zero or one. Note that for any m > 1, we
have (F, i.0.) =Ny, U, Fr, =N, U, Fr, so (F,, i.0.) is in J. Hence, Theorem 1.3.10
shows that P(F, i.0.) is either zero or one.

As regards the criterion for the probability to be zero, note that from Lemma 1.2.11, we
know that if Y 7, P(F),) is finite, then P(F, i.0.) = 0. We need to show the converse,
namely that if P(F), i.0.) =0, then > 2 P(F,) is finite. This is equivalent to showing that
if -7 | P(F,) is infinite, then P(F,, i.0.) # 0. And to prove this, it suffices to show that if
Yoo P(F,) is infinite, then P(F), i.0.) = 1.

Assume that > °° | P(F,) is infinite. As it holds that (F), i.0.)¢ = (F¢ evt.), it suffices to
show P(F¢ evt.) = 0. To do so, we note that since the sequence (F},) is independent, Lemma

1.3.7 shows that the sequence (FY) is independent as well. Therefore,
P(FS evt.) = P(Up2, N2, FY) = lim P(NZ2, F¥)
n—oQ

: C
nlggokH P(FY),
=n

n—00 1—00 n—00 1—00

i
= lim lim P(Nj_,F¥) = lim lim ] P(F§) =
k=n
since the sequence (Ni_, F¢);>1 is decreasing. Next, note that for > 0, we have

—z = /Ox(—l) dy < /Oﬁ(—exp(—y)) dy = /Ox diy exp(—y) dy = exp(~z) — 1,
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which implies 1 — « < exp(—=x). This allows us to conclude

dim [T P(Fp) = lim [T -P#) < lim [T exp(=P(F)
k

k=n k=n =n
= exp ( Z P(F@) =0,
finally yielding P(FS evt.) =0 and so P(F, i.0.) =1, as desired. O

1.4 Convergence of sums of independent variables

In this section, we consider a sequence of independent variables (X,,) and investigate when
the sum >"}_; X} converges as n tends to infinity. During the course of this section, we will
encounter sequences (z,,) such that > _, zj converges, while Y }'_, |zx| may not converge,
that is, series which are convergent but not absolutely convergent. In such cases, Z;’;l Tk
is not always well-defined. However, for notational convenience, we will apply the following
convention: For a sequence (z,), we say that > .-, @) converges when lim, oo > p_; Tk
exists, and say that > -, x; diverges when lim, o > ,_, x does not exist, and in the
latter case, Zzil x is undefined. With these conventions, we can say that we in this section

seek to understand when Y | X, converges for a sequence (X,,) of independent variables.

Our first result is an example of a maximal inequality, that is, an inequality which yields
bounds on the distribution of a maximum of random variables. We will use this result to
prove a sufficient criteria for a sum of variables to converge almost surely and in £2. Note
that in the following, just as we write EX for the expectation of a random variable X, we
write VX for the variance of X.

Theorem 1.4.1 (Kolmogorov’s maximal inequality). Let (Xj)i1<r<n be a finite sequence of

independent random variables with mean zero and finite variance. It then holds that

1 n
> 5> < EVZX;C.
k=1

k

P | max
1<k<n |4

1=

Xi
1

Proof. Define Sy = Zle X;, we may then state the desired inequality as

P( max [Sy| >¢) <e2VS,. (1.13)
1<k<n
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Let T = min{l < k < n | |Sk| > €}, with the convention that the minimum of the empty
set is co. Colloquially speaking, T' is the first time where the sequence (Sk)i1<k<n takes an
absolute value equal to or greater than ¢. Note that T takes its values in {1,...,n} U {co}.
And for each k < n, it holds that (T < k) = UX_,(|S;| > ¢), so in particular T is measurable.
Now, (maxi<g<n |Sk| > €) = Up_,(|Sk| > €) = (T’ < n). Also, whenever T is finite, it holds
that |Sp| > €, so that 1 < 5’25%. Therefore, we obtain

>e) = <n)= < e 2ES2
P(lrgrl’?%(n|5k| >¢e)=P(T <n)=Elipy <& “EST1r<yp)

n 2
= EizEs%/\nl(TSn) S 5*2ES%/\” = 572E (Z Xkl(TZk)> . (114)
k=1

Expanding the square, we obtain

n 2 n n—1 n
E (ZXkl(T>k)> :ZEXlzl(Tzk) +2Z Z EXkXil(TZk)l(TZi)
k=1 k=1 k=1i=k+1
n n—1 n
<N EXE+2Y° Y EXiXilrsn sy (1.15)
k=1 k=11i=k+1

Now, as (T > k) = (T > k—1) = (T < k—1)° = nF}(|Si| > ¢)¢ for any 2 < k < n,
we find that (T" > k) is 0(X1, ..., Xk—1) measurable. In particular, for 1 <k <n —1 and
k+1 <1i<n, we obtain that Xy, (T > k) and (T > 1) all are 0(X3,...,X;_1) measurable.
As o(Xy,...,X;_1) is independent of o(X;), this allows us to conclude

since X; has mean zero. Collecting our conclusions from (1.14), (1.15) and (1.16), we obtain

P(maxi<p<p |Sk| >€) <e 2>, EXE =2 VX, = 2VS,, as desired. O

Theorem 1.4.2 (Khinchin-Kolmogorov convergence theorem). Let (X,,) be a sequence of
independent variables with mean zero and finite variances. If it holds that Y .~ VX, is

finite, then Y >7 | X, converges almost surely and in L.

Proof. For any sequence (z,,) in R, it holds that (z,,) is Cauchy if and only if for each m > 1,
there is n > 1 such that whenever k > n+1, it holds that |z —x,| < i Put S, = > 7, Xk.
We show that S, is almost surely convergent. We have

P(S,, is convergent) = P(S,, is Cauchy)

= P(Noy_ UnZy M1 (ISk — Snl < )
= P(Ny=y ULy (Supkzn1lSk — Snl < ).
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As the intersection of a countable family of almost sure sets again is an almost sure set,
we find that in order to show almost sure convergence of S, it suffices to show that for
each m > 1, US2, (Supgs,iq [Sk — Sn| < ) is an almost sure set. However, we have
P(UZ 1 (SUPgspp1 1Sk — Snl < L)) > P(supg>;iq [Sk — Si| < L) for all i > 1, yielding
P(USZ1 (SUPgs g1 Sk — Sul < L)) > liminf, P(supg>p41 [Sk — Sl < L), Combining
our conclusions, we find that in order to show the desired almost sure convergence of S, it
suffices to show limy,oc P(SUpys 41 [Sk — Sn| < ) = 1 for all m > 1, which is equivalent

to showing
lim P(supg>nt1|Sk — Su| > =) =0 (1.17)
n—oo -

for all m > 1. We wish to apply Theorem 1.4.1 to show (1.17). To do so, we first note that

P(supg>n+1]Sk — Sn| > ) = P(URZpq1 (maxsy1<i<k]Si — Sul > 1))

= klinolo P(maxn+1§i§k|5i — Sn| > %), (118)

since the sequence (maxy1<i<k |Si — Sn| > %)kznﬂ is increasing in k. Applying Theorem

1.4.1 to the independent variables X,,;1,..., X with mean zero, we find, for k > n + 1,
i 1 k
. - 1y . — | < -2 y
P(max,1<i<k|Si — Sn| > o) =P nﬂlgg{gk <¥1XJ > = (1/m)~°V »E:HXZ
j=n i=n

Therefore, recalling (1.18) and using independence, we conclude

k

P(supp>n+1|Sk — Sn| > +) < lim (1/m)~2V Z X;
- k—o0 i1
k ')
= lim 1/m)=2 > VXi=(1/m)? > VX,
— 00
i=n+1 i=n-+1

As the series Y o2 | VX, is assumed convergent, the tail sums converge to zero and we finally
obtain lim, e P(Supr>n+1|Sk — Su| > L) = 0, which is precisely (1.17). Thus, by our
previous deliberations, we may now conclude that S,, is almost surely convergent. It remains
to prove convergence in £2. Let S, be the almost sure limit of S, we will show that S,

also converges in £2 to So. By an application of Fatou’s lemma, we get

E(S, — Sx)? = Eliminf(S, — Si)?
k— o0

k— o0 k— o0

k 2
< liminf E(S, — S;)? = liminf E ( > Xi> . (1.19)
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Recalling that the sequence (X,,) consists of independent variables with mean zero, we obtain

(5 )

i=n+1

2

k k k k
=E Y Y XiX;= )Y EX]= > VX (1.20)
i=n+1j=n+1 i=n+1 i=n-+1
Combining (1.19) and (1.20), we get E(S,, — Soc)? < >°i2,.; VX2 As the series is conver-
gent, the tail sums converge to zero, so we conclude lim,, o, E(S, — Soo)? = 0. This proves

convergence in £2 and so completes the proof. O

Theorem 1.4.3 (Kolmogorov’s three-series theorem). Let (X,,) be a sequence of independent
variables. Let ¢ > 0. Then Y - | X, converges almost surely if the following three series are

convergent:

ZPOX"‘ > E), ZEX"1(|XMSE) and ZVX”1(|XMS5)'
n=1

n=1 n=1

Proof. First note that as > -, P(|X,,| > €) is finite, we have P(|X,,| > € i.0.) = 0 by Lemma
1.2.11, which allows us to conclude P(X,, < ¢ evt.) = P((X, > ¢ i.0.)¢) = 1. Thus, almost
surely, the sequences (X,) and (X,1(x,|<e)) are equal from a point onwards. Therefore,
> h_i Xj converges almost surely if and only if Y ;_, Xnl(x,|<e) converges almost surely,
so in order to prove the theorem, it suffices to show that 22:1 Xnl(x,|<e) converges almost
surely. To this end, define Y,, = X, 1(|x,|<c) — E(Xnl(|x,|<e)). As the sequence (X,) is
independent, so is the sequence (Y;,). Also, Y;, has mean zero and finite variance, and by
our assumptions, Y -, VY, is finite. Therefore, by Theorem 1.4.2, it holds that > ;_, Y,
converges almost surely as n tends to infinity. Thus, Y;_, Xnl(x,1<e) — E(Xnl(x,|<s)) and
ZZ=1 EX1(x,|<e) converge almost surely, allowing us to conclude that ZZ=1 Xnl(x,|<e)

converges almost surely. This completes the proof. O

1.5 The strong law of large numbers

In this section, we prove the strong law of large numbers, a key result in modern probability
theory. Let (X,,) be a sequence of independent, identically distributed integrable variables
with mean p. Intuitively speaking, we would expect that % >n_; Xk in some sense converges
to p. The strong law of large numbers shows that this is indeed the case, and that the
convergence is almost sure. In order to demonstrate the result, we first show two lemmas

which will help us to prove the general statement by proving a simpler statement. Both
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lemmas consider the case of nonnegative variables. Lemma 1.5.1 establishes that in order to
prove % PP, ¢ 2% 11, it suffices to prove % >ory Xil(x,<k) 2% 1, reducing to the case of
bounded variables. Lemma 1.5.2 establishes that in order to prove % EZ:1 Xil(x,<k) 25 0,
it suffices to prove limy_, o i ZZL:’“I(Xil(XiSi) —EX;1(x,<) = 0 for particular subsequences
(ng)r>1, reducing to a subsequence, and allowing us to focus our attention on bounded
variables with mean zero.

Lemma 1.5.1. Let (X,,) be a sequence of independent, identically distributed variables with
common mean . Assume that X,, > 0 for allmn > 1. Then %22:1 X converges almost
surely if and only if % Y orey Xil(x,<k) converges almost surely, and in the affirmative, the

limits are the same.

Proof. Let v denote the common distribution of the X,,. Applying Tonelli’s theorem, we find

oo

Z P(Xy, # Xnl(x,<n) = Z P(X, >n)= Z / Lpsn) dv(z)
n=1 n=1 n=1
co k
= Z Z / Lh<w<rrr) dv(z) = Z Z / Lk<o<k+1) dv(z)

n=1k=n

—Z/kl k<z<k+1) dv(w )S
S/o xdv(z) = pu. (1.21)

/$1(k<mgk+1) dv(z)

I\Mgw

n=1

P(X, # Xnl(x,<n) i.0.) = 0, which then implies that P(X,, = X,,1(x,<n) evt.) = 1. Hence,

almost surely, X, and X,,1(x, <n) are equal from a point N onwards, where N is stochastic.

Thus, Y7, P(X, # X,1(x,<n)) is finite, and so Lemma 1.2.11 allows us to conclude that

For n > N, we therefore have

N
1
= E (X — Xel(xo<n)) = E (Xp — Xel(xo<n)),
k 1 =1

and by rearrangement, this yields that almost surely, for n > N,

n n N
1 1 1
- ;Xk = > Xplix,<n) + - D Xk — Xilix,<m)-

As the last term on the right-hand side tends almost surely to zero, the conclusions of the
lemma follows. O

Lemma 1.5.2. Let (X,,) be a sequence of independent, identically distributed variables with
common mean y. Assume that for alln > 1, X,, > 0. For a > 1, define ny = [a*], with [a*]
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denoting the largest integer which is less than or equal to o. It if holds for all o > 1 that

2

. 1
hm — Z(Xil(X,;Si) — EXil(Xigi)) =0

k—o0 M 4 ]
i=

almost surely, then %Zzzl Xil(x,<k) converges to ji almost surely.

Proof. First note that as @ > 1, we have nj, = [@*] < [@**1] = ngy1. Therefore, (ny) is
increasing. Also, as [a*] > of — 1, n tends to infinity as k tends to infinity. Define a
sequence (Y,) by putting Y;, = X, 1(x,<n). Our assumption is then that for all a > 1, it
holds that limy,_, o n% ik Y; — EY; = 0 almost surely, and our objective is to demonstrate
that lim,, oo % ZZ=1 Y, = p almost surely. Let v be the common distribution of the X,.

Note that by the dominated convergence theorem,

lim EY, = hrn EX,1(x,<n) = lim / Lg<nyz dv(z) :/ zdv(x) = p.

n—oo

As convergence of a sequence implies convergence of the averages, this allows us to conclude

that lim,, % > or_y EY) = pas well. And as convergence of a sequence implies convergence

of any subsequence, we obtain limy_, o —- o ok = u from this. Therefore, we have
1 &
lim — Y; = lim — Y; — EY; 1 — EY, =
Jim SV i SN Y i S Y=

i=1

almost surely. We will use this to prove that % > p—y Yi converges to p. To do so, first note
that since @™ — 1 < [@"] < a”, it holds that

1 n+1

ot -1 n o o

o — Oéin = S k+1 S fr s
an ng a™” —1 l—a™m

from which it follows that limy,_, oo ~2+

= «. Now fix m > 1 and define a sequence (k(m))m>1
by putting k(m) = sup{i > 1 | n; < m}. As the sequence ({i > 1| n; < m}),,>1 is increasing
in m, k(m) is increasing as well. And as ny(m)4+1 > m, we find that k(m) tends to infinity as
m tends to infinity. Finally, ngn) < m < ng@m)+1, by the properties of the supremum. As
Y; > 0, we thus find that

Nk (m) MNk(m)+1

ZY<—ZY§ d v

nk‘(m)—i—l P Nk(m) =1
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We therefore obtain, using that k(m) tends to infinity as m tends to infinity,

Nk (m) M (m)

1 Nk(m) ]-
fu = liminf ———— Y; =liminf —— Y;
Mm=00 Nk(m)+1 Nk(m) ; mM—=00 N (m)+1 ;
Nk (m)+1
< lim mf — Y < limsup — Y < limsu Y;
n Nk (m)+1
Slimsupﬂ Z Y, = au.

m—oo  Ng(m) Mk(m)+1 i—1

In conclusion, we have now shown for all o > 1 that

1
—/,L < hmlnf—ZY < hmbup—ZY < apu.

m—oo M m—oo 1N
=1 =1

Letting « tend to one strictly from above, we obtain

lim 1nf — Y = lim sup — Y

almost surely, proving that % Z:’;l Y; is almost surely convergent with limit . This con-
cludes the proof of the lemma. O

Theorem 1.5.3 (The strong law of large numbers). Let (X,,) be a sequence of independent,
identically distributed variables with common mean p. It then holds that % Sony Xk converges
almost surely to .

Proof. We first consider the case where X;,, > 0 for all n > 1. Combining Lemma 1.5.1 and
Lemma 1.5.2, we find that in order to prove the result, it suffices to show that

np

1
lim — Y, — EY;) = 1.22
Jim o 2 (Y- BY) =0 (122

almost surely, where Y, = X, 1(x, <n), 7k = [@¥] and o > 1. In order to do so, by Lemma
1.2.12, it suffices to show that for any e > 0, >_77; P(|i Yok (Y — EY;)| > €) is finite.
Using Lemma 1.2.7, we obtain
) 1
€
2
R

ol

IA
\

gE

o]
/‘\
ME

=

&

=<
~_

ZY—EY» >
11

(1.23)

|
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N
1[]
3[\3‘,_.
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=
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Now, as all terms in the above are nonnegative, we may apply Tonelli’s theorem to obtain

oo Nk [e olNe o]
>y PVYi=3 2 Lusm) 2 VY
k=1 1i= 1 k=11=1
:Zzl(mk) VY ZVY > % (1.24)
i=1 k=1 king>i T

We wish to identify a bound for the inner sum as a function of i. To this end, note that for
x> 2, wehave [z] > 2 — 1> F,and for 1 <z <2, [z] =1 > § as well. Thus, for all z > 1,
we have [z] > Z. Let m; = inf{k > 1| ny > i}, we then have

1 =1 = 1 = 4oy~ 2mi
— — —2k _
Z_n2_z[ak]2§2(ak/2)2_4za T 1—a2’
kng>i k k=m; k=m; k=m;

where we have applied the formula for summing a geometric series. Noting that m; satisfies
that o™ > [a™i] = n,,, > i, we obtain a™2™ = (a~™i)? < 2 resulting in the estimate
D kg >i 771,% < 4(1 — a72)71i72. Combining this with (1.23) and (1.24), we find that in
order to show almost sure convergence of i Sk (Y; — EY;) to zero, it suffices to show that
Z;}il Z,%VYZ- is finite. To this end, let v denote the common distribution of the X,,. We then
apply Tonelli’s theorem to obtain

EX 1(x, <1>—Z ZEX 1 1<x.<j)

M8
NN‘H
<
=
IA
[M]8
m"—‘

=1 i:l i= 1 Jj=1
o) [ 1 j ) [e’e) j ) o) 1
= Z 2/ @ dv(z) = Z oz du(z Z 2 (1.25)
i=1 j=1 i=1 j=173-1 =j
Now, for j > 2 it holds that j + 2 < 2j, leading to j < 2(j — 1) and therefore
1< 1 =1 1 1 2
o< - L=< Z 1.26

and the same equality for j = 1 follows as > ;o; &+ = 14+ > i, & < 1+ 1 = 2. Combining
(1.25) and (1.26), we obtain

o0

2—2 Zf R 2dv(x SQZ/ xdv(zx / zdv(x),
=1 Jj=1 J Jj—1 Jj=1 0

which is finite, since the X; has finite mean. We have now shown that Z —1 3z LVY; is conver-

gent, and therefore we may now conclude that H Z¢=1(Yz — EY;) converges to zero almost

surely, proving (1.22). Lemma 1.5.1 and Lemma 1.5.2 now yields that % > r_q X} converges

almost surely to u.
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It remains to extend the result to the case where X, is not assumed to be nonnegative.
Therefore, we now let (X,,) be any sequence of independent, identically distributed variables
with mean p. With 27 = max{0,z} and =~ = max{0, -z}, Lemma 1.3.7 shows that
the sequences (X;) and (X,,) each are independent and identically distributed with finite

means [z dv(z) and [z~ dv(z), and both sequences consist only of nonnegative variables.

Therefore, from what we already have shown, we obtain

1 ¢ 1 ¢ 1 ¢
. il _ . - JF_ . - - _ + _ — —
d 5= i 2SO - i 230X = [t o) - [ ane) =

as desired. O

In fact, the convergence in Theorem 1.5.3 holds not only almost surely, but also in £'. In
Chapter 2, we will obtain this as a consequence of a more general convergence theorem. Before
concluding the chapter, we give an example of a simple statistical application of Theorem
1.5.3.

Example 1.5.4. Consider a measurable space (£, F) endowed with a sequence of random
variables (X,,). Assume given a parameter set © and a set of probability measures (Py)oco
such that for the probability space (Q, F, Py), (X,,) consists of independent and identically
distributed variables with second moment. Assume further that the first moment is & and
that the second moment is Jg. Natural estimators of the mean and variance parameter

functions based on n samples are then
n n 2
b= X and 2=-3 (x-13x
n=— 6, =— - il -
"= ’ "= fn i=1

Theorem 1.5.3 allows us to conclude that under Py, it holds that én 25 &, and furthermore,
by two further applications of Theorem 1.5.3, as well as Lemma 1.2.6 and Lemma 1.2.10, we

obtain
1 & 2 & 1 P 1O ’
63:HZX£—NX;€ZX¢+<”ZX1'> =nZX£—<nZXi> = 0.
i = k=1 i=1

The strong law of large numbers thus allows us to conclude that the natural estimators én

and 62 converge almost surely to the true mean and variance. o
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1.6 Exercises

Exercise 1.1. Let X be a random variable, and let (a,) be a sequence of real numbers

converging to zero. Define X,, = a, X. Show that X, converges almost surely to zero. o

Exercise 1.2. Give an example of a sequence of random variables (X,,) such that (X,,)
converges in probability but does not converge almost surely to any variable. Give an example
of a sequence of random variables (X,,) such that (X,,) converges in probability but does not

converge in L' to any variable. o

Exercise 1.3. Let (X,,) be a sequence of random variables such that X, is Poisson dis-

tributed with parameter 1/n. Show that X,, converges in L' to zero. o

Exercise 1.4. Let (X,) be a sequence of random variables such that X,, is Gamma dis-
tributed with shape parameter n? and scale parameter 1/n. Show that X,, does not converge
in £! to any integrable variable. o

Exercise 1.5. Counsider a probability space (€2, F, P) such that Q is countable and such that
F is the power set of Q. Let (X,,) be a sequence of random variables (X,,) on (£, F, P), and
let X be another variable. Show that if X, £, X, then X, =5 X. o

Exercise 1.6. Let (X,,) be a sequence of random variables and let X be another variable.
Let (F,) be a sequence of sets in F. Assume that for all k, X, 15, L, X1p,, and assume
that limy_, P(FF) = 0. Show that X, — X. o

Exercise 1.7. Let (X,,) be a sequence of random variables and let X be another variable.
Let (ex)k>1 be a sequence of nonnegative real numbers converging to zero. Show that X,
converges in probability to X if and only if lim,, oo P(|X, — X| >ex) =0forallk > 1. o

Exercise 1.8. Let (X,) be an sequence of random variables, and let X be some other
variable. Show that X,, =% X if and only if SUPg>, [ Xr — X 0. o

Exercise 1.9. Let X and Y be two variables, and define

(X -Y]

dX,Y)=E————__
(X Y) 1+|X —Y]

Show that d is a pseudometric on the space of real stochastic variables, in the sense that
d(X,Y)<d(X,Z)+d(Z,Y), d(X,Y) =d(Y,X) and d(X,X) =0 for all X, Y and Z. Show
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that d(X,Y) = 0 if and only if X and Y are almost surely equal. Let (X,,) be a sequence
of random variables and let X be some other variable. Show that X, 5 X if and only if
iy, o0 d(X, X) = 0. o

Exercise 1.10. Let (X,) be a sequence of random variables. Show that there exists a

sequence of positive constants (¢, ) such that ¢, X, 250. )

Exercise 1.11. Let (X,,) be a sequence of i.i.d. variables with mean zero. Assume that X,
has fourth moment. Show that for all € > 0,

> 1 & 4EXE SN 1

Use this to prove the following result: For a sequence (X,,) of i.i.d. variables with fourth

moment and mean g, it holds that %Zzzl X 28y L. .

Exercise 1.12. Let (X,,) be a sequence of random variables and let X be some other variable.
Assume that there is p > 1 such that sup,,»; F|X,|P is finite. Show that if X, L, X, then

E|X|P is finite and XnL—q>Xfor1§q<p. o

Exercise 1.13. Let (X,,) be a sequence of random variables, and let X be some other
variable. Assume that X, = X. Show that for all £ > 0, there exists F € F with
P(F°) < e such that

lim sup | X, (w) — X(w)| =0,

n—oo weF

corresponding to X, converging uniformly to X on F. o

Exercise 1.14. Let (X,,) be a sequence of random variables. Let X be some other variable.
Let p > 0. Show that if Y°° | E|X,, — X|? is finite, then X,, = X .

Exercise 1.15. Let (X,,) be a sequence of random variables, and let X be some other
variable. Assume that almost surely, the sequence (X,,) is increasing. Show that if X, B x ,
then X,, =% X. o

Exercise 1.16. Let (X,,) be a sequence of random variables and let (&,,) be a sequence of
nonnegative constants. Show that if > ° | P(|Xn41 — X,| > €,) and > 07, €, are finite,

then (X,,) converges almost surely to some random variable. o

Exercise 1.17. Let (U,) be a sequence of i.i.d. variables with common distribution being
the uniform distribution on the unit interval. Define X,, = max{Ui,...,U,}. Show that X,
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converges to 1 almost surely and in LP for p > 1. o

Exercise 1.18. Let (X,,) be a sequence of random variables. Show that if there exists ¢ > 0
such that Y~7° | P(X,, > c) is finite, then sup,,>; X,, is almost surely finite. o

Exercise 1.19. Let (X,,) be a sequence of independent random variables. Show that if
sup,,>; X, is almost surely finite, there exists ¢ > 0 such that )" | P(X,, > ¢) is finite. o

Exercise 1.20. Let (X,,) be a sequence of i.i.d. random variables with common distribution
being the standard exponential distribution. Calculate P(X,/logn > ci.0.) for all ¢ > 0
and use the result to show that limsup,,_, . X, /logn = 1 almost surely. o

Exercise 1.21. Let (X,,) be a sequence of random variables, and let J be the corresponding
tail-o-algebra. Let B € B. Show that (X,, € B i.0.) and (X,, € B evt.) are in J. o

Exercise 1.22. Let (X,,) be a sequence of random variables, and let J be the correspond-
ing tail-c-algebra. Let B € B and let (a,) be a sequence of real numbers. Show that if
limy, 00 an = 0, then (lim, 00 >y @Gn—k+1 Xk € B) is in J. o

Exercise 1.23. Let (X,) be a sequence of independent random variables concentrated on
{0,1} with P(X,, = 1) = p,. Show that X,, — 0 if and only if lim,_,cc pp = 0, and show
that X, =% 0 if and only if 307 | p, is finite. o

Exercise 1.24. Let (X,,) be a sequence of nonnegative random variables. Show that if

Yoo EX,, is finite, then Y, _, X} is almost surely convergent. o

Exercise 1.25. Let (X,,) be an i.i.d. sequence of independent random variables such that
P(X, = 1) and P(X, = —1) both are equal to 3. Let (a,) be a sequence of real num-
bers. Show that the sequence ZZZl ap Xy either is almost surely divergent or almost surely

° a2 is finite. o

convergent. Show that the sequence is almost surely convergent if >~ | a7

Exercise 1.26. Give an example of a sequence (X,) of independent variables with first

moment such that Y, _, X converges almost surely while Y ', EX}, diverges. o

Exercise 1.27. Let (X,,) be a sequence of independent random variables with EX,, = 0.
Assume that Y7 | E(X21(|x, <1) + [ Xn|l(|x,|>1)) is finite. Show that ;' ; X} is almost

surely convergent. o
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Exercise 1.28. Let (X,,) be an sequence of independent and identically distributed random
variables. Show that E|X;| is finite if and only if P(]X,,| > n i.0.) =0. o

Exercise 1.29. Let (X,,) be an sequence of independent and identically distributed random
variables. Assume that there is ¢ such that % Z:l X, 22 ¢. Show that E | X1] is finite and
that EX1 = C. o
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Chapter 2

Ergodicity and stationarity

In Section 1.5, we proved the strong law of large numbers, which shows that for a sequence
(X,,) of integrable, independent and identically distributed variables, the empirical means
converge almost surely to the true mean. A reasonable question is whether such a result may
be extended to more general cases. Consider a sequence (X,,) where each X,, has the same
distribution v with mean . If the dependence between the variables is sufficiently weak, we

may hope that the empirical means still converge to the true mean.

One fruitful case of sufficiently weak dependence turns out to be embedded in the notion
of a stationary stochastic process. The notion of stationarity is connected with the notion
of measure-preserving mappings. Our plan for this chapter is as follows. In Section 2.1, we
investigate measure-preserving mappings, in particular proving the ergodic theorem, which
is a type of law of large numbers. Section 2.2 investigates sufficient criteria for the ergodic
theorem to hold. Finally, in Section 2.3, we apply our results to stationary processes and

prove versions of the law of large numbers for such processes.

2.1 Measure preservation, invariance and ergodicity

As in the previous chapter, we work in the context of a probability space (2, F, P). Our
main interest of this section will be a particular type of measurable mapping T : Q — Q.
Recall that for such a mapping T, the image measure T'(P) is the measure on F defined by
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that for any F € F, T(P)(F) = P(T~'(F)).

Definition 2.1.1. Let T : Q — Q be measurable. We say that T' is P-measure preserving, or
measure preserving for P, or simply measure preserving, if the image measure T(P) is equal
to P.

Another way to state Definition 2.1.1 is thus that T is measure preserving precisely when
P(T7Y(F)) = P(F) for all F € F.

Definition 2.1.2. Let T : Q — Q be measurable. The T-invariant o-algebra, or simply the
invariant o-algebra, is defined by Ir = {F € F | T~ (F) = F}.

As the operation of taking the preimage 7~!(F) is stable under complements and countable

unions, the set family Zr in Definition 2.1.2 is in fact a o-algebra.

Definition 2.1.3. Let T : Q2 — Q be measurable and measure preserving. The mapping T is
said to be P-ergodic, or to be ergodic for P, or simply ergodic, if P(F) is either zero or one
for all F € Ip.

We have now introduced three concepts: measure preservation of a mapping 7', the invariant
o-algebra for a mapping 7' and ergodicity for a mapping 7. These will be the main objects
of study for this section. Before proceeding, we introduce a final auxiliary concept. Recall
that o denotes function composition, in the sense that if T: Q - Qand X : Q@ - R, X o T
denotes the mapping from  to R defined by (X o T)(w) = X (T(w)).

Definition 2.1.4. Let T : Q — Q be measurable, and let X be a random variable. X is said

to be T-invariant, or simply invariant, if X oT = X.

We are now ready to begin preparations for the main result of this section, the ergodic
theorem. Note that for T : Q — , it is sensible to consider T o T, denoted T2, which is
defined by (T o T)(w) = T(T(w)), and more generally, T™ for some n > 1. In the following,
T denotes some measurable mapping from 2 to 2. The ergodic theorem states that if T is
measure preserving and ergodic, it holds for any variable X with p’th moment, p > 1, that
the average % S Xo T*=1 converges almost surely and in £” to the mean EX. In order

to show the result, we first need a few lemmas.

Lemma 2.1.5. Let X be a random variable. It holds that X is invariant if and only if X is

I+ measurable.
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Proof. First assume that X is invariant, and consider A € B. We need to prove that (X € A)
is in Zr, which is equivalent to showing T-!1(X € A) = (X € A). To obtain this, we simply
note that as X oT = X,

THX eA)={weQ|Tw) e (XA} ={we Q| X(T(w)) € A}
=(XoTeA)=(XeA).

Thus, X is Zr measurable. Next, assume that X is Zpr measurable, we wish to demonstrate
that X is invariant. Fix some z € R. As {z} € B, we have (X = z) € Zr, yielding
(X =2) =T YX =2) = (XoT = x). Next, fix w € 2. We wish to show that
X(w) = (X oT)(w). From what we just proved, it holds that X (7T'(w)) = z if and only if
X(w) = x. In particular, X (T(w)) = X (w) if and only if X(w) = X(w), and the latter is
trivially true. Thus, (X o T)(w) = X (w), so X oT = X. Hence, X is invariant. O

Lemma 2.1.6. Let T be P-measure preserving. Let X be an integrable random wvariable.
Deﬁne S = ZZ:I X o kal, It then holds that EX]-(sup o 15,>0) Z 0.

Proof. Fix n and define M,, = max{0,5i,...,S,}. Note that sup,,~; %Sn > 0 if and only if
there exists n such that %Sn > 0, which is the case if and only if there exists n such that
M, > 0. As the sequence of sets ((M,, > 0)),>1 is increasing, the dominated convergence

theorem then shows that
EX1sup,o, 18,500 = EX1uz=  (ar,>0) = B lim X1y, 50) = lim EX 1,50,

and so it suffices to prove that X1y, ~0) > 0 for each n. To do so, fix n. Note that as T

is measure preserving, so is T" for all n. As M,, is nonnegative, we then have

0< EM, <EZ|S|<EZZ|X|0T’“ ! ZZE|X\ n+1)E|X|

i=1 k=1 i=1 k=1
which shows that M, is integrable. As E(M, o T)l(;, >0y < E(M, oT) = EM, by the
measure preservation property of T', (M, o T')1 (s, >0) is also integrable, and we have
EX1(u,>0) = E(X + My o T) 1, >0) — E(Mp o T)1(ar,>0)

>E(X+ M,o T)l(Mn>0) — EM,,

=FEX+ M,o T)l(M,L>0) — EMp1 (01,50
Therefore, it suffices to show that (X + M,, o T')1(ar, >0y = Mn1(as, >0y, To do so, note that
for 1 <k <n-—1,it holds thatX+MnoT2X+SkoT:X+Zf=1X0Ti = Sk+1, and

also X + M,,oT > X = S;. Therefore, X + M,, 0T > max{S1,...,S,}. From this, it follows
that (X + M, o T)1(ar, >0y > max{Si,..., S}, >0) = Mnl(as,>0), as desired. O
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Theorem 2.1.7 (Birkhoff-Khinchin ergodic theorem). Let p > 1, let X be a variable with
p’th moment and let T' be a mapping which is measure preserving and ergodic. It then holds
that lim,,_ o %22:1 X oTk 1 = EX almost surely and in LP.

Proof. We first consider the case where X has mean zero. Define S, = > ;_, X o TH~1. We
need to show that lim,, ., %Sn = 0 almost surely and in £P. Put Y = limsup,,_, %Sm we
will show that almost surely, Y < 0. If we can obtain this, a symmetry argument will then
allow us to obtain the desired conclusion. In order to prove that ¥ < 0 almost surely, we
first take € > 0 and show that P(Y > ¢) = 0. To this end, we begin by noting that

1 1< 1
YoT =limsup —(S,oT) = hmsuprXoTk =limsup —(Sp+1 — X) =Y,

n—oo N n—o00 nk—l n—oo N

so Y is T-invariant. Therefore, by Lemma 2.1.5, (Y > ¢) isin Zp. As T is ergodic, it therefore
holds that P(Y > ¢) either is zero or one, our objective is to show that the probability in fact
is zero. We will obtain this by applying Lemma 2.1.6 to a suitably chosen random variable.
Define X' : Q@ - R by X' = (X —¢€)l(y>e) and put S, = > ;| X' o T*, we will eventually
apply Lemma 2.1.6 to X’. First note that
n
X' oTF ! =3 (X —&)l(yse o TF!
k=1

Xl(y>5) oTk 1 _¢ Z 1(y>€) okt
k=1

= liyse (ZX oT* " — n5> = L(y>e)(Sn — ne),

k=1

Sy =

ol
HM:
A

I
M=

b
Il
_

allowing us to conclude
(Y >e)=(Y >e)N(supp>12S, >€) = (Y > &) NUL (£5, > ¢)
=2 (Y >¢e)N (S, —ne >0)=U2,(S), >0)
= U2 (L8 > 0) = (supy>125,, > 0). (2.1)

This relates the event (Y > ¢) to the sequence (S),). Applying Lemma 2.1.6 and recalling
(2.1), we obtain El(ys. X’ > 0, which implies

EP(Y > 6) < El(y>€)X. (22)

Finally, recall that by ergodicity of T, P(Y > ¢) is either zero or one. If P(Y > ¢) is one,
(2.2) yields € < 0, a contradiction. Therefore, we must have that P(Y > ¢) is zero. We now

use this to complete the proof of almost sure convergence. As P(Y > ¢) is zero for all € > 0,
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we conclude that P(Y > 0) = P(US2,(Y > 1)) =0, so limsup,,_,o, =5, = Y < 0 almost
surely. Next note that

| NP IR . RS -

—hmlnf—Sn:—hmlnf—ZXoT :hmsup—Z(—X)oT ,
n—oo n n—oo N n—soco N
k=1 k=1

so applying the same result with —X instead of X, we also obtain — liminf,,_, %Sn <0
almost surely. All in all, this shows that 0 < liminf, %Sn < limsup,, %Sn <0

16, = 0 almost surely, as desired. Finally, considering the case

almost surely, so lim, =

where E'X is nonzero, we may use our previous result with the variable X — EFX to obtain
lim,, 00 % S X 0T+ 1 =1lim,_, oo % Yo (X —EX) oTF1 4+ EX = EX, completing the

proof of almost sure convergence in the general case.

It remains to show convergence in £P, meaning that we wish to prove the convergence of
E|EX — 137 | XoT* 1P to zero as n tends to infinity. With |- ||, denoting the seminorm
on LP(Q,F, P) given by || X[, = (EX?)'/?, we will show that [|[EX — 5,]|, tends to zero.
To this end, we fix m > 1 and define X’ = X1 xj<m) and S, = >} _; X’ o T*~1. By the

triangle inequality, we obtain
IEX = 38ully < |1EX = EX'|l, + |EX" = 3 Spllp + 1150 — 5 Snllp-

We consider the each of the three terms on the right-hand side. For the first term, it holds
that [|[EX — EX'||, = |[EX — EX'| = |[EX1(x|>m)| < E|X[1(x|>m). As for the sec-
ond term, the results already proven show that %S{l converges almost surely to EX’'. As
S| = |2 34— X' o TF"1| < m, the dominated convergence theorem allows us to con-
clude lim, o E|X' — 157 |P = Elim,_,o | X’ — 18/|P = 0, which implies that we have
lim, o |EX' — %San = 0. Finally, we may apply the triangle inequality and the measure

preservation property of T' to obtain
1« 1«
=Y X'oTh 1t =N XoTH !
2 2
k=1 k=1 »
n

1/p n 1/p
= i; </|(X—X’) oTk_lde) = Tllkzzjl (/|(X—X’)|de)

=X = X'|l, = (BIXIP1x|5m)) P

1 n
<= XoTk 1T _ X' ok !
<Y lIXo o T,

k=1

H%S’I/’L - %Sn”P =

Combining these observations, we obtain
limsup |EX — 1S,[|, < limsup [|[EX — EX'||, + [|EX — 15/ |, + |15, — 25,
n—oo n—oo

< B|X[1(x|5m) + (B|X[P1(x|5m)) " (2.3)
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By the dominated convergence theorem, both of these terms tend to zero as m tends to
infinity. As the bound in (2.3) holds for all m, we conclude limsup,, . [|[EX — 15,|, =0,
which yields convergence in L?. O

Theorem 2.1.7 shows that for any variable X with p’th moment and any measure preserving
and ergodic transformation T', a version of the strong law of large numbers holds for the
process (X o TF~1);> in the sense that £ > | X o T"~! converges almosts surely and in
LP to EX. Note that in this case, the measure preservation property of T shows that X and
X oT*~1 have the same distribution for all & > 1. Therefore, Theorem 2.1.7 is a type of law

of large numbers for processes of identical, but not necessarily independent variables.

2.2 Criteria for measure preservation and ergodicity

To apply Theorem 2.1.7, we need to be able to show measure preservation and ergodicity. In
this section, we prove some sufficient criteria which will help make this possible in practical

cases. Throughout this section, T' denotes a measurable mapping from €2 to €.

First, we consider a simple lemma showing that in order to prove that T is measure preserv-
ing, it suffices to check the claim only for a generating family which is stable under finite

intersections.

Lemma 2.2.1. Let H be a generating family for F which is stable under finite intersections.
If P(T™Y(F)) = P(F) for all F € H, then T is P-measure preserving.

Proof. As both P and T(P) are probability measures, this follows from the uniqueness the-

orem for probability measures. O

Next, we consider the somewhat more involved problem of showing that a measure preserving

mapping is ergodic. A simple first result is the following.

Theorem 2.2.2. Let T be measure preserving. Then T is ergodic if and only if every

tmwvariant random variable 1s constant almost surely.

Proof. First assume that T is ergodic. Let X be an invariant random variable. By Lemma
2.1.5, X is Zr measurable, so in particular (X < z) € Zr for all x € R. As T is ergodic, all
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events in Zy have probability zero or one, so we find that P(X < z) is zero or one for all
rz € R.

We claim that this implies that X is constant almost surely. To this end, we define ¢ by
putting ¢ = sup{z € R | P(X < z) = 0}. As we cannot have P(X < z) =1 for all z € R,
{z € R| P(X < z) = 0} is nonempty, so ¢ is not minus infinity. And as we cannot have
PX<z)=0forallz eR, {zr€R| P(X <z)=0}isnot all of R. As v — P(X < z)
is increasing, this implies that {z € R | P(X < z) = 0} is bounded from above, so ¢ is not
infinity. Thus, c is finite.

Now, by definition, c¢ is the least upper bound of the set {x € R | P(X < x) = 0}. Therefore,
any number strictly smaller than ¢ is not an upper bound. From this we conclude that for
n > 1, there is ¢,, with ¢ — % < ¢, such that P(X < ¢,) = 0. Therefore, we must also have
P(X<c— 1)< P(X <c,) =0, and so P(X < ¢) = limy_,0o P(X < ¢— 1) =0. On the
other hand, as ¢ is an upper bound for the set {x € R | P(X < z) = 0}, it holds for any
e > 0 that P(X < c¢+¢) # 0, yielding that for all e > 0, P(X < ¢+ ¢) = 1. Therefore,
P(X < ¢) =limp0o P(X < ¢+ 1) = 1. All in all, we conclude P(X = ¢) = 1, so X is

constant almost surely. This proves the first implication of the theorem.

Next, assume that every invariant random variable is constant almost surely, we wish to
prove that T is ergodic. Let F' € Zp, we have to show that P(F) is either zero or one. Note
that 1p is Zp measurable and so invariant by Lemma 2.1.5. Therefore, by our assumption,
1p is almost surely constant, and this implies that P(F') is either zero or one. This proves

the other implication and so concludes the proof. O

Theorem 2.2.2 is occasionally useful if the T-invariant random variables are easy to charac-
terize. The following theorem shows a different avenue for proving ergodicity based on a sort

of asymptotic independence criterion.

Theorem 2.2.3. Let T be P-measure preserving. T is ergodic if and only if it holds for all
F,G € F that lim, o £ >0, P(FNT~-*~1(G)) = P(F)P(G).

Proof. First assume that T is ergodic. Fix F,G € F. Applying Theorem 2.1.7 with the inte-
grable variable 1, and noting that 1goT* " = 171 (g, we find that Ly i lr—o-u(g)
converges almost surely to P(G). Therefore, %Zzzl 1plp--1)(q) converges almost surely

to 1pP(G). As this sequence of variables is bounded, the dominated convergence theorem
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yields

) 1 n B 3 ) 1 n
Jim, 2 PENTTENE) = lun BL D Arlr-uonio)
=1 =1

LG
= Enlglgo E kz 1F1T—(k—1)(G)
1

= El1pP(G) = P(F)P(G),

proving the first implication. Next, we consider the other implication. Assume that for all
F,.G € F, im0 £ 30, P(F N T~*"V(G)) = P(F)P(G). We wish to show that T is
ergodic. Let F' € Zp, we then obtain

P(F) = lim % Zn: P(FNT-%(F)) = P(F)?,
k=1

so that P(F) is either zero or one, and thus T is ergodic. O

Definition 2.2.4. If lim, .. P(FNT"(G)) = P(F)P(G) for all F,G € F, we say that
T is mizing. If lim, e 230 [P(FNT-=D(G)) — P(F)P(G)| =0 for all F,G € F, we
say that T is weakly mizing.

Theorem 2.2.5. Let T be measure preserving. If T is mizing, then T is weakly mizing. If
T is weakly mixing, then T is ergodic.

Proof. First assume that T is mixing. Let F;G € F. As T is mixing, we find that
lim, oo P(FNT™(G)) = P(F)P(G), and so lim,, o |[P(FNT"(G)) — P(F)P(G)| = 0.
As convergence of a sequence implies convergence of the averages, this implies that we have
limy, o0 = > p_q [P(F N T-%=1(@)) — P(F)P(G)| = 0, so T is weakly mixing. Next, as-
sume that T is weakly mixing, we wish to show that T is ergodic. Let F,G € F. As
limy, o0 2 30, [P(FNT~*=D(G)) — P(F)P(G)| = 0, we also obtain

lim sup ! > PFNT-*(G)) - P(F)P(G)
n—oo |1 b1
<limsup 1 > |P(FnT~* (@) - P(F)P(G)),
n—oo N b1

which is zero, so limy, o0 2 31, P(FNT~*~Y(G)) = P(F)P(G), and Theorem 2.2.3 shows
that T is ergodic. This proves the theorem. O
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Lemma 2.2.6. Let T' be measure preserving, and let H be a generating family for F which

is stable under finite intersections. Assume that one of the following holds:

(1). lim, oo 370 P(FNT~*"D(G)) = P(F)P(G) for all F,G € H.
(2). lim, oo 1300 [P(FNT~%=D(G)) — P(F)P(G)| =0 for all F,G € H.
(3). lim,, 0 P(FNT~"(Q)) = P(F)P(G) for all F,G € H.

Then, the corresponding statement also holds for oall F,G € F.
Proof. The proofs for the three cases are similar, so we only argue that the third claim holds.

Fix F € H and define
D= {Ge]—"

lim P(FNT™™(G)) = P(F)P(G) } .

n— oo

We wish to argue that D is a Dynkin class. To this end, note that since 7-1(Q) = Q, it holds
that Q € D. Take A, B € D with A C B. We then also have T~"(A) C T~"(B), yielding

lim P(FNT"(B\A)= lim P(FN(T"(B)\T "(4)))

n— oo

= lim P(FNT"(B)) - lim P(FNT"(4))

— P(F)P(B) - P(F)P(A) = P(F)P(B\ A),
and so B\ A € D. Finally, let (A,) be an increasing sequence in D and let A = U2, A,,. As
lim,;, 00 P(Am) = P(A), we obtain lim,, . P(A\ 4,,) = 0. Pick ¢ > 0 and let m be such
that for ¢ > m, P(A\ 4;) < e. Note that T""(A;) C T "(A). As T is measure preserving,
we obtain for all n > 1 and 7 > m that

0<P(FNT ™(A)—-PFNT™A))

= P(EO(T " (AN\T"(A))) = P(F N (T7"(A\ Ay)))

SP(I"(A\A)) = P(A\ 4) <e.
From this we find that for all n > 1 and ¢ > m,

P(FNT™™(A)—e<PFNT™A)<PFNT "(A))+e,
and therefore, for ¢ > m,
P(F)P(A;) —e= lim P(FNT™"(4;)) —e <liminf P(FNT~"(A4))
n—oo n—r00

<limsup P(FNT™"(A)) < lim P(FNT "(A;)) +e

n—oo n—oo

= P(F)P(4;) +e. (2.4)
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As (2.4) holds for all i > m, we in particular conclude that

P(F)P(A) —e = lim P(F)P(A;) —e <liminf P(FNT "(A))

i—00 n—00
<limsup P(FNT~"(A)) = lim P(F)P(4;)+¢
n—oo 1—00
= P(F)P(A) +e. (2.5)

And as € > 0 is arbitrary in (2.5), we conclude lim,,_,o P(FNT~"(A)) = P(F)P(A), so that
A €D. Thus, D is a Dynkin class. By assumption, D contains H, and therefore, by Dynkin’s
lemma, F = o(H) C D. This proves lim, o P(FNT "(G)) = P(F)P(G) when F € H and
G € F. Next, we extend this to all F' € F. To do so, fix G € F and define

E:{Fe]—"

lim P(FNT™™(G)) = P(F)P(G) } .

n—r oo

Similarly to our earlier arguments, we find that E is a Dynkin class. As E contains H,
Dynkin’s lemma yields 7 = o(H) C E. This shows lim,_,. P(FNT""(G)) = P(F)P(G)
when F,G € F and so proves the first claim. By similar arguments, we obtain the two

remaining claims. O

Combining Theorem 2.2.5 and Lemma 2.2.6, we find that in order to show ergodicity of T',
it suffices to show that 7' is mixing or weakly mixing for events in a generating system for F
which is stable under finite intersections. This is in several cases a viable method for proving

ergodicity.

2.3 Stationary processes and the law of large numbers

We will now apply the results from Section 2.1 and Section 2.2 to obtain laws of large numbers
for the class of processes known as stationary processes. In order to do so, we first need to
investigate in what sense we can consider the simultaneous distribution of an entire process
(X,). Once we have done so, we will be able to obtain our main results by applying the

ergodic theorem to this simultaneous distribution.

The results require some formalism. By R" for n > 1, we denote the n-fold product of R, the
set of n-tuples with elements from R. Analogously, we define R* as the set of all sequences
of real numbers, in the sense that R® = {(z,)n>1 | ©, € Rfor alln > 1}. Recall that
the Borel o-algebra on R", defined as the smallest o-algebra containing all open sets, also

is given as the smallest o-algebra making all coordinate projections measurable. In analogy
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with this, we make the following definition of the Borel o-algebra on R*°. By X, :R>® > R,

we denote the n’th coordinate projection of R, X'n(x) = Ty, where © = (Tp)n>1.

Definition 2.3.1. The infinite-dimensional Borel o-algebra, By, is the smallest o-algebra

making X,, measurable foralln > 1.

In detail, Definition 2.3.1 states the following. Let 2 be the family of all o-algebras G on R*
such that for all n > 1, Xn is G-B measurable. B, is then the smallest o-algebra in the set
2 of g-algebras, explicitly constructed as Bo, = NgeaG.

In the following lemmas, we prove some basic results on the measure space (R*,B). In
Lemma 2.3.2, a generating family which is stable under finite intersections is identified, and
in Lemma 2.3.3, the mappings which are measurable with respect to B, are identified. In

Lemma 2.3.4, we show how we can apply B, to describe and work with stochastic processes.

Lemma 2.3.2. Let K be a generating family for B which is stable under finite intersec-
tions. Define H as the family of sets {x € R* | 2y € By,...,x, € By}, where n > 1 and
By € K,...,B, € K. H is then a generating family for By which is stable under finite
intersections.

Proof. 1t is immediate that H is stable under finite intersections. Note that if F is a set such
that F = {z € R® |y € By,...,x, € B,} for somen > 1 and By €K,..., B, € K, we also
have

F={zeR*|zy€By,...,z, € By}

= {z €R® | Xi(z) € By,..., Xn(z) € B,}
—{zeR®|ze X7 (B)),...,z € X, (B,)}
:02:1)2{1(316)'

Therefore, H C By, and so o(H) C By. It remains to argue that B, C o(H). To this
end, fix n > 1 and note that H contains X 1(B) for all B € K. Therefore, o (H) contains
X;Y(B) forall Be K. As {B € B| X;(B) € o(H)} is a o-algebra which contains K, we
conclude that it also contains B. Thus, o(H) contains X, '(B) for all B € B, and so o(H)
is a o-algebra on R*° making all coordinate projections measurable. As B, is the smallest
such o-algebra, we conclude Boo € o(H). All in all, we obtain By, = o(H), as desired. O

Lemma 2.3.3. Let X : Q — R*. X is F-B,, measurable if and only if X,0X is F-B
measurable for alln > 1.
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Proof. First assume that X is F-B,, measurable. As X, is Boo-B measurable by definition,
we find that X,, o X is F-B measurable. Conversely, assume that Xn o X is F-B measurable
for all n > 1, we wish to show that X is F-B,, measurable. To this end, it suffices to
show that X~1(A) € F for all A in a generating family for B,,. Define H by putting
H = {X;'(B) | n>1,B € B}, H is then a generating family for Bs,. For any n > 1 and
B € B, we have X 1(X1(B)) = (X,,0 X)~(B) € F by our assumptions. Thus, X is F-Be

measurable, as was to be proven. O

Lemma 2.3.4. Let (X,,) be a stochastic process. Defining a mapping X : Q — R by putting
X(w) = (X5 (w))n>1, it holds that X is F-Bs, measurable.

Proof. As X, o X = X,, and X,, is F-B measurable by assumption, the result follows from
Lemma 2.3.3. O

Letting (X,,)n>1 be a stochastic process, Lemma 2.3.4 shows that with X : & — R> defined
by X(w) = (Xp(w))n>1, X is F-Bs measurable, and therefore, the image measure X (P)
is well-defined. This motivates the following definition of the distribution of a stochastic

process.

Definition 2.3.5. Letting (X, )n>1 be a stochastic process. The distribution of (Xp)n>1 15
the probability measure X (P) on By.

Utilizing the above definitions and results, we can now state our plan for the main results
to be shown later in this section. Recall that one of our goals for this section is to prove an
extension of the law of large numbers. The method we will apply is the following. Consider
a stochastic process (X,,). The introduction of the infinite-dimensional Borel-c-algebra and
the measurability result in Lemma 2.3.4 have allowed us in Definition 2.3.5 to introduce the
concept of the distribution of a process. In particular, we have at our disposal a probability
space (R, B, X (P)). If we can identify a suitable transformation 7' : R — R such that
T is measure preserving and ergodic for X (P), we will be able to apply Theorem 2.1.7 to
obtain a type of law of large numbers with X (P) almost sure convergence and convergence in
LP(R*®, Boo, X(P)). If we afterwards succeed in transfering the results from the probability
space (R, B, X (P)) back to the probability space (2, F, P), we will have achieved our
goal.

Lemma 2.3.6. Let (X,,) be a stochastic process. Define X : 8 = R* by X (w) = (Xp(w))n>1-

The image measure X (P) is the unique probability measure on Boo such that for alln > 1
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and all By € B, ..., B, € B, it holds that

P(X, € By, ..., X, € By) = X(P)(Np_, X 1 (By)). (2.6)

Proof. Uniqueness follows from Lemma 2.3.2 and the uniqueness theorem for probability

measures. It remains to show that X (P) satisfies (2.6). To this end, we note that

X(P)(Miy X H(B)) = POXTHM X (Br) = P(Mfoy X1 H(B))
(M= (Xk 0 X)7H(Bw))) = P(Ni=y (Xx € Br))

P
P(X; € By,...,X,, € By).

This completes the proof. O

Lemma 2.3.6 may appear rather abstract at a first glance. A clearer statement might be
obtained by noting that ﬂﬁzlf(k_l(Bk) = B; X -+ X By x R®. The lemma then states that
the distribution X (P) is the only probability measure on By, such that the X (P)-measure
of a “finite-dimensional rectangle” of the form B; X --- X By X R* has the same measure
as P(X; € By,...,X, € By,), a property reminiscent of the characterizing feature of the
distribution of an ordinary finite-dimensional random variable.

Using the above, we may now formalize the notion of a stationary process. First, we define
0 : R® — R*™ by putting 0((zn)n>1) = (Tnt1)n>1. We refer to 6 as the shift operator.
Note that by Lemma 2.3.3, 0 is Bo,-Bs measurable. The mapping 6 will play the role of the
measure preserving and ergodic transformation in our later use of Theorem 2.1.7.

Definition 2.3.7. Let (X,,) be a stochastic process. We say that (X,,) is a stationary process,
or simply stationary, if it holds that 6 is measure preserving for the distribution of (X,). We

say that a stationary process is ergodic if 0 is ergodic for the distribution of (X,,).

According to Definition 2.3.7, the property of being stationary is related to the measure
preservation property of the mapping 6 on B, in relation to the measure X (P) on By, and
the property of being ergodic is related to the invariant o-algebra of 8, which is a sub-o-
algebra of B.,. It is these conceptions of stationarity and ergodicity we will be using when
formulating our laws of large numbers. However, for practical use, it is convenient to be able
to express stationarity and ergodicity in terms of the probability space (€2, F, P) instead of
(R®, Boo, X (P)). The following results will allow us to do so.

Lemma 2.3.8. Let (X,,) be a stochastic process. The following are equivalent.
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(1). (X,) is stationary.
(2). (Xn)n>1 and (Xp41)n>1 have the same distribution.

(3). For allk >1, (Xp)n>1 and (Xptk)n>1 have the same distribution.

Proof. We first prove that (1) implies (3). Assume that (X,,) is stationary and fix k& > 1.
Define a process Y by setting Y = (X,,1x)n>1, we then also have Y = 6% o X. As (X,,) is
stationary, 6 is X (P)-measure preserving. By an application of Theorem A.2.13, this yields
Y(P) = (6% o X)(P) = 0*(X(P)) = X(P), showing that (X,,)n>1 and (X, 1)n>1 have the

same distribution, and so proving that (1) implies (3).

As it is immediate that (3) implies (2), we find that in order to complete the proof, it suffices
to show that (2) implies (1). Therefore, assume that (X,,)n>1 and (X,41)n>1 have the same
distribution, meaning that X (P) and Y (P) are equal, where Y = (X,,41)n>1. We then obtain
0(X(P)) = (0o X)(P)=Y(P)=X(P), so 0 is X(P)-measure preserving. This proves that
(2) implies (1), as desired. O

An important consequence of Lemma 2.3.8 is the following.

Lemma 2.3.9. Let (X,,) be a stationary stochastic process. For all k > 1 and n > 1,
(X1,...,Xn) has the same distribution as (X14k,- .-, Xntk)-

Proof. Fix k> 1 and n > 1. Let Y = (X,,4%)n>1. By Lemma 2.3.8, it holds that (X,,)n>1
and (Y,),>1 have the same distribution. Let ¢ : R® — R™ denote the projection onto the
first n coordinates of R*>°. Using Theorem A.2.13, we then obtain

(X1, Xn)(P) = o(X)(P) = p(X(P)) = p(Y(P))
=oY)(P)=Y1,..., Yu)(P) = (Xitks ooy Xnyi)(P),

proving that (Xi,...,X,) has the same distribution as (Xi4g,...,Xn+k), as was to be

shown. O

Next, we consider a more convenient formulation of ergodicity for a stationary process.

Definition 2.3.10. Let (X,,) be a stationary process. The invariant o-algebra Z(X) for the
process is defined by Z(X) = {X 1 (B) | B € B, B is invariant for 0}.
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Lemma 2.3.11. Let (X,,) be a stationary process. (X,) is ergodic if and only if it holds that
for all F € Z(X), P(F) is either zero or one.

Proof. First assume that (X,,) is ergodic, meaning that € is ergodic for X (P). This means
that with Zy denoting the invariant o-algebra for 6 on B, X (P)(B) is either zero or one for
all B € Ty. Now let F' € Z(X), we then have F = (X € B) for some B € Ty, so we obtain
P(F) = P(X € B) = X(P)(B), which is either zero or one. This proves the first implication.
Next, assume that for all F' € Z(X), P(F) is either zero or one. We wish to show that (X,,)
is ergodic. Let B € Zy. We then obtain X (P)(B) = P(X~1(B)), which is either zero or one
as X 1(B) € Z(X). Thus, (X,) is ergodic. O

Lemma 2.3.8 and Lemma 2.3.11 shows how to reformulate the definitions in Definition 2.3.7
more concretely in terms of the probability space (2, F, P) and the process (X,,). We are now

ready to use the ergodic theorem to obtain a law of large numbers for stationary processes.

Theorem 2.3.12 (Ergodic theorem for ergodic stationary processes). Let (X,,) be an ergodic
stationary process, and let f : R™ — R be some Boo-B measurable mapping. If f((Xp)n>1)
has p’th moment, =371 | f((X;)i>k) converges almost surely and in LP to Ef((X;)i>1).

Proof. We first investigate what may be obtained by using the ordinary ergodic theorem of
Theorem 2.1.7. Let P = X (P), the distribution of (X,,). By our assumptions, 6 is P-measure
preserving and ergodic. Also, f is a random variable on the probability space (R*°, Boo, 13),
and

/ P ap = / 1P AX(P) = / f o XIPAP = B|f(X)PP = E|f((Xo)us1) P,

which is finite by our assumptions. Thus, considered as a random variable on (R*°, By, ]5),
f has p’th moment. Letting y = Ef((X;)n>1), Theorem 2.1.7 yields

lim 1 Zf o gkl = /fdf? =Ef(Xn)n>1) = 1,
n—oo N —

in the sense of P almost sure convergence and convergence in LP (R, Boo, 15). These are limit
results on the probability space (R*, Boo, ]5) We would like to transfer these results to our
original probability space (Q, F, P). We first consider the case of almost sure convergence.
We wish to argue that 2> | f((X;)i>k) converges P-almost surely to p. To do so, first
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note that

(33 s ) = {0 13585

{wen im =57 F((X(@))isk) = 1

S k-1 _
{weth_ggoni f(o (X(W)))—u},
and this final set is equal to X ~1(A), where

A= {:c €R™| lim %Zf(@k’l(x)) = u} ,
k=1

or, with our usual probabilistic notation, A = (lim, e = >_p_; f06*~! = p). Therefore, we

obtain

( Zf i)i>k) converges to ,u) = P(X71(A)) = X(P)(A)
=P(A) =P (nlgr;oiifoe’f—l =u> ,
k=1

and the latter is equal to one by the P-almost sure convergence of % Sy fobf* =1 to p. This
proves P-almost sure convergence of = 37" | f((X;)i>x) to pu. Next, we consider convergence
in £P. Here, we need lim, oo Elpp — 2 37 | f((Xi)i>k)|? = 0. To obtain this, we note that
for any w € €, it holds that

( %Z )izk) ) (w) = |p— %Zf((Xi(w))z>k)
= k=1
= i L S0 X @)
k=1
- ( k= %Zfoo’“*l ) (X (w)),
k=1
yielding
/J/_%Zf((Xz)z>k) :<M_T1L2foek_1 >0X7
k=1 —
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and so the change-of-variables formula allows us to conclude that

p p

= lim dpP

n—oo

S|

lim F|u—

n— oo

D F((X)izk)
k=1

pe S A(Xi)
k=1

= lim
n—00 n

k=1

= lz:f((f(i)izk) > o XdpP

n—00 n
k=1

= lim
n—o0

= lim <,u lZf((Xi)iZk) ) dX(P)

S G ) ap =0,
k=1

by the £P(R>, Boo, P)-convergence of Dy F((X;)i>) to u. This demonstrates the desired
convergence in LP and so concludes the proof of the theorem. O

Theorem 2.3.12 is the main theorem of this section. As the following corollary shows, a
simpler version of the theorem is obtained by applying the theorem to a particular type of
function from R*° to R.

Corollary 2.3.13. Let (X,) be an ergodic stationary process, and let f : R — R be some
Borel measurable mapping. If f(X1) has p’th moment, % Sor_y [(X)) converges almost surely
and in LP to Ef(Xy).

Proof. Define g : R® — R by putting g((z,)n>1) = f(21). Then g = f o Xy, so as f is B-B
measurable and X is Boo-B measurable, g is Boo-B measurable. Also, g((X;)i>1) = f(X1),
which has p’th moment by assumption. Therefore, Theorem 2.3.12 allows us to conclude that
LS 1 9((Xi)i>k) converges almost surely and in £? to Ef(X1). As g((Xi)i>k) = f(Xk),
this yields the desired conclusion. O

Theorem 2.3.12 and Corollary 2.3.13 yields powerful convergence results for stationary and
ergodic processes. Next, we show that our results contain the strong law of large numbers
for independent and identically distributed variables as a special case. In addition, we also
obtain LP convergence of the empirical means. To show this result, we need to prove that

sequences of independent and identically distributed variables are stationary and ergodic.

Corollary 2.3.14. Let (X,,) be a sequence of independent, identically distributed variables.
Then (X,,) is stationary and ergodic. Assume furthermore that X,, has p’th moment for some

p > 1, and let p be the common mean. Then %22:1 Xy converges to p almost surely and
in LP.
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Proof. We first show that (X,,) is stationary. Let v denote the common distribution of the
Xn. Let X = (X)n>1 and Y = (X;,41)n>1. Fix n > 1 and By, ..., B, € B, we then obtain

Y(P)(Mp_, X, (By)) = P(X2 € By,..., Xnp1 € By) = [[v(B))
i=1
= P(X, € By,..., X, € B,) = X(P)(N{_, X, (By)),

so by Lemma 2.3.2 and the uniqueness theorem for probability measures, we conclude that
Y (P) = X(P), and thus (X,,) is stationary. Next, we show that (X,,) is ergodic. Let Z(X)
denote the invariant o-algebra for (X, ), and let J denote the tail-o-algebra for (X,,), see
Definition 1.3.9. Let F' € Z(X), we then have F' = (X € B) for some B € Ty, where Zy is

the invariant o-algebra on R for the shift operator. Therefore, for any n > 1, we obtain

(XeB)=(Xe€6"™(B)) =(0"(X)e B)
= ((Xn+1; Xn+27 .. ) S B) S O'(Xn+1, Xn+27 .. ) (27)

As n is arbitrary in (2.7), we conclude (X € B) € J, and as a consquence, Z(X) C J. Now
recalling from Theorem 1.3.10 that P(F') is either zero or one for all F' € J, we obtain that
whenever F € Z(X), P(F') is either zero or one as well. By Lemma 2.3.11, this shows that
(X,,) is ergodic. Corollary 2.3.13 yields the remaining claims of the corollary. O

In order to apply Theorem 2.3.12 and Corollary 2.3.13 in general, we need results on how
to prove stationarity and ergodicity. As the final theme of this section, we show two such

results.

Lemma 2.3.15. Let (X,,) be stationary. Assume that for allm,p > 1, Ay,..., A € B and
Bl,...,Bp € B:

(1). With F = N (X; € A;) and Gy, = "M_(Xiyk—1 € By) for k > 1, it holds that
limy, oo % Yoy P(FNGy) = P(F)P(Gy).

V

(2). With F = N (X; € A;) and Gy, = M_{(Xiyk—1 € By) for k > 1, it holds that
limy, o0 2 >0, [P(F N Gg) — P(F)P(G1)| = 0.

(3). With F = N (X; € A;) and G, = M_{(Xj4n € B;) for n > 1, it holds that
lim, . P(FNG,)=P(F)P(Gy).

Then (X,,) is ergodic.
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Proof. We only prove the result in the case where the third convergence holds, as the other
two cases follow similarly. Therefore, assume that the first criterion holds, such that for all
m,p>1, Ay,...,Ap € Band By,...,B, € B, it holds that

lim P(NZ, (X; € Ai) NO_y (Xipn € Bi)) = P(NiL(X; € A))P(M_y (X, € By)).  (2.8)

n—o0

We wish to show that (X,,) is ergodic. Recall that by Definition 2.3.7 that since (X,,) is
stationary, € is measure preserving for P, where P = X (P). Also recall from Definition
2.3.7 that in order to show that (X,,) is ergodic, we must show that 6 is ergodic for P. We
will apply Lemma 2.2.6 and Theorem 2.2.5 to the probability space (ROO,BOO,P) and the
transformation 6. Note that as 6 is measure preserving for ]5, Lemma 2.2.6 and Theorem

2.2.5 are applicable.

Define H as the family of sets {x € R*® | x; € By,...,x, € B,}, where n > 1 and
B, € B,...,B, € B. By Lemma 2.3.2, H is then a generating family for B,, which is
stable under finite intersections. By Lemma 2.2.6 and Theorem 2.2.5, 6 is ergodic for Pif it
holds that for all F,G € H,

lim P(FNO~"(G)) = P(F)P(G). (2.9)

n— oo

However, for any F,G € H, we have that there is m,p > 1 such that F' =N~ 1X 1(4;) and
G =n"_ X7 Y(By), and so

X (P) (M, XM (Aq) N0~ (M_y X, (By)))
(P) (ML, X 1(Az‘) NN, X3 (Bi)
N X H(A) NN XG4, (B)

(X € A) NNy (Xign € By)),

P(FN~(@))

X
P
P(N

(
(N
and similarly, we obtain P(F) = P(N72,(X; € A;)) and P(G) = P(N?_,(X; € A;)). Thus,
for F,G € H with F = N, X, 1(A;) and G = n?_, X, 1(B;), (2.9) is equivalent (2.8). As

we have assumed that (2.8) holds for all m,p > 1, A;,...,A,, € Band By,...,B, € B,,, we
conclude that (2.9) holds for all F, G € H. Lemma 2.2.6 then allows us to conclude that (2.9)

holds for all F, G € By, and Theorem 2.2.5 then allows us to conclude that € is ergodic for
P, so that (X,,) is ergodic, as desired. O

Lemma 2.3.16. Let (X,,) be a sequence of random variables. Let ¢ : R™ — R be measurable,
and define a sequence of random variables (Yy,) by putting Y,, = (X, Xpnt1,...). If (X,) is
stationary, then (Y,) is stationary. And if (X,) is both stationary and ergodic, then (Yy,) is

both stationary and ergodic.
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Proof. We first derive a formal expression for the sequence (Y;,) in terms of (X,,). Define a
mapping ® : R® — R* by putting, for & > 1, ®((z:)i>1)r = ¢((zi)i>k). Equivalently, we
also have ®((z;)i>1)r = (p o Hk_l)((a:i)izl). As 0 is By.-B,, measurable by Lemma 2.3.3
and ¢ is Byo-B measurable, ® has B, measurable coordinates, and so is Byo-Bs measurable,
again by Lemma 2.3.3. And we have (Y,,) = ®((Xn)n>1)-

Now assume that (X,,) is stationary. Let P be the distribution of (X,), and let Q be the
distribution of (Y;,). By Definition 2.3.7, our assumption that (X,,) is stationary means that
0 is measure preserving for P, and in order to show that (Y,,) is stationary, we must show
that 6 is measure preserving for Q To do so, we note that for all k¥ > 1, it holds that

O(D((2:)iz1))k = P((xi)iz1)k1 = 20" ((i)ix1)) = (01 (O((2:)i>1))) = @(O((:)i>1)),

which means that § o ® = ® 0§, and so, since 6 is measure preserving for P,

0(Q) = 0(B(P)) = (00 ®)(P) = (P 0)(P) = (P) = Q,
proving that 6 also is measure preserving for Q, so (Y,,) is stationary. Next, assume that
(X,,) is ergodic. By Definition 2.3.7, this means that all elements of the invariant o-algebra
Ty of 0 has P measure zero or one. We wish to show that (Y,,) is ergodic, which means
that we need to show that all elements of Zy has Q measure zero or one. Let A € Zy, such
that 0-1(A) = A. We then have Q(A) = P(®~1(A)), so it suffices to show that ®~1(A) is
invariant for 6, and this follows as

071 (27H(A) = (2o )T (A) = (002) 71 (A) =7 (07(4)) = 7 '(A).

Thus, ®~1(A) is invariant for 0. As 6 is ergodic for P, P(®~1(A)) is either zero or one, and
so Q(A) is either zero or one. Therefore, 6 is ergodic for Q. This shows that (Y},) is ergodic,
as desired. ]

We end the section with an example showing how to apply the ergodic theorem to obtain
limit results for empirical averages for a practical case of a process consisting of variables

which are not independent.

Example 2.3.17. Let (X,) be a sequence of independent and identically distributed
variables concentrated on {0,1} with P(X,, = 1) = p. The elements of the sequence
(XnX,+41)n>1 then have the same distribution for each n > 1, but they are not indepen-
dent. We will use the results of this section to examine the behaviour of %ZZ=1 X X1
By Corollary 2.3.14, (X,,) is stationary and ergodic. Define a mapping f : R® — R by
putting f((zp)n>1) = z122, f is then By-B measurable, and f((X;);>1) = X1X2. Noting
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that EX1 X, = p? and that X; X, has moments of all orders, Theorem 2.3.12 shows that
% > or_q Xk Xj41 converges to p? almost surely and in £P for all p > 1. )

2.4 Exercises

Exercise 2.1. Consider the probability space ([0,1), B 1), P) where P is the Lebesgue
measure. Define T'(z) = 2z — [2z] and S(z) = 2+ A — [z + A], A € R. Here, [z] is the unique
integer satisfying [x] < z < [z] + 1. Show that T" and S are P-measure preserving. o

Exercise 2.2. Define T : [0,1) — [0,1) by letting T(z) = L — [1] for > 0 and zero
otherwise. Show that T is Borel measurable. Define P as the nonnegative measure on
([0,1), Bjo,1y) with density ¢ ~— @ﬁt with respect to the Lebesgue measure. Show that P

is a probability measure, and show that 7' is measure preserving for P. o

Exercise 2.3. Define T : [0,1] — [0,1] by putting T'(z) = 2 for z > 0 and one other-
wise. Show that there is no probability measure P on ([0, 1], Bjg 1)) such that 7" is measure

preserving for P. o

Exercise 2.4. Consider the probability space ([0,1),Bp,1), P) where P is the Lebesgue
measure. Define 7' : [0,1) — [0,1) by T(z) = x +A— [+ A]. T is then P-measure preserving.

Show that if A is rational, T is not ergodic. )
Exercise 2.5. Let (2, F, P) be a probability space and let T' be measure preserving. Let
X be an integrable random variable and assume that X o T < X almost surely. Show that

X = X oT almost surely. o

Exercise 2.6. Let (2, F, P) be a probability space and let T : £ — Q be measurable.
Assume that T is measure preserving. Show that if 72 is ergodic, 7T is ergodic as well. )

Exercise 2.7. Give an example of a probability space (2, F, P) and a measurable mapping
T : Q — Q such that T? is measure preserving but 7' is not measure preserving. o

Exercise 2.8. Let (2, F, P) be a probability space and let T' be measurable and measure
preserving. We may then think of 7" as a random variable with values in (2, F). Let F' € F.

(1). Show that (T™ € F i.0.) is invariant.
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(2). Show that for n > 1, (U2, T~%(F)) \ (U2, T~F(F)) is a null set.
(3). Show that F'N (T* € F¢ evt.) is a null set.

(4). Assume that P(F') > 0. Show that if T" is ergodic, P(T™ € F i.0.) = 1.

Exercise 2.9. Let (2, F) be a measurable space and let T : Q@ — Q be measurable. As-
sume that 7' is measure preserving. Show that the mapping 7" is ergodic if and only if it
holds for all random variables X and Y such that X is integrable and Y is bounded that
limp, oo 2 30 BY (X o TF~1) = (EY)(EX). o

Exercise 2.10. Consider the probability space ([0,1), B,1), P) where P is the Lebesgue
measure. Define T': [0,1) — [0,1) by T(x) = 22 — [2z]. T is then P-measure preserving.
Show that 7" is mixing. o

Exercise 2.11. Let (Qq, 71, P1) and (Q9, F2, P2) be two probability spaces. Consider two
measurable mappings 77 : Q1 — Q7 and Ty : Q9 — Q5. Assume that T is Pj-measure
preserving and that T is P,-measure preserving. Define a probability space (Q, F, P) by
putting (2, F, P) = (Q1 X Qo, F1 ® Fo, Py ® P5). Define a mapping T : Q@ — Q by putting
T(wy,w2) = (Ti(w), Tz (w2)).

(1). Show that T is P-measure preserving.

(2). Let Zg,, Iy, and Z7 be the invariant o-algebras for 77, T, and T. Show that the
inclusion Z7, ® Zp, C Zr holds.

(3). Argue that if T is ergodic, both T and T, are ergodic.

(4). Argue that T is mixing if and only if both 77 and T» are mixing.

Exercise 2.12. Let (X,,) be a stationary process. Fix B € B. Show that (X,, € B i.0.) is
in Z(X). o

Exercise 2.13. Let (X,,) and (Y},) be two stationary processes. Let U be a random variable
concentrated on {0,1} with P(U = 1) = p, and assume that U is independent of X and
independent of Y. Define Z,, = X;,1(y—¢) + Yn1(w=1). Show that (Z,) is stationary. o

Exercise 2.14. We say that a process (X,,) is weakly stationary if it holds that X,, has
second moment for all n > 1, EX,, = EX}, for all n,k > 1 and Cov(X,,, Xx) = v(|n — k|) for
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some v : Ny — R. Now assume that (X,,) is some process such that X,, has second moment

for all n > 1. Show that if (X,,) is stationary, (X,,) is weakly stationary. o

Exercise 2.15. We say that a process (X,) is Gaussian if all of its finite-dimensional
distributions are Gaussian. Let (X,,) be some Gaussian process. Show that (X,,) is stationary

if and only if it is weakly stationary in the sense of Exercise 2.14. o
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Chapter 3

Weak convergence

In Chapter 1, in Definition 1.2.2, we introduced four modes of convergence for a sequence
of random variables: Convergence in probability, almost sure convergence, convergence in
LP and convergence in distribution. Throughout most of the chapter, we concerned our-
selves solely with the first three modes of convergence. In this chapter, we instead focus
on convergence in distribution and the related notion of weak convergence of probability

distributions.

While our main results in Chapter 1 and Chapter 2 were centered around almost sure and L?
convergence of % ZZ=1 X}, for various classes of processes (X,,), the theory of weak conver-
gence covered in this chapter will instead allow us to understand the asymptotic distribution

of % > p—y X, particularly through the combined results of Section 3.5 and Section 3.6.

The chapter is structured as follows. In Section 3.1, we introduce weak convergence of
probability measures, and establish that convergence in distribution of random variables and
weak convergence of probability measures essentially are the same. In Section 3.2, Section 3.3
and Section 3.4, we investigate the fundamental properties of weak convergence, in the first
two sections outlining conncetions with cumulative distribution functions and convergence
in probability, and in the third section introducing the characteristic function and proving
the major result that weak convergence of probability measures is equivalent to pointwise

convergence of characteristic functions.

After this, in Section 3.5, we prove several versions of the central limit theorem which in its
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simplest form states that under certain regularity conditions, the empirical mean % ZZ=1 X
of independent and identically distributed random variables can for large n be approximated
by a normal distribution with the same mean and variance as % Y p—q Xi. This is arguably
the main result of the chapter, and is a result which is of great significance in practical
statistics. In Section 3.6, we introduce the notion of asymptotic normality, which provides a
convenient framework for understanding and working with the results of Section 3.5. Finally,
in Section 3.7, we state without proof some multidimensional analogues of the results of the

previous sections.

3.1 Weak convergence and convergence of measures

Recall from Definition 1.2.2 that for a sequence of random variables (X,,) and another random
variable X, we say that X, converges in distribution to X and write X, P, X when
lim, . Ef(X,) = Ef(X) for all bounded, continuous mappings f : R — R. Our first
results of this section will show that convergence in distribution of random variables in a

certain sense is equivalent to a related mode of convergence for probability measures.

Definition 3.1.1. Let (un) be a sequence of probability measures on (R,B), and let y be
another probability measure. We say that u, converges weakly to p and write i, ok, woif it
holds for all bounded, continuous mappings f: R — R that limy, oo [ fdp, = [ fdp.

Lemma 3.1.2. Let (X,,) be a sequence of random variables and let X be another random
variable. Let p denote the distribution of X, and for n > 1, let u,, denote the distribution of
X,. Then X, Do x if and only if p, ok, .

Proof. We have Ef(X,,) = [ foX,dP = [ fdX,(P)= [ fdu,, and by similar arguments,
Ef(X) = [ fdu. From these observations, the result follows. O

Lemma 3.1.2 clarifies that convergence in distribution of random variables is a mode of con-
vergence depending only on the marginal distributions of the variables involved. In particular,
we may investigate the properties of convergence in distribution of random variables by inves-
tigating the properties of weak convergence of probability measures on (R, B). Lemma 3.1.2
also allows us to make sense of convergence of random variables to a probability measure
in the following manner: We say that X,, converges in distribution to u for a sequence of
random variables (X,,) and a probability measure p, and write X, N i, if it holds that
lhn Lok, 1, where p,, is the distribution of X,.
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The topic of weak convergence of probability measures in itself provides ample opportunities
for a rich mathematical theory. However, there is good reason for considering both conver-
gence in distribution of random variables and weak convergence of probability measures, in
spite of the apparent equivalence of the two concepts: Many results are formulated most
naturally in terms of random variables, particularly when transformations of the variables
are involved, and furthermore, expressing results in terms of convergence in distribution for

random variables often fit better with applications.

In the remainder of this section, we will prove some basic properties of weak convergence of
probability measures. Our first interest is to prove that weak limits of probability measures
are unique. By Cp(R), we denote the set of bounded, continuous mappings f : R — R, and
by C¢(R), we denote the set of bounded, uniformly continuous mappings f : R — R. Note
that C#(R) C Cp(R).

Lemma 3.1.3. Assume given two intervals [a,b] C (c,d). There exists a function f € C}'(R)
such that 1iq p)(z) < f(2) < 1cay(z) for all x € R.

Proof. As [a,b] C (c,d), we have that ¢ < 2 < b implies ¢ < & < d. In particular, ¢ < a and
b < d. Then, to obtain the desired mapping, we simply define

0 forx <c
o= forc<z<a
flz) = 1 fora<z<b ,
% forb<x<d
0 ford <z
and find that f possesses the required properties. O

The mappings whose existence are proved in Lemma 3.1.3 are known as Urysohn functions,
and are also occasionally referred to as bump functions, although this latter name in general
is reserved for functions which have continuous derivatives of all orders. Existence results of
this type often serve to show that continuous functions can be used to approximate other
types of functions. Note that if [a,b] C (c,d) and 1j,3)(2) < f(2) < 1(cq)(x) for all z € R, it
then holds for = € [a,b] that 1 = 1}, () < f(z) < 1(,q)(z) = 1, so that f(z) = 1. Likewise,
for x ¢ (c,d), we have 0 = 1j)(2) < f(z) < 1(c,q)(z) =0, so f(x) = 0.

In the following lemma, we apply Lemma 3.1.3 to show a useful criterion for two probability
measures to be equal, from which we will obtain as an immediate corollary the uniqueness
of limits for weak convergence of probability measures.
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Lemma 3.1.4. Let p and v be two probability measures on (R,B). If [ fdu = ffdu for
all f € C¢(R), then p = v.

Proof. Let p and v be probability measures on (R, B) and assume that [ fdu = [ fdv for
all f € C¥(R). By the uniqueness theorem for probability measures, we find that in order to
prove that u = v, it suffices to show that u((a,b)) = v((a,b)) for all a < b. To this end, let
a < b be given. Now pick n € N so large that a+1/n < b—1/n. By Lemma 3.1.3, there then
exists a mapping f,, € Cy'(R) such that 1jg11/np—1/n] < f < 1(ap)- By our assumptions, we
then have [ f,du= [ f,dv.

Now, for x ¢ (a,b), we have x ¢ [a+ 1/n,b— 1/n] as well, so f,(z) =0. And for = € (a,b),
it holds that x € [a+1/n,b— 1/n] for n large enough, yielding f,(z) = 1 for n large enough.
Thus, lim, e fr(z) = 1(ap)(7) for all z € R. By the dominated convergence theorem, we

then obtain

w((a,b)) = /1((171)) dp = nlgrgo/fn dp = nlergo/fn dv = /1(,17,,) dv = v((a,b)),

and the result follows. O

Lemma 3.1.5. Let (u,) be a sequence of probability measures on (R, B), and let p and v be
. wk, wk
two other such probability measures. If p, — p and p, — v, then p = v.

Proof. For all f € Cy(R), we obtain [ fdv = lim,_ fdu, = [ fdu. In particular, this
holds for f € C}'(R). Therefore, by Lemma 3.1.4, it holds that v = p. O

Lemma 3.1.5 shows that limits for weak convergence of probability measures are uniquely
determined. Note that this is not the case for convergence in distribution of variables. To
understand the issue, note that combining Lemma 3.1.2 and Lemma 3.1.5, we find that if
X5 N X, then we also have X, P,y if and only if X and Y have the same distribution.
Thus, for example, if X, N , where X is normally distributed with mean zero, then
X Py X oas well, since X and —X have the same distribution, even though it holds that
P(X=-X)=P(X=0)=0.

In order to show weak convergence of p,, to u, we need to prove lim, o [ fdu, = | fdp for
all f € Cp(R). A natural question is whether it suffices to prove this limit result for a smaller
class of mappings than Cp(R). We now show that it in fact suffices to consider elements of
C¥(R). For f: R — R bounded, we denote by || f||cc the uniform norm of f, meaning that
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|| flloo = supyer |f(z)|. Before obtaining the result, we prove the following useful lemma.
Sequences of probability measures satisfying the property (3.1) referred to in the lemma are
said to be tight.

Lemma 3.1.6. Let () be a sequence of probability measures on (R, B), and let u be some
other probability measure. If lim, o0 [ fdp, = [ fdu for all f € C#(R), it holds that

lim sup pn, ([-M, M]¢) = 0. (3.1)

M—00 >1

In particular, (3.1) holds if p, is weakly convergent.

Proof. Fix € > 0. We will argue that there is M > 0 such that pu,([-M, M]°) < e for n > 1.
To this end, let M* > 0 be so large that u([—-M*/2, M*/2]¢) < e. By Lemma 3.1.3, we find
that there exists a mapping g € Cy(R) with 11—« /2 p+/2)(2) < g(2) < 1(Zpage ar+y () for
r € R. With f =1 — g, we then also obtain 1(_ps« ar+)e(®) < f(x) < 1_pge 2,000 /27 (). As
f € CP(R) as well, this yields

lim sup pn, ([—M™*, M*]¢) < limsup/l(,M*,M*)c dpy, < 1imsup/fd,un

n—oo n—oo n— o0

- /fdu < /1[_M*/Q,M*/2}c dp = p([=M* /2, M*2)°) < e,

and thus p, ([—M*, M*]°) < ¢ for n large enough, say n > m. Now fix My, ..., M,, > 0 such
that g, ([—Mp, M,]°) < € for n < m. Putting M = max{M™*, M, ..., M,,}, we obtain that
pn([—M, M]°) < e for all n > 1. This proves (3.1). O

Theorem 3.1.7. Let (un) be a sequence of probability measures on (R,B), and let p be
some other probability measure. Then p, ok, w if and only if lim, oo [ fdpn = [ fdu for
feCyR).

Proof. As C*(R) C Cy(R), it is immediate that if p, 2ok, p, then limy, oo [ fdu, = [ fdp
for f € CP(R). We need to show the converse. Therefore, assume that for f € C}(R),
we have lim, o0 [ fdp, = [ fdp. We wish to show that lim, o [ fdp, = [ fdp for all
f € Cy(R).

Using Lemma 3.1.6, take M > 0 such that w,([—M,M]¢) < e for all n > 1 and such that
w([-M, M]¢) < e as well. Note that for any h € Cy(R) such that ||h]lec < ||f|lec and
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f(z) = h(x) for x € [-M, M], we then have
‘/fdu hdu‘ - ‘/fl[_M,M}cdu/hl[_M,M]cdu‘

< ‘/fl[M,M]Cd,u + ’/hl[MJVI]Cd,U)

< [ f lloop([=M, M]?) + [|Blloop([=M, M]°) < 2¢[ flloe,  (3-2)

and similarly for pu, instead of p. To complete the proof, we now take f € Cp(R), we wish
to show lim, o [ fdp, = [ fdu. To this end, we locate h € C{(R) agreeing with f on
[—M, M] with ||A|lcc < ||f|lcc and apply (3.2). Define h : R — R by putting

f(=M)exp(M +z) forz<-M
h(z) =< f(x) for —M<z<M
f(M)exp(M —x) forz>M
Then ||hlloo < ||flloo- We wish to argue that h is uniformly continuous. Note that as
continuous functions are uniformly continuous on compact sets, f is uniformly continuous on

[-M, M], and thus h also is uniformly continuous on [—M, M]. Furthermore, for z,y > M

with | — y| < 4, the mean value theorem allows us to obtain

[h(x) = h(y)| < [f(M)][exp(M — z) — exp(M —y)| < [f(M)][z =y,

and similarly, |h(z) — h(y)| < |f(=M)||x — y| for x,y < —M. We conclude that h is a con-
tinuous function which is uniformly continuous on (—oo, —M), on [—M, M| and on (M, c0).

Hence, h is uniformly continuous on R. Furthermore, h agrees with f on [—M, M]. Collecting
our conclusions, we now obtain by (3.2) that

‘/fdun— fdu’ ’/fdun /hdun ‘/hdun /hdu‘ ‘/hdu /fd,u‘
< del|fllo + ‘/hdun—/hdu ,

leading to limsup, . | [ fdu, — [ fdu| < 4| fllo- As € > 0 was arbitrary, this shows
limy oo [ f it = [ fdp, proving 11, % p. O

Before turning to a few examples, we prove some additional basic results on weak convergence.
Lemma 3.1.8 and Lemma 3.1.9 give results which occasionally are useful for proving weak

convergence.

Lemma 3.1.8. Let () be a sequence of probability measures on (R, B), and let u be some
other probability measure on (R, B). Let h : R — R be a continuous mapping. If p, 2ok, W, it
then also holds that h(fiy,) Lok h(p).



3.1 Weak convergence and convergence of measures 65

Proof. Let f € Cp(R). Then foh € Cy(R) as well, and we obtain

tin [ 1) dh(ua)o) = i [ (b)) dn(a) = [ o) dnte) = [ 1) dhia) (o)

n—oo n—oo

LY h(p), as desired. O

proving that h(,)

Lemma 3.1.9 (Scheffé’s lemma). Let (u,) be a sequence of probability measures on (R, B),

and let p be another probability measure on (R, B). Assume that there is a measure v such

that p, = gn - v forn > 1 and p = g-v. If lim, 0 gn(x) = g(x) for v-almost all x, then
wk

M — -

Proof. To prove the result, we first argue that lim,,_, f |gn — g|dv = 0. To this end, with
2t = max{0,z} and 2~ = max{0, —z}, we first note that since both u,, and u are probability

measures, we have

0=/gndv—/ng=/gn—gdv:/(gn—gﬁdv—/(gn—g)’dv,

which implies [(g, — ¢)* dv = [(g9» — ¢)~ dv and therefore

/Ign—gldVZ/(gn—g)+du+/(gn—g)‘dv=2/(9n—g)‘du

It therefore suffices to show that this latter tends to zero. To do so, note that

(gn — 9)" (x) = max{0, —(gn(z) — g(x))} = max{0,g(x) — gn(z)} < g(z),  (3.3)
and furthermore, since x +— =~ is continuous, (g, — ¢g)~ converges almost surely to 0. As
0<(gn—9g)~ <gby (3.3), and ¢ is integrable with respect to v, the dominated convergence
theorem yields lim,_,~ [(g, — ¢)~ dv = 0. Thus, we obtain lim,_, [ |g, — g|dv = 0. In
order to obtain the desired weak convergence from this, let f € C,(R), we then have

/f ) dpen(z /f ) dp(z

lim sup
n—oo

<hmsup/|f ) Ign() — g()| dv(x)

< o timsup [ 1ga() = )] dv(z) =0,

proving lim;, 0 ffdun = f fdp and hence p, ok, L. ]

Lemma 3.1.8 shows that weak convergence is conserved under continuous transformations,
a result similar in spirit to Lemma 1.2.6. Lemma 3.1.9 shows that for probability measures

which have densities with respect to the same common measure, almost sure convergence of
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the densities is sufficient to obtain weak convergence. This is in several cases a very useful

observation.

This concludes our preliminary investigation of weak convergence of probability measures.

We end the section with some examples where weak convergence naturally occur.

Example 3.1.10. Let (z,) be a sequence of real numbers and consider the corresponding
Dirac measures (g4, ), that is, €, is the probability measure which accords probability one
to the set {x,} and zero to all Borel subsets in the complement of {,,}. We claim that if
converges to x for some = € R, then €, converges weakly to £,. To see this, take f € Cp(R).

By continuity, we then have

lim [ fde,, = hm flzy) = /fdsx,
n—oo
yielding weak convergence of €, to €,. )

Example 3.1.11. Let j, be the uniform distribution on {0, 2 o n, . ”T*I} We claim that
tn converges weakly to the uniform distribution on [0,1]. To show this, let f € Cy(R), we
then have [ fdu, =137, f((k—1)/n). Now define a mapping f, : [0, 1] — R by putting
fn(@) =301 f((k = 1)/n)1{(k=1)/n,k/n)(x), we then obtain [ fdu, = fo fo(z)dz. As fis
continuous, we have lim,, o fr(z) = f(x) forall 0 < x < 1. As f is bounded, the dominated
convergence theorem then allows us to conclude that lim, o [ fdp, = fol f(x) dx, which

shows that u, converges weakly to the uniform distribution on [0, 1]. o

Note that the measures (p,,) in Example 3.1.11 are discrete in nature, while the limit measure
is continuous in nature. This shows that qualities such as being discrete or continuous in

nature are not preserved by weak convergence.

Example 3.1.12. Let (£,) and (0,,) be two real sequences with limits £ and o, respectively,
where we assume that o > 0. Let u,, be the normal distribution with mean ¢,, and variance
02. We claim that p,, converges to u, where p denotes the normal distribution with mean ¢
and variance 2. To demonstrate this result, deﬁne mappings gn for n > 1 and g by putting

gn(z) = Un12ﬂ exp(— 202( —&,)%) and g(z) = aF exp(— 5z (£ —&)?). Then, p,, has density
gn with respect to the Lebesgue measure, and p has density g with respcet to the Lebesgue

measure. As g, converges pointwisely to g, Lemma 3.1.9 shows that p, converges to pu, as

desired. o
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3.2 Weak convergence and distribution functions

In this section, we investigate the connection between weak convergence of probability mea-
sures and convergence of the corresponding cumulative distribution functions. We will show
that weak convergence is not in general equivalent to pointwise convergence of cumulative

distribution functions, but is equivalent to pointwise convergence on a dense subset of R.

Lemma 3.2.1. Let (p1,) be a sequence of probability measures on (R, B), and let p be some
other probability measure. Assume that p., has cumulative distribution function F,, forn > 1,
and assume that p has cumulative distribution function F. If uy, L 1, then it holds that

lim;, 00 F(z) = F(x) whenever F is continuous at x.

Proof. Assume that p, ok, 1 and let z be such that F' is continuous at . Let ¢ > 0. By
Lemma 3.1.3, there exists h € C(R) such that 1, o 5 —(y) < h(y) < 1(z_3c,2)(y) for y € R.
Putting f(y) = h(y) for y > x —e and f(y) = 1 for y < & — &, we find that 0 < f < 1,
fly) =1fory <z —eand f(y) =0 for y > 2. Thus, 1(_oz—(¥) < f(y) < 1(—oo,(y) for
y € R. This implies F(z —¢) < [ fdp and [ fdu, < F,(z), from which we conclude

Flxz—e¢) < /fd,u = lim /fdun < lim inf F, (z). (3.4)
n—oo n—oo

Similarly, there exists g € C,(R) such that 0 < g <1, g(y) =1 for y < x and g(y) = 0 for
y > + ¢, implying F,(z) < [ gdu, and [gdu < F(z +¢) and allowing us to obtain

limsup F, () < lim [ gdp, = /gd,u < F(zx+e). (3.5)
n—oo

n—0o0

Combining (3.4) and (3.5), we conclude that for all € > 0, it holds that

F(z —¢) < liminf F,,(z) < limsup F,(z) < F(z +¢).
n—co n— 00
Since F' is continuous at z, we may now let ¢ tend to zero and obtain that liminf, . F, ()
and lim sup,,_, . Fy,(x) are equal, and the common value is F(z). Therefore, F, (x) converges

and lim, o Fy,(z) = F(z). This completes the proof. O

The following example shows that in general, weak convergence does not imply convergence
of the cumulative distribution functions in all points. After the example, we prove the gen-
eral result on the correspondence between weak convergence and convergence of cumulative

distribution functions.
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Example 3.2.2. For each n > 1, let u,, be the Dirac measure in %, and let p be the Dirac
measure at 0. According to Example 3.1.10, u, ok, . But with F,, being the cumulative

distribution function for u, and with F' being the cumulative distribution function for u, we
have F,(0) = 0 for all n > 1, while F'(0) = 1, so that lim,,_,., F,(0) # F(0). o

Theorem 3.2.3. Let (i) be a sequence of probability measures on (R, B), and let u be some
other probability measure. Assume that ., has cumulative distribution function F, forn > 1,
and assume that p has cumulative distribution function F. Then p, ok u if and only if
there exists a dense subset A of R such that lim,_, Fp,(z) = F(x) for x € A.

Proof. First assume that pu, ok, 1, we wish to identify a dense subset of R such that we
have pointwise convergence of the cumulative distribution functions on this set. Let B be
the set of discontinuity points of F', B is then countable, so B¢ is dense in R. By Lemma

3.2.1, limy, 00 Fi(x) = F(z) whenever x € B¢, and so B¢ satisfies the requirements.

Next, assume that there exists a dense subset A of R such that lim, . F,,(z) = F(z) for
x € A. We wish to show that u, ok, w. To this end, let f € Cp(R), we need to prove
lim, o0 [ fdpn = [ fdp. Fix e > 0. Recall that F(z) tends to zero and one as z tends
to minus infinity and infinity, respectively. Therefore, we may find a,b € A with a < b such
that lim,,_,« Fp(a) = F(a), lim, . F,,(b) = F(b), F(a) < € and F(b) > 1 —e. For n large
enough, we then also obtain F),(a) < € and F,(b) > 1 —e. Applying these properties, we
obtain

hmsup ‘/ f]-(—oo,a] dﬂn - /f]-(—oo,a] d:u‘ < lirrgsolép Hf”oo(ﬂ’n((_oov a]) + /L((—OO, a]))

n—oo

= liisogp [ flloo (Frn(a) + F(a)) < 2¢ fllo

and similarly,

i | [ 1) o = [ 71000y ] < 0500 G (8,50) + (8,50))

n—oo

= limsup || flloo (1 = Fu(b) + (1 = F(b))) < 2¢]/f[co-

n—oo

As a consequence, we obtain the bound

hmsup] [ram- [ fdu‘ s4e||foo+hmsup] [ Freandin = [ f1 du’- (3.6)
n— o0

n—oo

Now, f is uniformly continuous on [a,b]. Pick § > 0 parrying e for this uniform continuity.

Using that A is dense in R, pick a partition a = zg < 1 < -+ < T, = b of elements in



3.3 Weak convergence and convergence in probability 69

A such that |x; — x;—1] < § for all i < m. We then have |f(z) — f(x;—1)| < € whenever

z,_1 <z <z and so

|/ fl(a,b] dpn — /Z f(xi_l)l(wi—hwi] dyin
1=1

> [ U@ ~ F@a) 1o, o) dia)

<3 [ 1@) = i) n0) i)
< cpml(a ) <,

leading to | [ f1(qp) ditn — > ey f2im1)(Fn(;) — Fo(xi—1))| < . By a similar argument, we
obtain the same bound with u instead of p,,. Combining these conclusions, we obtain

m

Z f(@ioa)(Fn(wi) = Fu(wioa) — (F(zi) = F(zi-1)))

’/fl(a,b] dpin — /fl(a,b] du’ <2+

<26+ || flloe Y |1Fa(@i) = Fla)| + | Fu(wio1) = F(zioy)l.
i=1

As each z; is in A, this yields

n—oo

limsup| | fl(p dpn — /fl(a’b] dp| < 2e. (3.7)

Combining (3.6) and (3.7), we obtain limsup,_, | [ fdu, — [ fdu| < 4e||fllo + 2e. As
e > 0 was arbitrary, this yields lim, oo [ fdu, = [ fdu. As a consequence, pu, ok, 1, as

was to be shown. O

3.3 Weak convergence and convergence in probability

In this section, we will investigate the connections between convergence in distribution of
random variables and convergence in probability. In general, these two modes of convergence
do not work well together, but in the case where we have convergence in distribution of one
sequence and convergence in probability towards a constant of another, we may obtain useful
results. As we in this section work with random variables instead of measures, we assume
given some background probability space (2, F, P). In general, given two sequences (X,,) and
(Y},), our results in this section will only involve the distributions of (X,,,Y},), and in principle
each (X,,,Y,,) could be defined on separate probability spaces (2, Fy, P,). This, however, is
mostly a theoretical distinction and is of little practical importance. When formulating our

results, we wil for clarity in general not mention the background probability space explicitly.
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We begin with a simple equivalence. Note that for x € R, statements such as X, P, 2 and
X, i> x are equivalent to the statements that lim, ., P(|X,, — x| > ¢) = 0 for ¢ > 0 and
lim, 0 Ef(X,) = f(x) for f € Cp(R), respectively, and so in terms of stochasticity depend
only on the distributions of X, for each n > 1. In the case of convergence in probability, this
is not the typical situation, as we in general have that X, P, X is a statement depending

on the multivariate distributions (X,,, X).

Lemma 3.3.1. Let (X,,) be a sequence of random variables, and let x € R. Then X, g™
if and only if X, N

Proof. By Theorem 1.2.8, we know that if X, N x, then X, Dy 2 as well. In order to
prove the converse, assume that X, N x, we wish to show that X, Ly 2. Take e > 0. By
Lemma 3.1.3, there exists g € Cy(R) such that 1,2 54c/21(%) < 9(y) < 1(z—c zte)(y) for
y € R. With f =1 — g, we then also obtain 1(;_c z4c)c(y) < f(¥) < ljz—e/2,042/2¢(y), and
in particular, f(z) = 0. By weak convergence, we may then conclude

limsup P(| X, — x| > €) = limsup El(;_. 510)(Xn)

n—oo n—oo
< limsup Ef(X,,) = Bf(z) =0,
n—oo
so X, £, x, as desired. O

Lemma 3.3.2 (Slutsky’s Lemma). Let (X,,Y,) be a sequence of random variables, and let
X be some other variable. If X, Py X and Y., L, 0, then X, +Y, NS

Proof. Applying Theorem 3.1.7, we find that in order to obtain the result, it suffices to prove
that lim,, oo Ef (X, +Y,) = Ef(X) for f € C¥(R). Fix f € C}*(R). Note that

limsup |[Ef(X, +Y,) — Ef(X)]

n—roo

n—00 n— oo

= lim sup ‘Ef(Xn + Y;z) - Ef(Xn)‘v (38)

n—oo

so it suffices to show that the latter is zero. To this end, take £ > 0, and pick § > 0 parrying
¢ for the uniform continuity of f. We then obtain in particular that for z € R and |y| < 0,
|f(z+y) — f(z)] <e. We then obtain
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and as Y, — 0, this implies limsup,, . |Ef(X, + Yn) — Ef(X,)| < e. Ase > 0 was
arbitrary, this yields limsup,,_, . |[Ef(X, +Y,) — Ef(X,)| = 0. Combining this with (3.8),
we obtain lim, . Ff(X, +Y,) = Ef(X), as desired. O

Theorem 3.3.3. Let (X,,,Y,,) be a sequence of random variables, let X be some other vari-
able and let y € R. Let h : R? = R be a continuous mapping. If X, Ly X and Y. £, Y,
then h(X,,Y,) = h(X,y).

Proof. First note that h(X,,Y,) = h(X,,Y,) — h(X,,y) + h(X,,y). Define h, : R - R
by hy(z) = h(z,y). The distribution of h(X,,y) is then h,(X,(P)) and the distribution
of h(X,y) is hy(X(P)). As we have assumed that X, 2, X, Lemma 3.1.2 yields that
Xn(P) Lok, X(P). Therefore, as h, is continuous, hy(X,(P)) LN hy(X(P)) by Lemma
3.1.8, which by Lemma 3.1.2 implies that h(X,,y) ok, h(X,y). Therefore, by Lemma 3.3.2,
it suffices to prove that h(X,,Y,) — h(X,,y) converges in probability to zero.

To this end, let € > 0, we have to show lim,_,oo P(|h(X,,Y,) — h(Xy,y)| > ) = 0. We have
assumed that h is continuous. Equipping R? with the metric d : R? x R? — [0, 00) given by
d((ay,as), (b1,b2)) = a1 — bi| + |ag — b2, h is in particular continuous with respect to this
metric on R%2. Now let M,n > 0 and note that h is uniformly continous on the compact set
[-M, M] x [y—n,y+mn]. Therefore, we may pick § > 0 parrying ¢ for this uniform continuity,

and we may assume that § < 7. We then have

(IXn| < M) O ([Yn =yl <6) € (| Xn| < M) N (Vs =yl < 0) N (d((Xn, Yn), (Xn, ) <)
g (|h(Xﬂ7Yn) - h(Xnay” S 5)7

which yields (Jh(X,,Yn) — h(Xn,y)| > €) C (| Xn| > M) U(|Y, —y| > 6) and thus

limsup P(|h( Xy, Yy) — A(Xp, y)| > €) < limsup P(|X,| > M) + P(|Y, —y| > 9)
n—oo

n— oo

< sup P(|Xn| > M).
n>1

By Lemma 3.1.6, the latter tends to zero as M tends to infinity. We therefore conclude
that limsup,, . P(|A(Xn,Ys) — A( X, y)| > €) = 0, so h(X,,Y,) — h(X,,y) converges in
probability to zero and the result follows. O
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3.4 Weak convergence and characteristic functions

Let C denote the complex numbers. In this section, we will associate to each probability
measure p on (R, B) a mapping ¢ : R — C, called the characteristic function of u. We will see
that the characteristic function determines the probability measure uniquely, in the sense that
two probability measures with equal characteristic functions in fact are equal. Furthermore,
we will show, and this will be the main result of the section, that weak convergence of
probability measures is equivalent to pointwise convergence of characteristic functions. As
characteristic functions in general are pleasant to work with, both from theoretical and

practical viewpoints, this result is of considerable use.

Before we introduce the characteristic function, we recall some results from complex analysis.
For z € C, we let ®(z) and (z) denote the real and imaginary parts of z, and with ¢ denoting
the imaginary unit, we always have z = R(z) +iS(2). R and < are then mappings from C
to R. Also, for z € C with z = R(z) +iS(z), we define Z = R(z) — iS(2) and refer to z as
the complex conjugate of z.

Also recall that we may define the complex exponential by its Taylor series, putting
X _n
z
C— -
€= Z n!
n=0
for any z € C, where the series is absolutely convergent. We then also obtain the relationship
€% = cos z + isin z, where the complex cosine and the complex sine functions are defined by
their Taylor series,
> (_1)nz2n & (_1)nz2n+1

cosz = Z W and sinz = Z @n+ 1)

n=0 n=0

In particular, for t € R, we obtain e = cost + isint, where cost and sint here are the
ordinary real cosine and sine functions. This shows that the complex exponential of a purely
imaginary argument yields a point on the unit circle corresponding to an angle of ¢ measured

in radians.

Let (E, &, 1) be a measure space and let f : E — C be a complex valued function defined on
E. Then f(z) = R(f(2))+i(f(2)). We refer to the mappings z — R(f(z)) and z — I(f(2))
as the real and imaginary parts of f, and denote them by Rf and S f, respectively. Endowing
C with the o-algebra B¢ generated by the open sets, it also holds that Bc¢ is the smallest
o-algebra making ® and & measurable. We then obtain that for any f: E — C, f is £-B¢
measurable if and only if both the real and imaginary parts of f are £-B measurable.
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Definition 3.4.1. Let (E,&, 1) be a measure space. A measurable function f : E — C is
said to be integrable if both Rf and Sf are integrable, and in the affirmative, the integral of

[ is defined by [ fdpu= [Rfdp+i [ Sfdp.

The space of integrable complex functions is denoted L¢(E, &, ) or simply L¢. Note that we
have the inequalities |Rf| < |f], |Sf| < |f| and |f| < |Rf| 4+ |Sf|. Therefore, f is integrable
if and only if | f| is integrable.

Example 3.4.2. Let v # 0 be a real number. Since || = 1 for all t € R, t > e is
integrable with respect to the Lebesgue measure on all compact intervals [a,b]. As it holds

that e = cos vyt + isin~yt, we obtain

b b b
/ et dt = / cosyt dt + z/ sinyt dt
a a a

sinyb — sin ya il cos vb + cosya
= i

0 0
— ei’yb _ ei'ya
= —(cosyb + isinyb — cosya — isinya) = ———,
Y vy
extending the results for the real exponential function to the complex case. )

Lemma 3.4.3. Let (E,E,pu) be a measure space. If f,g € L and z,w € C, it then holds
that zf +wg € L and [zf +wgdp =z [ fdp+w [ gdu.

Proof. We first show that for f integrable and z € C, it holds that zf is integrable and

Jzfdu =z [ fdu. First off, note that [|zf]du = [|z||f|dp = |z| [ |f]dp < oo, so zf is
integrable. Furthermore,

[etau= [RG)+iE)®S +i3)
- /E}%(z)%f ()] +i(R()SS + S()RF) du
- /%(z)%f—%(z)%fdu+i/§)‘t(z)%f+%(z)%fdu
%(z)/%fduS(z)/%fd,u+i(éR(z)/%fd,u+%(z)/§Rfdu>
— (R(2) +i9(2)) (/éRfdu—H'/%fdu) :z/fdu,

as desired. Next, we show that for f,g € Lc, f+g€ Leand [ f+gdu= [fdu+ [gdpu.
First, as | f 4+ g| < |f]|+gl, it follows that f + g € L¢. In order to obtain the desired identity
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for the integrals, we note that
/f+gdu= /i‘?(f+g)dﬂ+i/%(f+g)du

:/%f—l-?}%gdu—l-i/%f-l-%gdu

:/%f—i—i/%fdu—i—/?ﬁgdu—&-i/%gd/ﬁ:/fdu+/9dM7

as desired. Collecting our conclusions, we obtain the desired result. O

Lemma 3.4.4. Let (E,&, 1) be a measure space. If f € Lc, then | [ fdu| < [|f]dp.

Proof. Recall that for z € C, there exists # € R such that z = |z|e?’. Applying this to the
integral [ fdpu, we obtain | [ fdu|=e % [ fdu= [e*fdu by Lemma 3.4.3. As the left
hand side is real, the right hand side must be real as well. Hence, we obtain

[ raf-x{Jcw1a)- [
< [ nlan< [lerian= [ 1fldm

as desired. 0

Next, we state versions of the dominated convergence theorem and Fubini’s theorem for

complex mappings.

Theorem 3.4.5. Let (E,&, 1) be a measure space, and let (f,) be a sequence of measurable
mappings from E to C. Assume that the sequence (f,) converges p-almost everywhere to
some mapping f. Assume that there exists a measurable, integrable mapping g : E — [0, 00)
such that | f] < g p-almost everywhere for all n. Then f, is integrable for alln > 1, f is
measurable and integrable, and

lim fndu:/ lim f, du.
n—oo

n— oo

Proof. As f, converges u-almost everywhere to f, we find that R f,, converges p-almost every-
where to Rf and S f,, converges p-almost everywhere to S f. Furthermore, we have |Rf,| < ¢
and |Sf,| < g p-almost everywhere. Therefore, the dominated convergence theorem for real-

valued mappings yields
lim [ fp,dp = lim /ﬂ%fndqui/%fndu
n—oo

n—oo
:/ lim %fndu+i/ lim S‘yfndu:/ lim f,, du,
n— 00 n—00 n—o0
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as desired. O

Theorem 3.4.6. Let (E,E, 1) and (F, F,v) be two o-finite measure spaces, and assume that
f:iExF — Cis £EQF measurable and p® v integrable. Then y — f(x,y) is integrable with
respect to v for p-almost all x, the set where this is the case is measurable, and it holds that

[ @ dws ey = [ [ ) dw) dute)

Proof. As f is u ® v integrable, both Rf and S f are p ® v integrable as well. Therefore,
the Fubini theorem for real-valued mappings yields that y — Rf(z,y) and y — Sf(x,y)
are integrable p-almost surely, and the sets where this is the case are measurable. As a
consequence, the set where y — f(z,y) is integrable is measurable and is a p-almost sure

set. The Fubini theorem for real-valued mappings furthermore yields that

/ f(@9) d(n ® )z, y) = / Rf(z,y) d(p © 1) (z,y) + i / SF (e, y) d(p ® v)(z, y)

— [ [Rre dvwdnta) +i [ [ 35w dv) anto)
— [ [rrp i au + [i [ 3560 dvi) due)

_ / / Rf(2,y) du(y) +i / Sf(a,y) dv(y) du(x)

— [ [ ey avty) dute).

as was to be proven. O

We are now ready to introduce the characteristic function of a probability measure on (R, B).

Definition 3.4.7. Let p be a probability measure on (R, B). The characteristic function for
W is the function ¢ : R — C defined by ¢(0) = [ €% du(z).

Since [e®®| = 1 for all values of 0 and z, the integral [e®*du(x) in Definition 3.4.7 is
always well-defined. For a random variable X with distribution p, we also introduce the
characteristic function ¢ of X as the characteristic function of p. The characteristic function

o of X may then also be expressed as

o(0) = / e dp(x) = / e dX(P)(x) = / ¢OX() 4P (W) = EeiX

The following lemmas demonstrate some basic properties of characteristic functions.
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Lemma 3.4.8. Let p be a probability measure on (R, B) and assume that ¢ is the charac-

teristic function of p. The mapping ¢ has the following properties.

(1). o(0) = 1.

(2). For all 8 € R, |p(0)] < 1.

(8). For all 0 € R, o(—0) = ¢(

~—

(4). @ is uniformly continuous.

Furthermore, forn > 1, if [ |z|™ du(x) is finite, then ¢ is n times continuously differentiable,
and with ™ denoting the n’th derivative, we have (™ (0) = i" [ x"e* du(x). In particular,
in the affirmative, <p(") =" [2"dp(z).

Proof. The first claim follows as ¢(0) = [ du(z) = u(R) = 1, and the second claim
follows as |p(0)] = | [ e du(z)| < [ |620z| dp(xz) = 1. Also, the third claim follows since

o(—0) = / 02 4y(z) = / cos(—0) + i sin(—0z) dyu(x)
= /cos(fﬂx) du(x)Jri/sin(f@x) dp(x)

- / cos(0z) dp(z) — i / sin(0x) du(x) = ¢(0).

To obtain the fourth claim, let # € R and let A > 0. We then have

|cp(9+h) |_ ‘/ i(0+h)x _ z@zdu ’/ z@x zhx_ dM( )

s/\emH(eM— e /| (e — 1)] du(a),

where limj,_,o [ [(e”* — 1)]dpu(z) = 0 by the dominated convergence theorem. In order to
use this to obtain uniform continuity, let € > 0. Choose § > 0 so that for 0 < h < 6,

[1(e?® —1)|dv(xz) < e. We then find for any z,y € R with < y and |z — y| < § that
lo(y) —p(x)] = |e(x+ (y—x)) —¢(y)| < &, and as a consequence, we find that ¢ is uniformly
continuous.

Next, we prove the results on the derivative. We apply an induction argument, and wish
to show for n > 0 that if [|z|" du(x) is finite, then ¢ is n times continuously differentiable
with @™ = ¢» Ik 2"e* du(z). Noting that the induction start holds, it suffices to prove the



3.4 Weak convergence and characteristic functions 7

induction step. Assume that the result holds for n, we wish to prove it for n 4+ 1. Assume
that [ |z|" ™! du(z) is finite. Fix € R and h > 0. We then have

EROEN = el O L (i [areto e au) - [one auta))

h h
. ihx _ 1
= i”/x"ew“eT dp(z). (3.9)

We wish to apply the dominated convergence theorem to calculate the limit of the above as
h tends to zero. First note that by I’Hopital’s rule, we have
eht — 1 coshr—1 sinhx

lim = lim +1 = lim —xsin hx + ix cos hx = iz,
h—0 h h—0 h h —0

so the integrand in the final expression of (3.9) converges pointwise to iz"+'e?®®. Note
furthermore that since |cosz — 1| = | ["sinydy| < |z| and |sinz| = | [ cosydy| < |z| for

all z € R, we have

ethe _q coshr — 1 n _sin hx < 2laf
= i x|,
h h h -
yielding that |x"ei9“”em;7*1| < 2|z|"*tL. As we have assumed that the latter is integrable with

respect to pu, the dominated convergence theorem applies and allows us to conclude that

(n) 0+ h) — (n) 0 ) ihzil
lim ¥ ( + ) ¥ ( ) — lim in/xnezamei d,u,(l’)

h—0 h h—0 h
iha
_m . n iz € -1
=i [ fim e dut

=t /x"“ du(x),

as desired. This proves that ¢ is n + 1 times differentiable, and yields the desired expression
for ™+, By another application of the dominated convergence theorem, we also obtain
that (1) is continuous. This completes the induction proof. As a consequence of this
latter result, it also follows that when [ |z|"du(z) is finite, (™ (0) = i" [ 2" du(z). This
completes the proof of the lemma. O

Lemma 3.4.9. Assume that X is a random variable with characteristic function ¢, and let
a, B € R. The variable o + BX has characteristic function ¢ given by ¢(0) = e“p(36).

Proof. Noting that ¢(0) = Ee?(@+8X) = ¢ifa peifdX — cifa,(30) the result follows. O
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Next, we show by example how to calculate the characteristic functions of a few distributions.

Example 3.4.10. Let ¢ be the characteristic function of the standard normal distribution,
we wish to obtain a closed-form expression for . We will do this by proving that ¢ satisfies
a particular differential equation. To this end, let f be the density of the standard normal

distribution, f(x) = \/% exp(f%xz). Note that for any 6 € R, we have by Lemma 3.4.8 that

o0 = [ epwan= [T e peaar= [T e an = o(-0) = 50

—0o0 — 00 — 0o

As a consequence, Sp() =0, so ¢(0) = [*_cos(fz) f(z) dz. Next, note that

d
‘d@ cos(fz) f(x)

= | = wsin(02) (@)| < Jal f(2),

which is integrable with respect to the Lebesgue measure. Therefore, ¢(6) is differentiable
for all # € R, and the derivative may be calculated by an exchange of limits. Recalling that
f'(z) = —xf(x), we obtain

— 00

o'(0) = % /:)o cos(fz) f(x)dx = /00 % cos(fz) f(z) dx

=— [m rsin(fz) f(z) dr = /OO sin(0x) f'(z) dz.

— 00
Partial integration then yields

M

o'(0) = A}lgloo i sin(0z) f'(z) dz

M
~ lim sin(0M) f(M) — sin(—OM) f(—M) — / 0 cos(0z) f(x) da
M—o00 M
M
= — lim 0 cos(0z) f(x) dz = —0¢(0),
M—o0 M
since limpsyoo f(M) = limproo f(—=M) = 0. Thus, ¢ satisfies ¢'(6) = —0p(0). All the
solutions to this differential equation are of the form 6 — cexp(—36?) for some ¢ € R, so we

conclude that there exists ¢ € R such that ¢(6) = cexp(—46?) for all § € R. As ¢(0) =1,
this implies ¢(0) = exp(—36?).

By Lemma 3.4.9, we then also obtain as an immediate corollary that the characteristic
function for the normal distribution with mean ¢ and variance o2, where o > 0, is given by
0 > exp(ih — 3526%). o
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Example 3.4.11. In this example, we derive the characteristic function for the standard

exponential distribution. Let ¢ denote the characteristic function, we then have
o0 (o)
w(0) = / cos(fx)e ™" dx + z/ sin(fz)e™" dz,
0 0

and we need to evaluate both of these intgrals. In order to do so, fix a,b € R and note that

d

. (acos(fz)e™ + bsin(fz)e ) = (b — a) cos(fz)e™* — (abd + b) sin(fz)e ™.

i

Next, note that the pair of equations b0 — a = ¢ and —(af + b) = d have unique solutions in
a and b given by a = (—c — df)/(1 + 6?) and b = (¢ — d)/(1 + 6?), such that we obtain

di (_1:__9(29 cos(fz)e " + §9+—962Z sin(@x)e”E) = ccos(fz)e”® +dsin(fz)e”*.  (3.10)
x

Using (3.10) with ¢ =1 and d = 0, we conclude that

o w . —cos(fx) _, Osin(fz) _, M 1
A COS(GI’)@ dl’ = thi)noo |:1—|—626 —+ W@ . = m, (311)
and likewise, using (3.10) with ¢ = 0 and d = 1, we find
Rl e —fOcos(fx) _, —sin(dr) _, M 0
\/0 Sln(ﬁx)e dil? = ]\/}li)noo |:H—926 —+ W@ . = 1 T 92 . (312)

Combining (3.11) and (3.12), we conclude
1 .0 1+ 1440 1

0) = = = = .
O = et e T i e T G0 1—i
By Lemma 3.4.9, we then also obtain that the exponential distribution with mean A for A > 0

(¢]

has characteristic function 6 ﬁ.

Example 3.4.12. We wish to derive the characteristic function for the Laplace distribution.
Denote by ¢ this characteristic function. Using the relationships sin(—fz) = —sin(fz) and
cos(—0z) = cos(fz) and recalling (3.10), we obtain

o 1 o 1
() = / cos(@w)ge_‘xl dz + z/ Sin(ex)ge_‘xl dz

oo 1 oo
= / cos(@x)ie*‘zl dz = / cos(fx)e " dx
—00 0
—cos(fx) _, Osin(fx) _, M 1
= lim |——Le — e = — .
M—=oo | 1462 1+ 02 0 1+ 0602

Next, we introduce the convolution of two probability measures and argue that characteristic

functions interact in a simple manner with convolutions.
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Definition 3.4.13. Let p and v be two probability measures on (R,B). The convolution
w* v of p and v is the probability measure h(u @ v) on (R, B), where h : R? — R is given by
hz,y) =z +y.

The following lemma gives an important interpretation of the convolution of two probability

measures.

Lemma 3.4.14. Let X and Y be two independent random variables X and Y defined on
the same probability space. Assume that X has distribution p and that' Y has distribution v.
Then X +Y has distribution p* v.

Proof. As X and Y are independent, it holds that (X,Y)(P) = y ® v. With h: R? » R

defined by h(z,y) = z +y, we then have, by the theorem on successive transformations, that
(X +Y)(P) = h(X,Y)(P) = h((X,Y)(P)) = h(p @ v) = p*v,

so u * v is the distribution of X + Y. O

Lemma 3.4.15. Let p and v be probability measures on (R, B) with characteristic functions
@ and ¢. Then p* v has characteristic function 6 — ¢(0)p(0).

Proof. Let 1 be the characteristic function of p*v. Fix 8 € R, we need to demonstrate that
P(0) = o(0)¢(0). Let h : R? — R be given by h(z,y) = x + y. Using Fubini’s theorem, we
obtain

wl) = [ € duxn)e) = [ dhuor)(e)
= / MY d(p@ v)(x,y) = / T d(p @ v)(z,y)

// 026109 () du(y /“9?!/ e dp(z) dv(y)
:/gw@m/V@wu (6)6(0),

proving the desired result. O

As mentioned earlier, two of our main objectives in this section is to prove that probability
measures are uniquely determined by characteristic functions, and to prove that weak con-
vergence is equivalent to pointwise convergence of characteristic functions. To show these

results, we will employ a method based on convolutions with normal distributions.
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We will need three technical lemmas. Lemma 3.4.16 shows that convoluting a probability
measure with a normal distribution approximates the original probability measure when the
mean in the normal distribution is zero and the variance is small. Lemma 3.4.17 will show
that if we wish to prove weak convergence of some sequence (u,) to some pu, it suffices to
prove weak convergence when both the sequence and the limit are convoluted with a normal
distribution with mean zero and small variance. Intuitively, this is not a surprising result. Its
usefulness is clarified by Lemma 3.4.18, which states that the convolution of any probability
measure p with a particular normal distribution has density with respect to the Lebesgue
measure, and the density can be obtained in closed form in terms of the characteristic function
of the measure p. This is a frequently seen feature of convolutions: The convolution of two
probability measures in general inherits the regularity properties of each of the convoluted
measures, in this particular case, the regularity property of having a density with respect
to the Lebesgue measure. Summing up, Lemma 3.4.16 shows that convolutions with small
normal distributions are close to the original probability measure, Lemma 3.4.17 shows that
in order to prove weak convergence, it suffices to consider probability measures convoluted
with normal distributions, and Lemma 3.4.18 shows that such convolutions possess good

regularity properties.

Lemma 3.4.16. Let p be a probability measure on (R, B). Let &, be the normal distribution

. . wk
with mean zero and variance % Then p* & — .

Proof. Consider a probability space endowed with two independent random variables X
and Y, where X has distribution p and Y follows a standard normal distribution. Define
Y, = ﬁY, then Y} is independent of X and has distribution &;. As a consequence, we also
obtain P(|Yy| > 6) < 6 2E|Yy|? = 672 /k by Lemma 1.2.7, so Y}, converges in probability to
0. Therefore, Lemma 3.3.2 yields X + Y} NS However, by Lemma 3.4.14, X + Y} has
distribution p * €. Thus, we conclude that p * & ok, - O

Lemma 3.4.17. Let (uy) be a sequence of probability measures on (R, B), and let p be some

1

other probability measure. Let § be the normal distribution with mean zero and variance 1.

If it holds for all k > 1 that p, * &k ok, &g, then g, ok, w as well.

Proof. According to Theorem 3.1.7, it suffices to show that lim,,_, ffd,un = ffdu for
f e C¢[R). To do so, let f € CP(R). Fix n,k > 1. For convenience, assume given
a probability space with independent random variables X,, Y; and X, such that X,, has
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distribution ., Y has distribution &; and X has distribution . We then have

) [ram - [ fdu‘ — |Bf(X,) ~ BS(X)

< |Bf(Xn) = Bf(Xo + Vi) + |Ef (X, + Vi) — BF(X + V)|
+Bf(X +Yy) — Bf(X))] (3.13)

We will prove that the limes superior of the left-hand side is zero by bounding the limes
superior of each of the three terms on the right-hand side. First note that by our assumptions,
limy, o0 |Ef(Xy + Yy) — Ef(X 4+ Y3)| = limyyoo | [ fd(pn x &) — [ fd(px &) = 0. Now

consider some £ > 0. Pick § parrying e for the uniform continuity of f. We then obtain
[Ef(Xn) — Ef(Xn +Y)| < E|f(Xn) — f(Xn + Y2)|
S e+ E[f(Xn) = f(Xn + Vi)l (v, 1>0)
<&+ 2/ flloP(IYk| > 6),

and similarly, |[Ef(X) — Ef(X 4+ Yi)| < € 4+ 2||fllecP(|Y%] > ) as well. Combining these
observations with (3.13), we get limsup,_, . | [ fdun, — [ fdu| < 2e + 4| |l P(|Yx| > 6).
By Lemma 1.2.7, P(|Yy| > §) < § 2E|Yi|?> = 67 2/k, so limg_,oo P(|Yx| > &) = 0. All in
all, this yields limsup,_,. | [ fdun, — [ fdu| < 2e. As e > 0 was arbitrary, this proves
lim, o0 [ fdpn = [ fdp, and thus p, LN i by Theorem 3.1.7. O

Lemma 3.4.18. Let u be some probability measure, and let &, be the normal distribution
with mean zero and variance % Let ¢ be the characteristic function for p. The probability
measure (i * & then has density f with respect to the Lebesgue measure, and the density is

given by
1 1 2 —iuT
flw) = %/ga(x) exp (%z ) e dz.

Proof. Let x € R. By Tonelli’s theorem and the change of variable u = y + 2z, we obtain

(1% 66)((—00,2]) = / 1<y+z<z>d<u®gk g,z / / ey d6n(2) duy)

/ / (rhe50) o eXP (—222) dz dp(y)
:// (u<e) exp( ;”(u—y)2> du dp(y)
= [m/ﬁeXp (—S(y—u)2> du(y) du.
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This implies that Ln *fk has density with respect to the Lebesgue measure, and the density f

is given by f(u f \/ﬂ exp (—7(y — u)? ) du(y). By Example 3.4.10, exp(—g(y—u)Q) is the
characteristic functlon of the normal distribution with mean zero and variance k, evaluated
in y — u. Therefore, we have

k - 1 2
exp <2(y - u)2> = /el(y*“)“’% exp <§kz> dz.
Substituting this in our expression for the density and applying Fubini’s theorem, we obtain
e (5)
_ i(y—u)x ded
U e ex x
f(w /wﬁ oo (g ) deduty)
1 i(y—u)x z?
= — e exp | —o dz dp(y)
= // W Ap(y) exp (—%x ) T qy
1 .
= 7/ x) exp <kx2> e " de,

proving the lemma. O

With Lemma 3.4.17 and Lemma 3.4.18 in hand, our main results on characteristic functions

now follow without much difficulty.

Theorem 3.4.19. Let p and v be probability measures on (R, B) with characteristic functions
@ and ¢, respectively. Then p and v are equal if and only if ¢ and ¢ are equal.

Proof. If p and v are equal, we obtain for § € R that

2(0) = [ e dute) = [ e du(a) = o(0),

so ¢ and ¢ are equal. Conversely, assume that ¢ and ¢ are equal. Let & be the normal
distribution with mean zero and variance % By Lemma 3.4.18, p * & and v * & both have

densities with respect to the Lebesgue measure, and the densities f; and g are given by

fre(u) = i /ap( ) exp (—21km2> e dg  and

gk ( /gzb T) exp (;U ) —iur gy,
277

respectively. As ¢ and ¢ are equal, fi and gi are equal, and so p * £ and v * & are equal.
By Lemma 3.4.16, p* & ok, wand v Mk . As wx & and v x &, are equal by our above
observations, we find that p * & ok, pand ok &g Lok, v, yielding 4 = v by Lemma 3.1.5. [
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Theorem 3.4.20. Let (u,) be a sequence of probability measures on (R,B), and let p be
some other probability measure. Assume that p,, has characteristic function ¢, and that p
has characteristic function o. Then i, ok, wif and only if lim, 00 0n(0) = @(0) for all
0 cR.

Proof. First assume that p, “wk, p. Fix 6 € R. Since  +— cos(fz) and x — sin(fz) are in
Cy(R), we obtain

lim ¢,(0) = lim [ cos(6x)du,(z) —l—i/sin(@m) dpn ()

= /cos(@x) du(z) —H’/sin(@x) du(r) = ¢(0),

as desired. This proves one implication. It remains to prove that if the characteristic functions

converge, the probability measures converge weakly.

In order to do so, assume that lim,,_, ©n(0) = () for all § € R. We will use Lemma 3.4.17
and Lemma 3.4.18 to prove the result. Let &, be the normal distribution with mean zero
and variance % By Lemma 3.4.18, u,, * &, and p * &, both have densities with respect to the
Lebesgue measure, and the densities f,; and fi are given by

2T

i) = o= [ wla)ex (—jkx) e g,

respectively. Since |¢,| and |¢| are bounded by one, the dominated convergence theorem
yields lim, o0 frr(u) = fr(u) for all ¥ > 1 and v € R. By Lemma 3.1.9, we may then

fok(u) = L /cpn(:c) exp <2lsz> e dyr  and

conclude g, * & ok, w &, for all k > 1, and Lemma 3.4.17 then shows that pu, 2ok, 1, as
desired. 0

For the following corollary, we introduce Cy°(R) as the set of continuous, bounded functions
f R — R which are differentiable infinitely often with bounded derivatives.

Corollary 3.4.21. Let (u,) be a sequence of probability measures on (R, B), and let u be
some other probability measure. Then p, ok, w if and only if lim,,_, ffdun = ffdu for
feCr(R).

Proof. As Cp°(R) C Cy(R), it is immediate that if y, ok, p, then lim,, oo [ fdu, = [ fdu
for f € C°(R). To show the converse implication, assume that lim, o [ fdp, = [ fdu for



3.5 Central limit theorems 85

[ € C°(R). In particular, it holds for § € R that lim,,_, [ sin(z) du, (z) = [ sin(fz) du(z)
and lim,, oo [ cos(0z) duy, (z) = [ cos(fz) du(z). Letting ¢, and ¢ denote the characteristic
functions for p, and p, respectively, we therefore obtain

lim ¢,(0) = lim [ cos(fz)du,(x) +/sin(0x) dpen (2)

= /cos(@x) du(z) +/Sin(9$) du(z) = »(0)

for all 8 € R, so that Theorem 3.4.20 yields ., Lok, 1, as desired. O

3.5 Central limit theorems

In this section, we use our results from Section 3.4 to prove Lindeberg’s central limit theorem,
which gives sufficient requirements for a normalized sum of independent variables to be
approximated by a normal distribution in a weak convergence sense. This is one of the main
classical results in the theory of weak convergence.

The proof relies on proving pointwise convergence of characteristic functions and applying
Theorem 3.4.20. In order to prove such pointwise convergence, we will be utilizing some
finer properties of the complex exponential, as well as a particular inequality for complex
numbers. We begin by proving these auxiliary results, after which we prove the central limit
theorem for the case of independent and identically distributed random variables. This result
is weaker than the Lindeberg central limit theorem to be proven later, but the arguments
applied illustrate well the techniques to be used in the more difficult proof of Lindeberg’s

central limit theorem, which is given afterwards.

Lemma 3.5.1. Let z1,...,2, and wy, ..., w, be complexr numbers with |z;| < 1 and |w;| <1
for alli=1,...,n. It then holds that | []}_, zi — [Ty wi| < Y0y |2 — wil.
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n n—1 n—1 n
. (H) wn (H) wn T

=1 =1 1=1 =1
n—1 n—1 n—1

= (H |zz|> |2 — wp| + |wy| H z; — sz
i=1 1=1

i=1

Proof. For n > 2, we have

n n
[[z-1]w
i=1 i=1

< +

n—1 n—1
<o —wnl + | [] 2 = [] wil
i=1 i=1
and the desired result then follows by induction. O

Lemma 3.5.2. It holds that

(1). |e* — (1 + )| < 32? for all x < 0.
(2). |ei‘”—1—ix+x—;’ < 322 for all x € R.

(3). e =1 —iz+ I—;’ < Haf® for all z € R.

Proof. To prove the first inequality, we apply a first order taylor expansion of the exponential
mapping around zero. Fix x € R, by Taylor’s theorem we then find that there exists £(x)
between zero and x such that exp(z) = 1+ z + 3 exp({(x))z?, which for z < 0 yields
|exp(z) — (14 x)| < | exp(&(z))x?| < a2, This proves the first inequality.

Considering the second inequality, recall that e® = cosz + isinz. We therefore obtain
e — 1 —iz + 32®| = | — 1 —iz|+ 22° = |cosz — 1 +i(sinz — 2)| + 327
<|cosz — 1|+ [sinz — 2| + 2>

Recalling that cos’ = —sin, cos” = — cos, sin’ = cos and sin” = —sin, first order Taylor
expansions around zero yield the existence of £*(x) and £**(x) between zero and z such that

cosz =1—2cos(¢*(z))2® and sinz =z — 1sin(™ ()2,

which yields |cosz — 1| < 4] cos(¢*(z))2?| < 12? and [sinz — 2| < 1[sin(¢™(z))2?| < 122
Combining our three inequalities, we obtain |e® — 1 — iz + %x2| < %xz, proving the second
inequality. Finally, we demonstrate the third inequality. Second order Taylor expansions

around zero yield the existence of n*(xz) and n**(zx) such that

cosz =1— 32 + Lsin(n*(2))2® and sinz =z — % cos(n™(z))z?,
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allowing us to obtain

e — 1 —iz + 32?| = |cosz — 1 + 2% +i(sinz — )|
<lcosz — 1+ 1%+ |sinz — z
< glsin(n* (2))2®| + §| cos(n™ (2))z"| < 3lal?,
as desired. This proves the third inequality. O

The combination of Lemma 3.5.1, Lemma 3.5.2 and Theorem 3.4.20 is sufficient to obtain

the following central limit theorem for independent and identically distributed variables.

Theorem 3.5.3 (Classical central limit theorem). Let (X,,) be a sequence of independent
and identically distributed random variables with mean & and variance o%, where ¢ > 0. It
then holds that

g

l —X,—¢ »p
— —— N(0,1),
i oY

where N'(0,1) denotes the standard normal distribution.

Proof. Tt suffices to consider the case where ¢ = 0 and ¢? = 1. In this case, we have to
argue that ﬁ > opeq X 2N (0,1). Denote by ¢ the common characteristic function of
X, for n > 1, and denote by ¢,, the characteristic function of ﬁ > h_y Xj. Lemma 3.4.15
and Lemma 3.4.9 show that ¢,(0) = ¢(6/v/n)™. Recalling from Example 3.4.10 that the
standard normal distribution has characteristic function 6 — exp(—%@Q), Theorem 3.4.20

yields that in order to prove the result, it suffices to show for all § € R that
Tim o(0/v/n)" = e0°/2, (3.14)
To do so, first note that by Lemma 3.4.8 and Lemma 3.5.1 we obtain
[o(0/V/m)" — exp(—20%)] = [0(0/v/)" — exp(—20%)"]
< nlp(0/V) — exp(—16%)|. (3.15)

Now, as the variables (X,,) have second moment, we have from Lemma 3.4.8 that ¢ is two
times continuously differentiable with ¢(0) = 1, ¢'(0) = 0 and ¢”(0) = —1. Therefore, a
first-order Taylor expansion shows that for each § € R, there exists {(#) between 0 and 6
such that ¢(6) = ©(0) + ¢’ (0)0 + 39" (£(6))6? = 1 + 160" (£(0)). In particular, this yields

e(0/vn) =1+ 53;0%"(€(0/Vn))
=1— 5,07 + 5,0 (1 + ¢"(£(0/vn))). (3.16)
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Combining (3.15) and (3.16) and applying the first inequality of Lemma 3.5.2, we obtain

(ol0/3/)" — exp(—30%) < nll — 07 + L 021+ " ((0/V) — exp(—507)
<nfl = 5567 — exp(—5,60%)| + 36°11 + " (£(6/Vn))|

< B(50°)% + 36°(1+ " (E(0/Vn))

= 0" + 30711+ ¢ (E(0/ V)] (3.17)

A

Now, as n tends to infinity, 6//n tends to zero, and so £(6(y/n)) tends to zero. As ¢”
by Theorem 3.4.8 is continuous with ¢”(0) = —1, this implies lim, . ¢ ((8/v/n)) = —1.
Therefore, we obtain from (3.17) that limsup,,_,., [¢(6/y/n)" — exp(—36?)| = 0, proving
(3.14). As a consequence, Theorem 3.4.20 yields ﬁ S opeq X N N(0,1). This concludes
the proof. O

Theorem 3.5.3 and its proof demonstrates that in spite of the apparently deep nature of
the central limit theorem, the essential ingredients in its proof are simply first-order Taylor
expansions, bounds on the exponential function and Theorem 3.4.20. Next, we will show how
to extend Theorem 3.5.3 to the case where the random variables are not necessarily identically
distributed. The suitable framework for the statement of such more general results is that of

triangular arrays.

Definition 3.5.4. A triangular array is a double sequence (X, ;)n>k>1 of random variables.

Let (X,k)n>k>1 be a triangular array. We think of (X,;)n>k>1 as ordered in the shape of a
triangle as follows:

X1
Xo1 X
X311 X3z X33

We may then define the row sums by putting S,, = ZZ:1 Xk, and we wish to establish
conditions under which S,, converges in distribution to a normally distributed limit. In
general, we will consider the case where (X,)k<n, is independent for each n > 1, where
EX,; =0 for all n > k > 1 and where lim,,_,,, V'.S,, = 1. In this case, it is natural to hope
that under suitable regularity conditions, S,, converges in distribution to a standard normal
distribution. The following example shows how the case considered in Theorem 3.5.3 can be

put in terms of a triangular array.
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Example 3.5.5. Let X1, X5, ... be independent and identically distributed random variables

with mean £ and variance 02, where ¢ > 0. For 1 < k < n, we then define X, = ﬁ%
Ordering the variables in the shape of a triangle, we have

1 X1-¢

Vi o

1 X8 1 Xo—¢

V2 o V2 o

1 Xi—€ 1 Xo—¢ 1 X3—¢

V3 o V3 o V3 o
The row sums of the triangular array are then S, = Y ;_; X f o 1 == £, which is
the same as the expression considered in Theorem 3.5.3. o

Theorem 3.5.6 (Lindeberg’s central limit theorem). Let (Xyx)n>k>1 be a triangular array
of variables with second moment. Assume that for each n > 1, the family (Xng)e<n is
independent and assume that EX,, =0 for alln > k > 1. With S, = ZZ:1 Xk, assume
that lim, oo V'S, = 1. Finally, assume that for all ¢ > 0,

lim D Elx,, -0 X0 = 0. (3.18)
k=1

It then holds that Sy, 2 N(0,1), where N'(0,1) denotes the standard normal distribution.

Proof. We define 02, = VX, and nZ = >_}'_, 02,. Our strategy for the proof will be similar
to that for the proof of Theorem 3.5.3. Let @, be the characteristic function of X,,;, and let
©n, be the characteristic function of S,,. As (X,x)k<n is independent for each n > 1, Lemma
3.4.15 shows that ¢, (0) = [[,_; ¢nk(f). Recalling Example 3.4.10, we find that by Theorem
3.4.20, in order to prove the theorem, it suffices to show for all § € R that

n

. o _1p2
lim kli[lgonk(ﬂ)fexp( 19%). (3.19)

First note that by the triangle inequality, Lemma 3.4.8 and Lemma 3.5.1, we obtain

H gpnk(o) - eXp(— 0 < ‘exp _5777102) - eXp ’ + H (pnk - eXp(—%’f]i@Q)

< ‘exp —§nn02) —exp(— ’ + Z ’@nk —exp(—3 nk92)’

where the former term tends to zero, since lim, o 17, = 1 by our assumptions. We wish to
show that the latter term also tends to zero. By Lemma 3.5.2, we have

|0nk(0) — exp(—5073,6%)] < lnr(0) — (1 = 507,0%)| + [ exp(—507,6%) — (1 — 507,67
< Jeni(0) — (1 = 500,:0")| + 5(30746%)7,
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such that
> lenk(0) — exp(—30746%)| Z [onk(6) = (1= 5070,6%) + D 5150007
k=1 k=1
2 ' ¢~ 4
= Z |§0nk 1 - 70’nk0 )| § Onk-
k=1
Combining our conclusions, we find that (3.19) follows if only we can show
pe— 2 =
nh_)néoz loni(0) — (1 — $02,6%)| = and nh_{I;OZank (3.20)

Consider the first limit in (3.20). Fix ¢ > 0. As EX,,;, =0 and EX?, = 02, , we may apply
the two final inequalities of Lemma 3.5.2 to obtain

Z lpnr(0) — (1 — 102,67 = Z |Be’ Xk — 1 — iEX,, + L0°EX2, |
k=1

<Y BN — 1 —iX oy + 502X 7|

n
<Y Elx,,120 310Xkl + E1(x, 050 510 Xkl

k=1
09 392 -
< | | ZEl |Xnk|>c (3.21)
Now, by our asumption (3.18), lim, oo Y py El(ank‘>C)ng = 0, while we also have

limy, 00 (1/3)c|01°n2 = (1/3)c|0]3. Applying these results with the bound (3.21), we obtain

clof®

thUPZ lonk(0) — (1 — $02,0%)] < 3

n—oo k=1

and as ¢ > 0 was arbitrary, this yields limy,, o0 Y p_ [0nk(0) — (1 — 202,6%)| = 0, as desired.
For the second limit in (3.20), we note that for all ¢ > 0, it holds that

Zank (m<axank> Zank =2 maxEX

k=1

= 1 max(El(x, <o) Xng + E1<|Xnk\>c)X5k)

<nac -+ ZEl(\X"kpC)X
k=1

so by (3.18), limsup,,_,. > peq 0np < 2 for all ¢ > 0. Again, as ¢ > 0 was arbitrary, this
yields lim,, 00 Y p_; o2, = 0. Thus, both of the limit result in (3.20) hold. Therefore, (3.19)
holds, and so Theorem 3.4.20 allows us to conclude the proof. O
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The conditions given in Theorem 3.5.6 are in many cases sufficient to obtain convergence
in distribution to the standard normal distribution. The main important condition (3.18) is
known as Lindeberg’s condition. The condition, however, is not always easy to check. The
following result yields a central limit theorem where the conditions are less difficult to verify.

Here, the condition (3.22) is known as Lyapounov’s condition.

Theorem 3.5.7 (Lyapounov’s central limit theorem). Let (X,;)n>k>1 be a triangular array
of variables with third moment. Assume that for each n > 1, the family (Xnx)k<n is inde-
pendent and assume that EXp, = 0 for alln > k> 1. With S, = 22:1 Xk, assume that
limy, o VS, = 1. Finally, assume that there is 6 > 0 such that

lim Y~ E|X,[**0 = 0. (3.22)

n— o0
k=1

It then holds that S, —» N(0,1), where N'(0,1) denotes the standard normal distribution.

Proof. We note that for ¢ > 0, it holds that | X,,x| > ¢ implies 1 < |X,,x|°/¢® and so

n n n
1
DB x>0 Xk < D B0 z0 a8 [ XnkH0 < o5 D B X,
k=1 k=1 k=1

so Lyapounov’s condition (3.22) implies Lindeberg’s condition (3.18). Therefore, the result
follows from Theorem 3.5.6. O

In order to apply Theorem 3.5.7, we require that the random variables in the triangular array
have third moments. In many cases, this requirement is satisfied, and so Lyapounov’s central
limit theorem is frequently useful. However, the moment condition is too strong to obtain
the classical central limit theorem of Theorem 3.5.3 as a corollary. As the following example
shows, this theorem in fact does follow as a corollary from the stronger Lindeberg’s central

limit theorem.

Example 3.5.8. Let (X,,) be a sequence of independent and identically distributed random
variables with mean ¢ and variance o2, where ¢ > 0. As in Example 3.5.5, we define a
triangular array by putting X, = ﬁ% for n > k > 1. The elements of each row are
then independent, with EX,, = 0, and the row sums of the triangular array are given by

S = peq Xnk = ﬁ Y oreq X"(";E and satisfy V'.S,, = 1. We obtain for ¢ > 0 that

. - 2 1. - (Xk _5)2
Jim. ;El(\xnkbc)Xnk = nlggo;Eluxk—gpcaﬁ) B

. 1
= hm 7E1(\X17§\>ca'\/ﬁ)(X1 —5)2 = O7

n—o0 0'2
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by the dominated convergence theorem, since X; has second moment. Thus, we conclude
that the triangular array satisfies Lindeberg’s condition, and therefore, Theorem 3.5.6 applies
and yields ﬁ Sp Xt =g, 2, N(0,1), as in Theorem 3.5.3. o

o

3.6 Asymptotic normality

In Section 3.5, we saw examples of particular normalized sums of random variables converging
to a standard normal distribution. The intuitive interpretation of these results is that the
non-normalized sums approximate normal distributions with nonstandard parameters. In
order to easily work with this idea, we in this section introduce the notion of asymptotic

normality.

Definition 3.6.1. Let (X,,) be a sequence of random variables, and let & and o be real with
o > 0. We say that X,, is asymptotically normal with mean & and variance %02 if it holds

that v/n(X, — &) N N(0,0%), where N(0,02) denotes the normal distribution with mean

zero and variance o?. If this is the case, we write

X, < (g, :LUQ) . (3.23)

The results of Theorem 3.5.3 can be restated in terms of asymptotic normality as fol-
lows. Assume that (X,,) is a sequence of independent and identically distributed random
variables with mean ¢ and variance o2, where ¢ > 0. Theorem 3.5.3 then states that
ﬁ S et 2, N(0,1). By Lemma 3.1.8, this implies ﬁ Yo (X — &) L5 N(0,02),
and so

\/ﬁ ((12Xk> f) = LZ()(k *5) gN(Ova%’
" ﬁk:l

which by Definition 3.6.1 corresponds to £ 37 | Xj, © N(€, L62). The intuitive content of
this statement is that as n tends to infinity, the average %22:1 X} is approximated by a
normal distribution with the same mean and variance as the empirical average, namely £ and
152

We next show two properties of asymptotic normality, namely that for asymptotically nor-
mal sequences (X,,), X,, converges in probability to the mean, and we show that asymptotic
normality is preserved by transformations with certain mappings. These results are of con-
siderable practical importance when analyzing the asymptotic properties of estimators based

on independent and identically distributed samples.
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Lemma 3.6.2. Let (X,,) be a sequence of random variables, and let £ and o be real with

o > 0. Assume that X, is asymptotically normal with mean £ and variance %02, It then
holds that X, - €.

Proof. Fix € > 0. As X, is asymptotically normal, \/n(X,, — &) 2, N(0,0%), so Lemma
3.1.6 yields limps 00 SUP,>1 P(v/n|Xn — €| > M) = 0. Now let M > 0, we then have

limsup P(|X,, — €| > ¢) = limsup P(v/a|X,, — €| > v/ne)

n—oo n—oo

< limsup P(vn|X, — £ > M)

n—oo

<sup P(v/n|X,, — & > M),

n>1

and as M > 0 was arbitrary, this implies limsup,,_, . P(|X, —§&| > ¢) = 0. Ase > 0 was
arbitrary, we obtain X, N &. O

Theorem 3.6.3 (The delta method). Let (X,,) be a sequence of random variables, and let &
and o be real with o > 0. Assume that X, is asymptotically normal with mean & and variance
%02, Let f : R — R be measurable and differentiable in . Then f(X,,) is asymptotically

normal with mean f(§) and variance Lo? f'(£)%.

Proof. By our assumptions, /n(X, — &) EN N(0,02). Our objective is to demonstrate that
Va(f(Xn) = £(6) = N(0,02f(€)%). Note that when defining R : R — R by putting
R(z) = f(z) = f(§) = f'()(z — &), we obtain f(z) = f(§) + ['(§)(z — &) + R(z), and in
particular

V(f(Xn) = £(€) = Vn(f'(6)(Xn = §) + R(Xn))
FEV(Xn =€) + VnR(Xy) (3:24)

As (X, — €) 25 N(0,02), Lemma 3.1.8 shows that f/(€)y/n(X, — &) — N(0,02f(€)2).
Therefore, by Lemma 3.3.2, the result will follow if we can prove /nR(X,,) 5 0. To this
end, let € > 0. Note that as f is differentiable at £, we have

lim M = lim M

w—)E.T*g z—& I*f

—f'(§)=0.
Defining r(z) = R(x)/(z—¢&) when z # £ and r(§) = 0, we then find that r is measurable and
continuous at &, and R(x) = (z —&)r(x). In particular, there exists 6 > 0 such that whenever

|z —¢| < §, we have |r(x)| < e. It then also holds that if |r(x)| > ¢, we have |z —&| > §. From
this and Lemma 3.6.2, we get limsup,,_, .. P(|7(X,)| > ¢) < limsup,,_, ., P(|X,—¢&| > d) =0,
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so r(X,) L5 0. As the multiplication mapping (x,y) — xy is continuous, we obtain by
Theorem 3.3.3 that nR(X,,) = vn(X,, — &)r(X,) 2, 0, and so by Lemma 3.3.1, we get
VRR(X,) 0. Combining our conclusions with (3.24), Lemma 3.3.2 now shows that
V(f(Xn) = F(€)) 25 N(0,02f(£)?), completing the proof. O

Using the preceeding results, we may now give an example of a practical application of the

central limit theorem and asymptotic normality.

Example 3.6.4. As in Example 1.5.4, consider a measurable space ({2, F) endowed with a
sequence of random variables (X,,). Assume given for each £ € R a probability measure P
such that for the probability space (2, F, P¢), (X,) consists of independent and identically
distributed variables with mean £ and unit variance. We may then define an estimator of
the mean by putting én = % > p_y Xk. As the variables have second moment, Theorem 3.5.3
shows that «fn is asymptotically normal with mean £ and variance %

This intuitively gives us some information about the distribution of fn for large n > 1. In
order to make practical use of this, let 0 < v < 1. We consider the problem of obtaining a
confidence interval for the parameter £ with confidence level approximating v as n tends to
infinity. The statement that fn is asymptotically normal with the given parameters means
that /(& — &) 2, N(0,1). With ® denoting the cumulative distribution function for
the standard normal distribution, we obtain lim, e, Pe(v/n(&, — €) < z) = ®(z) for all
z € R by Lemma 3.2.1. Now let z., be such that ®(—z) = (1 — v)/2, meaning that we have
2y = =071 ((1=7)/2). As (1—7)/2 < 1/2, 2z, > 0. Also, ®(2,) = 1—P(—2,) = 1—(1—7)/2,
and so we obtain

lim Pe(—z, < \/ﬁ(én — &) < 2y) = P(zy) — O(—2y) = 1.

n—0o0

However, we also have

P&(_ngﬁ(én_g) SZV)ZPﬁ(_Zv/\/ﬁgén_ggzv/\/ﬁ)
=P§(§:n—z»y/\/ﬁ§§§€n+zy/\/ﬁ)7

so if we define I, = (&, — 24/v/1,&n + 24//), we have lim,, o, Pe(€ € I,) = ~ for all
¢ € R. This means that asymptotically speaking, there is probability v that I, contains &.
In particular, as ®(—1.96) ~ 2.5%, we find that (&, —1.96//n, &, +1.96/1/n) is a confidence
interval which a confidence level approaching a number close to 95% as n tends to infinity. o
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3.7 Higher dimensions

Throughout this chapter, we have worked with weak convergence of random variables with
values in R, as well as probability measures on (R, ). Among our most important results
are the results that weak convergence is equivalent to convergence of characteristic functions,
the interplay between convergence in distribution and convergence in probability, the central
limit theorems and our results on asymptotic normality. The theory of weak convergence
and all of its major results can be extended to the more general context of random variables
with values in R? and probability measures on (R%, By) for d > 1, and to a large degree, it
is these multidimensional results which are most useful in practice. In this section, we state

the main results from the multidimensional theory of weak convergence without proof.

In the following, Cy(R%) denotes the set of continuous, bounded mappings f : R¢ — R.

Definition 3.7.1. Let (u,) be a sequence of probability measures on (R, By), and let ju be
another probability measure. We say that p, converges weakly to p and write pi, LY woif it
holds for all f € Cy(RY) that lim, o0 [ f dun, = [ fdpu.

As in the univariate case, the limit measure is determined uniquely. Also, we say that a
sequence of random variables (X,,) with values in R? converges in distribution to a random
variable X with values in R? or a probability measure p on (R? By) if the distributions

converge weakly. The following analogue of Lemma 3.1.8 then holds.

Lemma 3.7.2. Let (u,) be a sequence of probability measures on (R%,By), and let pu be
another probability measure. Let h : R® — RP be some continuous mapping. If it holds that
fin 5 11, then it also holds that h(pn) LN h(p).

An important result which relates multidimensional weak convergence to one-dimensional
weak convergence is the following result. In Theorem 3.7.3, #' denotes transpose, and the

mapping z,y — aty for z,y € R? thus corresponds to the ordinary inner product on R?.

Theorem 3.7.3 (Cramér-Wold’s device). Let (X,,) be a sequence of random variables with
values in R?, and let X be some other such variable. Then X, 2 x if and only if it holds
for all 0 € R that 0'X,, 25 0'X.

Letting (X,)n>1 be a sequence of random variables with values in R? and letting X be
some other such variable, we may define a multidimensional analogue of convergence in

probability by saying that X, converges in probability to X and writing X, L5 X when
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lim,, o P(|| X, — X|| > €) = 0 for all ¢ > 0, where || - | is some norm on R%. We then
have that X, P, 2 if and only if X,, N x, and the following multidimensional version of
Theorem 3.3.3 holds.

Theorem 3.7.4. Let (X,,,Y,) be a sequence of random variables with values in R? and RP,
respectively, let X be some other variable with values in R? and let y € RP. Consider a
continuous mapping h : R* x RP — R™. If X, Py X and Y, £, y, then it holds that
WX, Yy) - h(X,y).

We may also define characteristic functions in the multidimensional setting. Let u be a prob-
ability measure on (R? By). We define the characteristic function for u to be the mapping
¢ : R — C defined by ¢(6) = fe“)tac dp(x). As in the one-dimensional case, the characteris-
tic function determines the probability measure uniquely, and weak convergence is equivalent
to pointwise convergence of probability measures.

The central limit theorem also holds in the multidimensional case.

Theorem 3.7.5. Let (X,,) be a sequence of independent and identically distributed random
variables with values in R with mean vector & and positive semidefinite variance matric .
It then holds that

% >0 -9 2, N(0,5),

where N'(0,X) denotes the normal distribution with mean zero and variance matriz 3.

As in the one-dimensional case, we may introduce a notion of asymptotic normality. For
a sequence of random variables (X,,) with values in R%, we say that X,, is asymptotically
normal with mean ¢ and variance 13 if \/n(X, — &) 2, N(0,%), and in this case, we write
X, RN LD) If X, R N (& L5), it also holds that X, £, £. Also, we have the following
version of the delta method in the multidimensional case.

Theorem 3.7.6. Let (X,,) be a sequence of random variables with values in R?, and assume
that X, is asymptotically normal with mean & and variance %E. Let f : R — RP be
measurable and differentiable in &, then f(X,) is asymptotically normal with mean f(&) and
variance LD f(€)SDf (€)', where Df(€) is the Jacobian of f at &, that is, the p x d matriz
consisting of the partial derivatives of f at &.

Note that Theorem 3.7.6 reduces to Theorem 3.6.3 for d = p = 1, and in the one-dimensional
case, the products in the expression for the asymptotic variance commute, leading to a simpler

expression in the one-dimensional case than in the multidimensional case.
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To show the strengh of the multidimensional theory, we give the following example, extending
Example 3.6.4.

Example 3.7.7. As in Example 3.6.4, consider a measurable space ({2, F) endowed with a
sequence of random variables (X,,). Let ©® = R x (0,00). Assume for each 6 = (£,02) that
we are given a probability measure Py such that for the probability space (Q, F, Py), (X,)
consists of independent and identically distributed variables with fourth moment, and with
mean ¢ and variance 02. As in Example 1.5.4, we may then define estimators of the mean

and variance based on n samples by putting

n

2
. 1 < A 1 1 <
k=1 k=1 k=1

Now note that the variables (X,, X?2) also are independent and identically distributed, and
with p denoting Cov(X,, X2) and n? denoting V X2, we have

Xn g X" 2
E<X£>:<02+£2> and V<X3L>:<ap T;) (3.25)

Let p and ¥ denote the mean and variance, respectively, in (3.25). By X, and X2, we

dEmti% >ohe Xk and 2370 X2 respectively. Using Theorem 3.7.5, we then obtain that
(X, X?2) is asymptotically normal with parameters (u, 2 X).

We will use this multidimensional relationship to find the asymptotic distributions of fn and
62, and we will do so by applying Theorem 3.7.6. To this end, we first consider the mapping
f:R2 = R given by f(z,y) = 2. Note that we have Df(z,y) = (1 0). As &, = f(Xn, X2),

Theorem 3.7.6 yields that én is asymptotically normal with mean f(u) = ¢ and variance

pfuenfei =1 (1 0) ( o ) ( . > =

in accordance with what we would have obtained by direct application of Theorem 3.5.3.
Next, we consider the variance estimator. Define g : R> — R by putting g(z,y) = y — 2.
We then have Dg(z,y) = (—=2x 1). As 62 = g(X,,, X2), Theorem 3.7.6 shows that 62 is

asymptotically normal with mean g(u) = 02 and variance

1 1 2 ¢ 1
—Dg(u)=Dg(n)" = ;( -2¢ 1 ) ( Up :2 ) < ) ) = (40 — 4gp + 7).

Thus, applying Theorem 3.7.5 and Theorem 3.7.6, we have proven that both én and 62 are
asymptotically normal, and we have identified the asymptotic parameters.
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Next, consider some 0 < v < 1. We will show how to construct a confidence interval for £
which has a confidence level approximating = as n tends to infinity. Note that this was already
accomplished in Example 3.6.4 in the case where the variance was known and equal to one.
In this case, we have no such assumptions. Now, we already know that én is asymptotically
normal with parameters (¢, 2o?), meaning that V(€ —€) 2, N(0,0?). Next note that as
62 ias asymptotically normal with mean o2, Lemma 3 6.2 shows that 62 Py 52 . Therefore,
using Theorem 3.3.3, we find that /n( f = f /\/7n N N(0,1). We may now proceed as
in Example 3.6.4 and note that with & denoting the cumulative distribution function for
the standard normal distribution, lim, ., P(y/n &)/ f <) ) for all z € R by
Lemma 3.2.1. Putting 2y = -0~ 1((1- 7)/2) we then obtain z, > 0 and <I>(z,y)—<I>(—z,y) =7,

and if we define I, = (&n — 241/52 /n, €n + 2,4/62/n), we then obtain
lim Py(¢ € 1) = lim Py (b — /622, //n < € < & + /622, /v/n)
= lim Py(—\/632/vn < & — € < 62z /v/n)
= lim Py(—2, < V(& —€)/V62 < 2)
= ()~ B(~2) =7,

so I, is a confidence interval for £ such that asymptotically speaking, there is probability

that I, contains &. o

3.8 Exercises

Exercise 3.1. Let (6,) be a sequence of positive numbers. Let p, denote the uniform
distribution on [0, 8,,]. Show that u, converges weakly if and only if 6,, is convergent. In the

affirmative case, identify the limiting distribution. o

Exercise 3.2. Let (u,) be a sequence of probability measures concentrated on Ny, and let

i be another such probability measure. Show that ., LY w if and only if it holds that
limy, - 00 i ({k}) = pu({k}) for all & > 0. o

Exercise 3.3. Let u, denote the Student’s ¢-distribution with n degrees of freedom, that
is, the distribution with density f,, given by f,(z) = \/I;(Tn;, (7)1) 1+ %)’(’”%). Show that i,
converges weakly to the standard normal distribution. o

Exercise 3.4. Let (p,) be a sequence in (0, 1), and let x,, be the binomial distribution with

success probability p, and length n. Assume that lim, ., np, = A for some A > 0. Show
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that if A > 0, then p,, converges weakly to the Poisson distribution with parameter A\. Show

that if A =0, then pu,, converges weakly to the Dirac measure at zero. o

Exercise 3.5. Let X,, be a random variable which is Beta distributed with shape parameters
(n,n). Define Y;, = v/8n(X,, — 3). Show that Y, has density with respect to the Lebesgue
measure. Show that the densities converge pointwise to the density of the standard normal

distribution. Argue that Y,, converges in distribution to the standard normal distribution. o

Exercise 3.6. Let u be a probability measure on (R, B) with cumulative distribution function
F. Let g : (0,1) — R be a quantile function for p, meaning that for all 0 < p < 1, it holds
that F(q(p)—) < p < F(q(p)). Let u, be the probability measure on (R, B) given by putting
tn(B) = L 30 1(gk/(n+1))en) for B € B. Show that p, converges weakly to . o

Exercise 3.7. Let (§,) and (0,,) be sequences in R, where o,, > 0. Let u,, denote the normal
distribution with mean &, and variance o2. Show that u, converges weakly if and only if &,

and o, both converge. In the affirmative case, identify the limiting distribution. o

Exercise 3.8. Let (u,) be a sequence of probability measures on (R, B) such that u,, has
cumulative distribution function F;,. Let p be some other probability measure with cumu-
lative distribution function F'. Assume that F' is continuous and assume that pu, converges
weakly to u. Let (z,) be a sequence of real numbers converging to some point 2. Show that
limy, 00 B (z) = F(2). )

Exercise 3.9. Let u, be the measure on (R, B) concentrated on {k/n | k > 1} such that
o ({k/n}) = (1 — L)*=1 for each k € N. Show that y, is a probability measure and that

1y converges weakly to the standard exponential distribution. )

Exercise 3.10. Calculate the characteristic function of the binomial distribution with suc-

cess parameter p and length n. o

Exercise 3.11. Calculate an explicit expression for the characteristic function of the Poisson

distribution with parameter A. o

Exercise 3.12. Consider a probability space endowed with two independent variables X
and Y with distributions p and v, respectively, where p has characteristic function ¢ and v

has characteristic function ¢. Show that the variable XY has characteristic function ¢ given
by ¥(0) = [ ¢(0y) dv(y). °
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Exercise 3.13. Consider a probability space endowed with four independent variables X,
Y, Z and W, all standard normally distributed. Calculate the characteristic function of
XY — ZW and argue that XY — ZW follows a Laplace distribution. o

Exercise 3.14. Assume (X,,) is a sequence of independent random variables. Assume that
there exists 8 > 0 such that |X,| < 8 for all n > 1. Define S, = >, _, Xj. Prove that if
it holds that Y >° | VX, is infinite, then (S, — ES,)/V/V S, converges in distribution to the
standard normal distribution. o

Exercise 3.15. Let (X,,) be a sequence of independent random variables. Let € > 0. Show
that if >, _, X}, converges almost surely as n tends to infinity, then the following three series
are convergent: » ° | P(|X,,| >¢), > 07 EX,1(x, <o) and > 7 VX, 1(1x,|<e)- o

Exercise 3.16. Consider a measurable space (2, F) endowed with a sequence (X,) of
random variables as well as a family of probability measures (Py)x>o such that under Py,
(X,,) consists of independent and identically distributed variables such that X, follows a
Poisson distribution with mean A for some A > 0. Let X,, = 237" | X}, Find a mapping
f:(0,00) — (0, 00) such that for each A > 0, it holds that under Py, f(X,,) is asymptotically

normal with mean f(\) and variance 1. o

Exercise 3.17. Let (X,,) be a sequence of independent random variables such that X, has
mean ¢ and unit variance. Put S, = Y_;_, X;. Let a > 0. Show that (S, — n€)/n® P 0if
and only if o > 1/2. o

Exercise 3.18. Let # > 0 and let (X,,) be a sequence of independent and identically
distributed random variables such that X, follows a normal distribution with mean 6 and
variance 0. The maximum likelihood estimator for estimation of 6 based on n samples is
0, = -3+ (9 —|—92 Sr_, X2)Y2. Show that 6,, is asymptotically normal with mean 6 and
1 4642

variance =

n 4024+20+1" ¢}

Exercise 3.19. Let g > 0 and let (X,,) be a sequence of independent and identically
distributed random variables such that X, follows an exponential distribution with mean
1/p. Let X,y = L 37 | X}, Show that X, and YA are asymptotically normal and identify
the asymptotic parameters. Define Y, logn Y ores Tk Show that Y, Lo /1. o
Exercise 3.20. Let # > 0 and let (X,,) be a sequence of independent and identically
distributed random variables such that X,, follows a uniform distribution on [0, ]. Define

X, = %22:1 X}. Show that X, is asymptotically normal with mean u and variance % T
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Next, put Y,, = % ZZ=1 kXy. Demonstrate that Y, L5 6. Use Lyapounov’s central limit
theorem to show that (Y;, — 0)/(1/4602/9n) converges to a standard normal distribution. o

Exercise 3.21. Let (X,,,Y,,) be a sequence of independent and identically distributed vari-
ables such that for each n >, X,, and Y,, are independent, where X,, follows a standard normal
distribution and Y,, follows an exponential distribution with mean a for some o > 0. Define
Sy =L Xp+Y,and T, = L) | X2 Show that (S,,T,) is asymptotically normally
distributed and identify the asymptotic parameters. Show that S, /v/T), is asymptotically
normally distributed and identify the asymptotic parameters. o

Exercise 3.22. Let (X,,) be a sequence of independent and identically distributed variables
such that X,, follows a normal distribution with mean p and variance o2 for some o > 0.
Asmgne that p # 0. Define X,, = 13" | Xj, and 52 = 130" (X) — X,,)%. Show that
Sn/ Xy is asymptotically normally distributed and identify the asymptotic parameters. o
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Chapter 4

Signed measures and

conditioning

In this chapter, we will consider two important but also very distinct topics: Decompositions
of signed measures and conditional expectations. The topics are only related by virtue of the
fact that we will use results from the first section to prove the existence of the conditional
expectations to be defined in the following section. In the first section, the framework is a
measurable space that will be equipped with a so—called signed measure. In the rest of the

chapter, the setting will a probability space endowed with a random variable.

4.1 Decomposition of signed measures

In this section, we first introduce a generalization of bounded measures, namely bounded,
signed measures, where negative values are allowed. We then show that a signed measure can
always be decomposed into a difference between two positive, bounded measures. Afterwards
we prove the main result of the section, stating how to decompose a bounded, signed measure
with respect to a bounded, positive measure. Finally we will show the Radon—Nikodym
theorem, which will be crucial in Section 4.2 in order to prove the existence of conditional

expectations.
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In the rest of the section, we let (2, F) be a measurable space. Recall that p: F — [0, 00] is
a measure on (2, F) if u(0) = 0 and for all disjoint sequences F, Fy,. .. it holds that

(U)Zu

n=1

If u(Q) < oo we say that p is a finite measure. However, in the context of this section,
we shall most often use the name bounded, positive measure. A natural generalisation of
a bounded, positive measure is to allow negative values. Hence we consider the following

definition:

Definition 4.1.1. A bounded, signed measure v on (2, F) is a map v : F — R such that

(1) sup{|v(F)| | F € F} < oo,

(2) v( tJoan) = oﬁlu(Fn) for all pairwise disjoint F1, Fy,... € F.
n=

n=

Note that condition (2) is similar to the o—additivity condition for positive measures. Con-

dition (1) ensures that v is bounded.

A bounded, signed measure has further properties that resemble properties of positive mea-

sures:

Theorem 4.1.2. Assume that v is a bounded, signed measure on (Q, F). Then

(1) v(0) =
(2) v is finitely additive: If Fy,...,Fy € F are disjoint sets, then

G-

(3) v is continuous: If F,, 1 F or F,, | F, with F1, F5,... € F, then
v(F,) — v(F)

Proof. To prove (1) let F} = Fy = --- = () in the o—additivity condition. Then we can utilize
the simple fact § = (J;2, 0 such that

0) = ZV(Z)

1 n=1

C8

v(0) =

n
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which can only be true if v(f)) = 0.

Considering the second result, let Fyy1 = Fyy2 = --- = 0 and apply the o—additivity again
such that
N N 00 N 00 N
(Ur)=v(Uru U 0)=Xum)+ 3 0= X ur).
n=1 n=1 n=N-+1 n=1 n=N-+1 n=1

Finally we demonstrate the third result in the case where F,, T F. Define G; = Fy, G2 =
Fy\ F1, G3 = F3\ Fy,.... Then G1,Gs,... are disjoint with

N e’}
Gn=Fx, JG.=F,
n=1 n=1
SO
N N 0o
v(Fn) =v( U Gn) = Z v(Gn) — Z v(Gn) =v(F) as N — oco.
n=1 n=1 n=1

From the definition of a bounded, signed measure and Theorem 4.1.2 we almost immediately
see that bounded, signed measures with non—negative values are in fact bounded, positive

measures.

Theorem 4.1.3. Assume that v is a bounded, signed measure on (2, F). If v only has values

in [0,00), then v is a bounded, positive measure.

Proof. That v is a measure in the classical sense follows since it satisfies the o—additivity
condition, and we furthermore have v(f)) = 0 according to (1) in Theorem 4.1.2. That

v() < oo is obviously a consequence of (1) in Definition 4.1.1. O

Example 4.1.4. Let Q = {1,2,3,4} and assume that v is a bounded, signed measure on 2

given by
v({1}) =2 v({2}) =-1 v({3}) =4 v({4})=-2.
Then e.g.
v({1,2}) =1 v({3,4}) =2
and

v(Q) =3.
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so we see that although {3} C Q, it is possible that v({3}) > v(£2). Hence, the condition 1 in
the definition is indeed meaningful: Only demanding that v(§2) < co as for positive measures
would not ensure that v is bounded on all sets, and in particular v(£2) is not necessarily an

upper bound for v. o

Recall, that if p is a bounded, positive measure then, for Fi, Fp € F with F} C Fy, it holds
that u(Fy) < p(Fz). Hence, condition (1) in Definition 4.1.1 will (for p) be equivalent to
() < 0.

If v is a bounded, signed measure and Fi, F € F with F; C F5 then it need not hold that
v(Fy) < v(Fy):

In general we have using the finite additivity that
V(FQ) = l/(Fl) + I/(FQ\Fl),

but v(F>\F1) > 0 and v(F3\F;) < 0 are both possible.

Recall from classical measure theory that new positive measures can be constructed by in-
tegrating non—negative functions with respect to other positive measures. Similarly, we can
construct a bounded, signed measure by integrating an integrable function with respect to a

bounded, positive measure.

Theorem 4.1.5. Let p1 be a bounded, positive measure on (2, F) and let f : (Q,F) = (R, B)

be a p-integrable function, i.e.
/ |fldp < oo.
Then
v(F) = / fdu (FeF) (4.1)
F

defines a bounded, signed measure on (2, F). Furthermore it holds that v is a bounded,

positive measure if and only if f > 0 p-a.e. (almost everywhere).

Proof. For all F € F we have

|V(F)|§/F|f|du§/|f|du<oo

which gives (1). To obtain that (2) is satisfied, let Fy, Fy,... € F be disjoint and define
F = UF,,. Observe that
1o p, fI < S

n=1
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for all N € N. Then dominated convergence yields

(U m)=vm = [ san= [ m gy o= g [1ue 5
N N o]
SO TSNS LR SULSE

n=1

The last statement follows from Theorem 4.1.3, since f > 0 py—a.e. implies that v(F) > 0 for
all F e F. O

In the following definition we introduce two possible relations between a signed measure
and a positive measure. A main result in this chapter will be that the two definitions are

equivalent.

Definition 4.1.6. Assume that i is a bounded, positive measure, and that v is a bounded,

signed measure on (0, F).

(1) v is absolutely continuous with respect to p, (we write v < p) if p(F) = 0 implies
v(F) =0.

(2) v has density with respect to p if there exists a p-integrable function f (the density),
such that (4.1) holds. If v has density with respect to p we write v = f-p and f = %' f s
called the Radon-Nikodym derivative of v with respect to p.

Lemma 4.1.7. Assume that p is a bounded, positive measure on (2, F) and that v is a
bounded signed measure on (0, F). If v = f - p, then v < p.

Proof. Choose F € F with u(F) =0. Then 1pf =0 p—a.e. so

V(F)=/Ffdu=/1Ffdﬂ=/0du=0,

and the proof is complete. O

The following definition will be convenient as well:

Definition 4.1.8. Assume that v, 11, and vy are bounded, signed measures on (2, F).

(1) v is concentrated on F € F if v(G) =0 for all G € F with G C F°.
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(2) v1 and ve are singular (we write v1 L vo), if there exist disjoint sets Fy, Fy € F such

that v1 is concentrated on Fy and vo is concentrated on Fs.

Example 4.1.9. Let p be a bounded, positive measure on (2, F), and assume that f is
p-integrable. Define the bounded, signed measure v by v = f - u. Then v is concentrated
on (f # 0): Take G C (f # 0)¢, or equivalently G C (f = 0). Then 1gf = 0, so v(G) =
J1lgfdu= [0du =0 and we have the result.

Now assume that both f; and f, are py-integrable and define 14 = f1-p and v = fo-u. Then
it holds that %41 1 Vo if (fl }é 0) N (fQ 7§ O) = @

In fact, the result would even be true if we only have u((f1 # 0) N (f2 #0)) =0 (why?). o

Lemma 4.1.10. Let v be a bounded, signed measure on (2, F). If v is concentrated on
F € F then v is also concentrated on any G € F with G O F.

A bounded, positive measure i on (Q, F) is concentrated on F' € F if and only if n(F€) = 0.

Proof. To show the first statement, assume that v is concentrated on F' € F, and let G € F
satisfy G D F. For any set G’ C G° we have that G’ C F¢, so by the definition we have
v(G') =0.

For the second result, we only need to show that if u(F¢) = 0, then p is concentrated on F.

So assume that G C F°. Then, since y is assumed to be a positive measure, we have
0 < u(G) <p(F) =0

and we have that p(G) = 0 as desired. O

The following theorem is a deep result from classical measure theory, stating that any
bounded, signed measure can be constructed as the difference between two bounded, positive

measures.

Theorem 4.1.11. (The Jordan-Hahn decomposition). A bounded, signed measure v can be

decomposed in exactly one way,

where vT, v~ are positive, bounded measures and v+ L v—.
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Proof. The existence: Define A = inf{v(F') : F € F}. Then —oo < A < 0 and for all n € N
there exists F,, € F with

1

We first show that with G = (F), evt.) = U2, N2, F} it holds that
v(G)=A. (4.2)

Note that - o o
ﬂFkTU ﬂFk:G as n — oo
k=n

n=1k=n

so since v is continuous, we have

v(G) = lim V( ﬁ Fk) .

n—00
k=n

Similarly we have N_ Fy, | N2, Fy (as N — 00) so

N
v(G) = lim lim 1/( ﬂ Fk> .
k=n

n—oo N—oo

Let n be fixed and suppose it is shown that for all N > n
N N
u(ﬂFk)§A+22—k. (4.3)
k=n k=n
Since we have that 21?;1 2% < 00, we must have that lim,, . limpy_, EkN:n 2% = 0. Hence
SN
A<y(G) <A+ lim lim Y =A+0=)\.

n—o00 N— o0 2k
=n

So we have that v(G) = A, if we can show (4.3). This is shown by induction for all N > n.
If N = n the result is trivial from the choice of F),:

X 1 Al |
V(kOan> :V(Fn)g)\—i-%:)\—%-kz:;?.

If (4.3) is true for N — 1 we obtain

N-1

N FyUFy)

k=n k=n k=n k=n
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In the inequality we have used (4.3) for N — 1, the definition of Fi, and that v(F) > \ for
all F e F.
We have thus shown v(G) = X and may now define, for F € F,

v (F)=-v(FNG), vH(F)=v(FNG°).

Obviously e.g.
sup{|v"(F)| : Fe F} <sup{[v(F)| : FEF} <

and
1/*( U Fn) = fu((U F,) ﬂG) = *l/( U (F, ﬂG))
n=1 n=1 n=1
==Y v(F,NG) =Y v (F,)
n=1 n=1
for I, Fy, ... € F disjoint sets, so v and v~ are bounded, signed measures. It is easily seen

(since G and G are disjoint) that v = v —v~. We furthermore have that v~ is concentrated
on G, since for F' C G°
v (F)=—-v(FNG)=—-v(0)=0.

Similarly v is concentrated on G¢, so we must have v~ L vT.

The existence part of the proof can now be completed by showing that v+ > 0,v~ > 0. For
FeFwehave FNG =G\ (F°NG) so
v (F)=—-v(FNG)
=—-w(GQ)—v(F°'NG))
=-A+v(F°'NG)>0

and

vi(F)=v(F)+v (F)=v(F) - A+ v(F°NQG)
=-A+v(FU(F°NG)) >0,

and the argument is complete.

The uniqueness: In order to show uniqueness of the decomposition, let v = o+ — o~ be
another decomposition satisfying o+ > 0, = > 0 and #T L &~. Choose GeFtobea set,

such that 7~ is concentrated on G and o is concentrated on G¢. Then for F € F

—v (FNG®) <0, since it is a subset of G

V(FNGNG®) = N o -
vH(FNG) >0, since it is a subset of G¢
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and hence v(F NG N G¢) = 0. Similarly we observe that »(FNG¢NG) =0, so

v (F)=-—v(FNG)=—-v(FNGNG) —v(FNGNG°)
= v(FNGNG)=-v(FNGNG)-v(FNG°NG)
= v(FNG)=v (F)

for all F € F. O

Example 4.1.12. If v = f -, where p is a bounded, positive measure and f is pu-integrable,
we see that the decomposition is given by

V+:f+'ua Vﬁ:fi'p’a

where fT = fVv 0 and f~ = —(f A 0) denote the positive and the negative part of f,
respectively. The argument is by inspection: It is clear that v = v™ — v~ vT > 0,v™ >0
and moreover vt 1 v~ since vT is concentrated on (f > 0) and v~ is concentrated on

(f <0). o

Theorem 4.1.13 (The Lebesgue decomposition). Ifv is a bounded, signed measure on (2, F)
and p s a bounded, positive measure on €, F) then there exists a F—measurable, p—integrable

function f and a bounded, signed measure vy with vs L u such that
v=f-p+vs.
The decomposition is unique in the sense that if v = }~,u+zw/s 1s another decomposition, then
}:fu—a.e., Ve = Us.

If v >0, then f >0 p— a.e. and vy > 0.

Proof. We begin with the uniqueness part of the theorem: Assume that
V:f'ﬂ"FVs:f',u“‘;s’

where p 1 vs and p L vs. Choose Fy,Fy € F such that vg is concentrated on Fy, p is
concentrated on F§, v, is concentrated on Fy and p is concentrated on F§. Define Gy =

Fy U Fy. According to Lemma 4.1.10 we only need to show that u(Go) = 0 in order to
conclude that p is concentrated on G§, since p > 0. This is true since

0 < p(Go) = p(Fo U Fo) < p(Fo) + p(Fp) =0+0=0.
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Furthermore we have that v, is concentrated on G since Fy C Gy. Similarly 7, is concen-
trated on Gy. Then for F € F
Us(F) —vs(F) = 0s(FNGo) — vs(F N Go)
— (/(F N Go) — (Ju) (F N Go)) — (V(F N Go) — (Fu)(F N Go))
=W(F NG —0)— (V(FNGo)—0) =0,

where we have used p(F N Gy) = 0 such that

/ fdp=0 and / fdu:().
FNGo FNGo

Then vy = . The equation f - pu+ v, = f W+ Us gives f-pu = f-,u, which leads to f = f
p—a.e.

To prove existence, it suffices to consider the case v > 0. For a general v we can find the

Jordan-Hahn decomposition, v = v+ — v, and then apply the Lebesgue decomposition to

+

v™ and v~ separately:

vh = fu+v, and v = gu+ ks

where there exist Fy and Fjy such that v, is concentrated on Fj, 1 is concentrated on F§, K
is concentrated on 13‘0, and p is concentrated on FOC Defining Gy = Fy U 13’0 we can obtain,

similarly to the argument above, that
Vs, ks both are concentrated on Gy and p is concentrated on G§ .

Obviously, the bounded, signed measure vs; — k5 is then concentrated on G as well, leading
to vs — ks L . Writing

v=_(f—-gn+ s — k)
gives the desired decomposition.

So assume that v > 0. Let £(u)™ denote the set of non—negative, u—integrable functions and
define

H= {geﬁ(,u)+ ) v(F) Z/Qdu for allFEf}

Recall that v > 0 such that e.g. 0 € H. Define furthermore

a:sup{/g du)geH}.

Since [, gdp < v(Q) for all g € H, we must have

0<a<v()) <oo.
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We will show that there exists f € H with [ fdup = a.

Note that if hq1, ho € H then hy V hy € H: For F' € F we have

/hl\/hgduz/ hldu+/ ho dp
F FN(h1>h2) Fn(hi<h2)

< I/(F n (hl > h2)) + Z/(F N (h1 < hg)) = V(F)

At the inequality it is used that both h; and ho are in HL.

Now, for each n € N, choose g,, € H so that

1
/gnd;u'za_f
n

and define f,, = g1 V---V g, for each n € N. According to the result shown above, we have
frn € H and furthermore it is seen that the sequence (f,,) is increasing. Then the pointwise

limit f = lim,,_, f, exists, and by monotone convergence we obtain for F' € F that

[ gau=tm [ goau<uie).

Hence f € H. Furthermore we have for all n € N that f > g, so

/fduz/gnduzowl
n

leading to the conclusion that [ fdu =« .

Now we can define the bounded measure vg by
Vs =V — f Y

Then v > 0 since f € H such that
VS(F):Z/(F)f/ fdu>0
F

for all F € F.

What remains in the proof is showing that vs L p. For all n € N define the bounded, signed

measure (see e.g. Exercise 4.1) A, by

An = Vs — lu
n
Let A\, = A — A~ be the Jordan—Hahn decomposition of \,. Then we can find F,, € F such
that
-

~ is concentrated on F,, and A, is concentrated on F¢
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For F € F and F' C F we obtain
1
WF) =v(F)+ [ Fan=d(F)+ Su(F)+ [ fdu
F n F

1 1
SHGEEIRY e PR

s ) f on F,
fn{f+ on FY

If we define

S|

then for F' € F
- 1
[ Rdu= [ pans [ pe s
F FNF, FNFg n
<v(FNF,)+v(FNF;)=v(F)
SO fn € H. Hence
F 1 c 1 c
oz [Fudn= [ Faus outE) =as Lur).

This implies that u(FS) = 0 leading to

u(glF@ =0.

Thus g is concentrated on Fy = (UPFS)¢ = N F,. Finally, we have for all n € N (recall
that At is concentrated on F¢) that

0. va(Fo) < va(Fa) =~ p(Fa) + An(Fr)
= () = (F) < ()

which for n — oo implies that vs(Fy) = 0. Hence (since vs > 0) v, is concentrated on F§. O
Theorem 4.1.14 (Radon-Nikodym). Let pu be a positive, bounded measure and v a bounded,

signed measure on (2, F). Then v < p if and only if there exists a F-measurable, pu—
integrable f such thatv = f - u.

If v < p then the density f is uniquely determined p-a.e. If in addition v > 0 then f >0

[-a.e.

Proof. That f is uniquely determined follows from the uniqueness in the Lebesgue decom-

position. Also v > 0 implies f > 0 u—a.e.
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In the ”if and only if” part it only remains to show, that ¥ < u implies the existence of a
F-measurable and p—integrable function f with v = fu. So assume that v < p and consider
the Lebesgue decomposition of v

v=f-p+uvs.

Choose Fp such that v, is concentrated on Fy and p is concentrated on Fg. For F' € F we
then obtain that

vs(F)=vs(FNFy) =v(FNEFy) — (fu)(FNFy) =0

since p(F N Fy) = 0 and since v < g implies that v(F N Fy) = 0. Hence v, = 0 and the claim
v = f-u follows. O

4.2 Conditional Expectations given a o-algebra

In this section we will return to considering a probability space (Q, F, P) and real random
variables defined on this space. We shall see how the existence of conditional expectations
can be shown using a Radon-Nikodym derivative. In the course MI the existence is shown
from £2-theory using projetions on the subspace £2(€, D, P) of £L2(Q2, F, P), when D C F is
a sub o-algebra.

Let X be a real random variable defined on (92, F,P) with E|X| < co. A conditional
expectation of X (given something) can be interpreted as a guess on the value of X (w) based
on varying amounts of information about which w € Q0 has been drawn. If we know nothing
about w, then it is not possible to say very much about the value of X (w). Perhaps the best
guess we can come up with is suggesting the value E(X) = [ X dP!

Now let Dy,..., D, be a system of disjoint sets in F with U}, D; = 2, and assume that for
a given w € €, we know whether w € D; for each i = 1,...,n. Then we actually have some
information about the w that has been drawn, and an educated guess on the value of X (w)

may not be as simple as E(X) any more. Instead our guessing strategy will be
1
guess on X (w) = 7/ XdP ifweD,. (4.4)
P(D;) Jp,

We are still using an integral of X, but we only integrate over the set D;, where we know that
w is an element. It may not be entirely clear, why this is a good strategy for our guess (that
will probably depend on the definition of a good guess), but at least it seems reasonable that

we give the same guess on X (w) for all w € D;.
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Example 4.2.1. Suppose Q = {a, b, ¢,d} and that the probability measure P is given by

fﬁ{a})::FK{b})::FK{c})::fm{d})::i

and furthermore that X : 2 — R is defined by

If we know nothing about w then the guess is

_5+4+3+2

B(X) I

3.5.

Now let D = {a, b} and assume that we want to guess X (w) in a situation where we know
whether w € D or w € D¢. The strategy described above gives that if w € D then

[, XdP  1(5+4)
guess on X (w) = = =45.
P(D) 3

Similarly, if we know w € D¢ = {¢, d}, then the best guess would be 2.5. Given the knowledge
of whether w € D or w € D¢ we can write the guess as a function of w, namely

guess(w) = 1p(w) - 4.5+ 1pe(w) - 2.5.

Note that the collection {D, ..., D,} is a sub o—algebra of F. The stability requirements for
o—algebras fit very well into the knowledge of whether w € D; for all i: If we know whether
w € D;, then we also know whether w € D{. And we know whether w € UA,, if we know
whether w € A; for all 4.

The concept of conditional expectations takes the guessing strategy to a general level, where
the conditioning o-algebra D is general sub o-algebra of F. The result will be a random
variable (as in Example 4.2.1) which we will denote F(X|D) and call the conditional expecta-
tion of X given D. We will show in Example 4.2.5 that when D has the form {Dy,...,D,}
as above, then E(X|D) is given by (4.4).

Definition 4.2.2. let X be a real random variable defined on (2, F, P) with E|X| < co. A
conditional expectation X given D is a D-measurable real random variable, denoted E(X|D)

which satisfies
E|E(X|D)| < oo, (1)

/EMHMdP:/:XM’ foralDeD. (2)
D D



4.2 Conditional Expectations given a g-algebra 117

Note that one cannot in general use F(X|D) = X (even though it satisfies (1) and (2)): X

is assumed to be F-measurable but need not be D-measurable.

Given this definition, conditional expectations are almost surely unique:

Theorem 4.2.3. (1) IfU and (N] are both conditional expectations of X given D, then U = (7
a.s.

(2) If U is a conditional expectation of X given D and (} is D-measurable with (N] =U a.s.

then U is also a conditional expectation of X given D.

Proof. For the first result consider, e.g., D = (E U). Then

/(U U)dP = /UdP /UdP /XdP /XdP—O

according to ( ) in Definition 4.2.2 . But U>Uon D, so therefore P(D) = P(U > U) = 0.
Similarly, (U <U)=0.

The second statement is trivial: Simply use that
E|U| = E|U| and / UdP = / UdpP
D D
so U satisfies (1) and (2). O

Theorem 4.2.4. If X is a real random variable with E|X| < oo, then there exists a condi-

tional expectation of X given D.

Proof. Define for D € D

:/XdP.
D

Then v is a bounded, signed measure on (£2,D). Let PY denote the restriction of P to D:
PV is the probability measure on (£, D) given by

for all D € D. Now we obviously have for all D € D

P’D)=0 = PD)=0 = v(D)=0,
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so v < PY According to the Radon-Nikodym Theorem we can find the Radon-Nikodym
derivative U = dv/dP" satisfying

v(D) = /D Udpr°.

By construction in the Radon—Nikodym Theorem, U is automatically D—measurable and
P%integrable. For all D € D we now have that

/ XdP =v(D) :/ UdpP° :/ UdpP (4.5)
D D D

so it is shown that U is a conditional expectation of X given D.

That the last equation in (4.5) is true is just basic measure theory: The integral of a function
with respect to some measure does not change if the measure is extended to a larger o—

algebra; the function is also a measurable function on the larger measurable space.

A direct argument could be first looking at indicator functions. Let D € D and note that 1p

is D—measurable. Then

/lDdPO:PO(D):P(D):/lde.

/YdPO = /YdP

if Y is a linear combination of indicator functions, and finally the result is shown to be true

Then it follows that

for general D-measurable functions Y by a standard approximation argument. O

Example 4.2.5. consider a probability space (£2, F, P) and a real random variable X defined
on © with F|X| < co. Assume that Dy,...,D, € F form a partition of Q: D; N D; = () for
i # j and U D; = Q. Also assume (for convenience) that P(D;) > 0 for all i = 1,...,n.
Let D be the o-algebra generated by the D;-sets. Then D € D if and only if D is a union

of some Dj’s.

We will show that

Uip(lDi)(/DiX dP)lDi.

is a conditional expectation of X given D. First note that U is D—measurable, since the
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indicator functions 1p, are D—measurable. Furthermore
ElU | X dP)1p,[dpP
u_z/P / b,

S;P(Di)(/p,.'X' dP)/lDidP
:Z/ IX| dP = E|X] < oo.
i=17Di

Finally let D € D. Then D = U}, D;, for some 1 <y < --- < iy, < n. We therefore obtain

XdP:Z/ XdpP
‘/D k=1 Dy,

SO

/UdP Z/ ZP /XdP)lD dp

Z/ P / XdP)1D1 apP

/ XdP/ 1p, dP

XdP:/XdP.
D

m

M

k=1"Di,

Hence U satisfies the conditions in Definition 4.2.2 and is therefore a conditional expectation
of X given D. o

We shall now show a series of results concerning conditional expectations. The results and the
proofs are well-known from the course MI. In Theorem 4.2.6, X,Y and X,, are real random

variables, all of which are integrable.

Theorem 4.2.6. (1) If X =c a.s., where ¢ € R is a constant, then E(X|D) = ¢ a.s.

(2) Fora,p €R it holds that

E(aX + B8Y|D) = aE(X|D) + BE(Y|D) a.s

(8) If X >0a.s. then E(X|D) >0 a.s. If Y > X a.s. then E(Y|D) > E(X|D) a.s.
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(4) If D C & are sub o-algebras of F then

E(X|D) = E[E(X|€)|D] = E[E(X|D)|€] a.s.

(5) Ifo(X) and D are independent then

E(X|D)=EX a.s.

(6) If X is D-measurable then
E(X|D)=X a.s.

(7) If it holds for all n € N that X,, > 0 a.s. and X1 > X, a.s. withlimX,, = X a.s.,
then

lim E(X,|D) = E(X|D) a.s.

n—oo

(8) If X is D-measurable and E|XY| < oo, then

E(XY|D)=X E(Y|D) a.s.
(9) If f : R — R is a measurable function that is convex on an interval I, such that
P(X el)=1 and E|f(X)] < oo, then it holds that

F(E(X|D)) < E(f(X)|D)) as.

Proof. (1) We show that the constant variable U given by U(w) = ¢ meets the conditions

from Definition 4.2.2. Firstly, it is D-measurable, since for B € B we have

Q ceB
U'(B)=
(B) { 0 c¢B
which is D measurable in either case. Furthermore F|U| = |¢| < oo and obviously

/UdP:/ch:/XdP.
D D D
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(2) aE(X|D)+ BE(Y|D) is D-measurable and integrable, so all we need to show is (see
part (2) of Definition 4.2.2), that

/D(aE(Xm) + BE(Y|D))dP = /D(aX +BY)dP
for all D € D. But here, the left hand side is
a/D E(X|D)dP + ﬂ/D E(Y|D)dP,
which is seen to equal the right hand side when we use Definition 4.2.2 on both terms.

(3)  For the first claim define D = (E(X|D) < 0) = E(X|D)"!((—o0,0)) and note that
D € D since E(X|D) is D-measurable. Then

/E(X|D)dP:/XdP20,
D D

since X > 0 a.s. But the fact that E(X|D) < 0 on D, makes [, E(X|D)dP <0, if P(D) > 0.
Hence P(D) =0 and E(X|D) > 0 a.s.

For the second claim, just use the first result on Y — X and apply (2).

(4)  Firstly, we show that E(X|D) = E[E(X|E)|D] a.s. By definition we have that
E[E(X|€)|D] is D-measurable with finite expectation, and for D € D

/DE[E(X|8)|D]dP:/DE(X|5)dP:/DXdP.

Hence we have the result from Definition 4.2.2. In the first equality, it is used that E[E(X|£)|D]
is a conditional expectation of E(X|E) given D. In the second equality Definition 4.2.2 is
applied to E(X|£), using that D € D C £.

Secondly, we prove that E(X|D) = E[E(X|D)|] a.s. by showing that E(X|D) is a condi-
tional expectation of E(X|D) given £. But that follows directly from 6, since E(X|D) is

E—measurable.

(5) Asin (1), the constant map w — EX is D-measurable and has finite expectation, so
it remains to show that for D € D

/EXdP:/XdP.
D D

The left hand side is EX - P(X). For the right hand side we obtain the following, using that
1p and X are independent

/XdP:/1,3~XdP:/1DdP~/XdP:P(D)-EX7
D
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so the stated equality is true.
(6) Trivial.

(7)  According to (3) we have for all n € N that E(X,,+1|D) > E(X,|D) a.s., so with
F = (E(Xni1|D) > E(X,|D)) € D

we have P(F,) = 1. Let Fy = (E(X1|D) > 0) such that P(Fy) = 1. With the definition
F = N2 F, we have FF € D and P(F) = 1. For w € F it holds that the sequence
(E(X,|D)(w ))nEN is increasing and E(X;|D)(w) > 0. Hence for w € F' the number Y (w) =
lim,, 00 E(X,|D)(w)

is well-defined in [0, 0o]. Defining e.g. Y (w) = 0 for w € F° makes Y a D—measurable random
variable (since F' is D—measurable, and Y is the point—wise limit of 1rFE(X,,|D) that are all
D-measurable variables) with values in [0, co]. Thus the integrals [, Y dP of ¥ makes sense
for all G € F.

In particular we obtain the following for D € D using monotone convergence in the third and

the sixth equality

/ Y dP = Y dP = lim E(X,|D)dP = lim E(X,|D)dP
D DNF

= lim E(X |D)dP = hm/X dP = / lim XndP:/XdP.
D

n—oo D n— oo

Letting D = 2 shows that E|Y| = EY = EX < o0, so we can conclude Y = E(X|D) as..
Thereby we have shown (7).

(8) Since X E(Y'|D) is obviously D-measurable, it only remains to show that E|X E(Y|D)| <
oo and that
/ XE(Y|D)dP = / XY dP (4.6)
D D

for all D € D.

We now prove the result for all X > 0 and Y > 0 by showing the equation in the following
steps:

(i) when X =1p, for Dy € D

(ii) when X =>";_, axlp, for Dy € D and a, >0
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(iii) when X > 0 is a general D-measurable variable

So firstly assume that X = 1p, with Dy € D. Then
E\lp,E(Y|D)| < E|E(Y|D)| < o0

and since D N Dy € D we obtain

/1,30 (Y|D)dP = E(Y|D)d
D DNDg
_/DODO
/1DOYdP
D

Hence formula (4.6) is shown in case (i). If

n
X = Z aklpk
k=1

with Dy € D and a; > 0, we easily obtain (4.6) from linearity

/XE(Y|D)dP:Zak/ 1DkE(Y|D)dP:Zak/ 1DdeP:/ XE(Y|D)dP
D k=1 D k=1 D D

For a general D—measurable X we can obtain X through the approximation

X = lim X,,
n— 00
where
n2" E_1
= o lkiaxa g
k=1

Note that all sets (& _n < X < £ are D-measurable, so each X,, have the form from step

— 2TL
(ii). Hence

/ X, E(Y|D)dP :/ X, YdP (4.7)
D D
for all » € N. Furthermore the construction of (X,,),en makes it non—negative and increasing.

Since we have assumed that Y > 0 we must have XE(Y|D) > 0 a.s. Thereby the inte-
gral [, XE(Y|D)dP is defined for all D € D (but it may be +o0). Since the sequence
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(XnE(Y|D))nen is almost surely increasing (increasing for all w with E(Y|D)(w) > 0) we

obtain

/XE(Y|D)dP:/ lim X,E(Y|D)dP = lim X WE(Y|D)dP
D D

n—0o0

= lim X YdP = /XYdP

n— oo

where the second and the fourth equality follow from monotone convergence, and the third

equality is a result of (4.7). From this (since E|XY| < c0) we in particular see, that
E|XE(Y|D)| = E(XE(Y|D)) = / XE(Y|D)dP = / XY dP = E(XY) < 0.
Q Q

Hence (8) is shown in the case, where X > 0 and Y > 0. That (8) holds in general then
easily follows by splitting X and Y up into their positive and negative parts, X = XT — X~
and Y = YT — Y~ and then applying the version of (8) that deals with positive X and YV
on each of the terms we obtain the desired result by multiplying out the brackets.

(9) The full proof is given in the lecture notes of the course MI. That
E(X|D)" < E(X*|D) a.s.

is shown in Exercise 4.11, and that
|[E(X|D)| < E(IX]|D) a.s.

is shown in Exercise 4.12. O

4.3 Conditional expectations given a random variable

In this section we will consider the special case, where the conditioning o—algebra D is
generated by a random variable Y. So assume that Y : (Q, F) — (E, ) is a random variable
with values in the space E that is not necessarily R. If D = ¢(Y)), i.e. the o-algebra generated
by Y, we write

E(X]Y)

rather than E(X|D) and the resulting random variable is referred to as the conditional
expectation of X given Y. Recall that D € o(Y) is always of the form D = (Y € A) for
some A € £. Then we immediately have the following characterization of E(X|Y):
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Theorem 4.3.1. Let X be a real random variable with E|X| < oo, and assume that'Y is a
random variable with values in (E,E). Then the conditional expectation E(X|Y) of X given
Y is characterised by being o (Y )-measurable and satisfying E|E(X|Y)| < oo and

/ E(X|Y)dP = XdP forall Ac€.
(YeA) (YeA)

Note that if o(Y) = a(}N’), then E(X|Y) = E(X|)N’) a.s. If e.g. Y takes values in the
real numbers and ¢ : E — E is a bijective and bimeasurable map (¢ and ¢~ are both
measurable), then

E(X|Y)=EX¥(Y)) as.

The following lemma will be extremely useful in the comprehension of conditional expecta-

tions given random variables.

Lemma 4.3.2. A real random variable Z is o(Y)-measurable if and only if there exists a
measurable map ¢ : (E,E) — (R, B) such that

Z =¢oY.

Proof. First the easy implication:

Assume that Z = ¢oY, where ¢ is €—B-measurable, and obviously Y is o(Y) —E—measurable.
Then it is well-known that Z is o(Y)-B-measurable.

Now assume that Z is (Y )—measurable. We can write Z as

nan

. k—1
Z=lim > Glgmicach (4.8)

k=—n2"

where each set (542 < Z < ) € o(Y), since Z is o(Y)-measurable. Define the class H of

real random variables by

H = {Z" : there exists a £ — B-measurable function ¢ with Z’ = oY}

Because of the approximation (4.8) the argument will be complete, if we can show that H

has the following properties

(i) 1p €H for all D € o(Y)
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(i) mZ1+---+anZ,€eHif Zy,...,Z, € Hand a4,...,a, €R

(iii) Z € H, where Z = lim, oo Z,, and all Z,, € H

because in that case we will have shown that Z € H.

(i):  Assume that D € o(Y). Then there exists a set A € £ such that D = (Y € A) (simply
from the definition of o(Y")). But then 1p =14 oY, since
Ipw)=1 & weD=(YecA
& Yw)ed
& (lpoY)(w)=1.

We have that 14 is & — B-measurable, so (i) is shown.

(ii): Assume that Z; = ¢ oY, where ¢y, is &€ — B-measurable, for k = 1,...,n. Then we
get

> anZiw) = > an(ou(Y (@) = ((Zamk) oy> (@).
k=1 k=1 k=1
So . .
Zakzk = (Z ardr) oY,
k=1 k=1

where Y, aip¢y is measurable. Hence we have shown (ii).

(iii): Assume that Z,, = ¢, oY for all n € N, where ¢,, is £ — B—measurable. Then
Z(w) = lim Zy(w) = lim (¢, 0 Y)(w) = lim ¢, (Y (w))

for allw € Q. In particular the limit lim,,_, o ¢, (y) existsforally € Y(Q) = {Y(w) : w € Q}.
Define ¢ : E — R by

lim;, o0 &n(y) if the limit exists
P(y) = .
0 otherwise

then ¢ is £ — B-measurable, since F' = (lim,, ¢,, exists) € £ and ¢ = lim, (1p¢p,) with each

1p ¢y, being € — B-measurable. Furthermore note that Z(w) = ¢(Y (w)), so Z = ¢oY. Hence
(iii) is shown. O

Now we return to the discussion of the o(Y)-measurable random variable E(X|Y). By the

lemma, we have that
E(X|Y) = ¢oY,
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for some measurable ¢ : E — R. We call ¢(y) a conditional expectation of X given Y =y
and write

¢(y) = E(X]Y =y).
This type of conditional expectations is characterized in Theorem 4.3.3 below.

Theorem 4.3.3. A measurable map ¢ : E — R defines a conditional expectation of X given
Y =y for all y if and only if ¢ is integrable with respect to the distribution Y (P) of Y and

/ o) AY (P)(y) = / XdP (Be®).
B (YeB)

Proof. Firstly, assume that ¢ defines a conditional expectation of X given Y = y for all y.
Then we have E(X|Y) =¢oY so

/ 1)) AY (P (y) = / 6o Y|dP = / [E(X|Y)|dP = E|E(X|Y)] < oo,
E Q Q

and we have shown that ¢ is Y (P)-integrable. Above, the first equality is a result of the

Change—of-variable Formula. Similarly we obtain for all B € £

/sb(y)dY(P)(y):/ E(X|Y)dP = XdP.
B (YeB) (YeB)

Thereby the ”only if” claim is obtained.

Conversely, assume that ¢ is integrable with respect to Y (P) and that

/ o(y) dY (P)(y) = / Xdp
B (YeB)
for all B € €.

Firstly, we note that ¢oY is o(Y )—measurable (as a result of the trivial implication in Lemma

4.3.2). Furthermore we have

/\¢oY|dP:/ 16()| Y (P)(y) < oo
Q E

using the change-of-variable formula again (simply the argument from above backwards).
Finally for D € 0(Y) we have B € £ with D = (Y € B) so

| oovar= [ swavirw = [ xap,

where we have used the assumption. This shows that ¢ oY is a conditional expectation of
X given Y, 80 po Y = E(X|Y). From that we have by definition, that ¢(y) is a conditional
expectation of X given Y = y. O



128 Signed measures and conditioning

4.4 Exercises

Exercise 4.1. Assume that v; and vy are bounded, signed measures. Show that ary + Sre
is a bounded, signed measure as well, when «, 3 € R are real-valued constants, using the

(obvious) definition
(avy + Bro)(A) = avi(A) + Bra(A).

Note that the definition v < p also makes sense if p is a positive measure (not necessarily
bounded).

Exercise 4.2. Let 7 be the counting measure on Ny = NU{0} (equipped with the o—algebra
P(Np) that contains all subsets). Let p be the Poisson distribution with parameter A:

A'ﬂ
p({n}) = Fe_/\ for n € Ng.

Show that u < 7. Does p have a density f with respect to 77 In that case find f.

Now let v be the binomial distribution with parameters (N, p). Decide whether i < v and/or
v . o

Exercise 4.3. Assume that g is a bounded, positive measure and that vi,vs < p are

bounded, signed measures. Show

dintrvs) _dn  dv
du du du

Exercise 4.4. Assume that 7, are bounded, positive measures and that v is a bounded,
signed measure, such that v < 7 < pu. Show that

dv B dv dm

@ = %@ H—a.e.

Exercise 4.5. Assume that u, v are bounded, positive measures such that v < pand p < v.

Show
dv _ (dp)"
dp  \dv '
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both v—a.e. and p—a.e. o

Exercise 4.6. Assume that v is a bounded, signed measure and that p is a o—finite measure
with v < p. Show that there exists f € £(y) such that v = f - u (meaning v(F) = [, fdu).

[e]

In the following exercises we assume that all random variables are defined on a probability
space (2, F, P).

Exercise 4.7. Let X and Y be random variables with E|X| < co and E|Y| < oo that are

both measurable with respect to some sub oc—algebra D. Assume furthermore that
/X dP:/ Y dP forall DeD.
D D

Show that X =Y a.s. o

Exercise 4.8. Assume that X; and X5 are independent random variables satisfying X; ~
exp(B) and X3 ~ N (0,1). Define Y = X; + X5 and the sub o-algebra D by D = o(X}).
Show that E(Y|D) = X; a.s. o

Exercise 4.9. Assume that X is a real random variable with EX? < oo and that D is some
sub o-algebra. Let Y = E(X|D). Show that

X(P)=Y(P) & X=Y as.

Exercise 4.10. Let X and Y be random variables with EX2 < oo and FY? < co. The

conditional variance of X given the sub o—algebra D is defined by
V(X|D) = E(X2|D) - (E(X|D))*
and the conditional covariance between X and Y given D is
Cov(X,Y|D) = E(XY|D) — E(X|D)E(Y|D)
Show that

V(X) = E(V(X|D)) + V(E(X|D))
Cov(X,Y) = E(Cov(X,Y|D)) + Cov(E(X|D), E(Y|D))
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Exercise 4.11. Let X be a real random variable with E|X| < oo. Let D be a sub o—algebra.
Show without referring to (9) in Theorem 4.2.6 that

(E(X|D))* < E(X*|D) as.

Exercise 4.12. Let X be a real random variable with E|X| < co. Let D be a sub o—algebra.
Show without referring to (9) in Theorem 4.2.6 that

|[E(X|D)| < E(IX]|D) a.s.

Exercise 4.13. Let (Q,F,P) = ((0,1),B,A) (where X is the Lebesgue measure on (0,1)).
Define the real random variable X by

X(w)=w

and
D ={D C(0,1)| D or D is countable} .

Then D is a sub o—algebra of B (you can show this if you want...). Find a version of E(X|D).

o

Exercise 4.14. Let (Q,F,P) = ([0,1],B,)), where X is the Lebesgue measure on [0, 1].
Consider the two real valued random variables

Xiw)=1-w Xo(w) = w?

Show that for any given real random variable Y it holds that E(Y|X;) = E(Y|X3).

Show by giving an example that E(Y|X; = z) and E(Y|Xs = x) may be different on a set

of x’s with positive Lebesgue measure. o

Exercise 4.15. Assume that X is a real random variable with E|X| < oo and that D is a
sub o—algebra of F. Assume that Y is a D-measurable real random variable with E|Y| < oo
that satisfies

and

/YdP:/XdP
D D
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for all D € G, where G is a N-stable set of subsets of Q with o(G) = D.
Show that Y is a conditional expectation of X given D. )

Exercise 4.16. Let X = (X1, X5,...) be a stochastic process, and assume that Y and Z
are real random variables, such that (Z,Y) is independent of X. Assume that Y has finite

expectation.

(1) Show that

/ E(Y|Z)dP = Y dP
(ZeB,XeC) (ZeB,XeC)

for all B € B and C € B.

(2) Show that
E(Y|Z)=E(Y|Z,X)

Exercise 4.17. Let X7, X5, ... be independent and identically distributed random variables
with E|X;| < co. Define S, = X1 + -+ + X,,.

(1) Show that E(X1]S,) = E(X1|Sn, Sn+1, Snta,-..) as.

(2) Show that %Sn = E(X1]Sn, Sn+1, Snt2,...) as.

Exercise 4.18. Assume that (X,Y) follows the two—dimensional Normal distribution with
mean vector (u1, u2) and covariance matrix

011 012
021 022
where 012 = 021. Then X ~ N (u1,011), Y ~ N (uz2,092) and Cov(X,Y) = o1a.

Show that
E(X|Y)=pu1+ B(Y — p2),

where 8 = 012/022. o
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Chapter 5

Martingales

In this chapter we will present the classical theory of martingales. Martingales are sequences
of real random variables, where the index set N (or [0,00)) is regarded as a time line, and
where — conditionally on the present level — the level of the sequence at a future time point
is expected to be as the current level. So it is sequences that evolves over time without a
drift in any direction. Similarly, submartingales are expected to have the same or a higher

level at future time points, conditioned on the present level.

In Section 5.1 we will give an introduction to the theory based on a motivating example from
gambling theory. The basic definitions will be presented in Section 5.2 together with results
on the behaviour of martingales observed at random time points. The following Section 5.3
will mainly address the very important martingale theorem, giving conditions under which
martingales and submartingales converge. In Section 5.4 we shall introduce the concept of
uniform integrability and see how this interplays with martingales. Finally, in Section 5.5
we will prove a central limit theorem for martingales. That is a result that relaxes the

independence assumption from Section 3.5.
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5.1 Introduction to martingale theory

Let Y1,Y5,... be mutually independent identically distributed random variables with
PY,=1)=1-PY,=-1)=p

where 0 < p < 1. We will think of Y,, as the result of a game where the probability of winning
is p, and where if you bet 1 dollar. and win you receive 1 dollar. and if you lose, you lose
the 1 dollar you bet.

If you bet 1 dollar, then, the expected winnings in each game is

EY,=p—(1-p)=2p—1,

1
29
corresponding to whether EY,, is > 0, = or < 0, respectively.

1

and the game is called favourable if p > fair if p = % and unfavourable if p < 3

If the player in each game makes a bet of 1, his (signed) winnings after n games will be

Sp=Y1+ .- +Y,. According to the strong law of large numbers,
1, as
—S, = 2p—1,
n

so it follows that if the game is favourable, the player is certain to win in the long run (S,, > 0
evt. almost surely) and if the game is unfavourable, the player is certain to lose in the long

run.

Undoubtedly, in practice, it is only possible to participate in unfavourable games (unless you
happen to be, e.g, a casino or a state lottery). Nevertheless, it may perhaps be possible for
a player to turn an unfavourable game into a favourable one, by choosing his bets in a clever
fashion Assume that the player has a starting capital of Xy > 0, where X is a constant. Let
Fn=0(Y1,...,Y,) for n > 1. A strategy is a sequence (¢, ),>1 of functions

(bn : (Ov OO) X {717 1}’”71 - [0,00),

such that the value of
¢'n(X0,y17 e 7yn71>

is the amount the player will bet in the n’th game, when the starting capital is Xy and

Y1, .-, Yn—1 are the results of the n — 1 first games (the observed values of Y7,...,¥,,_1).

A strategy thus allows for the player to take the preceding outcomes into account when he
makes his n’th bet.
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Note that ¢; is given by X, alone, making it constant. Further note that it is possible to
let ¢,, = 0, corresponding to the player not making a bet, for instance because he or she has

been winning up to this point and therefore wishes to stop.

Given the strategy (¢,,) the (signed) winnings in the n’th game become
Zn = n¢n(XOa Yi,..., Yn—l)

and the capital after the n’th game is
X, = Xy + Z Z.
k=1

It easily follows that for all n, X,, is F,,-measurable, integrable and

E(Xni1|Fn) = E(Xp + Yog10n11(Xo, Y1, .., Y0) [ F)
=X, + ¢n+1(X0, Yy, ... ,Yn)E(Yn+1|fn)
= Xn + ¢n+1(X0,Y17 e ,Yn>(2p — 1)

The most important message here is that

E(Xn+1|]:n) ) (51)

IA IV
DN | =

>
X, for p=

meaning that (X,,, F,,) is a submartingale (>), martingale (=) or a supermartingale (<) (see
Definition 5.2.3 below).

For instance, if p < %, the conditional expected value of the capital after the n+ 1’st game is
at most X,,, so the game with strategy (¢, ) is at best fair. But what if one simply chooses
to focus on the development of the capital at points in time that are advantageous for the

player, and where he or she can just decide to quit?
With 0 < p < 1 infinitely many wins, Y,, = 1 and, of course, infinitely many losses, Y;,, = —1,
will occur with probability 1. Let 7 be the time of the k’th win, i.e.
71 =inf{n:Y, =1}
and for k > 1,

Tr+1 = inf{n > 7, : Y, =1}

Each 74 can be shown to be a stopping time (see Definition 5.2.6 below) and Theorem 5.2.12
provides conditions for when ’(X,,) is a supermartingale (fair or unfavourable)’ implies that
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(X;,) is a supermartingale’. The conditions of Theorem 5.2.12 are for instance met if (X,,)
is a supermartingale and we require, not unrealistically, that X,, > a always, where a is some
given constant. (The player has limited credit and any bet made must, even if the player
loses, leave a capital of at least a). It is this result we phrase by stating that it is not possible

to turn an unfavourable game into a favourable one.

Even worse, if p < % and we require that X,, > a, it can be shown that if there is a minimum
amount that one must bet (if one chooses to play) and the player keeps playing, he or she
will eventually be ruined! (If p > % there will still be a strictly positive probability of ruin,
but it is also possible that the capital will beyond all any number).

The result just stated ’only’ holds under the assumption of, for instance, all X,, > a. As we
shall see, it is in fact easy to specify strategies such that X, 1 oo for k 1 co. The problem

is that such strategies may well prove costly in the short run.

A classic strategy is to double the amount you bet every game until you win and then start
all over with a bet of, e.g., 1, i.e.

¢1(XO) = 17
2¢n—1(X07y13"'7yn—2) if Yn—1 = 715

d)n(Xanlv"',ynfl) = .
if y,1=1.

If, say, m = n, the player loses 22;11 2k=1 in the n — 1 first games and wins 2"~ ! in the n’th

game, resulting in the total winnings of

n—1
D ICARE A
1

Thus, at the random time 73 the total amount won is k and the capital is
X, =Xo+ k.

But if p is small, one may experience long strings of consecutive losses and X,, can become

very negative.

In the next sections we shall - without referring to gambling - discuss sequences (X,,) of
random variables for which the inequalities (1.1) hold. A main result is the martingale

convergence theorem (Theorem 5.3.2).

The proof presented here is due to the American probabilist J.L. Doob.
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5.2 Martingales and stopping times

Let (92, F, P) be a probability space and let (F,,)n>1 be a sequence of sub o-algebras of F,
which is increasing F,, C Fp41 for all n. We say that (Q, F, F,, P) is a filtered probability
space with filtration (Fp,)n>1. The interpretation of a filtration is that we think of n as a
point in time and F,, as consisting of the events that are decided by what happens up to and

including time n.

Now let (X,,)n>1 be a sequence of random variables defined on (€2, F).

Definition 5.2.1. The sequence (X,,) is adapted to (F,) if X, is Fp-measurable for all n.

Instead of writing that (X,,) is adapted to (F,,) we often write that (X, F,) is adapted.
Example 5.2.2. Assume that (X,,) is a sequence of random variables defined on (Q, F, P),
and define for each n € N the o-algebra F,, by

Fn = O'(Xl,...7Xn).
Then (F,,) is a filtration on (Q, F, P) and (X,,, F,) is adapted. o

Definition 5.2.3. An adapted sequence (X, F,) of real random variables is called a mar-
tingale if for all n € N it holds that E|X,| < co and

E(Xpn41|Fn) = X0 a.s.,
and a submartingale if for all n € N it holds that E|X,,| < co and
E(X,1|Fn) > X, as.,

and a supermartingale if (—X,,, F,,) is a submartingale.

Note that if (X,,, F,) is a submartingale (martingale), then for all m <n € N

E(Xn|]:m) = E(E(Xnu:nfl)l}—m) > E(anll]:m)

= BE(E(Xn-1|Fn-2)|Fm) > ... 2 Xy,
=)

and in particular £X,, > EX,,.
=)

The following lemma will be very useful and has a corollary that gives an equivalent formu-

lation of the submartingale (martingale) property.
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Lemma 5.2.4. Suppose that X andY are real random variables with E|X| < oo and E|Y | <
00, and let D be a sub o—algebra of F such that X is D—measurable. Then

EY|D) > X a.s.
=)

if and only if
/YdPZ /XdP forallD € D.
D =)Jp

Proof. Since both E(Y|D) and X are D-measurable, we have that

B(Y|D) 2 X (5.2)

if and only if
/EY|D )dP > /XdP
D

for all D € D (The ”if” implication should be obvious. For ”only if’, consider the integral
Jp(E(Y|D) — X)dP, where D = (E(Y|D) < X)). The left integral above equals [, Y dP
because of the definition of conditional expectations, so (5.2) holds if and only if

/YdPZ /XdP
D (=) JD

for all D € D. O

Corollary 5.2.5. Assume that (X, F,) is adapted with E|X,| < oo for alln € N. Then
(X, Fn) is a submartingale (martingale) if and only if for alln € N

/Xn+1dP > /X dP
F

for all F € F,.

When handling martingales and submartingales it is often fruitful to study how they behave

at random time points of a special type called stopping times.

Definition 5.2.6. A stopping time is a random variable 7: Q — N = N U {oo} such that
(r=n)eF,

for allm € N. If 7 < 0o we say that T is a finite stopping time.
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Example 5.2.7. Let (X,,) be a sequence of real random variables, and define the filtration
(Fn) by F, = 0(Xq,...,X,). Assume that 7 is a stopping time with respect to this filtration,
and consider the set (7 = n) that belongs to F,. Since F, is generated by the vector
(Xq,...,X,) there exists a set B € B,, such that

(r=n)=((X1,...,Xn) € By).

The implication of this is, that we are able to read off from the values of X1, ..., X,, whether
7 =n or not. So by observing the sequence (X,,) for some time, we know if 7 has occurred

or not. o

We have an equivalent definition of a stopping time:

Lemma 5.2.8. A random variable 7 : Q — N is a stopping time if and only if
(tr<n)eF,

for all n € N.

Proof. Firstly, assume that 7 is a stopping time. We can write
(T <n)=Ui_i (T =k)

which belongs to F,, since each (7 = k) € F}, and the filtration (F,) is increasing, so F, C Fy,
for k <n.

Assume conversely, that (7 < n) € F, for all n. Then the stopping time property follows
from
(t=n)=(F<n\(r<n-1),

since (1 <n) € Fp,and (1 <n—1)€ F,_1 C Fp. O

Example 5.2.9. If ng € N then the constant function 7 = ng is a stopping time:
(r=n)e{0,Q} CF, forallneN.

If o and 7 are stopping times then o A 7,0 V 7 and ¢ + 7 are also stopping times. E.g. for
o AT write
(cAT<n)=(c<n)U (T <n)

and note that (o < n),(r < n) € Fp. o
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We now define a o-algebra F., which consists of all the events that are decided by what
happens up to and including the random time .
Consider for 7 a stopping time the collection of sets
Fr={FeF:Fn(r=n)eF, forallneN}
Then we have

Theorem 5.2.10. (1) F. is a o-algebra.

(2) If o, 7 are stopping times and o < 7, then F5 C Fr.

Proof. (1) We have
QN(r=n)=(r=n)e€ F, forallneN,

since 7 is a stopping time. Hence Q € F,.. Now assume that F € F.. Then by definition
Fn(r=n)eF, forallneN, so

FCO(T:n):(T:n)\(Fﬁ(T:n)) € Fn
for all n € N. This shows that F¢ € F,,. Finally assume that Fy, F5,... € F,. Then
(N F)n(r=n)= () (Fen(r=n) € Fy
k=1 k=1
for all n € N.

Altogether it is shown that F, is a o—algebra.

(2) Assume that F' € F,. Since 0 < 7 we can write

>

)
-

I
S

I
Cs

Fn(c=k,m=n)

ES
Il

1

Il
C-=

(Fn(ec=k)N(r=n))eF,

~
Il

1

using that for k¥ < n we have F, C F,, and F'N (0 = k) € Fi. Hence by definition we have
FelF,. O

With 7 a finite stopping time, we consider the process (X,,) at the random time 7 and define

XT(W) = X‘r(w) (w)
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From now on we only consider real-valued X,,’s.

Although definition of F; may not seem very obvious, Theorem 5.2.11 below shows that both
X, and 7 are F,—measurable. Hence certain events at time 7 are F,.—measurable, and the

intuitive interpretation of F, as consisting of all events up to time 7 is still reasonable.

Theorem 5.2.11. If (X,,,F,) is adapted and T is a finite stopping time, then both T and
X, are F.-measurable.

Proof. The proof is straightforward manipulations. If we consider the event (7 = k) then we

have
(r=n) ifk=n

(T:k)ﬂ(T:n):{(b htn

so in both cases we get that (7 = k) N (7 = n) € F,, and hence (7 = k) € F,. This shows
the measurability of 7.

For the second statement, let B € B and realize that for all n,
(X;eB)N(r=n)= (X, € B)N(r =n) € F,,

implying that (X, € B) € F, as desired. O

Theorem 5.2.12 (Optional sampling, first version). Let (X,,, F,) be a submartingale (mar-
tingale) and assume that o and T are finite stopping times with o < 7. If E|X,| < oo,
E|X,| < o0 and

lim inf X%dP=0
N=oo J(7>N)

(liminf/ | Xn|dP = 0),
(t>N)

N—o0

then

E(X.|F,) > X, .
=)

Proof. According to Theorem 5.2.4 we only need to show that

X, dP > /XUdP (5.3)
A (=) JA
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for all A € F,. So we fix A in the following and define D; = AN (¢ = j). If we can show
X, dP > X,dP (5.4)
Dj (=) JD;

for all j =1,2,..., then (5.3) will follow since then

X, dP = / X, dP > / XUdP:/XUdP
/A ; D; (:); D; A

In the two equalities we have used dominated convergence: E.g. for the first equality we have

the integrable upper bound |X;|, so

00 M
XTdP:/ 1D,XTdP:/ lim Y 1p, X, dP
M M 00
:N}iinoo/z:llijTdP:Mli_r)noozjl/lijTdP:zjl/D.XTdP
J= J= J= 7

Hence the argument will be complete if we can show (5.4). For this, first define for N > j

IN:/ XTdP+/ XnydP.
D;N(r<N) D;N(r>N)
We claim that

Ij §1j+1 (S) Ij+2 S
For N > j we get

Iy

/ X, dP + / Xy dP
D;N(t<N) D;N(T>N)

J

/ XTdP+/ XTdP+/ XydP
D;N(T<N) D;N(r=N) D;N(t>N)

J

/ XTdP+/ XNdP+/ Xy dP
D;N(T<N) D;N(t=N) D;N(r>N)

J

/ X, dP + / Xy dP
Djﬂ(’l’<N) Djm(TZN)

Note that (7 > N) = (1 < N —1)° € Fny_1. Also note that D; = AN (c = j) € F;
from the definition of F, (since it is assumed that A € F,). Then (recall that j < N)
D;N(r > N) € Fn_1, so Theorem 5.2.4 yields

/ XydP > / Xy_1dP
D;N(r>N) (=) JD;n(r>N)
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So we have

IN:/ XTdP+/ XydP
D;N(T<N) D;N(t>N)

> / X, dP+/ Xy 1dP = Iy
(=) JD;N(r<N-1) D;N(T>N-1)

and thereby the sequence (In)n>; is shown to be increasing. For the left hand side in (5.4)

this implies that

/ XTdP:/ XTdP+/ X, dpP
D; D;N(r<N) D;n(r>N)
+/ XydP - XydP
D]‘ﬂ(T>N) D]‘ﬂ(T>N)
:[N+/ X, dP — XndP
D;n(t>N) D;n(t>N)
2Ij+/ XTdP—/ XnydP
=) D;N(t>N) D;N(t>N)
> I +/ X, dP — / Xj(, dP (5.5)
Djﬁ(T>N) Djﬂ(T>N)

(1;+ / X, dP - / Xy dP)
D;N(t>N) D;n(T>N)

Recall the assumption o < 7. Then
Din(r<j)=An(oc=j)Nn(r<j)=D;n(r=7j),

SO

Ij:/ XTdP+/ X;dP
D;n(r<j) D;n(r>j)

:/ X; dPJr/ X;dP
D;n(r=j) D;Nn(r>j)

:/ depz/ depz/ X, dP (5.6)
D; AN(o=j) D;

Hence we have shown (5.4) if we can show that the two last terms in (5.5) can be ignored.
Since (1 > N) | @ for N — oo and X, is integrable, we have from dominated convergence
that

ngnoo D;N(r>N) Xrdl = 1\}51100 / Loyner> ) Xr AP = /ngnoo Lp,n>mX-dP =0 (5.7)

And because of the assumption from the theorem, we must have a subsequence of natural
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numbers Ny, No, ... such that

lim X3, dP=0
£{— 00 (T>Ng)

(Jim / X, 4P = 0)
{— 00 (T>N14)

Hence from using (5.7) we have

lim (/ XTdP—/ X5, dP) =0
=00 N\ pin(r>Ny) D;N(m>Ny)

and combining this with (5.5) and (5.6) yields

XdP>I_/XdP
D]

which is (5.4). O

Corollary 5.2.13. Let (X,,, Fy,) be a submartingale (martingale), and let o < T be bounded
stopping times. Then E|X | < oo, E|X,| < 0o and

E(X:|Fs) > Xo
(=)

Proof. We show that the conditions from Theorem 5.2.12 are fulfilled. There exists K < oo
such that sup,cq 7(w) < K. Then

K K K K
R A ATV gy AN ED Sy AEALIED SYbARES
k=1 k=1 k=1 k=1

That E|X,| < oo follows similarly. Furthermore it must hold that (7 > N) = ( for all

N > K, so obviously
/ XIJ{[ dP =0
(t>N)

forall N > K. ]

We can also translate Theorem 5.2.12 into a result concerning the process considered at a

sequence of stopping times. Firstly, we need to specify the sequence of stopping times.

Definition 5.2.14. A sequence (1,)n>1 of positive random variables is a sequence of sam-

pling times if it is increasing and each T, is a finite stopping time.
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With (7,,) a sequence of sampling times it holds, according to 1. in Theorem 5.2.10, that
Fr, C F; for all n. If (X,,,F,) is adapted then, according to Theorem 5.2.11, X is

n+1
F,, -measurable. Hence, the sampled sequence (X, , F. ) is adapted.

Theorem 5.2.15. Let (X,,, Fy,) be a submartingale (martingale) and let (13,) be a sequence
of sampling times. If

E|\X, | <oo forall k, (a)
liminf/ X$HdP =0 for all k, (b)
N—o0 (Tk>N)

(1iminf/ | XN|dP =0 for all k),
(Tk>N)

N—00

then (X, ,Fr.) is a submartingale (martingale).

Proof. Use Theorem 5.2.12 for each k separately. O

5.3 The martingale convergence theorem

We shall need the following result on transformations of martingales and submartingales.

Lemma 5.3.1. Assume that (X,,, F,,) is an adapted sequence.
(1) If (X,,F,) is a martingale, then both (|X,|,F,) and (X;F, F,) are submartingales.

(2)  If (X,,F,) is a submartingale, then (X,5,F,) is a submartingale.

Proof. (1)  Assume that (X,,F,) is a martingale. Then X,, is F,—measurable, so also
|X,| and X;I are F,~measurable. Furthermore we have E(X,1]|F,) = X, a.s., so that
E(Xp11|Fa)t = X;F as. and |E(X,11|Fn)| = | X, a.s. We also have FX, < oo (recall
that 0 < X, < |X,|) and obviously E|X,,| < cc.

Then
E(X:+1|~7:n) > BE(Xp1|Fo)T =X, as.,

where the inequality follows from (9) in Theorem 4.2.6, since the function z — x is convex.

Similarly since z + |z| is convex, (9) in Theorem 4.2.6 gives that

E(|Xn41llFn) > [E(Xng1]|Fn)l = [Xa| as.
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which proves (1).
(2) If (X,,F,) is a submartingale, we similarly have that X, is JF,—measurable with
EX,I < co. Furthermore it holds
E(Xp41|Fn) > X, as.,
and since x — 27 is increasing, we also have
E(Xp1|F)t > X5 as..

‘We obtain
E(X,[ 4| Fn) > E(Xp|Fo)t > X, ass.

We shall now prove the main theorem of classic martingale theory.

Theorem 5.3.2 (The martingale convergence theorem). If (X, F,) is a submartingale such
that sup EX,; < oo, then X = lim X,, exists almost surely and E|X| < oo.
n n—oo

The proof is given below. Note that, cf. Lemma 5.3.1 the sequence EX ' is increasing, so

the assumption sup EX;I < oo is equivalent to assuming
n

lim BX," < oo.

n—oo

The proof is based on a criterion for convergence of a sequence of real numbers, which we

shall now discuss.

Let (x)n>1 be a sequence of real numbers. For a < b consider
ny =inf{n > 1]z, > b}, m; =inf{n >n; |z, <a}
and recursively define
ng = inf{n > mg_1 | z, > b}, mp =inf{n > ni | z, < a},

always using the convention inf ) = co. We now define the number of down-crossings from
b to a for the sequence (z,) as +oo if all my < oo and as k if my < oo and my41 = oo (in
particular, 0 down-crossings in the case m; = o0). Note that ny < m; < ng < msg... with

equality only possible, if the common value is co.
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Lemma 5.3.3. The limit x = lim x,, exists (as a limit in R = [—o00, c0]) if and only if for
n—oo

all rational a < b it holds that the number of down-crossings from b to a for (x,) is finite.

Proof. Firstly, consider the ”only if” implication. So assume that the limit z = lim,
exists in R and let a < b be given. We must have that either x > a or z < b (if not both of

them are true). If for instance & > a then we must have some ng such that
r, >a foralln>ng,

since e.g there exists ng with |z — z,| <  — a for all n > ng. But then we must have that
my = oo for k large enough, which makes the number of down—crossings finite. The case

x < b is treated analogously.

Now we consider the ”if” part of the result, so assume that the limit lim,, . x,, does not
exist. Then liminf,,_, x, < limsup,,_,., Tn, S0 in particular we can find rational numbers
a < b such that

liminfz, < a < b < limsupx, .
n—oo n—00

This implies that z,, < a for infinitely many n and x,, > b for infinitely many n. Especially

we must have that the number of down—crossings from b to a is infinite. O

In the following proofs we shall apply the result to a sequence (X,,) of real random variables.
For this we will need some notation similar to the definition of n; and m; above. Define the
random times

o1 =inf{n | X,, > b}, 7 =inf{n > o1 | X, <a},
and recursively

o =inf{n > 1,1 | X;, > b}, 7 =inf{n > o | X,, <a}.

We have that o1 < 171 < 09 < 75 < ..., where equality is only possible if the common value

is 0o.

Furthermore, all 7, and o are stopping times: We can write

n—1

(alzn):(U(Xi<b)>m(Xn2b)

i=1
which is in F,,, since all Xy, ..., X,, are F,,—measurable, implying that (X; > a) € F,, (when
i <n)and (X, <a) € F,. Furthermore if e.g. oy is a stopping time, then

n—1
(th =n) = ﬂ(Uk =7 N (X1 >a,..., Xpo1 >0, X, <a)
j=1



148 Martingales

which belongs to F,, since (o = j) € F, and all the X—variables involved are F,,—

measurable. Hence 7 is a stopping time as well.

Let Bup(w) be the number of down—crossings from b to a for the sequence (X, (w)) for each

w € Q. Then we have (we suppress the w)

Bab = Z 1(7k<oo)
k=1

so we see that [, is an integer—valued random variable. With this notation, we can also
define the number of down—crossings ﬂé\l’) from b to a in the time interval {1,..., N} as

0o N
é\(f) = Z Lim<ny = Z Lz <ny -
k=1 k=1

The last equality follows since we necessarily must have 711 > N + 1 (either 741 = 0o or
the strict inequality holds, making o1 < 71 < - < on41 < TN41)-

Finally note, that 6% 1 Bap as N — .

Proof of Theorem 5.3.2. In order to show that X = lim X,, exists as a limit in R it is,

according to Lemma 5.3.3, sufficient to show that
P(fgp is finite for all rational a < b) =1,

But it follows directly from the down—crossing lemma (Lemma 5.3.4), that for all rational

pairs a < b we have P(8,, < 00) = 1. Hence also

1= P( m (Bap < oo)) = P(Bap is finite for all rational a < b).

a<b rational

We still need to show that E|X| < oo. In the affirmative, we will also know that X is finite
almost surely. Otherwise we would have

P(|X|=00)=€¢>0

such that
E|X| > E(1(x|=00) - 00) = 00 - € = 00

which is a contradiction.

So we prove that F|X| < co. Fatou’s Lemma yields

E|X| = E(lim |X,|) = E(liminf |X,|) < liminf E|X,,|
n— oo n—oo n—oo
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Note that since (X, Fy) is a submartingale, then
EX, <EX,=EX  -EX, .
which implies that £X,; < FX; — EX; such that
E|X,|= EX} + EX <2EXF — EX,.
Then we obtain that
E|X| <liminf E|X,| < 2liminf EX,;} — BX; =2 lim EX; ~ EX; < o0,

n— oo n—oo

due to the assumption in Theorem 5.3.2. O

The most significant and most difficult part of the proof of Theorem 5.3.2 is contained in the

next result.

Lemma 5.3.4 (The down-—crossing lemma). If (X,,F,) is a submartingale then it holds,
for all N € Nya < b, that

E(Xy —b)T
BBy, < %7 (5.8)
Efay < — ~ lim, E(X,—-b". (5.9)

In particular, Bap < 00 a.s. if lim, oo EX;F < oo.

Proof. The last claim follows directly from (5.9) and the inequality (X,, —b)" < X,I + |b|,
since it is assumed in the theorem that sup EX;F = lim FX," < cc.

Note that for all N,k € N it holds that 15, <n) = 1(7,<n) + L(o,<N<7,)- Then we can write

N
(XrAN = Xopan) Lo <n) = D (XroaN = Xouan) (Lre<n) + Loy <nen)

k=1
N

= Z<X _

k=1

N
<(a—0b) Zl(Tk<N)+ (Xn —b) Zl ok <N <L)
k=1 k=1

M=

E
I

1

O'k Tk<N) +Z (Uk<N<Tk)

<(a—b)Ba+ (Xy —b)*
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In the first inequality we have used, that if 7, < oo, then X,, > b and X,, < a, and also if
only o), < oo it holds that X,, > b. By rearranging the terms above, we obtain the inequality

N

Z(X‘rk/\N = XowaAN) (o< - (5.10)
k=1

(Xy =0 B 1
b—a b—a

N
ﬁab

IN

Note that for each k& we have that o A N < 7% A N are bounded stopping times. Hence
Corollary 5.2.13 yields that E| X, an| < 00, E| X an| < 00 and E(X AN |Fouan) = XowaN-
Then according to Lemma 5.2.4 it holds that

[ Xonwapz [ Xoaxar
P P

for all F' € F, an. Since

op=n) n<N

e F,
0 n>N

(O'kSN)ﬂ(CTk/\N_n)_{
for all n € N, we must have that (o < N) € F, any which implies that

(X = Xonliozm) = [ KawdP - Xy n dP > 0.
(o<N) (o <N)

Then the sum in (5.10) has positive expectation, so in particular we have

E(Xy—b)"
Eﬁ(fl\l’) < L
b—a
Finally note that (X,, — b, F,,) is a submartingale, since (X, F,) is a submartingale. Hence
the sequence ((X, — b)™,F,) will be a submartingale as well according to 2. in Lemma
5.3.1, such that E(Xy — b)T is increasing and thereby convergent. So applying monotone

convergence to the left hand side (recall 82 1 B,) leads to

Efa < LI T E(X, - b7,

— @ n—oo

It is useful to highlight the following immediate consequences of Theorem 5.3.2.

Corollary 5.3.5. 1. If (X,,, F) is a submartingale and there exists ¢ € R such that X,, < ¢
a.s. for all n, then X = lim X,, exists almost surely and E|X| < co.

2. If (Xn, Fn) is a martingale and there exists ¢ € R such that either X, < ¢ a.s. for alln
or X,, > ¢ a.s. for all n, then X = lim X,, exists almost surely and E|X| < co. O
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5.4 Martingales and uniform integrability

If (X, Fr) is a martingale then in particular EX,, = EX; for all n, but even though X, X
and F|X| < oo, it is not necessarily true that EX = EX;. We shall later obtain some results
where not only FX = EX; but where in addition, the martingale (X,,, F,,) has a number of
other attractive properties. Let (X,,)n>1,X be real random variables with E|X,,| < oco,Vn

1
and E|X| < co. Recall that by X, £ X we mean that
lim E|X, — X| =0,
n—oo

and if this is the case then

lim|/XndP—/XdP|:O

will hold for all F' € F, (because | [,. X, dP — [, X dP| < E|X,, — X|). In particular the
L'-convergence gives that EX; = EX. We are looking for a property that implies this

L'-convergence.

Definition 5.4.1. A family (X;)icr of real random wvariables is uniformly integrable if
E|X;| < oo forallie I and

lim sup/ | X;|dP = 0.
(IX:i]>=)

T—00 1

Example 5.4.2. (1) The family {X} consisting of only one real variable is uniformly inte-
grable if F|X| < oo:

(1X|>2) ree

Tr—00
by dominated convergence (since 1(|x|>5)|X| < |X|, and |X| is integrable).

(2) Now consider a finite family (X;);=1,..» of real random variables. This family is uniformly
integrable, if each F|X;| < oo:

lim sup/ |X;|dP = lim max / |X;|dP =0,
(1Xi|>=) (1X;|>z)

T—00 ;T r—o0 i=1,...,n

since each integral has limit 0 because of (1). o
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Example 5.4.3. Let (X;);cr be a family of real random variables. If sup,c; E|X;|” < oo for
some r > 1, then (X;) is uniformly integrable:

X; 1 1
X, dP < ST AP = —— X,|” dP
(IX:|>2) (1Xi|>a) ' ® z (IX:|>2)
< mr71E|X¢|T < 31611;E|Xj|r

so we obtain

1
sup/ | Xi|dP < —— sup E|X;["
iel J(|1X;|>x) Z jel

which has limit 0 as x — oo. o
We have the following equivalent definition of uniform integrability:

Theorem 5.4.4. The family (X;)icr is uniformly integrable if and only if,

(1) supE|X;| < oo,
I

(2) there for all € > 0 exists a § > 0 such that

for all A € F with P(A) < 0.

Proof. First we demonstrate the "only if” statement. So assume that (X;) is uniformly
integrable. For all x > 0 we have for all ¢ € I that

E|Xi|:/ |Xi\dP:/ \Xi|dP+/ | X;|dP
o (1X:1<) (1Xi]>)

<oP(Xf<o)+ [ pojapses [ pxjer
(1Xi]>2) (1Xi|>)
so also

supE|Xi\§m+sup/ | X;|dP.
i€l iel J(1Xi|>2)

The last term is assumed to — 0 as  — oco. In particular it is finite for x sufficiently large,

so we conclude that sup;c; E|X;| is finite, which is (1).
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To show (2) let € > 0 be given. Then for all A € F we have (with a similar argument to the

one above)
/ |X¢|dP:/ |Xz-\dP—|—-/ | X;| dP
A AN(|X;|<z) AN(|X;|>x)
AN(|X;|>x)
< 2P(A) + / X;| dP
(|X;:|>x)
SO

sup/ | X;|dP < zP(A) +sup/ | X;| dP.
icl Ja iel J(xi|>x)

Now choose = = g > 0 according to the assumption of uniform integrability such that

sup/ |Xi|dP<E.
i€l J(1X;|>a0) 2
Then for A € F with P(A) < 37 we must have

sup/|Xi|dP<z0L+E:e
iel Ja 2z 2

€

so if we choose § = 5= we have shown (2).

For the 7if” part of the theorem, assume that both (1) and (2) hold. Assume furthermore
that it is shown that
lim sup P(|X;| > z) =0. (5.11)

T—r00 icl

In order to obtain that the definition of uniform integrability is fulfilled, let € > 0 be given.
We want to find 2o > 0 such that

sup/ | X;|dP < e
i€l J(1X;|>)

for > xg. Find the § > 0 corresponding to € according to (2) and then let x( satisfy that

sup P(|X;| > z) < ¢

el

for x > xg. Now for all z > z¢ and ¢ € I we have P(|X;| > z) < ¢ such that (because of (2))

/ |Xi|dP§sup/ 1X,dP < ¢
(1:1>2) jer Joxisa)

sup/ | X;|dP <e.
iel J(|x;|>z)

so also
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Hence the proof is complete, if we can show (5.11). But for > 0 it is obtained from Markov’s
inequality that

1
sup P(|X;| > z) < —sup E|X;|
icl T iel

and the last term — 0 as @ — oo, since sup;c; E|X;| is finite by the assumption (1). O

The next result demonstrates the importance of uniform integrability if one aims to show £!

convergence.

Theorem 5.4.5. Let (X,,)n>1,X be real random variables with E|X,,| < oo for alln. Then
1
E|X| < o0 and X, Lo x if and only if (X, )n>1 is uniformly integrable and X, £ x.

1
Proof. Assume that E|X| < co and X, £ X. Then in particular X, 2 x.

We will show that (X,,) is uniformly integrable by showing (1) and (2) from Theorem 5.4.4

are satisfied.

That (1) is satisfied follows from the fact that
E|X,|=E|X, - X + X| < E|X, — X| + B|X|

S0
sup E|X,| < E|X|+sup E|X,, — X]|.
n>1 n>1

Since each F|X,, — X| < F|X,|+ E|X| < oo and the sequence (F|X,, — X|)nen converges to

0 (according to the £'-convergence), it must be bounded, so sup,,>; E|X, — X| < occ.

To show (2) first note that for A € F
/|Xn|dP:/ |Xn—X+X|dP§/|Xn—X|dP—|—/ \X|dP§E|Xn—X|+/ 1X|dP.
A A A A A

Now let € > 0 be given and choose ng so that E|X,, — X| < § for n > ng. Furthermore (since

the one-member family {X} is uniformly integrable) we can choose §; > 0 such that
/ IX|dP < S if P(A) < 6.
A 2

Then we have
/|Xn|dP§E\Xn—X|+/|X|dP<e
A A

whenever n > ng and P(A) < d;.
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Now choose d2 > 0 (since the finite family (X, )1<n<n, is uniformly integrable) such that

max / | Xn|dP < €
1<n<no J 4

if P(A) < d5. We have altogether with § = §; Ad, that for all n € N it holds that [, | X,|dP <
e if P(A) < 9, and this shows (2) since then

sup/ X, [dP < if P(A)<3.
A

n>1

For the converse implication, assume that (X,,),>1 is uniformly integrable and X, Lo x.
Then we can choose (according to Theorem 1.2.13) a subsequence (ny,)x>; such that X, =
X. From Fatou’s Lemma and the fact that (1) is satisfied we obtain

E|X|=F lim |X,,|= Eliminf |X,,| <liminf E|X,,, | < sup F|X,,| < sup E|X,| < c©.
k—o00 k—oo k—o0 k>1 n>1
In order to show that E|X,, — X| — 0 let € > 0 be given. We obtain for all n € N
E|Xn—X|:/ |Xn—X|dP+/ X, — X|dP
(I Xn—=X|<%) (IXn=X[>%5)
<ty / X, — X|dP
2 Jixa=x1>9)

+/ |Xn|dP—|—/ X|dP
(|X7L_X|>§) (|X7L_X|>§)

In accordance with (2) applied to the two families (X,,) and (X) choose ¢ > 0 such that

IN
N

sup/ Xn|dP << and /|X|dp<E
meNJ A 4 A 4

for all A € F with P(A) < 4. Since X, 4 X we can find ng € N such that P(X, - X|>
§) < d for n > ng. Then for n > ng we have

€

/ | Xn|dP < sup/ 1 X, | dP <
(1 Xn—X|>%) m>1J(|X,—X|>%) 4

/ 1X|dP < <
(1Xn—X|>%) 4

so we have shown that for n > ng it holds

€ € ¢
ElX,—X|<S4S45
| |<2-|—4-i-4 €

which completes the proof. O
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After this digression into the standard theory of integration we now return to adapted se-

quences, martingales and submartingales.

Definition 5.4.6. If (X,,,F,) is a submartingale (martingale) and Y is a real random
variable with E|Y| < 0o, we say that Y closes the submartingale (martingale) if

EY|Fn) > X, (E(Y|Fn) =X,) a.s.

for allm > 1.

Theorem 5.4.7. (1) Let (X,,, F,) be a submartingale. If (X;")n>1 is uniformly integrable,

1
then X = lim X,, ewxists almost surely, X closes the the submartingale and X, Ly X+,
n—oo

A sufficient condition for uniform integrability of (X,}) is the existence of a random variable

Y that closes the submartingale.

(2) Let (X, Fn) be a martingale. If (X,,) is uniformly integrable, then X = lim X,, ewists

n—oo

1
almost surely, X closes the martingale and X, £LX.

A sufficient condition for uniform integrability of (X,,) is the existence of a random variable

Y that closes the martingale.

Proof. (1) We start with the final claim, so assume that there exists Y such that
EY|F.) > X, as.
for all n € N. Then from (9) in Theorem 4.2.6 we obtain
XF<(E(Y|F.)T <EXYT|F,) as. (5.12)

and taking expectations on both sides yields EX,” < EY* so also sup,, EX,) < EY ™+ < .
Then according to the martingale convergence theorem (Theorem 5.3.2) we have that X =
lim,, o X, exists almost surely. Since (X,,(w))n—oo is convergent for almost all w € Q it is
especially bounded (not by the same constant for each w), and in particular sup,, X,/ (w) < oo
for almost all w. We obtain that for all x > 0 and n € N

/ XFdp < / E(Y*|F,)dP = Y*tdP < / Y*dp,
(X >x) (X4 >z) (X >ax) (supy, X >x)
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where the first inequality is due to (5.12) and the equality follows from the definition of
conditional expectations, since X,, is F,—measurable such that (X;7 > x) € F,,. Since this

is true for all n € N we have

Sup/ X;dpg/ Y*dp
neNJ (X} >qz) (sup,, X >x)

Furthermore we have that Y T is integrable with 1(Sup’ X;{>m)Y+ < Y+ for all z, and obviously
qup Xi>p)Y T — 0 as. when z — oo. Then

from Dominated convergence the right hand integral above will — 0 as x — oco. Hence we

since sup,, X;7 < oo almost surely, we have 1(
have shown that (X;F) is uniformly integrable.
Now we return to the first statement, so assume that (X,I) is uniformly integrable. In

particular (according to 1 in Theorem 5.4.4) we have sup,, EX, < co. Then The Martingale

convergence Theorem yields that X = lim, o X, exists almost surely with F|X| < oo.

1
Obviously we must also have X;F 2% X+ and then Theorem 5.4.5 implies that X+ £ X+

In order to show that

EX|F,) > X, as.
for all n € N it is equivalent (according to Lemma 5.2.4) to show that for all n € N it holds
/ X, dP < / XdP (5.13)
F F

for all F € F,. For F € F,, and n < N we have (according to Corollary 5.2.5, since (X,,, Fy,)

is a submartingale)

/Xndpg/XNdP:/X;dP—/X];dP.
F F F F

1
Since it is shown that X;{, £, X* we have from the remark just before Definition 5.4.1 that

lim /Xj(,dP:/X*dP
N—oo Jp F

Furthermore Fatou’s lemma yields (when using that Xy 2% X so Xy 2% X~ and thereby
liminfy 00 Xy =X~ as.)

limsup(—/ Xy dP) :—liminf/ ngdpg—/hminfxg,dpz—/ X~ dp.
N —00 F N—oo Jp F N—oo F
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When combining the obtained inequalities we have for all n € N and F € F,, that

| X dP < timsup /vadp—/X];dP)
F

N—00

= Jim | X AP+ limsup —/X];dp)
F

N—o0 N—oo

g/X+dP—/X_dP:/XdP
F F F

which is the inequality (5.13) we were supposed to show.

(2) Once again we start proving the last claim, so assume that Y closes the martingale, so
E(Y|F,) = X, as. for all n € N. From (10) in Theorem 4.2.6 we have

Similar to the argument in 1 we then have sup,>; F|X,| < E[|Y| < oo so in particular
Sup,,>1 EX} < co. Hence X = lim, o X, exists almost surely leading to the fact that
sup,>1 | Xn| < oo almost surely. Then for all n € N and = > 0

/ |X,,|dP g/ E(|Y||]—'n)dP:/ Y|dP g/ Y|dP,
(1Xn|>2) (1Xn|>2) (1Xn|>2) (supy, | Xk|>2)

where the last integral — 0 as  — oo as a result of dominated convergence. Hence

0 < lim sup/ | Xn|dP < lim [Y|dP =0
| Xn|>x)

T—00 neN 00 J(supy, | Xk |>x)

so (X,,) is uniformly integrable.

Finally assume that (X,,) is uniformly integrable. Then sup,, E|X,| < oo (from Theorem

5.4.4) and in particular sup,, EX;" < co. According to the martingale convergence theorem

a.s. . ! 3
we have X,, =% X with E|X| < co. From Theorem 5.4.5 we have X, £, X which leads to
(see the remark just before Definition 5.4.1)

lim XN dP = / XdP.

N—o00

for all FF € F. We also have from the martmgale property of (X, F,) that for all n < N

and F' € F,
/XndP:/XNdP
F F

/XdP /XdP

for all n € N and F' € F,. This shows that E(X|F,) = X,, a.s., so X closes the martingale.
O

so we must have



5.4 Martingales and uniform integrability 159

An important warning is the following: Let (X,,,F,) be a submartingale and assume that

(Xo

1
$)n>1 is uniformly integrable. As we have seen, we then have X,, % X and X;- £ X,

1
but we do not in general have X, £ X, If, e.g., (X

)n>1 is also uniformly integrable, then

1 1
it is true that X, £, X since X7 2% X~ implies that X, £ X by Theorem 5.4.5 and
then E|X,, — X| < E|X,) - XT|+FE|X,, — X7| —0.

Theorem 5.4.8. Let (Fp)nen be a filtration on (Q,F, P) and let Y be a random variable
with E|Y| < co. Define for alln € N

X, =EY|F,).
Then (X, Fn) is a martingale, and X,, — X a.s. and in L', where
X =E(Y|Fx)

with Foo C F the smallest o—algebra containing F,, for all n € N.

Proof. Clearly, (X,,,F,) is adapted and F|X,,| < oo and since
E(Xn+1‘]:n) = E(E(Ylfn+1)|fn) = E(Yl]:n) = Xn,

we see that (X,, F,) is a martingale. It follows directly from the definition of X,, that YV
closes the martingale, so by 2 in Theorem 5.4.7 it holds that X = lim X, exists a.s. and that

x, £ x.

The remaining part of the proof is to show that
X =E{Y|Fx). (5.14)
For this, first note that X = lim,, ,-, X,, can be chosen F,,—measurable, since
o0 oo oo 1
= 1 1 = — < —
F (nh_{I;o X, exists) IDl kL_Jl Qk (\Xn Xm| < N) € Foos

and X can be defined as
X = lim X,1p,
n— 00
where each X, 1p is F,—measurable, making X measurable with respect to F., as well.

Hence, in order to show (5.14), we only need to show that

/XdP:/YdP
F F



160 Martingales

for all F' € F. Note that Fo, = 0'( U Fn) where U22 | F,, is N-stable. Then according

n=1
to Exercise 4.15 it is enough to show the equality above for all F' € F,, for any given n € N.
So let n € N be given and assume that F' € F,,. Then we have for all N > n that

/XNdP:/YdP
F F

since Xy = E(Y|Fn) and F € F, C Fy. Furthermore we have Xy £y X, so

/XdP: lim XnydP
F N—oo Jp

/XdP:/YdP
F F

which leads to the conclusion that

In conclusion of this chapter, we shall discuss an extension of the optional sampling theorem
(Theorem 5.2.12).

Let (X, Fn)n>1 be a (usual) submartingale or martingale, and let 7 be an arbitrary stopping
time. If lim X,, = X exists a.s., we can define X even if 7 is not finite as is assumed in
Theorem 5.2.12:
Xt (w if 7(w) < o0
Xo(w) = (w) (@) (w)

X(w) if 7(w) = oc.

With this, X, is a F,-measurable random variable which is only defined if (X,,) converges

a.s.
If o < 7 are two stopping times, we are interested in investigating when

B(X,|F)) > X, | (5.15)
if (X, Fn) is a submartingale, and when

E(X‘ru:a) =X,, (5.16)
if (X, Fy,) is a martingale.
By choosing 7 = 0o, 0 = n for a given, arbitrary, n € N, the two conditions amount to the
demand that X closes the submartingale, respectively the martingale. So if (5.15), (5.16) is
to hold for all pairs o < 7 of stopping times, we must consider submartingales or martingales,

which satisfy the conditions from Theorem 5.4.7. For pairs with 7 < co we can use Theorem

5.2.12 to obtain weaker conditions.
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Theorem 5.4.9 (Optional sampling, full version). Let (X,,F,) be a submartingale (mar-
tingale) and let o < 7 be stopping times. If one of the three following conditions is satisfied,
then E|X;| < oo and

BOGIFS) 2 X

(1) 7 is bounded.
(2) T < o00,E|X;| < oo and

N —o0

liminf/ X]'CdP =0
(r>N)

N—o0

(liminf/ | Xn|dP = 0).
(r>N)

(3) (X;F)n>1 is uniformly integrable ((X,,)n>1 is uniformly integrable).

If 8 holds, then lim X,, = X exists a.s. with E|X| < oo and for an arbitrary stopping time T
it holds that
E|X,| <2EXT — EX;. (5.17)

Proof. That the conclusion is true under assumption (1) is simply Corollary 5.2.13. Com-
paring condition (2) with the conditions in Theorem 5.2.12 shows, that if (2) implies that
E|X,| < oo, then the argument concerning condition (2) is complete. For this consider the
increasing sequence of bounded stopping times given by (o A n),>1. For each n the pair of
stopping times 0 An < o A (n+1) fulfils the conditions of Corollary 5.2.13, so E|X,an| < 00,
E|XsA(ng1)| < 00, and

E(Xon(nt1)|Forn) (2) Xoan Q8.

which shows that the adapted sequence (Xyan, Fonrn) is a submartingale (martingale). We
have similarly that the pair of stopping times o A n < 7 fulfils the conditions from Theo-
rem 5.2.12 (because of the assumption (2) and that F|X,,| < oo as argued above). Hence

the theorem yields that for each n € N we have

E(XT|‘FO'/\TL) Z Xa/\n a.s.,
(=)

which shows that X, closes the submartingale (martingale) (X,an, Foan). Hence according
to Theorem 5.4.7 it converges almost surely, where the limit is integrable. Since obviously,
Xonn =25 X, we conclude that E|X,| < oo as desired.

We finally show that (3) implies (5.15) if (X,,F,) is a submartingale. That (3) implies
(5.16) if (X,,, F) is a martingale, is then seen as follows: From fact that (] X,,|) is uniformly
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integrable we have that both (X,") and (X,,) are uniformly integrable. Since both (X,,,F,,)
and (—X,,, F,,) are submartingales (with (X;7) and ((—X,,)") uniformly integrable) the result

for submartingales can be applied to obtain
E(X.|Fs) > X, and E(X,|Fy) <X,

from which the desired result can be derived.

So, assume that (X,,, F,,) is a submartingale and that (X;}) is uniformly integrable. From (1)
in Theorem 5.4.7 we have that X = lim,, ,,, X, exists almost surely and that X closes the
submartingale (X, F,). Since (X;", F,) is a submartingale as well we can apply Theorem
5.4.7 again and obtain that X closes the submartingale (X,I, F,). Using the notation
XL =XT we get

EXj:/ > dpemXfdP= Y / X+tdp
1<n<oo 1<n<oo ” (T=1)
< ) / X+dP=/ > 1(T:n)X+dP:/X+dP:EX+
1<n<oo (r=n) 1<n<oo

at the inequality we have used Lemma 5.2.4 and (7 = n) € F, since E(X1|F,) > X;F. Let
N € N. Then 7 A N is a bounded stopping time with 7 AN T 7 as N — oo. Applying the
inequality above to 7 A IV yields

EX} v <EXT. (5.18)

Furthermore we have according to part (1) in the theorem (since 1 < 7 A N are bounded
stopping times), that
EX; <EX AN (5.19)

Then combining (5.18) and (5.19) gives
EX_ y=EX' y—EX v <EX'-EX;
such that by Fatou’s lemma it holds that
EX- = El}\lfri}(l)lofX;/\N < lmingX;/\N <EXT - EX;

Thereby we have
E|X,|=EX!I+EX- <2EX' - EX,

which in particular is finite.

The proof will be complete, if we can show

E(X.|Fs) > X,
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which is equivalent to showing

/XUdPg/XTdP
F F

for all F' € F,. For showing this inequality it will suffice to show

/ XpdP < / X, dP (5.20)
Fn(o=k) FN(o=k)

for all F € F, and k € N since in that case we can obtain (using dominated convergence,
since F|X;| < oo and E|X,| < o0)

X,dP = / XpdP < / XTdP:/XTdP
\/F 1§kZ§oo Fn(o=k) lgkzgoo Fn(o=k) F

and we obviously have

/ XoodP = / X, dP.
FN(oc=00) FN(oc=00)

So we will show the inequality (5.20). The Theorem in the 1-case yields (since c AN < 7AN
are bounded stopping times) that E(X an|Foan) = Xoan a.s. Now let Fy = FN (o = k)
and assume that N > k. Then Fj, € F an:

FNn(c=n)eF, n=k

Fkﬂ(U/\N:n):{Qe}_ Ntk

From this we obtain

/ XpdP = Xoan dP < X AN dP
Fy, Fy Fy,

:/ X, dP+/ XydP.
FN(T<N) FyN(t>N)

We will spend the rest of the proof on finding an upper limit of the two terms, as N — oco.
Considering the first term, we have from dominated convergence (since |15, <) X-| < [ X7,
X is integrable, and (7 < N) 1 (7 < 00)) that

lim X, dP = X, dP
N=oo Jp.n(r<N) Fj,N(T<00)

For the second term we will use that Fy, € Foany C Fn and (7 > N) = (7 < N)¢ € Fy, such
that F, N (7 > N) € Fn. Then, since X closes the submartingale (X,,, F,,), we obtain

/ XydP < / XdpP
FrN(t>N) FpN(t>N)
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where the right hand side converges using dominated convergence:

lim XdP = XdP = X, dP

N—=oo JF n(r>N) F.N(r=00) F,N(r=00)

Altogether we have shown

X, dP < limsup ( / X, dP + / Xy dP)
Fi N—o00 Fkﬁ(TSN) ka(T>N)

< / X, dP + / X, dP
FrN(T<00) FrN(t=00)

= [ X.dpP

Fy,

which was the desired inequality (5.20). O

5.5 The martingale central limit theorem

The principle, that sums of independent random variables almost follow a normal distribution,
is sound. But it underestimates the power of central limit theorems: Sums of dependent
variables are very often approximately normal as well. Many common dependence structures
are weak in the sense the terms may be strongly dependent on a few other variables, but
almost independent of the major part of the variables. Hence the sum of such variables will
have a probabilistic structure resembling the sum of independent variables.

An important theme of the probability theory in the 20th century has been the refinement of
this loose reasoning. How should ”weak dependence” be understood, and how is it possible to
inspect the difference between the sum of interest and the corresponding sum of independent
variables? Typically, smaller and rather specific classes of models have been studied, but the
general drive has been missing. Huge amounts of papers exists focusing on

1) U-statistics (a type of sums that are very symmetric).
2) Stationary processes.

3) Markov processes.

The big turning point was reached around 1970 when a group of mathematicians, more or
less independent of each other, succeeded in stating and proving central limit theorems in the
frame of martingales. Almost all later work in the area have been based on the martingale

results.
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In the following we will consider a filtered probability space (2, F, (F,,), P), and for notational
reasons we will often need a "time 0” o—algebra Fy. In the lack of any other suggestions, we
will use the trivial o—algebra

Fo=1{0,0}.

Definition 5.5.1. A real stochastic process (X, )n>1 is a martingale difference, relative to
the filtration (Fp)n>1, if

(1) (Xpn)n>1 is adapted to (Fr)n>1,

(2) E|X,|<oo foraln>1,

(3) E(Xn|Fn-1)=0 a.s. forall n>1.

Note that a martingale difference (X,,),>1 satisfies that
E(X,)=E(FEX,|Fn-1)=E0)=0 foraln>1.
If (X,,)n>1 is a martingale difference, then
Sn:ZXi for n>1
i=1

is a martingale, relative to the same filtration, and all the variables in this martingale will

have mean 0. Conversely, if (S,,),>1 is a martingale with all variables having mean 0, then
Xi=5, X,=85,—-5,.1 for n=2,3,...

is a martingale difference. Hence a martingale difference somehow represents the same

stochastic property as a martingale, just with a point of view that is shifted a little bit.

Example 5.5.2. If the variables (X,,),>1 are independent and all have mean 0, then the
sequence form a martingale difference with respect to the natural filtration

fn:U(Xl,...,Xn),
since
E(Xy | Fo1) =EXn| X1,..., X0 1) 2 E(X,)=0 forall n>1.

The martingale corresponding to this martingale difference is what we normally interpret as
a random walk. o We will typically be interested in square-integrable martingale differences,

that is martingale differences (X,,)n>1 such that

EX2<oo forallneN.
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This leads to the introduction of conditional variances defined by
Vi =V(Xn | Fno1) = E(X2| Fp_1) as. forall n>1.

It may also be useful to define the variables

In the terminology of martingales the process (W, ),>1 is often denoted the compensator for

the martingale (Sy,),>1. It is easily shown that

S2 — W,

n

is a martingale. It should be noted that in the case of a random walk, where the X—variables

are independent, then the compensator is non—-random, more precisely
n
W,=Y EX? .
m=1

We shall study the so—called martingale difference arrays, abbreviated MDA’s. These are

triangular arrays (X, ) of real random variables,

X
Xo1 Xoo
X31 X3z X33

such that each row in the array forms a martingale difference.

To avoid heavy notation we assume that the same fixed filtration (F,,),>1 is used in all rows.
In principle, it had been possible to use an entire triangular array of o-algebras (F,,), since
we will not need anywhere in the arguments that the o-algebras in different rows a related,

but in practice the higher generality will not be useful at all.

Under these notation—dictated conditions, the assumptions for being a MDA will be
1) Xpm is Fp—measurable foralln e N, m=1,...,n,
2) E|Xpm|<oo forallm>1, m=1,...,n,
3) E(Xpm|Fm-1)=0 as. forall n>1, m=1,...,n.

Usually we will assume that all the variables in the array have second order moments. Sim-

ilarly to the notation in Section 3.5 we introduce the cumulated sums within rows, defined
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by
m
Shm :ZXM forn>1, m=1,...,n.
k=1
A central limit theorem in this framework will be a result concerning the full row sums Sy,

converging in distribution towards a normal distribution as n — co.

In Section 3.5 we saw that under a condition of independence within rows a central limit
theorem is constructed by demanding that the variance of the row sums converges towards a
fixed constant and that the terms in the sums are sufficiently small (Lyapounov’s conditions
or Lindeberg’s condition).

When generalizing to martingale difference arrays, it is still important to ensure that the
terms are small. But the condition concerning convergence of the variance of the row sums

is changed substantially. The new condition will be that the compensators of the rows
> B(X2, | Fuo1), (5.21)
m=1

(that are random variables) converge in probability towards a non—zero constant. This con-
stant will serve as the variance in the limit normal distribution. Without loss of generality,

we shall assume that this constant is 1.

In order to ease notation, we introduce the conditional variances of the variables in the array
Vim = E(X2,, | Fno1) for n>1, m=1,...,n,

and the corresponding cumulated sums

m
an:ZVnk for n>1, m=1,...,n,
k=1

representing the compensators within rows. Note that the V,,,,’s are all non—negative (almost
surely), and that W,,,,, thereby grows as m increases. Furthermore note, that W,,,, is Fy,,—1—

measurable.

At first, we shall additionally assume that |W,,,| < 2, or equivalently that
Wom < 2 as. forall n>1, m=1,...,n.

We will use repeatedly that for a bounded sequence of random variables, that converges in

probability to constant, the integrals will also converge:



168 Martingales

Lemma 5.5.3. Let (X,,) be a sequence of real random variables such that | X,| < C for all
n > 1 and some constant C. If X, L, x, then EX,, — x as well.

Proof. Note that (X,,),>1 is uniformly integrable, and thereby it converges in £'. Hence the

convergence of integrals follows. O

Lemma 5.5.4. Let (X,,.m) be a triangular array consisting of real random variables with
third order moment. Assume that there exists a filtration (F,)n>1, making each row in the

array a martingale difference. Assume furthermore that

ZE(X%m\fm,1)£>1 asn — oo .

m=1

If
Z E(X2, | Fno1) <2 as forall n>1, (5.22)
m=1

and if the array fulfils Lyapounov’s condition

Z ElXpml> =0 as n— oo, (5.23)

m=1

n

then the row sums Spn = Y. | Xpm will satisfy

Snnw—khf\/'((),l) asmn — 00.

Note that it is not important which upper bound is used in (5.22) - the number 2 could be
replaced by any constant ¢ > 1 without changing the proof and without changing the utility
of the lemma.

Proof. Tt will be enough to show the following convergence

/ei Snn t+Whn t2/2 dP -1 as n — oo (524)

for each t € R. That is seen from the following: Let ¢, (t) be the characteristic function of

Shn, then we have

bn(t) et /2 — /eismt+t2/2 dP = /eiSnnt+Wn,nt2/2 dP+/eiSnnt(et2/2 —GW""’tz/Q)dP.
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Since we have assumed that Wy, — 1 and the function z + exp(t?/2) — exp(xt?/2) is

continuous in 1 (with the value 0 in 1), we must have that

2 2 P
et /2 _ eWnnt /2 O

Then

P(‘eismt ’€t2/2 _ ewnn#/z} > 6) _ P(‘et2/2 _ eWmt?/2| > 6) 0
so the integrand in the last integral above converges to 0 in probability. Furthermore recall
that Wy, is bounded by 2, so the integrand must be bounded by e'”. Then the integral

converges to 0 as n — oo because of Lemma 5.5.3. So if (5.24) is shown, we will obtain that

¢n(t)et2/ 2 51 asn — oo which is equivalent to having obtained
O (t) — e /2 asn—o0.

and according to the Theorem 3.4.20 we have thereby shown that S, Lk N(0,1).

In order to show (5.24), we define the variables

Qunm = eiSnmt+ant2/2 Qnm — ¢iSn (-t Wamt?/2
and we will be done, if we can show
E(Qnn — 1) :/deP— 1—=0

Firstly, we can rewrite (when defining S,0 = 0 and Qo = 1)

Qnn —1= Z Qnm — Qn(m—l)

m=1
and we observe
iXn mt A _ o Vamt?/2/4
Qnm =€ Qnm Qn (m—-1) = € / Qnm

such that .
. 2 ~
an _ 1 — Z (elxnnzt _ e_vnmt /Q)Qnm .
m=1

Recall from the definitions, that both S, (,,,—1) and W, are F,, _1—measurable, such that
Qnm is F,,—1—measurable as well. Then we can write

n

B(Qun— 1) = 37 Bt — om0,

m=1
n

_ Z E(E((eanmt _ 67V"mt2/2)@nm|fm—1)

m=1
n

= Y BB ) ) o)

m=1



170

Martingales

Furthermore recall that |W,,,,| < |[Whyn| < 2 a.s., such that

(@unl = [t |2 < s,

such that we together with using the triangle inequality obtain

|E(an - 1)‘

IN

IN

| D2 BB((t = V)| F 1) Qo)
m=1

> B(B(nt = e 17, | Qo)
m=1

Z E|E(eanmt . ernmt2/2|]_-m_1)|6t2

m=1

We have from Lemma 3.5.2 that

eiy:1+z‘yf%+m(y), r(w)l < =5~

for y € R and that

e¥/2 — 1 _ % +ray),  Ira(y)l <

for y > 0. Then

E(eanmt - efvnmt"‘/z |]_—m_1)

t? Vo t?

2
nm

= E((1+iXnmt —

2

+7r (Xnmt)) - (1 - + TQ(Vnmtg)) |.7:m,1)

1 1
= it E(Xpm|Fm-1) — 5t%&:(}(}jm|JTm,1) + E(r1(Xnmt)| Fm_1) + EVnmtz — ro(Vimt?)

= E(Tl (Xnmt)l«/—-m—l) - TQ(Vnth) .

And if we apply the upper bounds for the remainder terms, we obtain

|E(e"Xnmt — e—anf2/2|fm_1)y = |E(r1 (Xnmt)| Fm-1) — r2(Vamt?)|

< E(|r1(Xnmt)‘ ‘mel) + |T2(Vnmt2)|

t3 V2t
< B( X P 0) - 4 VimE

Collecting all the obtained inequalities yields that

|E(Qnn — 1)

2 |t|‘3 - t* &
| < el (? Z E|AXnm|3 + g Z EVan)
m=1 m=1

That the first sum above converges to 0, is simply the Lyapounov condition that is assumed

to be true in the lemma. Hence the proof will be complete, if we can show that

Eﬂ: EV2 =0
m=1
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as n — o0o. This is obviously the same as showing that
EZV,?m—>O asn — 00. (5.25)
The integrand above must have the following upper bound

>V, < ZVnm max V) = ( max Vi) D Vo (5.26)

m=1 =1 m=1

and this must be bounded by 4, since Z 1 Vium < 2 such that especially also all V,,;, < 2.
Hence the integrand in (5.25) is bounded, so Lemma 5.5.3 gives that the proof is complete,

ivjmio

=1

if we can show

m
which (because of the inequality (5.26) ) will be the case, if we can show

( max Vnk) ZVnmLO.

k=1,...,n
m=1

Since we have assumed that > _, Vi, N 1, it will according to Theorem 3.3.3 be enough
to show that

max Vok L. (5.27)

In order to show (5.27) we will utilize the fact that for each ¢ > 0 exists a d > 0 such that
22 <c+dz? for all x € R.
So let ¢ > 0 be some arbitrary number and find the corresponding d > 0. Then
Vom = E(X7 | Fin-1) < E(c+ d| Xpm|*| Fin-1)

=c+ dE(|Xpm[*|Fm-1) S c+d Y E(|Xnml*|Fn-1),
m=1
and since this upper bound does not depend on m, we have the inequality
max Vim <c+d Z E(| X pm|?|Fm—1)

.....

m=1

Then from integration

B max Vnm<c+dZE (1 X | Frn 1))—c+dZE|Xnm|3

m=1 m=1



172 Martingales

and letting n — oo yields

limsup £ mlax Vim < hmbup c+d Z E| X m| ) =c+d hm Z E|Xum|® =

n— 00 m= n— 00
m=1

Since ¢ > 0 was chosen arbitrarily, and the left hand side is independent of ¢, we must have

(recall that it is non-negative)

lim £ max Vnm =0
n—00 m=1,...,

And since Emaxy=1.... n Vam = E|maxm=1,... n Vam — 0], we actually have that

£1
max Vpm — 0

m=1,...,n

which in particular implies (5.27). O

Theorem 5.5.5 (Brown). Let (X,,,) be a triangular array of real random variables with
third order moment. Assume that there exists a filtration (Fp)n>1 that makes each row in

the array a martingale difference. Assume furthermore that

S B(XZ, [ Fuo) 51 asn— oo (5.28)

m=1

If the array fulfils the conditional Lyapounov condition

ZE | X |? | )—>0 as n— oo, (5.29)
m=1

then the row sums Sp, = > _ Xpm satisfies that

m=1

Snng/\/((L].) as n — oo

Proof. Most of the work is already done in lemma 5.5.4 - we only need to use a little bit of

martingale technology in order to reduce the general setting to the situation in the lemma.

Analogous to the W,,,,-variables from before we define the cumulated third order moments

within each row

m
= ZE (IXnkl? | Frea) -
k=1
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Furthermore define the variable

*k
Xom = Xnm Lw,,. <2, 2,,,<1) -

It is not important exactly which upper limit is chosen above for the Z—variables — any
strictly positive upper limit would give the same results as 1. The trick will be to see that
the triangular array (X,,) consisting of the star variables fulfils the conditions from Lemma
5.5.4.

Note that since both W,,,,, and Z,,, are F,,_i—measurable, then the indicator function will

be F,,—1—measurable. Hence each X/ must be F,,—measurable. Furthermore (using that

nm

(Xym) is a martingale difference array)
EXpm| = ElXnml (Wi <2 Zum <) < Bl Xnm| < 00
and also
E(X;mu:mfl) = E(Xnm‘]:mfl)l(WW,mSZanSl) =0.
Altogether this shows that (X},,,) is a martingale difference array. We will define the variables
Ve and W for (X% ) similar to the variables V,,,,, and W, for (X,.,):

nm nm nm

Vim = B((XC) ) s Wi =D Vi
k=1

Then (as before)
Vim = Vamlw,,.<2.2,.,<1)

SO

n
E3
Whm = E Vbl (Woi<2.2,,<1) -
k=1

From this we obtain that W, < 2 (we only add V’s to the sum as long as the W’s are below
2). We also have that

Wy =Wum form=1,....non Wy, <2,Z,, <1) (5.30)

because, since both Wy, and Z, are increasing in k, all the indicator functions 1w, , <2, 7., <1)

are 1 on the set Wy, < 2,Z,, < 1). Since W,, Lo 1 and Zon P4 0 it holds that
PWpyp <2)=P(|Wpp, — 1| <1) = 1 and P(Z,, < 1) = P(|Znn — 0] < 1) — 1. Hence also
P(Wpn <2,Zp, <1) = 1. Combining this with (5.30) yields

1> P(W7, — Wy — 0] <€) > P(W7, = Wyn) > P(Wiy <2, Zpn <1) > 1,
which shows that W, — Wy, —— 0. Then
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To be able to apply Lemma 5.5.4 to the triangular array we still need to show that the array
satisfies the unconditional Lyapounov condition (5.23). For this define

=Y E(X5 L1 Fro1) = D B(Xk | Fre ) 1wy <22, <1)
k=1 k=1

It is obvious that Z}, <1 and from using that all terms in Z,,,, are non-negative, such that
Znm increases for m = 1,...,n we also see (like above) that Z*, < Z,,. The assumption
Znn i> 0 then implies

P(|Z5, — 0| > €) = P(Z%, > €) < P(Zpyn > €) = 0

so Z". 5 0. The fact that all 0,< Z¥, <1, makes (Z},) uniformly integrable. For z > 1:

Sup/ Z;:ndP:/Z:mszo
neNJ(zz, >z) 0

1
So Theorem 5.4.5 gives, that Z,, £ 0. Hence E(Z:,) = E|Z:, — 0] — 0, such that

> B = ZE X F)) = (ZE\Xk\ Fi1)) = B(Z3,) =0
k=1

Summarising the results so far, we have shown that all conditions from Lemma 5.5.4 are

satisfied for the martingale difference array (X},,). Then the lemma gives that
Z Xr 25 N(0,1).

We have already argued, that on the set (Wy, < 2,Z,, < 1) all the indicator functions
L(w,,<2,2,.<1) are 1. Hence

X =Xpm forallm=1,....n on (W,,<2 Z,,<1)

nm

so also

z": X, = 2": Xom on (Wpn <2,Z,, <1).

Then (using an argument similar to the previous) we obtain

12 P(|30 X = D X =0 <€) = P(Way €2, 200 < 1) > 1

m=1
SO

ix;;m— ixnmio.
m=1

m=1
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Referring to Slutsky’s lemma completes the proof since then

m=1 m=1 m=1 m=1

By some work it is possible to replace the third order conditions by some Lindeberg—inspired
conditions. It is sufficient that all the X—variables have second order moment, satisfy (5.28),
and fulfil

ZE(X?zml(\Xnmbc) | Fin—1) 2o as n — oo, (5.31)
m=1

for all ¢ > 0 in order for the conclusion in Brown’s Theorem to be maintained.

5.6 Exercises

All random variables in the following exercises are assumed to be real valued. Exercise
5.1. Characterise the mean function n — E(X,,) if (X,,,F,) is

(1) a martingale.
(2) a submartingale.

(3) a supermartingale.

Show that a submartingale is a martingale, if and only if the mean function is constant. o

Exercise 5.2. Let (F;,) be a filtration on (2, F) and assume that 7 and o are stopping

times. Show that 7V ¢ and 7 4 ¢ are stopping times. o

Exercise 5.3. Let X1, X5,... be independent and identically distributed real random vari-
ables such that EX; = 0 and VX; = o2 Let (F,) be the filtration on (£, F) defined by

Fn=F(X1,...,X,). Define
n 2

k=1
_ 2
Zn =Y, —no
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Show that (Y,,, F,,) is a submartingale and that (Z,,, F,,) is a martingale. o

Exercise 5.4. Assume that (X,,,F,,) is an adapted sequence, where each X, is a real valued
random variable. Let A € B. Define 7: Q — NU {oo} by

T(w) =inf{n e N : X, (w) € A}.
Show that 7 is a stopping time. o

Exercise 5.5. Let (F,,) be a filtration on (2, F). Let 7 : @ — NU{oo} be a random variable.
Show that 7 is a stopping time if and only if there exists a sequence of sets (F3,), such that
F, € F, for all n € N and

T(w)=inf{n e N : we F,}

Exercise 5.6. Let (F,,) be a filtration on (Q, F) and consider a sequence of sets (F,,) where
for each n F,, € F,,. Let 0 be a stopping time and define

T(w) =inf{n > o(w) : we F,}
Show that 7 is a stopping time. o

Exercise 5.7.

(1) Assume that (X,,F,) is an adapted sequence. Show that (X,,,F,) is a martingale if
and only if
E(Xi|Fr) = X, as.

for all k£ € N and all stopping times 7, where 7 < k.

(2) Show that if (X,,,F,) is a martingale and 7 < m € N, then

E(XT) = E(Xl)

(3) Show that if (X,,, F,) is a submartingale and 7 < m € N, then
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Exercise 5.8. Let (X1, Xa2,...) be a sequence of independent and identically distributed
random variables, such that X; ~ Pois(\). Define for n € N

Sp=> Xy and F,=F(X1,....X,).
k=1

(1) Show that (S, — nA, F,) is a martingale.

(2) Define
r=inf{neN: S5, >1}

Show that 7 is a stopping time.
(3) Show that E(S-an) = AE(T An) for all n € N.
(4) Argue that P(1 < o0) = 1.

(5) Show that E(S,) = AE(7).

Exercise 5.9. Let X7, X5, ... be a sequence of independent random variables with £X,, =0
for all n € N. Assume that Zzo:l EX? < oo and define S, = X; +---+ X,, for all n € N,

Show that lim,,_,~ S, exists almost surely. o

Exercise 5.10. Assume that X7, X, ... are independent and identically distributed random

variables with
PX,=1)=p PX,=-1)=1-p,

where 0 < p < 1 with p # % Define

and F, = F(Xq,...,X,) for all n > 1.

(1) Let r = 1%’ and show that E(M,) =1 for all n > 1, where
M, =r°.
and show that (M, Fp,)nen is a martingale.

(2) Show that My, = lim,,_ . M, exists a.s.
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(3) Show that EM. < 1.
(4) Show that
1
lim —S5,=2p—1 as.
n—oo N
and conclude that S,, — +oc0 a.s. if p > % and S, > —oo a.s. if p < %
(5) Let a,b € Z with a < 0 < b and define
T=inf{n e N| S, =aor S, =b}
Show that 7 is a stopping time.
(6) Show that P(7 < c0) = 1, and realise that P(S, € {a,b}) = 1.
(7) Show that EM p, =1 for all n > 1.

(8) Show that for alln € N
|Sranl < lal V.

and conclude that the sequence (M, an)nen is bounded.
(9) Show that EM, = 1.

(10) Show that

1—r
P(S, =b) =
( ) ’I"b—’l"a
rb—1
PST: frng
(S =a)= 5

Exercise 5.11. The purpose of this exercise is to show that for a random variable X with
EX? < oo and a sub o-algebra D of F we have the following version of Jensen’s inequality

for conditional expectations

E(X?*D) > E(X|D)? as.

(1) Show that 2% —y? > 2y(z —y) for all 2,y € R and show that for all n € N it holds that
1p, (X? — E(X|D)?) > 1p,2E(X|D)(X — E(X|D)),

where D,, = (|E(X|D)| < n). Show that both the left hand side and the right hand
side are integrable.
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(2) Show that
E(an2E(X\D) (X — E(X|D)) \D) =0 as.

(3) Show that
1p, B(X?D) > 1p, E(X|D)? a.s. forall n € N,

and conclude
E(X*D) > E(X|D)? as.

Exercise 5.12.(The Chebychev—Kolmogorov inequality) Let (X,,, F;,) be a martingale where
EX?2 < oo for all n € N.

(1) Show that (X2, F,) is a submartingale.

(2) Define for some € > 0
T=inf{n e N : |X,| > €}

Show that 7 is a stopping time.
(3) Show that for some n € N it holds that

EX?

TAN

< EX}

(4) Show that
EX?

TATL

2 €2P(ki111a.).(n IXk| = 6)

(5) Conclude the Chebychev-Kolmogorov Inequality:

Exercise 5.13.(Doob’s Inequality) Assume that (Y,,, Fp,)nen is a submartingale. Let ¢ > 0
be a given constant.

(1) Define 7: Q2 — NU {oo} by
T=inf{k €N : Y} >t}

Show that 7 is a stopping time.
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(2) Let n € N and define
A, = (k max Yy >t)

=1,....,n

Use the definition of A,, and 7 to show

tP(A,) < / Y, pn dP
An

(3) Show ”"Doob’s Inequality”:
tP(An)gf Y, dP
An

Exercise 5.14.

(1) Assume that X, X, ... are random variables with each X,, > 0 and F|X,,| < oo, such
that X,, — 0 a.s. and EX,, — 0. Show that (X,,) is uniformly integrable.

(2) Find a sequence X, X, ... of random variables on (2, F, P) = ([0, 1], B, A) such that
X, —0 as. and EX, —0

but where (X,,) is not uniformly integrable.

Exercise 5.15. Let X be a random variable with E|X| < co. Let G be collection of sub

o—-algebras of F. In this exercise we shall show that the following family of random variables
(E(X|D))pec

is uniformly integrable.

(1) Let D € G. Show that for all > 0 it holds that

/ B < [ X[ dP
(IE(X|D)|>=) (E(1X]|D)>=)

(2) Show that for all K € Nand z >0

E|X
/ xlaps [ pxjap+xZE
(E(|X]|D)>=) (1X[>K) z
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(3) Show that (E(X|D))peg is uniformly integrable.

Exercise 5.16. Assume that (Q,F,(F,), P) is a filtered probability space. Let 7 be a
stopping time with E7 < co. Assume that (X,,, F,,) is a martingale.

(1) Argue that X, is almost surely well-defined and that X, — X, a.s.
1
(2) Assume that (X;an)nen is uniformly integrable. Show that E|X ;| < oo and X, ap, L,
X..
(3) Assume that (X;an)nen is uniformly integrable. Show that EX, = EX;.

(4) Assume that a random variable Y exists such that E|Y| < co and |X.an| < |V ass.
for all n € N. Show that (X;A,) is uniformly integrable.

In the rest of the exercise you can use without proof that

|XT/\71‘ < ‘X1| + Z 1('r>m)‘)(m+1 - Xml (532)

m=1

for all n € N.

(5) Show that
Er = Z P(r>mn)

n=0

(6) Assume that there exists a constant B > 0 such that
E(| X1 — Xal|Fo) < B  as.

for all n € N. Show that EX, = FEX,

Let Y1,Y5,... be a sequence of independent and identically distributed random variables
satisfying F|Y7| < oo. Define G, = F(Y1,...,Y,) and

Sn=>_Yi Zy = Sp —né
k=1

where £ = EY].
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(7) Show that (Z,,F,) is a martingale.
Let o be a stopping time (with respect to the filtration (G, )) such that Fo < cc.

(8) Show that E(|Zy41 — Zn||Gn) = E(|Y1 — €]) a.s for all n € N,

(9) Show that ES, = EoEY;.

Exercise 5.17. Assume that Xi, X,,... are independent random variables such that for
each n it holds X,, > 0 and EX,, = 1. Define F,, = F(Xy,...,X,) and
Y, = H X,
k=1

(1) Show that (Y, F,) is a martingale.
(2) Show that Y = lim,,_, Y, exists almost surely with E|Y| < co.

(3) Show that 0 < EY < 1.

Assume furthermore that all X,,’s are identically distributed satisfying

(4) Show that Y =0 a.s.

(5) Conclude that there does not exist a random variable Z such that Y, £—1> Z.

Exercise 5.18. Let X1, Xs,... be a sequence of real random variables with F|X,,| < oo for
all n € N. Assume that X is another random variable with F|X| < co. The goal of this

exercise is to show

1
X, £5 X ifand only if E|X,| — E|X|and X,, = X
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(1) Assume that X,, £ X. Show that E|X,| — E|X| and X, -+ X.

Let Uy, Us,... and V, V1, Vs, ... be two sequences of random variables such that E|V] < co
and for all n € N

E|V,| <o

|Un| < V4

Vi, 25 Vasn — oo

EV, - EV asn — o0

(2) Apply Fatou’s lemma on the sequence (V,, — |U,|) to show that

limsup E|U,,| < Elimsup |U,,|
n—oo

n— oo

Hint: You can use that if (a,) is a real sequence, then

liminf(—a,) = —limsup a,
n—0o0 n—00

and if (b,,) is another real sequence with b,, — b, then
liminf b, = b
n—oo
and
liminf(a, + b,) = (liminf a,) + b
n— 00 n—oo

limsup(ay, + b,) = (limsupa,) +b

n—oo n— oo

1
(3) Use (2) to show that if E|X,,| — E|X| and X, N X then X,, = X.

1
(4) Assume that E|X,| — E|X| and X,, —— X. Show that X,, = X.

Now let (Y, F,) be a martingale. Assume that a random variable Y exists with E|Y| < oo,
such that Y, i> Y.

(5) Assume that E|Y,| — E[Y]. Show that Y, %Y.

(6) Show that Y closes the martingale if and only if E|Y,,| — E|Y].
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Exercise 5.19. Consider the gambling strategy discussed in Section 5.1: Let Y7,Ys,... be
independent and identically distributed random variables with

PY1=1)=p PY1=-1)=1-p,

where 0 < p < % We think of Y,, as the the result of a game, where the probability of

winning is p, and where if you bet 1 dollar, you will receive 1 dollar if you win, and lose the 1
dollar, if you lose the game. We consider the sequence of strategies where the bet is doubled
for each lost game, and when a game finally is won, the bet is reset to 1. That is defining
the sequence of strategies (¢,,) such that

o1 =1
and furthermore recursively for n > 2
o 2¢n71(y17-~-ayn72) lf yn,1 = —1
¢n(yla 7yn71) - { 1 if Y1 = 1
Then the winnings in the n’th game is
Yn¢n(yla DR ;Ynfl)

and the total winnings in game 1,...,n is

Xn = ZYkak(Yla .. 'aYk—l)
k=1

If e.g. we lose the first three games and win the fourth, then
X;=-1, Xo=-1-2, X3=-1-2-22 X, =-1-2-22423=1

Define for each n € N the o-algebra F,, = o(Y1,...,Yy).

(1) Show that (X,,,F,) is a true supermartingale (meaning a supermartingale that is not

a martingale).

Define the sequence (73) by

n=inf{neN|Y, =1}

Tr+1 = inf{n > 7 | Y, =1}
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(2) Show that (%) is a sequence of sampling times.

(3) Realise that X, = k for all £ € N and conclude that (X, , 7, ) is a true submartingale.

Hence we have stopped a true supermartingale and obtained a true submartingale!! In the

next questions we shall compare that result to Theorem 5.4.9.

(4) See that on the set (71 > n) we must have X,, = — > _, 2¥1 =1 — 2" and show that
/ X, dP=q" - (2¢)" - —oc0 as n — o0,
(r1>n)

where ¢ =1 — p.

(5) Compare the result from 4 with assumption 2 in Theorem 5.4.9.

Now assume that we change the strategy sequence (¢,) in such a way, that we limit our
betting in order to avoid X,, < —7. Hence we always have X,, > —7. Since all bettings are

non—negative we still have, that (X,,,F,,) is a supermartingale.

(6) Let (ok) be an increasing sequence of stopping times. Show that (X,,,F,,) is a super-

martingale.

Exercise 5.20. The purpose of this exercise is to show the following theorem:

Let (X,,) be a martingale and assume that for some p > 1 it holds that

sup B| X, [P < o0.
n>1

Then a random variable X exists with E|X|P < oo such that

X, &% X X, 5 x

(1) Assume that sup,,»; E|X,|P < co. Show that there exists X such that X, 2% X and
E|X| < 0.
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(2) Assume that both sup, >, E|X,[P < co and E[sup,, |X,|P] < co. Show that E|X|P <
oo (with X from 1)) and X,, L x.

In the rest of the exercise we shall show that E[sup,, |X,|P] < co under the assumption that
sup,,>1 B X, [P < oo,

(3) Assume that Z > 0 and let » > 0. Show

EZ" :/ " P(Z > t)dt
0
Define M,, = maxi<p<n | X|-

(4) Show that

EMP < / ptP~2 / |X,,|dP dt
0 (M, >t)

P _
EE(Mﬁ X))

(5) Show that
EMP <

Recall that Holder’s Inequality gives: If p, ¢ > 1 such that % + % =1 and furthermore Y, Z
are random variables with E|Y|? < co and E|Z|? < oo, then

By z| < (E|Y )" (E|2)7)"".

(6) Show that
p— 1 "

(7) Conclude that E|[sup,, |X,|P] < co under the assumption sup,,cy E|X, [P < oc.

Exercise 5.21. (Continuation of Exercise 5.10)

Assume that X7, Xo, ... are independent and identically distributed random variables with
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Define

and F, = o0(X1,...,X,) for all n € N.
(1) Show that (S,,F,) and (52 —n, F,) are martingales.

Let a,b € Z with a < 0 < b and define
Top =inf{n e N : S, =aor S, =b}

It was seen in Exercise 5.10, that 7, is a stopping time.

(2) Show for all n,m € N that
n
P(7ap >nm) < H P([Skm — Stk—1ym| <b—a) = P(|Sy| <b—a)"
k=1

Defining Sy = 0.
(3) Show that P(7,5 < 0o) = 1 and conclude that P(S,, , € {a,b}) = 1.
(4) Show that ES;, ,an = 0 for all n € N and conclude that ES;, , = 0.

(5) Show that
b —a
P(STa,,b - (l) - b— a P(ST(Z,,b - b) -

(6) Show that ESEQ , = B4 and conclude that E',, = —ab.

Define the stopping time
7 =inf{n eN : S, =b}

(7) Show that P(F) =1, where F = ()2, (T_np < o0).

(8) Show P((7—np =7p) N F) — 1 as n — oo. Conclude that P(G) = 1, where

G= <L_J1(T—”7b = Tb)> nF

(9) Show that P(1, < c0) = 1.
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(10) Show that E7, = co.

(11) Argue that
liminf/ S| dP #0
(rs>N)

N —o0

(12) Show that

P(sup S, =0) =1
n>1

From symmetry it is seen that also

Exercise 5.22. Let (Q, F, F,,, P) be a filtered probability space, and let (Y,,)n>1 and (Zy,)n>1
be two adapted sequences of real random variables. Define furthermore Zy = 1. Assume that
Y1, Ya, ... are independent and identically distributed with E|Y;|?> < oo and EY; = 0. Assume
furthermore that for all n > 2 it holds that Y, is independent of F,,_;. Finally, assume that
E|Z,|? < oo for all n € N. Define for all n € N

M, = i Zm—1Ym

m=1

(1) Show that (M, F,) is a martingale.

(2) Assume that

1 n—1
=N 722 Batso
n m=0
and
1 n—1
n3/2 Z |Zm‘3 — 0.
m=0
Show that

1
ﬁMn A N(O, 0620'2) 5

where 0?2 = EY.

Define N1 = Y; and for n > 2

"1
N, =Y, —Y, 1Y,
1+mz=:2m 1
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(3) Argue that (N,,F,) is a martingale.

(4) Show that for all n > 2

1
EN?=EN? | + ﬁ((;?)?

(5) Show that the sequence (N,,) is uniformly integrable.
(6) Show that N, = lim,, o, N,, exists almost surely and in £!. Find EN,.
(7) Show that for 1 <4 < j it holds that

EY; 1YY, _1Y; =0

and use this to conclude that for k,n € N

n+k 1
E(Npyr — Nn)2 = (02) Z m2
m=n+1

(8) Show that N,, — N in L%

Define for all n € N
M;=>" Y 1Ym
m=2
with the definition Yy = 1. In the following questions you can use Kronecker’s Lemma that is

a mathematical result: If (z,) is a sequence of real numbers such that lim,, Zzzl Tp =8
exists, and if 0 < by < by < --- with b,, — 00, then

1§
nhﬁngoagbkxk =0.

(9) Show that
1
lim —M;=0 as.

n—,oo M

(10) Use the strong law of large numbers to show
1 2”: 2 as, o
— Y7 — 0" as.
"=

and

1 n
WZ|Y]€|3 2}0 a.S.
k=1
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(11) Show that

T 25 N(0, (62)?)



Chapter 6

The Brownian motion

The first attempt to define the stochastic process which is now known as the Brownian motion
was made by the Frenchman Bachelier, who at the end of the 19th century tried to give a
statistical description of the random price fluctuations on the stock exchange in Paris. Some
years later, a variation of the Brownian motion is mentioned in Einstein’s theory of relativity,
but the first precise mathematical definition is due to Norbert Wiener (1923) (which explains
the name one occasionally sees: the Wiener process). The Frenchman Paul Lévy explored
and discovered some of the fundamental properties of Brownian motion and since that time
thousands of research papers have been written concerning what is unquestionably the most

important of all stochastic processes.

Brown himself has only contributed his name to the theory of the process: he was a botanist
and in 1828 observed the seemingly random motion of flower pollen suspended in water,
where the pollen grains constantly changed direction, a phenomenon he explained as being

caused by the collision of the microscopic pollen grains with water molecules.

So far the largest collection of random variables under study have been sequences indexed by
N. In this chapter we study stochastic processes indexed by [0, 00). In Section 6.1 we discuss
how to define such processes indexed by [0,00), and we furthermore define and show the
existence of the important Brownian motion. In following sections we study the behaviour
of the so—called sample paths of the Brownian motion. In Section 6.2 we prove that there
exists a continuous version, and in the remaining sections we study how well-behaved the

sample paths are — apart from being continuous.
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6.1 Definition and existence

We begin with a brief presentation of some definitions and results from the general theory of

stochastic processes.

Definition 6.1.1. A stochastic process in continuous time is a family X = (X;)i>o0 of real

random variables, defined on a probability space (0, F, P).

In Section 2.3 we regarded a sequence (X,,),>1 of real random variables as a random variable
with values in R* equipped with the oc—algebra B.,. Similarly we will regard a stochastic
process X in continuous time as having values in the space RI%°) consisting of all functions
z : [0,00) — R. The next step is to equip RI®>) with a o-algebra. For this, define the

coordinate projections X, by
Xi(z) =z, for x € RIO>)
for all t > 0. Then we define

Definition 6.1.2. Let By ) denote the smallest o—algebra that makes X, (Bjo,) — B)

measurable for all t > 0.

Then we have

Lemma 6.1.3. Let X : Q — R, Then X is is F — Big,oc) measurable, if and only if
X, 0 X is F — B measurable for allt > 0.

Proof. The proof will be identical to the proof of Lemma 2.3.3: If X is F — Bjg ) measurable
we can use that X; by definition is Bjp ) — B measurable, so the composition is F — B
measurable. Conversely, assume that Xt o X is F — B measurable for all t > 0. To show that
X is F — Bjo,o0) measurable, it suffices to show that X~1(A) € F for all Ain the generating
system H = {X;'(B) | t > 0,B € B} for Bjg,oc). But for any t > 0 and B € B we have
X-YX;7YB)) = (X; 0 X)"}(B) € F by our assumptions. O

Lemma 6.1.4. Let X = (X;)i>0 be a stochastic process. Then X is F — B[o,oo) measurable.

Proof. Note that X;0X = X; and X, is F — B measurable by assumption. The result follows
from Lemma 6.1.3. O
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If X = (X¢):>0 is a stochastic process, we can consider the distribution X (P) on (RI%>°) Bio,50)-

For determining such a distribution, the following lemma will be useful.

Lemma 6.1.5. Define H as the family of sets on the form
{z € RO | (24,...,2,) € By} = (Xiy,---, X)) € Bn),

where n € N, 0 <ty < --- < t, and B, € B,. Then H is a generating family for Bjp )

which is stable under finite intersections.

Proof. Tt is immediate (but notationally heavy) to see that H is stable under finite inter-
sections. Let F' = ((Xt17...,th) € B,) € H and note that the vector Xty Xp)) s
By, oc) — By, measurable, so F' € Bjy ). Therefore H C Bjy ), so also o(H) C Bjy ). For the
converse inclusion, note that for all ¢ > 0 and B € B it holds that X;*(B) = (X; € B) € H,
so each coordinate projection must be o(H) — B measurable. As Bjg ) is the smallest o—
algebra with this property, we conclude that By )y € o(H). All together we have the desired
result Bjy,oy = o(H). O

If P is a probability on (R[:2°) Bjg,o0)) then

Pt(ln.l.).tn(Bn) = I:)((ti"'ath) S Bn) (61)

defines a probability on (R™,B,,) for all n € N, t; < --- < t,,. The class of all Pt(f_)_tn is the

class of finite-dimensional distributions for P.

If X is a real stochastic process with distribution P then Pt(f .).tn given by (6.1) is the distribu-
tion of (X¢,,..., X, ) and the class (Pt(:?.tn) is called the class or family of finite-dimensional
distributions for X.

From Lemma 6.1.5 and Theorem A.2.4, it follows that a probability P on (R[O*‘X’),B[Om))
is uniquely determined by the finite-dimensional distributions. The main result concerning
the construction of stochastic processes, Kolmogorov’s consistency theorem, gives a simple
condition for when a given class of finite-dimensional distributions is the class of finite-

dimensional distributions for one (and necessarily only one) probability on (R[%2°) Bl0:)),

With P a probability on (R[-2°), Bjo, o)), it is clear that the finite-dimensional distributions
for P fit together in the following sense: the P-distribution of (th ey th) can be obtained
as the marginal distribution of (X,,,...,X,, ) for any choice of m and 0 < u; < ... < Uy,

such that {¢1,...,t,} € {u1,...,un}. Inparticular, a class of finite-dimensional distributions
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must always fulfil the following consistency condition: for alln € N, 0 <t < ... < t,41 and
all £k ,1 <k <n-+1, we have

p™ = m(P"TH ), (6.2)

t1otk—1tky1.tnt1 ty..tny1

where 7, : R?T! — R™ is given by

ﬂ—k(yh cee 7yn+1) = (y17 s Y—1, Yk+1s - - ayn—i-l)'

If X = (X;)i>0 has distribution P with finite-dimensional distributions (Pt(f_)_tn), then (6.2)
merely states that the distribution of (X;,,..., Xz, X4, 1h.. 0, Xeuy)
tribution in the distribution of (X;,,..., X, .,) which is obtained by excluding X, .

, is the marginal dis-

We will without proof use

Theorem 6.1.6 (Kolmogorov’s consistency theorem). If P = (Pt(f)‘tn) is a family of finite-
dimensional distributions, defined forn € N, 0 <t < --- < t,,, which satisfies the consistency
condition (6.2), then there exists exactly one probability P on (R[o’”),[)’[om)) which has P
as its family of finite-dimensional distributions.

We shall use the consistency theorem to prove the existence of a Brownian motion, that is
defined by

Definition 6.1.7. A real stochastic process X = (Xi)i>0 defined on a probability space
(Q,F, P) is a Brownian motion with drift ¢ € R and variance o> > 0, if the following three

conditions are satisfied

(1) P(Xo=0)=1.
(2) Forall0 < s < t the increments Xy — X, are normally distributed N'((t—s), (t—s)o?)).

(3) The increments Xy, = X¢y — Xoy Xt — Xtgy -+ Xt,, — Xt,_, are for alln € N and
0<t <--- <t mutually independent.

Definition 6.1.8. A normalised Brownian motion is a Brownian motion with drift £ = 0

and variance o? = 1.

Theorem 6.1.9. For any £ € R and 0? > 0 there exists a Brownian motion with drift £ and

variance o2.
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Proof. We shall use Kolmogorov’s consistency theorem. The finite dimensional distributions
for the Brownian motion are determined by (1)—(3):
Let 0 <t <--- <t,p41. Then we know that

X, Xy — Xy oo, Xy — X4

n

are independent and normally distributed. Then the vector

(Xt17Xt2 _Xt17"';th+1 _th) (63)
is n 4+ 1-dimensional normally distributed. Since
(thvXt27' .. ’th+1) (64)

is a linear transformation of (6.3), then (6.4) is n+1-dimensional normally distributed as well.
The distribution of such a normal vector is determined by the mean vector and covariance

matrix. We have
E(Xy) = E(Xy — Xo) = (t - 0){ =t

and for s <t

Cov(Xs, Xt) = Cov(X,, X, + (X; — XJ))
= V(X,) + Cov(Xs, X; — X,)
=V(X,)+0=V(Xs - Xo) = (s —0)o? = s0°.

We have shown that the finite-dimensional distributions of a Brownian motion with drift &

2

and variance o© are given by

tlf t102 t102 t102 te t10'2

tgf t1(72 t2(72 lf2(72 te t202

(n+1) o 2 2 2 L. 2

bt =N tgf , tio too tso tso
tnp1€ ti0%  ty0? tzo? tny10°?

Finding (P, t(ﬁ .J.rtl,,)+1

tribution, where the mean vector is obtained by deleting the k’th entry in the mean vector

) (cf. (6.2)) is now simple: the result is an n-dimensional normal dis-

for Pt(:fftln)ﬁ, and the covariance matrix is obtained by deleting the k’th row and the k’th

column of the covariance matrix for Pt(:_L_J_rtln)+ .- It is immediately seen that we thus ob-
tain Pt(l’,’-b-)-tk—ltk+1---tn+l’ so by the consistency theorem there is exactly one probability P on

(R0 Bl0:29)) with finite-dimensional distributions given by the normal distribution above.
With this probability measure P, the process consisting of all the coordinate projections

X = (Xt>t20 becomes a Brownian motion with drift ¢ and variance o2. O
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The following lemma will be useful in Section 6.2:

Lemma 6.1.10. Assume that X = (X;) is a Brownian Motion with drift & and variance o>.

Let uw> 0. Then

D
(XS)SZO = (Xu+s - Xu)520

Proof. We will show that the two processes have the same finite-dimensional distributions.
Solet 0 <ty <---<t,. Then we show

D
(Xtyy s Xt,) = (Xt u — Xy Xtgtw — Xy oo oy Xt — Xu) - (6.5)
In the proof of Theorem 6.1.9 we obtained that
(Xtyyoo s X))

n

is n—dimensional normally distributed, since it is a linear transformation of
(th - X07Xt2 - thv s 7th - th—l)

where the coordinates are independent and normally distributed. In the exact same way we
can see that
(Xu—i-tl - XU7 cee 7Xu+tn, - Xu)

is n—dimensional normally distributed, since it is a linear transformation of
(Xurts = Xus Xugts — Xutrs - Xut — Xugtn )

that have independent and normally distributed coordinates. So both of the vectors in
(6.5) are normally distributed. To see that the two vectors have the same mean vector and
covariance matrix, it suffices to show that for 0 < s

EXs=E(Xuts — Xu)
and for 0 < s1 < 89
Cov(Xs,, Xs,) = Cov(Xuyts, — Xuy Xuts, — Xu) -
We obtain
E(Xyts —Xu) =EXy1s —EX, =&(u+s)—éu=& =EX,
and
Cov(Xuts, — Xus Xuts, — Xu)

=Cov(Xyts; — Xuy, Xuts; — X+ Xutsy — Xutsy)

=Cov(Xuts;, — Xus Xugs, — Xu) + Cov(Xuts; — Xus Xugss — Xutsy)

=V (Xurs, — Xu) = 0?51 = Cov(X,,, Xs,)
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6.2 Continuity of the Brownian motion

In the previous section we saw how it is possible using Kolmogorov’s consistency theorem
to construct probabilities on the function space (R[O’Oo), Bjp,~c)). Thereby we also obtained a
construction of stochastic processes X = (X;);>o with given finite-dimensional distributions.
However, if one aims to construct processes (X;), which are well-behaved when viewed as
functions of ¢, the function space (R[O"’O), By, o)) is much too large, as we shall presently see.
Let X = (X;)¢>0 be a real process, defined on (2, F, P). The sample paths of the process
are those elements
t— Xi(w)

in RI9%) which are obtained by letting w vary in ©. One might then be interested in

determining whether (almost all) the sample paths are continuous, i.e., whether
P(X S C[O,oo)) =1,

where Clg o) € R[9:%) i5 the set of continuous x : [0,00) — R. The problem is, that Cjy )

is not in By o0)!

We will show this by finding two Bjy «)—measurable processes X and Y defined on the same
(Q, F, P) and with the same finite dimensional distributions, but such that all sample paths
for X are continuous, and all sample paths for Y are discontinuous in all ¢ > 0. The processes
X and Y are constructed in Example 6.2.1. The existence of such processes X and Y gives
that

(X S C[O,oo)) =0 (Y S C[O,oo)) =0

and if C|p ) was measurable the identical distributions would lead to
P(X € Cpo,0)) = P(Y € Cp,0))
which is a contradiction!

Example 6.2.1. Let U be defined on (€2, F, P) and assume that U has the uniform distri-
bution on [0, 1].

Define
Xi(w)=0 forallw e Q,t >0

and
0, if U(w) —t is irrational
Yi(w)=q & MUt
1, if U(w) —t is rational
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The finite dimensional distributions of X are degenerated
PXy, ==X, =0)=1
forallnmeNand 0 <t; <---<t,. ForY we have
PY;=1)=PU-t€eQ)=0
so P(Y; = 0) =1 and thereby also
P(Yi ==Y, =0)=1

This shows that X and Y have the same finite dimensional distributions. o

Thus constructing a continuous process will take more than distributional arguments. In
the following we discuss a concrete approach that leads to the construction of a continuous

Brownian motion.

Definition 6.2.2. If the processes X = (Xi)i>0 and Y = (Y;)i>0 are both defined on
(Q, F, P), then we say that Y is a version of X if

PY,=X,)=1

for allt > 0.

We see that Definition 6.2.2 is symmetric: If YV is a version of X, then X is also a version of
Y.

Example 6.2.3. With X and Y as in Example 6.2.1 from above, we have
(Yi = X) = (Vi = 0)
and since we have seen that P(Y; = 0) =1, then Y is a version of X. o

Theorem 6.2.4. IfY is a version of X, then Y has the same distribution as X.

Proof. The idea is to show that Y and X have the same finite-dimensional distributions:
With ¢t; < --- <t, we have P(Y;, = Xy, ) =1for k=1,...,n. Then also

P((Ye,....Ys ) = (Xeys.. . X)) = P( N = th)> —1
k=1
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The aim is to show that there exists a continuous version of the Brownian motion. Define
forn e N
C° = {z € RI%® : z is uniformly continuous on [0,n] N Q}

and -
cL = ¢
n=1

Lemma 6.2.5. If © € C2, then there exists a uniquely determined continuous function
y € RI%®) such that Yq = x4 for all g € [0,00) N Q.

Proof. Let x € C5, and ¢ > 0. Then choose n such that n > t. We have that x € C},, so z is

uniformly continuous on [0,n] N Q. That means
Ve>030>0Vq,q2€[0,n]NQ : |1 —q2| <= |xg —2g,| <€

Choose a sequence (gi) C [0,2]NQ with g — t. Then in particular (gz) is a Cauchy sequence.
The uniform continuity of = gives that z,, is a Cauchy sequence as well: Let € > 0 and find
the corresponding § > 0. We can find K € N such that for all m,n > K it holds

|qm_Qn| <6

But then we must have that

|Zg,, — an| <e€

if only m,n > K. This shows, that (z,,) is Cauchy, and therefore the limit y, = limy_, o 2,
exists in R. We furthermore have, that the limit y; does not depend on the choice of (gx):
Let (Gx) C [0,7] N Q be another sequence with g, — ¢. Then

|(ik7qk|*>0 as k — oo
and this yields (using the uniform continuity again) that
|25, — Tq,| = 0 as k — oo

so limzg, = limzg, .
For all t € Q we see that y; = x4, since the continuity of = in ¢ gives limy_ o0 T4, = T¢.

Finally we have, that y is continuous in all ¢ > 0: Let ¢ > 0 and € > 0 be given, and find
d > 0 according to the uniform continuity. Now choose ¢’ with |¢t' — ¢| < §/2. Assume that
qr — t and ¢j, — t'. We can find K € N such that |g}, — gx| < 6 for & > K. Then

|$q§c — Zq,| <€
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for all £ > K, and thereby we obtain that

lyer — e < €.

This shows the desired continuity of y in ¢. O

It is a critical assumption, that the continuity is uniform. Consider x given by

Tt = 113,00)

Then « is continuous on [0, 7] N Q, but an y does not exist with the required properties.

We obtain, that €%, € BI®>) since

=N U N [z RO oy, ] < 3},

M=1N=1q;,q2€[0,n]NQ,|q1 —q2|<H

which is a Bjg o)—measurable set, since
{2 RO o, —ay | < 2} = (1%~ Xoil < 17
q2 q1 M q2 q1 M ?

where X, X,, : R — R are both Bjo,00) — B-measurable.

Definition 6.2.6. A real process X = (X;)i>0 is continuous in probability if for allt > 0

and all sequences (ti)ren with ty > 0 and ¢, — ¢ it holds that Xy, £, X,

Theorem 6.2.7. Let X = (X,);>0 be a real process which is continuous in probability. If
PXeCy)=1,

then there exists a version' Y of X which is continuous.

Proof. Let F = (X € C,). Assume that w € F. According to Lemma 6.2.5 there exists a

uniquely determined continuous function ¢ — Y;(w) such that
Y, (w) = Xy (w) for all ¢ € [0,00) N Q. (6.6)

Furthermore we must have for each ¢ > 0 that a rational sequence (gx) can be chosen with
gr — t. Then using the continuity of ¢ — Y;(w) and the property in (6.6) yields that for all
wekF

Vifw) = lim ¥y, () = lim X, ().
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If we furthermore define Y;(w) = 0 for w € F¢, then we have
Y, = lim 10X, .

Since all 1 X, are random variables (measurable), then Y; is a random variable as well.
And since t > 0 was chosen arbitrarily, then ¥ = (Y;);>0 is a continuous real process (for

w € F¢ we chose (Y;(w)) to be constantly 0 — which is a continuous function) that satisfies.
PY, =X, =1 for all ¢ € [0,00) NQ,

since P(F) =1 and Y, (w) = X (w) when w € F.
We still need to show, that Y is a version of X. So let ¢ > 0 and find a rational sequence
(gx) with ¢x — t. Since X is assumed to be continuous in probability we must have

Xg 5 X,
and since we have Y,, ** X, it holds

Y, 2 X,
From the (true) continuity we have the convergence (for all w € )

Y, - Y;

Then
PYi=X;)=1.

as desired. O

Theorem 6.2.8. Let X = (X;)i>0 be a Brownian motion with drift & and variance o* > 0.

Then X has a continuous version.

Proof. Tt is sufficient to consider the normalized case, where ¢ = 0 and 2 = 1. For a general

choice of £ and o2 we have that
X — &t

Xt -
is a normalized Brownian motion. And obviously, (X;)+>o is continuous if and only if (X;);>0
is continuous.

So let X = (X;)¢>0 be a normalized Brownian motion. Firstly, we show that X is continuous

in probability. For all 0 < s < t we have

X, — X, ~ N(0,t — s)
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such that
1

Vt—s

(X — X5) ~N(0,1)
Then for € > 0 we have

1 €
— X — X > —
\/t—sl ¢ | \/t—s)

7\/:73 1 2 > 1 2
_ —u /2d / —u®/2
= —e U+ — du
[oo V 27T € V4 27T

Vies
e 1 2
:2/ ——e v 2 duy
\/:775\/271-

For general s,t > 0 with s # t we clearly have

P(|X: — Xs| > €)= P(

i 1
e W2y
\ti'l 2T

P(IX;: — X > €) :2/

and this decreases to 0 as |t — s| — 0. Hence in particular, we have for ¢;, — ¢ that
P(|X; — Xt | >¢€) =0 as k — oo

which demonstrates the continuity in probability.

The following, that is actually a stronger version of the continuity in probability, will be
useful. It holds for all € > 0 that

1
lim + P(1X4| > ) = 0. (6.7)

This follows from Markov’s inequality, since

1 1w . ho 1 _ ., 3h
— = — < — = — R = —
ZP(Xal > €) = 2 P(X} > ¢) EX} = GB( X0 =3

which has limit 0, as h — 0. In the last equality we used that ﬁXh is M (0, 1)-distributed
and that the N(0, 1)—distribution has fourth moment = 3.

It is left to show that
P(XeCy)=1

and for this it suffices to show that

P(XeCd)=1
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for all n € N, recalling that a countable intersection of sets with probability 1 has probability
1. We show this for n = 1 (higher values of n would not change the argument, only make

the notation more involved). Define

1
Vy =sup{|qu - X4 1 ¢,d €QNI0,1],]¢ —¢q| < QN} .

Then Vi decreases as N — 0o, so

1
N (1 = Xor < 57)

141,42€[0,1]NQ;|g2—q1|< %

(X eCy)
1

Fs T3
TCs T(Ce

(7= ) = =0

1 1

Hence we need to show that P

—~

limy_y00 Vy = 0) = 1. Since we already know, that Vy is
decreasing, it will be enough to show that Vi 4 0. So we need to show that for any € > 0,
P(Vy >€) - 0as N — oo.

For this define for N e Nand k=1,...,2V
Yi,n = sup{| X, *X%| lq € JkN},

where —1 k
Ten = [T gw] ne.

)

If we can show that

(1) VN S BmaX{Yka | 1 S k S QN}

(2) P(Yeny >y) = P(Vin >y) <2P(X | > )

then we obtain

2N
€ €
P(Vy > <P( Y, >7>:P (Y >7)
(Vv >¢€) < k:III,l.a..},{2N BN > g kgl BN > g

N

€ N € N+1 ( 6)
E < +
P(YkJ\/ > ) 2 P<Y1,N > ) 2 P |X2}v| >

IN

which has limit 0 as N — oo because of (6.7). The first inequality is according to (1), the
second inequality follows from Boole’s inequality, and the last inequality is due to (2). Hence,

the proof is complete if we can show (1) and (2).
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For (1): Consider for some fixed N € N the ¢, ¢’ that are used in the definition of Viy. Hence
q<q¢ €Qnl0,1] where |¢ — q| < 5&. We have two possibilities:

Either ¢, ¢’ belong to the same Jj n such that

|Xq’ _Xq| = ‘Xq’ _X% +X% _Xq|
< ‘Xq/fX%|+|Xq7X%|
<2Ypn
<2max{YVin |1 <k <2V},

or q € Jy—1,n and ¢’ € Ji n. Then

|Xq/ —Xq| = |Xq/ —X% —I—X% —X% —I—X% —Xq‘
<Xy — Xioa |+ [ Xy — Xz |+ [ Xy — Xz
oN oN oN oN

<Yen+2Yean

<3max{Yyn |1 <k <2V},
In any case we have

Xy — X, <3max{Y,n |1 <k <2V},

where the right hand side does not depend on ¢, ¢’. Property (1) follows from taking the

supremum.

For (2): Note that for all k =2,...,2", the variable Y y is calculated from the process

(Xt = Xt )s20

o N

in the exact same way as Y7 y is calculated from the process (Xs)s>0-

Also note that because of the Lemma 6.1.10 the two processes

(Xeayo = Xea)s>o and  (X)s>0
have the same distributions. Then also Y} n 2 Yy for all k = 2,...,2" such that in
particular

P(Yen >y) =PYin >y) <2P(|X | >y)

for all y > 0. The inequality comes from Lemma 6.2.9 below, since J; y is countable with
Jin €0, 3] O
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Lemma 6.2.9. Let X = (X;);>0 be a normalized Brownian Motion and let D C [0,to] be an
at most countable set. Then it holds for x > 0 that

P(sup Xy > z) < 2P(Xy, > )
teD

P(sup | X¢| > x) < 2P(| Xy, | > )
teD

Proof. First assume that D is finite such that D = {t1,...,t,}, where 0 < t; < -+ < t, < .
Define

T=min{k € {1,...,n} | Xy, >z}
and let 7 =nif X;, <z forall k=1,...,n. Then
n—1

P(sup X; > z) = ZP(T =k)+ P(r=n,X;, > 1)
teD =1

Let £k <n—1. Then

k—1
(r=k) = _ﬂ(Xt,. <z)N(Xy, > )

and note that (X;,,..., Xy, ) 1 (X, — Xy,), so in particular
(T = k) HiR (th - th) .
Furthermore (X, — Xy, ) ~ N(0,t, — t) so P(X;, — X;, > 0) = 3. Hence

P(r = k) = 2P(r = k)P(Xs, — X3, > 0) = 2P(r = k, X;, — X3, > 0)
= QP(T = I{i,th > th) < 2P(T = k,th > J)),

where it is used that X;, >z on (7 = k). Then

n—1

P(sup X; > z) = Z P(r=k)+P(r=n,X;, >x)
teD P

n—1
<2Y P(r=kX;, >1)+2P(r=n,X;, > 1)
k=1

= 2P(X,, >z) <2P(X,, > 1).

In the last inequality it is used that ¢,, < ¢y such that X;, have a larger variance than X,

(both variables have mean 0).
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Thereby we have shown the first result in the case, where D is finite. To obtain the second
result for a finite D, consider the process —X = (—X})¢>0, which is again a normalised

Brownian motion. Hence for z > 0 we have

P(inf X; < —z) = P(sup(—Xy) > z) <2P(=X;, > x) = 2P(Xy, < —x)
teD teD

SO we can obtain
P(sup |Xy| > z) = P((sup X > z) U (inf X; < —x))
teD teD teD

< P(sup X; > z) + P(inf X; < —x)
teD teD

S 2P(Xto > .’E) + ZP(XtO < —1')
=2P(| Xy, | > x)

Then we have also shown the second result, when D is finite.

For a general D find a sequence (D,,) of finite subsets of D where D,, T D. Then the two

inequalities holds for each D,,. Since furthermore

(sup X > z) 1 (sup X; > z)
teDn, teD

(sup [X¢| > 2) T (sup | X¢| > z)
teD, teD

the continuity of the probability measure P yields that

P(sup X; > z) = lim P(sup Xy > z) <2P(X;, > x)

teD n—oo  teD,
P(sup|X;| > z) = lim P(sup | Xy > z) <2P(| Xy, | > x)
teD n=oo teD,

which completes the proof of the lemma. O

6.3 Variation and quadratic variation

In this and the subsequent section we study the sample paths of a continuous Brownian

motion. In this framework it will be useful to consider the space Cjp ) consisting of all
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functions z € RI%) that are continuous. Like the projections on RI%°) we let X, denote
the coordinate projections on Cg ), that is Xt(x) =1 for all x € Cjp o). Let Cpp ) denote
the smallest o—algebra, that makes all X, Cl0,00) — B—measurable

C[O,oo) = U()N(t |[t>0).

Similarly to what we have seen previously, C|g ) is generated by all the finite-dimensional

cylinder sets
Clo,00) = a(((f(tl,...,f(tn) €B,) neEN0<t; < <ly,B, € Bn) .

We demonstrated in Section 6.2 that there exists a process X defined on (2, F, P) with
values in (R[0:%), Bjg, o)) such that X is a Brownian motion X = (X;) and the sample paths
t — X¢(w) are continuous for all w € Q. Equivalently, we have X (w) € Cjp ) for all w € Q,
so we can regard the process X as having values in Cg o). That X is measurable with values
in (R°), By o)) means that X(X) is F — B measurable for all ¢ > 0. But X;(X) = X;(X)
since X is continuous, so X;(X) is also F — B measurable for all ¢ > 0. Then X is measurable,
when regarded as a variable with values in (Cjo,«);C[0,00)). The distribution X (P) of X will
be a distribution on (Cy ), Cjo,00)), and this is uniquely determined by the behaviour on the
finite—dimensional cylinder sets on the form ((f(tl, . ,)N(tn) € Bn).

The space (Clo,00), Clo,00)) is significantly easier to deal with than (R*, By o)), and a number
of interesting functionals become measurable on Cfg ), while they are not measurable on

R[9>°) | For instance, for ¢t > 0 we have that

M = sup X,
s€10,t]
is a measurable function (a random variable) on (C[o,oo),c[o,oo)), which can be seen by
M<y)= () X<y)= [] X, <w)
s€0,t] q€[0,t]NQ
where the last intersection is countable — hence measurable. For the last equality, the inclusion

'C’ is trivial. For the converse inclusion, assume that
ze [ (X;<w).
qG[O,t]ﬁQ
Then x4 < y for all ¢ € [0,t] N Q. Let s € [0,¢] and find a rational sequence g, — s. Then

s = lim, o x4, <y and since s was arbitrarily chosen, it holds that
T € ﬂ (X, <vy).
s€[0,t]

We will define various concepts that can be used to describe the behaviour of the sample

paths of a process.
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Definition 6.3.1. Let x € Cjg o). We say that x is nowhere monotone if it for all0 < s <t
holds that x is neither increasing nor decreasing on [s,t]. Let S C Cl o) denote the set of

nowhere monotone functions.

Related to the set S we define M; to be the set of functions, which are either increasing or
decreasing on the interval [s, t]:

00
Mst = m {I‘ (S C[O,oo) | .’L'tkN 2 ‘rtk—l,N7 1 S k‘ S 2N}
N=1

oo
U m {CE € C[O,OO) ‘ Ty < Ltp_1,n> 1<k< 2N}a
N=1

where tpny = s + QLN(t —5) for 0 < k < 2V, We note that M, € Clo,00) Since e.g.

{2 € Cloooy | Ttpny S @ty_y o, 1<k <2V} = (X < Xy s 1<k <2V

Since z € S¢ if and only if there exists intervals with rational endpoints where z is monotone,

then we can write

c _
S = U M(hqz ’
0<q1<q2
q1,92€Q

which shows that S € Cjg,«). We shall see later that P(X € S) = 1 for a continuous Brownian
motion X.

Definition 6.3.2. Let x € Cjy ) and 0 < s < t. The variation of x on [s,t] is defined as

n
‘/;t(x) = Supz |$tk - mtk—l‘ ’
k=1

where sup s taken over all finite partitions s < tg < --- <t, <t of [s,t].

The variation has some simple properties:

Lemma 6.3.3. Let x,y € Cjg ), c€ER, 0 < s <t and [s,t] C [s',t']. Then it holds that

(1) Vi(z) < Varp () .
(2) Vi(cx) = |e|Va(x) .

(3) Vse(z +y) < Vig(x) + Va(y) -
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Proof. The first statement is because the sup in Vi () is over more partitions than the sup

in Vi (x). For the second result we have

n n
V;t(cx) = Supz |C:'L.tk - cxtk—1| = |C‘ Supz |$tk - xtk—l‘ = |C|V8t(x) ’
k=1 k=1

and the third property follows from

n
Vst(x + y) = Supz |‘Ttk T Yy, — Toyy — ytk—1|
k=1

n
< SUPZ |xtk - xtk—1| + |ytk - ytk—1|
k=1

n n
< Supz |$tk - xtk—ll + supz |ytk - ytk—ll
k=1 k=1

== V:st (SC) + Vst (y)

O
Furthermore we have situations, where the variation is particularly simple
Lemma 6.3.4. If x € Cjy ) is monotone on [s,t] then
Vst = |$t - ﬂfs|
Proof. If x is monotone on [s, ] then
n
Z |2, — Ty | = |2, — 24,
k=1
for any partition s <tg < --- <t, <t of [s,¢]. O

Let 2 € Cjg,) and assume that s <ty <t <t are given. If (¢,), (rn) C [s,t] are rational

sequences with ¢, — tx_1 and r,, — tx, it holds due to the continuity of x that

Tim [z, —@q,| = |76, — @0,

This shows that all partitions can be approximated arbitrarily well by rational partitions,
so the sup in the definition of V,; needs only to be over all rational partitions. Hence V; is
Clo,00) — B measurable.
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Definition 6.3.5. (1) Let x € Cjg ) and 0 < s < t. Then x is of bounded variation on

[s,t] if Var(z) < 0o. The set of functions of bounded variation on [s,t] is denoted
Fo ={z € Cjp,00) | Vir(z) < 00}

(2) Let v € Cpooc). Then x is everywhere of unbounded variation, if x € Fg for all
0 < s <t Let G =No<s<tFy; denote the set of continuous functions, which are everywhere

of unbounded variation.

Since Vi is Cjg,o0) — B measurable we observe that F; € Cjg, o). Furthermore we can rewrite

G as
G = ﬂ Fqcth ?

0<q1<q2
q1,92€Q

which shows that G' € Cjg,o). The equality above is a direct consequence of (1) in Lemma
6.3.3.

The following lemmas shows which type of continuous functions have bounded variation.

Lemma 6.3.6. Let x € Cjy o). Then x € Fy if and only if x on [s,t] has the form
r=Yy—- ga

where both y and y are increasing.

Proof. If x has the form z = y — g on [s, t], where both y and § are increasing, then using

Lemma 6.3.3 yields

Vat(®) = V(v — §) < Vise(y) + Ve (=9) = Vi (y) + Ve (§) = ye — ys| + [T — ¥s]

which is finite. Conversely, assume that Vs (z) < oo and define for u € [s, t]

1
Yu = 7(xu + ‘/;u(x)> and gu =

1
B) (=2 + Viu(z)) .

2
Then z = y — y and furthermore we have, that e.g. u — vy, is increasing: If x4, > z,, then
Yuth > Yy since always Vg yqp(z) > Vs o (z). If yqpn < 24, then

n
Veu() + |[Tugn — 2ul = s0p Y |26, — 2o, | + [Busn — 2ul
=1

n
< Supz |xtk - ‘rtk—1| = ‘/;7u+h($> )
k=1
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where stp is over all partitions s < sy < -+ < s, < u and sup is over all partitions
s<tp<---<t, <u-+ h. Hence we have seen that

1 1
Yu = 5 (xu-i-h + |$u+h - J;u| + Vvsu(x)> S 5 <$u+h + V;,u—i-h(x)) = Yu+h -

Corollary 6.3.7. Let v € Cjg o). If v € G thenx € S.

Proof. Assume that x € S¢. Then there exists s < ¢t such that x is monotone on [s,¢]. But
then z has the form x — 0 on [s, ], where both z and 0 are increasing. Thus z € Fy , so
x € G°. O

Lemma 6.3.8. If x € Cy ) is continuously differentiable on [s,t], then x € Fy.

Proof. The derivative z’ of x is continuous on [s,t], so 2’ must be bounded on [s,t]. Let
K = sup, (s |2’ (u)| and consider an arbitrary partition s <#g <--- <t, <t. Then

n n

Z ‘xtk - xtk—l' = Z(tk - tk*1)|x;k| < (t - S)K <0,
k=1 k=1
where each uy € [s,t] is chosen according to the mean value theorem. O

Definition 6.3.9. Let x € Cig o). The quadratic variation of x € Cip ooy on [s,t] is defined

as

Qst(z) = limsup Z (x5 —xr1).

N —oc0 keN

sShN <R <t

We observe that Qs is Cjg o) — B measurable and that
Qut() < Quyr (), (6.8)
if [s,t] C [¢/,t'].
Lemma 6.3.10. For x € Cjg o) we have
Vi(z) <oo = Qs(z)=0,

or equivalently
Qst(m> >0 = Vgt(l’) = 0.



212 The Brownian motion

Proof. For N € N define

k—1 k
_xLNl||kEN,SS7<7<t}.

Ky = max{|z N 5N <

_k_
N
Since x is uniformly continuous on the compact interval [s,t], we will have Ky — 0 as

N — oo. Furthermore

Qst(z) = limsup Z (x5 —xr1)?

N —o00 keN

< limsup Ky E | & — @ p-1]
N
N —o0 . kleN
c— k
s<ON <pw <t

< limsup Vg (z)Ky ,

N—oc0

from which the lemma follows. ]

The main result of the section is the following theorem which describes exactly how ”wild”

the sample paths of the Brownian motion behaves.

Theorem 6.3.11. If X = (Xy)i>0 is a continuous Brownian motion with drift & and variance

o?, then

P () (Qst(X)=(t—s)o”) =1.

0<s<t

Before turning to the proof, we observe:

Corollary 6.3.12. If X = (X¢)i>0 is a continuous Brownian motion with drift & and vari-

ance 02, then X is everywhere of unbounded variation,
PXeG)=1.
Proof. Follows by combining Theorem 6.3.11 and Lemma 6.3.10. O

Corollary 6.3.13. If X = (X;);>0 is a continuous Brownian motion with drift & and vari-

ance o2, then X is nowhere monotone,

P(XefS)=1.

Proof. Is a result of Corollary 6.3.12 and Corollary 6.3.7. O
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Proof of Theorem 6.3.11. Firstly we can note that

ﬂ {r€Clpooy : Qst(z) = (t_3)02} = m {r€Cp00) + Quugn(®) = (Q2—Q1)U2}

0<s<t 0<q1<q2,91,92€Q

The inclusion C is trivial. The converse inclusion D is argued as follows: Assume that x
is an element of the right hand side and let 0 < s < t be given. Then we are supposed to
show that Qg (x) = (t—s)o?. Let (¢}), (¢2), (r}), (r?) be rational sequences such that ¢} 1 s,
g2 L t,rt | s, and 72 1 ¢. Then for all n € N we must have [r},72] C [s,t] C [g}, ¢2] such
that because of (6.8) it holds that

Qr}“r% (J?) < Qst(-r) < Qq;,qﬁ (Z‘)
for all n € N. By assumption
Qripz(2) = (ry —r)0”  and Qg g2 (2) = (4 — ¢5)0”

for all n € N, leading to

n—oo n—oo
: : N2 g 2
Jim Qg g2 (2) = Tim (g, — g,)0" = (t = s)o

which combined with the inequality above gives the desired result that Qs (z) = (t — s)o?.

Since the intersection above is countable, we only need to conclude that each of the sets in
the intersection has probability 1 in order to conclude the result. Hence it will suffice to show
that

P(Qst(X) = (t — 5)0?)

for given 0 < s < t (we only need to show it for s,¢ € Q, but that makes no difference in the
rest of the proof). Furthermore, we show the result for s = 0. The general result can be seen

in the exact same way, using even more notation.

Define for each n € N
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so each Uy, ~ N(0,1). Furthermore for fixed n and varying k, the increments are indepen-

dent, such that also Ui, Uz, ... are independent. We can write
[271]
0 = limsu (Xx — Xia 2
Qu(0) = limsun 3, ~ X

—%&QX/ “5)
(2] o2
= lim sup Z (2—nU§n + 2\/;2n Uk + 7§2>

n—oo

k=1
[27¢]
. 2 2] 5
=1 Uy U
1}31_}801213 Z2n( k,n Wﬁ k’”)+ 4n &
Which gives
Qot(X) — to”
[2nt] 2 ) [Znt] 2
= limsu 57 Ui + Un) = to® +
n—)oop kz:; 271( b \/Tg kn) ar g
[2"t]
9 [274] [2"1]
e 2ty ()
17rln—>bol<l)p o Z \/Wg k, )+U 2n + 4’” 5
We have that
LI e W L P
on ~  on 2n T2
which shows that ony ony 1 [27¢
[271] —t and [2"1] = 2" 0

on gn T gn 9n
as n — 0o So for deterministic part Qo;(X) — to? it holds

[2"1]
o

2

o —t)+ 20

as n — oo. Then the proof will be complete, if we can show that S,, == 0 where
[2"1]

2
Sp=Y_ Q—n(UZ’n + ﬁw’m ~1).

k=1

Note that
[271]

ES, = Z ?(EUI?,n +

2
———¢&FRUL,—1)=0
P v ‘722n§ o )
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since EU ,fn = 1. According to Lemma 1.2.12 the convergence of S,, is obtained, if we can

show

> P(I8n] > €) < 00 (6.9)
n=1
for all € > 0. Each term in this sum satisfies (using Chebychev’s Inequality)
1
P(|S,| > €) = P(|Sn, — ESp| > ¢€) < G—QV(Sn)

such that the sum in (6.9) converges, if we can show

i V(S,) < (6.10)

Using that U, Us,,, are independent and identically distributed gives

1
V(Sy)=> V(U +— ~1)
k=1 4
ny L 2
[2 } 2 2
qn E(U + \/TQngUl n 1)
2"t 2 2
Ui, EU} — FEU? + ——CEU}, + *EUY,,
( 1 \/7715 1, 1, \/0T2nf 1, 22n£ 1
2
EU,, — EU}, — ———=¢EU;, + 1
\/75 1 1, \/Wg 1, >

and since EU , =0, EUf,, =1, EU}, =0, and EU},, = 3 we have

[2"t] 452 [2"1&] 4£2
2n¢ 4¢2 1 4€2
< o+ —55) = 5t 2+ —3)
from which it is seen that the sum in (6.10) is finite. O

6.4 The law of the iterated logarithm

In this section we shall show a classical result concerning Brownian motion which in more
detail describes the behaviour of the sample paths immediately after the start of the process.
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If X = (X4)i>0 is a continuous Brownian motion we in particular have that lin(l)Xt =Xp=0
- t—
a.s. For a more precise description of the behaviour near 0, we seek a function h, increasing

and continuous on an interval of the form [0,¢y) with h(0) = 0, such that

. 1
lim sup ——

|
nst h(t)Xt’ lutll}glf—Xt (6.11)

h(t)
are both something interesting, i.e., finite and different from 0. A good guess for a sensible
h can be obtained by considering a Brownian motion without drift (£ = 0), and using that

then
1

Vi
has the same distribution for all ¢ > 0 which could be taken as an indication that %Xt
behaves sensibly for ¢ — 0. But alas, h(t) = /t is too small, although not much of an

Xy

adjustment is needed before (6.11) yields something interesting.

In the sequel we denote by ¢ the function

@(t) = 4/2t loglog %, (6.12)

which is defined and finite for 0 < t < é Since

loglog t
oglogt _

. 1 .
fimloglog = Jim

we have lim;_,¢ ¢(t) = 0 so it makes sense to define ¢(0) = 0. Then ¢ is defined, non-negative

and continuous on [0, %) We shall also need the useful limit

o —u2/2d
fim e A (6.13)

T —00 %e‘zz/2

which follows from the following inequalities, that all hold for x > 0: since % >1foru>x

we have

x

Oo_u2/2 OOU_ZQ 1 _u2/2 1_22

e du < —e W du = Z[—e /2P = —e"/
z Y PR T x

andsincewi_ﬂSlforxgugm—l—lwehave

e’} r+1
/ e 2y Z/ Le*“rzmdu
z z r+1

1 2

_ —z%/2 —(z+1)%/2
x—i—l(e e )
L a2y @ —z—1/2

== 7 (1 —e Y
I’e z+1( € )’
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and then (6.13) follows once we note that

lim (1—e V2 =1.

Theorem 6.4.1 (The law of the iterated logarithm). For a continuous Brownian motion
X = (Xy)i>0 with drift & and variance o® > 0, it holds that

. X o X

where ¢ is given by (6.12).

Proof. We show the theorem for X a continuous, normalised Brownian motion. Since

&

i o) 0,

it then holds that with X normalised,

1, O'Xt + gt 1 Xt 1
imsup ————— = limsup —— =1 a.s.
t=0  Vo2¢(t) t—0 (1)

and similarly for liminf. Since (0X¢+£t)¢>0 has drift £ and variance o2, the theorem follows

for an arbitrary Brownian motion.

In the following it is therefore assumed that X is a continuous, normalised Brownian motion.

We show the theorem by showing the two following claims:

X
limsup —= < 1+¢ a.s. for all e > 0, (6.14)
=0 O(t)
. Xi
limsup——= >1—¢€ as. for all e > 0. (6.15)
t—0 ¢5(t)

From (6.14) and (6.15) it immediately follows that

. Xy
Pllimsup——=1) =1
( ts0 (1) )

and, applying this result to the normalised Brownian motion —X,

XL
P(llﬁlglfm = —1) =1.

To show (6.14), let 0 < u < 1, put ¢, = u™ and

Cn,e,u = U (Xt > (1 + 6)¢(t))

te [tn+1 7tn]
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Since X is continuous, the union can be replaced by a countable union so C,, . ., is measurable.

For a given € > 0 and 0 < u < 1 it is seen that
(Creuio) = (Yng = 13n > ng 3t € [tni1,ta] + Xi > (1+€)o(1))

=(Wn>13t<t, : Xy > (1+e)¢(t)) = <lirtnj(§1p(;§tt) > 1+e>

so it is thus clear that (6.14) follows if there for all € > 0 exists a u, 0 < u < 1, such that
P(Cpeyio)=0
and to deduce this, it is by the Borel-Cantelli Lemma (Lemma 1.2.11) sufficient that

> P(Chen) < o0 (6.16)

(Note that Cy, ¢, is only defined for n so large that ¢, = u™ € [0, é), the interval where ¢ is

defined. In all computations we of course only consider such n)

Since the function ¢ is continous on [0, 1) with ¢(0) = 0 and ¢(t) > 0 for ¢ > 0, there exists
0 < dp < L such that ¢ is increasing on the interval [0, 8y]. Therefore it holds for n large (so
large that ¢,, < dp) that

P(Crca) < P( U u>a +e)¢(tn+1))) =P( sup  Xi>(1+€d(tntr))

tit 1 <t<ty tit 1 <t<ty

< P(sup Xo > (14 o(tns)) < 2P(Xe, > (L+b(tni1))

where we in the last inequality have used Lemma 6.2.9 and the continuity of X (which implies

that supX; = sup X,). Since \/%th is N(0, 1)-distributed it follows that
t<t, 4€QN[0,t,] "

2 [ 2
P(Chen) < 7/ e~ /2 ds,
T Tn

zn = (14 6)%¢(tn+l) =1+ 6)\/2u log((n +1)log %)

We see that a,, — oo for n — oo and hence it holds by (6.13) that

foo e=5"/2ds

where

In particular we have
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For n large, we thus have
2 2200 —(146)%u
P(Cpen) <y/—e /2 =K ((n+1) e,
™

where K = \/g(log %)_(1*‘6)2“. If we for a given € > 0 choose u < 1 sufficiently close to 1,
we obtain that (1 + €)%u > 1, making

s 2
S Kmn41)"0F™ < oo
n=1

Hence (6.16) and thereby also (6.14) follow.

To show (6.15), let ¢, = v™, where 0 < v < 1, put Z, = X, — X ., and define

Diew = (Zn > (1 §)¢(tn)).

Note that the events D, ., for fixed € and v and varying n are mutually independent.
We shall show that, given € > 0, there exists a v, 0 < v < 1, such that

P(Dy, e, 10.) =1 (6.17)
and we claim that this implies (6.15): if we apply (6.14) to —X, we get

. ¢
ot s _
P(h?l}Onf(b(t) > 1) 1,

so with (6.17) satisfied, we have for almost all w € § that

Xi(w) >

(1)
and that there exists a subsequence (n’), n’ — oo of natural numbers (depending on w) such
that for all n/

lim inf
t—0

w e Dn’,e,v-
But then, for all n’,

th/ (w) _ Zn/(w) + th’+1 (w) > 1 E + th’+1 (w) ¢(tn’+1)

¢(tn/) (b(tn’) ¢(tn’) 2 ¢(tn’+1) ¢(tn’)

and since

P(tny1) \/2Un+1 log ((n +1)log %) \/log ((?”L +1)log %) — Vv
= -/ ”
$(tn) 20" log (nlog 1) log (nlog ;)
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and furthermore

Xi(w)

X, (w
lim inf Ll() > liminf———=

oo P(tnr41) =0 ¢(t)
we see that
. Xi(w) . Xi,,(w) €
lim su > limsu " >1— =
t—0 P ¢(t) o n/—>oop (b(tn’) o 2
>1-2-Vizl-e

Vu

X:,,  (w
+liminfL1()
n'—=oo G(tn11)

if v for given € > 0 is chosen so small that \/v < §. Hence we have shown that (6.17) implies
(6.15).

We still need to show (6.17). Since the D,, (,’s for varying n are independent, (6.17) follows

from second version of the Borel-Cantelli lemma (Lemma 1.3.12) by showing that

> P(Dpey) = o0. (6.18)

We conclude the proof by showing that this may be achieved by choosing v > 0 sufficiently
small for any given € > 0 (this was already needed to conclude that (6.17) implies (6.15)).
But since Z,, is N (0, ¢, — tn41)-distributed, we obtain

1 o0
P(Dpey) = ﬁ/ e~ /24,

where

Yn = (1—;)\/% —(l—g)\/livlog<nlogi).

Since y,, — 00, (6.13) implies that

2
foo e 5 /2ds
T b

and since

1
\/lyL = const. - loig/l(nilogv) = const. - M — const. >0,
ogn ogn ogmn

the proof is now finished by realising that for given € > 0 we have

1 2
> e /2 = 0 (6.19)
Viogn
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if only v is sufficiently close to 0. But

e_yi/g = exp <—(::I-l_12j)10g (].Og i)) = Kn_ay

(112/”2)2 and K = (log %)_a, so a < 1 if v is sufficiently small, and it is then a

simple matter to obtain (6.19): if, e.g., 8 > 0 is so small that « + 8 < 1 then the n’th term
of (6.19) becomes

where a =

K 1 _ . nf 1 K
Viognn®  /lognnot? T poatp
for n sufficiently large, and since >_ n~(®+#) = oo the desired conclusion follows. O

As an immediate consequence of Theorem 6.4.1 we obtain the following result concerning the

number of points where the Brownian motion is zero.

Corollary 6.4.2. If X is a continuous Brownian motion, it holds for almost all w that for
all e > 0, Xy(w) = 0 for infinitely many values of t € [0, €].

Note that it trivially holds that

g€QN(0,00)

so for almost all w there exists, for each rational ¢ > 0, an open interval around ¢ where
t — Xi(w) does not take the value 0. In some sense therefore, X;(w) is only rarely 0 but it

still happens an infinite number of times close to 0. O

Proof. Theorem 6.4.1 implies that for almost every w there exist sequences 0 < s,, | 0 and
0 < t, J 0 such that

X,, (w) > %fb(sn)\/?? >0, X, (w)< —%¢(tn)¢§ <0

for all n. Since X is continuous, the corollary follows. O

Our final result is an analogue to Theorem 6.4.1, with ¢ — oo instead of ¢ — 0. However,

this result only holds for Brownian motions with drift £ = 0.

Theorem 6.4.3. If X is a continuous standard Brownian motion, then

Xi
Pl —_— = 1) =1,
<1?i>sogp 2t loglogt
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Xy
P(tmint 2~ 1) =1,
ltrggvl 2tloglogt

Proof. Define a new process Y by

Then ¢t — Y} is continuous on the open interval (0,00) and for arbitrary n and 0 < t; <
<o <ty it is clear that (Y%,,...,Y;, ) follows an n-dimensional normal distribution. Since
Yo = Xo = 0 and we for 0 < s < t have FY; = 0 while (recall the finite-dimensional
distributions of the Brownian motion)

Cov (Ys,Y;) = stCov (X1,X1) = s,

t

it follows that Y and X have the same finite-dimensional distributions. In particular we
therefore have

P( lim Yqu) :P( lim quo) ~1,
q—0,q€Q q—0,q€Q

and with Y continuous on (0, 00) we see that ¥ becomes continuous on [0, c0). But then the
continuous process Y has the same distribution as X, and thus, Y is a continuous, normalized
Brownian motion. Theorem 6.4.1 applied to Y then shows us that for instance

sX1
limsup————=—-==1 as.
520 /2sloglog
If the s here is replaced by % we obtain
li X1 1
imsup————= =1 as.
t—)oop\/Qt loglogt
as we wanted. O

From Theorem 6.4.3 it easily follows, by an argument similar to the one we used in the proof
of Corollary 6.4.2, that for t — oo a standard Brownian motion will cross any given level
2 € R infinitely many times.

Corollary 6.4.4. If X is a continuous, normalized Brownian motion it holds for almost
every w that for all T > 0 and all z € R, X;(w) = x for infinitely many values of t € [T, 00).
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6.5 Exercises

Exercise 6.1. Let X = (X;);>0 be a Brownian motion with drift { € R and variance

02 > 0. Define for each t > 0
X, — &t

g

X, =
Show that X = (Xt)tzo is a normalised Brownian motion. o

Exercise 6.2. Assume that (Q, F, P) is a probability space, and assume that Dy, Dy C F
both are N-stable collections of sets. Assume that D; and D, are independent, that is
P(Dy N Dy) = P(D1)P(D5) for all Dy € D1, Dy € Dy
Show that o(D;) and o(Ds) are independent:
P(Dy N D) = P(Dy)P(D3) for all Dy € 0(D1), D2 € 0(D3) (6.20)
o
Exercise 6.3. Let X = (X;);>0 be a Brownian Motion with drift ¢ and variance o2 > 0.
Define for each t > 0 the o—algebra
Fi=F(Xs : 0<s<t)
Show that F; is independent of o(X, — X;), where u > .
You can use without argument that (similarly to the arguments in the beginning of Sec-
tion 6.1) (Xs)o<s<: has values in (R[O’t],B[O’t]) where the o-algebra By, is generated by
G={((Xt,--, Xs,) €By) : nEN,0<t; <+ <t, <t,B, € By}

Then F; must be generated by the pre images of these sets

D= {((Xs)0§s§t>_1(G) : Ge G}
:{((th7...,th)€Bn) : nEN,O§t1<...<tn§t7BneBn}

Exercise 6.4. Assume that X = (X;);>0 is a Brownian Motion with drift £ € R and variance
0% > 0. Define F; as in Exercise 6.3. Show that X has the following Markov property for
t>s

E(X:|Fs) = E(X¢|Xs) a.s.
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Exercise 6.5. Assume that X = (X;);>¢ is a normalised Brownian motion and define F; as
in Exercise 6.3 for each ¢ > 0. Show that

(1) X is F; measurable for all ¢ > 0.
(2) E|X¢| <ooforallt>0

(3) E(X¢|Fs) =Xs as. forall0 <s <.

We say that (Xy, Fi)i>0 is a martingale in continuous time. o

Exercise 6.6. Let X = (X;);>0 be a normalised Brownian motion. Let 7' > 0 be fixed and
define the process BT = (B} )o<i<r by

t
BF = X, - Xt

The process BT is called a Brownian bridge on [0, T).

1) Show that for all 0 < t; < -+ < t, < T then
(B{,....B)
is n—dimensional normally distributed. And find for 0 < s <t < T
EBT  and  Cov(BI,BT)
2) Show that for all T' > 0 then

(B%t)OStﬁl 2 (ﬁBtl)OStgl

Exercise 6.7. A stochastic process X = (X;);>0 is self-similar if there exists H > 0 such
that
D,  H
(X'yt)tZO = (v Xt)tzo for all v > 0.

intuitively, this means that if we ”zoom in” on the process, then it looks like a scaled version
of the original process.
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(1) Assume that X = (X;)¢>0 is a Brownian motion with drift 0 and variance 0. Show
that X is self-similar and find the parameter H.

Now assume that X = (X;)¢>0 is a stochastic process (defined on (€2, F, P)) that is self-
similar with parameter 0 < H < 1. Assume that X has stationary increments:

X,-X,2Xx,, foralo<s<t.

Assume furthermore that P(Xy =0) =1 and P(X; =0) =0.

(2) Show that for all0 < s <t

Xt_Xs D

t—s)H1x, .
t—s (t=3) !

(3) Show that P(X; =0) =0 for all ¢ > 0.

(4) Show that X is continuous in probability.

Exercise 6.8. Let Y be a normalised Brownian motion with continuous sample paths.
Hence Y can be considered as a random variable with values in (Clg,o0),Cjo,00)). Define for
all n, M € N the set

On,M = {CC S 0[0700)

sup M > i
te[n,n+1] 3 M

(1) Show that Cp ar € C[O,oo)~

(2) Show that

P(Y € Cor) < 2P (Yor1 > 7-)

(3) Show that
n
P(Yn+1 > M) <

3(n+1)2M*
nt
and conclude that

Y P(Y €Chy)<oo.

n=1
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(4) Show that for all M € N

Vi 1.
P sup — > —)io. | =0.
(G, 730
(5) Show that

~ i _ 1
P ( sup — < —) evt. | =1.
ﬂl ( te[n,n+1] t M

M=

(6) Show that

Y;
%30 ast — 0.



Chapter 7

Further reading

In this final chapter, we reflect on the theory presented in the previous chapters and give

recommendations for further reading.

The material covered in Chapter 1 can be found scattered in many textbooks on probability
theory, such as Breiman (1968), Lo¢ve (1977a), Kallenberg (2002) and Rogers & Williams
(2000a).

Abstract results in ergodic theory as presented in Chapter 2 can be found in Breiman (1968)
and Loeve (1977b). A major application of ergodic theory is to the theory of the class
of stochastic processes known as Markov processes. In Markov process theory, stationary
processes are frequently encountered, and thus the theory presents an opportunity for utilizing
the ergodic theorem for stationary processes. Basic introductions to Markov processes in both
discrete and continuous time can be found in Norris (1999) and Brémaud (1999). In Meyn
& Tweedie (2009), a more general theory is presented, which includes a series of results on

ergodic Markov processes.

In Chapter 3, we dealt with weak convergence. In its most general form, weak convergence
of probability measures can be cast in the context of probability measures on complete,
separable metric spaces, where the metric space considered is endowed with the Borel-o-
algebra generated by the open sets. A classical exposition of this theory is found in Billingsley
(1999), with Parthasarathy (1967) also being a useful resource.
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Being one of the cornerstones of modern probability, the discrete-time martingale theory of
Chaper 5 can be found in many textbooks. A classical source is Rogers & Williams (2000a).

The results on Brownian motion in Chapter 6 represents an introduction to the problems
and results of the theory of continuous-time stochastic processes. This very large subject
encompasses many branches, prominent among them are continuous-time martingale theory,
stochastic integration theory and continuous-time Markov process theory, to name a few.
A good introduction to several of the major themes can be found in Rogers & Williams
(2000a) and Rogers & Williams (2000b). Karatzas & Shreve (1988) focuses on martingales
with continuous paths and the theory of stochastic integration. A solid introduction to

continuous-time Markov processes is Ethier & Kurtz (1986).



Appendix A

Supplementary material

In this chapter, we outline results which are either assumed to be well-known, or which are
of such auxiliary nature as to merit separation from the main text.

A.1 Limes superior and limes inferior

In this section, we recall some basic results on the supremum and infimum of a set in the
extended real numbers, as well as the limes superior and limes inferior of a sequence in R.
By R*, we denote the set RU{—00, o0}, and endow R* with its natural ordering, in the sense
that —oco < & < oo for all z € R. We refer to R* as the extended real numbers. In general,
working with R* instead of merely R is useful, although somewhat technically inconvenient
from a formal point of view.

Definition A.1.1. Let A C R*. We say that y € R* is an upper bound for A if it holds for
all x € A that x <vy. Likewise, we say that y € R* is a lower bound for A if it holds for all
z € A that y < x.

Theorem A.1.2. Let A C R*. There exists a unique element sup A € R* characterized by
that sup A is an upper bound for A, and for any upper bound y for A, sup A < y. Likewise,
there exists a unique element inf A € R* characterized by that inf A is a lower bound for A,

and for any lower bound y for A, y <inf A.
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Proof. See Theorem C.3 of Hansen (2009). O

The elements sup A and inf A whose existence and uniqueness are stated in Theorem A.1.2
are known as the supremum and infimum of A, respectively, or as the least upper bound and

greatest lower bound of A, respectively.

In general, the formalities regarding the distinction between R and R* are necessary to keep
in mind when concerned with formal proofs, however, in practice, the supremum and infimum
of a set in R* is what one expects it to be: For example, the supremum of A C R* is infinity
precisely if A contains “arbitrarily large elements”, otherwise it is the “upper endpoint” of

the set, and similarly for the infimum.
The following yields useful characterisations of the supremum and infimum of a set when the
supremum and infimum is finite.

Lemma A.1.3. Let A CR* and let y € R. Then y is the supremum of A if and only if the
following two properties hold:

(1). y is an upper bound for A.

(2). For each & > 0, there exists x € A such thaty — e < x.

Likewise, y is the infimum of A if and only if the following two properties hold:

(1). y is a lower bound for A.

(2). For each € > 0, there exists © € A such that x < y + €.

Proof. We just prove the result on the supremum. Assume that y is the supremum of A. By
definition, y is then an upper bound for A. Let € > 0. If y — € were an upper bound for A,
we would have y < y — ¢, a contradiction. Therefore, y — € is not an upper bound for A, and
so there exists x € A such that y — e < x. This proves that the two properties are necessary

for y to be the supremum of A.

To prove the converse, assume that the two properties hold, we wish to show that y is the
supremum of A. By our assumptions, y is an upper bound for A, so it suffices to show that

for any upper bound z € R*, we have y < z. To obtain this, note that by the second of our
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assumptions, A is nonempty. Therefore, —oo is not an upper bound for A. Thus, it suffices
to consider an upper bound z € R and prove that y < z. Letting z be such an upper bound,
assume that z < y and put € = y — z. There then exists x € A such that z =y —e < . This
shows that z is not an upper bound for A, a contradiction. We conclude that for any upper
bound z of A, it must hold that y < z. Therefore, y is the supremum of A, as desired. O

We also have the following useful results.

Lemma A.1.4. Let A, BCR*. If AC B, supA <supB and inf B < inf A.

Proof. See Lemma C.4 of Hansen (2009). O

Lemma A.1.5. Let A C R* and assume that A is nonempty. Then inf A < sup A.

Proof. See Lemma C.5 of Hansen (2009). O

Lemma A.1.6. Let A C R*. Put —A = inf{—xz | x € A}. Then —sup A = inf(—A) and
—inf A = sup(—A).

Proof. See p. 4 of Carothers (2000). O

A particular result which we will be of occasional use to us is the following.

Lemma A.1.7. Let A CR*, and let y € R. Then sup A > y if and only if there exists x € A
with x > y. Analogously, inf A <y if and only if there erists x € A with © < y.

Proof. We prove the result on the supremum. Assume that sup A > y. If sup A is infinite, A
is not bounded from above, and so there exists arbitrarily large elements in A, in particular
there exists € A with > y. If sup A is finite, Lemma A.1.3 shows that with ¢ = sup A —y,
there exists z € A such that y = sup A — e < x. This proves that if sup A > y, there exists
x € A with z > y. Conversely, if there is x € A with & > y, we also obtain y < z < sup A4,
since sup A is an upper bound for A. This proves the other implication. O

Note that the result of Lemma A.1.7 is false if the strict inequalities are exchanged with
inequalities. For example, sup[0,1) > 1, but there is no z € [0,1) with z > 1. Next, we turn

our attention to sequences.
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Definition A.1.8. Let (x,) be a sequence in R. We define

lim sup z,, = inf sup xy
n—oo n>1p>n

liminf z,, = sup inf zg,

n—o00 n>1k>n

and refer to limsup,,_, ., n and liminf,, _,. x, as the limes superior and limes inferior of

(z,), respectively.

The limes superior and limes inferior are useful tools for working with sequences and in

particular for proving convergence.

Lemma A.1.9. Let (z,,) be a sequence in R. Then liminf,, o z, <limsup,,_, . @y.

Proof. See Lemma C.11 of Hansen (2009). O

Theorem A.1.10. Let (x,,) be a sequence in R, and let ¢ € R*. x,, converges to ¢ if and only
if iminf,, o ©, = limsup,,_, .z, = ¢. In particular, (x,) is convergent to a finite limit if
and only if the limes inferior and limes superior are finite and equal, and in the affirmative,

the limit is equal to the common value of the limes inferior and the limes superior.

Proof. See Theorem C.15 and Theorem C.16 of Hansen (2009). O

Corollary A.1.11. Let (z,) be a sequence of nonnegative numbers. Then x, converges to

zero if and only if limsup,,_, . n = 0.

Proof. By Theorem A.1.10, it holds that limsup,,_, ., x, = 0 if z,, converges to zero. Con-

versely, assume that limsup, ,. x, = 0. As zero is a lower bound for (z,), we find
0 < liminf, ;0o xn, < limsup,,_, . zn = 0, so Theorem A.1.10 shows that z, converges
to zero. O

We will often use Corollary A.1.11 to show various kinds of convergence results. We also
have the following useful results for the practical manipulation of expressions involving the

limes superior and limes inferior.
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Lemma A.1.12. Let (z,) and (yn) be sequences in R. Given that all the sums are well-
defined, the following holds.

lim inf 2, + lim inf y,, <liminf(x, 4+ y,). (A1)
n—0o0 n— oo n—oo
limsup(zy, + yn) < limsup z,, + limsup y,,. (A.2)
n—ro0 n—ro0 n—00

Furthermore, if (yy) is convergent with limit in R, it holds that

liminf(z, + y,) = liminf 2, + lim y,. (A.3)
n—o00 n—00 n—o00
limsup(zy, + yn) = limsup z,, + lim y,. (A.4)
n—00 n— oo n— 00
Also, we always have
—lim sup x,, = liminf(—x,). (A.5)
n—o00 n—o0
—liminf x,, = limsup(—z,). (A.6)
n—00 n— 00
If ©,, <y, it holds that
liminf z,, <liminfy,. (A.7)
n—oo n—oo
limsup x,, < limsupy,,. (A.8)
n—oo n— oo

Proof. The relationships in (A.1) and (A.2) are proved in Lemma C.14 of Hansen (2009).
Considering (A.3), let y be the limit of (y,,) and let m > 1 be so large that y —e < y,, < y+e¢
for n > m. For such n, we then have

(ggaxn)erfs:ga(anryfe)Sgrzla(anryn)§gga(xn+y+e):(gg£xn)+y+s,

yielding liminf,, ooz, +y — & < liminf,, oo (zy + ypn) < liminf,, ooz, +y+e. Ase >0
was arbitrary, this yields (A.3). By a similar argument, we obtain (A.4). Furthermore, (A.5)
and (A.6) follow from Lemma A.1.6. The relationships (A.7) and (A.8) are proved in Lemma
C.12 of Hansen (2009). O

A.2 Measure theory and real analysis

In this section, we recall some of the main results from measure theory and real analysis
which will be needed in the following. We first recall some results from basic measure theory,

see Hansen (2009) for a general exposition.
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Definition A.2.1. Let E be a set. Let € be a collection of subsets of E. We say that € is a
o-algebra on E if it holds that E € £, that if A € £, then A° € &€, and that if (Ap)n>1 C &,
then US2 A, € €&.

We say that a pair (E,£), where E is some set and £ is a o-algebra on E, is a measurable
space. Also, if H is some set of subsets of E, we define o(H) to be the smallest o-algebra
containing H, meaning that H is the intersection of all o-algebras on E containing H. For a
o-algebra £ on E and a family H of subsets of E, we say that H is a generating family for
€ it £ = o(H). One particular example of this is the Borel o-algebra B4 on A C R"™, which
is the smallest o-algebra on A containing all open sets in A. In particular, we denote by B,

the Borel o-algebra on R”.

If it holds for all A, B € H that AN B € H, we say that H is stable under finite intersections.
Also, if D is a family of subsets of E, we say that D is a Dynkin class if it satisfies the
following requirements: F € D, if A, B € D with A C B then B\ A € D, and if (4,) CD
with A, C A, 41 for all n > 1, then U2 ; A, € D. We have the following useful result.

Lemma A.2.2 (Dynkin’s lemma). Let D be a Dynkin class on E, and let H be a set of
subsets of E which is stable under finite intersections. If HH C D, then o(H) C D.

Proof. See Theorem 3.6 of Hansen (2009), or Theorem 4.1.2 of Ash (1972). O

Definition A.2.3. Let (F,&) be a measurable space. We say that a function p: € — [0, 00)
is a measure, if it holds that 1(0) = 0 and that whenever (A,) C &€ is a sequence of pairwise
disjoint sets, p(US 1 An) = > 00 | u(Ay).

We say that a triple (F, &, u) is a measure space. Also, if there exists an increasing sequence
of sets (E,) C & with E = U2, E,, and such that u(E,) is finite, we say that p is o-finite
and refer to (E, &, u) as a o-finite measure space. If p(FE) is finite, we say that pu is finite, and
if u(E) =1, we say that u is a probability measure. In the latter case, we refer to (E, &, )

as a probability space. An important application of Lemma A.2.2 is the following.

Theorem A.2.4 (Uniqueness theorem for probability measures). Let P and @ be two prob-
ability measures on (E,E). Let H be a generating family for € which is stable under finite
intersections. If P(A) = Q(A) for all A € H, then P(A) = Q(A) for all A€ &.

Proof. See Theorem 3.7 in Hansen (2009). O
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Next, we consider measurable mappings.

Definition A.2.5. Let (E,E) and (F,F) be two measurable spaces. Let f : E — F' be some
mapping. We say that f is E-F measurable if f~*(A) € & whenever A € F.

For a family of mappings (fi)ic; from E to F;, where (F;, F;) is some measurable space,
we may introduce o((f;)icr) as the smallest o-algebra £ on E such that all the f; are &-F;
measurable. Formally, £ is the o-algebra generated by {(f; € A) | i € I,A € F;}. For
measurability with respect to such o-algebras, we have the following very useful lemma.

Lemma A.2.6. Let E be a set, let (f;)icr be a family of mappings from E to F;, where
(F;, Fi) is some measurable space, and let € = o((fi)ier). Let (H,H) be some other mea-
surable space, and let g : H — E. Then g is H-E measurable if and only if f; o g is H-F;

measurable for all i € I.
Proof. See Lemma 4.14 of Hansen (2009) for a proof in the case of a single variable. O

If f: E — R is £&-B measurable, we say that f is Borel measurable. In the context of
probability spaces, we refer to Borel measurable mappings as random variables. For any
measure space (E,&, u) and any Borel measurable mapping f : E — [0, 00|, the integral
J f dp is well-defined as the supremum of the explicitly constructed integral of an appropriate
class of simpler mappings. If instead we consider some f : E — R, the integral [ fdu is
well-defined as the difference between the integrals of the positive and negative parts of f
whenever [ |f|du is finite. The integral has the following important properties.

Theorem A.2.7 (The monotone convergence theorem). Let (E,E, u) be a measure space,
and let (f,,) be a sequence of measurable mappings f : E — [0,00]. Assume that the sequence

(fn) is increasing p-almost everywhere. Then

lim [ f. du:/ lim f, du.
n—oo

n—oo

Proof. See Theorem 6.12 in Hansen (2009). O

Lemma A.2.8 (Fatou’s lemma). Let (E,&, 1) be a measure space, and let (fy,) be a sequence
of measurable mappings fn : E — [0,00]. It holds that

/lim inf f,, dp < lim inf/fn dp.
n—oo

n— oo
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Proof. See Lemma 6.25 in Hansen (2009). O

Theorem A.2.9 (The dominated convergence theorem). Let (E,&, ) be a measure space,
and let (f,) be a sequence of measurable mappings from E to R. Assume that the sequence
(fn) converges p-almost everywhere to some mapping f. Assume that there exists a measur-
able, integrable mapping g : E — [0,00) such that |f,| < g p-almost everywhere for all n.
Then f, is integrable for allm > 1, f is measurable and integrable, and

lim [ fp,du= / lim f, dp.
n—oo n—oo
Proof. See Theorem 7.6 in Hansen (2009). O

For the next result, recall that for two o-finite measure spaces (E, &, 1) and (F, F,v), EQF
denotes the o-algebra on E x F generated by {A x B | A € £, B € F}, and pu ® v denotes
the unique o-finite measure such that (u®v)(A x B) = u(A)v(B) for A € £ and B € F, see
Chapter 9 of Hansen (2009).

Theorem A.2.10 (Tonelli’s theorem). Let (E,&,u) and (F,F,v) be two o-finite measure
spaces, and assume that f is nonnegative and € ® F measurable. Then

[ temaue @y = [ [ ) dviy) duta).

Proof. See Theorem 9.4 of Hansen (2009). O

Theorem A.2.11 (Fubini’s theorem). Let (E,E,pu) and (F,F,v) be two o-finite measure
spaces, and assume that f is € ® F measurable and p @ v integrable. Then y — f(x,y) is
integrable with respect to v for p-almost all x, the set where this is the case is measurable,
and it holds that

/f(w,y)d(u@@l/)(m»y) =//f(w7y) dv(y) du(z).

Proof. See Theorem 9.10 of Hansen (2009). O

Theorem A.2.12 (Jensen’s inequality). Let (E, &, 1) be a probability space. Let X : E — R
be a Borel mapping. Let f : R — R be another Borel mapping. Assume that X and f(X)
are integrable and that f is conver. Then f([ X du) < [ f(X)dp.
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Proof. See Theorem 16.31 in Hansen (2009). O

Theorem A.2.7, Lemma A.2.8 and Theorem A.2.9 are the three main tools for working with
integrals. Theorem A.2.12 is frequently useful as well, and can in purely probabilistic terms
be stated as the result that f(EX) < Ef(X) when f is convex.

Also, for measurable spaces (F, ) and (F, F), p a measure on (E,€) and ¢t : E — F an E-F
measurable mapping, we define the image measure t(u) as the measure on (F,F) given by
putting t(u)(A4) = p(t~1(A)) for A € F. We then have the following theorem on successive

transformations.

Theorem A.2.13. Let (E,E), (F,F) and (G,G) be measurable spaces. Let p be a measure
on (E,E). Lett: E — F and s : F — G be measurable. Then s(t(p)) = (sot)(p).

Proof. See Theorem 10.2 of Hansen (2009). O

The following abstract change-of-variable formula also holds.

Theorem A.2.14. Let (E,&E,pn) be a measurable space and let (F,F) be some measure
space. Let t : E — F be measurable, and let f : F — R be Borel measurable. Then f
is t(p)-integrable if and only if f ot is u-integrable, and in the affirmative, it holds that

Jfdt(p) = [ fotdu.
Proof. See Corollary 10.9 of Hansen (2009). O

Next, we recall some results on LP spaces.

Definition A.2.15. Let (E,&, ) be a measurable space, and let p > 1. By LP(E, &, 1), we
denote the set of measurable mappings f : E — R such that [ |f|P du is finite.

We endow LP(E, &, p) with the norm || - [, given by || f|l, = ([ |f|P du)*/P. That LP(E,E, 1)
is a vector space and that |- ||, is a seminorm on this space is a consequence of the Minkowski
inequality, see Theorem 2.4.7 of Ash (1972). We refer to LP(E, &, ) as an LP-space. For

LP-spaces, the following two main results hold.

Theorem A.2.16 (Holder’s inequality). Let p > 1 and let q be the dual exponent to p,
meaning that ¢ > 1 is uniquely determined as the solution to the equation % + % =1. If
fE€LP(EE ) and g € LI(E,E, ), it holds that fg € LY(E,E,u), and ||fgllr < |fllllgllq-
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Proof. See Theorem 2.4.5 of Ash (1972). O

Theorem A.2.17 (The Riesz-Fischer completeness theorem). Let p > 1. The seminormed
vector space LP(E, &, 1) is complete.

Proof. See Theorem 2.4.11 of Ash (1972). O

Following these results, we recall a simple lemma which we make use of in the proof of the

law of large numbers.

Lemma A.2.18. Let (x,) be some sequence in R, and let x be some element of R. If

. o . 1 n .
limy, oo Tn = T, then limy, o0 7 > ) T = T as well.

Proof. See Lemma 15.5 of Carothers (2000). O

Also, we recall some properties of the integer part function. For any x € R, we define
[z] =sup{n € Z|n < x}.

Lemma A.2.19. [t holds that [z] is the unique integer such that [x] < z < [z] 4+ 1, or

equivalently, the unique integer such that x — 1 < [z] < x.

Proof. We first show that [z] satisfies the bounds [z] < z < [z] + 1. As z is an upper bound
for the set {n € Z | n < x}, and [z] is the least upper bound, we obtain [z] < z. On the
other hand, as [z] is an upper bound for {n € Z | n < x}, [x] + 1 cannot be an element of
this set, yielding z < [z] + 1.

This shows that [z] satisfies the bounds given. Now assume that m is an integer satisfying
m <z < m+ 1, we claim that m = [z]. As m < z, we obtain m < [z]. And as z < m + 1,
m+1isnot in {n € Z | n < z}. In particular, for all n < z, n < m + 1. As [z] < z, this
yields [z] < m + 1, and so [z] < m. We conclude that m = [z], as desired. O

Lemma A.2.20. Let x € R and let n € Z. Then [z + n| = [z] + n.

Proof. As [x] <z < [z]+1 is equivalent to [x] +n < x+n < [z] +n + 1, the characterization
of Lemma A.2.19 yields the result. O
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Finally, we state Taylor’s theorem with Lagrange form of the remainder.

Theorem A.2.21. Let n > 1 and assume that f is n times differentiable, and let x,y € RP.
It then holds that

where f5) denotes the k’th derivative of f, with the convention that f©) = f, and &(x,y) is

some element on the line segment between x and y.

Proof. See Apostol (1964) Theorem 7.6. O

A.3 Existence of sequences of random variables

In this section, we state a result which yield the existence of particular types of sequences of
random variables.

Theorem A.3.1 (Kolmogorov’s consistency theorem). Let (Qn)n>1 be a sequence of prob-
ability measures such that Q,, is a probability measure on (R™,B,). For each n > 2, let
7 @ R — R"! denote the projection onto the first n — 1 coordinates. Assume that
Tn(Qn) = Qn-1 for all n > 2. There exists a probability space (2, F, P) and a sequence
of random variables (X,,)n>1 on (Q, F, P) such that for alln > 1, (X1,...,X,) have distri-
bution Q.

Proof. This follows from Theorem I1.30.1 of Rogers & Williams (2000a). O

Corollary A.3.2. Let (Qn)n>1 be a sequence of probability measures on (R, B). There exists
a probability space (U, F, P) and a sequence of random variables (X,)n>1 on (Q, F, P) such
that for alln > 1, (Xy,...,X,) are independent, and X,, has distribution Q.

Proof. This follows from applying Theorem A.3.1 with the sequence of probability measures
(Q1®"'®Qn)n21- O

From Corollary A.3.2, it follows for example that there exists a probability space (2, F, P)
and a sequence of independent random variables (X,,),>1 on (Q, F, P) such that X, is dis-
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tributed on {0, 1} with P(X,, = 1) = p,, where (p,) is some sequence in [0, 1]. Such sequences

are occasionally used as examples or counterexamples regarding certain propositions.

A.4 Exercises

Exercise A.1. Let A ={1— 1|n >1}. Find sup A and inf A. o
Exercise A.2. Let y € R. Define A = {z € Q| z < y}. Find sup A and inf A. o

Exercise A.3. Let (E,&, 1) be a measure space, and let (f,) be a sequence of measurable
mappings f, : E — [0,00). Assume that thereis g : E — [0, 00) such that f, < gforalln > 1,
where g is integrable with respect to p. Show that limsup,, .. [ fn dp < [limsup,,_, . f, dp.

o



Appendix B

Hints for exercises

B.1 Hints for Chapter 1

Hints for evercise 1.2. Consider the probability space (2, F, P) = ([0, 1], Bjo 1}, A), where X
denotes the Lebesgue measure on [0, 1]. As a counterexample, consider variables defined as

X (w) =nA(Ay,) 114, for an appropriate sequence of intervals (A,,). o

Hints for exercise 1.4. Show that the sequence (EX,,),>1 diverges and use this to obtain the

result. o

Hints for exercise 1.5. Show that for any w with P({w}) > 0, X,,(w) converges to X (w).
Obtain the desired result by noting that {w | P({w}) > 0} is an almost sure set. o

Hints for exercise 1.6. Show that P(|X, — X| >¢) < P(|X,1p, — X1g,| > ¢€) + P(Ff), and

use this to obtain the result. o

Hints for exercise 1.7. To prove that lim, . P(|X, — X| > &) = 0 for all k¥ > 1 implies
XnLX, take € > 0 and pick k£ such that 0 < ¢ <e. o

Hints for exercise 1.8. Using that the sequence (supys,, |Xx —X| > €),>1 is decreasing, show
that lim, o P(Supy>, [ Xk — X| > ¢) = P(N;Z; U2, | Xk — X| > ¢). Use this to prove the

result. o
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Hints for exercise 1.9. To obtain that d is a pseudometric, use that z +— x(1 + x)~! is

increasing on [0,00). To show that X, £ x implies convergence in d, prove that for all
€ > 0, it holds that d(X,,X) < P(|X, — X[ > ¢) + 15-. In order to obtain the converse,
apply Lemma 1.2.7. o

Hints for exercise 1.10. Choose ¢, as a positive number such that P(|X,| > -1-) < 5. Use

Lemma 1.2.11 to show that this choice yields the desired result. o

Hints for exercise 1.11. To prove the first claim, apply Lemma 1.2.7 with p = 4. To prove
the second claim, apply Lemma 1.2.12. o

Hints for exercise 1.12. Use Lemma 1.2.13 and Fatou’s lemma to show that F|X|? is finite.

Apply Hélder’s inequality to obtain convergence in £7 for 1 < g < p. o

Hints for ezercise 1.13. Define S(n,m) = N2, (| Xy — X»| < 1) and argue that it suffices
for each € > 0 to show that there exists F' € F with P(F°) < ¢ such that for all m > 1, there
isn > 1 with F C S(n,m). To obtain such a set F, consider a sequence (&,)m>1 of positive
numbers with > °_, ,, < e and choose for each m an n,, with P(S(n,,,n)) > 1—¢ep,. o

Hints for exercise 1.14. Apply Lemma 1.2.12 and Lemma 1.2.7. o

Hints for exercise 1.15. Use Lemma 1.2.13, also recalling that all sequences in R which are

monotone and bounded are convergent. o
Hints for exercise 1.16. First argue that (| X, +1 — X,| < &, evt.) is an almost sure set. Use
this to show that almost surely, for n > m large enough, |X,, — X,,,| < >3-, k. Using that
> e, €k tends to zero as m tends to infinity, conclude that (X,,) is almost surely Cauchy. o
Hints for exercise 1.17. To prove almost sure convergence, calculate an explicit expression for
P(|X,, —1| > ¢) and apply Lemma 1.2.12. To prove convergence in £?, apply the dominated
convergence theorem. o

Hints for exercise 1.18. Apply Lemma 1.2.11. o

Hints for exercise 1.19. Use Lemma 1.3.12 to prove the contrapositive of the desired impli-

cation. o

Hints for exercise 1.20. To calculate P(X,/logn > ¢ i.0.), use the properties of the expo-
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nential distribution to obtain an explicit expression for P(X,,/logn > c¢), then apply Lemma
1.3.12. To prove limsup,,_, . X, /logn = 1 almost surely, note that for all ¢ > 0, it holds
that limsup,, , . X»/logn < ¢ when X,,/logn < c eventually and limsup,, , ., X,/logn > ¢
when X,,/logn > c infinitely often. o

Hints for exercise 1.21. Use that sequence (Ug=y(Xy € B)),>1 is decreasing to obtain that
(X, € Bio.)isin J. Take complements to obtain the result on (X,, € B evt.). o

Hints for exercise 1.22. Show that

n n
(JLH;O kZan_ka € B) = (JLH;O kZ Gn-r1 X € B) :
=1 =m

and use this to obtain the result. o

Hints for exercise 1.23. For the result on convergence in probability, work directly from the
definition of convergence in probability and consider 0 < ¢ < 1 in this definition. For the
result on almost sure convergence, note that X,, converges to zero if and only if X, is zero
eventually, and apply Lemma 1.3.12. o

Hints for exercise 1.24. Use the monotone convergence theorem. )

Hints for exercise 1.25. Use Theorem 1.3.10 to show that Y, _, a; X} either is almost surely
divergent or almost surely convergent. To obtain the sufficient criterion for convergence,
apply Theorem 1.4.2. o

Hints for exercise 1.26. Let (X,,) be an sequence of independent random variables concen-
trated on {0,n} with P(X,, =n) = p,. Use Lemma 1.3.12 to choose (p,) so as to obtain the
result. o

Hints for exercise 1.27. Apply Theorem 1.4.3. )
Hints for exercise 1.28. Use Lemma 1.3.12 to conclude that P(|X,| > nio.) = 0 if and
only if Y>> | P(|X1| > n) is finite. Apply the monotone convergence theorem and Tonelli’s

theorem to conclude that the latter is the case if and only if E|X;| is finite. o

Hints for exercise 1.29. Apply Exercise 1.28 to show that E|X;| is finite. Apply Theorem
1.5.3 to show that FX; = c. o



244 Hints for exercises

B.2 Hints for Chapter 2

Hints for exercise 2.1. To show that T' is measure preserving, find simple explicit expressions
for T'(z) for 0 < z < % and % < x < 1, respectively, and use this to show the relationship
P(T71([0,a))) = P([0,a)) for 0 < a < 1. Apply Lemma 2.2.1 to obtain that T is P-measure
preserving. To show that S is measure preserving, first show that it suffices to consider the
case where 0 < A < 1. Fix 0 < a < 1. Prove that for a > p, S7([0,a)) = [0, a—p)U[1—p, 1),
and for a < pu, S71([0,a)) = [1 — pu,1 — u + «). Use this and Lemma 2.2.1 to obtain the

result. o

Hints for exercise 2.2. Apply Lemma 2.2.1. To do so, find a simple explicit expression
for T'(x) when %-H <z < 1 and use this to calculate, for 0 < o < 1, T71([0,)) and
subsequently P(T1([0,))), o

Hints for exercise 2.3. Assume, expecting a contradiction, that P is a probability measure
such that T is measure preserving for P. Show that this implies P({0}) = 0 and that
P((3%,5=]) =0 for all n > 1. Use this to obtain the desired contradiction. o
Hints for exercise 2.4. Let A = n/m for n € Z and m € N. Show that T™(x) = z in this
case. Fix 0 < o < 1 and put F, = U}"'T~*([0,a]) and show that for a small and positive,

F, is a set in the T-invariant o-algebra which has a measure not equal to zero or one. o
Hints for exercise 2.5. Prove that [ X — X oT'dP = 0 and use this to obtain the result. o
Hints for exercise 2.6. Show that Zp C Zp2 and use this to prove the result. o
Hints for exercise 2.7. Consider a space {2 containing only two points. o

Hints for exercise 2.8. For part two, note that U T~ *(F) C U ,T~*(F) and use that T
is measure preserving. For part three, use that F' C U2 T ~k(F). For part four, use that
F=(FN(TF € Feevt.))U(FN(TF € F¢ evt.)®) o

Hints for exercise 2.9. To show that the criterion is sufficient for 7' to be ergodic, use
Theorem 2.2.3. For the converse implication, assume that 7T is ergodic and use Theorem
2.2.3 to argue that the result holds when X and Y are indicators for sets in F. Consider
X = 1¢ and Y nonnegative and bounded and use linearity and approximation with simple

functions to obtain that the criterion also holds in this case. Use a similar argument to
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obtain the criterion for general X and Y such that X is nonnegative and integrable and Y
is nonnegative and bounded. Use linearity to obtain the final extension to X integrable and
Y bounded. o

Hints for exercise 2.10. First use Lemma 2.2.6 to argue that it suffices to show that for
a,f € [0,1), lim,_,o P([0,5) NT~"([0,a))) = P([0,8))P([0,a)). To do so, first show that
T™(x) = 2™z — [2"z] and use this to obtain a simple explicit expression for T'-"([0, «v)). Use

this to prove the desired result. o

Hints for exercise 2.11. For part one, use that the family {F} x Fy | F} € F1,Fy € Fa} is
a generating family for F; ® F5 which is stable under finite intersections and apply Lemma
2.2.1. For part two, show that whenever F} is Ti-invariant and Fb is Thr-invariant, Fy x F3 is
T-invariant, and use this to obtain the desired result. For part three, use that for Fy} € F;
and Fy € Fa, it holds that Py(Fy) = P(F; x Q) and Py(Fz) = P(Q; x F»). For part four,

use Lemma 2.2.6. o

Hints for exercise 2.12. Let A = (X,, € B i.0.) and note that (X, € Bio.) = X '(A).

Show that A is f-invariant to obtain the result. o

Hints for exercise 2.13. For B € By, express Z(P)(B) in terms of X (P)(B), Y (P)(B) and
p. Use this to obtain that  is measure preserving for Z(P). o

Hints for exercise 2.1j. Assume that (X,,) is stationary. Using that 6 is X (P)-measure
preserving, argue that all X,, have the same distribution and conclude that FX,, = F X}, for
all n,k > 1. Using a similar argument, argue that for all 1 < n < k, (X,,, Xx) has the same
distribution as (X1, Xj_(,—1)) and conclude that Cov(X,, Xy) = Cov(X1, Xi—(,—1)). Use
this to conclude that (X,,) is weakly stationary. o

Hints for exercise 2.15. Use Exercise 2.14 to argue that if (X,,) is stationary, it is also weakly
stationary. To obtain the converse implication, assume that (X,,) is stationary and argue that
forall n > 1, (Xa,..., X;+1) has the same distribution as (Xi,...,X,). Combine this with
the assumption that (X,,) has Gaussian finite-dimensional distributions in order to obtain

stationarity. o
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B.3 Hints for Chapter 3

Hints for exercise 3.1. First assume that (6,,) converges with limit 6. In the case where
0 > 0, apply Lemma 3.1.9 to obtain weak convergence. In the case where § = 0, prove weak

convergence directly by proving convergence of [ fdu, for f € Cy(R).

Next, assume that () is weakly convergent. Use Lemma 3.1.6 to argue that (6,,) is bounded.
Assume that (6,,) is not convergent, and argue that there must exist two subsequences (6., )
and (0,,,) with different limits 6 and 6*. Use what was already shown and Lemma 3.1.5 to

obtain a contradiction. o

Hints for exercise 3.2. To obtain weak convergence when the probabilities converge, apply
Lemma 3.1.9. To obtain the converse implication, use Lemma 3.1.3 to construct for each k a
mapping in Cp(R) which takes the value 1 on k and takes the value zero for, say (k—1,k+1)°.

Use this mapping to obtain convergence of the probabilities. o

Hints for exercise 8.3. Applying Stirlings’s formula and the fact that lim,, (1 + %)n =e*
for all z € R to prove that the densities f, converges pointwise to the density of the normal

disribution. Invoke Lemma 3.1.9 to obtain the desired result. o

Hints for exercise 3.4. Using Stirling’s formula as well as the result that if (x,,) is a sequence
converging to x, then lim,, (1 + %)n = e%, prove that the probability functions converge

pointwise. Apply Lemma 3.1.9 to obtain the result. o
Hints for exercise 3.5. Apply Stirling’s formula and Lemma 3.1.9. o

Hints for exercise 3.6. Let F,, be the cumulative distribution function for u,. Using the
properties of cumulative distribution functions, show that for x € R satisfying the inequalities
q(k/(n+1)) <z <q((k+1)/(n+1)), with k <mn, it holds that |F,(z) — F(z)| < 2/(n+1).
Also show that for z < ¢(1/(n+1)) and = > ¢(n/(n+1)), F,(z) — F(z)| <1/(n+1). Then
apply Theorem 3.2.3 to obtain the result. o

Hints for exercise 3.7. First assume that (£,) and (o,) converge to limits £ and o. In the
case where o > 0, apply Lemma 3.1.9 to obtain weak convergence of pu,. In the case where

o =0, use Theorem 3.2.3 to obtain weak convergence.

Next, assume that p,, converges weakly. Use Lemma 3.1.6 to show that both (&) and (o,,)
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are bounded. Then apply a proof by contradiction to show that &, and o, both must be

convergent. o

Hints for exercise 3.8. Let € > 0, and take n so large that |z, —z| < e. Use Lemma 3.2.1
and the monotonicity properties of cumulative distribution functions to obtain the set of
inequalities F'(z — ) < liminf,, oo Fy(zyn) < limsup,,_, . Fn(zn) < F(z + ¢). Use this to

prove the desired result. )

Hints for exercise 3.9. Argue that with F,, denoting the cumulative distribution function for
fin, it holds that F,,(z) =1 — (1 — 1/n)*] where [nz] denotes the integer part of nx. Use
IHoépital’s rule to prove pointwise convergence of F,,(z) as n tends to infinity, and invoke

Theorem 3.2.3 to conclude that the desired result holds. o
Hints for exercise 3.10. Use the binomial theorem. o
Hints for exercise 3.11. Use the Taylor expansion of the exponential function. o

Hints for exercise 3.12. Use independence of X and Y to express the characteristic function

of XY as an integral with respect to p ® v. Apply Fubini’s theorem to obtain the result. o

Hints for exercise 3.13. Argue that XY and —ZW are independent and follow the same
distribution. Use Lemma 3.4.15 to 3.13 to express the characteristic function of XY — ZW
in terms of the characteristic function of XY. Apply Exercise 3.12 and Example 3.4.10 to
obtain a closed expression for this characteristic function. Recognizing this expression as the
characteristic function for the Laplace distribution, use Theorem 3.4.19 to obtain the desired
distributional result. o

Hints for exercise 3.14. Define a triangular array by putting X, = (X,,—EX,.)// Y pey V Xk
Apply Theorem 3.5.6 to show that >_;'_, X, converges to the standard normal distribution,

and conclude the desired result from this. o

Hints for exercise 3.15. Fix € > 0. Use independence and Lemma 1.3.12 to conclude that
> P(IXn| > €) converges. To argue that > ", VX,1(|x, <), assume that the series is
divergent. Put Y, = X,,1(|x,|<c) and S, = 22:1 Y,. Use Exercise 3.15 to argue that S,
converges almost surely, while (S,, — ES,,)/\/V S, converges in distribution to the standard
normal distribution. Use Lemma 3.3.2 to conclude that ES,,/\/V'S,, converges in distribution
to the standard normal distribution. Obtain a contradiction from this. For the convergence

of the final series, apply Theorem 1.4.2. )
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Hints for exercise 3.16. Use Theorem 3.5.3 to obtain that using the probability space
(Q,F,Py\), X, is asymptotically normal. Fix a differentiable mapping f : R — R, and
use Theorem 3.6.3 to show that f(X,,) is asymptotically normal as well. Use the form of the
asymptotic parameters to obtain a requirement on f’ for the result of the exercise to hold.

Identify a function f satisfying the requirements from this. o

Hints for exercise 3.17. In the case o > 1/2, use Lemma 1.2.7 to obtain the desired con-
vergence in probability. In the cas a < 1/2, note by Theorem 3.5.3, that (S, — n¢)/n'/?
converges in distribution to the standard normal distribution. Fix e > 0 and use Lemma 3.1.3
to obtain a mapping g € Cy(R) such that 1(¢_s. ¢120)e () < g() < 1je_c eqe)e (). Use this
to prove that liminf, . P(|S, — n&|/n® > ¢) is positive, and conclude that (S, — n¢)/n®

does not converge in probability to zero. o

Hints for exercise 3.18. First calculate EX?2 and EX ;. Use Theorem 3.5.3, to obtain that X,
is asymptotically normal. Apply Theorem 3.6.3 to obtain that 6, is asymptotically normal

as well. o

Hints for exercise 8.19. Use Theorem 3.5.3 and Theorem 3.6.3 to obtain the results on X,
and Y;l. In order to show Y, i) 1/p, calculate EY, and VY, and use Lemma 1.2.7 to
prove the convergence. o

Hints for exercise 8.20. Use Theorem 3.5.3 to argue that X,, is asymptotically normal. To
obtain the result on (Y;, — 6)/(1/462%/9n), define a triangular array (X,x)n>k>1 by putting
Xk = @(k‘Uk — %) and apply Theorem 3.5.7. o

07’13/2

B.4 Hints for Chapter 4

Hints for exercise 4.1. Use that v and v, are signed measures to show that avy 4 Gy satisfies
(7) and (i7) in the definition. o
Hints for ezercise 4.2. For yu < 7: Use that 7(A) = 0 if and only if A = 0.

For the density f: Recall that any function g : Ny — R is measurable and

/Ang = Z g(a) for A € P(Np)

acA

and write u(A) = >, 4 f(a) for a suitable function f.
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Finally show that ¥ < p and find a counter example to p < v. )

Hints for exercise 4.3. Define v = v1 4+ 15 and argue that v < p. Argue that there exists
measurable and p—integrable functions f, f1, fo with v(F) = fF fdu, v (F) = fF f1du, and
va(F) = [, fadp for all F € F. Show that

/fdu:/fldu+/f2du for all F € F
F F F

and conclude the desired result. o

Hints for exercise 4.4. Argue that v < p and let f = g—z, h = %, and g = g—z. Note
that m and g are non—negative measure and density as known from Sandl. Show that

v(F) = [phgdp and v(F) [, fdpu. o
Hints for exercise 4.5. Let f = g—/’: and g = %. Show that v(F) = fF fgdv and v(F) =
/ 7 1dv. Conclude the desired result v—a.e. Obtain the result y—a.e. by symmetry. o

Hints for exercise 4.6. Find a disjoint sequence of sets (F),) such that pu(F,) < oo and
U F, = Q. Define the measures p,(F) = p(F N F,) and v,(F) = v(F N F,) and show that
Vp K iy, for all n. Let f,, = SZZ and f, = 0 on F¢ (why is that OK?). Define f = 07| fn.
Show that

/fldu="':i(/n>0)fndu—/(fn<0)fndu) S--S?;gIV(F)KOO

n=1 (f
and that v(F) = [, fdu. o

Hints for exercise 4.7. Show that X is a conditional expectation of Y given D, and that Y

is a conditional expectation of X given D. o
Hints for exercise 4.8. Straightforward application of Theorem 4.2.6 (2), (5) and (7). o

Hints for exercise 4.9. 7" is trivial. For ”=" show that FX? = EY? and use that X =Y
a.s. if and only if E[(X —Y)?] = 0. Apply Theorem 4.2.6. o

Hints for exercise 4.10. Straightforward calculations! o

Hints for exercise 4.11. Recall that 2t = max{z,0}. Show and use P(0 < E(X*|D)) =1
and P(E(X|D) < E(X*|D)) = 1. o

Hints for exercise 4.12. Use that |z| = 2% + 2~ and (—z)" = 2~ and Exercise 4.11. o
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Hints for exercise 4.15. Show that E(X|D) = 1. Show and use that if D is countable, then

1p=0a.s. and 1pc =1 a.s. o
Hints for exercise 4.14. Compare o(X;) and o(Xa2). o
Hints for exercise 4.15. Define

H:{FeD|/YdP:/XdP}
D D

and use Dynkin’s lemma (Lemma A.2.2) to show that o(G) C H (it is assumed that G C H).

o

Hints for exercise 4.16.

(1) Write E(Y|Z) = ¢(Z) (!) so e.g. the left hand side equals E(¢(2)1(zep)lxec)). Use
that Z 1l X and (Y, Z) 1L X.

(2) Use Exercise 4.15 and 1 to show that E(Y|Z) is a conditional expectation of Y given
o(Z,X).

Hints for exercise 4.17.

(1) Show that o (S, Snt1,Snt2,--.) = 0(Sn, Xnt1, Xnt2,...). Use Exercise 4.16 and that
the X, —variables are independent.

(2) First show that 15, = E(X;]S,) by checking the conditions for being a conditional
expectation of X; given S,. For the proof of

1
/ fSndP:/ X,dP forall BeB,
(SneB) M (Sn€B)

use (and show) that 1(g,ep) X 2 1(s,en)X1 (the distributions are equal) for all & =
1

RN %
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Hints for exercise 4.18. Write X = Z + p; + ¢Y, where Z = (X — u1) — ¢Y and c¢ is chosen
such that Cov(Z,Y) = 0 (Recall that in that case Z and Y will be independent!) o

B.5 Hints for Chapter 5

Hints for exercise 5.5. For =, let F,, = (T = n). For <, show and use that

Hints for evercise 5.6. Use the partition (1 = m) = UJ"" ' (1 = m,0 = k). o
Hints for exercise 5.7. (1): For <=, let 7 =n and k = n+ 1. For =, use Corollary 5.2.13. o

Hints for exercise 5.8. For (2): Use Exercise 5.4. For 3: Show E(S;) = 0 and use (2) in
Exercise 5.7. For (4): Use The Strong of Large Numbers to show that S, *% 4-o00. For 5:
Use monotone convergence of both sides in (3). o

Hints for exercise 5.9. First show that (S, F,,) is a martingale with a suitable choice of (F,).
Then use the independence to show that ES2 < >  EX2 < oo for all n € N. Finally
use The martingale convergence theorem (for the argument of sup,, ES;” < oo, recall that
xt <|z| <a2?+1). o

Hints for exercise 5.10. For (2): See that M,, > 0 and use Theorem 5.3.2. For (3): Use
Fatou’s lemma. For (5): Use Exercise 5.4. For (7): Use Corollary 5.2.13 and the fact that
7 An and n are bounded stopping times. For (9): Use (7)+(8)+ dominated convergence. For
(10): Let ¢ = P(S, = b) and write EM, = qr® + (1 — q)r®. o

Hints for exercise 5.11. For (1): Exploit the inequality (z—y)? > 0. For the integrability, use
that 1p F(X]|D) is bounded by n. For (2): use that both 1, and E(X|D) are D—measurable.
For (3): Use (1) and (2) to obtain that

E(an (x2- E(X|JD>)2)|]D>) >0 as.

Hints for exercise 5.12.
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(1) Use Exercise 5.11 and that F(X,;1|F,)? = X2 a.s. by the martingale property.
(2) Use Exercise 5.4.
(3) Use Corollary 5.2.13, since 7 An and n are bounded stopping times.

(4) Write

EX2,, = / XZpndP + / X7 \ndP
(maxp—1 n | Xk[>e€)

,,,,, (maxg=1,. .. n |Xk|<€)

and use (and prove) that | X, an,| > € on the set (maxg=1,. »|Xk| > €).

Hints for exercise 5.13. For (3): Show that A, € Fra, (recall the definition of F,,) and
use this to show

/ Ymdpg/ E(Yn\}‘mn)dP:/ Y, dP.
A, Ap, Ay

Hints for exercise 5.14. (1): Use Theorem 5.4.5 and the fact that E|X, — 0| = EX,,.
(2): According to (1), the variables should have both positive and negative values. Use linear

combinations of indicator functions like 15 1) and 11 2. o

Hints for exercise 5.15. For (1): Use 10 in Theorem 4.2.6 and the definition of conditional
expectations. For (2): First divide into the two situations |X| < K and |X| > K, and
secondly use Markov’s inequality. For (3): Obtain that for all K € N

lim sup/ |[E(X|D)|dP < / |X|dP.
TTODEG J|(E(X|D)|>x) (IX[>K)
Let K — oo and use dominated convergence. o

Hints for exercise 5.16.

(1) This IS very easy.
(2) Use Theorem 5.4.5 and that X, £, X,

(3) Show that EX,;r, — EX, (use e.g. the remark before Definition 5.4.1) and that
EX.,, = EX;.
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(4) Show and use that

/ | X ran|dP < / Y| df P
(IXrAn|>) (Y |>z)

for all x > 0 and n € N. Use dominated convergence to see that the right hand side
— 0 as x — o0.

(5) Write
oo (oo}
Z P(r>n)= Z Le>m)P(T = k)
n=0 n=0
and interchange the sums.

(6) Define Y as the right hand side of (5.32) and expand E|Y|:

[ee]
E|Y|=...= E|Xi| + Z /( E(| X i1 — Xin||Fm) dP
m=1

T>m)
Use E(|Xn+1 — Xn||Fn) < B as. and (5) to obtain that E|Y| < co. Use (1)-(4).

(9) Use (6)-(8) to show that EZ, = 0. Furthermore realise that Z, = S, — o¢.

Hints for exercise 5.17. For (2): Use that all Y,, > 0. For (3): Write Y = liminf,, Y,

and use Fatou’s Lemma. For 4: Write Y,, = exp (Y, _, log(X)) and use The Strong Law
1
of Large Numbers to show + 3" log(X)) — £ < 0 as.. For 5: Use that if Y, £y 7

1
then Y, L. 7 and conclude that Z = 0 a.s. Realise that Y, Lo (You might need that if
Y, Loy and YnLZ, then Y = 7 a.s.). )

Hints for exercise 5.18.

(1) Use the triangle inequality to obtain |E|X,| — E|X|| < E|X, — X|. For the second

claim use Theorem 1.2.8.

(3) Define U,, = X,, — X and V,, = | X,,| + | X|. Showing X,, £ X will be equivalent (?7)
to show limsup,,_, ., F|X, —X| = 0. Argue and use that limsup,,_,. | X, —X| =0 a.s.

(4) Let (ne¢) be a subsequence such that

E|X,, — X| 2% limsup E|X,, — X]|

n— oo
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(such a subsequence will always exist). Find a subsequence (ny, ) of (ng) such that
Xp,, = X.

Conclude from (3) that E|X,, —X|— 0 and use the uniqueness of this limit to derive
limsup,,_,, F|X, — X|=0.

(5) Use (4) and Theorem 5.4.5 to conclude that (Y},) is uniformly integrable. Use (2) in
Thm 5.4.7 (You might need that if ¥, Y and Y, —— Z, then Y = Z a.s.).

(6) For <, do as in 5 and use furthermore Thm 5.4.7 to conclude that Y closes.
For =, use 5.4.7, 5.4.5, and (1).

Hints for exercise 5.19.

(3) Use that if 71 = n then we have lost the first n — 1 games and won the n’th games,

such that (like the example in the exercise)

n—1 n—1
Xi=-1,Xp=-1-2,... X, ;=) 2" X,=) 2"y t=y
k=1 k=1

(5) It may be useful to recall that (—X,,F,) is a submartingale, and (—X,,_,F,) is a

supermatingale.

6: Show and use that ((—X,)") is uniformly integrable.

Hints for exercise 5.20.

(1) Use z* <1+ |z|P to show sup X, < oc.

(2) For E|X|P < oo, apply Fatou’s lemma to E|X [P = Eliminf, | X, |P. For X,, = X, show
that |X,, — X|P < 2P sup,, | X, |? and use dominated convergence on E(|X, — X|P).

(3) Hint: Write P(Z > t) = [; 1{t,00)(2) dZ(P)(z) and apply Tonelli’s Theorem to the
right hand side. Use that 1 ooy (2) = 1jo,4)(t).
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Combine (3) and Doob’s inequality from Exercise 5.13.

Apply Toenlli’s theorem to the double integral in (4).

Apply Hélder to E(MP~1X,,|) (use that m +% = 1). Combine with the inequality

from (5).

Write E[supn |Xn|p] =F ( lim,, MT’L’) and use monotone convergence together with the

inequality from (6).

Hints for exercise 5.21.

(2)

Realize that if 7, ;, > nm, then especially
Sty S2ms S3my -+« Snm € (a, b)
Which leads to the conclusion that
|Sm — So|l <b—a, [Som —Sm|<b—a,...,|Sum — Sn—1)m| <b—a.
Use that all these differences are independent and identically distributed.

Use (2). Choose a fixed m such that P(|S,,| <b—a) <1 and let n — oo. The second

statement is trivial.

For the first result, use optional sampling for the martingale (S,,F,) and e.g. the
two bounded stopping times 1 and 7,3, A n. For the second result, let n — oo using

dominated (since S, ,nn is bounded) and monotone convergence.
Write ES;, , = aP(S:, , = a) +bP(S;,, = b). Use (3).

Apply the arguments from (4) to the martingale (S2—n, F,). For the second statement,
use that the distribution of 5., , is well-known from (5).

Use (3).
Use that on F' we have 7_, , = 73 if and only if S;_ | =b.
Use and show that if w € G, then 7(w) < co.

Use that 7—,, ; T 7 as n — oo.
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(11) See that ES;, # ES; and compare with Theorem 5.4.9.
(12) Write

sup S, = o0) = Tn < 00
(neg ) ﬂl( )

n=

Hints for exercise 5.22.

(2): Define the triangular array (X,,,) by

1
X'n,m — me Ym
vVno2o? !

and use Brown’s Theorem to show that

1

wk

(4) Recall that EY, = 0.

(5) Show that sup,,cyy EN? < 0o and use the

(6) Use appropriate theorems from Chapter 5.

(9) Use the almost sure convergence from (6) and Kronecker’s lemma.

(11) Use the result from (2) with Z,, = Y,, for all m > 0. Use (10) to see that the

assumptions are fulfilled.

B.6 Hints for Chapter 6

Hints for exercise 6.1. Find the distribution of (th Yo ,th). o

Hints for exercise 6.2. Show the result in two steps:

(1) Show that P(D1 N DQ) = P(D1>P(D2) for all D1 S ]D)l,DQ S O'(ID)Q).
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(2) Show (6.20).

For (1): Let D; € D; and define
ED1 = {FE O'(DQ) : P(D1 ﬂF) :P(Dl)P(F)}

and then show that Ep, = o(D3) using Lemma A.2.2. Note that you already have Dy C
EDl g O'(DQ).

For (2): Let A € o(D3) and define

Ea = {F € F(Dy) : P(FNA)=P(F)P(A)}.

Show that E4 = 0(D2) (as for (1)). o
Hints for exercise 6.3. Show that D 1l o(X, — X;) and use Exercise 6.2. o
Hints for exercise 6.4. Write X; = X; — X5 + X and use Exercise 6.3. o
Hints for exercise 6.6. Show that the finite—dimensional distributions are the same. o

Hints for exercise 6.7.

(1) Find H > 0 such that forally >0 and all 0 <t¢; < --- < ¢,
(Xytrse s Xoin) 2 (V1 X /11X
(2) Use both of the assumptions: stationary increments and self-similarity.
(3) Use (2) and the assumption P(X; = 0) = 0.
(4) You need to show that for some ¢t > 0 and ¢,, — ¢, then for all e > 0
Tim P( Xy, = Xi| > €)= 0.

Use (2).

Hints for exercise 6.8.
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(1) Write Cy, pr on the form

T 1 ~
Com = {l‘ € Clo,00) | sup = > M} = U (|Xq]- )
g€[n,n+1]NQ q 4€[n,n+1]NQ

(2) Use that
Yyl 1
Y eCum) = ( sup — > 7)
g€[n,n+1]1NQ q M
and Lemma 6.2.9.
(3) For the first result use Markov’s inequality and that EU* = 3 if U ~ N(0,1).
(4) Use Borel-Cantelli.
(5) Start showing that
Y, 1
P ( sup MS—)evt. =1.
ten,n+1] t M
for all M € N.

(6) Use (5).

B.7 Hints for Appendix A

Hints for exercise A.1. To obtain the supremum, use that weak inqeualities are preserved by

limits. o

Hints for exercise A.2. To obtain the supremum, use Lemma A.1.3 and the fact that Q is

dense in R. o

Hints for exercise A.3. Apply Fatou’s lemma to the sequence (g — frn)n>1- o
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Cyp(R), 61

CP(R), 84

C(RY), 95

C¥(R), 61

Clo,00), 206

[-], 238

Be, 72

Bi,00), 192

Clo,00), 207

Z(X), 48

Ir, 36

R*, 229

RI0:%0) 192

o-algebra, 2, 233
Borel, 2
generated by a family of sets, 2
generated by a family of variables, 3

infinite-dimensional Borel, 45

Adapted sequence, 137
Asymptotic normality, 92
and convergence in probability, 92

and transformations, 93

Bimeasurable map, 125
Birkhoff-Khinchin ergodic theorem, 38
Borel-Cantelli lemma, 12, 20
Bounded, signed measure, 104
absolute continuity, 107
concentrated on set, 107

continuity, 104

density, 106, 107
given as integral, 106
properties, 104
Radon-Nikodym derivative, 107
relation to positive measure, 105
singularity, 107

Brownian motion, 194
continuous version, 201
drift, 194
existence, 194
finite-dimensional distribution, 195
law of the iterated logarithm, 217
normalised, 194, 223
points with value 0, 221
quadratic variation of, 212
variance, 194
variation of, 212

Bump function, 61

Cauchy sequence, 14
Central limit theorem
classical, 87, 88, 91
Lindeberg’s, 89
Lyapounov’s, 91
martingale, 172
Change-of-variable formula, 237
Characteristic function, 75
and convolutions, 80
and linear transformations, 77
and the exponential distribution, 78
and the Laplace distribution, 79
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and the normal distribution, 78 Dirac measure, 66
properties, 75 Dominated convergence theorem, the, 236
uniqueness of, 83 Doob’s Inequality, 179
Chebychev-Kolmogorov inequality, the, 179 ~ Down-crossing, 146
Closing of martingales, 156 and convergence, 146
Complex conjugate, 72 lemma, 149
Conditional expectation number of, 148
and independence, 120 Drift of Brownian motion, 194
and monotone convergence, 120 Dynkin’s lemma, 2, 234

existence, 117 ) .
Ergodic theorem for stationary processes, 49

Ergodicity, 36
of a stochastic process, 47, 48

given o-algebra, 116
given Y =y, 127

given finite o-algebra, 118 . o
. i sufficient criteria for, 40-42
given random variable, 124
. . Eventually, 11
Jensen’s inequality for, 120

properties, 119 Fatou’s lemma, 235

uniform integrability, 180 Favourable game, 134

uniqueness, 117 Filtration, 137
Confidence interval, 94, 98 Finite-dimensional distribution of stochastic
Continuity in probability, 200 process, 193
Convergence Fubini’s theorem, 236

Almost surely, 12

almost surely, 4 Gambling theory, 134

and limes superior and limes inferior, 232 Holder’s inequality, 237

completeness of modes of, 14

in L7, 4 Image measure, 237

in distribution, 4 Independence

in law, 4 of o-algebras, 15

In probability, 12 of events, 17

in probability, 4 of random variables, 17

Khinchin-Kolmogorov theorem, 22 of transformed variables, 18

relationship between modes of, 8 sufficient criteria for, 16

stability properties, 7, 10 Infimum, 229

uniqueness of limits, 6 Infinitely often, 11

weak, of probability measures, 60 Integer part function, 238
Convolution, 79 Integral

of complex functions, 72
Delta method, the, 93 Invariant o-algebra, 36
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of stationary process, 48
Invariant random variable, 36
measurability, 36
Iterated logarithm, law of, 217

Jacobian, 96
Jensen’s inequality, 236
for conditional expectation, 120

Jordan-Hahn decomposition, the, 108

Khinchin-Kolmogorov theorem, the, 22

Kolmogorov’s consistency theorem, 194, 239

Kolmogorov’s three-series theorem, 24

Kolmogorov’s zero-one law, 19

Law of the iterated logarithm, 217
Lebesgue decomposition, the, 111
Limes inferior, 231

Limes superior, 231

Lower bound, 229

Martingale, 137
central limit theorem, 172
closing of, 156
continuous time, 224
convergence theorem, the, 146
integral definition of, 138
optional sampling, 141
sub-, 137
super-, 137
Martingale difference, 165
and martingales, 165
array, 166
compensator, 166
square-integrable, 165
Maximal ergodic lemma, 37
Maximal inequality
Kolmogorov’s, 21
Measurability, 3, 235
o-algebra generated by variable, 125

Measurable space, 234
Measure, 234
bounded, positive, 104
bounded, signed, 104
Measure preservation, 36
sufficient criteria for, 40
Measure space
o-finite, 234
Mixing, 42
Monotone convergence theorem, the, 235

Nowhere monotone function, 207

Brownian motion, 212

Optional sampling, 141, 160
at sequence of sampling times, 145
bounded stopping times, 144
infinite stopping times, 160

Probability measure, 2
o-additivity, 2
downwards continuity, 3
of measurable functions, 235
uniqueness, 234
upwards continuity, 3
Probability space, 2
filtered, 137

Quadratic variation, 211
and variation, 211

of Brownian motion, 212

Radon-Nikodym

derivative, 107

theorem, the, 114
Random variable, 3

p’th moment of, 3

mean of, 3
Random walk, 165
Riesz-Fischer theorem, the, 238
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INDEX

Sampling times, sequence of, 144
Scheffé’s lemma, 65
Shift operator, 47
Slutsky’s lemma, 70
Stochastic process
adapted, 137
at infinite stopping time, 160
at stopping time, 140, 160
continuous-time, 192
discrete-time, 3
distribution of, 46, 193
down-crossings, number of, 148
finite-dimensional distribution, 193
sample path, 197
stationary, 47
version of, 198
Stopping time, 138
o-algebra, 140
finite, 138
optional sampling, 160
Strategy, 134
Strong law of large numbers, 27
Submartingale, 137
closing of, 156
convergence of, 146
integral definition of, 138
Sum of independent variables, 21
divergence of, 21
Supermartingale, 137
Supremum, 229

Tail o-algebra, 19
Taylor expansion, 239
Taylor’s theorem, 239
Tightness, 63

Tonelli’s theorem, 236
Triangular array, 88, 166

Uniform integrability, 151

and L'-convergence, 154
and closing, 156
finite family of variables, 151
Uniform norm, 63
Upper bound, 229
Urysohn function, 61

Variance of Brownian motion, 194
Variation, 208
and quadratic variation, 211
bounded, 209
of Brownian motion, 212
of monotone function, 209
properties, 208
unbounded, 210
Version
continuous, 200

of stochastic process, 198

Weak convergence of probability measures
and characteristic functions, 84
and continuous transformations, 71
and convergence in probability, 70
and distribution functions, 67, 68
examples, 66
in higher dimensions, 95
relation to convergence of variables, 60
stability properties, 64
sufficient criteria for, 84
uniqueness of limits, 62

Weak mixing, 42

Weak stationarity, 56
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