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INTRODUCTION

There exist relatively few books, especially in English, devoted to the
analytic theory of numbers and virtually none suitable for use in an intro-
ductory course or suitable for a first reading. This is not to imply that
there are no excellent books devoted to some of the ideas and theorems of
number theory. Mention must certainly be made of the pioneering and
monumental work of Landau and in more recent years of the excellent books
of Estermann, Ingham, Prachar, Vinogradoff and others. For the most part,
however, these works are aimed at the specialist rather than at the general
reader. No further apology therefore will be made for adding to the vast
and growing list of mathematical treatises.

The subject of analytic number theory is not very clearly defined and
while the choice of topics included here is to some extent arbitrary, the
topics themselves represent some important problems of number theory to
which generations of outstanding mathematicians have contributed.

The book is divided into five chapters.

Chapter I. This is devoted to an old and famous theorem—that of Dirichlet
on primes in an arithmetic progression.

The chapter begins with some elementary considerations concerning the
infinitude of primes and then lays the basis for the introduction of L-series.
Characters are introduced and some of their properties derived and this is
followed by some general theorems on ordinary Dirichlet series. A version
of the classical proof of Dirichlet’s theorem is then given with an analytic
proof that L(1,y) # 0. The chapter ends with a definition of Dirichlet density
and it is noted that the primes in the progression kn + m have D.D. 1/¢(k).

Apart from the interest of the theorem itself, the methods and ideas
introduced by Dirichlet have had an important influence on number theory
as well as other branches of mathematics. The beginning reader would
then do well to read this chapter in its entirety.

Chapter II. This chapter is devoted to the prime number theorem and to
certain auxiliary arithmetic functions arising in a natural way. The p.n.t.
is first proved with a modest error term following the general idea of
Riemann’s proof as completed by Landau. This requires the development of
some properties of the zeta function and the proof leads rather directly to
n(x) (§5). It is then shown that the analysis becomes simpler if mean values
and absolutely convergent integrals are introduced and then coupled with a
Tauberian argument. At this stage, the error is improved to give the result
of de la Vallée Poussin (§6B). The next step is to reduce further the analytic
requirements and couple the discussion with a deeper Tauberian theorem.
This is the Hardy-Littlewood proof (§6C). The final proof is that of Wiener,
as simplified by Ikehara and Landau (§6D). Here the Tauberian element
plays the primary role. Wiener’s proof completes the equivalence of ¢(x)~x

yil
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with ¢(1 + it) # 0.

The final section is devoted to other arithmetic functions and applications
of the p.n.t. to their asymptotic properties (§7).

The chapter is planned so as to give the reader a flexible program. He
may wish to read the direct proof of

(1) (x) = li x 4+ O(xe~<s /1) (§5)
or of

(2) ¢(x) = x + O(xe=<8 %) (§64) .
He may read a proof of

(3) $o(x) = 3x* + O(xte~<'5 /%) (§6B)
and then deduce that

(4) a(x) = li x + O(xe=ctls 9'/%)

With a slight rearrangement he may read a proof of (4) directly.

On the other hand, a direct reading of the Hardy-Littlewood or Wiener
proof is possible.

The material on arithmetic functions again allows a certain measure of
latitude.

Chapter III. This chapter is devoted to the theory of partitions. The
chapter begins with proofs of some elementary results and the subsequent
material is again arranged to provide options to the reader. It is first proved
that

(1) p(n) ~

kvn —

4n\/3e (k = nv/(2/3))

with the help of the little known but elegant proof of Uspensky (§2). Then
Siegel’s beautifully simple proof of

(2) o) = /50

is given (§3).

This is followed by the introduction of the modular transformation and it
is proved that the set of modular transformations forms a group with two
generators. This allows us to prove that

(3) (L) = stee + dyaie
where ¢ is a 24th root of unity whose nature is as yet undetermined (§ 3).
The next step is to give Rademacher’s adaptation of Siegel’s method to
another derivation of (3) and an explicit determination of ¢ in terms of
Dedekind sums (§ 4).
Finally, Rademacher’s convergent series for p(n) is derived and proved (§ 6).
The reader has 3 options. He may be content with a proof of (1) and (2)
(§8§ 2 and 3). He may wish to read a proof of (3) and follow this by a proof
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of Rademacher’s formula (§§ 3 and 6), or finally, he may wish to evaluate ¢
in (3) and then read a proof of Rademacher’s formula (§§4 and 6).

Chapter IV. This chapter is devoted to Waring’s problem for kth powers.
The general plan is to discuss first the contribution from the major arc.
This is followed by Weyl’s estimate for trigonometric sums. No effort is
made to present the deeper and much more difficult estimates of Vinogradoff.
For those the interested reader may consult the excellent book of Vinogradoff.

The asymptotic formula for the number of representations of » as a sum
of s kth powers is proved to hold for

(1) s=k2*+1 (§6, Theorem 6.6) .

This is then strengthened (§6, Theorem 6.7), with the help of a theorem of
Hua to

(2) s=2 41

which for small values of & is superior to Vinogradoff’s result.

The next section is devoted to a discussion of Vinogradoff’s upper bounds
for G(k) (§7).

With very little additional effort it is shown that (Theorem 7.3)

(3) G(k) = O(K* log k)
and with further estimates on the minor arc, that (Theorem 7.6)
(4) G(k) = O(k log k) .

The constants are more precisely determined.

The last section is devoted to a discussion of the singular series and kth
power Gauss sums.

The reader has several options. He may read the account on the major
arcs (§4), and then prove either (1), (2), (3) or (4) since they are essentially
independent of one another.

Chapter V. The class number of quadratic fields and the related problem
of L functions with real characters are discussed here.

The chapter begins by assuming an elementary knowledge of quadratic
fields. The concept of class number % is introduced. It is shown that 4 is
finite and that there exists a constant « such that

ah = L(1, y)

for a certain real character j.

The reader who is unacquainted with the theory of quadratic fields may
take this as the definition of % and interpret subsequent results as theorems
on L(1, x). The next step is to sum the series L(1, y) and derive the Gauss-
Dirichlet formula for 2. A mean value theorem for 4(d) is then derived and
proved. This necessitates an estimate for sums of characters. The chapter
culminates in Siegel’s proof that

log W(d)R~ % log|d| .
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The reader may read §§1 to 3 and derive the Gauss-Dirichlet formula for
h(d), then read §5 for the mean value of %(d) and proceed to §6 where
Siegel’s theorem is proved. He may on the other hand omit §§1 to 3 (except
for the discussion of the Kronecker symbol) and proceed directly to §6 or
be content to stop after reading §§4 and 5.

The mathematical preparation required to read this book is relatively
modest. The elements of number theory and algebra, especially group
theory, are required. In addition, however, a good working knowledge of
the elements of complex function theory and general analytic processes is
assumed. The subject matter of the book is of varying difficulty and there
is a tendency to leave more to the reader as the book progresses. The first
chapter can be read with relative ease, the subsequent chapters require that
they be read more and more ‘‘with pen in hand.”

It is a pleasure at this juncture to acknowledge my indebtedness during
the writing of this book. First to the American Mathematical Society who
through a contract with the Air Force Office of Scientific Research enabled
me to devote a full year to its writing; to Professor R. Webber of the
University of Toronto for his careful and critical reading of Chapters I and
II. Many of his suggestions have been incorporated. To Professor C. L.
Siegél for his generous help in the proof of Theorem 5.4 of Chapter V.
Further the author wishes to thank Dr. Gordon Walker for recommending
that the book be published in the American Mathematical Society’s
distinguished Survey Series. As to the mechanics of publication, the author
is most grateful to Mrs. Ellen Burns and Mrs. Helen Striedieck for typing
and other secretarial help and to Miss Ellen Swanson and her staff at the
American Mathematical Society (especially S. Ramanujam) for preparing a
chaotic manuscript for the printer.

There is in addition an indebtedness of more abstract character which the
author wishes to acknowledge. No devotee of the analytic theory of numbers
can help but be influenced by the brilliant writings of Professors H. A.
Rademacher, C. L. Siegel, I. M. Vinogradoff, and the late Professor G. H.
Hardy. If the reader detects little originality in the present work, it stems
merely from the fact that the work of these scholars can hardly be improved
upon. It has indeed been the author’s hope that some specialists whose
knowledge is broader and whose understanding is deeper than his might
have undertaken to write a book of the present type. Perhaps the short-
comings of this work will induce them to do so.

State College, Pennsylvania
November, 1962



NOTATION

We make extensive use of the order notation (O, o, ~) in this book, and
for the benefit of those readers who have not encountered it before, we give
a brief summary of the definition and principal properties. The notation
was first introduced by Bachmann in analytic theory of numbers and has by
now made its way into general analytic processes.

A. Big O. Let a be any real number including the possibilities = oo.
Let f(x) and g(x) be two functions defined in some neighborhood of @ and
suppose that g(x) > 0. We say that f(x) is “‘big O of g(x)"’ and we write

f(x) = O(g(x)) ,
if there exists a constant K > 0 and a neighborhood N(a) of @ such that
| f(x) ] = Kg(x)

for all x in N(a).
In particular, the notation

fx) = O(1)

means that f(x) is bounded in absolute value in a suitable neighborhood of a.
ExampLes. (i) Suppose that ¢ =0. Then

sin x = O(x) , 2 =0(x2).
(ii) If @ = o, then
sinx = 0(1), x=0(x?).
Some simple properties follow at once.
I. If fix) = O(gi(x)), i =(1,2), then
[ix) + folx) = O(g4(x) + g:(x)) ,
F0fo(x) = O(91(x)g2(x)) .
II. If ¢ is a constant and
f(x) = Olg(x)) ,
then
cf(x) = O(g(x)) .

The notation is frequently used with functions of more than one variable
and here some care must be exercised in its use and interpretation. For
example, we frequently encounter a function f(s) of the complex variable
s =0 + it and write

f(s) = O(g(?)) (t > o).

The constant K whose existence is implied by the O is dependent upon o,
xi
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and the dependence may be such that K = K(¢) is unbounded for ¢ in some
neighborhood. Sometimes the dependence of K on the auxiliary variables or
parameters is explicitly stated and sometimes it is implied by the context.

We use the notation for sequences as well—the sequences may be sequences
of functions or sequences of real or complex numbers. For example,

f(n) = O(g(n))

means that there exists a constant K and an integer N, such that if n > N,,
then

| f(n)| < Kg(n) .

To allow for greater flexibility and to use the O symbolism as effectively
as possible, it is convenient to define O(g(x)) standing by itself. By O(g(x)),
we shall mean the class of functions C(g) such that /€ C(g) if and only if

f(x) = O(g(x)) .
Thus in particular, O(1) is the class of bounded functions. If
Clg) « C(h)
we write
O(g) = O(h) .

The reader will readily adapt himself to the mathematical anarchy in which
the symbol of equality is used for a relation which is not symmetric.
Surprisingly enough, this almost never leads to confusion! We define the
sum and product of two O's. By

O(g) + O(h)

we mean the class of functions C consisting of sums f, + f. where f, € C(g)
and f, € C(i). Similarly with O(g)O(k). In addition to a finite sum, we often
take an infinite sum of O’s.

The following examples will illustrate some of the points.

(iy If

f(x) = x sin(l/x),
then, as x—»> o,
f(x) = O(x)0(1) = O(x) = O(x log x) .
Note carefully that although
O(x) = O(xlog x) ,
O(x log x) # O(x)!
(i) If flx) = x cosx ¢ *"'8% + x sin x log™® x, then, as x-» oo,
f(x) = O(xe="""**) + O(x log™® x)
= O(x log™® x) = O(x) .
(iii) If s=o¢ + it, and
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sinn

f(s)=2 =,

then, as ¢t — oo,

=0(&n)
- o,

if ¢ > 1. However the constant implied by the O depends on ¢ in a critical
manner.

B. Little 0. Suppose that f(x) and g(x) are defined in a neighborhood of
a, and suppose that g(x) > 0. Then we say that f(x) is *‘little o of g(x)"’ and
we write

f(x) = olg(x))

lim &

=0.
e g(x)

In a similar manner, we define ‘little o’ for sequences. We write

f(n) = o(g(n))

if
lim S =
e g(n)
It is easily seen that if
Ji=olg) i=1,2),
then
fife = 0(g:9.) -

As for “big 0,” we define o(g) as the class of functions D(g) with the
property that f € D if and only if f = o(g). Then we can define

o(g) + o(h) and o(g)o(h) .
If D(g) c D(h), we write
o(g9) = o(h) .
If C(g) is the class of functions which are O(g), and C(g) ¢ D(h), we write
0O(g) = o(h) .

Thus we encounter statements of the following types:



xiv NOTATION

f=9+¢
= 0(gs) + O(g.)
= 0(gs) = 0(gs)
and
f=0(g) + Olg.)
o(gs) + o(g.)
= 0(95) .

I

C. Asymptotic equality. Finally we define ~. If fand g are two functions
defined in a neighborhood of @, we say that f is asymptotic to g and write

f~g
if
lin] '—f‘ =1.
r—a

The definition applies to both functions of real or complex variables and to
sequences. The relation is evidently symmetric and transitive.
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The gamma function and the Mellin transform. Though there are many
equivalent definitions of the gamma function, one of the most convenient
starting points is the Weierstrass product formula. For all s, we define

1 oy T S\ -s/n
(1) T - ¢ ng(1+n>e ’

where y is Euler’s constant, 7y = limy_... (3., 1/n — log N). We show that
this is analytic for all s.

Tueorem A.l. The product
Se'Ys ﬁ(l + _s_> —s/n
n=1 n
represents an analytic function of s for all values of s.

Proor. Let k be arbitrary-and suppose that |s| < k/2. Then for n > k&,

1 § 1 s
1 i)_ig__ 1 s |
Og<1+n nl|~ 2 nt 3 n
2
< 13 <1+i+i
n n

It follows that

and therefore

(2) A (es (4 5) =)

is an absolutely and uniformly convergent series of analytic functions which
is therefore itself analytic. Consequently its exponential

I (1 + i>e“”"
n=k+1 n

is analytic; hence

(3) se'” 11 (1 + i)e"/"
n=l n
is analytic for |s| < 3k. However, £ was arbitrarily chosen and therefore
(3) is analytic for all s.
From this definition of I'(s), we see that 1/I'(s) has zeros at s =0, —1, —2,
353
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-+, and therefore that I'(s) itself is analytic everywhere except for poles at
0, -1, —2, ...

THEOREM A.2.
Lad 8 ~1
(4) r'(s) :ln(1+1><1+i) :
S n-1 n
the formula being valid except for s =0, —1, —2, ...

Proor. The proof is a straightforward consequence of (1):

,1 =slim [exp s( % l — log m>] ]mT (1 + i)e"/"
I (S) m—co n=1 n

n--1

s lim m™ H( n>:s]im7ﬁl<1+%>ﬂﬁl(1+%>
m-—rco n m—co n=} n

:shmII( 1>ﬂ(1+§><1+1)ﬂ
Mmoo n n m
Since (1 + 1/m)* — 1, the proof is complete.

‘Two important corollaries follow.

i

TueoREM A.3.

vy (n—l)‘ .
(5) I(S)_lulf?os(s+ )o--(s+n—1) "

Proor. From (4),

1 .. el b 1\ kb 1 k

A —_ — :—1

F(s) s,l.LTkII( k ><k+s> SnLT"H( +S>
= Liim n — 1)
T saee (SHDEH2) e s+Hn—1)"

The next corollary exhibits I'(s) as an interpolation formula for s!.

THEOREM A.4.

(6) s+ 1) =sl(s).
In particular, if s is a positive integer,
(7) Fs+1)=s!.

Proor. Again from (4),

I's+1) s . m 1\ s+1 "’( 1>—“< s)
I'(s) S+17:£r:enq<l+n) <1+ n ) l+n n
s 1 n+s
= 1 il O (AL T
S+1ml—TonH( n>< +S+l>
s . '" n+s 1 m+1
= 1 1 = _
S+1m1££1ﬁ(m+) <n+s+l> sm~w7n+s+1

The next result is a functional relation which establishes a connection
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with the circular functions.

THEOREM A.5.

T
sinws °

(8) rera-—s) =

Proor. From the definition (1),

oo -1 3 -1 oo 2\ —1
ror-o=-x a(1+2) e g (1-2) e -- 2 1(1-5)
" n=1 n n=1 n n
On the other hand, the Weierstrass product for (sin zs)/zs is TIn=: (1 — s*/n’),
and therefore
1 =s —r

(9) Fr(=s) = — 4 —— = —2_,
S sinas ssinxs

From (6), however,
'l —sy=—sr(-s),

and the theorem follows from (9).
In particular, if s = 4§,

ré®==z, r®=x=xvn,
but from the definition, I'(3) > 0, and therefore
(10) r@)=vn.
We prove Legendre’s duplication formula in the following:
THEOREM A.6.
(11) I'@2s)=a""*2"""I(s) I (s+3).
Proor. The proof starts from (5) of Theorem A.3.

L (2n — 1)t @n)"
r@2s) = 111'2 2s@2s+ 1)+ 2s+2n—1)"

and therefore

28710\ (s + 3)
I'(2s)

= lim 22 Y (n — DA™ P2s) 25 + 1) - (25 + 2n — 1)

nee 20)PCn—DIs(s+ D)o (s+n—1)s+3)s+d---(s+3+n-1
— lim 22" Y — DN)n42)2s + 1) - 25 + 2n — 1)

n—w 2525 +2) -+ (25 +2n — 2)(25s + 1)(2s + 3) - -+ (25 + 2n — 1)(2n — 1)!

2n—1 L 1V1)2,,1/2 .
= tim Z= IR —tim o) (say).
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We notice that the right-hand side is independent of s. Hence its value
may be determined by giving s some convenient value. For example, we
let s =%, then

lim g(n) = CGCW ‘ﬁ’(f)‘” = I} = vr,

by (10). This observation completes the proof.
We can convert I'(s) into what is, perhaps, a more familiar integral
formula.

TueorEM A.7. If s=o0 +it, and o > 0, then

(12) [(s) = Sm e *x" dx .

0

Proor. Because

¢" =lim (1 - ﬁ) ,
n—voo n

r(s,n) = S" (1 —1>ﬂx'“‘ dx
n

0

we can expect that

will converge to the integral in (12). On the other hand, we evaluate y(s, n)
explicitly. In fact, if ¥« = x/n, then

ris,n) =« Sl (1 —u)"u* " du .
0

If » is an integer > 0, we integrate by parts » times and an easy calculation
gives

n n—1 1 1a+n—1
N =n-2. d
ris,n) =n p P s+n—1§ou u

_ n'n!
Ts(s+ D) (s+n—D(s+n’

(13)

Thus on the one hand, the right-hand side of (13) converges to I'(s) by
Theorem A.3. On the other hand, it remains to show that 7(s,#n) converges
to the integral in (12). This is seen as follows:

lim {r e X" ldx — r(s, n)} = lim {Sn(e“ - (1 — ;lx—>"> L ldx + Swe“x"’dx}
n—e | Jo n—=e  Jo n

=lim (j, + j2) .
Since ¢ > 0, the integral in (12) converges and therefore lim,-. j. =0. To
show that j, tends to 0, we notice that the sequence (1 — x/»)" converges to
¢™* from below while (1 + x/n)" converges to ¢ also from below; therefore
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0§e”——(1-—£>n
n

IA
[\
|
"
——
p—
|
A\
L]
/N
[y
|
B
\_/=
N —

IIA

e {1 - (1 _ %)(1 + %)}g e {1 _ (1 — ;—Z)}

IA
®
S
Il

Consequently,

=0 (l) Sne"x"“ dx=0 (l) —ol) .
n 0 n

This completes the proof.

The integral of Theorem A.6 is valid only for ¢ > 0; we derive a contina-
tion of the integral of (12) which is valid for all s (we bypass the singular-
ities of I'(s)).

Tueorem A.8. If & denotes a path which starts at o, circles the origin in a
counter-clockwise direction and returns to oo, then

1 et
(14) Fls = 2i sin zs S’é (=07 cat.

Proor. The proof incorporates the principle of the so-called Hankel
transform. Let D be a contour which starts at « on the real axis, circles

a R""\a
¥_____—

the origin in a counter-clockwise direction and returns to a. We consider
the integral

S (—u)* ‘e ™ du ,
D

with ¢ >0 and s not an integer. The many-valued function (—#)""'=
exp[(s — 1) log (—u)] is made precise by choosing that branch of the logarithm
which is real when # < 0; that is to say, on D, —z < arg (—«) <z. We
transform D itself into a path which starts at a, proceeds along the real axis
toa point 4, circles the origin counter-clockwise by a circle of radius ¢ and
returns to a along the lower part of the real axis. On the upper part of
the real axis, we have
arg(—u) = —n,
so that
1, -in(s—1)

(15) (—u)' =expl(s — 1) log(— )] = exp[(s — )(— ni + log u)] = u""'e

and on the lower part, by the same reasoning,
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(16) (—w) "t =ute
On the circle, write

—u=2d¢°,
and then by (15) and (16)

8
g (—w) ‘e du = S
D

. @ .
e-—ut(l l)u:—le—u du , S etx(u—-l)ul—le—u du
@

(17) ’
+ S‘ (5e10)1—1e8(00s0+1’san)aeiOido .
—x
The first and second integrals combine to give
— 2isin s Sau’"‘e"‘du ,
8

while the third integral clearly tends to 0 as 6 -»0. Consequently, from (17)

S (— ) ‘e ™du = — 2i sinxs Sm w e 'du .
D 0

This relation holds for all a > 0. We let «a > o and we let & be the
“limit’’ of the path D, then

oo

S (— 2) ‘e du = — 2i sin nsg w e tdu .
2 0

In other words,

1 P
rs) =— S eines S%_(—— )’ e “du ,
as was to be proved.

The importance of this representation stems from the fact that since &
does not pass through the origin, the integral is a single-valued and analytic
function of s for all s. The restriction ¢ > 0 is no longer necessary. The
formula (14) holds for all s except for s =0, +1, +2, ---.

The next theorems concern the asymptotic behavior of I'(s). We prove

first a somewhat debased form of Stirling’s formula.

Tueorem A.9. If N is an integer, then there exists a constant ¢ such that
(18) logN!=Zlogn=<N+—1->logN—N+c+0(—1—>.
nsN 2 N
Proor. We use the Euler-MacLaurin formula,

1
3 logn =~ log N + SNlogxdx-i—SN—————x_[x] 2 dx
(19) =y 2 1 1 X

a1
:%logN%— NlogN—N+SN"_7._%]__de.

1
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On the other hand, if we put
o(x) = S(u — [u] — —1-> du ,
1 2

then because the integrand has period 1 and ¢(2) = ¢(1) = 0, it follows that
¢(x) is bounded, in fact,
=3

If now we integrate by parts the integral in (19), we get
{ra—- 34— N
1 1

u N
=</>(N)+S°° f(f) dx — S” <p(§c) dx
N 1 X N X
—ofL = dx
=0 N)+c+0(§N x2>
oL
——O(N>+c.

We have used the fact that {7¢(x)/x* converges and have denoted its value
by ¢. This proves the theorem.
We pass to the general case.

TueoreM A.10. There exists an absolute constant a such that if s is not on
the negative real axis, i.e.,

(20) —r+dLargs<rt—9,

for 0 >0, then
@1) logl‘(s)z(s—%>Iogs—s+a+0<%>. (s % 0)
Proor. By definition,

N
log I'(s) = lim { _2

s s
Iim 9 . <7[ — log <1 + ;))} —rs—logs

. N¥os N
=11m{2;— Z og(n+s)+2 1ogn}—r8-

N—oo

(22)

We apply the Euler-MacLaurin formula to the second sum:

¥ _ 1 1 it [x]—3
Slog(n+s)=—=1log(N+s)+ =logs +S log(x+ s)dx + ————dx
n=0 2 2 0 x+s

(23) =%10g(N+s)+(%—s>logs+s+(N+s)log(N+s)

—(N+s)+§"’-‘—”-—["]—‘—)"dx.
0 xX+s

Accordingly, if we use (18) and the fact, proved previously Chapter II,
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Theorem 2.4, that

Sl _tgN+r+0(L
n g T <N>'

n-=

-

we get from (22) and (23)
log I'(s) = <s — %)log s+c

+l£im {s(log N —log (N + 5)) + N(log N—log (N + s))

(24)
N —_ —
+ L (log N — log (N + 5)) _S wdx}
2 0 x+s
1 = x—[x-}
= - =1 — — =2 WA 2
(s 2) ogs—s+a So P dx .

As in the previous theorem, we integrate the integral in (24) by parts:

© x—[x]—3% S” o(x) o dx
2772 = &Y g, = ____ax
So x+s * o (x+ ) dx O<So x2+2xa+|5|z)

=O<S"" dx )
v X' 4+ 2x|s|cosargs + |s|?

= dx
_O(So x’—2x|s|cos&+lslz>'

where we have used the fact (which follows from (20)) that cos args
= — cosd. The substitution x'|s| =« gives

e -0 () st ()
o x*—2x|s| cosé+ |s|® |sl/ Yo ¥ — 21 coso + 1 Isl/)’

as required.
As a corollary, we deduce an important result concerning the behavior of
(o + it) for fixed ¢ and large ¢.

Treorem A.ll. If

g.£0=o0,,

then for some constant K, and for |t| > 1,

(25) |F(o + ity = K| t]7 e 00 (1 +0 (.—H) ,

the constant implied by O depending only on a, and a,.

Proor. From (21) of Theorem A.9,

(26) logF(a+it)=<a+if—%)log(a+it)—(a+it)+a+0<-|—1T>,

but
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log (0 + it) = log (6* + t*)'* + iarc tan-f7 ;
hence
7 # <<a + it — %) log (¢ + it)) = <a — %) log (¢ + #)'/* — tarc tan % .

On the other hand,

log (6* + #*) — log t* = log (1 + (%)”> =0 (—‘;—)2 =0 (—17> ,

t
that is,
(28) log (¢* + £ = log|t| + O (-};) .
Moreover, because
t o (a2 ift>0,
arc tan ; +arctan7 = { —a2 ift<0,

it follows that

t o 7T g 1
arctan — = + — —arctan - = * — — — + O (=
retan 3 "7 5 7" <t2>

on expanding the arctan in a power series. This, together with (27) and
(28) gives us

(29) %{(a%—it—%)log(a-kit)}:(o——;—)loglﬂ e +o+O<T1?T>.

Therefore from (29),

logll’(a+it)|=<a—%)logltl—%|tl+a+0<-—1—>,

or
| Mo +it)| = K |¢|77!/2eTeit1/% 20D

— Kll'v—xlze—n‘m/z (l + 0(%)) .

Actually, it can be shown that K = 4/2z but we never need this fact.
Finally, concerning the gamma function, we prove

TueoreM A.12. The residue of I'(s) at the pole s = — k is (— 1)*/k!.
Proor. The residue at s= — k& is

lim (s + &) I'(s),

s——k

which, by Theorem A.3, is
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1 . n'n’
.-l-mk (s+k)}.lj2 ss+1)---(s+n)
— lim Ii n'n'(s + k)
e ST D) G+ E—De+ R ETD -G+
— lim lim nin’
noo sk S+ 1) (s+bk—1I)s+Ek+1)---(s+n)
= lim nint
noo (—B(—k+1) - (=1AN2) -+ (n— k)
lim = 1)* n!
= lim

nme Bl wfe(n — B)!
(=D . mn—1---m—k+1) (= 1
=T R ,I,LT n* T
We are now in a position to prove Mellin’s formula which was stated
without proof and used in §6, Chapter IL

Tueorem A.13. If ¢ > 0, then

1 crico

(30) e’ = S Ls)x™*ds .

2mi

Proor. The formula is, so to speak, an inversion of formula (12) of
Theorem A.6. The proof uses contour integration. The right-hand side is

¢—1foo

1. 1 tYiTI‘ _'d

(31) o SC_” (s)x~*ds .
—n-L+iT .
2 c+iT

02

| A\ ¥4
| T c-iT

n-7 =i

We consider the contour shown in the diagram. Then

1 e+ iT _ 1 —n—-1/2—4T s 1 —n—1/2::T _
___S I's)x*ds =—— S I'(s)x~*ds + TS I'(s)x™*ds

2ri ir 2ni Je—ir Tl ) —n—1/2—iT

(32) 1 e+ iT
+ == S
21

I'(s)x™*ds + sum of the residues.
—n—1/2+4 T
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The integrand has simple poles at s=0,—1, ---, —n, and the residue at
s=—k is (—1)*s*/k!. We call the integrals in (32) I,, L, I;, respectively.
Then

1 e+iT s _ 'y (___ l)k X
(33) : 'syx*ds=5L+L+ L+ Y x.
2ni c—iT k= k!

It remains to show that I,, I, I; converge to 0 as »n, T-» . We consider
first I; I, is treated in the same way:

1 c+iT s 1 ¢ . —o—iT
I = rs)x™'ds = —— Lo+ iT)x do
—-n—1/2

2ri —n—1/2+iT 2ni

_ O <Sc e—x|T|/2 | Tla—l/Zx—trda) ,

—n—1/2

(34)

by Theorem A.1l. The integral in (34), however, is

e—1|T|/2 (' TI x—-l)c (I T] x—l)-n—l/z _ .
(35) 0{ T (longlx_,— T )}_0(1) as T—oo.

We have therefore shown that

ct+ico n — k —n—1/2+ 100
(36) 1 S ' C)x'ds= 3 el VA + S / T(s)x™%ds .

210 Jemie K=ok —n—1/2—io

It remains to show that the integral on the right converges to 0 as n — .
Indeed

—n—1/2+1e0 s o 1 X nt1/2—it
(37) I=S I'(s)x ds=§ P(—n——§+zt>x dt .
—n—1/2—ico —o0

Using the functional equation for I'(s) in the integrand on the right, we
find

DD SR O '3+ it) (TG + |
(38) r( " 2+”) (—n—%+it)---(—%+it)_0<(n+1)! )

Then using (25), we get from (37) and (38),

= ' M n+1/2 ) (S‘” e Tt i/? )
I*O(S-l i * )0\ o 4

xn+l/2 1 1 . xu+l/z
=0((n+1)!)§-llr<§ +it)] ar+ 0 () -

The constants implied by the O are independent of #» and ¢{. On the other

hand
1 .
[‘(7 + 1t>

Letting # — oo, the assertion of the theorem follows from (39) and (40).

(39)

(40) S

-1

dt =0(1) .
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The functional equations of the functions {(s) and L(s,yx). In Theorem 3.5,
of Chapter I, we showed that {(s) is analytic for ¢ > 0 except for a simple
pole at s =1. We shall show here that {(s) is a meromorphic function whose
only singularity is at s = 1 and moreover that it satisfies a relatively simple
functional equation.

In addition, the same ideas applied to L(s, y) show that L(s,y) for x # x,
is entire and satisfies a similar type of functional equation.

The proof for the zeta function stems from Riemann. The starting point
is the gamma function. Since

(1) r (%) = S:e"‘t'”“dt , >0,
we replace ¢ by mn’x and find directly that

(2) "t r (—Z—) nt= S:e_""z“u'”_‘du

therefore

(3) &(s) =="°I <—;—> &s) = S: g P T

the interchange of integration and summation being clearly justified.
Riemann’s object in (3) is to introduce the function

—znzu

w(u) = il e y

which is closely allied to the function

had 2

(4) Ou)y= Y ™",

r=—o0
which is an elliptic function satisfying the simple functional equation

1 1
Ou) =——0(—).
(3) (w) Vu <u>
The integral in (3) is well behaved for ¢ > 0 but for ¢ <0, trouble occurs
in the neighborhood of the lower end point. The object of (5) is to improve
matters. Before proceeding therefore, we study in more detail the function
0(x) defined in (4) or rather a slight generalization of it.
We consider the function

(6) w‘(‘t', a) — Ai e—ﬂ(ﬂ+¢)zf ,
for real @« and r > 0. The series converges absolutely. It is our first object
to prove the following

364
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THEOREM B.1.

1 ad an2/r—2ning
—nancfr—emin
—_— e .

\/‘L’ n=—oo
The formula will then hold by analytic continuation for all t such that

() > 0.
Proor. The left-hand side of (7) is

(7) U(r,a) =

g 2
—wn‘r—2xnawr-nalr
2 e .

n=:—o0

We are therefore required to prove that
0 el o
—nnlr—2nwar € —xn2/T—2nine
e T = — e .
( 8 ) n:z_on VT on zm

Our natural recourse is Cauchy’s theorem and the calculus of residues. In
fact if z is the complex variable x + iy, then the function

2
—nz27-2nazr
e

(9) fla)= ]
has simple poles at z=0, =1, + 2, --- with residue
(10) 1 e—f!r?'r—2ﬂrwv

2ni

at the simple pole z = r.
We consider the rectangle %” in the z plane with vertices at N+ % + ¢,

| .
-(N+3)+i N+ 5+i
2" (4 I 2
[ (2)
(1) |
~(N+ 5)-i N+ 5 -i

— (N + 3) + i where N is a positive integer. We label the segments of the
path (1), (2), (3), (4). By Cauchy’s theorem, we get from (9) and (10),

(11) e—ﬂ:zz—sz:zd % 2y
. z — e_xll.n._' TRnaT .
Sg eZvnz _ 1

n=-N

The integrals along the vertical sides (2) and (4) are o(1) as N— «. Along
(2), z= N+ % + iy, and a simple calculation shows that for some constant ¢

e—xrzz—z;mrzd 0 1 e~
—_—dz = — - dy
8(21 eZmz . 1 (g—l ||e Zty‘eZvn(NH/Z) l _ 1] _)

-—O e—cN . 1
= (W) =o(1) .

(12)
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A similar argument holds for the integral along (4). Thus letting N— oo,
we conclude from (11) and (12) that

(13) e ¥(z, a) = S i f(2)dz — SNH f(2)dz,

—oo—1i —oo +1

the integrals being absolutely convergent as a simple calculation will show.
Since along the path in the first integral of (13)

|e21i2| — e21 > 1’
it follows that

271z

n -1 e -1

the series converging uniformly and therefore

(14) Sm”' f(Z)dZ — —zw Sw—‘ e~1nz—2ula‘r -ni) gy,
—o0—1 n-—1 ) —oo-1

A similar argument shows that
oot oc -1

(15) S f(Z)dZ — z S e—tnz--znim—ni) dz .
—oo+1q r-0 —o0 - i

On the other hand, completing the square in z, we get

coti

(16) eﬂ?(a‘ni,/flz g i z:@-ni/T)2 dZ — ex‘r(a-;u',lfﬂS e—-rruzdu )

L

—ooti

where the path L is along a line parallel to the real axis with imaginary
part g (say). Applying Cauchy’s theorem again to the rectangle with vertices
+ W, + W+ ip (with real W) we find as W— o

(17) S e dy = Sm e du .
L —oo
Thus since
= —arul —_ 1 . = -i—
(18) vac du (0 vn s
we get from (13), (14), (15), (16), (17), (18)
e,mz,yf(r, @) = __1_ f err(m—-ni,"r)z
VT nE-w
1

Il

o
2 2 i
T —xné|T—2xine
€ 2 e ,

\/‘Z’ n=—o0

and this is what we set out to prove.
Several corollaries follow readily.

Tueorem B.2.

(19) ¥(z, a) = —5— f e ™7 cos 2nna .

Tn=—
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Proor. The proof is an immediate consequence of (7) and the fact that
e ™" sin 2mna ,

is an odd function in n, for then the series

S e ™7 sin 2nna

n=—o0

must vanish.
If we specialize a, we get at once

Treorem B.3. If
¥(z,0) = 6(r) ,
then

(20) 0(c) = 711- 0 (%) .

If we differentiate both sides of (19) with respect to a, we get
THeEoREM B.4.

21 "gm (n + a)e et = z'\l/r i ne~"**" sin 2zna) .

Proor. The proof follows from the uniform convergence of both sides in
a.
For dealing with the L functions, we shall require series similar to the
above but involving characters. Let y be a primitive character modulo .
Two cases arise in a natural way. In the first place 3(— 1) = + 1; we
therefore consider

Case (i). Suppose that

(22) W—1=1.
We define
23) 9o, ) =2 3 yme i

and shall show that ¢(z, ) satisfies a functional equation.
In fact since

x(n)e—mnz.'/k

is, by (22), an even function of »# and since (0) = 0, we get
(24) Yo = 3 gme=ttik,

We break the summation in (24) into residue classes modulo k£ by putting
n=mk+ r, and we get



368 APPENDIX B

=—o00 r=0

k oo 2 k 7
(25) e, = S ) 3 et = 3 4 (kf,—k-),

where ¥'(kz, r/k) is defined by (6).
If we apply (19) to ¥(kz, r/k), we find from (25)

= s 1 5 —am?/kt M
s Oz, x) - rgo x(7) ) mzwe cos —
(26)
— 1 5 —am2/kT ¥ 2nrm
= mgue rgo x(r)cos A
On the other hand, since y(— 1) =1, and therefore y(k — n) = x(n) and since
sin (2rm(k — n)/k) = — sin 2amn/k), it follows that
k
(27) 2 () sin Zzmr _q
Accordingly from (26) and (27),
1 < P .. .y
28 y = e— amé/ks: 2imrlk
(28) T, x) T "lzme Eo x(r)e .

The inner sum, however, is the familiar Gaussian sum
X 2aimr/k
Gim,y) = 2 xlre .
r—-0

By Theorem 4.12,
(29) Gim, x) = ¥m)G(1, 1)
and therefore from (27), (28) and (29),

— _L_ 6(19 X) S —nm?/kT
dlz, 1) N mzZ_” Y(m)e .

Consequently we get

TueoreM B.5. If ¢(z, y) is defined by (23) and G(1,y) is a Gaussian sum,
then

y _ 1 G, p ,(_1_ _>
(30) Pz, 1) = VARV AR
For simplicity, we put
_ G4,y .
(31) ey) = vk
then, by Theorem 4.13, Chapter V, we get
G, 0l _ 1.

(32) el = =2

Moreover, since
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k . k .
G(l, i) — zzoi(r)ezmr/k — goz(r)e~2nr/k — G(l, x) ,

because y(— 1) = 1. Therefore it follows that

) = (%) -
Thus by (32),
(33) (@) = ——.
e(x)
Case (ii). x(—1)= —1. In this case we modify the function ¢(r,yx) for
later application. Let
(34) Gile ) =23 mylme ik
then exactly as in Case (i), we show using (21) that
oo oo k
ble )= 3 myme i = - 3 melmmbT 3 y(r)erninrit
(35) ne—ow it/ (kt) m<= r=0
= ()= s (1)
T /T Vk & r'x = &) /T ¢ z’ ’
where
_ —iG(, )
El(X) = _\/k .
In this case because y(— 1) = — 1,
k . k .
G(l, x) - rgo ‘i(r)e—zmr‘/k - _ rzu i(r)ez»nr/k - _ G(l’—x-) .
Therefore
_iGA,y _ =i GLD) _ -
&(x) = T T vk &y,
and since as above
|€1(X” =1,
we get
_ 1
(36) a(y) = o)

We return to proofs of the functional equations for {(s) and L(s, x).
Tueorem B.6. If

37) &) =2""T (%) &)

then &(s) is regular for all s except for simple poles at s =0, s = 1. &(s) satisfies
the functional equation &£(s) = &(1 — s).
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Proor. We had from (3),
o) = [ ot w*tau,
where
W) = 3 et

We break the interval of integration

(38) §(s) = S: o(u)u'*'du + r o(w)u*'du .

In the first integral we replace # by 1/4, and find from (38),
(39) §(s) = S:@(%) u'du + ST w(w)u'*"'du .
Now

1 + 20(u) = 6(u)

and using Theorem B.3, we get
1 1
1+ 20(u) = — + 20w (—
(40) + 2w(u) Tu (1 t+ <u >>

Inserting w(1/#) from (40) in the first integral of (39), we deduce, on performing
the simple integrations,

(41) &(s) = 1 — 1 + S“ () (@'t + w0 dau_ .
s—1 s ) ”

The integral in (41) is regular for all s and the right-hand side is clearly
invariant on replacing s by 1 —s. This completes the proof.

We turn to the functional equation for L(s,y) for y a primitive character
modulo k2 The argument is much the same as the one we used for &(s).
Naturally there are added complications but we have prepared for these.

We consider again 2 cases.

Case (i). x(—1)=1. We start from the gamma function and get

—s/ =)
()" )= [
0

and therefore using (23),
§s,x) = <£>_ml’<—s—> L(s, x) = r 3 y(w)e = gy
k 2 0o n=1

(42) = Plu, Y)u'*"'du
0

oo

gl Plu, ' du + “%‘ S P, Pu*du .
0

1

1
2
1
2
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We apply (30) to the first integral of (42) after replacing « by 1/u,

1

(43) £(s,2) = —E(ZX—)ST%u.i)u“"’/zﬂ‘_ + _S;” O, Pul? 2L

u 2 u

The integrals on the right of (43) are regular for all s and therefore so is
&(s,x). Moreover

— 5,7 :5_(2_) ” 'ﬂ_‘_ii l S (1--.)/2_214_
&1 —s,%) > Sl D(u, Y)u ” + 2& du, Y)u =

Using (33), however, it follows that
e(x) 61 —s,x) =&, x) .

Case (ii). x(—1) = — 1. In this case we start from
(_g_>_('“m r ( S ; 1) nt = Sw ne-Tntulky s+ /2-1 gy
0

Then it follows that

—(s+1)/2 oo
§uls, 1) = (f-) r (ii—l> L(s,y) = 1 S ilu, Yt du ,
k 2 2 0 U

where ¢,(u, x) is defined by (34). We break the interval of integration as
before and apply (35) and deduce

£s,7) = 5—‘21) S“sbl (e, D™ du + % rgm(u, D
1 1

Again the right-hand side is regular in s and using (36), we deduce
(44) Eils, x) =&l —s,7) .
We combine these two into the same

Tueorem B.7. If y is a primitive character modulo k which is nonprincipal,

az{o if (=) =1,
1 if 2(=1)=—1

and

(45) §s, 1) = (%)(' r(35%) L,

then &(s, x) is an entire function of s and satisfies the functional equation

&(s, 1) = (061 — s, %)

where

G(1, x) o
7h ifa=0,
vk

e(x) =
ifa=1.
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In the particular case when yx(n) = y«(n) = (d/n), we have by Theorem
4.17

_ (iv/ld] ifd<O0.
¢, 0 = {wz ifd>0
Therefore in either case,
(46) ) =1.

CoroLLarY 1. If a =0, the function L(s, y) vanishes for s =0, —2, —4, ---.
If a =1, L(s, x) vanishes for s = —1, —3, =5, ---.

Proor. We showed that L(s,yx) is analytic for ¢ 26 > 0. The poles of
I'((s + a)/2) must be cancelled by zeros of L(s, x)-

If y is not primitive, we reduce the case to the primitive one by using
Theorem 4.7 of Chapter V.
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Symbol
C(s)
x(9)
x(9)
e(n)
s=og+it
L(s, x)
n(x)
A(n)
¢(x)
()
E(n)
d(n)
a(n)
An)
v(n)
M(x)
zl, k, z)
p(n)
pr(n)
F(x)

Wy

7/(?)
(1)

)YI

S(h, k)
(=)
g(k)
G(k)
r(n)
S(a, q)
Al
€(n)
M(a, q)
m

H(a, q)
[l
(s, k)
M(n, s, m)
h(d)
F(n, %)
H(t, €)
L(s, K)
G(a, 1q)
p*

o(s)
Do(s)
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103
105
105
105
105
107
120
135
135
136
139
145
146
147
168
168
207
207
209
210
211
211
213
214
220
223
240
263
278
282
282
282
298
314
329
329
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Abel, 39
method of partial summation, 14
summation, 19
Abel’s theorem, 141
Abelian group, 8, 12, 10, 198, 278
Abelian theorem, 86
Abscissa of absolute convergence, 33, 53
Abscissa of convergence, 17, 18, 19, 23,
27, 33, 34, 50, 52, 55, 87, 125, 287
Analytic class field theory, 30
Arithmetic progressions, 30
Asymptotic formula, 144, 203, 235-245
Axer’s theorem, 127, 132

Bessel, 151, 185
Binary quadratic forms, 27
Brauer, R., 351
Brun, Viggo, 39

Cahen, 130
Cauchy, 33, 49, 51, 52, 54, 55, 66, 74, 84,
86, 136
Cauchy’s theorem, 92, 144, 145, 156, 169,
185, 207, 208, 210, 223, 366
Cauchy-Schwarz inequality, 253, 259
Cayley, 349
Character, 6, 10, 12
conjugate, 28
complex, 26
Characters, 8, 9, 12, 302-319
induced, 303
primitive, 305-307
for residue classes, 32
Completely multiplicative, 4, 6, 23
van der Corput, 215
Circle of convergence, 17
«“Circle method ’’, 203
Class number, 282, 296
Conductor, 307
Convex body, 279
set, 279
Cyclotomic equations, 34
Cyclotomic field, 27, 35
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Davenport, Ann, 211

Davenport, H., 242

Dedekind, 145, 155, 168, 176, 349, 350
cut, 17

Dirichlet, 1, 3, 6, 13, 14, 17, 21, 23, 24,
27, 29, 35, 36, 48, 50, 52, 56, 131,
136. 235, 349
density, 29

L-functions, 277-351
Dirichlet’s theorem, 1-36
Discriminant, 288

fundamental, 310

prime, 310

Encke, 129
Equivalence of ideals, 277
Erathosthenes, 39
Erdos, 37
Euclid, 1, 2, 3, 30, 34
Euclid’s theorem, 24, 31
Euler, 1, 3, 5, 6, 7, 8, 24, 25 34, 37, 43,
102, 128, 129, 130, 131, 136, 139, 140,
165, 195, 203
gamma function, 90
¢-function, 103
Euler-Fermat theorem, 28
Euler-Lagrange, 135, 275
Euler-MacLaurin, 19, 33, 42, 43, 44, 359

Farey arcs, 181
dissection, 178-181, 212, 214
fractions, 201, 204
series, 178, 179, 213
Fejer kernel, 94
Fermat, 31
Ford circle, 201
Fourier, 215, 216
series, 346
transform, 49, 94

Gamma function, 353, 361, 364

Gauss, 35, 39, 47, 129, 277, 320, 327, 349,
350, 351

Gauss-Dirichlet, 298-302
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Gauss-Heilbronn, 327
Gauss-Lengendre, 2
Gaussian sums, 302-319, 368
Goldbach, 135

Goldbach’s problem, 268

Hadamard, 46, 56, 78, 130

Hall, Marshall, 10

Halphen, 130

Hardy, 35, 145, 146, 181, 192, 203
and Littlewood, 86, 93, 131, 207, 208,

246, 275, 276

and Wright, 139, 140

Hankel transform, 357

Hasse, H., 35

Hecke, 328, 338, 351

Heilbronn, 327, 329, 350, 351

Hilbert, D., 275

Homomorphism, 8

Hua, 131, 242

Identity theorem, 22
Ikehara, 94
Ingham, A.E., 130

Jacobi symbol, 289, 290
Jacobi’s theorem, 135, 195

Karamata, 89

Kronecker, delta, 350
symbol, 287, 289, 290, 296, 299, 312,
322, 338, 350

Landau, E., 35, 47, 56, 94, 96, 130, 131
Lattice points, 109, 278, 280, 283, 284
Laurent, 73
Legendre, 39, 129, 130, 355
symbol, 289
Lehmer, D.H., 193, 204, 205
Lehner, 204
Linfoot, 350
Linnik, U.V., 242, 275
Littlewood, 129, 130, 351

‘“ Major arcs”’, 210, 275
Mellin’s transform, 90, 345, 353
Mertens, 320

Minkowski, 278, 279, 281

“ Minor arcs’’, 210

Mobius inversion, 103, 104, 133

Modular functions, 203
substitution, 165, 174
transformation, 155, 159, 160, 161
Mordell, 351
Multiplication theorem, 23
Multiplicative, 4, 7, 8
function, 8

Nagell, T., 35
Natural density, 30

Parseval equality, 94
relation, 95

Partial integration, 14

Partitions, theory of, 135-205

Pentagonal number theorem, 129

Polya, 320

Poussin, de la Vallee, (see de la Vallee
Poussin)

Prime number theorem, 37

Principal character, 8

Quadratic law of reciprocity, 2, 30

Rademacher, 167, 169, 181, 191, 193, 204,
205
Radius of convergence, 16, 17
Ramanujan, 146, 181, 192, 196, 203
Region of convergence, 14
Riemmann, 46, 56, 57, 65, 72, 130, 145,
201
formula, 351, 364
Lebesgue theorem, 92, 98, 123
zeta function, 19, 37, 282, 288, 294,
328
Riesz, 35
Root of unity, 9, 10, 12, 145
Rosser, J.B. 130
Roth, K.F., 211

Schnirelman density, 275

Schoenfeld, L. 130

Selberg, 35, 37, 128, 131

Siegel, C.L., 155, 167, 320, 350, 351
theorem, 327-342

Sierpinski, 129

Skewes, 129

Smith, H.J.S., 349

Stieltjes, 14

Stirling’s formula, 43, 358
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Sylvester, 203

Tatuzawa, 131

Tauber, 86

Tauberian theorem, 47, 86, 88, 93, 131
Tchebycheff, 45, 117, 130

Tchudakoff, 131

Titchmarsh, 35, 276

Uniform convergence, 17

Uniformly distributed, 224

Uspensky, J.V., 144, 203
and Heaslet, 257

de la Vallee Poussin, 46, 61, 77, 130, 131

Van der Monde, 349

Vinogradoff, 131, 206, 207, 210, 211, 222,
223, 241, 246, 275, 276

Walfisz, 327
Waring, 135

problem, 206-276
Watson, G.L., 242, 275
Weierstrass, 89
Weyl, H., 211, 222
Weyl's method, 225-234, 243
Whiteman, 204
Wiener, 60, 94
Wilson’s theorem, 37, 38
Wright, E.M., 130

Zassenhaus, H. 35

Zeta function, 19, 20, 27, 30, 56, 60, 92,
131, 282, 286, 328, 337, 338, 342,
364






