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1. Game theory. I. Garćıa-Jurado, I. (Ignacio) II. Fiestras-Janeiro, M. Gloria, 1962–

III. Title.

QA269.G66 2010
519.3—dc22

2010000501

Copying and reprinting. Individual readers of this publication, and nonprofit libraries
acting for them, are permitted to make fair use of the material, such as to copy a chapter for use
in teaching or research. Permission is granted to quote brief passages from this publication in
reviews, provided the customary acknowledgment of the source is given.

Republication, systematic copying, or multiple reproduction of any material in this publication
is permitted only under license from the American Mathematical Society. Requests for such
permission should be addressed to the Acquisitions Department, American Mathematical Society,
201 Charles Street, Providence, Rhode Island 02904-2294 USA. Requests can also be made by
e-mail to reprint-permission@ams.org.

c© 2010 by the American Mathematical Society. All rights reserved.
The American Mathematical Society retains all rights
except those granted to the United States Government.

Printed in the United States of America.

©∞ The paper used in this book is acid-free and falls within the guidelines
established to ensure permanence and durability.

Visit the AMS home page at http://www.ams.org/

10 9 8 7 6 5 4 3 2 1 15 14 13 12 11 10



to our families





Contents

Preface xi

Chapter 1. Introduction to Decision Theory 1

§1.1. Preliminaries 1

§1.2. Ordinal Utility 3

§1.3. Linear Utility 6

Chapter 2. Strategic Games 13

§2.1. Introduction to Strategic Games 13

§2.2. Nash Equilibrium in Strategic Games 18

§2.3. Two-Player Zero-Sum Games 24

§2.4. Mixed Strategies in Finite Games 28

§2.5. Bimatrix Games 31

§2.6. Matrix Games 37

§2.7. Algorithms for Matrix Games 43

§2.8. Matrix Games and Linear Programming 52

§2.9. Refinements of Nash Equilibrium in Finite Games 59

§2.10. A Basic Model of Knowledge 72

§2.11. Correlated Equilibrium 75

§2.12. On the Epistemic Foundations of the Different Solution
Concepts for Strategic Games 80

vii



viii Contents

§2.13. Fixed-Point Theorems 87

§2.14. On Extreme Points and Convex Sets: Krein-Milman Theorem 91

Exercises of Chapter 2 94

Chapter 3. Extensive Games 99

§3.1. Introduction to Extensive Games 99

§3.2. Strategies in Extensive Games: Mixed Strategies vs. Behavior
Strategies 104

§3.3. Nash Equilibrium in Extensive Games 110

§3.4. Subgame Perfect Equilibrium 117

§3.5. Sequential Equilibrium 124

§3.6. Further Refinements 132

§3.7. Repeated Games 146

Exercises of Chapter 3 159

Chapter 4. Games with Incomplete Information 163

§4.1. Incomplete Information: Introduction and Modeling 163

§4.2. Bayesian Games and Bayesian Nash Equilibrium 165

§4.3. The Chain Store Paradox in Perspective 171

§4.4. A First Application of Bayesian Games: Auctions 178

§4.5. A Second Application of Bayesian Games: Mechanism Design
and the Revelation Principle 186

§4.6. Extensive Games with Incomplete Information: Multistage
Games and Perfect Bayesian Equilibrium 190

§4.7. An Outline of Harsanyi’s Approach 197

Exercises of Chapter 4 200

Chapter 5. Cooperative Games 203

§5.1. Introduction to Cooperative Games 203

§5.2. Nontransferable Utility Games 204

§5.3. Bargaining 206

§5.4. Transferable Utility Games 214

§5.5. The Core and Related Concepts 217

§5.6. The Shapley Value 226



Contents ix

§5.7. The Nucleolus 231

§5.8. Convex Games 235

§5.9. Noncooperative Models in Cooperative Game Theory:
Implementation Theory 238

§5.10. Airport Problems and Airport Games 256

§5.11. Bankruptcy Problems and Bankruptcy Games 261

§5.12. Voting Problems and Voting Games: Power Indices 270

§5.13. Cooperation in Operations Research Models 275

Exercises of Chapter 5 289

Bibliography 293

Notations 309

Index of Authors 311

Index of Solution Concepts 315

Subject Index 317





Preface

This is a mathematical book on game theory and, thus, starts with a def-
inition of game theory. This introduction also provides some preliminary
considerations about this field, which mainly lies in the boundary between
mathematics and economics. Remarkably, in recent years, the interest for
game theory has grown in utterly disparate disciplines such as psychology,
computer science, biology, and political science.

A definition of game theory. Game theory is the mathematical theory of
interactive decision situations. These situations are characterized by the
following elements: (a) there is a group of agents, (b) each agent has to
make a decision, (c) an outcome results as a function of the decisions of
all agents, and (d) each agent has his own preferences on the set of possible
outcomes. Robert J. Aumann, one of the most active researchers in the field,
said in an interview with Hart (2005): “game theory is optimal decision
making in the presence of others with different objectives”.

A particular collection of interactive decision situations are the so-called
parlor games. Game theory borrows the terminology used in parlor games
to designate the various elements that are involved in interactive decision
situations: the situations themselves are called games, the agents are called
players, their available decisions are called strategies, etc.

Classical game theory is an ideal normative theory, in the sense that it
prescribes, for every particular game, how rational players should behave.
By rational player we mean one who (a) knows what he wants, (b) has
the only objective of getting what he wants, and (c) is able to identify the
strategies that best fit his objective. More recently, a normative game the-
ory for bounded-rational players and even a pure descriptive game theory

xi



xii Preface

have been developed. However, this book lies mostly inside the borders of
classical game theory.

Noncooperative and cooperative models. Game theory is concerned with
both noncooperative and cooperative models. The differences between
these two types of models are explained, for instance, in van Damme and
Furth (2002). They state that “noncooperative models assume that all the
possibilities for cooperation have been included as formal moves in the
game, while cooperative models are ‘incomplete’ and allow players to act
outside of the detailed rules that have been specified”. Another view comes
from Serrano (2008): “One clear advantage of the (noncooperative) ap-
proach is that it is able to model how specific details of the interaction may
impact the final outcome. One limitation, however, is that its predictions
may be highly sensitive to those details. For this reason it is worth also an-
alyzing more abstract approaches that attempt to obtain conclusions that
are independent of such details. The cooperative approach is one such at-
tempt”. The necessity of cooperative models has been perceived by game
theorists since the very beginning because in some situations the cooper-
ation mechanisms are too complex as to be fully described by a mathe-
matical model. Thus, cooperative game theory deals with coalitions and
allocations, and considers groups of players willing to allocate the joint
benefits derived from their cooperation (however it takes place). On the
other hand, noncooperative game theory deals with strategies and payoffs,
and considers players willing to use the strategies that maximize their in-
dividual payoffs.

Some stepping stones in the history of game theory. Most likely, the first
important precursor of game theory was Antoine Augustin Cournot and
his analysis of duopoly published in 1838. In Cournot (1838), the author
studied a concept very close to Nash equilibrium for a duopoly model.
At the beginning of the 20th century, some important mathematicians like
Zermelo and Borel became interested in parlor games and in two-player
zero-sum games.

However, the first important result of game theory was the minimax
theorem proved by Hungarian mathematician John von Neumann in 1928.
Some years later, von Neumann came back to interactive decision situa-
tions when he met the Austrian economist Oskar Morgenstern in Prince-
ton. In 1944 they published their famous book, “The Theory of Games and
Economic Behavior”, which is considered to be the seminal work of game
theory. Since then, game theory has advanced as a result of the cooperation
between mathematicians and economists.
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In 1950, John Nash published his first paper on the equilibrium con-
cept. Nowadays, Nash equilibrium and, in general, equilibrium theory,
which started from that concept, play a central role in the development
of social sciences and, especially, of economic theory. In 1994, John Nash,
John Harsanyi and Reinhard Selten were awarded the Nobel Prize in Eco-
nomics “for their pioneering analysis of equilibria in the theory of nonco-
operative games”. More recently, other game theorists have also received
this award. In 2005 the prize was awarded to Robert Aumann and Thomas
Schelling “for having enhanced our understanding of conflict and coopera-
tion through game-theory analysis”. In 2007 the prize went to L. Hurwicz,
E. Maskin, and R. Myerson “for having laid the foundations of mechanism
design theory” (through game theory). These awards illustrate the role of
game theory as the main mathematical tool to analyze social interactions,
where economics is the major field of application. This interaction between
mathematics and social sciences continuously produces challenging prob-
lems for the scientific community.

In 1999, the Game Theory Society (GTS) was created to promote the
research, teaching, and application of game theory. On its web site, the GTS
provides resources related to game theory such as software tools, journals,
and conferences. Periodically, the GTS organizes a world conference on
game theory; the first one was held in Bilbao (Spain) in 2000.
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Notations

We do not pretend to provide a comprehensive list of all the notations used in this
book. We just intend to provide a brief reference list containing those notations that
might be unclear to some readers and also those conventions that are not completely
standard.

N The set of natural numbers {1, 2, . . .}
B ⊂ A Set B is a subset of A (possibly equal)
B � A Set B is a subset of A and B is not equal to A
|A| The number of elements of set A
conv(A) The convex hull of set A, i.e.,

conv(A) := {∑k
i=1 αixi : k ∈ N, xi ∈ A, αi ∈ R, αi ≥ 0,

and ∑k
i=1 αi = 1}

ext(A) The extreme points of set A, i.e.,
ext(A) := {x ∈ A : for each pair y, z ∈ A and each
α ∈ (0, 1), x = αy + (1 − α)z implies x = y = z}

2A The set of all subsets of set A
BA Maps from the set A to the set B
ΔA {x ∈ [0, 1]A : |{a ∈ A : x(a) > 0}| < ∞ and

∑a∈A x(a) = 1}
|A| The determinant of matrix A
At The transpose of matrix A
Im The identity m × m matrix
1m The vector (1, . . . , 1) ∈ Rm

E(X) The expectation of random variable X
E(X |Y) The expectation of variable X conditional on Y
P(A) The probability of event A
P(A |B) The probability of event A conditional on event B
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310 Notations

{xk} Abbreviation for {xk}k∈N

{xk} → x Abbreviation for limk→∞{xk} = x
argminx∈Ω f (x) The set {y ∈ Ω : f (y) = minx∈Ω f (x)}
Let a, b ∈ Rn:
a ≥ b For each i ∈ {1, . . . , n}, ai ≥ bi
a > b For each i ∈ {1, . . . , n}, ai > bi
(a−i, bi) The vector (a1, . . . , ai−1, bi, ai+1, . . . , an)
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games, 279
totally balanced games and maximum flow

games, 282
totally balanced TU-game, 221
transfer property in a simple game, 272, 273,

274
transferable utility game, see TU-game
tree, see game tree
tremble

extensive games, 133
strategic games, 61

trembling hand perfect equilibrium, see
perfect equilibrium

trigger strategy, 156
truncated demands, 267
truthful equilibrium, 188
TU-game, 214

0-1-normalized game, 223
additive, 216
balanced, 221
convex, 235
monotonic, 216
simple, 219, 270

weighted majority, 270
superadditive, 216
totally balanced, 221
weakly superadditive, 216
zero-monotonic, 217
zero-normalized, 217

two-player constant-sum game, 28
two-player zero-sum game, 24
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type, 165, 166, 199
type-space, 165, 199
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ultimatum game, 243
unanimity game, 228, 228
undiscounted payoffs, 149
undominated imputation, 218
undominated Nash equilibrium, 64



324 Subject Index
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unilateral deviation, 18
United Nations Security Council voting

game, 270, 275
updating, see Bayesian updating
utility function, 3, 101
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utopia point, 212
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value of a zero-sum game, 25
vector of marginal contributions, 227
veto player, 220
visiting professor game, 215, 220, 230, 236
von Neumann and Morgenstern utility
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see also linear utility

voting game, 270
see also simple game

voting problem, 270

W
war of attrition, 201
weak perfect Bayesian equilibrium, 126
weakly consistent assessment, 126
weakly superadditive TU-game, 216

see also superadditive TU-game
Weber set, 227
weighted majority game, 270
winning coalition, 220

minimal, 220
worth of a coalition, 214

Z
zero-monotonic TU-game, 217
zero-normalized TU-game, 217
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zero-sum game, see two-player zero-sum
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