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Foreword

The main purpose of these notes is to describe analytic techniques which are useful to
study questions such as linear series, multiplier ideals and vanishing theorems for al-
gebraic vector bundles. One century after the ground-breaking work of Riemann on
geometric aspects of function theory, the general progress achieved in differential ge-
ometry and global analysis on manifolds resulted into major advances in the theory of
algebraic and analytic varieties of arbitrary dimension. One central unifying concept
is positivity, which can be viewed either in algebraic terms (positivity of divisors and
algebraic cycles), or in more analytic terms (plurisubharmonicity, Hermitian connections
with positive curvature). In this direction, one of the most basic results is Kodaira’s
vanishing theorem for positive vector bundles (1953—1954), which is a deep consequence
of the Bochner technique and the theory of harmonic forms initiated by Hodge during
the 1940’s. This method quickly led Kodaira to the well-known embedding theorem for
projective varieties, a far reaching extension of Riemann’s characterization of abelian
varieties. Further refinements of the Bochner technique led ten years later to the theory
of L? estimates for the Cauchy-Riemann operator, in the hands of Kohn, Andreotti-
Vesentini and Hormander among others. Not only can vanishing theorems be proved or
reproved in that manner, but perhaps more importantly, extremely precise information
of a quantitative nature can be obtained about solutions of J-equations, their zeroes,
poles and growth at infinity.

We try to present here a condensed exposition of these techniques, assuming that
the reader is already somewhat acquainted with the basic concepts pertaining to sheaf
theory, cohomology and complex differential geometry. In the final sections, we address
very recent questions and open problems, e.g. results related to the finiteness of the
canonical ring and the abundance conjecture, as well as results describing the geometric
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structure of Kahler varieties and their positive cones.

These notes are a patchwork of lectures given by the author in many places (CIME
in 1994, ICTP Trieste in 2000, Mahdia in 2004, Park City in 2008, CIME in 2011,
Gael-XX-Plus at Grenoble in 2012 ...)

0. Introduction

This introduction will serve as a general guide for reading the various parts of this text.
The first three sections briefly introduce basic materials concerning complex differential
geometry, Dolbeault cohomology, plurisubharmonic functions, positive currents and holo-
morphic vector bundles. They are mainly intended to fix notation. Although the most
important concepts are redefined, readers will probably need to already possess some
related background in complex analysis and complex differential geometry — whereas the
expert readers should be able to quickly proceed further.

The heart of the subject starts with the Bochner technique in Section 4, leading to
fundamental L? existence theorems for solutions of -equations in Section 5. What makes
the theory extremely flexible is the possibility to formulate existence theorems with a
wide assortment of different L? norms, namely norms of the form [y |f|?e~2? where
¢ is a plurisubharmonic or strictly plurisubharmonic function on the given manifold or
variety X. Here, the weight ¢ need not be smooth, and on the contrary, it is extremely
important to allow weights which have logarithmic poles of the form ¢(z) = clog y" |g;/?,
where ¢ > 0 and (g,) is a collection of holomorphic functions possessing a common zero
set Z C X. Following Nadel [Nad89], one defines the multiplier ideal sheaf ¥(p) to be
the sheaf of germs of holomorphic functions f such that |f|?e~2% is locally summable.
Then .¥(p) is a coherent algebraic sheaf over X and H4(X, Kx ® L ® .¥(¢)) = 0 for all
q > 1 if the curvature of L is positive as a current. This important result can be seen as
a generalization of the Kawamata-Viehweg vanishing theorem [Kaw82, Vie82], which is
one of the cornerstones of higher dimensional algebraic geometry, especially in relation
with Mori’s minimal model program.

In the dictionary between analytic geometry and algebraic geometry, the ideal .¥(p)
plays a very important role, since it directly converts an analytic object into an algebraic
one, and, simultaneously, takes care of the singularities in a very efficient way. Another
analytic tool used to deal with singularities is the theory of positive currents introduced
by Lelong [Lel57]. Currents can be seen as generalizations of algebraic cycles, and many
classical results of intersection theory still apply to currents. The concept of Lelong
number of a current is the analytic analogue of the concept of multiplicity of a germ
of algebraic variety. Intersections of cycles correspond to wedge products of currents
(whenever these products are defined).

Besides the Kodaira-Nakano vanishing theorem, one of the most basic “effective re-
sult” expected to hold in algebraic geometry is expressed in the following conjecture of
Fujita [Fuj87]: if L is an ample (i.e. positive) line bundle on a projective n-dimensional
algebraic variety X, then Kx + (n + 1)L is generated by sections and Kx + (n + 2)L is
very ample. In the last two decades, a lot of efforts have been brought for the solution
of this conjecture — but reaching the expected optimal bounds will probably require
new ideas. The first major results are the proof of the Fujita conjecture in the case
of surfaces by Reider [Rei88] (the case of curves is easy and has been known since a
very long time), and the numerical criterion for the very ampleness of 2K x + L given in
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[Dem93b], obtained by means of analytic techniques and Monge-Ampere equations with
isolated singularities. Alternative algebraic techniques were developed slightly later by
Kolldr [Kol92], Ein-Lazarsfeld [EL93], Fujita [Fuj93], Siu [Siu95, 96|, Kawamata [Kaw97|
and Helmke [Hel97]. We will explain here Siu’s method because it is technically the
simplest method; one of the results obtained by this method is the following effective
result: 2K x + mL is very ample for m > 2 + (B"Tjrl). The basic idea is to apply the
Kawamata-Viehweg vanishing theorem, and to combine this with the Riemann-Roch for-
mula in order to produce sections through a clever induction procedure on the dimension

of the base loci of the linear systems involved.

Although Siu’s result is certainly not optimal, it is sufficient to obtain a nice con-
structive proof of Matsusaka’s big theorem [Siu93, Dem96]. The result states that there
is an effective value mg depending only on the intersection numbers L™ and L" ! - K,
such that mL is very ample for m > mg. The basic idea is to combine results on the
very ampleness of 2K x +mL together with the theory of holomorphic Morse inequalities
[Dem85b]. The Morse inequalities are used to construct sections of m’L — Kx for m/
large. Again this step can be made algebraic (following suggestions by F. Catanese and
R. Lazarsfeld), but the analytic formulation apparently has a wider range of applicability.

In the subsequent sections, we pursue the study of L? estimates, in relation with
the Nullstellenstatz and with the extension problem. Skoda [Sko72b, 78] showed that
the division problem f = ) gjh; can be solved holomorphically with very precise L?
estimates, provided that the L? norm of |f||g|™P is finite for some sufficiently large
exponent p (p > n = dim X is enough). Skoda’s estimates have a nice interpretation in
terms of local algebra, and they lead to precise qualitative and quantitative estimates in
connection with the Bézout problem. Another very important result is the L? extension
theorem by Ohsawa-Takegoshi [OT87, Ohs88], which has also been generalized later by
Manivel [Man93]. The main statement is that every L? section f of a suitably positive
line bundle defined on a subavariety ¥ C X can be extended to a L? section f defined
over the whole of X. The positivity condition can be understood in terms of the canonical
sheaf and normal bundle to the subvariety. The extension theorem turns out to have an
incredible amount of important consequences: among them, let us mention for instance
Siu’s theorem [Siu74] on the analyticity of Lelong numbers, the basic approximation
theorem of closed positive (1, 1)-currents by divisors, the subadditivity property .¥(¢ +
1Y) C () F(2p) of multiplier ideals [DELOO], the restriction formula .¥(¢)y) C F(¢)y,
... A suitable combination of these results yields another important result of Fujita
[Fuj94] on approximate Zariski decomposition, as we show in Section 15.

In Section 16, we show how subadditivity can be used to derive an “equisingular”
approximation theorem for (almost) plurisubharmonic functions: any such function can
be approximated by a sequence of (almost) plurisubharmonic functions which are smooth
outside an analytic set, and which define the same multiplier ideal sheaves. From this, we
derive a generalized version of the hard Lefschetz theorem for cohomology with values in a
pseudo-effective line bundle; namely, the Lefschetz map is surjective when the cohomology
groups are twisted by the relevant multiplier ideal sheaves.

Section 17 explains the proof of Siu’s theorem on the invariance of plurigenera, accor-
ding to a beautiful approach developped by Mihai Paun [Pau07]. The proofs consists of
an iterative process based on the Ohsawa-Takegoshi theorem, and a very clever limiting
argument for currents.

Sections 18 and 19 are devoted to the study of positive cones in Kahler or projective
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geometry. Recent “algebro-analytic” characterizations of the Kéahler cone [DP04] and
the pseudo-effective cone of divisors [BDPP04] are explained in detail. This leads to a
discussion of the important concepts of volume and mobile intersections, following S.
Boucksom’s PhD work [Bou02]. As a consequence, we show that a projective algebraic
manifold has a pseudo-effective canonical line bundle if and only if it is not uniruled.

Section 20 presents further important ideas of H. Tsuji, later refined by Berndtsson
and Paun, concerning the so-called “super-canonical metrics”, and their interpretation in
terms of the invariance of plurigenera and of the abundance conjecture. In the concluding
Section 21, we state Paun’s version of the Shokurov-Hacon-McKernan-Siu non vanishing
theorem and give an account of the very recent approach of the proof of the finiteness of
the canonical ring by Birkar-Paun [BiP09], based on the ideas of Hacon-McKernan and
Siu.

1. Preliminary Material: Cohomology, Currents

8§ 1.A. Dolbeault Cohomology and Sheaf Cohomology

Let X be a C-analytic manifold of dimension n. We denote by AP*?T% the bundle of
differential forms of bidegree (p,q) on X, i.e., differential forms which can be written as

U = Z 'U/I’JdZI/\dEJ.

lI|=p,|J|=q
Here (z1, ..., #,) denote arbitrary local holomorphic coordinates on X, I = (iy, ... ,ip),
J = (j1, ... ,Jq) are multi-indices (increasing sequences of integers in the range [1, ... , n],
of lengths |I| = p, |J| = q), and
dZ] ::dzil/\---/\dzip, dEJ ::dijl/\---/\dzjq.

Let €77 be the sheaf of germs of complex valued differential (p, ¢)-forms with ‘€>° coef-
ficients. Recall that the exterior derivative d splits as d = d’ + d” where

ou
d'u = > aI’szk Adzr AdZy,
I|=p, | J|=g.1<k<n O F
GuIJ
d"u = Sz Adz A dz
Z %k k T J

lI|=p, |J|=¢,1<k<n

are of type (p+ 1,q), (p,q + 1) respectively. The well-known Dolbeault-Grothendieck
lemma asserts that any d”-closed form of type (p, q) with ¢ > 0 is locally d”-exact (this is
the analogue for d” of the usual Poincaré lemma for d, see e.g. [H6r66]). In other words,
the complex of sheaves (‘€P* d") is exact in degree ¢ > 0; in degree ¢ = 0, Kerd" is the
sheaf QF of germs of holomorphic forms of degree p on X.

More generally, if F' is a holomorphic vector bundle of rank r over X, there is a natural
d"” operator acting on the space ‘€ (X, AP9T% ® F') of smooth (p, g)-forms with values
in F;if s =37 )\, saex is a (p, g)-form expressed in terms of a local holomorphic frame
of F, we simply define d’s := > d"s) ® ey, observing that the holomorphic transition
matrices involved in changes of holomorphic frames do not affect the computation of d”.
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It is then clear that the Dolbeault-Grothendieck lemma still holds for F-valued forms. For
every integer p = 0,1, ... ,n, the Dolbeault Cohomology groups HP4(X, F') are defined
to be the cohomology groups of the complex of global (p, q) forms (graded by q):

(1.1) HP(X,F) = H(€>®(X,A"*Tx ® F)).

Now, let us recall the following fundamental result from sheaf theory (De Rham-Weil
isomorphism theorem): let (£°,d) be a resolution of a sheaf 91 by acyclic sheaves, i.e. a
complex of sheaves (£°,4) such that there is an exact sequence of sheaves

' 5 5
0— ol L0 2 pl 0 pr 2y patl

Y

and H*(X,Z%) =0 for all ¢ > 0 and s > 1. Then there is a functorial isomorphism
(1.2) Hq(F(X, i[i')) — HI(X, ).

We apply this to the following situation: let ‘€(F")P*? be the sheaf of germs of “€>° sections
of AP1T%®F. Then (‘€(F)P-*,d") is a resolution of the locally free @ x-module Q% @O(F)
(Dolbeault-Grothendieck lemma), and the sheaves ‘€(F)P? are acyclic as modules over
the soft sheaf of rings “€>°. Hence by (1.2) we get

(1.3) Dolbeault Isomorphism Theorem (1953). For every holomorphic vector bundle
F on X, there is a canonical isomorphism:

HP9(X, F) ~ HI(X, 0% @ O(F)).

If X is projective algebraic and F' is an algebraic vector bundle, Serre’s GAGA theo-
rem [Ser56] shows that the algebraic sheaf cohomology group HY4(X, Q% @ O(F)) com-
puted with algebraic sections over Zariski open sets is actually isomorphic to the analytic
cohomology group. These results are the most basic tools to attack algebraic problems via
analytic methods. Another important tool is the theory of plurisubharmonic functions
and positive currents originated by K. Oka and P. Lelong in the decades 1940-1960.

§ 1.B. Plurisubharmonic Functions

Plurisubharmonic functions have been introduced independently by Lelong and Oka in
the study of holomorphic convexity. We refer to [Lel67, 69] for more details.

(1.4) Definition. A function u :  — [—o0, +00[ defined on an open subset Q C C™ is
said to be plurisubharmonic (psh for short) if

(a) w is upper semicontinuous ;

(b) for every complex line L C C", uyonr, is subharmonic on QN L, that is, for all a €
and & € C™ with |¢| < d(a,C), the function u satisfies the mean value inequality:

1

2m )
u(a) < %/0 u(a + € &) do.

The set of psh functions on €2 is denoted by Psh(().
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We list below the most basic properties of psh functions. They all follow easily from
the definition.

(1.5) Basic Properties.

(a) Every function u € Psh(Q2) is subharmonic, namely it satisfies the mean value in-
equality on Euclidean balls or spheres:

1
< ———— d\
7-‘-n742n/n! /%(a,r) U’(Z) (Z)

for every a € Q and r < d(a,(2). Either u = —oo or u € L
component of §2.

u(a)

ioc ON every connected

(b) For any decreasing sequence of psh functions u; € Psh(Q2), the limit v = limuy, is
psh on €.

(c) Let u € Psh(Q) be such that u # —oo on every connected component of Q. If (p.)
is a family of smoothing kernels, then u * p. is “€°° and psh on

Q. = {m € Q; d(z,0Q) > 8},

the family (u * p.) is increasing in € and lim._,g u * p. = u.

(d) Let wy,...,up, € Psh(Q) and x : RP — R be a convex function such that
x(t1, ... ,tp) is increasing in each ¢;. Then x(ui, ... ,up,) is psh on . In par-
ticular wuq + - - - 4+ up, max{uy, ... ,up}, log(e** 4+ -- -+ e"») are psh on €. O

(1.6) Lemma. A function u € C%(2,R) is psh on Q if and only if the Hermitian form:
Hu(a)(§) = Y 0°u/0z07(a) &8,

1<,k <n

18 semi-positive at every point a € €.

Proof. This is an easy consequence of the following standard formula:

L 0” w(a+ e €) df — u(a) = W/O L[ Huatco)©arQ),

ICI<t

where d\ is the Lebesgue measure on C. Lemma 1.6 is a strong evidence that plurisub-
harmonicity is the natural complex analogue of linear convexity. 0

For non smooth functions, a similar characterization of plurisubharmonicity can be
obtained by means of a regularization process.

(1.7) Theorem. If u € Psh(Q), u # —oo on every connected component of 2, then for
all ¢ € C?

Z (92‘]65 gjgk (—])( )

1<j,k<n
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is a positive measure. Conversely, if v € D' (Q) is such that Hv(§) is a positive measure
for every & € C™, there exists a unique function u € Psh(Q) which is locally integrable
on ) and such that v is the distribution associated to w.

In order to get a better geometric insight of this notion, we assume more generally that
u is a function on a complex n-dimensional manifold X. If ® : X — Y is a holomorphic
mapping and if v € C?(Y,R), we have d'd" (v o ®) = ®*d’d"v, hence

H(vo ®)(a,€) = Ho(®(a), & (a)€).

In particular Hu, viewed as a Hermitian form on 7%, does not depend on the choice
of coordinates (21, ..., z,). Therefore, the notion of psh function makes sense on any
complex manifold. More generally, we have

(1.8) Proposition. If ® : X — Y is a holomorphic map and v € Psh(Y), then
vo® e Psh(X).

(1.9) Example. It is a standard fact that log|z| is psh (i.e. subharmonic) on C. Thus
log | f| € Psh(X) for every holomorphic function f € H°(X,@x). More generally

log (| f1]®* 4+ - + | fq|*?) € Psh(X)

for every f; € HY(X,0@x) and o; > 0 (apply Property 1.5 (d) with u;=a; log|f;|). We
will be especially interested in the singularities obtained at points of the zero variety
fi=---= fq =0, when the «; are rational numbers. U

(1.10) Definition. A psh function u € Psh(X) will be said to have analytic singularities
if u can be written locally as

«
u=Flog ([fil*+-+[/n) +v,

where o € Ry, v is a locally bounded function and the f; are holomorphic functions. If
X s algebraic, we say that u has algebraic singularities if u can be written as above on
sufficiently small Zariski open sets, with o € Q4 and f; algebraic.

We then introduce the ideal ¥ = ¥(u/a) of germs of holomorphic functions h such
that |h| < Ce*/® for some constant C, i.e.

b < C(Ifil+ -+ fnl)-
This is a globally defined ideal sheaf on X, locally equal to the integral closure .¥ of

the ideal sheaf .¥ = (fy, ..., fn), thus ¥ is coherent on X. If (g1, ...,gn/) are local
generators of ¥, we still have

«
u= 7 log(lgif* + -+ +lgn|?) + O(1).

If X is projective algebraic and u has analytic singularities with o € Q4 , then u auto-
matically has algebraic singularities. From an algebraic point of view, the singularities
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of u are in 1:1 correspondence with the “algebraic data” (¥, «). Later on, we will see
another important method for associating an ideal sheaf to a psh function.

(1.11) Exercise. Show that the above definition of the integral closure of an ideal .¥ is
equivalent to the following more algebraic definition: .¥ consists of all germs h satisfying
an integral equation:

hd—i—alhd_l+-~-+ad_1h+ad:O, CLkEjk.

Hint. One inclusion is clear. To prove the other inclusion, consider the normalization of

c

the blow-up of X along the (non necessarily reduced) zero variety V (.¥). O

§ 1.C. Positive Currents

The reader can consult [Fed69] for a more thorough treatment of current theory. Let
us first recall a few basic definitions. A current of degree ¢ on an oriented differentiable
manifold M is simply a differential ¢-form © with distribution coefficients. The space
of currents of degree ¢ over M will be denoted by %'?(M). Alternatively, a current of
degree q can be seen as an element © in the dual space %7, (M) := (le(M))/ of the space
9P(M) of smooth differential forms of degree p = dim M — g with compact support; the
duality pairing is given by

(1.12) (©,a) = /M@ Na, o€ DP(M).

A basic example is the current of integration [S] over a compact oriented submanifold S
of M :

(1.13) <[S],a>z/sa, dega = p = dimg S.

Then [S] is a current with measure coefficients, and Stokes’ formula shows that d[S] =
(=1)271[9S], in particular d[S] = 0 if S has no boundary. Because of this example, the
integer p is said to be the dimension of ©® when © € %},(M). The current © is said to
be closed if dO© = 0.

On a complex manifold X, we have similar notions of bidegree and bidimension; as

in the real case, we denote by

PPUX) =D (X), n = dim X,

n—p,n—q

the space of currents of bidegree (p,q) and bidimension (n — p,n — ¢q) on X. According
to [Lel57], a current © of bidimension (p,p) is said to be (weakly) positive if for every
choice of smooth (1,0)-forms a, ..., a, on X the distribution

(1.14) © Aoy Aap A--- Niap A, is a positive measure.

(1.15) Exercise. If © is positive, show that the coefficients ©; ; of © are complex
measures, and that, up to constants, they are dominated by the trace measure:

1 . .
U@:@/\ﬁﬁPIQ_pZ@[,], 5:%d/d//‘2‘2: % Z dzj N dzj,

1<j<n
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which is a positive measure.
Hint. Observe that ) O ; is invariant by unitary changes of coordinates and that the
(p, p)-forms iay A@y A -+ Aoy, ATy, generate APPT, as a C-vector space. O

A current © = iZ1<j p<n ©jkdzj A dzy of bidegree (1,1) is easily seen to be positive

if and only if the complex measure Aij@jk is a positive measure for every n-tuple
(A1, ..., Ap) €C™

(1.16) Example. If u is a (not identically —oo) psh function on X, we can associate
with u a (closed) positive current © = i9du of bidegree (1,1). Conversely, each closed
positive current of bidegree (1,1) can be written under this form on any open subset
Q C X such that H5(Q,R) = H(Q, @) = 0, e.g. on small coordinate balls (exercise to
the reader). O

It is not difficult to show that a product ©; A--- A ©, of positive currents of bidegree
(1,1) is positive whenever the product is well defined (this is certainly the case if all ©;
but one at most are smooth; much finer conditions will be discussed in Section 2).

We now discuss another very important example of closed positive current. In fact,
with every closed analytic set A C X of pure dimension p is associated a current of
integration [A] such that:

(1.17) ([A],a}z/A 0, aeIPP(X),

reg

obtained by integrating over the regular points of A. In order to show that (1.17) is a
correct definition of a current on X, one must show that A,., has locally finite area in a
neighborhood of Aging. This result, due to [Lel57] is shown as follows. Suppose that 0 is
a singular point of A. By the local parametrization theorem for analytic sets, there is a
linear change of coordinates on C™ such that all projections

(21, e 20) = (Zigy -5 Ziy)

define a finite ramified covering of the intersection A N A with a small polydisk A in C”
onto a small polydisk A; in CP. Let n; be the sheet number. Then the p-dimensional
area of AN A is bounded above by the sum of the areas of its projections counted with
multiplicities, i.e.

Area(ANA) < Z nrVol(Ay).

The fact that [A] is positive is also easy. In fact
g AQy A Ay AT, = | det(ag)|? iwg AL A -+ Adw, AT,

if aj = )" ajrdwy, in terms of local coordinates (w1, ... ,wp) on Ayee. This shows that
all such forms are > 0 in the canonical orientation defined by iw; AWy A - -+ Aiwp, A Wp.
More importantly, Lelong [Lel57] has shown that [A] is d-closed in X, even at points of
Aging. This last result can be seen today as a consequence of the Skoda-El Mir extension
theorem. For this we need the following definition: a complete pluripolar set is a set
E such that there is an open covering (€2;) of X and psh functions u; on §; with
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ENnQ; = uj_l(—oo). Any (closed) analytic set is of course complete pluripolar (take u;
as in Example 1.9).

(1.18) Theorem (Skoda [Sko82], E1 Mir [EM84], Sibony [Sib85]). Let E be a closed
complete pluripolar set in X, and let © be a closed positive current on X ~ E such that
the coefficients ©r j of © are measures with locally finite mass near E. Then the trivial

extension © obtained by extending the measures Op ; by 0 on E is still closed on X.

Lelong’s result d[A] = 0 is obtained by applying the Skoda-El Mir theorem to © =
[Areg] on X N Aging.

Proof of Theorem 1.18. The statement is local on X, so we may work on a small open
set Q such that ENQ = v~} (—oc0), v € Psh(Q2). Let x : R — R be a convex increasing
function such that x(t) = 0 for t < —1 and x(0) = 1. By shrinking Q and putting
v, = x(k~tv*pe, ) with e — 0 fast, we get a sequence of functions v, € Psh(Q)N€>(Q)
such that 0 < v < 1, vy = 0 in a neighborhood of E N Q and limwvg(z) = 1 at every
point of @\ E. Let 6 € €°°([0,1]) be a function such that # = 0 on [0,1/3], 0 = 1 on
[2/3,1] and 0 < 0 < 1. Then ovy, =0 near ENQ and § o vy — 1 on Q \ E. Therefore

O = limy_, 4 o0 (0 0 v;)O and

dO©= lim OAd(0ouvy)

k—+oco

in the weak topology of currents. It is therefore sufficient to verify that © A d'(0 o vy)
converges weakly to 0 (note that d”© is conjugate to d’'©, thus d’© will also vanish).

Assume first that © € =57~ X). Then O Ad' (fovyg) € D™ 1(Q), and we have
to show that

(©Ad(Bov),@) = (0,0 (v)dve AT) — 0, YaeDQ)

k—+oo
As v +— (0,iy A7) is a non-negative Hermitian form on %'°(Q), the Cauchy-Schwarz
inequality yields
(0,18 AD[* < (0.18AB) (©,1y A7), VB,y € ZH(Q).
Let ¢ € %(2), 0 <9 < 1, be equal to 1 in a neighborhood of Supp a. We find
(6,0 (vy)d vy, A@)|” < (O, vidvg A d"vy) (0,0 (vy)%ic A ).

By hypothesis fQ\E O Nia Aa < oo and ' (vy) converges everywhere to 0 on 2, thus

(0,0 (vy)?%ia A@) converges to 0 by Lebesgue’s dominated convergence theorem. On the
other hand,
id'd"vi = 2upid'd" vy, + 2id' v, A d" v > 2idvy A d oy,

2(0, Yid'v, A d"v) < (O, pid d"v?).
As ¢ € D(Q), vp =0 near E and dO© = 0 on Q \ FE, an integration by parts yields

@ vid ') = ©fidd's) < [ o] <+,
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where C' is a bound for the coefficients of id’d”’+. Thus (O, ¢id vy A d"vg) is bounded,
and the proof is complete when © € /n-1.n=1,

In the general case © € I'PP, p < n, we simply apply the result already proved to
all positive currents © Ay € D171 where v = iy3 AFy A+ Adyp_p_1 A Vn—p—1
runs over a basis of forms of A”_p_l’”_p_lei with constant coefficients. Then we get

d(© Av) =dO A~ =0 for all such ~, hence d© = 0. O

(1.19) Corollary. Let © be a closed positive current on X and let E be a complete
pluripolar set. Then 1g® and 1x. O are closed positive currents. In fact, © = lx _g©
is the trivial extension of Ox g to X, and 1p© =06 — 6.

As mentioned above, any current © = id’'d”u associated with a psh function u is a
closed positive (1, 1)-current. In the special case u = log |f| where f € H*(X,0Ox) is a
non zero holomorphic function, we have the important

(1.20) Lelong-Poincaré Equation. Let f € H°(X,@x) be a non zero holomorphic
function, Zy = > " m;Z;, mj € N, the zero divisor of f and [Zf] =Y m;[Z;] the associ-
ated current of integration. Then

i
;331% [f = 124].

Proof (sketch). Tt is clear that id’d” log|f| = 0 in a neighborhood of every point = ¢
Supp(Zy) = |JZj, so it is enough to check the equation in a neighborhood of every
point of Supp(Z¢). Let A be the set of singular points of Supp(Zy), i.e. the union of the
pairwise intersections Z; N Z and of the singular loci Z gine; we thus have dim A < n—2.
In a neighborhood of any point € Supp(Zy) ~\ A there are local coordinates (z1, ..., 2y)
such that f(z) = 277 where m; is the multiplicity of f along the component Z; which
contains x and z; = 0 is an equation for Z; near . Hence

Ld'd" log |f| = mj—d'd" log|z1| = m;[Z;]
T T

in a neighborhood of z, as desired (the identity comes from the standard formula
1d'd"log|z| = Dirac measure dy in C). This shows that the equation holds on X \ A.
Hence the difference 1d'd"log|f| — [Zy] is a closed current of degree 2 with measure
coefficients, whose support is contained in A. By Exercise 1.21, this current must be 0,
for A has too small dimension to carry its support (A is stratified by submanifolds of
real codimension > 4). O

(1.21) Exercise. Let © be a current of degree ¢ on a real manifold M, such that both ©
and dO have measure coefficients (“normal current”). Suppose that Supp © is contained
in a real submanifold A with codimg A > ¢. Show that © = 0.

Hint: Let m = dimg M and let (z1, --- ,2,,) be a coordinate system in a neighborhood
Q of a point a € A such that ANQ = {z; = ... = 2, = 0}, £ > ¢. Observe that
2;0 = 2;d® = 0 for 1 < j < k, thanks to the hypothesis on supports and on the
normality of ©, hence dx; A O = d(z;0) — z,;dO© =0, 1 < j < k. Infer from this that all
coefficients in © = Z|I|:q ©dx vanish. ]
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We now recall a few basic facts of slicing theory (the reader will profitably consult
[Fed69] and [Siu74] for further developments). Let o : M — M’ be a submersion of
smooth differentiable manifolds and let © be a locally flat current on M, that is, a
current which can be written locally as © = U + dV where U, V have L] . coefficients.
It is a standard fact (see Federer) that every current © such that both © and d© have
measure coefficients is locally flat; in particular, closed positive currents are locally flat.

Then, for almost every ' € M’, there is a well defined slice ©,+, which is the current on
the fiber o~ !(2’) defined by

O, = Urgfl(xf) + dvrgf1($/).

The restrictions of U, V to the fibers exist for almost all 2’ by the Fubini theorem.
The slices O,/ are currents on the fibers with the same degree as © (thus of dimension
dim © — dim (fibers)). Of course, every slice O, coincides with the usual restriction of ©
to the fiber if © has smooth coefficients. By using a regularization ©. = © x p., it is easy
to show that the slices of a closed positive current are again closed and positive: in fact
U. . and V., converge to U, and V,s in L (071(2’)), thus O, ,» converges weakly to
O, for almost every x’. Now, the basic slicing formula is

(1.22) / OANaNGT* B = / (/ O (z'") A ozrg—l(x/)(x"))ﬁ(x’)
M x'eM’ 13”60'71(12’)

for every smooth form o on M and 8 on M’, such that o« has compact support and
dega = dim M — dim M’ — deg ©, deg 8 = dim M’. This is an easy consequence of the
usual Fubini theorem applied to U and V' in the decomposition © = U +dV, if we identify
locally o with a projection map:

M=M xM"— M, x=(2',2") — 2,

and use a partition of unity on the support of a.

To conclude this section, we discuss De Rham and Dolbeault cohomology theory in the
context of currents. A basic observation is that the Poincaré and Dolbeault-Grothendieck
lemmas still hold for currents. Namely, if (%', d) and (9'(F)P9,d”) denote the complex
of sheaves of degree ¢ currents (resp. of (p, ¢)-currents with values in a holomorphic vector
bundle F'), we still have De Rham and Dolbeault sheaf resolutions:

0—>R— D", 0— Q% @ O(F) = D' (F)P°.
Hence we get canonical isomorphisms

Hip(M,R) = HI((D(M,%'*),d)),

(1.23) HPY(X,F) = H((T(X, 2" (F)P*),d")).

In other words, we can attach a cohomology class {©} € HJ. (M, R) to any closed current
© of degree ¢, resp. a cohomology class {©} € HP4(X, F) to any d”-closed current of
bidegree (p,q). Replacing if necessary every current by a smooth representative in the
same cohomology class, we see that there is a well defined cup product given by the
wedge product of differential forms:

H®(M,R) x --- x Hi™(M,R) — H®tHam (M R),
<{@1}7 cee 7{@1}) — {@1} ARERNAN {@m}
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In particular, if M is a compact oriented variety and ¢q; + - - - + ¢, = dim M, there is a
well defined intersection number:

(©1}- {2} - {8} = [ (O} A A {0,

However, as we will see in the next section, the pointwise product ©1 A --- A ©,,, need
not exist in general.

2. Lelong numbers and Intersection Theory

Lelong numbers were historically defined around 1960 as density numbers of positive
currents, and were quickly realized to be natural generalizations of the concept of multi-
plicity in algebraic geometric. As emphasized e.g. in [Dem82a, 85a, 87], they then started
to be viewed rather as a special case of a general intersection theory for closed positive
currents. We will adopt here this viewpoint.

§ 2.A. Multiplication of Currents and Monge-Ampere Operators

Let X be a n-dimensional complex manifold. We set

1
d° = —(d' —d").
2i7r< )
It follows in particular that d¢ is a real operator, i.e. d°u = d°u, and that dd® =

%d’ d”. Although not quite standard, the 1/2im normalization is very convenient for
many purposes, since we may then forget the factor 7 or 27 almost everywhere (e.g. in
the Lelong-Poincaré Equation (1.20)).

Let u be a psh function and let © be a closed positive current on X. Our desire is to
define the wedge product dd“u A © even when neither u nor © are smooth. In general,
this product does not make sense because dd°u and © have measure coefficients and
measures cannot be multiplied; see Kiselman [Kis84] for interesting counterexamples.
Even in the algebraic setting considered here, multiplication of currents is not always
possible: suppose e.g. that © = [D] is the exceptional divisor of a blow-up in a surface;
then D-D = —1 cannot be the cohomology class of a closed positive current [D]?. Assume
however that u is a locally bounded psh function. Then the current u© is well defined
since u is a locally bounded Borel function and © has measure coefficients. According to
Bedford-Taylor [BT82] we define

dd®u A © = dd°(u®)
where dd°( ) is taken in the sense of distribution theory.

(2.1) Proposition. If u is a locally bounded psh function, the wedge product dd°u N ©
1 again a closed positive current.

Proof. The result is local. Use a convolution u, = u * py,, to get a decreasing sequence
of smooth psh functions converging to u. Then write

dd‘(u®) = lim dd°(u,©)= lim dd°u, A©

V—+00 V—+00
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as a weak limit of closed positive currents. Observe that u,© converges weakly to u©
by Lebesgue’s monotone convergence theorem. O

More generally, if uq, ... ,u,, are locally bounded psh functions, we can define
dduq AN dduq - - N ddu, N O = dd° (UlddCUQ A Add Uy, N @)

by induction on m. Chern, Levine and Nirenberg [CLN69] noticed the following useful
inequality. Define the mass of a current © on a compact set K to be

||@||K:/ S l6n]
K1

whenever K is contained in a coordinate patch and © = > Oy jdzr A dz;. Up to
seminorm equivalence, this does not depend on the choice of coordinates. If K is not
contained in a coordinate patch, we use a partition of unity to define a suitable seminorm
[1O]|x. If © > 0, Exercise 1.15 shows that the mass is controlled by the trace measure,

ie [|O]|g <C [, ©ONpP.

(2.2) Chern-Levine-Nirenberg Inequality. For all compact subsets K, L of X with
L C K°, there exists a constant Ck 1, > 0 such that

|[dd®uy A -+ N dd“um N O||L < Cr,r ||utl|nee(r) - [[uml| oo () [|©||

Proof. By induction, it is sufficient to prove the result for m = 1 and u; = u. There is a
covering of L by a family of open balls B; CC B; C K contained in coordinate patches
of X. Le_t/(p,p) be the bidimension of ©, let 3 = 1d'd"|z|?, and let x € F(B;) be equal
to 1 on B;. Then

U N = < UuNO ALY K X uNOANBYT.
dd°u Ol 5 <C | ddun®npr— <C ddun© A B!

J B]

As © and § are closed, an integration by parts yields
||ddu A @HLmE;. < C/ uO© Addx A B < O'|ul| L) O]
B;

where C’ is equal to C' multiplied by a bound for the coefficients of the smooth form
ddx A BP~L. O

Various examples (cf. [Kis84]) show however that products of (1,1)-currents dd‘u;
cannot be defined in a reasonable way for arbitrary psh functions u;. However, functions
u; with —oo poles can be admitted if the polar sets are sufficiently small.

(2.3) Proposition. Let u be a psh function on X, and let © be a closed positive current
of bidimension (p,p). Suppose that u is locally bounded on X \ A, where A is an analytic
subset of X of dimension < p at each point. Then dd“u A\ © can be defined in such a way
that ddu A © = lim,,_, \ o ddu, A © in the weak topology of currents, for any decreasing
sequence (u,),>0 of psh functions converging to u.
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Proof. When u is locally bounded everywhere, we have limu, ©® = u © by the monotone
convergence theorem and the result follows from the continuity of dd® with respect to
the weak topology.

First assume that A is discrete. Since our results are local, we may suppose that X
is a ball B(0, R) C C™ and that A = {0}. For every s < 0, the function u>* = max(u, s)
is locally bounded on X, so the product © A dd°u>® is well defined. For |s| large, the
function v>? differs from w only in a small neighborhood of the origin, at which u may
have a —oo pole. Let 7 be a (p — 1,p — 1)-form with constant coefficients and set
s(r) = liminf|,|_,_o u(z). By Stokes’ formula, we see that the integral

(2.4) I(s) = / ddeu™ A O Ay
B(0,r)

does not depend on s when s < s(r), for the difference I(s) — I(s’) of two such integrals
involves the dd° of a current (u>* —u>*") A@ A+ with compact support in B(0, ). Taking
v = (dd€|z|?)P~L, we see that the current dd°u A © has finite mass on B(0,r) . {0} and
we can define (1o} (dd“u A ©),) to be the limit of the integrals (2.4) as r tends to zero
and s < s(r). In this case, the weak convergence statement is easily deduced from the
locally bounded case discussed above.

In the case where 0 < dim A < p, we use a slicing technique to reduce the situation
to the discrete case. Set ¢ = p — 1. There are linear coordinates (z1, ..., z,) centered
at any point of A, such that 0 is an isolated point of A N ({O} X C”_q). Then there are
small balls B’ = B(0,r’) in C?, B” = B(0,7") in C"~7 such that AN (B’ x 9B") = 0,
and the projection map

7:C"—=C%  z2=(21,...,20) =2 = (21, ... ,2¢)

defines a finite proper mapping A N (B’ x B”) — B’. These properties are preserved
if we slightly change the direction of projection. Take sufficiently many projections m,,
associated to coordinate systems (277, ... ,2/"), 1 < m < N, in such a way that the family
of (g, q)-forms

idzy" Ndz{" N -+ Nidzg" Ndzy!

defines a basis of the space of (g, ¢)-forms. Expressing any compactly supported smooth
(¢, q)-form in such a basis, we see that we need only define

(2.5) / dduNO A f(2',2")idzs AdZy A -+ Nidzg A dZ,
B/XB//
= // { o f(z’,‘) ddcu(z’,o) A@(Z/,O)}id2‘1 ANdzy A\ .../\idzq /\qu

where f is a test function with compact support in B’ x B”, and ©(z’,e) denotes
the slice of © on the fiber {2’} x B” of the projection 7 : C* — C?. Each integral [,
in the right hand side of (2.5) makes sense since the slices ({z'} x B”) N A are discrete.
Moreover, the double integral f B f ,, is convergent. Indeed, observe that u is bounded
on any compact cylinder:

Ky =B((1-06)r) x (E(r“) “B((1- 5)r"))



2. Lelong numbers and Intersection Theory 17
disjoint from A. Take ¢ < 0 < 1 so small that
Supp f C B((1—0)r'") x B((1 —¢)r").

For all 2/ € B((1 — 6)r’), the proof of the Chern-Levine-Nirenberg inequality (2.2) with
a cut-off function y(2”) equal to 1 on B((1 — ¢)r”) and with support in B((1 —¢/2)r")
shows that

/ ddu(z', ) N O(Z,e)
B((1—e)r'")

< CgHuHLoo(K&E)/ O(<,2") Adde|Z" 2.
2EB((1—e/2)r'")

This implies that the double integral is convergent. Now replace u everywhere by wu,
and observe that lim, f g 18 the expected integral for every 2’ such that O(2/,e)
exists (apply the discrete case already proven). Moreover, the Chern-Levine-Nirenberg
inequality yields uniform bounds for all functions u,, hence Lebesgue’s dominated con-
vergence theorem can be applied to [ g~ We conclude from this that the sequence of
integrals (2.5) converges when u, | u, as expected. O

(2.6) Remark. In the above proof, the fact that A is an analytic set does not play an
essential role. The main point is just that the slices ({z'} x B"”) N A consist of isolated
points for generic choices of coordinates (z/,2”). In fact, the proof even works if the
slices are totally discontinuous, in particular if they are of zero Hausdorff measure #';. It
follows that Proposition 2.3 still holds whenever A is a closed set such that #,_1(A) = 0.

O

§ 2.B. Lelong Numbers

The concept of Lelong number is an analytic analogue of the algebraic notion of mul-
tiplicity. It is a very useful technique to extend results of the intersection theory of
algebraic cycles to currents. Lelong numbers have been introduced for the first time by
Lelong in [Lel57]. See also [Lel69; Siu74; Dem82a, 85a, 87] for further developments.

Let us first recall a few definitions. Let © be a closed positive current of bidimension
(p, p) on a coordinate open set 2 C C" of a complex manifold X. The Lelong number of
© at a point x € () is defined to be the limit

_ oco(B(x,r
/(O,7) = lim v(O,7,r),  where ¥(0,7,7) = i(i(m))

measures the ratio of the area of © in the ball B(z,r) to the area of the ball of radius r

in CP. Asog =0 A ﬁ(ﬁddc|z|2)p by Excercise 1.15, we also get
1 c| |2
(2.7) v(O,z,1) = — O(z) A (dd°|z]7)P.
rep B(z,r)

The main results concerning Lelong numbers are summarized in the following theorems,
due respectively to Lelong, Thie and Siu.
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(2.8) Theorem ([Lel57]).

(a) For every positive current ©, the ratio v(©, x, 1) is a nonnegative increasing function
of r, in particular the limit v(©,x) as r — 0+ always exists.

(b) If © = dd°u is the bidegree (1,1)-current associated with a psh function u, then
v(0,z) =sup {y = 0; u(z) < ylog|z —z| + O(1) at z}.
In particular, if u = log | f| with f € HY(X,Ox) and © = dd°u = [Z¢], we have

v([Zy],z) = ord,(f) = max{m € N; D*f(z) =0, |a| < m}.

(2.9) Theorem ([Thi67]). In the case where © is a current of integration [A] over an
analytic subvariety A, the Lelong number v([A], x) coincides with the multiplicity of A at
x (defined e.g. as the sheet number in the ramified covering obtained by taking a generic
linear projection of the germ (A, x) onto a p-dimensional linear subspace through x in
any coordinate patch ).

(2.10) Theorem ([Siu74]). Let © be a closed positive current of bidimension (p,p) on
the complexr manifold X .

(a) The Lelong number v(O, x) is invariant by holomorphic changes of local coordinates.

(b) For every ¢ > 0, the set E.(0) = {z € X ; v(0,z) > ¢} is a closed analytic subset
of X of dimension < p.

The most important result is Theorem 2.10 (b), which was initially proved as a (very
deep) consequence of Hérmander’s L? estimates (Section 5); Kiselman [Kis78] later found
a much simpler proof based on his Legendre transformation for plurisubharmonic func-
tions; however, there is now an even more direct route relying on the Ohsawa-Takegoshi
L? extension theorem (cf. Corollary 14.3 below). The early proofs of the other results
were also rather intricate in spite of their rather simple nature. We reproduce below a
sketch of elementary arguments based on the use of a more general and more flexible
notion of Lelong number introduced in [Dem87]. Let ¢ be a continuous psh function
with an isolated —oc pole at z, e.g. a function of the form ¢(z) =log> ;i n 19;(2)|"7,
v; > 0, where (g1, ...,gn) is an ideal of germs of holomorphic functions in @, with
g7 1(0) = {z}. The generalized Lelong number v(0©, ) of © with respect to the weight ¢
is simply defined to be the mass of the measure © A (dd°p)P carried by the point x (the
measure O A (dd°p)P is always well defined thanks to Proposition 2.3). This number can
also be seen as the limit v(0, ¢) = lim;, o, (O, ¢, t), where

(2.11) v(O,p,t) = / O A (ddp)P.
p(z)<t

The relation with our earlier definition of Lelong numbers (as well as part (a) of Theo-
rem 2.8) comes from the identity

(212> V(@,x,’)“) = V(@,QO,IOgT), 90(Z> = 10g|2 - CE|7
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in particular v(0,z) = v(0,log| ¢ —z|). This equality is in turn a consequence of the
following general formula, applied to x(t) = e* and t = logr:

(2.13) / O A (dd®x o )P = X' (t — O)p/ O A (ddp)P,
p(z)<t

p(z)<t

where x is an arbitrary convex increasing function. To prove the formula, we use a
regularization and thus suppose that ©, ¢ and x are smooth, and that ¢ is a non critical
value of ¢. Then Stokes’ formula shows that the integrals on the left and right hand side
of (2.13) are equal respectively to

/ O A (ddx o gp)p_l Ad(x o), / O A (ddcgo)p_l A dp,
w(z)=t o(z)=t

and the differential form of bidegree (p — 1,p) appearing in the integrand of the first
integral is equal to (X' o ¢)P (dd°@)P~! A d°p. The expected formula follows. Part (b)
of Theorem 2.8 is a consequence of the Jensen-Lelong formula, whose proof is left as an
exercise to the reader.

(2.14) Jensen-Lelong Formula. Let u be any psh function on X. Then wu is inte-
grable with respect to the measure p, = (dd°@)" 1 A d°p supported by the pseudo-sphere

{o(z) =} and r
r(u) = u(dd®p)" v(ddu, @, t) dt.
o (1) /{w}( 90)+/ (ddu, ,1)

— 00

In our case, we set ¢(z) = log|z — x|. Then (dd°p)™ = §, and p, is just the unitary
invariant mean value measure on the sphere S(z,e”). For r < ro, Formula 2.14 implies

() — g () = / v(ddu, x,t) ~ (r — ro)v(ddu, x) as r — —oo.
ro
From this, using the Harnack inequality for subharmonic functions, we get

lim inf % = lim por (1)
2=z log |,z — :(;‘ r—o—oco T

= v(dd‘u, x).

These equalities imply statement 2.8 (b).

Next, we show that the Lelong numbers v(T, ¢) only depend on the asymptotic be-
havior of ¢ near the polar set ¢ ~!(—o0). In a precise way:

(2.15) Comparison Theorem. Let O be a closed positive current on X, and let
o, X — [—00,400] be continuous psh functions with isolated poles at some point

xz € X. Assume
¢ :=limsup ()

Then v(0,v) < (Pv(0O, ¢), and the equality holds if £ =lim/p.

< +o00.

Proof. (2.12) shows that v(©, Ap) = A\Pv (O, ¢) for every positive constant A. It is thus
sufficient to verify the inequality (0, ) < (0, ) under the hypothesis limsup /¢ < 1.
For any ¢ > 0, consider the psh function

ue = max(y — ¢, p).
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Fix r < 0. For ¢ > 0 large enough, we have u. = ¢ on a neighborhood of ¢ ~!(r) and
Stokes’ formula gives
V(®7 (;077“) = V(@, UC,T) 2 V(®7uc)-

On the other hand, the hypothesis limsup /¢ < 1 implies that there exists ¢y < 0 such
that u. =9 — c on {u. < to}. We thus get

(0, uc) = (0,9 —c) = v(6,7),

hence v(0,9) < (0, ). The equality case is obtained by reversing the roles of ¢ and
1 and observing that lim ¢/¢ = 1/I. O

Part (a) of Theorem 2.10 follows immediately from Theorem 2.15 by considering the
weights p(z) = log|7(2) — 7(x)|, ¥(2) = log|'(2) — 7/(x)| associated to coordinates
systems 7(z) = (21, ...,2n), 7'(2) = (2], ...,2),) in a neighborhood of z. Another
application is a direct simple proof of Thie’s Theorem 2.9 when © = [A] is the current of
integration over an analytic set A C X of pure dimension p. For this, we have to observe
that Theorem 2.15 still holds provided that x is an isolated point in Supp(©) Ny~ (—o0)
and Supp(©) N ~1(—o0) (even though z is not isolated in ¢~!(—oc) or 1~ (—o0)),
under the weaker assumption that limsupg,,,(@)5:—, ¥(2)/¢(2) = £. The reason for
this is that all integrals involve currents supported on Supp(©). Now, by a generic
choice of local coordinates 2’ = (z1, ... ,2p,) and 2" = (zp11, ... ,2,) on (X, z), the germ
(A, z) is contained in a cone |2”| < C|2/|. If B’ C CP is a ball of center 0 and radius r’
small, and B” C C" P is the ball of center 0 and radius " = Cr’, the projection

pr: AN(B'x B") — B’

is a ramified covering with finite sheet number m. When 2z € A tends to x = 0, the
functions
p(z) =log 2] = log(|2'|* + |2"[*)/%,  ¢(z) = log]||.

satisfy lim,_,, ¥(2)/¢(z) = 1. Hence Theorem 2.15 implies
v([A],z) = v([A], @) = v([A], ).

Now, Formula 2.13 with x(t) = e* yields

v([A], ,logt) = 7" / [A] A (%ddCeW)p

{y<logt}
1 D
= t_zp/ (—pr*ddc\z'|2>
An{|2/|<t} V2

1 P
_ mt_Zp/ (—ddc\z’|2) —m,
crnflz|<t} 2

hence v([A],4) = m. Here, we have used the fact that pr is an étale covering with m
sheets over the complement of the ramification locus S C B’, and the fact that S is of
zero Lebesgue measure in B'.

(2.16) Proposition. Under the assumptions of Proposition 2.3, we have

v(ddu N O, z) > v(u,z)v(0, )
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at every point x € X.

Proof. Assume that X = B(0,r) and z = 0. By definition

v(dd“u A ©,z) = lim dd°u A © A (dd®log |z|)P~ 1.
r—0 |Z‘<,’,

Set v = v(u, ) and
u,(z) = max (u(z), (y — ¢) log |z| — v)

with 0 < € < 7 (if v = 0, there is nothing to prove). Then u, decreases to u and

/ dd°u A © A (dd°log |z|)P~! > lim sup/ ddu, A © A (ddlog |z])P~?
| \

z|<r v—+o00 J|z|<r

by the weak convergence of dd°u, A ©; here (dd®log|z|)?~! is not smooth on B(0,r),
but the integrals remain unchanged if we replace log|z| by x(log|z|/r) with a smooth
convex function x such that x(¢) =t for t > —1 and x(¢) = 0 for t < —2. Now, we have
u(z) < ylog|z| + C near 0, so u,(z) coincides with (7 — €)log|z| — v on a small ball
B(0,r,) C B(0,r) and we infer

/ ddu, A © A (dd®log |z|)P~1 > (’y—e)/ O A (dd€log |z|)P
|2l<r

|z|<""u

> (v —e)v(6, ).
As r €0, R[ and ¢ € )0, y[ were arbitrary, the desired inequality follows. O

We will later need an important decomposition formula of [Siu74]. We start with the
following lemma.

(2.17) Lemma. If © is a closed positive current of bidimension (p,p) and Z is an
wrreducible analytic set in X, we set

myz =inf{x € Z; v(0,z)}.

(a) There is a countable family of proper analytic subsets (Z;) of Z such that
v(©,z) =my forallx € Z \ UZ]/ We say that myz s the generic Lelong number
of © along Z.

(b) If dim Z = p, then © > mz[Z] and 10 = mz[Z].
Proof. (a) By definition of mz and E.(©), we have v(0,z) > myz for every x € Z and

v(©,2)=mz on Z~ |J ZnE.(9).

ceQ,c>my

However, for ¢ > my, the intersection Z N E.(O) is a proper analytic subset of A.

(b) Left as an exercise to the reader. It is enough to prove that © > myz[Z.c.] at
regular points of Z, so one may assume that Z is a p-dimensional linear subspace in C".
Show that the measure (© — mz[Z]) A (dd°|z|?)P has nonnegative mass on every ball



22 Analytic Methods in Algebraic Geometry

|z — a| < r with center a € Z. Conclude by using arbitrary affine changes of coordinates
that © —mz[Z] > 0. O

(2.18) Decomposition Formula ([Siu74]). Let © be a closed positive current of bidi-
mension (p,p). Then © can be written as a convergent series of closed positive currents

+o0
k=1

where [Zi] is a current of integration over an irreducible analytic set of dimension p,
and R is a residual current with the property that dim E.(R) < p for every ¢ > 0. This
decomposition is locally and globally unique: the sets Zy are precisely the p-dimensional
components occurring in the upperlevel sets E.(©), and A\, = mingez, v(0,z) is the
generic Lelong number of © along Zy,.

Proof of uniqueness. If © has such a decomposition, the p-dimensional components of
E.(©) are (Zj)x,>c, for v(0,x) = > \jv([Z;],z) + v(R,z) is non zero only on J Z; U
U E:(R), and is equal to A; generically on Z; (more precisely, v(0,x) = \; at every
regular point of Z; which does not belong to any intersection Z; U Z, k # j or to
UE:(R)). In particular Z; and \; are unique.

Proof of existence. Let (Z;);>1 be the countable collection of p-dimensional components
occurring in one of the sets £.(0), ¢ € Q% , and let A; > 0 be the generic Lelong number of
© along Z;. Then Lemma 2.17 shows by induction on N that Ry = © =3, . x Aj[Z]]
is positive. As Ry is a decreasing sequence, there must be a limit R = limy_, o, Ry in
the weak topology. Thus we have the asserted decomposition. By construction, R has
zero generic Lelong number along Z;, so dim E.(R) < p for every ¢ > 0. O

It is very important to note that some components of lower dimension can actually
occur in E.(R), but they cannot be subtracted because R has bidimension (p,p). A typi-
cal case is the case of a bidimension (n—1,n—1) current © = dd°u with
u=1log(|f1]" + -+ |fn]™) and f; € H°(X,0Ox). In general |JFE.(©) = ﬂfj_l(o)

has dimension < n — 1.

(2.19) Corollary. Let ©; = dduj, 1 < j < p, be closed positive (1,1)-currents on
a complex manifold X. Suppose that there are analytic sets Ay D --- D Ay, in X with
codim A; > j at every point such that each uj;, j > 2, is locally bounded on X \ Aj;. Let
{A, k}e=1 be the irreducible components of A, of codimension p exactly and let v; ) =
mingea, , ¥(0;,x) be the generic Lelong number of ©; along Ap . Then ©1 A--- A6,
s well-defined and

+o0
O1N---NO, > Zl/l’k'...'l/ch[Ap,k]‘
k=1

Proof. By induction on p, Proposition 2.3 shows that ©; A --- A ©, is well defined.
Moreover, Proposition 2.16 implies

V(O1 N ANOp,x) 2 v(O,z) - V(Op, k) ZVig ... Upk

at every point € A, ;. The desired inequality is then a consequence of Siu’s decompo-
sition theorem. O
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3. Hermitian Vector Bundles, Connections and Curvature

The goal of this section is to recall the most basic definitions of Hermitian differential
geometry related to the concepts of connection, curvature and first Chern class of a line

bundle.

Let F' be a complex vector bundle of rank r over a smooth differentiable manifold M.
A connection D on F' is a linear differential operator of order 1:

D:€>*(M,\NT;; @ F) — €°(M,\N Ty, @ F)
such that
(3.1) D(f Au)=df ANu+ (1) f A Du

for all forms f € “€>*°(M,APT},), u € € (X,AT;, ® F). On an open set 2 C M where
F admits a trivialization 6 : Fjq =5 Q x C", a connection D can be written

Du~ydu+T Au

where I' € €>°(Q, A'T;, ® Hom(C",C")) is an arbitrary matrix of 1-forms and d acts
componentwise (the coefficients of T" are called the Christoffel symbols of the connection).
It is then easy to check that

D*u~p (dl +T AT)Au on Q.
Since D? is a globally defined operator, there is a global 2-form
(3.2) Op € € (M, A*T;; ® Hom(F, F))

such that D?u = ©p A u for every form u with values in F.

Assume now that F' is endowed with a ‘€>° Hermitian metric h along the fibers and
that the isomorphism Fjo ~ Q x C" is given by a ‘€ frame (e)). We then have a
canonical sesquilinear pairing
(3.3) € (M, NPTy @ F) x €°(M,NT;; @ F) — € (M, A\PT9T5, @ C)

(’LL, U) — {’LL, v}h

given by
{u,v}h:Zuk/\EMex,e“)h, u:ZuA@)e)\, v:Zv“@)eu.
A p

The connection D is said to be Hermitian (with respect to h) if it satisfies the additional

property
d{u, v}y = {Du, v} + (—1)deg “Su, Dv}p,.

Assuming that (ey) is orthonormal, one easily checks that D is Hermitian if and only if
['* = —TI". In this case ©}, = —Op, thus

i0p € €>°(M,AN*T;; @ Herm(F, F)).
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(3.4) Special Case. For a bundle F' of rank 1, the connection form I" of a Hermitian
connection D can be seen as a 1-form with purely imaginary coefficients I' = iA (A real).
Then we have Op = dI' = idA. In particular iOf is a closed 2-form. The first Chern
class of F' is defined to be the cohomology class

e (F)g = {%@F} € B2, (M, R).

The cohomology class is actually independent of the connection, since any other connec-
tion D differs by a global 1-form, Dyu = Du + B A u, so that Op, = Op +dB. It is
well-known that c; (F)g is the image in H2(M,R) of an integral class ¢;(F) € H?(M,Z) ;
by using the exponential exact sequence

Co *

0—-7Z—€— € —0,

¢1(F) can be defined in Cech cohomology theory as the image by the coboundary map
H'(M,€*) — H?(M,Z) of the cocycle {g;1} € H' (M, €*) defining F'; see e.g. [GrHT8|
for details. U

We now concentrate ourselves on the complex analytic case. If M = X is a complex
manifold X, every connection D on a complex €>° vector bundle F' can be splitted in
a unique way as a sum of a (1,0) and of a (0, 1)-connection, D = D"+ D”. In a local
trivialization @ given by a ‘€>° frame, one can write

(3.5) D'u ~ d'u+T" Au,
(3.5") D"u ~¢ d"u+T" ANu,
with T' = TV 4+ I, The connection is Hermitian if and only if TV = —(I'’)* in any

orthonormal frame. Thus there exists a unique Hermitian connection D corresponding
to a prescribed (0, 1) part D".

Assume now that the bundle F' itself has a holomorphic structure, and is equipped
with a Hermitian metric A. The unique Hermitian connection for which D" is the d”
operator defined in Section 1 is called the Chern connection of F'. In a local holomorphic
frame (ey) of E|q, the metric is given by the Hermitian matrix H = (hxy), hau = {(ex, ep).
We have

{u,v}p = ZhAuU/\ A, = u' A H7,
A p

where ' is the transposed matrix of u, and easy computations yield

d{u,v}p = (du)" A HT + (1)t A (dH AT + Hdv)

= (du+ T 'dH A u)T AHT + (—1)%8 5yt A (do+ H 'dH Av)

using the fact that dH = d’H + d’H and HT = H. Therefore the Chern connection D
coincides with the Hermitian connection defined by

Du ~¢ du + H_ldlﬁ A u,
(3.6)

D ~yd +H '‘dHNe=H 'd(He), D'=d"
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It is clear from this relations that D> = D"? = 0. Consequently D? is given by to
D? = D'D"+ D" D', and the curvature tensor ©p is of type (1,1). Since d'd” +d"d' = 0,
we get
(D'D" +D'Dumpg H dHNu+d"(H dHAu)
=d"(H 'dH) A
(3.7) Proposition. The Chern curvature tensor ©pp, := Op of (F,h) is such that
iOp), € €°(X,A"'T% @ Herm(F, F)).

If 0 : Fiq — Q x C" is a holomorphic trivialization and if H is the Hermitian matriz
representing the metric along the fibers of Fiq, then

1 ,—
1Opy ~gid'(H d'H) on Q.
In case there cannot be any confusion on which Hermitian metric h is used, we also

sometimes simply write Op ) = OF.

Let (21, ... ,2,) be holomorphic coordinates on X and let (ex)1<a<r be an orthonor-
mal frame of F'. Writing

iOp) = E Citapdz; Ndz @ €} ® ey,
1<g,k<n, 1K, p<r

we can identify the curvature tensor to a Hermitian form

(3.8) Opn(E®@v) = Z Citanéi€RvATL

1<g k<, IS, pusr

on Tx ® F. This leads in a natural way to positivity concepts, following definitions
introduced by Kodaira [Kod53], Nakano [Nak55] and Griffiths [Gri69].

(3.9) Definition. The Hermitian vector bundle (F,h) is said to be

(a) positive in the sense of Nakano if we have éF’h(T) > 0 for all non zero tensors
T:ZTj)\ 6/82’]’@6)\ ETx(X)F.

(b) positive in the sense of Griffiths if @)Fﬁ(f ®v) > 0 for all non zero decomposable
tensors E Qv eTx ® F',

Corresponding semipositivity concepts are defined by relaxing the strict inequalities.

(3.10) Special Case of Rank 1 Bundles. Assume that F' is a line bundle. The
Hermitian matrix H = (h;1) associated to a trivialization 6 : Fiq >~ Q x C is simply a
positive function. It is often convenient to denote it as an exponential, namely e 2% (and
also sometimes e~ % simply, if we do not want to stress that H is a quadratic form), with
p € €*°(Q,R). In this case the curvature form ©pj can be identified to the (1,1)-form
d'd"p, and
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is a real (1,1)-form. Hence F' is semi-positive (in either the Nakano or Griffiths sense)
if and only if ¢ is psh, resp. positive if and only if ¢ is strictly psh. In this setting, the
Lelong-Poincaré equation can be generalized as follows: let o € H°(X, F') be a non zero
holomorphic section. Then

i

A1 ! =\Z
(3.11) dd®log ||oln = |Zo] — 5

OFh-

Formula (3.11) is immediate if we write ||o|| = |6(c)|e”% and if we apply (1.20) to the
holomorphic function f = (o). As we shall see later, it is very important for the
applications to consider also singular Hermitian metrics.

(3.12) Definition. A singular (Hermitian) metric h on a line bundle F is a metric
which is given in any trivialization 0 : Fiq =5 Q0 xC by

I€lln = 10©)e ™), zeQ ek,

where ¢ € Li _(Q) is an arbitrary function, called the weight of the metric with respect

to the trivialization 6.

If ¢ : Fioo — ' x C is another trivialization, ¢’ the associated weight and g €
@*(Q2NQ) the transition function, then ' (§) = g(x) 0(§) for £ € F,, and so ¢’ = p+log |g|
on QN Q. The curvature form of F is then given formally by the closed (1, 1)-current
ﬁ@p’h = dd®p on Q; our assumption ¢ € Li () guarantees that O} exists in the
sense of distribution theory. As in the smooth case, 5-©F is globally defined on X and
independent of the choice of trivializations, and its De Rham cohomology class is the
image of the first Chern class ¢;(F) € H*(X,Z) in H? (X, R). Before going further, we

discuss two basic examples.

(3.13) Example. Let D = ) «;D; be a divisor with coefficients a; € Z and let
F = @(D) be the associated invertible sheaf of meromorphic functions w such that
div(u) + D > 0; the corresponding line bundle can be equipped with the singular metric
defined by |lu|| = |u|. If g; is a generator of the ideal of D; on an open set & C X
then 6(u) = u Hg?j defines a trivialization of @(D) over €2, thus our singular metric is
associated to the weight ¢ = " «a;log|g;|. By the Lelong-Poincaré equation, we find

i
o 20(D) ¢ = [D],
where [D] = Y «o;[D;] denotes the current of integration over D. O

(3.14) Example. Assume that og, 01, ... ,on are non zero holomorphic sections of F'.
Then we can define a natural (possibly singular) Hermitian metric A* on F* by

Iz = > |¢oy@)]” for £ € F}.
0<i<N

The dual metric h on F' is given by

0

1€ll5 = |0(oo(z))]2 + [0(o1(x))|? + -+ |0(on(z))]?
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with respect to any trivialization . The associated weight function is thus given by

pl@) =log (3 10l (@))?) "2

0<G<N

In this case ¢ is a psh function, thus i©py, is a closed positive current. Let us denote
by X the linear system defined by o, ... ,on and by By = ﬂaj_l(()) its base locus. We
have a meromorphic map

ds : X \ By — PV, x = (oo(z) s o1(x) 1 oa(z) -+ - on(T)).

Then %@ r.n is equal to the pull-back over X \ By of the Fubini-Study metric wpg =
7= log(|z0|* + [z21|* 4+ - + |2n|?) of PV by Py, O

(3.15) Ample and Very Ample Line Bundles. A holomorphic line bundle F over
a compact compler manifold X s said to be

(a) very ample if the map ®p| : X — PN associated to the complete linear system
|F| = P(HY(X, F)) is a reqular embedding (by this we mean in particular that the
base locus is empty, i.e. Bjp| = 0).

(b) ample if some multiple mF, m > 0, is very ample.

Here we use an additive notation for Pic(X) = H!(X,@*), hence the symbol mF
denotes the line bundle F'®™. By Example 3.14, every ample line bundle F has a smooth
Hermitian metric with positive definite curvature form; indeed, if the linear system |mF|
gives an embedding in projective space, then we get a smooth Hermitian metric on F®™,
and the m-th root yields a metric A on F' such that ﬁ@ Fh = %(I)T‘m F|WFS- Conversely,
the Kodaira embedding theorem [Kod54] tells us that every positive line bundle F' is
ample (see Exercise 5.14 for a straightforward analytic proof of the Kodaira embedding

theorem).

4. Bochner Technique and Vanishing Theorems

§ 4.A. Laplace-Beltrami Operators and Hodge Theory

We start by recalling briefly a few basic facts of Hodge theory. Assume for the moment
that M is a differentiable manifold equipped with a Riemannian metric g = ) g;;dz;®dz;
and that (F, h) is a Hermitian vector bundle over M. Given a ¢-form v on M with values
in F', we consider the global L? norm

Jul® = /M u(z) 2V ()

where |u| is the pointwise Hermitian norm and dVj, is the Riemannian volume form (we
omit the dependence on the metrics in the notation, but we should really put |u(z)|g,p
and ||ul|4,5 here). The Laplace-Beltrami operator associated to the connection D is by
definition

A=DD*+ D*D
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where
D* : € (M, ATy, @ F) — €°(M,A"'T}{; ® F)

is the (formal) adjoint of D with respect to the L? inner product. Assume that M is
compact. Since
A€ (M,AN Ty @ F) = €°(M,\NTy, @ F)

is a self-adjoint elliptic operator in each degree, standard results of PDE theory show
that there is an orthogonal decomposition

€ (M, AT}, ® F) = #(M, F) @ Im A

where #9(M, F) = Ker A is the space of harmonic forms of degree ¢; #9(M, F) is a
finite dimensional space. Assume moreover that the connection D is integrable, i.e. that
D? = 0. It is then easy to check that there is an orthogonal direct sum

ImA=ImD ®Im D",
indeed (Du, D*v) = (D?u,v) = 0 for all u,v. Hence we get an orthogonal decomposition
€ (M, AT}, ® F) = #(M, F) @ Im D & Tm D*,

and Ker A is precisely equal to #2(M, F') ®Im D. Especially, the ¢g-th cohomology group
Ker A/Im A is isomorphic to #9(M, F'). All this can be applied for example in the case
of the De Rham groups H{} (M, C), taking F' to be the trivial bundle F' = M x C (notice,
however, that a nontrivial bundle F' usually does not admit any integrable connection):

(4.1) Hodge Fundamental Theorem. If M is a compact Riemannian manifold, there
s an 1somorphism
H{p(M,C) ~ #(M,C)

from De Rham cohomology groups onto spaces of harmonic forms.

A rather important consequence of the Hodge fundamental theorem is a proof of
the Poincaré duality theorem. Assume that the Riemannian manifold (M, g) is oriented.
Then there is a (conjugate linear) Hodge star operator

x: ATy, @C — A™ Ty, ® C, m = dimg M
defined by u A xv = (u,v)dV}, for any two complex valued g-forms u, v. A standard

computation shows that * commutes with A, hence *u is harmonic if and only if u is.
This implies that the natural pairing

(1.2 HR(OL.C) x HEZ'OLO), () (o) o> [ wno

is a nondegenerate duality, the dual of a class {u} represented by a harmonic form being
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§ 4.B. Serre Duality Theorem

Let us now suppose that X is a compact complex manifold equipped with a Hermitian
metric w = Y w;,dz; A dZj. Let F' be a holomorphic vector bundle on X equipped with
a Hermitian metric, and let D = D’ 4+ D" be its Chern curvature form. All that we said
above for the Laplace-Beltrami operator A still applies to the complex Laplace operators

A/ — D/D/* _"_ D/*D/7 A// — D//D//* _"_ D//*D//,

with the great advantage that we always have D2 = D"? = (. Especially, if X is a
compact complex manifold, there are isomorphisms

(4.3) HP(X, F) ~ #P9(X, F)

between Dolbeault cohomology groups HP?(X, F') and spaces HP9(X,F) of A”-har-
monic forms of bidegree (p,q) with values in F. Now, there is a generalized Hodge star
operator

x  APITY @ F — AP 9Ty @ FF, n = dim¢ X,

such that u A xv = (u, v)dVj, for any two F-valued (p, ¢)-forms, when the wedge product
u A xv is combined with the pairing F' x F’* — C. This leads to the Serre duality theorem
[Ser55]: the bilinear pairing

(4.4) HPY X, F)x H" P""9(X F*), ({u}, {v}) — /X uAv

is a nondegenerate duality. Combining this with the Dolbeault isomorphism, we may
restate the result in the form of the duality formula

(4.4') HI(X, 0% @ O(F))* ~ H' (X, Q% @ G(F*)).

§ 4.CBochner-Kodaira-Nakano Identity on Kahler Manifolds

We now proceed to explain the basic ideas of the Bochner technique used to prove
vanishing theorems. Great simplifications occur in the computations if the Hermitian
metric on X is supposed to be Kdhler, i.e. if the associated fundamental (1,1)-form

w= iijkdzj A dzy,

satisfies dw = 0. It can be easily shown that w is Kahler if and only if there are holo-
morphic coordinates (z1, ..., z,) centered at any point xg € X such that the matrix of
coefficients (w;y) is tangent to identity at order 2, i.e.

wjr(2) =65 + O(]2]*) at 0.

It follows that all order 1 operators D, D', D” and their adjoints D*, D'*, D”* admit at
x( the same expansion as the analogous operators obtained when all Hermitian metrics on
X or F are constant. From this, the basic commutation relations of Kahler geometry can
be checked. If A, B are differential operators acting on the algebra €= (X, A**T% ® F),
their graded commutator (or graded Lie bracket) is defined by

[A,B] = AB — (-1)*BA
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where a,b are the degrees of A and B respectively. If C is another endomorphism of
degree c, the following purely formal Jacobt identity holds:

(—-1)°“[A, [B,C]] + (-1)*[B,[C, A]] + (-1)*[C,[4, B]] = 0.

(4.5) Basic Commutation Relations. Let (X,w) be a Kdhler manifold and let L be
the operators defined by Lu = w Au and A = L*. Then

[D"*, L] =iD/, [D’*, L] = —iD",
[A, D] = —iD", [A, D'] =iD"™*.

Proof (sketch). The first step is to check the identity [d"*, L] = id’ for constant metrics
on X = C" and F = X x C, by a brute force calculation. All three other identities
follow by taking conjugates or adjoints. The case of variable metrics follows by looking
at Taylor expansions up to order 1. U

(4.6) Bochner-Kodaira-Nakano Identity. If (X,w) is Kdhler, the complex Laplace
operators A’ and A" acting on F-valued forms satisfy the identity

A" = AN+ [iOpp, Al

Proof. The last equality in (4.5) yields D""* = —i[A, D'], hence
A" =[D",§"] = —i[D", [A,D']].
By the Jacobi identity we get
[D",[A, D] = [A,[D',D"]] + [D',[D",A]] = [A, Opu] +i[D', D],
taking into account that [D’, D"] = D? = ©p},. The formula follows. O

§ 4.D. Vanishing Theorems

Assume that X is compact and that u € €°° (X, APIT* X ® F') is an arbitrary (p, ¢)-form.
An integration by parts yields

(A'u,u) = || D'ul* + D" u* > 0

and similarly for A”, hence we get the basic a priori inequality

(4.7) |D"ul|? + | D"*ul|? > / ([{© .1, Alu, u)dV,.
X

This inequality is known as the Bochner-Kodaira-Nakano inequality (see [Boc4S8;
Kod53; Nak55]). When u is A”-harmonic, we get

/X (([i®F,n, Alu, w) + (Tu, u))dV < 0.
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If the Hermitian operator [iOf ;, A] acting on AP9T% ® F is positive on each fiber, we
infer that u must be zero, hence

HP9(X,F) = #P9(X,F) =0

by Hodge theory. The main point is thus to compute the curvature form ©r; and find
sufficient conditions under which the operator [i©p 5, A] is positive definite. Elementary
(but somewhat tedious) calculations yield the following formulae: if the curvature of F
is written as in (3.8) and u = Y Jusradzr ANdZy®ex, |[J|=p, |[K|=¢ 1 <A< risa
(p, q)-form with values in F', then

(4.8) ((OFn, Au,u) = Z Cikap UJ,jS, N UJ kS
j7k7A7u7J7S

+ E Gk URR KN TR Ko
j7k7A7/'1/7R7K

- Z Cjjan YT, KN WK, p»
j)\:H:J:K

where the sum is extended to all indices 1 < 7,k < n, 1 < A\, u < r and multiindices
|IR| =p—1,|S| = ¢—1 (here the notation u k) is extended to non necessarily increasing
multiindices by making it alternate with respect to permutations). It is usually hard to
decide the sign of the curvature term (4.8), except in some special cases.

The easiest case is when p = n. Then all terms in the second summation of (4.8)
must have j = k and R = {1, ... ,n} ~ {j}, therefore the second and third summations
are equal. It follows that [i@p, A] is positive on (n, ¢)-forms under the assumption that
F' is positive in the sense of Nakano. In this case X is automatically Kahler since

w = TTF(i@F7h> =1 E Cjk)\)\dzj A d?k = i®det F.h
JiksA
is a Kéahler metric.

(4.9) Nakano Vanishing Theorem ([Nak55]). Let X be a compact complex manifold
and let F' be a Nakano positive vector bundle on X. Then

H" (X, F)=HY (X, Kx®F)=0 for every q > 1.

Another tractable case is the case where F' is a line bundle (r = 1). Indeed, at each
point z € X, we may then choose a coordinate system which diagonalizes simultaneously
the Hermitians forms w(x) and iOp (z), in such a way that

w(z) =1 Z dzj N\ dz;, iOpn(r) =1 Z vidz; N\ dz;
1<gsn INVAS L

with 71 < -+ < ,. The curvature eigenvalues v; = 7;(x) are then uniquely defined and
depend continuously on x. With our previous notation, we have v; = ¢;;11 and all other
coeflicients c;i, are zero. For any (p, ¢)-form u =Y ujxdz; N dZg ® ey, this gives

(410) ([©rmAluu)= Y (Yu+ Y wu— D )l
|J|=p, |K|=q j€J jEK 1<j<n

= (71+"'+7q_’7n—p—|—1 _"'_’7n>|u|2-
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Assume that i©p, is positive. It is then natural to make the special choice w = i©p,
for the Kéhler metric. Then v; =1 for j = 1,2, ... ,n and we obtain ([i@p, AJu,u) =
(p+q—n)lul?>. As a consequence:

(4.11) Akizuki-Kodaira-Nakano Vanishing Theorem ([ANb54]). If F' is a positive
line bundle on a compact complex manifold X, then

HPUX,F)=HIX,0% ®F) =0 for p+q=n+1.

More generally, if F' is a Griffiths positive (or ample) vector bundle of rank r > 1,
Le Potier [LP75] proved that HP9(X,F) = 0 for p + ¢ > n + r. The proof is not a
direct consequence of the Bochner technique. A rather easy proof has been found by
M. Schneider [Sch74], using the Leray spectral sequence associated to the projectivized
bundle projection P(F') — X, using the following more or less standard notation.

(4.12) Notation. If V is a complex vector space (resp. complex vector bundle), we let
P(V) be the projective space (resp. bundle) of lines of V', and P(V) = P(V*) be the
projective space (resp. bundle) of hyperplanes of V.

(4.13) Exercise. It is important for various applications to obtain vanishing theorems
which are also valid in the case of semi-positive line bundles. The easiest case is the
following result of Girbau [Gir76]: let (X,w) be compact Kéhler; assume that F is a line
bundle and that i©g; > 0 has at least n — k positive eigenvalues at each point, for some
integer k£ > 0; show that HP9(X,F)=0forp+q¢>n+k+1.
Hint: use the Kéahler metric w, = iOp} + ew with € > 0 small.

A stronger and more natural “algebraic version” of this result has been obtained by
Sommese [Som78]|: define F' to be k-ample if some multiple mF’ is such that the canonical
map

(P‘mp| X N B|mF\ — PN_l

has at most k-dimensional fibers and dim B),, | < k. If X is projective and F is k-ample,
show that HP9(X, F)=0forp+qg>n-+k+1.

Hint: prove the dual result HP4(X, F~!) =0 for p+ ¢ < n — k — 1 by induction on k.
First show that F' 0-ample = F' positive; then use hyperplane sections ¥ C X to prove
the induction step, thanks to the exact sequences

0 —MF!'R0(-Y) =W oF ! — (e F ), —0,

00— Qf;;l ® Fr}l RO(-Y)y — (Q5 @ F ) , — W ® Fr;l — 0. O

I

5. L? Estimates and Existence Theorems

§ 5.A. Basic L? Existence Theorems

The starting point is the following L? existence theorem, which is essentially due to
Hormander [H6r65, 66], and Andreotti-Vesentini [AV65], following fundamental work by
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Kohn [Koh63, 64]. We will only present the strategy and the main ideas and tools, refer-
ring e.g. to [Dem82b] for a more detailed exposition of the technical situation considered
here.

(5.1) Theorem. Let (X,w) be a Kdhler manifold. Here X is not necessarily compact,
but we assume that the geodesic distance d,, is complete on X. Let F be a Hermitian
vector bundle of rank r over X, and assume that the curvature operator A = AR4 =
[iO©F n, Aw] is positive definite everywhere on APIT% & F, ¢ > 1. Then for cmgj j‘orm
g € L*(X,APIT% @ F) satisfying D"g = 0 and [, (A" 'g,g)dV,, < +oo, there exists
f € L3(X, AP 1T% @ F) such that D" f = g and

/ IfIQde</<A_1g,g>de-
X X

Proof. The assumption that J,, is complete implies the existence of cut-off functions ),
with arbitrarily large compact support such that |di,| < 1 (take 1, to be a function of the
distance x + 4, (o, ), which is an almost everywhere differentiable 1-Lipschitz function,
and regularize if necessary). From this, it follows that very form u € L*(X, AP9T% @ F)
such that D”u € L? and D"*u € L? in the sense of distribution theory is a limit of
a sequence of smooth forms w, with compact support, in such a way that u, — u,
D"u, — D"u and D"*u, — D"*u in L? (just take u, to be a regularization of 1, u). As
a consequence, the basic a priori inequality (4.7) extends to arbitrary forms u such that
w, D"u,D"*u € L? . Now, consider the Hilbert space orthogonal decomposition:

L*(X,APT% @ F) = Ker D" @ (Ker D),

observing that Ker D" is weakly (hence strongly) closed. Let v = v; +vy be the decompo-
sition of a smooth form v € UP4(X, F') with compact support according to this decom-
position (v1, vo do not have compact support in general!). Since (Ker D)+ C Ker D"*
by duality and g,v; € Ker D" by hypothesis, we get D"*vy, = 0 and

(g, o) = l{g, o) ? < /X (A"g.g)dV, /X (Avr, 1) dV,,

thanks to the Cauchy-Schwarz inequality. The a priori inequality (4.7) applied to u = vy
yields

/X<Av1,v1> Vi, < ||D"vi|? + | D" 0[] = || D" w1 ||* = | D"*v]%.

Combining both inequalities, we find

g0 < ([ (a7 tg.g) vz |Dm P
X

for every smooth (p,q)-form v with compact support. This shows that we have a well
defined linear form:

w=D"v+— (v,g), L*(X, AP T, ® F) D D" (9P4(F)) — C
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on the range of D’"*. This linear form is continuous in L? norm and has norm < C with

C= (/){(A_lg,g) de> 1/2.

By the Hahn-Banach theorem, there is an element f € L?(X,AP9 1T% ® F) with
||f]| < C, such that (v,g) = (D"*v, f) for every v, hence D”f = g in the sense of

distributions. The inequality ||f|| < C' is equivalent to the last estimate in the theorem.
U

The above L? existence theorem can be applied in the fairly general context of weakly
pseudoconvex manifolds. By this, we mean a complex manifold X such that there exists
a smooth psh exhaustion function ¥ on X (v is said to be an exhaustion if for every
¢ > 0 the upperlevel set X. = 1~1(c) is relatively compact, i.e. ¥(z) tends to +oo
when z is taken outside larger and larger compact subsets of X). In particular, every
compact complex manifold X is weakly pseudoconvex (take 1) = 0), as well as every
Stein manifold, e.g. affine algebraic submanifolds of CV (take 1(z) = |2|?), open balls
X = B(zo,7) (take ¥(z) = 1/(r — |z — 20/?)), convex open subsets, etc. Now, a basic
observation is that every weakly pseudoconvex Kéhler manifold (X, w) carries a complete
Kahler metric: let 1) > 0 be a psh exhaustion function and set

we = w+eid'd"Y* = w4 2e(2ipd'd" Y + id'p A d"P).

Then |dy|,. < 1/e and | (z) — ¥ (y)| < e 16, (z,y). Tt follows easily from this estimate
that the geodesic balls are relatively compact, hence §,_ is complete for every ¢ > 0.
Therefore, the L? existence theorem can be applied to each Kihler metric w., and by
passing to the limit it can even be applied to the non necessarily complete metric w. An
important special case is the following

(5.2) Theorem. Let (X,w) be a Kihler manifold, dim X = n. Assume that X is weakly
pseudoconvex. Let F' be a Hermitian line bundle and let

m(x) < < ()

be the curvature eigenvalues (i.e. the eigenvalues of i©p j, with respect to the metric w) at
every point. Assume that the curvature is positive, i.e. y1 > 0 everywhere. Then for any
form g € L*(X, AT QF) satisfying D"g =0 and [ ((y1 4 - +74) "' g]* dV,, < 400,
there exists f € L*(X,AP971T% @ F) such that D" f = g and

/ FRaV, < / (1t ) Mg V.
X X

Proof. Indeed, for p = n, Formula (4.10) shows that
(Au,u) = (71 4+ g lul?,
hence (A7 u,u) = (1 + -+ + 74) " Hul?. O

An important observation is that the above theorem still applies when the Hermi-
tian metric on F' is a singular metric with positive curvature in the sense of currents.
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In fact, by standard regularization techniques (convolution of psh functions by smooth-
ing kernels), the metric can be made smooth and the solutions obtained by Theorem
5.1 or Theorem 5.2 for the smooth metrics have limits satisfying the desired estimates.
Especially, we get the following:

(5.3) Corollary. Let (X,w) be a Kdhler manifold, dim X = n. Assume that X is weakly
pseudoconvex. Let F' be a holomorphic line bundle equipped with a singular metric whose
local weights are denoted ¢ € Llloc, i.e. H = E~%. Suppose that

iOp, =id'd"¢ > ew

for some € > 0. Then for any form g € L*(X,A™9T% ® F) satisfying D" g = 0, there
exists f € L*(X,AP17'T% @ F) such that D" f = g and

1
/ |f|26—%0de<—/ lg|?e~%dV,,.
X q9¢ Jx

Here we denoted somewhat incorrectly the metric by |f|?e~%, as if the weight ¢ was
globally defined on X (of course, this is so only if F' is globally trivial). We will use this
notation anyway, because it clearly describes the dependence of the L? norm on the psh
weights.

§ 5.B. Multiplier Ideal Sheaves and Nadel Vanishing Theorem

We now introduce the concept of multiplier ideal sheaf, following A. Nadel [Nad89]. The
main idea actually goes back to the fundamental works of Bombieri [Bom70] and H. Skoda
[SkoT2a).

(5.4) Definition. Let ¢ be a psh function on an open subset Q C X ; to ¢ is associated
the ideal subsheaf ¥(p) C O@q of germs of holomorphic functions f € Oq , such that
|fI?e72% is integrable with respect to the Lebesque measure in some local coordinates
near x.

The zero variety V(.¥()) is thus the set of points in a neighborhood of which e=2¥
is non integrable. Of course, such points occur only if ¢ has logarithmic poles. This is
made precise as follows.

(5.5) Definition. A psh function ¢ is said to have a logarithmic pole of coefficient v at
a point x € X if the Lelong number

— i ing P2
v(p,x) = lliIi)lgIglf og |z — 7]

is non zero and if v(p,x) = 7.

(5.6) Lemma (Skoda [SkoT2a]). Let ¢ be a psh function on an open set Q and let x € Q.

(a) Ifv(p,x) < 1, then e™2% is integrable in a neighborhood of x, in particular F(p), =
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(b) If v(p,x) = n+ s for some integer s = 0, then e=2¢ > Clz — x|72""2% in a neigh-
borhood of x and ¥(p), C mf{ml, where mq , is the mazimal ideal of Oq .

(¢) The zero variety V($(p)) of $(p) satisfies

En(p) CV(H(p)) C Er(p)
where E.(¢) ={x € X ; v(p,x) > c} is the c-upperlevel set of Lelong numbers of ¢.

Proof. (a) Set © = dd°p and v = v(0,z) = v(p,x). Let x be a cut-off function with
support in a small ball B(x,r), equal to 1 in B(z,7/2). As (ddlog|z|)™ = dg, we get

o= [ MO g ¢ - =1y
B(z,r)
- /B( )ddc(X(O‘P(C)) Alog | — z|(ddlog|¢ — Z|)n—1

for z € B(x,r/2). Expanding dd°(xy) and observing that dx = dd°x = 0 on B(z,r/2),
we find

o) = [ MO Nog ¢ — = og ¢ — =)+ smooth terms
on B(x,r/2). Fix r so small that
/B . XOP) A @ og|C ™ < (O, < 1.
By continuity, there exists 9, > 0 such that
1e):= [ L XOB) A A loglc =) <1

for all z € B(x,e). Applying Jensen’s convexity inequality to the probability measure

dp=(¢) = 1(2)'X(O)O(¢) A (dd°log |¢ — 2])" ",

we find
(z) = / I(2)log | — 2| du(¢) + O(1)
B(z,r)

— e <o ¢ = 2721 dp. ().
B(z,r)

As
dp=(¢) < Ch[¢ — 2|~ B2 O(¢) A (dd°|¢*)" " = Cal¢ — 2|~ B Pdoe (¢),

we get

6—2@(2) < 03/ | |<— o Z‘—2(1—5)—(2n—2)d0_@(<—),
B(z,r

and the Fubini theorem implies that e~2#(*) is integrable on a neighborhood of z.
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(b) If v(p, z) =+, the convexity properties of psh functions, namely, the convexity of
log 7 > sup|,_, =, ¢(2) implies that

o(z) <vloglz —z|/ro + M,

where M is the supremum on B(z,ro). Hence there exists a constant C' > 0 such that
e=2#(2) > (C|z — z|7?7 in a neighborhood of . The desired result follows from the
estimate

2
CLaZa T0
/ MC[V(Z) ~ COHSt./ ( E ‘aa‘2r2|a|)r2n—1—2’y dT',
B(Oer) |Z| v 0

which holds modulo multiplicative constants and is an easy consequence of Parseval’s
formula. Now, if v has integral part [y] = n + s, the integral converges if and only if
aq, =0 for |o] < s.

(c) is just a simple formal consequence of (a) and (b). O

(5.7) Proposition ([Nad89]). For any psh function ¢ on Q C X, the sheaf () is a
coherent sheaf of ideals over 2. Moreover, if 2 is a bounded Stein open set, the sheaf

F(p) is generated by any Hilbert basis of the L? space #H?(Q, ) of holomorphic functions
[ on Q such that [, |f[?e 2% d)\ < +oo.

Proof. Since the result is local, we may assume that () is a bounded pseudoconvex open
set in C". By the strong noetherian property of coherent sheaves, the family of sheaves
generated by finite subsets of #?((2, ¢) has a maximal element on each compact subset of
Q, hence #?(, ) generates a coherent ideal sheaf § C @q. It is clear that ¥ C .¥(¢p); in
order to prove the equality, we need only check that ¥, +.%(¢), ﬂm?;'xl = ¥(p), for every
integer s, in view of the Krull lemma. Let f € .%(p), be defined in a neighborhood V' of
x and let 0 be a cut-off function with support in V' such that # = 1 in a neighborhood of
x. We solve the equation d’u = g := d”(6f) by means of Hérmander’s L? estimates 5.3,
where F' is the trivial line bundle 2 x C equipped with the strictly psh weight

P(2) = o(2) + (n+ ) log |z — x| + |2*.

We get a solution u such that [, |u?e™2#|z — z|72("F9)d\ < oo, thus F = 0f — u is
holomorphic, F € #?(Q, ¢) and f,—F, = u, € 3(@)xﬂmfzr;. This proves the coherence.

Now, J is generated by any Hilbert basis of #2(£2, ), because it is well-known that the
space of sections of any coherent sheaf is a Fréchet space, therefore closed under local L?
convergence. U

The multiplier ideal sheaves satisfy the following basic functoriality property with
respect to direct images of sheaves by modifications.

(5.8) Proposition. Let i : X' — X be a modification of non singular complex manifolds
(i.e. a proper generically 1:1 holomorphic map), and let ¢ be a psh function on X. Then

1 (O(Kxr) @ H(pop)) = O(Kx)® Hp).

Proof. Let n = dim X = dim X’ and let S C X be an analytic set such that p : X'\.5" —
X .S is a biholomorphism. By definition of multiplier ideal sheaves, O(K x)®.%(¢) is just
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the sheaf of holomorphic n-forms f on open sets U C X such that i"” fAfe™2¢ € Li (U).
Since ¢ is locally bounded from above, we may even consider forms f which are a priori
defined only on U \ S, because f will be in L2 (U) and therefore will automatically

extend through S. The change of variable formula yields

[isaFere= [ wtepauge e,
U pH(U)

hence f € T(U,O(Kx) @ J(p)) iff u*f € T(p=1(U),0(Kx/) @ F(popu)). Proposition 5.8
is proved. O

(5.9) Remark. If ¢ has analytic singularities (according to Definition 1.10), the com-
putation of .¥(y) can be reduced to a purely algebraic problem.

The first observation is that .¥(¢) can be computed easily if ¢ has the form ¢ =
Y- ajloglg;| where D; = gj_l(O) are nonsingular irreducible divisors with normal cross-
ings. Then .f(¢p) is the sheaf of functions h on open sets U C X such that

/ B? [T lg;1 29 dV < +oc.
U

Since locally the g; can be taken to be coordinate functions from a local coordinate
system (z1, ..., 2n), the condition is that h is divisible by Hg;-nj where m; —a; > —1
for each j, i.e. m; > |a; | (integer part). Hence

H(p) = O(=|D]) = 6(= Y || D))

where | D] denotes the integral part of the Q-divisor D = )" «;D;.

Now, consider the general case of analytic singularities and suppose that

o
P~ 510g (AP + -+ )

near the poles. By the explanations given after Definition 1.10, we may assume that the
(f;)'s are generators of the integrally closed ideal sheaf ¥ = ¥(¢/a), defined as the sheaf
of holomorphic functions h such that |h| < Cexp(p/a). In this case, the computation
is made as follows (see also L. Bonavero’s work [Bon93], where similar ideas are used in
connection with “singular” holomorphic Morse inequalities).

First, one computes a smooth modification p : X — X of X such that w* ¥ is an
invertible sheaf @(—D) associated with a normal crossing divisor D = )" \;D;, where

(D;) are the components of the exceptional divisor of X (take the blow-up X’ of X
with respect to the ideal ¥ so that the pull-back of ¥ to X’ becomes an invertible sheaf
@(—D"), then blow up again by Hironaka [Hir64] to make X’ smooth and D" have normal
crossings). Now, we have K = " Kx + R where R =} p; D; is the zero divisor of the
Jacobi function J,, of the blow-up map. By the direct image formula (5.8), we get

F(0) = e (O(K g — p* Kx) @ F(p o)) = pa (O(R) @ F(p 0 ).

Now, {f; o u} are generators of the ideal @(—D), hence

pop~ad \loglgl
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where g; are local generators of @(—D;). We are thus reduced to computing multiplier
ideal sheaves in the case where the poles are given by a Q-divisor with normal crossings

Y- a\;D;. We obtain .¥(¢ o ) = @(— " |a;|D;), hence

) = 105 (3 (ps — LaX; ))Dy). -

(5.10) Exercise. Compute the multiplier ideal sheaf .¥(y) associated with the function
@ =log(|z1|** + -+ - + |z,|*?) for arbitrary real numbers «; > 0.

Hint: using Parseval’s formula and polar coordinates z; = r; el%  show that the problem
is equivalent to determining for which p-tuples (81, ..., 5p) € N? the integral

b4+t 4t

2ap

/ 7‘%51 . -7‘12,610 ridry - rpdry B / tgﬂﬁ'l)/o‘l . téﬁp+1)/04p di, dt,
[0,1]P Pt [0,1]P

is convergent. Conclude from this that .¥(¢) is generated by the monomials 27" -~-z§”
such that ) (8, +1)/a, > 1. (This exercise shows that the analytic definition of .¥(y)
is sometimes also quite convenient for computations). U

Let F' be a line bundle over X with a singular metric h of curvature current O .
If ¢ is the weight representing the metric in an open set 2 C X, the ideal sheaf .¥(yp)
is independent of the choice of the trivialization and so it is the restriction to €2 of a
global coherent sheaf .¥(h) on X. We will sometimes still write .¥(h) = .¥(¢) by abuse of
notation. In this context, we have the following fundamental vanishing theorem, which
is probably one of the most central results of analytic and algebraic geometry (as we will
see later, it contains the Kawamata-Viehweg vanishing theorem as a special case).

(5.11) Nadel Vanishing Theorem ([Nad89; Dem93b]). Let (X,w) be a Kdhler weakly
pseudoconvex manifold, and let F' be a holomorphic line bundle over X equipped with a
singular Hermitian metric h of weight ¢. Assume that iOp ) > ew for some continuous
positive function € on X. Then

HY(X,0(Kx +F)® %(h)) =0 forall g > 1.

Proof. Let 9 be the sheaf of germs of (n, q)-forms u with values in F' and with mea-
surable coefficients, such that both |u|?e™2¢ and |d"u|?e ™2 are locally integrable. The
d" operator defines a complex of sheaves (£° d"”) which is a resolution of the sheaf
O(Kx + F) ® J(p): indeed, the kernel of d”’ in degree 0 consists of all germs of holo-
morphic n-forms with values in F' which satisfy the integrability condition; hence the
coefficient function lies in .¥(); the exactness in degree g > 1 follows from Corollary 5.3
applied on arbitrary small balls. Each sheaf £7 is a C*°-module, so &£* is a resolution by
acyclic sheaves. Let 1 be a smooth psh exhaustion function on X. Let us apply Corol-
lary 5.3 globally on X, with the original metric of F multiplied by the factor e=X°¥,
where x is a convex increasing function of arbitrary fast growth at infinity. This factor
can be used to ensure the convergence of integrals at infinity. By Corollary 5.3, we con-
clude that H?(T'(X,%£*)) =0 for ¢ > 1. The theorem follows. O
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(5.12) Corollary. Let (X,w), F' and ¢ be as in Theorem 5.11 and let z1, ... ,xn be
isolated points in the zero variety V(¥(p)). Then there is a surjective map

HYX,Kx+F) —» P OEx+L), @ (0x/5()), -

J
1<G<N

Proof. Consider the long exact sequence of cohomology associated to the short exact
sequence 0 — F(p) = Ox — Ox/F(p) — 0 twisted by O(Kx + F'), and apply Theo-
rem 5.11 to obtain the vanishing of the first H! group. The asserted surjectivity property
follows. U

(5.13) Corollary. Let (X,w), F' and ¢ be as in Theorem 5.11 and suppose that the
weight function ¢ is such that v(p,x) > n+ s at some point x € X which is an isolated
point of E1(p). Then H°(X, Kx + F) generates all s-jets at x.

Proof. The assumption is that v(p,y) < 1 for y near z, y # x. By Skoda’s Lemma
5.6 (b), we conclude that e2% is integrable at all such points y, hence ¥(¢), = Ox ,,
whilst .¥(¢), C m?’; by Lemma 5.6 (a). Corollary 5.13 is thus a special case of 5.12. [

The philosophy of these results (which can be seen as generalizations of the Hor-
mander-Bombieri-Skoda theorem [Bom70; Sko72a, 75]) is that the problem of construct-
ing holomorphic sections of Kx 4+ F' can be solved by constructing suitable Hermitian
metrics on F' such that the weight ¢ has isolated poles at given points x;.

(5.14) Exercise. Assume that X is compact and that L is a positive line bundle on X.
Let {z1,...,zn} be a finite set. Show that there are constants a,b > 0 depending
only on L and N such that H°(X, mL) generates jets of any order s at all points z; for
m > as + b.

Hint: Apply Corollary 5.12 to F' = —Kx + mL, with a singular metric on L of the form
h = hpe~ =¥, where hg is smooth of positive curvature, ¢ > 0 small and ¥(2) ~ log |z — x|
in a neighborhood of x;. U

Derive the Kodaira embedding theorem from the above result:

(5.15) Theorem (Kodaira embedding theorem). If L is a line bundle on a compact
complex manifold, then L is ample if and only if L is positive. O

(5.16) Exercise (solution of the Levi problem). Show that the following two properties
are equivalent.

(a) X is strongly pseudoconvex, i.e. X admits a strongly psh exhaustion function.

(b) X is Stein, i.e. the global holomorphic functions H°(X, @) separate points and yield
local coordinates at any point, and X is holomorphically convex (this means that for
any discrete sequence 2, there is a function f € H%(X, @x) such that |f(z,)| — 00).

O

(5.17) Remark. As long as forms of bidegree (n,q) are considered, the L? estimates
can be extended to complex spaces with arbitrary singularities. In fact, if X is a complex
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space and ¢ is a psh weight function on X, we may still define a sheaf Kx(¢) on X, such
that the sections on an open set U are the holomorphic n-forms f on the regular part
U N X,eg, satisfying the integrability condition i”2f A fe 2% ¢ L (U). In this setting,
the functoriality Property 5.8 becomes

L (KX'(<P ° M)) = Kx(p)

for arbitrary complex spaces X, X’ such that p : X’ — X is a modification. If X is
nonsingular we have Kx(¢) = O(Kx) ® (), however, if X is singular, the symbols
Kx and .¥(¢) must not be dissociated. The statement of the Nadel vanishing theorem
becomes H1(X,O(F) ® Kx(p)) = 0 for ¢ > 1, under the same assumptions (X Kéhler
and weakly pseudoconvex, curvature > ew). The proof can be obtained by restricting
everything to X,eg. Although in general X,., is not weakly pseudoconvex (e.g. in case
codim Xging > 2), X,eg is always Kéahler complete (the complement of a proper analytic
subset in a Kéhler weakly pseudoconvex space is complete Kéhler, see e.g. [Dem82b]).
As a consequence, Nadel’s vanishing theorem is essentially insensitive to the presence of
singularities. U

6. Numerically Effective and Pseudo-effective Line Bundles

§ 6.A. Pseudo-effective Line Bundles and Metrics with Minimal Singularities

The concept of pseudo-effectivity is quite general and makes sense on an arbitrary com-
pact complex manifold X (no projective or Kéhler assumption is needed). In this general
context, it is better to work with 99-cohomology classes instead of De Rham cohomology
classes: we define the Bott-Chern cohomology of X to be

(6.1) HEA(X) = {d-closed (p, q)-forms}/{00-exact (p, q)-forms}.

By means of the Frolicher spectral sequence, it is easily shown that these cohomology
groups are finite dimensional and can be computed either with spaces of smooth forms or
with currents. In both cases, the quotient topology of H}A(X) induced by the Fréchet
topology of smooth forms or by the weak topology of currents is Hausdorff. Clearly
Hp(X) is a bigraded algebra. This algebra can be shown to be isomorphic to the usual
De Rham cohomology algebra H®(X,C) if X is Kéhler (or more generally if X is in the
Fujiki class “€ of manifolds bimeromorphic to Kéahler manifolds).

(6.2) Definition. Let L be a holomorphic line bundle on a compact complex manifold
X. be say that L pseudo-effective if c1(L) € Hé’é(X) is the cohomology class of some
closed positive current T', i.e. if L can be equipped with a singular Hermitian metric h
with T = ﬁ@L,h >0 as a current.

The locus where h has singularities turns out to be extremely important. The follow-
ing definition was introduced in [DPS00].

(6.3) Definition. Let L be a pseudo-effective line bundle on a compact complex man-
ifold X . Consider two Hermitian metrics hy, ho on L with curvature i@L,hj >0 in the
sense of currents.
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(a) We will write hy < ha, and say that hy is less singular than he, if there ezists a
constant C' > 0 such that hy < Chs.

(b) We will write hy ~ ha, and say that hq, hy are equivalent with respect to singularities,
if there exists a constant C > 0 such that C~1hy < hy < Cha.

Of course h; < hs if and only if the associated weights in suitable trivializations
locally satisfy po < ¢1 + C. This implies in particular v(¢1,z) < v(p2,x) at each point.
The above definition is motivated by the following observation.

(6.4) Theorem. For every pseudo-effective line bundle L over a compact complex mani-
fold X, there exists up to equivalence of singularities a unique class of Hermitian metrics
h with minimal singularities such that 1Oy, 5 = 0.

Proof. The proof is almost trivial. We fix once for all a smooth metric ho, (whose
curvature is of random sign and signature), and we write singular metrics of L under
the form h = hooe”¥. The condition iOr 5, = 0 is equivalent to ﬁa@w > —u where
u = ﬁ@ L.ho, - This condition implies that 1 is plurisubharmonic up to the addition of
the weight ¢ of ho, and therefore locally bounded from above. Since we are concerned
with metrics only up to equivalence of singularities, it is always possible to adjust ¥ by
a constant in such a way that supy ¥ = 0. We now set

Bmin = hooe™ ¥min i (x) = Sup ¥ ()

where the supremum is extended to all functions v such that supy ¢» = 0 and %a@w >
—u. By standard results on plurisubharmonic functions (see Lelong [Lel69]), ¥y still
satisfies ﬁ@&/}min > —u (i.e. the weight ¢ oo +¥min Of Amin is plurisubharmonic), and Ay,
is obviously the metric with minimal singularities that we were looking for. [In principle
one should take the upper semicontinuous regularization 1. of ¥min to really get a
plurisubharmonic weight, but since . also participates to the upper envelope, we
obtain here ¥, = ¥

* i automatically]. O

(6.5) Remark. In general, the supremum ¢ = sup,c;; of a locally dominated family
of plurisubharmonic functions v; is not plurisubharmonic strictly speaking, but its “up-
per semi-continuous regularization” ¢*(z) = limsup,_,, 1 (¢) is plurisubharmonic and
coincides almost everywhere with 1, with ¥* > 1. However, in the context of (6.5), ¥*
still satisfies * < 0 and ﬁ@gw > —u, hence ¥* participates to the upper envelope. As
a consequence, we have 1" < ¢ and thus ¥ = ¥™* is indeed plurisubharmonic. Under a
strict positivity assumption, namely if L is a big line bundle (i.e. the curvature can be
taken to be strictly positive in the sense of currents, see Definition 6.12 and Theorem
(6.17 b), then hui, can be shown to possess some regularity properties. The reader may
consult [BmDO09] for a rather general (but certainly non trivial) proof that ), pos-
sesses locally bounded second derivatives 924y, / 0207, outside an analytic set Z C X ;
in other words, 1Oy, 5, has locally bounded coefficients on X \ Z. See also (18.32) for
further consequences. O

(6.6) Definition. Let L be a pseudo-effective line bundle. If h is a singular Hermitian
metric such that 1O, 5, > 0 and

HY(X,mL® $(h®™)) ~ H*(X,mL)  for all m >0,
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we say that h is an analytic Zariski decomposition of L.

In other words, we require that h has singularities so mild that the vanishing condi-
tions prescribed by the multiplier ideal sheaves .¥(h®™) do not kill any sections of L and
its multiples.

(6.7) Exercise. A special case is when there is an isomorphism pL. = A + E where A
and E are effective divisors such that H°(X, mpL) = H°(X,mA) for all m and @(A) is
generated by sections. Then A possesses a smooth Hermitian metric h4, and this metric
defines a singular Hermitian metric 4 on L with poles 1 E and curvature %@A,h at %[E]
Show that this metric h is an analytic Zariski decomposition.

Note: when X projective and there is a decomposition pL = A + E with A nef (see
(6.9)), E effective and H(X, mpL) = H°(X, mA) for all m, one says that the Q-divisor
equality L = %A + %E is an algebraic Zariski decomposition of L. It can be shown that
Zariski decompositions exist in dimension 2, but in higher dimension it can be seen that

they do not exist in general. O

(6.8) Theorem. The metric hyin with minimal singularities provides an analytic Zariski
decomposition.

It follows that an analytic Zariski decomposition always exists (while algebraic de-
compositions do not exist in general, especially in dimension 3 and more).

Proof. Let 0 € H°(X,mL) be any section. Then we get a singular metric h on L by
putting |£], = |¢/o(x)Y/™| for € € L,, and it is clear that |o|,m = 1 for this metric.
Hence 0 € H°(X, mL ® $(h®™)), and a fortiori 0 € H(X, mL & F(hZ")) since Ay is
less singular than h. O

§ 6.B. Nef Line Bundles

Many problems of algebraic geometry (e.g. problems of classification of algebraic surfaces
or higher dimensional varieties) lead in a natural way to the study of line bundles satis-
fying semipositivity conditions. It turns out that semipositivity in the sense of curvature
(at least, as far as smooth metrics are considered) is not a very satisfactory notion. A
more flexible notion perfectly suitable for algebraic purposes is the notion of numerical
effectivity. The goal of this section is to give a few fundamental algebraic definitions
and to discuss their differential geometric counterparts. We first suppose that X is a
projective algebraic manifold, dim X = n.

(6.9) Definition. A holomorphic line bundle L over a projective manifold X is said to
be numerically effective, nef for short, if L - C' = fC c1(L) = 0 for every curve C C X.

If L is nef, it can be shown that L? - Y = [, ¢i1(L)? > 0 for any p-dimensional
subvariety Y C X (see e.g. [Har70]). In relation to this, let us recall the Nakai-Moishezon
ampleness criterion: a line bundle L is ample if and only if L? - Y > 0 for every p-
dimensional subvariety Y (related stronger statements will be proved in Section 17).
From this, we easily infer
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(6.10) Proposition. Let L be a line bundle on a projective algebraic manifold X,
on which an ample line bundle A and a Hermitian metric w are given. The following
properties are equivalent:

(a) L is nef;
(b) for any integer k > 1, the line bundle kL + A is ample;
(c) for every e >0, there is a smooth metric he on L such that O . > —cw.

Proof. (a) = (b). If L is nef and A is ample then clearly kL + A satisfies the Nakai-
Moishezon criterion, hence kL + A is ample.

(b) = (c¢). Condition (c) is independent of the choice of the Hermitian metric,
so we may select a metric hy on A with positive curvature and set w = i©@4p,. If
kL + A is ample, this bundle has a metric hyr 44 of positive curvature. Then the metric
hy = (hkp+a ® h;l)l/k has curvature

(i@kL+A - i@A) P _%i@A,hA ;

x| =

i@L,hL =

in this way the negative part can be made smaller than € w by taking k large enough.

(¢c) = (a). Under hypothesis (c), we get L-C = [, SO > —= Jow for every
curve C' and every € > 0, hence L - C > 0 and L is nef. O

Let now X be an arbitrary compact complex manifold. Since there need not exist
any curve in X, Property 6.10 (c) is simply taken as a definition of nefness ([DPS94]):

(6.11) Definition. A line bundle L on a compact complex manifold X is said to be nef
if for every ¢ > 0, there is a smooth Hermitian metric he on L such that iOp ). > —cw.

In general, it is not possible to extract a smooth limit hy such that i©p ,, > 0.
The following simple example is given in [DPS94] (Example 1.7). Let E be a non trivial
extension 0 - @ — E — (@ — 0 over an elliptic curve C' and let X = P(F) (with notation
as in (4.12)) be the corresponding ruled surface over C. Then L = Op(g)(1) is nef but
does not admit any smooth metric of nonnegative curvature. In fact one can show that
up to a constant factor there is only one singular Hermitian metric with semi-positive
curvature current, associated with the section of L defined by the inclusion @ — FE; its
curvature current is the current of integration [C] on a curve C' C X which is a section
of X — C. This example answers negatively a question raised by Fujita [Fuj83].

Let us now introduce the important concept of Kodaira-Iitaka dimension of a line
bundle.

(6.12) Definition. If L is a line bundle, the Kodaira-Iitaka dimension k(L) is the
supremum, of the rank of the canonical maps:

S, X\B, —PV,), z—H,={c€V,;0(x)=0}, m=>1

with Vi, = HY(X,mL) and By, = ey, 0 (0) = base locus of Vi,. In case Vi, = {0}
for allm > 1, we set k(L) = —oo. A line bundle is said to be big if k(L) = dim X .
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The following lemma is well-known (the proof is a rather elementary consequence of
the Schwarz lemma).

(6.13) Serre-Siegel Lemma ([Ser54; Sieb5]). Let L be a holomorphic line bundle on a
compact complex manifold. Then we have :

(a) A2(X,mL) < O(m*®P) form > 1;
(b) k(L) is the smallest constant for which this estimate holds;
(¢c) the volume of L defined as

|
Vol(L) = lim sup %ho(x, kL)

k——+oo

is finite, and L is big if and only if Vol(L) > 0.

Notice that if L is ample, we have h?(X, kL) = 0 for ¢ > 1 and k > 1 by the
Kodaira-Serre vanishing theorem, hence
0 L™ n
h2 (X, kL) ~ x(X, kL) ~ —'k
n!
by the Riemann-Roch formula. Thus Vol(L) = L™ ( = ¢1(L)") if L is ample. This is still
true if X is K&hler and L is nef. In fact, in that case, we will show later (see Corollary

8.3) that h9(X,kL) = o(k™) for ¢ > 1 (in the projective algebraic case, one can even
show that h?(X,kL) = O(k™?), see Lemma 6.18).

§ 6.C. Description of the Positive Cones

Let us recall that an integral cohomology class in H?(X,Z) is the first Chern class of a
holomorphic (or algebraic) line bundle if and only if it lies in the Néron-Severi group

(6.14) NS(X) = Ker (H*(X,Z) — H*(X,Ox))

(this fact is just an elementary consequence of the exponential exact sequence
0> %Z — @ — @ - 0). If X is compact Kéhler, as we will suppose from now on
in this section, this is the same as saying that the class is of type (1,1) with respect to
Hodge decomposition.

= NS(X) ®z R, which can be viewed

Let us consider the real vector space NSg(X)
1,1) cohomology classes. Its dimension is

as a subspace of the space H11(X,R) of real (1,
by definition the Picard number

(6.15) p(X) = ranky NS(X) = dimg NSg(X).

We thus have 0 < p(X) < hY!(X), and the example of complex tori shows that all
intermediate values can occur when n = dim X > 2.

The positivity concepts for line bundles considered in Sections 6.A and 6.B possess in
fact natural generalizations to (1,1) classes which are not necessarily integral or rational
— and this works at least in the category of compact Kéhler manifolds (in fact, by using
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Bott-Chern cohomology, one could even extend these concepts to arbitrary compact
complex manifolds).

(6.16) Definition. Let (X,w) be a compact Kdihler manifold.

(a) The Kihler cone is the set # C HV1(X,R) of cohomology classes {w} of Kdihler
forms. This is an open convex cone.

(b) The closure K of the Kdihler cone consists of classes {a} € HY1 (X, R) such that for
every e > 0 the sum {a+¢ew} is Kdhler, or equivalently, for every e > 0, there exists
a smooth function p. on X such that o +i00¢. > —cw. We say that K is the cone
of nef (1,1)-classes.

(c) The pseudo-effective cone is the set ‘€ C HYY(X,R) of cohomology classes {T} of
closed positive currents of type (1,1). This is a closed convex cone.

(d) The interior ‘€° of ‘€ consists of classes which still contain a closed positive current
after one subtracts e{w} for e > 0 small, in other words, they are classes of closed
(1,1)-currents T' such that T > ew. Such a current will be called a Kéhler current,
and we say that {T} € HY1(X,R) is a big (1,1)-class.

H = Kihler cone in H1(X,R) [open]
F = nef cone in HY1 (X, R) [closure of K]
‘€ = pseudo-effective cone in H1 (X, R) [closed]

‘€° = big cone in HY!(X,R) [interior of €]

The openness of F is clear by definition, and the closedness of ‘€ is a consequence of
the fact that bounded sets of currents are weakly compact (as follows from the similar
weak compactness property for bounded sets of positive measures). It is then clear that
K cCE.

In spite of the fact that cohomology groups can be defined either in terms of forms
or currents, it turns out that the cones # and € are in general different. To see this, it
is enough to observe that a Kéhler class {a} satisfies [, o > 0 for every p-dimensional
analytic set. On the other hand, if X is the surface obtained by blowing-up P? in
one point, then the exceptional divisor E ~ P! has a cohomology class {a} such that
[z =E?=—1, hence {a} ¢ K, although {a} = {[E]} € €.

In case X is projective, all Chern classes ¢1(L) of line bundles lie by definition in
NS(X), and likewise, all classes of real divisors D = ) ¢;Dj, ¢; € R, lie in NSg(X). In
order to deal with such algebraic classes, we therefore introduce the intersections

HKng = HN NSR(X), Ens = €N NSR(X),

and refer to classes of H'1(X,R) not contained in NSg(X) as transcendental classes.
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A very important fact is that all four cones FHng, €ns, Hns, ‘€Rg have simple alge-
braic interpretations.

(6.17) Theorem. Let X be a projective manifold. Then

(a) Hns is equal to the open cone Amp(X) generated by classes of ample (or very
ample) divisors A (Recall that a divisor A is said to be very ample if the linear
system HO(X, @(A)) provides an embedding of X in projective space).

(b) The interior €Xg is the cone Big(X) generated by classes of big divisors, namely
divisors D such that h®(X,@(kD)) > ck¥™X for k large.

(¢) E€ns is the closure Eff(X) of the cone generated by classes of effective divisors, i.e.
divisors D =" ¢;Dj, ¢; € Ry

(d) The closed cone Fns consists of the closure Nef(X) of the cone generated by nef
divisors D (or nef line bundles L), namely effective integral divisors D such that
D -C >0 for every curve C, also equal to Amp(X).

In other words, the terminology “nef”, “big”, “pseudo-effective” used for classes of
the full transcendental cones appear to be a natural extrapolation of the algebraic case.

Proof. First notice that since all of our cones “€ have non empty interior in NSg(X') (which
is a rational vector space in terms of a basis of elements in H?(X,Q)), the rational points
“€g := €N NSg(X), NSg(X) = NS(X) ®z Q, are dense in each of them.

(a) is therefore just Kodaira’s embedding theorem when we look at rational points, and
properties (b) and (d) are obtained easily by passing to the closure of the open cones.
We will now give details of the proof only for (b) which is possibly slightly more involved.

By looking at points of ‘€g = €° N NSg(X) and multiplying by a denominator, it
is enough to check that a line bundle L such that ¢;(L) € ‘€° is big. However, this
means that L possesses a singular Hermitian metric hy, such that O, 5, > cw for some
Kahler metric w. For some integer pg > 0, we can then produce a singular Hermitian
metric with positive curvature and with a given logarithmic pole hﬁoe_e(z) log |z—o|* jp
a neighborhood of every point xg € X (here 6 is a smooth cut-off function supported on
a neighborhood of zg). Then Hérmander’s L? existence theorem [Hor65] can be used to
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produce sections of L¥ which generate all jets of order (k/pg) —n at points x¢, so that L
is big.

Conversely, if L is big and A is a (smooth) very ample divisor, the exact sequence
0— Ox(kL —A) = Ox (kL) — Ga(kLja) — 0 and the estimates h°(X,@x (kL)) > ck",
hO(A,@4(kL;4)) = O(k™ ') imply that @x (kL — A) has a section for k large, thus
kL — A = D for some effective divisor D. This means that there exists a singular metric
hr on L such that

i 1/ 14 1
G, _Li D)) >
o OLoh k(27r@A’hA+[ I

where w = 5-045,,,, hence ¢; (L) € €°. O

Before going further, we need a lemma.

(6.18) Lemma. Let X be a compact Kdhler n-dimensional manifold, let L be a nef line
bundle on X, and let E be an arbitrary holomorphic vector bundle. Then h1(X,O(F) ®
O(kL)) = o(k™) as k — 400, for every q > 1. If X is projective algebraic, the following
more precise bound holds:

hi(X,6(E)® G(kL)) = O(k"™9), Vg > 0.

Proof. The Kahler case will be proved in Section 8, as a consequence of the holomorphic
Morse inequalities. In the projective algebraic case, we proceed by induction on n =
dim X. If n = 1 the result is clear, as well as if ¢ = 0. Now let A be a nonsingular ample
divisor such that E®@(A— K x ) is Nakano positive. Then the Nakano vanishing theorem
applied to the vector bundle F' = E ® @G(kL + A — K x ) shows that H1(X,O(E)®O(kL+
A)) =0 for all ¢ > 1. The exact sequence

0— @G(kL) = O(kL 4+ A) = O(EL + A)j4 — 0
twisted by E implies
HY(X,6(E)® @(kL)) ~ HI" (A, O(E 4 @ G(kL + A);4),

and we easily conclude by induction since dim A = n — 1. Observe that the argument
does not work any more if X is not algebraic. It seems to be unknown whether the
O(k™~7) bound still holds in that case. O

(6.19) Corollary. If L is nef, then L is big (i.e. k(L) = n) if and only if L™ > 0.
Moreover, if L is nef and big, then for every § > 0, L has a singular metric h = e=2%
such that maxzex v(p,x) < 0 and IO ), > ew for some ¢ > 0. The metric h can
be chosen to be smooth on the complement of a fized divisor D, with logarithmic poles
along D.

Proof. By Lemma 6.18 and the Riemann-Roch formula, we have h°(X, kL) = x(X, kL) +
o(k™) = k™ L™ /n!+ o(k™), whence the first statement. By the proof of Theorem 6.17 (b),
there exists a singular metric h; on L such that

i

1 1 1
O p, = (—@ D) > —w, = —Oan,.
271' L,h1 27T AahA +[ ] kw W 271' AahA

1
K
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Now, for every € > 0, there is a smooth metric h. on L such that ﬁ@L,he > —ew. The

convex combination of metrics h. = h}*hl=F¢ is a singular metric with poles along D
which satisfies )
i

2

Its Lelong numbers are ev(D, z) and they can be made smaller than § by choosing € > 0
small. 0

OLn = e(w+ [D]) — (1 — ke)ew > ke*w.

We still need a few elementary facts about the numerical dimension of nef line bundles.

(6.20) Definition. Let L be a nef line bundle on a compact Kihler manifold X. One
defines the numerical dimension of L to be

nd(L) = max{k=0,...,n; c1(L)" #0 in H**(X,R)}.

By Corollary 6.19, we have k(L) = n if and only if nd(L) = n. In general, we merely
have an inequality.

(6.21) Proposition. If L is a nef line bundle on a compact Kdhler manifold, then
k(L) < nd(L).

Proof. By induction on n = dim X. If nd(L) = n or k(L) = n the result is true, so we
may assume 7 := k(L) <n —1and k:=nd(L) <n—1. Fix m > 0so that ® = @,z
has generic rank r. Select a nonsingular ample divisor A in X such that the restriction
of @1, to A still has rank r (for this, just take A passing through a point = ¢ B, at
which rank(d®;) = r < n, in such a way that the tangent linear map d®,r, , still has
rank 7). Then k(L;a) > r = k(L) (we just have an equality because there might exist
sections in HY(A, mL;4) which do not extend to X). On the other hand, we claim that
nd(Lys) = k = nd(L). The inequality nd(L;4) > nd(L) is clear. Conversely, if we set
w = %@ Ah, > 0, the cohomology class ¢1(L)* can be represented by a closed positive
current of bidegree (k, k)
' k
after passing to some subsequence (there is a uniform bound for the mass thanks to the
Kihler assumption, taking wedge products with w™~*). The current 7 must be non zero
since ¢ (L)* # 0 by definition of k = nd(L). Then {[A]} = {w} as cohomology classes,
and
/ cr(Lia)" AR = / (D) A[A] AW = / T AW > 0.
A X X

This implies nd(L;4) > k, as desired. The induction hypothesis with X replaced by A
yields

k(L) < k(Lya) <nd(La) < nd(L). O

(6.22) Remark. It may happen that k(L) < nd(L): take e.g.

L— X=X xXs
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equals to the total tensor product of an ample line bundle L; on a projective manifold
X and of a unitary flat line bundle L9 on an elliptic curve X5 given by a representation
m(X2) — U(1) such that no multiple kLs with k # 0 is trivial. Then H°(X, kL) =
HO(X1, kL)) ® H°(X5,kLs) = 0 for k > 0, and thus x(L) = —oo. However c¢;(L) =
prici (L) has numerical dimension equal to dim X;. The same example shows that the
Kodaira dimension may increase by restriction to a subvariety (if Y = X; x {point},
then k(Ljy) = dimY). O

§ 6.D. The Kawamata-Viehweg Vanishing Theorem

We derive here an algebraic version of the Nadel vanishing theorem in the context of
nef line bundles. This algebraic vanishing theorem has been obtained independently by
Kawamata [Kaw82] and Viehweg [Vie82], who both reduced it to the Akizuki-Kodaira-
Nakano vanishing theorem [AN54] by cyclic covering constructions. Since then, a number
of other proofs have been given, one based on connections with logarithmic singularities
[EV86], another on Hodge theory for twisted coefficient systems [Kol85], a third one on
the Bochner technique [Dem89] (see also [EV92] for a general survey). Since the result
is best expressed in terms of multiplier ideal sheaves (avoiding then any unnecessary
desingularization in the statement), we feel that the direct approach via Nadel’s vanishing
theorem is extremely natural.

If D=> «;D; > 0is an effective Q-divisor, we define the multiplier ideal sheaf ¥(D)
to be equal to .¥(¢) where ¢ = > ajlg,| is the corresponding psh function defined by
generators g; of G(—D;). If D is a divisor with normal crossings,we know that

(6.23) F(D) = G(—|D]), where D] = "|o;]D;

is the integer part of D. In general, the computation of .¥(D) can be made algebraically

by using a desingularization p : X — X such that p*D becomes a divisor with normal
crossings (Hironaka [Hir64]), and the direct image formula proved in (5.8):

(6.24) Ox(Kx)® H(p) = (O3 (K5) @ F(p o)),
(6.24) I(p) = p (O (K5, ) ® F(pop))

in terms of the relative canonical sheaf K = K¢ ® wr(Kh.

/

(6.25) Kawamata-Viehweg Vanishing Theorem. Let X be a projective algebraic
manifold and let F be a line bundle over X such that some positive multiple mF can be
written mF = L + D where L is a nef line bundle and D an effective divisor. Then

HY(X,0(Kx +F)® $(m™'D)) =0 for ¢>n—nd(L).

(6.26) Special Case. If F' is a nef line bundle, then
HY(X,0(Kx +F))=0 for ¢>n—nd(F).
Proof of Theorem 6.25. First suppose that nd(L) = n, i.e. that L is big. By the proof

of Theorem 6.17 (b), there is a singular Hermitian metric g on L such that the corre-
sponding weight ¢ has algebraic singularities and

i®L,h0 = Qid/d//QO() 2 Eow
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for some g9 > 0. On the other hand, since L is nef, there are metrics given by weights
@e such that 5-Op . > —ew for every ¢ > 0, w being a Kahler metric. Let ¢p =
> ajloglg;| be the weight of the singular metric on @(D). We define a singular metric

on F' by
1

Yr = E((l —0)pr,e +6pr0+ SOD)

with e € § < 1, § rational. Then pp has algebraic singularities, and by taking § small
enough we find .f(pr) = F(Lpp) = F(L D). In fact, f(¢r) can be computed by taking
integer parts of certain Q-divisors, and adding d¢y, o does not change the integer part of
the rational numbers involved when ¢ is small. Now

1

ddop = — ((1 —0)dd°pr.e + 6ddpr 0 + ddccpp)
1 )
> —(—(1—é)ew + deow + [D]) = %,
m m

if we choose € < dgg. Nadel’s theorem 5.11 thus implies the desired vanishing result for
all ¢ > 1.

Now, if nd(L) < n, we use hyperplane sections and argue by induction on n = dim X.
Since the sheaf O(Kx) ® .¥(m~1D) behaves functorially with respect to modifications
(and since the L? cohomology complex is “the same” upstairs and downstairs), we may
assume after blowing-up that D is a divisor with normal crossings. Then the multiplier
ideal sheaf .f(m™'D) = @(—|m~1D]) is locally free. By Serre duality, the expected
vanishing is equivalent to

HYX,0(-F)®@(lm™'D]))=0  for ¢ < nd(L).

Select a nonsingular ample divisor A such that A meets all components D; transversally,
and take A positive enough so that @(A+ F — |[m~1D]) is ample. Then HY(X,@(—A —
F)®@ @G(|lm~D])) = 0 for ¢ < n by Kodaira vanishing, and the exact sequence 0 —
Ox(—A) = Ox — (i4)+04 — 0 twisted by O(—F) ® @(|m~'D]) yields an isomorphism

HY(X,0(=F) @ 6(|m™"D])) ~ HY(A, O(~Fa) ® 6([m™" Dya]).

The proof of Proposition 6.21 showed that nd(L;4) = nd(L), hence the induction hy-
pothesis implies that the cohomology group on A on the right hand side is zero for
g <nd(L). O

§6.E. A Uniform Global Generation Property due to Y.T. Siu

Let X be a projective manifold, and (L, h) a pseudo-effective line bundle. The “uniform
global generation property” states in some sense that the tensor product sheaf L ® .¥(h)
has a uniform positivity property, for any singular Hermitian metric A with nonnegative
curvature on L.

(6.27) Theorem (Y.T. Siu, [Siu98]). Let X be a projective manifold. There exists an
ample line bundle G on X such that for every pseudo-effective line bundle (L,h), the
sheaf O(G + L) ® $(h) is generated by its global sections. In fact, G can be chosen as
follows: pick any very ample line bundle A, and take G such that G — (Kx + nA) is
ample, e.g. G = Kx + (n+ 1)A.
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Proof. Let ¢ be the weight of the metric A on a small neighborhood of a point zy € X.
Assume that we have a local section u of @(G + L) ® .¥(h) on a coordinate open ball
B = B(zp,6), such that

/ lu(2)|2e™22() |z — 2| 72"V (2) < +oc.
B

Then Skoda’s division theorem [Sko72b] (see also Corollary 12.13) implies u(z) = > (z; —
2j.0)v;(z) with

|vj(z)|26_2“’(z)|z — zo|_2(”_1+5)dV(z) < ~o00,

in particular u,, € O(G+L)®.¥(h)®@mx . Select a very ample line bundle A on X. We
take a basis o = (o) of sections of HY(X,G ®mx .,) and multiply the metric h of G by
the factor |o|~2("*+¢). The weight of the above metric has singularity (n 4 ¢)log |z — zo|?
at zg, and its curvature is

(6.28) i0¢g + (n+¢€)iddlog|o|> > iOg — (n +¢)O4.

Now, let f be a local section in H°(B,@(G + L) ® .¥(h)) on B = B(z,6),  small. We
solve the global 9 equation B B
Ou = 0(0f) on X

with a cut-off function 6 supported near zy and with the weight associated with our
above choice of metric on G + L. Thanks to Nadel’s theorem, the solution exists if the
metric of G + L — Kx has positive curvature. As iOr, ;, > 0 in the sense of currents,
(6.28) shows that a sufficient condition is G — Kx —nA > 0 (provided that ¢ is small
enough). We then find a smooth solution u such that u,, € O(G + L) ® J(h) ® mx .,
hence

F:=0f —uc HY(X,0(G+ L)®.%(h))

is a global section differing from f by a germ in @(G + L) ® F(h) ® mx ,,. Nakayama’s
lemma implies that H°(X,@(G + L) @ .¥(h)) generates the stalks of @(G + L) @ .¥(h).

7. A Simple Algebraic Approach to Fujita’s Conjecture

This section is devoted to a proof of various results related to the Fujita conjecture.
The main ideas occurring here are inspired by a recent work of Y.T. Siu [Siu96]. His
method, which is algebraic in nature and quite elementary, consists in a combination of
the Riemann-Roch formula together with Nadel’s vanishing theorem (in fact, only the
algebraic case is needed, thus the original Kawamata-Viehweg vanishing theorem would
be sufficient). Slightly later, Angehrn and Siu [AS95; Siu95] introduced other closely
related methods, producing better bounds for the global generation question; since their
method is rather delicate, we can only refer the reader to the above references. In the
sequel, X denotes a projective algebraic n-dimensional manifold. The first observation
is the following well-known consequence of the Riemann-Roch formula.

(7.1) Special Case of Riemann-Roch. Let ¥ C Ox be a coherent ideal sheaf on X
such that the subscheme Y = V(¥) has dimension d (with possibly some lower dimen-
sional components). Let [Y] = > \;[Y;] be the effective algebraic cycle of dimension d
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associated to the d dimensional components of Y (taking into account multiplicities \;
given by the ideal ¥). Then for any line bundle F, the Euler characteristic

(Y, O(F +mL)y) = \(X,0(F + mL) ® 6x/¥)

is a polynomial P(m) of degree d and leading coefficient L% - [Y]/d!

The second fact is an elementary lemma about numerical polynomials (polynomials
with rational coefficients, mapping Z into Z).

(7.2) Lemma. Let P(m) be a numerical polynomial of degree d > 0 and leading coeffi-
cient ag/d!, aq € Z, ag > 0. Suppose that P(m) > 0 for m > mg. Then

(a) For every integer N > 0, there exists m € [mg, mo + Nd| such that P(m) > N.
(b) For every k € N, there exists m € [mg, mg + kd] such that P(m) > agk?®/2971.
(c) For every integer N > 2d?, there exists m € [mg, mg + N] such that P(m) > N.

Proof. (a) Each of the N equations P(m) =0, P(m) =1, ..., P(m) = N —1 has at most
d roots, so there must be an integer m € [mg, mg + dN| which is not a root of these.

(b) By Newton’s formula for iterated differences AP(m) = P(m + 1) — P(m), we get

AYP(m) = Z (—1)7 <d> Pim+d—j)=aq, Vm € Z.

1<5<d J

Hence if j € {0,2,4, ... ,2[d/2]} C [0,d] is the even integer achieving the maximum of
P(mg + d — j) over this finite set, we find

297 P(mg +d — j) = ((g) + (;l) +) P(mo+d—j) > aa,

whence the existence of an integer m € [mg, mg + d] with P(m) > aq/2%!. The case
k = 1 is thus proved. In general, we apply the above case to the polynomial Q(m) =
P(km — (k — 1)myg), which has leading coefficient aqk?/d!

(c¢) If d = 1, part (a) already yields the result. If d = 2, a look at the parabola shows
that
NZ2/8 if N is even
P > a2 ’ )
me[nlmloli}foJrN] (m) { az(N? —1)/8, if N is odd;

thus max,,e(mg,mo+n) P(m) = N whenever N > 8. If d > 3, we apply (b) with k equal
to the smallest integer such that k¢/29~1 > N, ie. k = [2(N/2)"/%], where [2] € Z
denotes the round-up of # € R. Then kd < (2(N/2)Y/% +1)d < N whenever N > 2d?, as
a short computation shows. 0

We now apply Nadel’s vanishing theorem pretty much in the same way as Siu [Siu96],
but with substantial simplifications in the technique and improvements in the bounds.
Our method yields simultaneously a simple proof of the following basic result.
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(7.3) Theorem. If L is an ample line bundle over a projective n-fold X, then the adjoint
line bundle Kx + (n+ 1)L is nef.

By using Mori theory and the base point free theorem ([Mor82; Kaw84]|), one can
even show that Kx + (n+ 1)L is semiample, i.e., there exists a positive integer m such
that m(Kx + (n+1)L) is generated by sections (see [Kaw85; Fuj87]). The proof rests on
the observation that n 4+ 1 is the maximal length of extremal rays of smooth projective
n-folds. Our proof of (7.3) is different and will be given simultaneously with the proof of
Theorem 7.4 below.

(7.4) Theorem. Let L be an ample line bundle and let G be a nef line bundle on a
projective n-fold X . Then the following properties hold.

(a) 2Kx + mL + G generates simultaneous jets of order si,...,s, € N at arbitrary
points x1, ... ,x, € X, t.e., there is a surjective map
H(X,2Kx +mL+G) — @ O2Kx+mL+G)®Ox,, /mY L,
1<j<p

2 1
provided that m > 2 + Z <3n—i— A )

1<j<p
3n+1
In particular 2K x +mL + G s very ample for m > 2 + .
n
(b) 2Kx + (n + 1)L + G generates simultaneous jets of order si, ...,s, at arbitrary
points x1, ... ,xp € X provided that the intersection numbers LYY of L over all

d-dimensional algebraic subsets Y of X satisfy

2d-1 3n+2s; — 1
LYy > = § J .
[n/d|? £ ( n )
1<i<p

Proof. The proofs of Theorem 7.3 and Theorem 7.4 (a), (b) go along the same lines, so we
deal with them simultaneously (in the case of (7.3), we simply agree that {x1, ... ,z,} =
). The idea is to find an integer (or rational number) mg and a singular Hermitian
metric hg on Kx + moL with strictly positive curvature current i©, > ew, such that
V($(ho)) is 0-dimensional and the weight g of hg satisfies v(¢o, x;) = n+s; for all j. As
L and G are nef, (m —mg)L+ G has for all m > mg a metric b’ whose curvature i©, has
arbitrary small negative part (see [Dem90)), e.g., 1Oy > —5w. Then iOy, + 10} > Sw
is again positive definite. An application of Corollary 6.12 to FF = Kx + mL + G =
(Kx +moL) + ((m —mg)L + G) equipped with the metric hg ® h’ implies the existence
of the desired sections in Kx + F = 2K x +mL + G for m > my.

Fix an embedding ®,; : X — PN, i > 0, given by sections Ao, ..., An of
H O(X pL), and let hy be the associated metric on L of positive definite curvature form
w = —@L .hp,- In order to obtain the desired metric hy on Kx +moL, we fix a € N* and
use a double induction process to construct singular metrics (hg,,),>1 on aKx + by L for
a non increasing sequence of positive integers by > by > --- > bx > ---. Such a sequence
much be stationary and mg will just be the stationary limit mg = lim by /a. The metrics
hy,., are taken to satisfy the following properties:
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(a) hg, is an algebraic metric of the form

|7 ()]

(a+1) (a+1)b—am;
(Picicm oggan T ot - NPT

I€11%,, =

2)1/(a+1)u’

defined by sections o; € H*(X, (a+1)Kx+m;L), m; < “b,, 1 <i < v, where § —

7(£) is an arbitrary local trivialization of aK x + bx L ; note that oi" - )\gaﬂ)b’“_ami

is a section of

ap((a+ 1)Kx +m;L) + ((a+ 1)by, —am;)uLl = (a + 1)pu(aKx + biL).

(b) ordg,(o;) = (a+1)(n + s;) for all 4,5;
(c) H(hiyt1) D F(hgy) and F(hg,p41) # S(hi,) whenever the zero variety V(¥ (hy,,))

has positive dimension.

The weight ¢, = m log 3" ’ﬂiaﬂ)u(afu ) )\ga-i-l)bk—ami)

monic and the condition m; < “Tﬂbk implies (a + 1)by, — am; > 1, thus the difference

? of hi,. is plurisubhar-

Ok — m log > |7(A;)[? is also plurisubharmonic. Hence 5-Op, ,(aKx + byL) =
Ldd oy, > ﬁw. Moreover, condition b) clearly implies v(¢k,., ;) = a(n + s;).
Finally, condition c¢) combined with the strong Noetherian property of coherent sheaves
ensures that the sequence (hy,),>1 will finally produce a zero dimensional subscheme

V(F(hk,,)). We agree that the sequence (hy ), >1 stops at this point, and we denote by
hi = hy,, the final metric, such that dim V' (¥(hg)) = 0.

For k = 1, it is clear that the desired metrics (h1,,,),>1 exist if by is taken large enough
(so large, say, that (a + 1)Kx + (by — 1)L generates jets of order (a + 1)(n + max s;) at
every point; then the sections o1, ..., 0, can be chosen with my = --- =m, = b; — 1).
Suppose that the metrics (hg,,),>1 and hi have been constructed and let us proceed
with the construction of (hx+1,),>1. We do this again by induction on v, assuming
that hy41,, is already constructed and that dim V (¥(hgt1,,)) > 0. We start in fact the
induction with v = 0, and agree in this case that .¥(hg41,0) = 0 (this would correspond
to an infinite metric of weight identically equal to —o0). By Nadel’s vanishing theorem

applied to
F,, =aKx +mL = (CLKX —I—bkL) + (m—bk)L

with the metric hy @ (hz)®™ b we get
HYX,0((a+1)Kx +mL)® $(hy)) =0  for ¢g>1,m > by.
As V(S(hg)) is O-dimensional, the sheaf @Oy /.f(hy) is a skyscraper sheaf, and the exact
sequence 0 — F(hg) — Ox — Ox/F(h) — 0 twisted with the invertible sheaf O((a +
1)K x +mL) shows that
HY(X,0((a+1)Kx +mL)) =0 for ¢ > 1, m > by.

Similarly, we find

HY(X,0((a+ D) Kx +mL) ® S(hys1,) =0 for g > 1, m > by
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(also true for v = 0, since F(hg41,0) = 0), and when m > max(b, by+1) = b, the exact
sequence 0 — F(hgt1,,) = Ox — Ox /[ S(hk41,v) — 0 implies

HO(X,0((a+ )Kx +mL) ©Ox/I(hi1,)) =0 forq>1,m > by

In particular, since the H! group vanishes, every section u’ of (a + 1)K x + mL on the
subscheme V' (.$(hg41,,)) has an extension u to X. Fix a basis u}, ... ,u/y of the sections
on V(F(hg+1,,)) and take arbitrary extensions uy, ... ,uy to X. Look at the linear map
assigning the collection of jets of order (a + 1)(n+ s;) — 1 at all points z;

u= Z a;u; — @ J£?+1)(”+Sj)_1(u).

1N

Since the rank of the bundle of s-jets is (n:‘g), the target space has dimension

5 — Z <n+(a+1)7(ln+sj)—1).

1<y<p

In order to get a section 0,11 = w satisfying condition b) with non trivial restriction
o,41 to V(F(hgs1,0)), we need at least N = ¢ + 1 independent sections wuj, ..., uly.

This condition is achieved by applying Lemma 7.2 to the numerical polynomial

P(m) = x(X,0((a+ 1)Kx +mL) ® Ox [ F(hpi1,0))
=h(X,6((a+1)Kx +mL) @ Ox/F(hxs1,)) =0, m > by.

The polynomial P has degree d = dim V(¥(hg41,,)) > 0. We get the existence of
an integer m € [bg, by + 1] such that N = P(m) > § + 1 with some explicit integer
n € N (for instance n = n(J + 1) always works by Lemma 7.2 (a), but we will also
use other possibilities to find an optimal choice in each case). Then we find a section
ov+1 € H°(X,(a + 1)Kx + mL) with non trivial restriction o, to V(S (hgt1,.)),
vanishing at order > (a + 1)(n + s;) at each point z;. We just set m,11 = m, and
the condition m, 41 < “1’1 bi+1 is satisfied if by + 1 < “1’1 bi+1. This shows that we can
take inductively

a
b =|——(@ 1.
k1 Ll_i_l(kﬂLﬁ)JﬂL

By definition, Ag+1,,4+1 < Rk+1,, hence F(hpt1,041) DO F(hgt1,0). We necessarily have
S(hit1,0+1) # F(hks1,), for F(hgs1,+1) contains the ideal sheaf associated with the
zero divisor of o,.4, whilst 0,41 does not vanish identically on V(.$(hgy1,)). Now,
an easy computation shows that the iteration of byi1 = [ 47(bx +n)] + 1 stops at
b = a(n+ 1) + 1 for any large initial value b;. In this way, we obtain a metric ho,
of positive definite curvature on aKx + (a(n+ 1) + 1)L, with dim V(.¥(hs)) = 0 and
V(¢so, ;) = a(n + s;) at each point ;.

Proof of Theorem 7.3. In this case, the set {x;} is taken to be empty, thus § = 0. By
Theorem 7.2 (a), the condition P(m) > 1 is achieved for some m € [by, by, +n] and we can
take n = n. As plL is very ample, there exists on L a metric with an isolated logarithmic
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pole of Lelong number 1 at any given point xg (e.g., the algebraic metric defined with
all sections of pL vanishing at xg). Hence

F! =aKx + (a(n+1)+ 1)L + nuL

has a metric b, such that V(.¥(h,)) is zero dimensional and contains {z(}. By Corollary
6.12, we conclude that

Kx+F.=(a+1)Kx+ (a(n+1)+1+nu)L

is generated by sections, in particular Kx + W%L is nef. As a tends to +o0, we

infer that Kx + (n+ 1)L is nef. O

Proof of Theorem 7.4 (a). Here, the choice a = 1 is sufficient for our purposes. Then

3n+2s; —1
5= Z( - )

NS J

If {x;} # 0, we have § +1 > (?’nn_l) +1 > 2n? for n > 2. Lemma 7.2 (c) shows that
P(m) > 0+ 1 for some m € [by, by, +n] with n = § +1. We can start in fact the induction
procedure k — k + 1 with by =n+ 1 = 0 + 2, because the only property needed for the
induction step is the vanishing property

HY(X,2Kx +mL)=0  forq>1,m> by,

which is true by the Kodaira vanishing theorem and the ampleness of Kx + b1 L (here
we use Fujita’s result 7.3, observing that b; > n + 1). Then the recursion formula
bit1 = |2(bx +n)] + 1 yields by =n+1 =6+ 2 for all k, and Theorem 7.4 (a) follows.

O

Proof of Theorem 7.4 (b). Quite similar to Theorem 7.4 (a), except that we take n = n,
a=1and b, = n+1 for all k. By Lemma 7.2 (b), we have P(m) > aqk?/2¢"! for
some integer m € [mg, mo + kd], where ag > 0 is the coefficient of highest degree in P.
By Lemma 7.2 we have aq > infqimy—qL?-Y. We take k = |n/d]. The condition
P(m) > d+1 can thus be realized for some m € [mg, mg + kd] C [mg, mo + n] as soon as

. d d jod—1
inf LY |n/d)?/207 > 5,

which is equivalent to the condition given in Theorem 7.4 (b). O

(7.5) Corollary. Let X be a smooth projective n-fold, let L be an ample line bundle and
G a nefline bundle over X. Then m(K x+(n+2)L)+G is very ample for m > (3”:1) —2n.

Proof. Apply Theorem 7.4 (a) with G’ = a(Kx + (n+ 1)L) + G, so that
2Kx +mL+G' = (a+2)(Kx +(n+2)L)+ (m—2n—4—a)L + G,

andtakem:a+2n+4>2+(3n+1). O

n
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The main drawback of the above technique is that multiples of L at least equal to
(n 4+ 1)L are required to avoid zeroes of the Hilbert polynomial. In particular, it is not
possible to obtain directly a very ampleness criterion for 2K x + L in the statement of
Theorem 7.4 (b). Nevertheless, using different ideas from Angehrn-Siu [AS95; Siu96|
has obtained such a criterion. We derive here a slightly weaker version, thanks to the
following elementary lemma.

(7.6) Lemma. Assume that for some integer p € N* the line bundle uF generates
simultaneously all jets of order pu(n + s;) + 1 at any point x; in a subset {x1, ... ,zp}
of X. Then Kx + F generates simultaneously all jets of order s; at x;.

Proof. Take the algebraic metric on F' defined by a basis of sections o1, ... ,on of uF
which vanish at order p(n + s;) 4+ 1 at all points z;. Since we are still free to choose the
homogeneous term of degree p(n + s;) + 1 in the Taylor expansion at x;, we find that
x1, ..., T, are isolated zeroes of | 051(0). If ¢ is the weight of the metric of F' near z;,
we thus have ¢(2) ~ (n+s; + %) log |z — x| in suitable coordinates. We replace ¢ in a
neighborhood of z; by

¢'(z) = max (p(2), 12> = C + (n+s;)log |z — z;])

and leave ¢ elsewhere unchanged (this is possible by taking C' > 0 very large). Then
¢'(2) = |2|* = C+(n+s;)log|z— ;| near z;, in particular ¢’ is strictly plurisubharmonic
near x;. In this way, we get a metric A’ on F' with semipositive curvature everywhere
on X, and with positive definite curvature on a neighborhood of {zy,...,z,}. The
conclusion then follows directly from Hoérmander’s L? estimates (5.1) and (5.2). O

(7.7) Theorem. Let X be a smooth projective n-fold, and let L be an ample line bundle
over X. Then 2K x +L generates simultaneous jets of order s1, ... , s, at arbitrary points
T1, ... ,xp € X provided that the intersection numbers L%-Y of L over all d-dimensional
algebraic subsets Y of X satisfy

24-1 (n+1(4n—|—283—|—1)—2
n

), 1<d<n.

Proof. By Lemma 7.6 applied with F' = Kx + L and p = n+1, the desired jet generation
of 2K x + L occurs if (n+1)(K x + L) generates jets of order (n + 1)(n+s;) + 1 at z;. By
Lemma 7.6 again with F'=aKx + (n+ 1)L and p = 1, we see by backward induction
on a that we need the simultaneous generation of jets of order

n+1)(n+s;)+1+n+1-a)(n+1)

at x;. In particular, for 2Kx + (n + 1)L we need the generation of jets of order
(n+1)(2n+s; —1) + 1. Theorem 7.4 (b) yields the desired condition. O

We now list a few immediate consequences of Theorem 7.4, in connection with some
classical questions of algebraic geometry.

(7.8) Corollary. Let X be a projective n-fold of general type with Kx ample. Then
mK x is very ample for m > mg = (3”+1) + 4.
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(7.9) Corollary. Let X be a Fano n-fold, that is, a n-fold such that —Kx is ample.
Then —mK x s very ample for m > my = (?’ngrl).

Proof. Corollaries 7.8, 7.9 follow easily from Theorem 7.4 (a) applied to L = £Kx.
Hence we get pluricanonical embeddings ® : X — PV such that ®*@(1) = £moKx. The
image Y = ®(X) has degree

deg(Y):/Ycl(@’(l))n:/Xcl(j:mOKX)n:mG\K}H.

It can be easily reproved from this that there are only finitely many deformation types
of Fano n-folds, as well as of n-folds of general type with Kx ample, corresponding to
a given discriminant |K%| (from a theoretical viewpoint, this result is a consequence
of Matsusaka’s big theorem [Mat72; KoM83], but the bounds which can be obtained
from it are probably extremely huge). In the Fano case, a fundamental result obtained
independently by Kollar-Miyaoka-Mori [KoMM92] and Campana [Cam92] shows that the
discriminant K% is in fact bounded by a constant C,, depending only on n. Therefore,
one can find an explicit bound C/, for the degree of the embedding ®, and it follows that
there are only finitely many families of Fano manifolds in each dimension. U

In the case of surfaces, much more is known. We will content ourselves with a brief
account of recent results. If X is a surface, the failure of an adjoint bundle Kx + L to

be globally generated or very ample is described in a very precise way by the following
result of I. Reider [Rei88].

(7.10) Reider’s Theorem. Let X be a smooth projective surface and let L be a nef
line bundle on X.

(a) Assume that L? > 5 and let © € X be a given point. Then Kx + L has a section
which does not vanish at x, unless there is an effective divisor D C X passing through

x such that either
L-D=0 and D?=-1; or

L-D=1 and D?*=0.

(b) Assume that L? > 10. Then any two points x,y € X (possibly infinitely near) are
separated by sections of Kx + L, unless there is an effective divisor D C X passing
through x and y such that either

L-D=0 and D?=—-1or —2; or
L-D=1 and D*=0 or —1; or
L-D=2 and D?=0.

(7.11) Corollary. Let L be an ample line bundle on a smooth projective surface X.
Then K x + 3L is globally generated and K x +4L is very ample. If L? > 2 then Kx + 2L
1s globally generated and Kx + 3L is very ample.

The case of higher order jets can be treated similarly. The most general result in
this direction has been obtained by Beltrametti and Sommese [BeS93].
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(7.12) Theorem ([BeS93]). Let X be a smooth projective surface and let L be a nef line
bundle on X. Let p be a positive integer such that L? > 4p. Then for every 0-dimensional
subscheme Z C X of length h°(Z,@z) < p the restriction

pz: HY(X,Ox(Kx + L)) — H°(Z,07(Kx + L))

is surjective, unless there is an effective divisor D C X intersecting the support |Z| such
that

1
L-D—p<D2<§L-D. O

Proof (Sketch). The proof the above theorems rests in an essential way on the construc-
tion of rank 2 vector bundles sitting in an exact sequence

0—-0x - F—-L®.Y7;—0.

Arguing by induction on the length of Z, we may assume that Z is a 0-dimensional
subscheme such that pz is not surjective, but such that pz/ is surjective for every proper
subscheme Z' C Z. The existence of F is obtained by a classical construction of Serre
(unfortunately, this construction only works in dimension 2). The numerical condition
on L? in the hypotheses ensures that c¢;(E)? —4cy(E) > 0, hence E is unstable in the
sense of Bogomolov. The existence of the effective divisor D asserted in Theorems 7.10 or
7.12 follows. We refer to [Rei88], [BeS93] and [Laz97] for details. The reader will find in
[FdB95] a proof of the Bogomolov inequality depending only on the Kawamata-Viehweg
vanishing theorem. O

(7.13) Exercise. Prove the Fujita conjecture in the case of dimension 1, according to
the following steps.

(a) By using Hodge theory, show that for every smooth function f on a compact Kéhler
manifold (X,w), the equation Au = f has a solution if and only if fX fdvV, =0.

(b) Derive from (a), by using the local solvability of elliptic operators, that one has a
similar result when f is a distribution.

(¢) If X = C is a compact complex curve and L a positive line bundle, for every pos-
itive measure p on X such that [, pu = deg(L) = [, c1(L), there exists a singular
Hermitian metric h on L such that 5-0,(L) = p (with the obvious identification of
measures and currents of bidegree (1,1)).

d) Given a finite collection of points z; € C' and integers s; > 0, then K + L generates
( p J g J g
jets of order s; at all points x; as soon as deg(L) > Zj(sj +1).

(e) If L is positive on C, then K¢ + 2L is globally generated and K¢ + 3L is very ample.

(7.14) Exercise. The goal of the exercise is to prove the following weaker form of
Theorems 7.10 and 7.12, by a simple direct method based on Nadel’s vanishing theorem:

Let L be a nef line bundle on a smooth projective surface X. Fix points x1, ... , TN
and corresponding multiplicities sy, ...,sy, and set p = > (2 + sj)z. Then
H°(X,Kx + L) generates simultaneously jets of order s; at all points x; provided
that L? > p and L - C > p for all curves C passing through one of the points x;.
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(a) Using the Riemann-Roch formula, show that the condition L? > p implies the exis-
tence of a section of a large multiple mL vanishing at order > m(2 + s;) at each of
the points.

(b) Construct a sequence of singular Hermitian metrics on L with positive definite cur-
vature, such that the weights ¢, have algebraic singularities, v(yp,,z;) > 2 + s; at
each point, and such that for some integer m; > 0 the multiplier ideal sheaves satisfy
F(mipy+1) 2 Fmaipy) if V(F(p,)) is not 0-dimensional near some z;.

Hint: (a) starts the procedure. Fix mg > 0 such that moL — Kx is ample. Use Nadel’s
vanishing theorem to show that

HYX,0((m+mo)L) @ $(Amyp,)) =0  forallg>1,m >0, \el0,1].

Let D, be the effective Q-divisor describing the 1-dimensional singularities of ¢,. Then
F(Amep,) C O(—|[AmD, |) and the quotient has 0-dimensional support, hence

HY(X,0((m+my)L) @ O(—|xmD,|)) =0 forallg>1,m >0, A €[0,1].

By the Riemann-Roch formule again prove that

(%) h%xy@«m+wn@L)®@v@pquinp)ZZ%Q2AL-DV—A2D9-%O@n)

As the left hand side of (%) is increasing with A\, one must have D2 < L-D,,. If V($(¢,))
is not 0-dimensional at z;, then the coefficient of some component of D,, passing through
x; is at least 1, hence

2L-D,—-D>>L-D,>p+1.

Show the existence of an integer m; > 0 independent of v such that

hO(X, O((m + mo)L) ® O/0G(—|mD,])) > Y _ <(

m+mo)(2+ s;) + 2)
1<G<N

2

for m > my, and infer the existence of a suitable section of (m; + mg)L which is not
in H°(X,@((my + mo)L — [m1D,])). Use this section to construct ¢,,; such that

F(mipu11) 2 F(mapy).

8. Holomorphic Morse Inequalities

Holomorphic Morse inequalities were first introduced in [Dem85] to improve Siu’s solution
of the Grauert-Riemenschneider conjecture. They express asymptotic bounds on the
cohomology of tensor bundles of holomorphic line bundles, and appear to be a useful
complement to the Riemann-Roch formula. We present here the main results and several
important applications. The reader is referred to [Dem85b, 91] for the required analytic
details in the spectral theory of operators.
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§ 8.A. General Analytic Statement on Compact Complex Manifolds

Let X be a compact complex manifold, £ a holomorphic vector bundle of rank r and L
a line bundle over X. If L is equipped with a smooth metric h of curvature form Oy, j,
we define the g-index set of L to be the open subset
ti i 1
(8.1) X(L,h,q) = {x € X ; 10y p(z) has 4 negz.i .1ve e.1genva ues}
’ n — q positive eigenvalues

for 0 < ¢ < n. Hence X admits a partition X = AU Uq X (L, h,q) where
A={xe X;det(O(x)) =0}
is the degeneracy set. We also introduce

(8.1) X(L.h,<q) = |J X(L.hj).

(8.2) Morse inequalities ([Dem85b|). For any Hermitian holomorphic line bundle
(L,h) and any holomorphic vector bundle E over a compact complex manifold X, the
cohomology groups HY (X,E ® @(kL)) satisfy the following asymptotic inequalities as
k — +o0 :

(a) Weak Morse inequalities

k" i n
1(X,0(F 9(kL)) <r— N ™.
h ( ,O(F) ® O(k )) r o X(L’h’q)( ) (27T@L’h> + o(k"™)

(b) Strong Morse inequalities

o kn i n
ST (~1)TIR (X, 6(B) © (kL)) < ro “1)(5-On) +o(k").
0<j<q neJx(L,h,<q) 21

The proof is based on the spectral theory of the complex Laplace operator, using
either a localization procedure or, alternatively, a heat kernel technique. These inequa-
lities are a useful complement to the Riemann-Roch formula when information is needed
about individual cohomology groups, and not just about the Euler-Poincaré characteris-
tic. One of the typical consequences is a solution of the Grauert-Riemenschneider con-
jecture, which was first announced by [Siu84] in the case of a semi-positive line bundle L,
and by [Dem85b] in general.

(8.3) Corollary (solution of the Grauert-Riemenschneider conjecture, [Siu84],
[Dem85b]). Let X be a compact complex manifold carrying a holomorphic Hermitian

line bundle (L, h) such that
i n
/ (_@L,h> > 0.
X(L,h,<1) N2T
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Then L is a big line bundle, and as a consequence, X is a Moishezon manifold, i.e. is
bimeromorphic to a projective manifold.

Proof. In the case ¢ = 1, the strong Morse inequalities yield

k™ i n
hO(X, @(kL)) — M (X, G(kL)) > / (L@L,h) —o(k") = ck™, >0,

! Jx(wn<1) \2T
hence L is big. U
(8.4) Corollary. If X is compact Kdhler and L is nef, then

h(X,0(F)® O(kL)) = o(k"™) forall g > 1.

Proof. Let w be a Kahler metric. The nefness of L implies that there exists a smooth
Hermitian metric h. on L such that 5-©p;, > —ew. On X(L,he,1) we have exactly

1 negative eigenvalue A\; which is belongs to [—¢,0[ and the other ones A; (j > 2) are
positive. The product A; -+ A, satisfies [A1 - Ap| < e]];55(e + Aj), hence

1 1 n
H(Lloy,)
n! (27r L;he

By integrating, we find

/ (5-01..) <n5/ w A (er(L) + w)" !
X (L,he,1) 27 X

and the result follows. (Note: when X is non Kéahler, D. Popovici [Pop08] has announced
bounds for the Monge-Ampere masses of Oy, ;. which still imply the result, but the proof
is much harder in that case.) U

<

1 n—1
ew A (au—l—QLG)L,hE) on X(L,h.1).
T

(n—1)!

§ 8.B. Algebraic Counterparts of the Holomorphic Morse Inequalities

One difficulty in the application of the analytic form of the inequalities is that the cur-
vature integral is in general quite uneasy to compute, since it is neither a topological nor
an algebraic invariant. However, the Morse inequalities can be reformulated in a more
algebraic setting in which only algebraic invariants are involved. We give here two such
reformulations — after they were found via analysis in [Dem94], F. Angelini [Ang94| gave
a purely algebraic proof (see also [Siu93] and [Tra95] for related ideas).

(8.5) Theorem. Let L = F — G be a holomorphic line bundle over a compact Kdhler
manifold X, where F' and G are numerically effective line bundles. Then for every
q=0,1,...,n=dim X, there is an asymptotic strong Morse inequality

o n . o
Yo (D)TIW(XRL) < = > (1) (T_L)F”_J -G7 + o(k™).
0<j<q ™ 0<<a J

Proof. By adding ¢ times a Kéhler metric w to the curvature forms of F and G, ¢ > 0

one can write 5-0p = 0p. — 0g, where 0p. = 5-Op + cw and 0g . = 5-O¢ + cw are
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positive definite. Let A\; > = -+ 2 Ay > 0 be the eigenvalues of 6g,. with respect to 0p.
Then the eigenvalues of 3 @ L Wlth respect to 0. are the real numbers 1 — A\; and the
set X (L, h, < q) is the Set {)\q+1 < 1} of points « € X such that A\,41(z) < 1. The strong
Morse inequalities yield

S (~1)T IR (X, KL) < 2 /{ (—1)7 ] (1= A0 + o(k™).

’I’L'
0<j<q Aat1<l} 1 ggn

On the other hand we have

(7) 09 n B = ol () O
l] 9 9 9

where o7 () is the j-th elementary symmetric function in A1, ..., A, , hence
> (-1 ( .)F”—J .G7 = lim )1 aT(N) 0.
0<y<q J ==0/x O<]<q

Thus, to prove the lemma, we only have to check that
Y (Do) — I, (D7 [T A=A =0
0sjsn 1<isn

for all Ay > --- > A\, > 0, where ]1{.__} denotes the characteristic function of a set.

This is easily done by induction on n (just split apart the parameter ), and write
b (N) = 1 (N) + 7375 (A) An). O

In the case ¢ = 1, we get an especially interesting lower bound (this bound has been
observed and used by S. Trapani [Tra95] in a similar context).

(8.6) Consequence. h'(X, kL) — h'(X, kL) > ’%(F” —nF" 1. G) — o(k™).

Therefore some multiple kL has a section as soon as F™ — nF"~1.G > 0.

(8.7) Remark. The weaker inequality

n

(X, kL) > k—'(F” —nEF" Q) — o(k™)
.

is easy to prove if X is projective algebraic. Indeed, by adding a small ample Q-divisor
to F' and GG, we may assume that F', G are ample. Let moG be very ample and let &’
be the smallest integer > k/mg. Then h%(X,kL) > h°(X,kF — k'moG). We select k’
smooth members G, 1 < j < &’ in the linear system |mG| and use the exact sequence

0= HY(X,kF =Y G;) = H(X,kF) - @ H(G;, kFg,).

Kodaira’s vanishing theorem yields HY(X, kF) = 0 and H(G}, kF|g,) = 0 for ¢ > 1 and
k > ko. By the exact sequence combined with Riemann-Roch, we get

hO(X, kL) > h°(X,kF =) G))

km 1 kn—l 1 I
> S Ok )—Z<<n_1)!F .G —O(k ))

) - ow

> (F*=nF"t.G) - O™ ),

nl
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(This simple proof is due to F. Catanese.) O

(8.8) Corollary. Suppose that F' and G are nef and that F is big. Some multiple of
mF — G has a section as soon as

In the last condition, the factor n is sharp: this is easily seen by taking X = P} and
F =0(a,...,a) and G = O(by,...,b,) over P} ; the condition of the corollary is then
m > Y bj/a, whereas k(mF — G) has a section if and only if m > sup b;/a; this shows
that we cannot replace n by n(1 —¢).

§ 8.C. Asymptotic Cohomology Groups

In order to estimate the growth of individual cohomology groups, it is interesting to
consider appropriate “asymptotic cohomology functions”. We mostly follow here notation
and concepts introduced by A. Kiironya [Kur06; FKL07].

(8.9) Definition. Let X be a compact complex manifold and let L — X be a holomorphic
line bundle.

(i) The q-th asymptotic cohomology functional is defined as

~ |
h%(X, L) := limsup %hq(X, L®).

k—+o00

(ii) The q-th asymptotic holomorphic Morse sum of L is

n!

- o o -
h=(X, L) = limsup > (-1)TIR (X, L),

k—=+oo 0<i<q

When the limsup’s are limits, we have the obvious relation

h=9(X,L)= Y (-1)"7hi(X,L).

0<ixg

Clearly, Definition 8.9 can also be given for a Q-line bundle L or a Q-divisor D, and in
the case ¢ = 0 one gets the volume of L, namely

~ !
(8.10) Vol(X, L) = 1°(X, L) = limsup ——R°(X, L®*).
k—+o00 k™
(see also [DELO00], [Bou02], [Laz04]). We are going to show that the h functional induces

a continuous map R
DNSgr(X) 3 a+— hi (X, @),

which is defined on the “divisorial Néron-Severi space” DNSg(X) C Hllg’cl(X ,R), i.e. the
vector space spanned by real linear combinations of classes of divisors in the real Bott-
Chern cohomology group of bidegree (1,1). If X is projective algebraic then DNSg(X)
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coincides with the usual Néron-Severi space NSg(X), but the inclusion can be strict
in general (e.g. on complex 2-tori which only have indefinite integral (1, 1)-classes, cf.
[BLO4]); also, in that case (and more generally if X is Kéhler), H5(X,C) coincides
with the usual Dolbeault cohomology group HP?(X,C). For a € NSg(X) (resp. o €
DNSgr (X)), we set

~ ~ !
his(X, ) (resp. hins (X, a)) = lim sup Z—nhq(X, L)
k— o0, %cl (L)—a
|
(8.11) = inf sup &hq(X, L).

n
e>0,k0>0  p>po 1 Ley(L)—al<e F

when the pair (k, L) runs over N* x Pic(X), resp. over N* x Picp(X) where Picp(X) C
Pic(X) is the subgroup generated by “divisorial line bundles”, i.e. line bundles of the
form @Ox (D). Similar definitions can be given for the Morse sum functionals ?Lﬁg(X , Q)
and ESKIS(X, «). Clearly ESKIS(X, a) < Eﬁg(X, a) on DNSg(X), but we do not know
at this point whether this is always an equality. From the very definition, hig h§g
(and likewise h{)yg » h%&s) are upper semi-continuous functions which are positively
homogeneous of degree n, namely

(8.12) R (X, M) = AR (X, @)

for all v € NSg(X) and all A > 0. Notice that hlg(X, o) and ?Lﬁg(X, «) are always finite
thanks to holomorphic Morse inequalities (see below).

(8.13) Proposition.

(a) For L € Picp(X), one has h%(X, L)=h(X, c1(L)) and h<4(X, L)=hS&s (X, e1(L)),
in particular asymptotic cohomology depends only on the numerical class of L.

(b) The map o +— ﬁqDNS(X, «) is (locally) Lipschitz continuous on DNSg(X).

(¢) When q =0, EODNS(X, a) and /HONS(X, «) coincide on DNSg(X) and the limsups are
limits.

The proof is derived from arguments quite similar to those already developed in
[Kur05] (see also [Deml0a] for the non projective situation). If D = ) p;D; is an
integral divisor, we define its norm to be ||D| = Y |p,| Vol,(D;), where the volume of
an irreducible divisor is computed by means of a given Hermitian metric w on X; in
other words, this is precisely the mass of the current of integration [D] with respect to w.
Clearly, since X is compact, we get equivalent norms for all choices of Hermitian metrics
w on X. We can also use w to fix a normalized metric on Hé’é(X ,R). Elementary
properties of potential theory show that ||c;(@(D))|| < C||D|| for some constant C' > 0
(but the converse inequality is of course wrong in most cases). Proposition 8.13 is a simple
consequence of the more precise cohomology estimates (8.17) which will be obtained
below. The special case ¢ = 0 is easier, in fact, one can get non zero values for BO(X , L)
only when L is big, i.e. when X is Moishezon (so that we are always reduced to the
divisorial situation); the fact that limsups are limits is well known — we postpone the
proof to section 19, which will provide stronger results based on approximate Zariski
decomposition.
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(8.14) Lemma. Let X be a compact complex n-fold. Then for every coherent sheaf F
on X, there is a constant Cy > 0 such that for every holomorphic line bundle L on X
we have

h(X,F © Ox (L)) < C5([ler(L)]| + 1)

where p = dim Supp F .

Proof. We prove the result by induction on p; it is indeed clear for p = 0 since we
then have cohomology only in degree 0 and the dimension of H%(X,F ® @x (L)) does
not depend on L when F has finite support. Let us consider the support Y of F and a
resolution of singularity i : Y — Y of the corresponding (reduced) analytic space. Then
F is an Oy-module for some non necessarily reduced complex structure Oy = Ox /¥ on
J. We can look at the reduced structure Oy ,eq = Ox /%, ¥ = /¥, and filter F by J*F,

k > 0. Since 3’“9/ F*H+1F is a coherent Oy rea-module, we can easily reduce the situation
to the case where Y is reduced and ¥ is an @y-module. In that case the cohomology

Hq(X, F® @X(L)) = Hq(Y, F R @y(L|y))

just lives on the reduced space Y.

Now, we have an injective sheaf morphism F — u,u*F whose cokernel ‘G has support
in dimension < p. By induction on p, we conclude from the exact sequence that

|h1(X,F @ Ox(L)) = h1(X, pp* F © Ox (L)) < Cr([lea (D) ]| + 1)P~
The functorial morphisms

® Oy (Ly)) = HY(Y, /"' F © Os (1" L)y),
"FRO(WL)y) = HUY, pupt™F @ Oy (Lyy))

yield a composition
prop” s HI(Y, F @ Oy (Lyy)) = HU(Y, pup™F ® Oy (L)y))
induced by the natural injection F — p,pu*F. This implies

WY, T @ Oy (Lyy)) < WY, 1°F © Op (0" Liy)) + Ca((ler (L) + 1)

By taking a suitable modification p’ : Y/ — Y of the desingularization 17, we can assume
that (u/)*F is locally free modulo torsion. Then we are reduced to the case where F' =
(W')*F is a locally free sheaf on a smooth manifold Y’, and L’ = (p)* L|y. In this case,
we apply Morse inequalities to conclude that h?(Y', F' ® Oy (L)) < Ca(||c1 (L) + 1)P.
Since ||¢1(L")]| < Csl|e1(L)|| by pulling-back, the statement follows easily. O

(8.15) Corollary. For every irreducible divisor D on X, there exists a constant Cp
such that
h'(D,Op(Lip)) < Cp(ller (L) + )"

Proof. 1t is enough to apply Lemma 8.14 with F = (ip).@p where ip : D — X is the
injection. U
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(8.16) Remark. It is very likely that one can get an “elementary” proof of Lemma 8.14
without invoking resolutions of singularities, e.g. by combining the Cartan-Serre finiteness
argument along with the standard Serre-Siegel proof based ultimately on the Schwarz
lemma. In this context, one would invoke L? estimates to get explicit bounds for the
homotopy operators between Cech complexes relative to two coverings U = (B (x5,75)),
U = (B(z;,7;/2)) of X by concentric balls. By exercising enough care in the estimates,
it is likely that one could reach an explicit dependence Cp < C'||D|| for the constant
Cp of Corollary 8.15. The proof would of course become much more technical than the
rather naive brute force approach we have used.

(8.17) Theorem. Let X be a compact complex manifold. Fiz a finitely generated
subgroup T of the group of Z-divisors on X. Then there are constants C', C' depending
only on X, its Hermitian metric w and the subgroup I, satisfying the following properties.

(a) Let L and L' = L ® G(D) be holomorphic line bundles on X, where D € T" is an
integral divisor. Then

|n(X, L) = h?(X, L)| < C(llex (L) + [1DID"HIDII-

(b) On the subspace DNSg(X), the asymptotic q-cohomology function /H%NS satisfies a
global estimate

|hns (X, B) — W (X, a)| < C'(lafl + 181118 — .-

~

In particular (without any further assumption on X ), hi g is locally Lipschitz continuous

on DNSg(X).

Proof. (a) We want to compare the cohomology of L and L' = L ® G(D) on X. For
this we write D = D, — D_, and compare the cohomology of the pairs L and L; =
L ® @G(—D_) one one hand, and of L' and L; = L'’ ® @(—D,.) on the other hand. Since
|lc1(@(D))|| < C||DJ| by elementary potential theory, we see that is is enough to consider
the case of a negative divisor, i.e. L' = L®@(—D), D > 0. If D is an irreducible divisor,
we use the exact sequence

0= L®O(-D)—L—0OpLp—0
and conclude by Corollary 8.15 that

’hq(Xv L® @(_D)> - hq(X7 L)’ < hq(D7@D ® L|D> + hq_l(D7@D ® L\D)
< 20p(ler (D) + 1)

For D =) p;D; > 0, we easily get by induction
n—1
(X, L& 6(=D)) = (X, L) <23 p;Co, (ler(Dl + 3 pil Vall +1)
J k

If we knew that Cp < C’||D|| as expected in Remark 8.14, then the argument would be
complete without any restriction on D. The trouble disappears if we fix D in a finitely
generated subgroup I' of divisors, because only finitely many irreducible components
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appear in that case, and so we have to deal with only finitely many constants Cp,.
Property 8.17 (a) is proved.

(b) Fix once for all a finite set of divisors (A;)i<j<+ providing a basis of DNSg(X)C
Hé’é(X, R). Take two elements a and 8 in DNSg(X), and fix ¢ > 0. Then 8 — a can
be e-approximated by a Q-divisor »_ A;D;, A; € Q, and we can find a pair (k, L) with k
arbitrary large such that +c; (L) is e-close to o and n!/k"h?(X, L) approaches E%NS(X, @)
by €. Then %L—l—z AjA; approaches 3 as closely as we want. When approximating 8 —o,
we can arrange that £)\; is an integer by taking k large enough. Then j is approximated
by 1e1(L') with L' = L ® (3" kX;A;). Property (a) implies

PUX, L) = WX L) > =C (e (D] + | 3 kA, )MH D kAA|
> —CE"(|la|| +e+ I8 —al +&)" (|8 — al +¢).

We multiply the previous inequality by n!/k™ and get in this way

n! ~ .
(X L) 2 hins (X, @) —e = C'([laf + 18] +2)" (118 — all + ).

By taking the limsup and letting ¢ — 0, we finally obtain
Ibns (X, B) = hibng (X, ) = =C' (|l + 181" (18 = al.
Property 8.17 (b) follows by exchanging the roles of o and £. O

§ 8.D. Transcendental Asymptotic Cohomology Functions

Our ambition is to extend the function BKIS in a natural way to the full cohomology group
H llg’é(X ,R). The main trouble, already when X is projective algebraic, is that the Picard
number p(X) = dimg NSg(X) may be much smaller than dimg Hgg (X, R), namely, there
can be rather few integral classes of type (1,1) on X. It is well known for instance that
p(X) = 0 for a generic complex torus a dimension n > 2, while dimpg Hé’é(X, R) = nZ.
However, if we look at the natural morphism

HEM(X,R) — HER(X,R) ~ H*(X,R)

to de Rham cohomology, then H?(X, Q) is dense in H?(X,R). Therefore, given a class
acH 113’01(X ,R) and a smooth d-closed (1, 1)-form w in «, we can find an infinite sequence
%Lk (k € S C N) of topological Q-line bundles, equipped with Hermitian metrics hy and
compatible connections Vi such that the curvature forms %@Vk converge to u. By
using Kronecker’s approximation with respect to the integral lattice H?(X,Z)/torsion C
H?(X,R), we can even achieve a fast diophantine approximation

(8.18) 1Oy, — kul| < Ck~1/b2
for a suitable infinite subset k£ € S C N of multipliers. Then in particular

0,2
193,

= 1692 — | < ok,
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and we see that (L, hg, Vi) is a C° Hermitian line bundle which is extremely close to
being holomorphic, since (Vg’l)2 = @%i is very small. We fix a hermitian metric w on
X and introduce the complex Laplace-Beltrami operator

g = (VUHVID* + (V) (VDY) acting on L2(X, A%T*X @ Ly,).

We look at its eigenspaces with respect to the L? metric induced by w on X and hy,
on Lj. In the holomorphic case, Hodge theory tells us that the 0-eigenspace is isomor-
phic to H4(X,@(Ly)), but in the “almost holomorphic case” the 0-eigenvalues deviate
from 0, essentially by a shift of the order of magnitude of H@%i | ~ kb2 (see [Lae02],
Chapter 4). It is thus natural to introduce in this case

(8.19) Definition. Let X be a compact complex manifold and o € Hé’é(X, R) an arbi-
trary Bott-Chern (1,1)-class. We define the “transcendental” asymptotic q-cohomology
functions to be

~ | —
(a) hi(X,a) = inf lim sup %N( Uk gy < ke)
ueo E—)O, k—)+OO,Lk,hk,Vk,%@vk—)u k
~ ! R p—
(b)  ASYX,a) = inf lim sup 2N (1) IN(Dy < ke)

ucx e—0, k—+00, Ly, hi, Vi, Ov, —u k 0<ji<q

where the limsup runs over all 5-tuples (e, k, Ly, hi, Vi), and where N(ﬁk,q, ke) denotes
the sum of dimensions of all eigenspaces of eigenvalues at most equal to ke for the Laplace-
Beltrami operator Uy, , on L*(X, A%9T* X ® Ly,) associated with (Ly, hg, Vi) and the base
Hermitian metric w.

The word “transcendental” refers here to the fact that we deal with classes a of
type (1,1) which are not algebraic or even analytic. Of course, in the definition, we
could have restricted the limsup to families satisfying a better approximation property
| %G)Vk —ul| < Ck~11/"2 for some large constant C' (this would lead a priori to a smaller
limsup, but there is enough stability in the parameter dependence of the spectrum for
making such a change irrelevant). The minimax principle easily shows that Definition
8.18 does not depend on w, as the eigenvalues are at most multiplied or divided by
constants under a change of base metric. When « € NSg(X), by restricting our families
{(e, k, L, ht, Vi)} to the case of holomorphic line bundles only, we get the obvious
inequalities

(8.20a) heg(X
(8.20b) RSd(X

)
)

q
tr

(X, a), Va € NSg(X),

h
hSY(X,a), Vo € NSp(X).

VASV/AN

, &
, (X

It is natural to raise the question whether these inequalities are always equalities. Hope-
fully, the calculation of the quantities limy_, 1 k”—iN (U, q, < ke) is a problem of spectral
theory which is completely understood since a long time, and in fact, the above limit can
be evaluated explicitly for any value of ¢ € R, except possibly for a countable number
of values for which jumps may occur. As a consequence of the techniques of [Dem85b],
[Dem91] and [Lae02], one shows
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(8.21) Theorem. With the above notations and assumptions, let us introduce at each
point x in X the “spectral density function”, defined as a finite sum

S —_—

) ="l Y (= e )

(n :
(pla“'aps)eNs ]:1

where s = s(x) is the rank of the real (1,1)-form u at x, and u;, 1 < j < s, its non
zero eigenvalues with respect to the base hermitian metric w, and ugy1 = ... = u, = 0.
For each multi-index J C {1,2,...,n}, let us set uy = EjEJ uj. Then the asymptotic
spectrum of Ll , admits the estimate

| _
lim —— N(Oq, < kA) :/ > vuA+ugy —ug)dv,
X
[J|=q

except possibly for a countable number of values of X which are discontinuities of the right
hand integral as an increasing integral of \.

The core of the proof consists of making a change of coordinates y; = \/Exj, SO
that the leading terms —% S 0%/ 8x? of % [k 4 take the form of a fixed Laplace operator
-3"0%/ 6y]2. The effect of the curvature form is easily seen to be rescaled to an additional

constant potential v(y) as k — +oo. The zoom factor vk has the effect that the typical
“wavelength” of the eigenfunctions is 1/ Vk. At that scale, an error analysis shows
that the spectrum density becomes a local calculation involving just trivial bundle with
constant curvature (as the curvature can be considered constant within balls of radius
c/ \/E) One is led to an operator that splits into 2n copies of the harmonic oscillator
—d? /dy? + ay? in one real variable; this is the reason why the integers 2p+ 1 occur in the
formula. Now, when A | 0, one easily checks that the only possibility to get a non zero
limit is when s = n, u;, j € J are negative and u;, j € CJ are positive; hence only one
multi-index J can occur, and the sum involves only one non zero term corresponding to
p1 = ...=py = 0. Therefore

lim Vu( A+ ugy —uy) dVy = Ixey q)lu] . || dVe = Tx(y,q)(—1)%u"
)\—>0+ ‘J|:q

where X (u, q) is the open set of points € X where u(z) has signature (n — ¢, q).
(8.22) Corollary. We have (as a limit rather than just a limsup ) the spectral estimate

nl _ —

N(Oug<he) = [ (i,
X (u,q)

lim —
e—0, k—>+oo,Lk,hk,Vk,%®vk—>u kn

Coming back to the transcendental asymptotic cohomology functions, we get

(8.23) Theorem. The limsup’s defining h’.(X, o) and hS¥(X, ) are limits, and

ucw

(a) Rl (X, a) = inf / (—=1)%u" (u smooth).
X(u,q)



72 Analytic Methods in Algebraic Geometry

(b) hSY(X,q) = inf/ (=)™ (u smooth).
X(u,<q)

uco

The first equality follows mainly from Theorems 2.16 and 3.14 of [Dem85b], which
even yield explicitly the limit for any given ¢ outside a countable set (the limit as € — 0
is then obtained from the calculations of page 224 after Cor. 4.3). One has to observe,
in the case of sequences of “almost holomorphic line bundles” considered here, that the
perturbation indeed goes to 0, and also that all constants involved in the calculations of
[Dem85b| are uniformly bounded; see [Dem91] and [Lae02] for more details on this. If
we do not fear being too optimistic, all the above can be reformulated in terms of the
following conjecture.

(8.24) Conjecture. For every o € NSg(X)

(a) B%S(X, a) = hi (X, a) (: inf/ (D)%™, u smooth),
X(u,q)

uco

(b) (X, a) = hSY(X, a) (: inf / (D)%™, u smooth),
X (u,<q)

ucw

(Note: it follows from the holomorphic Morse inequalities that the inequality < always
holds true in (a) and (b)).

In general, equalities 8.24 (a,b) seem rather hard to prove. In some sense, they
would stand as an asymptotic converse of the Andreotti-Grauert theorem [AG62] : under
a suitable g-convexity assumption, the latter asserts the vanishing of related cohomology
groups in degree ¢; here, conversely, assuming a known growth of these groups in degree ¢,
we expect to be able to say something about the g-index sets of suitable Hermitian metrics
on the line bundles under consideration. The only cases where we have a positive answer
to Question 8.24 are when X is projective and ¢ = 0 or dim X < 2 (see 19.31 and 19.37).
In the general setting of compact complex manifolds, we also hope for the following
“transcendental” case of holomorphic Morse inequalities.

(8.25) Conjecture. Let X be a compact complex n-fold and o an arbitrary cohomology
class in Hé’é(X, R). Then the volume, defined as the supremum

(8.26) Vol(a) := sup / T,
0<Tea J X\ Sing(T)

extended to all Kdhler currents T' € o with analytic singularities (see Definition 14.15 in
Section 14 ), satisfies

(8.27) Vol(a) > sup/ u"
X (u,0)UX (u,1)

uco

where u runs over all smooth closed (1,1) forms. In particular, if the right hand side is
positive, then o contains a Kahler current.

By the holomorphic Morse inequalities, Conjecture 8.25 holds true in case « is an
integral class. Our hope is that the general case can be attained by the diophantine
approximation technique described earlier; there are however major hurdles, see [Lae02]
for a few hints on these issues.
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§ 8.E. Invariance by modification

We end this section by the observation that the asymptotic cohomology functions
are invariant by modification, namely that for every modification p: X — X and every
line bundle L we have e.g.

(8.28) hY(X,L) = h'(X,u*L).
In fact the Leray spectral sequence provides an Fs term
p,q __ * 17 Rk _ @ Rk P
Ey? = HP (X, R, O (n"L=7)) = HP (X, Ox (L®7°) @ R, O).

Since R, O is equal to Ox for ¢ = 0 and is supported on a proper analytic subset of
X for ¢ > 1, one infers that h?(X,Ox (L% ® Rip,O5) = O(k"™ DY for all ¢ > 1. The
spectral sequence implies that

hi(X, L®F) — h9(X, w* L&) = O(k" ).
We claim that the Morse integral infimums are also invariant by modification.

(8.29) Proposition. Let (X,w) be a compact Kihler manifold, « € HV(X,R) a real
cohomology class and pn : X — X a modification. Then

(a) inf/ (=1)%" = inf / (=1)%™,
eI X (uq) VERT X (v,9)

(b) inf/ (=1)9u™ = inf / (—1)90"™.
vE€ S X (u,<q) Vet JX (v,<q)

Proof. Given u € a on X, we obtain Morse integrals with the same values by taking
v = p*u on X, hence the infimum on X is smaller or equal to what is on X. Conversely,
we have to show that given a smooth representative v € p*a on X, one can find a
smooth representative u € X such that the Morse integrals do not dlffer much. We can
always assume that X itself is Kéhler, since by Hironaka [Hir64] any modification X is
dominated by a composition of blow-ups of X. Let us fix some uy € a and write

v = p ug + ddyp

where ¢ is a smooth function on X. We adjust ¢ by a constant in such a way that ¢ > 1
on X. There exists an analytic set S C X such that p : X ~ p “1(8) - X\ Sisa
biholomorphism, and a quasi-psh function g which is smooth on X ~ S and has —oo
logarithmic poles on S (see e.g. [Dem82]). We define

(8.30) u = pug + dd°max., (¢ +0Ysopn, 0) =v+dd°max.,(dsopu, —¢)

where max.,, 0 < g9 < 1, is a regularized max function and § > 0 is very small. By
construction u coincides with p*ug in a neighborhood of 1 ~!(.9) and therefore u descends
to a smooth closed (1, 1)-form u on X which coincides with ug near S, so that u = p*u.
Clearly u converges uniformly to v on every compact subset of X~ p1(S)asd— 0, so
we only have to show that the Morse integrals are small (uniformly in §) when restricted
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to a suitable small neighborhood of the exceptional set E = ;~1(S). Take a sufficiently
large Kéhler metric w on X such that

w, —w < dd“Ygopu.

DO |

1.
w, —QW < ddCSD <

Then u > —w and u < W + § dd®g o u everywhere on X. Asa consequence

0" < (@ + 6(@ + ddyps o))" < @™ 4+ nd(@ + ddhs o p) A (@ + 5(@ + ddpg o u))”‘1

thanks to the inequality (a+b)" < a™+nb(a+b)"!. For any neighborhood V of u=1(5)

this implies
/ |u"| < / &" +né(1 46"t /~(TJ”
1% 1% X

by Stokes formula. We thus see that the integrals are small if V and ¢ are small. The
reader may be concerned that Monge-Ampere integrals were used with an unbounded
potential 1g, but in fact, for any given 4, all the above formulas and estimates are still
valid when we replace 1s by maxc, (s, —(M + 2)/) with M = maxy ¢, especially
formula (8.30) shows that the form @ is unchanged. Therefore our calculations can be
handled by using merely smooth potentials. U

(8.31) Remark. It is interesting to put these results in perspective with the algebraic
version 8.5 of holomorphic Morse inequalities. When X is projective, the algebraic Morse
inequalities used in combination with the birational invariance of the Morse integrals
imply the inequalities

(a) inf / (=)™ < inf (n) Fr1Ge,
u€ci(L) X (u,q) p*(L)~O(F-G) \ q
n

b inf / 1) < inf -1 H’( )F”_jGj,
(b) u€er (L) X(u,<q)< ) p*(L)~O(F-G) Z( ) J

0<i<q

where the infimums on the right hand side are taken over all modifications p : XX
and all decompositions u*L = O(F — G) of u*L as a difference of two nef Q-divisors F, G
on X. In case F' and G are ample, the proof simply consists of taking positive curvature
forms Oa(ry,nyy Oaq),ne on O(F) and O(G), and evaluating the Morse integrals with
u = Oa(r)ny — Oc(a),he ; the general case follows by approximating the nef divisors F’
and G by ample divisors F' + ¢H and G + ¢H with H ample and € > 0, see [Dem94].
Again, a natural question is to know whether these infimums derived from algebraic
intersection numbers are equal to the asymptotic cohomology functionals hyq(X, L) and
ﬁl\%q (X, L). A positive answer would of course automatically yield a positive answer to
the equality cases in 8.24 (a) and (b). However, the Zariski decompositions involved in
our proofs of the “analytic equality case” produces certain effective exceptional divisors
which are not nef. It is unclear how to write those effective divisors as a difference of nef
divisors. This fact raises a lot of doubts upon the sufficiency of taking merely differences
of nef divisors in the infimums 8.31 (a) and 8.31 (b). O
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9. On the Green-Griffiths-Lang conjecture

The goal of this section is to study the existence and properties of entire curves
f : C — X drawn in a complex irreducible n-dimensional variety X, and more specifically
to show that they must satisfy certain global algebraic or differential equations as soon
as X is projective of general type. By means of holomorphic Morse inequalities and a
probabilistic analysis of the cohomology of jet spaces, we are able to prove a significant
step of a generalized version of the Green-Griffiths-Lang conjecture on the algebraic
degeneracy of entire curves.

8§ 9.A. Introduction

Let X be a complex n-dimensional manifold ; most of the time we will assume that
X is compact and even projective algebraic. By an “entire curve” we always mean a non
constant holomorphic map defined on the whole complex line C, and we say that it is
algebraically degenerate if its image is contained in a proper algebraic subvariety of the
ambient variety. If p: X — X is a modification and f : C — X is an entire curve whose
image f(C) is not contained in the image ;(E) of the exceptional locus, then f admits
a unique lifting f : C — X. For this reason, the study of the algebraic degeneration of
f is a birationally invariant problem, and singularities do not play an essential role at
this stage. We will therefore assume that X is non singular, possibly after performing
a suitable composition of blow-ups. We are interested more generally in the situation
where the tangent bundle T'x is equipped with a linear subspace V- C Tx, that is, an
irreducible complex analytic subset of the total space of Tx such that

(9.1) all fibers V,, := V N T , are vector subspaces of T'x ;.

Then the problem is to study entire curves f : C — X which are tangent to V, i.e. such
that f.7c C V. We will refer to a pair (X, V) as being a directed variety (or directed
manifold). A morphism of directed varieties ® : (X, V) — (Y, W) is a holomorphic map
® : X — Y such that &,V C W ; by the irreducibility, it is enough to check this condition
over the dense open subset X \ Sing(V') where V' is actually a subbundle. Here Sing(V)
denotes the indeterminacy set of the associated meromorphic map « : X ---> G,.(Tx) to
the Grassmannian bbundle of r-planes in Ty, r = rank V'; we thus have V|x sing(v) =
a*S where S — G, (Tx) is the tautological subbundle of G, (Tx). In that way, we get a
category, and we will be mostly interested in the subcategory whose objects (X, V) are
projective algebraic manifolds equipped with algebraic linear subspaces. Notice that an
entire curve f: C — X tangent to V is just a morphism f : (C,T¢) — (X, V).

The case where V' = T'x /g is the relative tangent space of some fibration X — S is of
special interest, and so is the case of a foliated variety (this is the situation where the sheaf
of sections @(V') satisfies the Frobenius integrability condition [@(V),O(V)] C G(V));
however, it is very useful to allow as well non integrable linear subspaces V. We refer
to V = Tx as being the absolute case. Our main target is the following deep conjecture

concerning the algebraic degeneracy of entire curves, which generalizes similar statements
made in [GG79] (see also [Lang86, Lang87]).

(9.2) Generalized Green-Griffiths-Lang conjecture. Let (X,V) be a projective
directed manifold such that the canonical sheaf Ky is big (in the absolute case V = Tx,
this means that X is a variety of general type, and in the relative case we will say that
(X, V) is of general type). Then there should exist an algebraic subvariety Y C X such
that every non constant entire curve f : C — X tangent to V is contained in Y .
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The precise meaning of Ky and of its bigness will be explained below — our definition
does not coincide with other frequently used definitions and is in our view better suited
to the study of entire curves of (X, V). One says that (X, V) is Brody-hyperbolic when
there are no entire curves tangent to V. According to (generalized versions of) conjectures
of Kobayashi [Kob70, Kob76] the hyperbolicity of (X, V) should imply that Ky is big,
and even possibly ample, in a suitable sense. It would then follow from conjecture (9.2)
that (X, V) is hyperbolic if and only if for every irreducible variety ¥ C X, the linear
subspace V5 = 5 5N uitV C T has a big canonical sheaf whenever 14 : Y — Y is a
desingularization and F is the exceptional locus.

The most striking fact known at this date on the Green-Griffiths-Lang conjecture
is a recent result of Diverio, Merker and Rousseau [DMR10] in the absolute case, con-
firming the statement when X C IP’€+1 is a generic non Sirslgular hypersurface of large
degree d, with a (non optimal) sufficient lower bound d > 2™ . Their proof is based in an
essential way on a strategy developed by Siu [Siu02, Siu04], combined with techniques of
[Dem95]. Notice that if the Green-Griffiths-Lang conjecture holds true, a much stronger
and probably optimal result would be true, namely all smooth hypersurfaces of degree
d > n+3 would satisfy the expected algebraic degeneracy statement. Moreover, by results
of Clemens [Cle86] and Voisin [V0i96], a (very) generic hypersurface of degree d > 2n+1
would in fact be hyperbolic for every n > 2. Such a generic hyperbolicity statement has
been obtained unconditionally by McQuillan [McQ98, McQ99] when n = 2 and d > 35,
and by Demailly-El Goul [DEGO00] when n = 2 and d > 21. Recently Diverio-Trapani
[DT10] proved the same result when n = 3 and d > 593. By definition, proving the alge-
braic degeneracy means finding a non zero polynomial P on X such that all entire curves
f: C — X satisfy P(f) = 0. All known methods of proof are based on establishing first
the existence of certain algebraic differential equations P(f; f’, f”,..., f*)) = 0 of some
order k, and then trying to find enough such equations so that they cut out a proper
algebraic locus Y C X.

Let JiV be the space of k-jets of curves f : (C,0) — X tangent to V. One defines the
sheaf @ (EE% V*) of jet differentials of order k£ and degree m to be the sheaf of holomorphic
functions P(z;fl, ...&k) on JiV which are homogeneous polynomials of degree m on
the fibers of J*V — X with respect to local coordinate derivatives &; = f()(0) (see
below in case V has singularities). The degree m considered here is the weighted degree
with respect to the natural C* action on J¥V defined by \ - f(t) := f(\t), i.e. by
reparametrizing the curve with a homothetic change of variable. Since (A - f)W)(t) =
M fU)(At), the weighted action is given in coordinates by

(9.3) (6,6, EL) = (NEL N2, . 0BG,

One of the major tool of the theory is the following result due to Green-Griffiths [GG79]
(see also [Blo26], [Dem95, Dem97], [SY96a, SY96b], [Siu97]).

(9.4) Fundamental vanishing theorem. Let (X,V) be a directed projective vari-
ety and f : (C,Tc) — (X,V) an entire curve tangent to V. Then for every global
section P € HY(X,ESSV* ® @(—A)) where A is an ample divisor of X, one has
P(f5 f' f" o f0) =0,

It is expected that the global sections of HO(X, EE%V* ®O(—A)) are precisely those
which ultimately define the algebraic locus Y C X where the curve f should lie. The
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problem is then reduced to the question of showing that there are many non zero sections
of HO(X, ES%V* ® @(—A)), and further, understanding what is their joint base locus.
The first part of this program is the main result of the present paper.

(9.5) Theorem. Let (X,V) be a directed projective variety such that Ky is big and let
A be an ample divisor. Then for k > 1 and § € Q4 small enough, § < c(logk)/k, the
number of sections h°(X, ECSV* ® G(—mdA)) has mazimal growth, i.e. is larger that
cem™ =1 for some m > mk; where ¢, ¢, > 0, n =dim X andr = rank V. In particular,
entire curves f: (C,Tc) — (X, V) satisfy (many) algebraic differential equations.

The statement is very elementary to check when » = rank V' = 1, and therefore when
n = dim X = 1. In higher dimensions n > 2, only very partial results were known at
this point, concerning merely the absolute case V' = Tx. In dimension 2, Theorem 9.5
is a consequence of the Riemann-Roch calculation of Green-Griffiths [GGT79], combined
with a vanishing theorem due to Bogomolov [Bog79] — the latter actually only applies to
the top cohomology group H™, and things become much more delicate when extimates
of intermediate cohomology groups are needed. In higher dimensions, Diverio [Div09]
proved the existence of sections of HO(X, ESCV*®@(—1)) whenever X is a hypersurface
of IP’€+1 of high degree d > d,,, assuming k > n and m > m,. More recently, Merker
[Mer10] was able to treat the case of arbitrary hypersurfaces of general type, i.e. d > n+3,
assuming this time k£ to be very large. The latter result is obtained through explicit
algebraic calculations of the spaces of sections, and the proof is computationally very
intensive. Bérczi [Ber10] also obtained related results with a different approach based on
residue formulas, assuming d > 97nlogn

All these approaches are algebraic in nature, and while they use some form of holo-
morphic Morse inequalities [Dem85], they only require a very special elementary algebraic
case, namely the lower bound
m’l’L

— (A" —n A" 1. B) — o(m™)

(9.6) RO(X,L™) > m

for L = O(A— B) with A, B nef (cf. Trapani [Tra95]). Here, our techniques are based on
more elaborate curvature estimates in the spirit of Cowen-Griffiths [CG76]. They require
the stronger analytic form of holomorphic Morse inequalities (see Section 8). Notice that
holomorphic Morse inequalities are essentially insensitive to singularities, as we can pass
to non singular models and blow-up X as much as we want: if 4 : X — X is a modification
then p. 05 = Ox and R7u, O is supported on a codimension 1 analytic subset (even
codimension 2 if X is smooth). As already observed in Section 8.E, it follows from the
Leray spectral sequence that the cohomology estimates for L on X or for L = p*L on X
differ by negligible terms, i.e.

(9.7) hA(X,LE™) — h4(X, L%™) = O(m"™ ).

Finally, we can even work with singular hermitian metrics A which have analytic singu-
larities with positive rational coefficients, that is, one can write locally h = e™% where,
possibly after blowing up,

(9.8) o(z) = clogz lg;]> mod C>, with ¢ € Q and g; holomorphic.
J
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Especially, ¢ is smooth on some Zariski open set X \ Z where Z = ﬂgj_l((]), and it
has logarithmic poles along Z. Blowing-up the ideal sheaf ¥ = (g;) leads to divisorial
singularities, and then by replacing L with L = p*L ® @G(—FE) where E € Divg(X) is the
singularity divisor, we see that holomorphic Morse inequalities still hold for the sequence
of groups H1(X, E® L®™ @ J(h®™)) where .F(h®™) is the multiplier ideal sheaf of h®™
(see Bonavero [Bon93] for more details). In the case of linear subspaces V' C Tx, we
introduce singular hermitian metrics as follows.

(9.9) Definition. A singular hermitian metric on a linear subspace V- C Tx is a metric
h on the fibers of V such that the function logh : & — log|£|3 is locally integrable on the
total space of V.

Such a metric can also be viewed as a singular hermitian metric on the tautological
line bundle @pyy(—1) on the projectivized bundle P(V)) = V' ~.{0}/C*, and therefore its
dual metric h* defines a curvature current O, (1),n- of type (1,1) on P(V) C P(Tx),
such that

P Oy vy (1) h = i@glog h, where p: V {0} — P(V).

If log h is quasi-plurisubharmonic (or quasi-psh, which means psh modulo addition of a
smooth function) on V', then logh is indeed locally integrable, and we have moreover

(9.10) @@P(V)(l),h* > —Cw

for some smooth positive (1,1)-form on P(V') and some constant C' > 0 ; conversely, if
(9.10) holds, then log h is quasi psh.

(9.11) Definition. We will say that a singular hermitian metric h on V is admissible
if h can be written as h = e¥hqy where hg is a smooth positive definite hermitian on T'x
and ¢ is a quasi-psh weight with analytic singularities on X, as in (9.9). Then h can
be seen as a singular hermitian metric on Op (1), with the property that it induces a
smooth positive definite metric on a Zariski open set X' C X ~ Sing(V'); we will denote
by Sing(h) D Sing(V') the complement of the largest such Zariski open set X'.

If h is an admissible metric, we define @}, (V*) to be the sheaf of germs of holomorphic
sections sections of V&\Sin o (h) which are h*-bounded near Sing(h); by the assumption
on the analytic singularities, this is a coherent sheaf (as the direct image of some co-
herent sheaf on P(V)), and actually, since h* = e~ %hj, it is a subsheaf of the sheaf
G(V*) := O, (V*) associated with a smooth positive definite metric hy on T'x. If r is
the generic rank of V' and m a positive integer, we define similarly Ky', to be sheaf of
germs of holomorphic sections of (det V%,)®™ = (A"V]%,)®™ which are det h*-bounded,
and Ky' = Ky, .

If V is defined by a : X ---> G,.(Tx), there always exists a modification p : XX
such that the composition a o p : X — G,(u*Tx) becomes holomorphic, and then
V) -1 (x<Sing(v)) extends as a locally trivial subbundle of *T’x which we will simply
denote by p*V. If h is an admissible metric on V', then p*V can be equipped with the
metric pu*h = e¥°* u*hg where p*hg is smooth and positive definite. We may assume that
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o has divisorial singularities (otherwise just perform further blow-ups of X to achieve
this). We then see that there is an integer mg such that for all multiples m = pmg the
pull-back p* Ky, is an invertible sheaf on X, and det 2" induces a smooth non singular
metric on it (when h = hg, we can even take my = 1). By definition we always have
Ky, = p (M*K‘T}:‘h) for any m > 0. In the sequel, however, we think of Ky j; not really
as a coherent sheaf, but rather as the “virtual” Q-line bundle p., (p* Ky, m0)1/ ™o and we
say that Ky, is big if h?(X, KVh) > cm™ for m > my, with ¢ > 0, i.e. if the invertible
sheaf p* K m% is big in the usual sense.

At this point, it is important to observe that “our” canonical sheaf Ky differs from
the sheaf Ky := i.O(Ky) associated with the injection ¢ : X ~\ Sing(V) — X, which
is usually referred to as being the “canonical sheaf”, at least when V is the space of
tangents to a foliation. In fact, Ky, is always an invertible sheaf and there is an obvious
inclusion Ky C Ky . More precisely, the image of O(A"T%) — Ky is equal to Ky Qe F
for a certain coherent ideal ¥ C @x, and the condition to have hg-bounded sections on
X ~\ Sing(V') precisely means that our sections are bounded by Const) |g;| in terms of
the generators (g;) of Ky ®a, ¥, ie. Ky = Ky Qay ¥ where ¥ is the integral closure
of . More generally,

m __ oym —m/mo
Ky, = 1Y ®ax Fhome

where ?Zm’mnzo C Ox is the (m/mg)-integral closure of a certain ideal sheaf ¥ ., C Ox,

which can itself be assumed to be integrally closed; in our previous discussion, p is chosen
so that pu* ¥4 m, is invertible on X.

The discrepancy already occurs e.g. with the rank 1 linear space V' C Tpn consisting
at each point z # 0 of the tangent to the line (0z) (so that necessarily Vo = Tpn o). As a
sheaf (and not as a linear space), i,@ (V) is the invertible sheaf generated by the vector
field & = ) 2;0/0z; on the affine open set C* C P¢, and therefore Ky := i, @(V*) is
generated over C" by the unique 1-form w such that w(£) = 1. Since £ vanishes at 0,
the generator u is unbounded with respect to a smooth metric hy on T]Pm and it is easily
seen that Ky is the non invertible sheaf Ky = Fy ® mpr . We can make it invertible
by considering the blow-up u : X > Xof X = PZ at 0, so that p* Ky is isomorphic to
W Ry @ O (—FE) where E is the exceptional d1v1sor The integral curves C' of V' are of
course lines through 0, and when a standard parametrization is used, their derivatives do
not vanish at 0, while the sections of i,@(V') do — another sign that i,.@(V) and i, @(V*)
are the wrong objects to consider. Another standard example is obtained by taking a
generic pencil of elliptic curves AP(z) + pQ(z) = 0 of degree 3 in PZ, and the linear
space V consisting of the tangents to the fibers of the rational map PZ ---> P{ defined
by z +— Q(z)/P(z). Then V is given by

0 — i, O(V) — O(Tpz) —2=25

@Pf; (6) RFs—0

where S = Sing(V') consists of the 9 points {P(z) = 0} N {Q(z) = 0}, and fg is the
corresponding ideal sheaf of S. Since det O(Tp2) = @(3), we see that Ky = @(3) is ample,
which seems to contradict (9.2) since all leaves are elliptic curves. There is however no
such contradiction, because Ky = Ky ® fg is not big in our sense (it has degree 0 on
all members of the elliptic pencil). A similar example is obtained with a generic pencil
of conics, in which case Ky = @(1) and card S = 4.

For a given admissible hermitian structure (V,h), we define similarly the sheaf
ES%V,{“ to be the sheaf of polynomials defined over X \ Sing(h) which are “h-bounded”.
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This means that when they are viewed as polynomials P(z; &p,...,&k) in terms of
§ = (V,ll’oo)jf(()) where V,ll’oo is the (1,0)-component of the induced Chern connection on
(V, hg), there is a uniform bound

(9.12) P& <o (X Ig)"

near points of X ~ X’ (see section 2 for more details on this). Again, by a direct
image argument, one sees that E Vh is always a coherent sheaf. The sheaf EGG %
is defined to be EGG Vo when h = ho (it is actually independent of the choice of ho, as
follows from arguments similar to those given in section 2). Notice that this is exactly
what is needed to extend the proof of the vanishing theorem 9.4 to the case of a singular
linear space V' ; the value distribution theory argument can only work when the functions
P(f; f',..., f®)(t) do not exhibit poles, and this is guaranteed here by the boundedness
assumption.

Our strategy can be described as follows. We consider the Green-Griffiths bundle of
k-jets X3¢ = J*V ~ {0}/C*, which by (9.3) consists of a fibration in weighted projective
spaces, and its associated tautological sheaf

L= @XE'G (1)7

viewed rather as a virtual Q-line bundle Oxcc (mo) /™ with mg = lem(1,2, ..., k). Then,
if XGG — X is the natural pI‘OJGCthIl we have

E,S;Sn = (Wk)*@’xgc (m) and Rq(ﬂ'k)*@xse (m) =0 for ¢ > 1.

Hence, by the Leray spectral sequence we get for every invertible sheaf F' on X the
isomorphism

(9.13) HYX,EfoV* ® F) ~ HI(XJ9, Oxoa(m) @ mp F).

The latter group can be evaluated thanks to holomorphic Morse inequalities. In fact we
can associate with any admissible metric h on V' a metric (or rather a natural family)
of metrics on L = @ ch;(l). The space X ,SG always possesses quotient singularities if
k > 2 (and even some more if V' is singular), but we do not really care since Morse
inequalities still work in this setting. As we will see, it is then possible to get nice
asymptotic formulas as k — +o00. They appear to be of a probabilistic nature if we take
the components of the k-jet (i.e. the successive derivatives &; = fW(0), 1 < j < k)
as random variables. This probabilistic behaviour was somehow already visible in the
Riemann-Roch calculation of [GGT9]. In this way, assuming Ky big, we produce a lot of
sections o; = HO(XFG @ FXGG( ) ® m; F), corresponding to certain divisors Z; C XJC.
The hard problem which is left in order to complete a proof of the generahzed Green—
Griffiths-Lang conjecture is to compute the base locus Z = (Z; and to show that
Y = m(Z) C X must be a proper algebraic variety. Although we cannot address this
problem at present, we will indicate a few technical results and a couple of potential
strategies in this direction.

I would like to thank Simone Diverio and Mihai Paun for several stimulating discus-
sions, and Erwan Rousseau for convincing me to explain better the peculiarities of the
definition of the canonical sheaf employed here.
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§ 9.B. Hermitian geometry of weighted projective spaces

The goal of this section is to introduce natural Kéhler metrics on weighted projective
spaces, and to evaluate the corresponding volume forms. Here we put d¢ = ﬁ(é —0)
so that dd® = %85 The normalization of the d° operator is chosen such that we
have precisely (dd®log|z|?)™ = &y for the Monge-Ampere operator in C"; also, for every
holomorphic or meromorphic section ¢ of a hermitian line bundle (L,h) the Lelong-
Poincaré can be formulated

(9.14) dd°log|o|; = [Zs] — OrL.n,

where ©r ) = %D%}h is the (1, 1)-curvature form of L and Z, the zero divisor of o.
The closed (1,1)-form Oy, 5, is a representative of the first Chern class ¢;(L). Given a
k-tuple of “weights” a = (a1, ...,ax), i.e. of relatively prime integers as; > 0 we intro-
duce the weighted projective space P(ay, ...,ax) to be the quotient of C* \ {0} by the
corresponding weighted C* action:

(9.15) P(ai,...,ap) = CF~{0}/C*,  X-z=(\%z,...,\"2,).

As is well known, this defines a toric k — 1-dimensional algebraic variety with quotient
singularities. On this variety, we introduce the possibly singular (but almost everywhere
smooth and non degenerate) Kéhler form w, , defined by

1
(9.16) Toap = dd°ap,  Pap(z) = —log D |zl
PGk
where 7, : C¥ < {0} — P(ay,...,az) is the canonical projection and p > 0 is a positive

constant. It is clear that ¢, , is real analytic on Ck . {0} if p is an integer and a
common multiple of all weights a,. It is at least C? is p is real and p > max(as), which
will be more than sufficient for our purposes (but everything would still work for any
p > 0). The resulting metric is in any case smooth and positive definite outside of the
coordinate hyperplanes z; = 0, and these hyperplanes will not matter here since they are
of capacity zero with respect to all currents (dd“p, ). In order to evaluate the volume

k—1
fP(al,...,ak) Wq p » One can observe that

k—1 _ * k—1 c
/ Cap = / Taap Nd"Pap
P(a1,...,ar) 2€Ck, @4, (2)=0

z€C%, pq,p(2)=0

1
(9.17) == (ddCeP#ar)F.

k
D™ JzeCk, oo p(2)<0

The first equality comes from the fact that {y,,(2) = 0} is a circle bundle over
P(ai,...,ax), together with the identities g (A - 2) = @ap(2) + log|A]* and
f‘ A=1 d®log |\|?> = 1. The third equality can be seen by Stokes formula applied to the
(2k — 1)-form

(ddcePPer)h=1 A doePPar = ePPar(ddp, ) 1 A d°p,.,
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on the pseudoconvex open set {z € C*; ¢, ,(2) < 0}. Now, we find

k
c PPa,p\k _ c 2p/as _ o c| . 12\k
(918)  (dd°ereer)t = (dd® N |z ) = ] (as 26l 57 ) (dde |2,
1<s<k 1<s<k
k
(9.19) / (dd°eP?er )k = H r__r
2€CF, v, p(2)<0 1<s<k Ag aj...ag
In fact, (9.18) and (9.19) are clear when p = a; = ... = a; = 1 (this is just the standard

calculation of the volume of the unit ball in C*); the general case follows by substituting
formally zs + 25 / s and using rotational invariance along with the observation that the
arguments of the complex numbers 22/% now run in the interval [0,27p/as] instead of

[0, 27[ (say). As a consequence of (9.17) and (9.19), we obtain the well known value

1
(9.20) / wey = ———,
P(a17"'7ak) ’ ap...ak

for the volume. Notice that this is independent of p (as it is obvious by Stokes theorem,
since the cohomology class of wg, does not depend on p). When p tends to 400, we
have pq »(2) > Pa.00(2) = logmax; o< |2s|?/% and the volume form w” ' converges to
a rotationally invariant measure supported by the image of the polycircle [[{|zs] = 1}
in P(aq,...,ax). This is so because not all |25|2/“b are equal outside of the image of the
polycircle, thus ¢, (2) locally depends only on k—1 complex variables, and so wk L=0

there by log homogeneity.

Our later calculations will require a slightly more general setting. Instead of looking
at C*, we consider the weighted C* action defined by

(9.21) Clrl=Cm x...xC™,  Xoz=0\%z,...,A\%2z).

Here z4 € C"s for some k-tuple r = (r1,...,7r;) and |r| = r1 + ...+ rg. This gives rise to
a weighted projective space

P(a[lrl], aLr"]):P(al,...,al,...,ak,... ar),

(9.22) Tar:Ct x ... xC™* {0} — P(al™, ... agk])

obtained by repeating r¢ times each weight as. On this space, we introduce the degenerate
Kahler metric wq,,p, such that

(9.23) Ty +Wa,rp = Ad°Pq . p, arp(z log Z |ZS‘2p/as
1<s<k

where |2;] stands now for the standard hermitian norm (37, ¢, |25, 2)1/2 on C". This
metric is cohomologous to the corresponding “polydisc-like” metric w, ;, already defined,
and therefore Stokes theorem implies

1
(9.24) / W=t — — —
r r a,r,p 71 Tk
P(a[l 1]’“‘7a£€k]) CLl ...CLk
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Since (dd®log |zs]?)™ = 0 on C™ \ {0} by homogeneity, we conclude as before that the

.. . rl—1 rl—1 . .
weak limit limy,, 4 o wl%lﬂ,p = wl%lﬂ,oo associated with

2/as

(9.25) Pa,ro0o0(2) = log max ARG

is a measure supported by the image of the product of unit spheres [[S?"=~! in
Pl .. .,aZﬂ’“]), which is invariant under the action of U(ry) x...x U(rg) on
C™ x ... x C", and thus coincides with the hermitian area measure up to a constant
determined by condition (9.24). In fact, outside of the product of spheres, ¢, o locally
depends only on at most k — 1 factors and thus, for dimension reasons, the top power
(ddccpa’r,oo)“"'_l must be zero there. In the next section, the following change of variable
formula will be needed. For simplicity of exposition we restrict ourselves to continu-
ous functions, but a standard density argument would easily extend the formula to all

functions that are Lebesgue integrable with respect to the volume form wllfln’_pl.

(9.26) Proposition. Let f(z) be a bounded function on P(a[{l],...,ag’“]) which is
continuous outside of the hyperplane sections zs = 0. We also view f as a C*-invariant
continuous function on [[(C™s ~{0}). Then

F2)willy
/P(a[lrl],...,ag:k]) @b
rs—1

(Ir| = D! a1 /2 ar/2 Ty
- ) T1
s s (%u)GAkleHSZTS_l 1<s<k Ts )

where Ag_1 is the (k—1)-simplex {xs > 0, Y xs =1}, de = dx1A. .. Ndxp_1 its standard
measure, and where du(u) = duq(uy)...dug(uk) is the rotation invariant probability
measure on the product [, S27s =1 of unit spheres in C™ x ... x C"™. As a consequence

1
1 = = / du(u).
P8 fonr, ey POV = Tap J g, S0 AR

Proof. The area formula of the disc f| Al <1dd‘3|)\|2 = 1 and a consideration of the unit

disc bundle over P(a[lrl], e aer]) imply that

e [ f@uli = [ F(2) (A )71 AP,
P(a[lrl],...,agk]) Y z€CI™l,pq rp(2)<0

Now, a straightforward calculation on C!"l gives
||
(ddvereera)lrl = (dae 37 |z PP/
1<s<k

rs+1
LT (L) e

as
1<s<k

On the other hand, we have (dd®|z|?)I"l = |T|;k, ngsgk(ddc|zs|2)” and

7”1!.

I7|

(ddcelﬂpa,r,p)'H — (p 6P‘Pa,r,p (ddcgoa,’l“,p +pd90a,7“,p A dc(pa,r,p))
— |T|p‘r|+1e(|r‘p_1)ﬂoa,r,p (ddcwa,r,p)v'_l A ddceﬂoa,r,p’
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thanks to the homogeneity relation (dd®p, ,,)!"! = 0. Putting everything together, we
find

Url =D /)y (@)

I, ——/ .
_ o1 _
2€CIT], g 1 p(2)<0 (Es |Z8|2p/as)|r| 1/p s sl as + |Zs|2rs(1 p/as)
A standard calculation in polar coordinates with z, = psus, us € S?7~ 1, yields

(@dlz ), dps

|Z8|27"S

dps(us)

S

where p is the U(r4)-invariant probability measure on S?"s~1. Therefore

2 s sd s
;o / (r = U f oy ... pu) 77 22 Pl dos g (u,)
: Ga,rmp(2)<0 (Zlgsgk pgp/as)lrl—l/p (rs — 1)' als Tl
/ (|7~| — 1)! —1f( a1/2pul, N thk/quk) tgs_ldts dﬂs(“s)
u €8s =1, % "t <1 (E1< <k )l rl=1/p ; (r¢ — Dlag®

by putting ts = |zs|?P/% = pﬁp/‘“, ie. ps = tf,fs/Qp, ts €10, 1]. We use still another change
of variable t; = txs with t =, ., ts and x5 € ]0,1], > 2, ) ¥s = 1. Then

dti A ... A\ dty =t Ydxdt where de =dx1 N ... ANdxi_1.

The C* invariance of f shows that

27 rdug(ug) drdt

n- [ (= DA ) T

zﬁiisl,zz;n | <ok (ry — Dlak pti—1/p
—1
- 12 /2 vy s (us)
[ U= DU ) [ et
Emsil 1<8<k s r

This is equivalent to the formula given in Proposition 9.26. We have x§ 20:/P 4 1 as

p — +0o0o, and by Lebesgue’s bounded convergence theorem and Fubini’s formula, we get

lim [, =-—=——~ fu) 7dxd,u( ).
p——+o00 p Hs ags (w,u)GAk—lxn g2rs—1 1§];[§k ( Ts — ].)
It can be checked by elementary integrations by parts and induction on k, 1, ..., r; that
1
(927) / H .CCgS_ld.’Bl coodxp_1 = H (7‘5 — 1)' .
TEAK-1 1<s<h (I =1 1<s<k

rbl

This implies that (|r| —1)! H1<S<k =11 d is a probability measure on Aj_1 and that

1
lim I, =

R v R L)

Even without an explicit check, the evaluation (9.27) also follows from the fact that we
must have equality for f(z) = 1 in the latter equality, if we take into account the volume
formula (9.24). O
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§ 9.C. Probabilistic estimate of the curvature of k-jet bundles

Let (X, V) be a compact complex directed non singular variety. To avoid any tech-
nical difficulty at this point, we first assume that V' is a holomorphic vector subbundle
of Tx, equipped with a smooth hermitian metric h.

According to the notation already specified in the introduction, we denote by J*V
the bundle of k-jets of holomorphic curves f : (C,0) — X tangent to V at each point. Let
us set n = dim¢c X and r = rankc V. Then J k’V — X is an algebraic fiber bundle with
typical fiber C™ (see below). It has a canonical C*-action defined by A- f : (C,0) — X,
(A f)(t) = f(At). Fix a point g in X and a local holomorphic coordlnate system
(21, ...,2n) centered at xo such that V,, is the vector subspace (0/0z1,...,0/0z) at xg.
Then, in a neighborhood U of zg, V admits a holomorphic frame of the form

0 0
2 A 1< B<r, ags(0)=0.
(9.28) 825+ %B(Z)@za’ B<r, aqs(0)=0
r+1<asn

Let f(t) = (f1(t),..., fu(t)) be a k-jet of curve tangent to V starting from a point f(0) =
x € U. Such a curve is entirely determined by its initial point and by the projection
f(t) == (fi(t),..., fr(t)) to the first r-components, since the condition f'(t) € Vi
implies that the other components must satisfy the ordinary differential equation

FL) = > aas(f()f5(D).

1<B<r

This implies that the k-jet of f is entirely determined by the initial point x and the
Taylor expansion

(9.29) Flt) =T =Et+ 62+ + &th + O

where &5 = (§50)1<a<r € C". The C* action (A, f) — A- f is then expressed in coordinates
by the weighted action

(930> A (§17£27"'7§k> - (Agla)‘2£27"'7)‘k€k)
associated with the weight a = (11, 20" E["]). The quotient projectived k-jet bundle

(9.31) X56 .= (J*V < {o})/C*

considered by Green and Griffiths [GGT79] is therefore in a natural way a
P(1 11 2lr] k[’"]) weighted projective bundle over X. As such, it possesses a canonical
sheaf @ FXGG( ) such that O xcc(m) is invertible when m is a multiple of lem(1, 2, ..., k).

Under the natural pI‘OJGCthIl Tk 1 X909 — X, the direct image (7 )«@ yoc (m) coincides
with the sheaf of sections of the bundle EGSnV* of jet differentials of order k and degree
m, namely polynomials

(9.32) P(z; &1y, 8k) = Z L € R S

agENT, 1<e<k

of weighted degree |a| + 2|as| + ... + klag| = m on J*V with holomorphic coefficients.
The jet differentials operate on germs of curves as differential operators

(9-33) P(f)(t) =D ayar (F(1) f/(0)* . f ()
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In the sequel, we do not make any further use of coordinate frames as (9.28), because
they need not be related in any way to the hermitian metric h of V. Instead, we choose a
local holomorphic coordinate frame (eq(z))1<a<r of V on a neighborhood U of g, such
that

(9.34) (ea(2),€8(2)) = dap + > CijapziZj + O(|2])

1<i,jsn, 1Sa, Br

for suitable complex coefficients (cijag). It is a standard fact that such a normalized
coordinate system always exists, and that the Chern curvature tensor ﬁD%} , of (V. h)
at xg is then given by

(935) @V’h(wo) = —i Z Cijap dZZ A d?j (029 6;‘; X €a-
i7j7a75

Also, instead of defining the vectors {; € C” as in (9.29), we consider a local holomorphic
connection V on V|y (e.g. the one which turns (e,) into a parallel frame), and take
& = VP f(0) € V, defined inductively by V1f = f" and V*f = V (V71 f). This is just
another way of parametrizing the fibers of J*V over U by the vector bundle V|k Notice
that this is highly dependent on V (the bundle J*¥V actually does not carry a vector
bundle or even affine bundle structure); however, the expression of the weighted action
(9.30) is unchanged in this new setting. Now, we fix a finite open covering (Ug )qcr of X
by open coordinate charts such that V|, is trivial, along with holomorphic connections
Vq on Vg, . Let 0, be a partition of unity of X subordinate to the covering (Uy). Let
us fix p > 0 and small parameters 1 =& > e3> ... > ¢, > 0. Then we define a global
weighted exhaustion on J*V by putting for any k-jet f € JEV

(9.36) Vel i= (X 0ae) X Ivas@s) "

a€l 1<s<k

where || || () is the hermitian metric h of V' evaluated on the fiber V,, x = f(0). The
function ¥y, ,, . satisfies the fundamental homogeneity property

(937> \Ilh,p,s(/\ : f) - \Ilh,p,s(f) |>‘|2

with respect to the C* action on J*V, in other words, it induces a hermitian metric on
the dual L* of the tautological Q-line bundle L; = @XEG(D over Xg¢. The curvature
of Lj is given by

(9.38) TOL, vy = dd"log Uy p

where 7, : JKV {0} — XEG is the canonical projection. Our next goal is to compute
precisely the curvature and to apply holomorphic Morse inequalities to L — X ,SG with
the above metric. It might look a priori like an untractable problem, since the definition of
U}, p.e is a rather unnatural one. However, the “miracle” is that the asymptotic behavior
of Wy, e as €5/e5—1 — 0 is in some sense uniquely defined and very natural. It will lead
to a computable asymptotic formula, which is moreover simple enough to produce useful
results.
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(9.39) Lemma. On each coordinate chart U equipped with a holomorphic connection ¥V

of Viu, let us define the components of a k-jet [ € JRV by &€, = V*£(0), and consider
the rescaling transformation

p€(§17£27"'7§k) ::<€%§17€g£27'~'7€££k) on Jﬁ‘/7:ﬁ S Lﬁx

(it commutes with the C*-action but is otherwise unrelated and not canonically defined
over X as it depends on the choice of V). Then, if p is a multiple of lem(1,2,...,k) and

€s/es—1 — 0 for all s = 2,... k, the rescaled function Uy, , .o p-1(&1,. .., &) converges
towards 1/p
2p/s
(% nel)
1<s<k

on every compact subset of JkV|U ~ {0}, uniformly in C°° topology.

Proof. Let U C X be an open set on which Vi is trivial and equipped with some

holomorphic connection V. Let us pick another holomorphic connection V=V+T
where I' € H(U, Q% @ Hom(V, V). Then V2f = V2f +T(f)(f')- f/, and inductively we
get

Vef=Vf+P(f; V...,V )

where P(x; &1,...,&s—1) is a polynomial with holomorphic coefficients in x € U which is
of weighted homogeneous degree s in (£1,...,&s—1). In other words, the corresponding
change in the parametrization of J kV|U is given by a C*-homogeneous transformation

&s :£S+PS($; 51,~-~7£s—1)-

Let us introduce the corresponding rescaled components

(Erer-rhe) = (E161 i), (Erere o Ene) = (E161, - k).
Then N
63@ ::€s¢'+'5§}%(m; 5;1€1£7"‘78;£§_1)§8—1ﬁ)
- gs,s + 0(53/53—1>S O(||§1,s + ...+ ||§s—1,s

and the error terms are thus polynomials of fixed degree with arbitrarily small coefficients
as €5/es—1 — 0. Now, the definition of ¥}, ,, . consists of glueing the sums

2p/s 2p/s
ST el = Y er Il

1<s<k 1<s<k

1/(3—1))3

corresponding to & = V2 f(0) by means of the partition of unity Y 0,(z) = 1. We see
that by using the rescaled variables £, . the changes occurring when replacing a connec-
tion V. by an alternative one Vg are arbitrary small in C* topology, with error terms
uniformly controlled in terms of the ratios €,/e,_1 on all compact subsets of V¥ < {0}.
This shows that in C* topology, ¥y, , . 0 pz 1 (&1, ..., &) converges uniformly towards
(X 1cssk ||§'k||ip/s)1/p, whatever is the trivializing open set U and the holomorphic con-
nection V used to evaluate the components and perform the rescaling. O
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Now, we fix a point ¢ € X and a local holomorphic frame (en(2))1<a<r satisfying
(9.34) on a neighborhood U of xy. We introduce the rescaled components £ = €3V?* f(0)
on J k’V|U and compute the curvature of

1/p
e 0 p (25 Erre s ) ( 3 |r£s|12p/8)
1<s<k

(by Lemma 9.39, the errors can be taken arbitrary small in C*° topology). We write
s = Zl<a<T €sa€a- By (9.34) we have

l&lh = D 1esal® + D cijapziZibsaep + O(PIE%).

1:7j7a713

The question is to evaluate the curvature of the weighted metric defined by

1/p
v o) = (3 16IE)

1<s<k
2 N AN 3
(Z (Tl + X cumpmiziteat)””) - 00P
1<s<k «a 5,008

We set |52 =, |€sal?. A straightforward calculation yields
1Og\I!(Z7 517' . 75](7) =

2/ 1 &>/ fsafsﬁ 3
10g Z |€s| + Z o 2p/t Z C’L]Ot,BZZZj 2 O(|Z| )
s 2t 1€l €]

1<s<k 1<s<k i,7,0,0

By (9.38), the curvature form of Ly = @xcc (1) is given at the central point o by the
following formula.

(9.40) Proposition. With the above choice of coordinates and with respect to the
rescaled components £ = €5V* f(0) at g € X, we have the approximate expression

1 1 fs 2p/s ésaés —
Orpur (w0, [€) = warp(&) + = 3 LB S 282 gz,

2p/t
2m 1<s<k © 2o 16l 0,5,

where the error terms are O(maxogcs<k(€s/€s—1)%) uniformly on the compact variety
XEC. Here wy, is the (degenerate) Kihler metric associated with the weight a =
(1[7"], ol ., k[’"]) of the canonical C* action on J*V .

Thanks to the uniform approximation, we can (and will) neglect the error terms in
the calculations below. Since w, ,, is positive definite on the fibers of XISG — X (at
least outside of the axes {s = 0), the index of the (1,1) curvature form Or, v . (2, 1€])

is equal to the index of the (1,1)-form

: 2p/s ra
(9.41) fyk(z,f) — i Z 1& Z Cijaﬂ(z)gsagsﬁ dZi/\dij

2p/t 2
1<S<k 82t|£t| p/ i,j,a,B ‘£S|
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depending only on the differentials (dz;)1<j<n on X. The g-index integral of (Ly, ¥}, )
on X ,?G is therefore equal to

n+kr—1 __
/ T OLv; P
Xk (LkHQ) ”

(n+kr—1)! / / 1
Tl' kr — 1 cex Jeep(uin,.. xtr)) We TP (5) Yk 4 ( é)fyk( 5)

where 1, 4(2, &) is the characteristic function of the open set of points where v;(z, ) has
signature (n—g¢, ¢) in terms of the dz;’s. Notice that since v;(z, &)™ is a determinant, the
product 1, ,(2,&)vk(z, &)™ gives rise to a continuous function on XF¢. Formula 9.26
with r1 = ... =1 = r and as = s yields the slightly more explicit integral

/ ®n—|—kr—1 _ (n—l—kr— 1)'
X§S(Lyq) e nl(R)T
(1 ...25)" 1

/ex/( S g, .q(2 @, u)gr(z, ,u)" T dz dp(u),
z T, E_1 X r— |

1/2p k/2p

where gi(2, 2, u) = (2, 27" Ui, ..., " ug) is given by
(9.42) gk (z, z,u) Z —xs Z Cijap(2) Usalsp dz; N dZ;
1<s<k: i,7,0,0

and 1, ,(2,x,u) is the characteristic function of its g-index set. Here

(9.43) vy, o (z) = (kr — 1) % dx
' R P (r— 1)k
is a probability measure on Ap_1, and we can rewrite
/ @n+kr 1 (n + kr — 1)'
XI?G(Lk,q) Lk’\phpe n!(k!)r(k’r— 1)!
(9.44) / / L, o(z,2,u)gr(2, x,u)" dvg »(x) dp(u).
2€X J(z,u)EAL_1 X (S2r—1)k

Now, formula (9.42) shows that gx(z, z,u) is a “Monte Carlo” evaluation of the curvature
tensor, obtained by averaging the curvature at random points u, € S?"~! with certain
positive weights zs/s; we should then think of the k-jet f as some sort of random
parameter such that the derivatives V¥ f(0) are uniformly distributed in all directions.
Let us compute the expected value of (z,u) — gi(z, x,u) with respect to the probability
measure dv ,(z)dp(u). Since [go, 1 UsaTspdp(us) = %5a5 and fAIc—l Tsdvy . (x) = %,

we find
1

E(Qk(z7 o, .)) = E Z s Z C'L]aa de AN dZJ.

1<s<k 25,0

In other words, we get the normalized trace of the curvature, i.e.

1

1 1
(945) E(Qk(z7 o, .)) = k?“ (1 + 5 Tt E)Qdet(v*),det h* >
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where Oget(v+),deth+ is the (1,1)-curvature form of det(V*) with the metric induced
by h. It is natural to guess that gx(z, x,u) behaves asymptotically as its expected value
E(gx(z,e,0)) when k tends to infinity. If we replace brutally g by its expected value in
(9.44), we get the integral

(n+kr—1)! 1 1 1 “/
I R B I
2 (D7 (hr — 1)1 (kr)”( tgtety) T

where 7 := Oget(v+),det n= and 1, 4 is the characteristic function of its g-index set in X.
The leading constant is equivalent to (logk)™/n!(k!)” modulo a multiplicative factor
1+ O(1/logk). By working out a more precise analysis of the deviation, we will prove
the following result.

(9.46) Probabilistic estimate. Fiz smooth hermitian metrics h on V and w =
5= > wijdz; ANdzZ; on X. Denote by Oy, = —5- > cijapdz; N dZ; @ €}, ® eg the cur-
vature tensor of V' with respect to an h-orthonormal frame (e,,), and put

]

1(2) = Odet(v+),det h* = o E nijdz; N\ dz;, Nij = E Cijaa-
1<i,j<n 1<asr

Finally consider the k-jet line bundle Ly = @X,SG(D — X,SG equipped with the induced
metric Wy  _ (as defined above, with 1 = &1 > €2 > ... > € > 0). When k tends to

infinity, the integral of the top power of the curvature of Ly on its g-index set X,?G(Lk, q)
s given by

_ log k)™ -
@n-l-kr* 1 _ (7 </ 1 ,r’n +0 logk; 1 )
/‘;(I?G(LkaQ) Boipe ol (R \ x ™1 ({log &)™)

forallq=0,1,...,n, and the error term O((logk)~1) can be bounded explicitly in terms
of Oy, n and w. Moreover, the left hand side is identically zero for ¢ > n.

The final statement follows from the observation that the curvature of Ly is positive
along the fibers of X ,?G — X, by the plurisubharmonicity of the weight (this is true even
when the partition of unity terms are taken into account, since they depend only on the
base); therefore the g-index sets are empty for ¢ > n. We start with three elementary
lemmas.

(9.47) Lemma. The integral

T n
Ik,r,n :/ < —S) dykﬂn T
. > (2)

1<s<k

1 given by the expansion

Z 1 (kr —1)! Hléiék(r_l-i-ﬁi)!‘

I rn =
() o $182...8n (r—1)IF (kr +n—1)!

1<s1,82,0,8n <k
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where 5; = Pi(s) = card{j; s; =i}, > 0Bi =n, 1 <i< k. The quotient

r" 1 1\n
Tirm (1+5+.+7)
o /kr(kr+1)...(kr—i—n—1) +2+ +k

1 bounded below by 1 and bounded above by

1 e 27pl 1 1\ "
1+ 2% (1424+...42) =1+0((logk)2
(b) +3mz_2<n_m)!< + 5+ +k) +O((logk)?)
AS a consequence
1 1 1\ L
(c) Irn = ﬁ<<1+§+"'+g> + O((log k) ))
~ (logk+~)" + O((logk)™~2)
_ =

where 7y is the Fuler-Mascheroni constant.
.. Let us expand the n-th power (Emsgk %)n This gives
1 B1 Bk
Ik?,’l’,n = Z ﬁ .CCl o« o .’L‘k dyk’r(w)
1<51,82,...,sn, <k 192---9n JAL_4

and by definition of the measure v, we have

kr —1)! _ _
/ x{gl xg’“ dvg.(x) = %/ x71"+51 L. .x?’ﬂ’“ Vdxy ... day.
Ak,1 (T - 1) Ak,1

By Formula (9.27), we find

kr —1)! i r+06;,—1 !
/ L dg e (z) = (kr >k [hcicr(r+6i—1)
Bro (r=1%  (kr+n—1)

L e (U DA+ 2) (1 2
B kr(kr+1)...(kr +n—1) ’

and (9.47a) follows from the first equality. The final product is minimal when r =1,
thus

r B1 B
< P du,
kr(kr+1) ... (kr +n—1) /A,Hxl 3" dvg e (x)

< ' H1<i<k Bi!
Skr(kr+1)...(kr+n—1)

(9.48)

Also, the integral is maximal when all 8; vanish except one, in which case one gets

n _or(r+1)... (r+n—1)
(9:49) /Akl 27 () = kr(kr+1)...(kr+n—1)
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By (9.48), we find the lower and upper bounds

r" L\™
. T = (1 SR ‘)’
(9.50) v s sy e | G SR
rn pi!. Bk
51 Iy pn <
(9.51) kT kr(kr +1)...(kr +n—1) Z 51---5n

1<s1,...,8n <k

In order to make the upper bound more explicit, we reorganize the n-tuple (sq,...,s,)
into those indices ¢; < ... < t, which appear a certain number of times a; = 3;, > 2,
and those, say ty41 < ... < tyirm, which appear only once. We have of course > 3; =
n—m, and each choice of the ¢;’s corresponds to n!/a1!. .. ay! possibilities for the n-tuple
($1,-..,5n). Therefore we get

o MeMony oy oy :

) A0t Aovm
1<81,...,8n <k m=0 ¥, Toa;=n—m (t) Y/ 4+1 - 4+m

A trivial comparison series vs. integral yields

> F<atiw
a S q—1sa-1

s<t<+o00 t
and in this way, using successive integrations in ty, t;_1, ..., we get inductively
Z 1 < 1 - 1
1<t <...<tg<+oo Bty h Hlsiéﬂ(af—”l +otag—i) O

since o; > 2 implies op—;41 + ...+ ap — i > ¢. On the other hand
Z o Sl Z 78:W<1+§+"‘+E) .
1<tip1 <. <togrm <k {41 - Ugrm -1<81’...’Sm<k81... m !

Since partitions a3 + ... + ay = n — m satisfying the additional restriction «; > 2
correspond to o = a; — 2 satisfying > o = n — m — 2¢, their number is equal to

n—m-—20+/¢—1 _ n—m-4¥¢-—1 <2n_m_£_1
f—1 /-1

and we infer from this

Bal... Bk! gn—m—t=lp| 1 1\ 1 1\"
< — |1+ 4.+ = 1+=4+...+=
Z S$1...5p Z 2'm)! +2+ +k; + +2+ +k;
1<s1,...,8n <k =1

24+m<n
where the last term corresponds to the special case ¢ = 0, m = n. Therefore

—2 m n
51 LBk et 1 T 2n ) 1 1 1 1
< 1+=4. ..+~ T+=4 ...+~
> ST > — tgtetr ) (gt

1<s;<k ) m=0

1 2mp)! 1 1\ ™ 1 1\"
< = = ([ 14=+.. 4= I+=—+... +=— | .
3 Z (n—m)!( +2+ +k) +( +2+ +k;>
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This estimate combined with (9.50, 9.51) implies the upper bound (9.47 b) (the lower
bound 1 being now obvious). The asymptotic estimate (9.47 c) follows immediately. O

(9.52) Lemma. If A is a hermitian n x n matriz, set 14 4 to be equal to 1 if A has
signature (n—q, q) and 0 otherwise. Then for all n x n hermitian matrices A, B we have
the estimate

’]IA,q det A —1p, detB’ < ||A - B| Z ||A||i||B||n—1_7;7

0<is<n—1
where || Al|, || B|| are the hermitian operator norms of the matrices.

Proof. We first check that the estimate holds true for |det A —det B|. Let A\; <...< A,
be the eigenvalues of A and \] < ... < X\, be the eigenvalues of B. We have |\;| < ||A]],
|AL| < ||B]| and the minimax principle implies that [A; — | < ||A — B||. We then get the
desired estimate by writing

det A—detB =X\ ... A, =X ... A= > Ap.. — M)A,

n-
1<ign

This already implies (9.52) if A or B is degenerate. If A and B are non degenerate we
only have to prove the result when one of them (say A) has signature (n — ¢, ¢) and the
other one (say B) has a different signature. If we put M (t) = (1 —t)A +tB, the already
established estimate for the determinant yields

n—1
| et M (1) < nll A~ B IM(1)] < nll A~ BI (L~ D]} A] + 1] B])

However, since the signature of M (t) is not the same for ¢ = 0 and ¢ = 1, there must exist
to € ]0,1] such that (1 —t9)A + toB is degenerate. Our claim follows by integrating the
differential estimate on the smallest such interval [0, ¢o], after observing that M (0) = A,
det M(ty) = 0, and that the integral of the right hand side on [0, 1] is the announced
bound. O

(9.53) Lemma. Let Q4 be the hermitian quadratic form associated with the hermitian
operator A on C™. If i is the rotation invariant probability measure on the unit sphere
S2n=L of C™ and \; are the eigenvalues of A, we have

[ 1a0ran©) = o (S0 ()

The norm ||A|| = max |\;| satisfies the estimate

1
— A% < 2d < || A2
PP < [ 1ea(©ran) < 141

Proof. The first identity as an easy calculation, and the inequalities follow by computing
the eigenvalues of the quadratic form > \? + (Z )\i) —cA? ¢ > 0. The lower bound is

20"’
attained e.g. for Qa(¢) = [¢1]? = 2 (|¢G2]*+. ..+ [¢a]?) when we take ig =1 and ¢ = 1+ L.
U
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.of Proposition 9.46. Take a vector ( € T'x ,, ( = > Cia%i, with ||(]|,, = 1, and introduce
the trace free sesquilinear quadratic form

~ = _ - 1
Qzc(u) = Z Cijap(2) GiCj ualip, Cijap = CijaB — ;7713'5055, ueCr

i?j’a’/B
where 7;; = >, <a<r Cijaa- We consider the corresponding trace free curvature tensor

.40
As a general matter of notation, we adopt here the convention that the canonical corre-
spondence between hermitian forms and (1, 1)-forms is normalized as ) a;;dz; @ dzZ; <>
i > a;jdz; NdZ;, and we take the liberty of using the same symbols for both types of ob-
jects; we do so especially for gi(z, , u) and n(2) = 5= > 1;;(2)dz;Adz; = Tr Oy (z). First

observe that for all k-tuples of unit vectors u = (u1, ..., ux) € (S ¥ us = (Usa)1<a<r
we have
2 £L’2
/ Z _xs Z ngaﬁ Cizjusaﬂsﬁ d:u(u) - Z _SV(QZ,(>
S2r=1)k 1<s<k: 7,70, 1<s<k 5

where V(Q,.¢) is the variance of @, on S*~!. This is so because we have a sum
over s of independent random variables on (S?"~1)*, all of which have zero mean value.
(Lemma 9.53 shows that the variance V(Q) of a trace free hermitian quadratic form
Q(u) =D 1cacr Ao | |? on the unit sphere S?"~1 is equal to P cy +1) S A2 | but we only
give the formula to fix the ideas). Formula (9.49) yields

+1
xidukr T) = 7“7‘
/Akl (@) k(kr 4+ 1)

Therefore, according to notation (9.42), we obtain the partial variance formula

/ |91 (2, 2, u)(Q) = G (2, 2) ()P dv - (2)dps(u)
Ak) 1 X(S2'r‘ 1)/@

— (2 )i

1<s<k
in which
B 1 1 _ 1 \1
gk(z,x)(C): Z gxs; Zcijaagicj‘: Z gxs ;77(2)(07
1<s<k ija 1<s<k

on(Ov (¢ €)=V (ur (Ov (¢, Qu,u)) = / ooy | BV O i)

By integrating over ¢ € S?"~! C C™ and applying the left hand inequality in Lemma
9.53 we infer

/A (5Er—1)e |gr (2, 2, w) = Gi (2, 2)||2 dvi,p (@) dps(u)
k—1X 2r—1

n?(r+1) 1 ~
(9.55) < m( Z S_Q)Uw,h(e)v)

1<s<k
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where aw,h(év) is the standard deviation of év on §2n—1 x §2r—1.

~ ~ 2

rn(®v) = [ By (C.C)u | *au(C) da(u).
|<‘W:1a ‘u|h:1

On the other hand, brutal estimates give the hermitian operator norm estimates

(9.56) gzl < (X Lo ) Lol

T
1<s<k

w,h

(9.57) lontz ol < (3 o) lev]

1<s<k

where

1Ov]wn= sup  [Ov(( u u)nl.

‘C|w:17 |u|h:1

We use these estimates to evaluate the g-index integrals. The integral associated with
J,(z,7) is much easier to deal with than g(z,z,u) since the characteristic function of
the ¢g-index set depends only on z. By Lemma 9.52 we find

’]lgk,q(z, z,u) det gi(z, z,u) — 1, 4(2) det g, (2, x)}

n—1—1

< Hgk(z,x,u)—ﬁk(z,x)Hw Z ”gk<2,.’13,U)"L"§k<2,$)"w
o<i<n—1

The Cauchy-Schwarz inequality combined with (9.55 — 9.57) implies

/A P |y, 4 (2, 2, u) det gi (2, ,u) — 1) 4(2) det Gy, (2, )| dvg, (2)dp(w)
k—1X T

1/2
_ 2
<(/ Jo6(3..) = (a2 (@)l )
Ap_q1x(8§2r=1)k

' \ 2 1/2
(f (X st il ) o (a)dto)
A1 X (SR N gcicn—1
n(l+1/r)1/2 ( 1)1/2 - i ne1oi
< =] 0wn(Ov) 1OV [[éon | = lIn(2) e
(k(k+1/r))4/2 1@2@ s? 1<§1—1 JL(T )
2n—2 1/2 n—1
T . (log k)
X (/A ) ( Z ?) du;w(x)> = O(ikn )
k=1 N 1<s<k

by Lemma 9.47 with n replaced by 2n — 2. This is the essential error estimate. As one
can see, the growth of the error mainly depends on the final integral factor, since the
initial multiplicative factor is uniformly bounded over X. In order to get the principal
term, we compute

1
[ dem e dn, (@) = S detn(e) [
Ap_s rm A

log k)™
~ % det n(z).

( E: %f)ndeAx)

k=1 N\ 1<s<k
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From there we conclude that

Lo, Mmoo 0 o))
z€E T,u)EAL_1 X (8271

_ (log k)™ / n (log k)" *
- pnkn X]ln’qn +O< kn )

The probabilistic estimate 9.46 follows by (9.44). O

(9.58) Remark. If we take care of the precise bounds obtained above, the proof gives
in fact the explicit estimate

@n-i—kﬂ‘* 1 _ (n rn / 1 n T,nJ
/ng(Lk,q) Wi p e n!(k)r(kr —1)! ¥ a1+ Ehr,

where
B\ 1/2 = ‘ ‘
T=n (S 5) [ un®) X vl )z
s=1 =1
and
b\ 202 1/2
(Lo(X%) wew)
|5k,r,n < - =1 k
(e(k + 1/r))1/2/ ( ‘”—) dvg ()
AVISY s=1 §
2n—2 2™ (2n—2)! —-m 1/2
_ (1+%Zm:2 (2n£2—m))'(1+%+"'+%) ) 1
h 1+%+...+% log k

by the lower and upper bounds of I, ., Iir2n—2 obtained in Lemma 9.47. As
(2n —2)!/(2n —2 —m)! < (2n — 2)™, one easily shows that

(31/15)1/2

. ,mn <
(9.59) etrnl € o7

for k > e® 2,

Also, we see that the error terms vanish if (:jv is identically zero, but this is of course a
rather unexpected circumstance. In general, since the form Oy is trace free, Lemma 9.50
applied to the quadratic form u +— (Ov((,{)u,u) on C" implies o, ,(Oy) < (r +
1)=Y2||®y || This yields the simpler bound

()G W™ 0

1/2
(9.60) J < nr1/2< )

It will be useful to extend the above estimates to the case of sections of

(9.61) L, = Oxca(1) ® wko(% (1 + % T %)F)



9. On the Green-Griffiths-Lang conjecture 97

where F' € Picg(X) is an arbitrary Q-line bundle on X and 7 : XF¢ — X is the natural
projection. We assume here that F' is also equipped with a smooth hermitian metric Ap.
In formula (9.47), the renormalized metric 7 (2, z, u) of Ly takes the form

1
Z(1+3i+...+%)

(962> nk(z7x7u> = gk(Z,CL’,U) +®F,hF(Z>7

and by the same calculations its expected value is

(9.63) n(z) == E(nk(z,,0)) = Odet v det h (2) + Op np(2).

Then the variance estimate for 1, — 7 is unchanged, and the LP bounds for n; are still
valid, since our forms are just shifted by adding the constant smooth term Op . (2).
The probabilistic estimate 9.45 is therefore still true in exactly the same form, provided
we use (9.61 — 9.63) instead of the previously defined Ly, nx and 1. An application of
holomorphic Morse inequalities gives the desired cohomology estimates for

1 1
hQ(X,E,gf,Siv* ®@(k—";(1 + ot E)F))

1 1
— h1(XEC, 0 06 () ®w;@(%(1 + ot E)F))

provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.

(9.64) Theorem. Let (X,V) be a directed manifold, F — X a Q-line bundle, (V,h)
and (F,hp) smooth hermitian structure on V and F respectively. We define

a1 1 1
Ly = Oxoo() @ mi0(— (145 +...+7)F),

1 = Odet V*,det h* + OF hy-
Then for all ¢ = 0 and all m >k > 1 such that m s sufficiently divisible, we have

‘ . mn—|—kr—1 log k)™ “n 1
(@)  RUXEC GLE™) < R (n!fk,)T </x<n,q><_1) n" + O((logk) )),

(n+ kr —1)! n! (k!

mn+kr—1 (lng n
(n+kr—1)! nl (k"

()  X(XF€,0(Lym) =

j
m" kr—1 o n

) RS e > e ] i i~ Ol(iogh) ™)

; (a(V*® F)" +O((logk)™)).

Green and Griffiths [GG79] already checked the Riemann-Roch calculation (9.64 c)
in the special case V = T and F' = @x. Their proof is much simpler since it relies
only on Chern class calculations, but it cannot provide any information on the individual
cohomology groups, except in very special cases where vanishing theorems can be applied;
in fact in dimension 2, the Euler characteristic satisfies x = h® —h' +h? < h? +h?2, hence
it is enough to get the vanishing of the top cohomology group H? to infer h > x; this
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works for surfaces by means of a well-known vanishing theorem of Bogomolov which
implies in general

1 1
Hn<X,E,§SnT;( ®@(%(1+ St E)F))) _

as soon as Kx ® F'is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities [Bon93], ev-
erything works almost unchanged in the case where V' C T'x has singularities and h is an
admissible metric on V' (see (0.11)). We only have to find a blow-up p : X — X, so that
the resulting pull-backs p* L, and p*V are locally free, and p* det h*, p* Wy, ,, . only have
divisorial singularities. Then 7 is a (1, 1)-current with logarithmic poles, and we have to
deal with smooth metrics on u*LE’m ® O(—mEy) where E}, is a certain effective divisor
on Xy (which, by our assumption (0.11), does not project onto X). The cohomology
groups involved are then the twisted cohomology groups

HY(XEC, O(LE™) @ Fom)

where fj m = p«(O(—mE}Y)) is the corresponding multiplier ideal sheaf, and the Morse
integrals need only be evaluated in the complement of the poles, that is on X (n,q) S
where S = Sing(V') U Sing(h). Since

1 1
()« (OLE™) ® Fom) C BEGV™ @ o(g (1+ St z)F»

we still get a lower bound for the HY of the latter sheaf (or for the H? of the un-twisted
line bundle @(LY™) on X 7). If we assume that Ky ® F is big, these considerations also
allow us to obtain a strong estimate in terms of the volume, by using an approximate
Zariski decomposition on a suitable blow-up of (X, V). The following corollary implies
in particular Theorem 0.5.

(9.65) Corollary. If F' is an arbitrary Q-line bundle over X, one has
0 vGG @ v 1 1
(XS Oxgetm) om0 (10 (14 5+ ) F)
o _m" (logh)"
7 (n+ kr— 1)l nl (k)"

(VOI(KV X F) — O((lOg ]{;>_1>) _ O(mn—kkr—l),

when m > k > 1, in particular there are many sections of the k-jet differentials of degree
m twisted by the appropriate power of F' if Ky ® F' is big.

Proof. The volume is computed here as usual, i.e. after performing a suitable modifi-
cation p : X — X which converts Ky into an invertible sheaf. There is of course nothing
to prove if Ky ® F' is not big, so we can assume Vol(Ky ® F') > 0. Let us fix smooth
hermitian metrics hg on Tx and hr on F. They induce a metric p*(dethy' ® hr)
on p*(Ky ® F) which, by our definition of Ky, is a smooth metric. By the result of
Fujita [Fuj94] on approximate Zariski decomposition, for every > 0, one can find a
modification ps : X5 — X dominating p such that

ps(Ky @ F) = @gé(A—I—E)
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where A and F are Q-divisors, A ample and E effective, with
Vol(A) = A" > Vol(Ky @ F) — 6.

If we take a smooth metric hy with positive definite curvature form © 4y ,, then we get
a singular hermitian metric hahg on pj(Ky ® F) with poles along F, i.e. the quotient
hahg/p*(det hal ® hr) is of the form e™% where ¢ is quasi-psh with log poles log |0 |
(mod C*°(Xj)) precisely given by the divisor E. We then only need to take the singular
metric A on T defined by

h = hger(Ha)*e

(the choice of the factor % is there to correct adequately the metric on det V). By
construction h induces an admissible metric on V' and the resulting curvature current
N = Ok det h* + OF, is such that

pusn = 0O©an, + [E], [E] = current of integration on E.

Then the 0-index Morse integral in the complement of the poles is given by

/ = [ en, = A" > Vol(Ky © F) - 6
X (n,00~8 Xs

and (9.65) follows from the fact that 6 can be taken arbitrary small. u

(9.66) Example. In some simple cases, the above estimates can lead to very ex-

plicit results. Take for instance X to be a smooth complete intersection of multidegree
(di,da,...,ds) in IP’€+S and consider the absolute case V = Tx. Then

KX:@X(d1+...+d8—n—8—1>.

Assume that X is of general type, i.e. > d; >n+ s+ 1. Let us equip V = Tx with the
restriction of the Fubini-Study metric h = ©¢(1); a better choice might be the Kéhler-
Einstein metric but we want to keep the calculations as elementary as possible. The
standard formula for the curvature tensor of a submanifold gives

Orx,h = (O1,,,.0)x + B8NS

where 8 € C°°(AMT% ® Hom(T'x, @ @(d;))) is the second fundamental form. In other
words, by the well known formula for the curvature of projective space, we have

(O1 1 (¢, Quy u) = [¢ul® + [(¢, w)* = |B(C) - ul*.
The curvature p of (Kx,det h*) (i.e. the opposite of the Ricci form Tr O, j) is given by
(9.67) p=—TrOrxn=Tr(BAB")—(n+1)h > —(n+1)h.

We take here F' = Ox(—a), a € Q, and we want to determine conditions for the
existence of sections

1 1
(9.68) H0<X,E,§SnT§®@<—a%<l+§+...+z)>), m> 1.
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We have to choose Kx ® Ox(—a) ample, i.e. > dj > n+ s+ a+ 1, and then (by an
appropriate choice of the metric of F' = Ox(—a)), the form 7 = Og ge,(—q) can be
taken to be any positive form cohomologous to (Y d; — (n+s+a+1))h. We use remark
9.58 and estimate the error terms by considering the Kéahler metric

w=p+n+s+2)h= (Zderl)h.

Inequality (9.67) shows that w > 2h and also that w > Tr(5 A f*). From this, one easily
concludes that ||n||, < 1 by an appropriate choice of 7, as well as || Oy pllw,n < 1 and

||éTX,h| w.h < 2. By (9.60), we obtain for n > 2

J<n3/2lx2nn_1/w”<4—7rn”+1/2/w”
X X

V6 n—1 V6

where [, w™ = (Y d; +1)" deg(X). On the other hand, the leading term [, 7" equals
(>Xdj—n—s—a— l)n deg(X) with deg(X) = d; ...ds. By the bound (9.59) on the error
term €y, », we find that the leading coefficient of the growth of our spaces of sections is
strictly controlled below by a multiple of

(Zdj —n—s—a—l)n—4ﬁ(%>l/2 n;::(zdj-i-l)n

if k> e® 5. A sufficient condition for the existence of sections in (9.68) is thus

(9.69) k> exp (738 n”+1/2<2d. _anj_;ri —)").
J

This is good in view of the fact that we can cover arbitrary smooth complete intersections
of general type. On the other hand, even when the degrees d; tend to +oo, we still get
a large lower bound k ~ exp(7.38 n™*1/2) on the order of jets, and this is far from being
optimal : Diverio [Div09] has shown e.g. that one can take k = n for smooth hypersurfaces
of high degree. It is however not unlikely that one could improve estimate (9.69) with
more careful choices of w, h. O

10. Effective Version of Matsusaka’s Big Theorem

An important problem of algebraic geometry is to find effective bounds mq such that
multiples mL of an ample line bundle become very ample for m > mq. From a theoretical
point of view, this problem has been solved by Matsusaka [Mat72] and Kollar-Matsusaka
[KoM83]. Their result is that there is a bound mg = mg(n, L™, L™ ! - Kx) depending
only on the dimension and on the first two coefficients L™ and L"~! - Kx in the Hilbert
polynomial of L. Unfortunately, the original proof does not tell much on the actual
dependence of mg in terms of these coefficients. The goal of this section is to find
effective bounds for such an integer myg, along the lines of [Siu93]. However, one of the
technical lemmas used in [Siu93] to deal with dualizing sheaves can be sharpened. Using
this sharpening of the lemma, Siu’s bound will be here substantially improved. We first
start with the simpler problem of obtaining merely a nontrivial section in mL. The idea,
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more generally, is to obtain a criterion for the ampleness of mL — B when B is nef. In
this way, one is able to subtract from m/L any multiple of Kx which happens to get
added by the application of Nadel’s vanishing theorem (for this, replace B by B plus a
multiple of Kx + (n+ 1)L).

(10.1) Proposition. Let L be an ample line bundle over a projective n-fold X and let
B be a nef line bundle over X. Then Kx + mL — B has a nonzero section for some

integer m such that

Ln—l_

Proof. Let mg be the smallest integer > n LnL_i'B. Then moL — B can be equipped with

a singular Hermitian metric of positive definite curvature. Let ¢ be the weight of this
metric. By Nadel’s vanishing theorem, we have

HY (X, O0(Kx +mL— B)® %(¢)) =0 for ¢ > 1,

thus P(m) = h%(X,0(Kx + mL — B) ® J(¢)) is a polynomial for m > mg. Since
P is a polynomial of degree n and is not identically zero, there must be an integer
m € [mg, mo + n] which is not a root. Hence there is a nontrivial section in

HY(X,0(Kx +mL — B)) D H'(X,0(Kx +mL — B) ® $(¢))
for some m € [mg, mo + n}, as desired. O
(10.2) Corollary. If L is ample and B is nef, then mL — B has a nonzero section for
some integer

L' B+ L' K
Ln

m<n< +n+1).

Proof. By Fujita’s result 10.3 (a), Kx + (n + 1)L is nef. We can thus replace B by
B+ Kx + (n+ 1)L in the result of Proposition 10.1. Corollary 10.2 holds. O

(10.3) Remark. We do not know if the above Corollary is sharp, but it is certainly
not far from being so. Indeed, for B = 0, the initial constant n cannot be replaced
by anything smaller than n/2: take X to be a product of curves C; of large genus g;
and B = 0; our bound for L = @(ai[p1]) ® - - - ® O(ay[p,]) to have |mL| # () becomes
m < Y (29; —2)/a; + n(n + 1), which fails to be sharp only by a factor 2 when a; =
co=ap, =1and g1 > go > -+ > g, — +00. On the other hand, the additive constant
n + 1 is already best possible when B = 0 and X = P™. U

So far, the method is not really sensitive to singularities (the Morse inequalities
are indeed still true in the singular case as is easily seen by using desingularizations of
the ambient variety). The same is true with Nadel’s vanishing theorem, provided that
K x is replaced by the L? dualizing sheaf wy (according to the notation introduced in
Remark 6.22, wx = Kx(0) is the sheaf of holomorphic n-forms u on X,es such that
i" u A u is integrable in a neighborhood of the singular set). Then Proposition 10.1 can
be generalized as
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(10.4) Proposition. Let L be an ample line bundle over a projective n-fold X and let
B be a nef line bundle over X. For every p-dimensional (reduced) algebraic subvariety
Y of X, there is an integer

L. B.Y
+p+1

mép—Lp.Y

such that the sheaf wy ® Oy (mL — B) has a nonzero section.

To proceed further, we need the following useful “upper estimate” about L? dualizing
sheaves (this is one of the crucial steps in Siu’s approach; unfortunately, it has the effect
of producing rather large final bounds when the dimension increases).

(10.5) Proposition. Let H be a very ample line bundle on a projective algebraic mani-
fold X, and let Y C X be a p-dimensional irreducible algebraic subvariety. If 6 = HP - Y
is the degree of Y with respect to H, the sheaf

Hom (wy, Oy ((6 — p— 2)H))

has a nontrivial section.

Observe that if Y is a smooth hypersurface of degree ¢ in (X,H) = (PP*1,@(1)),
then wy = Oy (6 — p — 2) and the estimate is optimal. On the other hand, if YV is
a smooth complete intersection of multidegree (d1, -+ ,d,) in PP*" then § = ;- 4,
whilst wy = Oy (01 + -+ —p—7r — 1) ; in this case, Proposition 10.5 is thus very far
from being sharp.

Proof. Let X C PV be the embedding given by H, so that H = @x(1). There is a
linear projection P* ---» PPT! whose restriction m : Y — PP*! to Y is a finite and
regular birational map of Y onto an algebraic hypersurface Y’ of degree ¢ in PP*!. Let
s € HO(PP*L @(5)) be the polynomial of degree § defining Y’. We claim that for any
small Stein open set W C PP+ and any L? holomorphic p-form u on Y/ NW, there is a L?
holomorphic (p+1)-form w on W with values in @(6) such that @y nw = uAds. In fact,
this is precisely the conclusion of the Ohsawa-Takegoshi extension theorem [OT87; Ohs88]
(see also [Man93] for a more general version); one can also invoke more standard local
algebra arguments (see Hartshorne [Har77], Theorem III-7.11). As Kpp+1 = O(—p — 2),
the form w can be seen as a section of @(§ — p — 2) on W, thus the sheaf morphism
u — u A ds extends into a global section of Hom (wy, @y+ (8 — p — 2)). The pull-back by
7* yields a section of Hom(m*wy, @y ((§ — p— 2)H)). Since 7 is finite and generically
1:1, it is easy to see that m*wys = wy. The proposition follows. O

By an appropriate induction process based on the above results, we can now improve
Siu’s effective version of the Big Matsusaka Theorem [Siu93]. Our version depends on a
constant A, such that m(Kx + (n+2)L)+ G is very ample for m > )\, and every nef line
bundle G. Corollary 8.6 shows that A, < (3”;1) — 2n, and a similar argument involving
the recent results of Angehrn-Siu [AS95] implies \,, < n® —n? —n —1 for n > 2. Of
course, it is expected that \,, = 1 in view of the Fujita conjecture.

(10.6) Effective Version of the Big Matsusaka Theorem. Let L and B be nef line
bundles on a projective n-fold X. Assume that L is ample and let H be the very ample
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line bundle H = \,,(Kx + (n+2)L). Then mL — B is very ample for

(8"1_1)/2 (Ln—l . (B+H))(3"_ —|—1)/2<Ln—1 . H)S"_ (n/2—3/4)—1/4.

m > (2n) (L) 2(n/2=1/0)+1/4

In particular mL is very ample for

1. KX)3”—2(n/2+3/4)+1/4

m>C, (L") <n +2+ T

with Cy, = (20) 3" =1/2(),,)3" 2 (n/243/4)+1/4,

Proof. We use Proposition 10.4 and Proposition 10.5 to construct inductively a sequence
of (non necessarily irreducible) algebraic subvarieties X =Y, DY,-1 D--- DYDY
such that Y, = | ; Y, ; is p-dimensional, and Y,_; is obtained for each p > 2 as the union
of zero sets of sections

Opj € HO(Yp,jv Oy, ;(mp ;L — B))

with suitable integers m, ; > 1. We proceed by induction on decreasing values of the
dimension p, and find inductively upper bounds m,, for the integers m,, ;.

By Corollary 10.2, an integer m,, for m, . — B to have a section o,, can be found
with
L 1. (B+Kx+(n+1)L) < L' (B+H)

My <N In <n In
Now suppose that the sections o, ---, 0p11,; have been constructed. Then we get
inductively a p-cycle Y, = Y p1p ;Y, ; defined by Y, = sum of zero divisors of sections

Op+1,5 in Ypi1 5, where the mutiplicity pp ; on Y, ; C Y,41 1 is obtained by multiplying
the corresponding multiplicity p,41,% of Y41 ; with the vanishing order of 0,1 along
Y, ;. As cohomology classes, we find

17zo = Z(mp+1,kL = B) - (ppr1,1Ypy1.6) < mpa L 1~/zo+1-

Inductively, we thus have the numerical inequality

Y, <mpyr---m, L7

Now, for each component Y, ;, Proposition 10.4 shows that there exists a section of
wy, ; ® Oy, . (m, ;L — B) for some integer

P~ 1. B.Y. .
Ty p’]+p+1<pmp+1~-~an”_1-B+p+1.
“ipyg

Mpj <P

Here, we have used the obvious lower bound LP~! - Y,; =1 (this is of course a rather
weak point in the argument). The degree of Y), ; with respect to H admits the upper
bound

Opj i=HY - Y, ; <mpyr---m, H? - L"P.

We use the Hovanski-Teissier concavity inequality ([Hov79; Tei79; Tei82])

(L"P - HP)w (L") "% <L"' - H
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to express our bounds in terms of the intersection numbers L™ and L™~ ! - H only. We

then get

(L=t Hy

Opj < Mpg1 .- .mnw

By Proposition 10.5, there is a nontrivial section in
Hom(wyp’j , Oy, ((6pj —p— 2)H)).

Combining this section with the section in wy, ; ® Oy, . (m, ;L — B) already constructed,
we get a section of Oy, . (my ;L — B+ (0, —p—2)H) on Y, ;. Since we do not want H
to appear at this point, we replace B with B + (0, ; —p — 2)H and thus get a section
op,; of Oy, . (my ;L — B) with some integer m,, ; such that

Mpj < PMpy1 My L1 (B+ (6p; —p—2)H) +p+1
p

<
<pmpr1-myd,; L1 (B+ H)

% L' (B+H).

N

xP (mp+1 e mn)2

Therefore, by putting M =n L™~ . (B + H), we get the recursion relation

(L H

mp < M (Ln)p—l

(Mpr1 - -my)? for2<p<n—1,

with initial value m,, < M/L™. If we let (7m,) be the sequence obtained by the same
recursion formula with equalities instead of inequalities, we get m, < m, with m,,_; =

MS(Ln—l X H)n—l/(Ln>n and

L’I’L
My = ———— Mo |
P Ln_l - H p+1""p+1

for 2 < p < n — 2. We then find inductively

(Ln—l ,H):&“*P*l(n—g/2)+1/2

—_— S'n_p
mp < my =M (Ln)3" 7~ (n=1/2)+1/2

We next show that moL — B is nef for
mo :maX(mQ, ms, -, My, m2_,_ann—1 'B)

In fact, let C C X be an arbitrary irreducible curve. Either C' = Y; ; for some j or
there exists an integer p = 2, --- ,n such that C' is contained in Y, but not in Y,_;. If
C CY,;~\Y,_1, then o, ; does not vanish identically on C. Hence (m, ;L — B)c has
nonnegative degree and

(moL—B)CZ (mp’]L—B>CZO
On the other hand, if C' =Y} ;, then

moL—B 'CZmo—B-i}lZmo—mg-'-ann_l'BZO.
(
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By the definition of A, (and by Corollary 8.6 showing that such a constant exists),
H + G is very ample for every nef line bundle G, in particular H + mgL — B is very
ample. We thus replace again B with B + H. This has the effect of replacing M with
M =n(L"'-(B+2H)) and mg with

mo = max (my, , Mp_1, =+ ,Ma, ma---m, L" " - (B+ H)).
The last term is the largest one, and from the estimate on m, , we get

(Ln! .H)(3”‘2—1)(n—3/2)/2+(n—2)/2(Ln—l - (B+ H))

(L)@ =D (n=1/2)/2+(n-2)/2+1
ety (L (B H))®™ D2 (En 1 s /2841
(Lm)3" 2(n/2-1/4)+1/4 '

mo < MBI =1)/2

< (2n)

g

(10.7) Remark. In the surface case n = 2, one can take \,, = 1 and our bound yields
mL very ample for

(L-(Kx +4L))?

L? ’
If one looks more carefully at the proof, the initial constant 4 can be replaced by 2. In
fact, it has been shown recently by Fernandez del Busto that mL is very ample for

m =4

1[(L-(Kx +4L) +1)2
m>§ L2

+3],

and an example of G. Xiao shows that this bound is essentially optimal (see [FdB96]).

11. Positivity Concepts for Vector Bundles

In the course of the proof of Skoda’s L? estimates in the next section, we will have to
deal with dual bundles and exact sequences of Hermitian vector bundles. The following
fundamental differential geometric lemma will be needed.

(11.1) Lemma. Let E be a Hermitian holomorphic vector bundle of rank r on a complex
n-dimensional manifold X. Then the Chern connections of E and E* are related by
Op- = —'Of where ! denotes transposition. In other words, the associated Hermitian

forms ©p and Op- are related by

- _ 0
Op(r,7) = CikAuTNT kepu» T = Tiam— @ ex,
0z;
1<,k <n, 1<A, p<r 3 J
~ 0
_ ) * —k * * *
Op«(1,7) = — g CikpATINT kopus T = E TiNg,. ® €}.
1<5,k<n, 1A, p<r 7\ J

In particular E >ayir 0 if and only if E* <gyis 0.
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Notice that the corresponding duality statement for Nakano positivity is wrong (be-
cause of the twist of indices, which is fortunately irrelevant in the case of decomposable
tensors).

Proof. The Chern connections of E and E* are related by the Leibniz rule
d(oc As) = (Dg-o)As+ (—1)%%€% A Dgs

whenever s, o are forms with values in F, E* respectively, and o A s is computed using
the pairing £* @ F — C. If we differentiate a second time, this yields the identity

0= (D%.0) As+ 0o A D%s,
which is equivalent to the formula O« = —!©g. All other assertions follow. O

(11.2) Lemma. Let
0—85 “—E 5Q—0

be an exact sequence of holomorphic vector bundles. Assume that E is equipped with a
smooth Hermitian metric, and that S and Q are endowed with the metrics (restriction-
metric and quotient-metric) induced by that of E. Then

(11.3) JF®g:E—SoQ, jog-:SeQ — FE

are C*° isomorphisms of bundles, which are inverse of each other. In the ‘€ -splitting
E~S&Q, the Chern connection of E admits a matriz decomposition

_(Ds =5
(11.4) Dp = ( BS DQ)

in terms of the Chern connections of S and Q, where
B e €*(X,A"'T% ® Hom(S,Q)), B* € €*(X,A"' T ® Hom(Q, 9)).

The form (B is called the second fundamental form associated with the exact sequence. It
s uniquely defined by each of the two formulas

(115> D;—Iom(S,E)j = g* OB? J 06* = _Dﬁom(Q,E)g*

We have D/Hom(s,Q)B =0, Dﬁom(st)ﬂ* =0, and the curvature form of E splits as

Os—p*NB —Dy B
11.6 Op = om(@.5) ") |
(11-6) " ( Dfiom(s,)?  ©@—BAB"

and the curvature forms of S and Q) can be expressed as
(11.7) O©s = Ogs + 5 A B, ©¢g = Ogo + LA BT,

where Os, Opg stand for j* cOgoj and go O o g*.
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Proof. Because of the uniqueness property of Chern connections, it is easy to see that
we have a Leibnitz formula

DF(f A U) = (DHom(E,F)f) Au+ (_1)degff A Dgu

whenever u, f are forms with values in Hermitian vector bundles F and Hom(FE, F)
(where Hom(E, F) = E* ® F is equipped with the tensor product metric and f A u
incorporates the evaluation mapping Hom(FE, F) ® E — F'). In our case, given a form
u with values in F, we write u = jus + g*ug where us = j*u and ug = gu are the
projections of v on S and ). We then get

= (Drom(s,g)j) ANus +j - Dsus + (Drom(Q,2)9") Nug + 9" - Dqug-

Since j is holomorphic as well as j* o j = Idg, we find Dﬁom(s E)j =0 and

Hom(s,s) 1ds = 0 = Dijou(.5)3" © J-

By taking the adjoint, we see that j* o Dhom(s mJ =0, hence Dhom(s B takes values
in ¢g*@) and we thus have a unique form £ as in the lemma such that Dﬁom(s E)j =g*op.
Similarly, g and g o g* = Idg are holomorphic, thus

Ditom(@.q) 1d@ = 0= 9 © Diiom(q.5)9"
and there is a form y € € (X, A%'T% @Hom(Q, S)) such that Diiom0.my9" =7 ©7- By

adjunction, we get D’Hom(E @9 =7"0J" and D’}’Iom(E )9 = 0 implies D’Hom(Q 9 =0.
If we differentiate g o j = 0 we then get

OIDi-Iom(E,Q)goj—i_goDi‘IOm(S,E)j:V*Oj*oj+gog*oﬁz”y*+5,
thus v = —* and Dﬁom(Q 19" = —joB". Combining all this, we get
DEu:g*ﬂ/\ug—I—j-DguS—jﬁ*/\uQ—l—g*-DQUQ
= j(DSuS — B A UQ) +g" (ﬂ Nug + DQUQ),

and the asserted matrix decomposition formula follows. By squaring the matrix, we get

b= (PR O e eba).
E DQOB—FﬁODS Dé—ﬁ/\ﬁ*

As Dgo B+ 0oDs = Dyom(s,@)B and Dgo 8* + * 0 Dg = Dyom(q,s)8" by the Leibniz
rule, the curvature formulas follow (observe, since the Chern curvature form is of type

(1,1), that we must have Dhom(S’Q)ﬁ =0, Dﬁom(QS)ﬂ* =0). O

(11.8) Corollary. Let 0 - S — E — Q — 0 be an exact sequence of Hermitian vector
bundles. Then

(a) EZ>2@it 0 = Q >anif 0,
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(b) E<cuit 0 = 5 <cuit 0,

(¢) E<nak 0 = 5 <nak 0,

and analogous implications hold true for strict positivity.

Proof. If B is written ) dz; ® ;, B; € Hom(S, @), then Formulas (11.7) yield

i0g =iOps — » _ dz; A dZ ® BB,
i0g =10p1g + Y _ dz; A dz), @ B ;.

Since 8- (E®s) = &;B;-sand B - (E®s) =Y &5} - s we get
Os(€®5,6 @s) =Op(E®s,6 @) =D &E(B) 5. 5),
4.k

Os(u,u) = Op(u,u) - |8 - uf?,
O @58 ®s) =Op( @56 @)+ §E (B 5.8 ),

gk

O0(E®s,E®5) =Op(E®s,E@s) =8 - (E@s)% O

Next, we need positivity properties which somehow interpolate between Griffiths and
Nakano positivity. This leads to the concept of m-tensor positivity.

(11.9) Definition. Let T and E be complez vector spaces of dimensions n, r respectively,
and let © be a Hermitian form on T ® E.

(a) A tensoru € T®E is said to be of rank m if m is the smallest > 0 integer such that
u can be written

UZZ£j®Sj, ijT, SjEE.
j=1

(b) © is said to be m-tensor positive (resp. m-tensor semi-positive) if O(u,u) > 0 (resp.
O(u,u) = 0) for every tensor u € T ® E of rank < m, u # 0. In this case, we write

0 >,0 (resp. ©>=,,0).

We say that a Hermitian vector bundle E is m-tensor positive if Op >, 0. Griffiths
positivity corresponds to m = 1 and Nakano positivity to m > min(n,r). Recall from
Theorem (5.2) that we have

(i(Og, Alu,u) = Z Z Cikap UjS AULS,u

|S|:q_1 jakaA#l‘

for every (n, ¢)-formu = > ug x dziA- - -Adz, NdZg Qe with values in E. Since ujs =0
for j € S, the rank of the tensor (u;s,x);» € C* ® C" is in fact < min{n —¢+1,7}. We
obtain therefore:
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(11.10) Lemma. Assume that E >, 0 (resp. E >,, 0). Then the Hermitian operator
[iOp, A] is semipositive (resp. positive definite) on A™IT*X @ E for ¢ > 1 and m >
min{n —q+ 1,r}.

The Nakano vanishing theorem can then be improved as follows.

(11.11) Theorem. Let X be a weakly pseudoconver Kdihler manifold of dimension n
and let E a Hermitian vector bundle of rank r such that ©g >,, 0 over X. Then

H"(X,E)=0 for ¢=>1 and m > min{n —q+1,r}.

We next study some important relations which exist between the various positivity
concepts. Our starting point is the following result of [DSk79].

(11.12) Theorem. For any Hermitian vector bundle E,

E>qi0 = E®det E >nax 0.

To prove this result, we use the fact that
(11.13) Odet g = Trp O
where Trg : Hom(E, E') — C is the trace map, together with the identity
Opgdet £ = Op + Trp(0p) ® Idg,
which is itself a consequence of (11.13) and of the standard formula
Opgr =0p ®Idrp +1dg ®Op.

In order to prove (11.13), for instance, we differentiate twice a wedge product, according
to the formula

Dprg(si N+ Nsp) = 1)degsittdegsi—1g AL A sj—1 NDgsj A+ N\ sp.

-

7j=1
The corresponding Hermitian forms on Tx ® E are thus related by
Opgdet 5 = Op + Trp Op @ I,

where h denotes the Hermitian metric on £ and Trg 6 g 1s the Hermitian form on T'x

defined by
TrpOp(& )= Y, Op®e,f{®e), ek,

1<ALr

for any orthonormal frame (eq, ... ,e,) of E. Theorem 11.12 is now a consequence of
the following simple property of Hermitian forms on a tensor product of complex vector
spaces.
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(11.14) Proposition. Let T, E be complex vector spaces of respective dimensions n,r,
and h a Hermitian metric on E. Then for every Hermitian form © on T ® E

O>uir0 = O+TrgO®® h >Nak O.

We first need a lemma analogous to Fourier inversion formula for discrete Fourier
transforms.

(11.15) Lemma. Let g be an integer > 3, and xx, y,, 1 < A\, pu < r, be complex
numbers. Let o describe the set U, of r-tuples of q-th roots of unity and put

z = Z TATN, Y, = Z Yuou, o€Uy.

IAgr Igpsr

Then for every pair (o, 8), 1 < a, B < r, the following identity holds:

wozyﬁ Zf a#ﬁ?
q " T, Yp0a0p8 = .
Z ) > wd, i a=p.
Ispsr

T

Proof. The coefficient of x,7,, in the summation ¢=" > ¢ Ty 0,03 s given by
q

q " E OaO30AO -
JGU;

This coefficient equals 1 when the pairs {a,pu} and {8, A} are equal (in which case
040300, = 1 for any one of the ¢" elements of U;). Hence, it is sufficient to prove

that
Z 0a03070, =0
GGU};

when the pairs {«, u} and {5, A\} are distinct.

If {a, u} # {B, A}, then one of the elements of one of the pairs does not belong to the
other pair. As the four indices «, 5, A, u play the same role, we may suppose for example
that « ¢ {8, A}. Let us apply to o the substitution o +— 7, where 7 is defined by

Ta = eQm/qaa, T, =0, for v#a.

We get
o2/ 4 Z if a# u,
;0'&555)\0“ = ; = 6471-i/qi if aa= .
ag

Since ¢ > 3 by hypothesis, it follows that

Z 0,080 0, = 0.
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Proof of Proposition. 11.14 Let (t;)i1<j<n be a basis of T, (ex)1<igr an orthonormal
basis of F and £ = Zj EitjeT, u= Zj)\uﬁ\ tj ®ex € T ®E. The coefficients ¢y, of
© with respect to the basis ¢; ® ey satisfy the symmetry relation ¢;ix, = cjun, and we
have the formulas

@(u,u): Z CikApUj AUk p s

j’k’A7I‘L
Trg O(,€) = Z i
7,k
O+ Tre©@h)(w,u) = > CipautinThu + Cirartjulky:
j’k’A7I‘L

For every o € U (cf. Lemma 11.15), put

/ _
Uje = E UFNO A E(C,

1<AKr

aU:Zu;'UtjGT , é\U:ZU)\e)\GE.
j A
Lemma 11.15 implies

—r ~ ~ o~ —~ —r /— —
q E ®(u0 & €o, Us ® 80’) =4q E Cjk)\uuja.uka.a')\(fu

oeUr oeUy
= E CikapUj Uk + E Cil AN U1 Uy -
Tk, AFEp Jrk, A1

The Griffiths positivity assumption shows that the left hand side is > 0, hence
O+ Trg©® h)(u,u) > Z CikaUAUEN = 0
3k, A

with strict positivity if © >gir 0 and u # 0. O

We now relate Griffiths positivity to m-tensor positivity. The most useful result is
the following

(11.16) Proposition. Let T' be a complex vector space and (E,h) a Hermitian vector
space of respective dimensions n,r with r > 2. Then for any Hermitian form © on T® FE
and any integer m > 1

O>0it0 = mTrg®®h—-06>,,0.

Proof. Let us distinguish two cases.

(a) m=1. Let u € T® E be a tensor of rank 1. Then u can be written u = & ® e;
with & € T, & # 0, and e; € E, |e;| = 1. Complete e; into an orthonormal basis
(e1, ...,e,) of E. One gets immediately

(Trp® @ h)(u,u) =Trg (&, &) = Y O @ex, & Dey)

1<ALr

> 0(& ®er, & ®er) = O(u,u).
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(b) m > 2. Every tensor u € T'® E of rank < m can be written

u= Y &L®er, &HET,

1<A<q

with ¢ = min(m,r) and (ex)i1<agr an orthonormal basis of E. Let F' be the vector
subspace of E generated by (eq, ... ,e,) and O the restriction of © to T'® F. The first
part shows that

O =TrrpOr ®h—Op >qrit 0.

Proposition 11.14 applied to ©" on T'® F' yields
@/—I—TI'F@/@h:qTI'F@F@h—@F >q 0.
Since u € T ® F is of rank < ¢ < m, we get (for u # 0)

=q Z @(ﬁj@)e;\,ﬁj@e)\)ngrE@@)h(u,u). ]

1<7,A<q
Proposition 11.16 is of course also true in the semi-positive case. From these facts,
we deduce
(11.17) Theorem. Let E be a Griffiths (semi-)positive bundle of rank r > 2. Then for

any integer m > 1
E*® (det E)™ >,, 0 (resp. >, 0).

Proof. We apply Proposition 11.16 to © = —O(E*) = 'Op >qur 0 on Tx ® E* and

observe that
®detE = TI‘E @E == TI‘E* o.

(11.18) Theorem. Let 0 — S — E — @ — 0 be an exact sequence of Hermitian vector
bundles. Then for any m > 1

E>,0 = S®(det@)™ >,,0.

Proof. Formulas 11.7 imply
iOg >, iﬁ* ANB i@Q > 18 A B,
i®detQ = TI‘Q(i@Q) > TTQ(iﬁ N 6*)

If we write 8 = ) dz; ® §; as in the proof of Corollary 11.8, then

Trg(if ABY) =) idz; A dzi Trq(B;6;)
= Z idz; N\ dz Trs(B5;) = Trg(—i8" A B).
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Furthermore, it has been already proved that —i8* A 8 >nax 0. By Proposition 11.16
applied to the corresponding Hermitian form © on Tx ® S, we get

mTrg(—=if* A B) ® Ids +Hp" A B >, 0,
and Theorem 11.18 follows. O

(11.19) Corollary. Let X be a weakly pseudoconver Kdhler n-dimensional manifold, FE
a holomorphic vector bundle of rank r > 2 and m > 1 an integer. Then

(a) E>aut 0= HY(X,E®det E) =0 for g >1;
(b) E >cuir 0= H™4(X,E* @ (det E)™) =0 forg>1 and m > min{n —q+ 1,7} ;

(¢c) Let 0 - S — E — Q — 0 be an exact sequence of vector bundles and m = min{n —
q+1,7k S}, g > 1. If E >, 0 and if L is a line bundle such that L® (det Q)~™ > 0,
then

H™(X,S®L)=0.

Proof. Immediate consequence of Theorem 11.11, in combination with Theorem 11.12
for (a), Theorem 11.17 for (b) and Theorem 11.18 for (c). O

11. Skoda’s L? Estimates for Surjective Bundle Morphisms

§ 12.A. Surjectivity and Division Theorems

Let (X,w) be a Kédhler manifold, dim X = n, and let g : E — @ a holomorphic morphism
of Hermitian vector bundles over X. Assume in the first instance that g is surjective.
We are interested in conditions insuring that the induced morphisms g : H™*(X, E) —
H™*(X,Q) are also surjective (dealing with (n, e) bidegrees is always easier, since we
have to understand positivity conditions for the curvature term). For that purpose, it is
natural to consider the subbundle S = Ker g C E and the exact sequence

(12.1) 0—85 E 2Q—0

where j : S — FE is the inclusion. In fact, we need a little more flexibility to handle the
curvature terms, so we take the tensor product of the exact sequence by a holomorphic
line bundle L (whose properties will be specified later):

(12.2) 0—S®L—E®L 25QaL—0.

(12.3) Theorem. Let k be an integer such that 0 < k < n. Setr = rk E, q = rkQ,
s=rkS=r—q and

m = min{n — k, s} = min{n — k,r — ¢}.

Assume that (X,w) possesses also a complete Kdhler metric 0, that E >, 0, and that
L — X is a Hermitian holomorphic line bundle such that

107, — (M +&)iOuet ¢ > 0
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for some € > 0. Then for every D"-closed form f of type (n,k) with values in Q ® L
such that || f|| < 400, there exists a D" -closed form h of type (n, k) with values in E® L
such that f = g-h and

IRl* < (1 +m/e) | I

The idea of the proof is essentially due to [Sko78], who actually proved the special
case k = 0. The general case appeared in [Dem82b].

Proof. Let j : S — E be the inclusion morphism, ¢g* : Q — F and j* : F — S the
adjoints of g, j, and the matrix of Dy with respect to the orthogonal splitting £ ~ S® Q
(cf. Lemma 11.2). Then ¢*f is a lifting of f in F ® L. We will try to find A under the
form

h=g"f+ju, weLl?*X A% ®SeL).

As the images of S and @ in E are orthogonal, we have |h|? = |f|? + |u|? at every point
of X. On the other hand D¢ f = 0 by hypothesis and D" g* = —jo 8* by (11.5), hence

Digrh=—j(B" AN f)+ 7 Dsgr = j(Dsgr — B A f).

We are thus led to solve the equation

(12.4) Dggru=pB"Af,

and for that, we apply Theorem 6.1 to the (n,k + 1)-form g* A f. One now observes
that the curvature of S ® L can be expressed in terms of 5. This remark will be used to
prove:

(12.5) Lemma. Let Ay = [iO@sgr, A] be the curvature operator acting as an Hermitian
operator on the bundle of (n,k + 1)-forms. Then

(A7X B A F), (B* A F)) < (mfe) | fI2

If the lemma is taken for granted, Theorem 5.1 yields a solution u of (12.4) in
L3(X,A™T% @ S ® L) such that ||ul|?* < (m/e) || f||>. As [|h]|*> = ||f]|* + ||u||?, the proof
of Theorem 12 3 is complete.

Proof of Lemma 12.5. Exactly as in the proof of Theorem 11.18, the formulas (11.7)
yield
i®g >, iﬁ* A\ 6, 1@detQ TI‘Q(lﬂ A\ 6 ) Tl‘s(—iﬁ* A 6)

Since € (X, AL1T% ® Herm S) 3 © := —if3* A B >quir 0, Proposition 11.16 implies
m Trg(—if" A B) @ Ids +i* A B =, 0
From the hypothesis on the curvature of L we get

i®S®L Zm 1@5’ X IdL +(m + 5) i®detQ ® IdS®L
>, (iB* A B+ (m+e) Trs(—if* AB) @ 1dg ) @ Idp,
>, (e/m) (=" A B) @ Idg ®1dy, .
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For any v € A™**1T% ® S ® L, Lemma 11.10 implies
(12.6) (Agv,v) = (¢/m) (—if" A B A Av,v),

because k(S ® L) = s and m = min{n — k,s}. Let (dz, ... ,dz,) be an orthonormal
basis of T% at a given point o € X and set

B= > dz®p;, B; €Hom(S,Q).

1<j<n

The adjoint of the operator f* A e = " dz; A 7 e is the contraction operator 5 | e
defined by

glv= Z aizj 1 (Bv) = Z —idz; A A(Bjv) = =18 A Av.

Consequently, we get (—i* A B A Av,v) = |3 J v|? and (12.6) implies

(8" A Foo) P = (.82 o) <IfIP 1B 2 of* < (m/e){Apv,v) | ]2
This is equivalent to the estimate asserted in the lemma. O

If X has a plurisubharmonic exhaustion function 1, we can select a convex increasing
function y € ‘€°°(R, R) and multiply the metric of L by the weight exp(—yx o) in order
to make the L? norm of f converge. Theorem 12.3 implies therefore:

(12.7) Corollary. Let (X,w) be a weakly pseudoconvex Kdhler manifold, g : E — Q a
surjective bundle morphism with r =1k E, ¢ =1k Q, and L — X a Hermitian holomor-
phic line bundle. We set m = min{n — k,r — q} and assume that E >,, 0 and

9 — (m+€) i®detQ =0
for some € > 0. Then g induces a surjective map

H"M(X,E® L) — H" (X,Q® L).

The most remarkable feature of this result is that it does not require any strict
positivity assumption on the curvature (for instance E can be a flat bundle). A careful
examination of the proof shows that it amounts to verify that the image of the coboundary
morphism

—B*Ne : H" (X, Q® L) — H" " (X,S®L)

vanishes; however the cohomology group H™*+!(X,S ® L) itself does not necessarily
vanish, as it would do under a strict positivity assumption.

We want now to get estimates also when (@) is endowed with a metric given a priori,
that can be distinct from the quotient metric of E by g. Then the map ¢g*(gg*) ™ 1:Q — E
is the lifting of @ orthogonal to S = Ker g. The quotient metric | ® |" on @ is therefore
defined in terms of the original metric | e | by

]2 = |g"(99") 0[* = ((99") " v, v) = det(gg") " (gg*v, v)
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where 52]; € End(Q) denotes the endomorphism of ) whose matrix is the transposed
comatrix of gg*. For every w € det @, we find

jw|? = det(gg*) ™" [w|.
If Q' denotes the bundle @ with the quotient metric, we get
1O4det 0 = 1O4det ¢ + 1d'd" log det(gg™).

In order that the hypotheses of Theorem 12.3 be satisfied, we are led to define a new
metric | o |" on L by |u|"? = [u|? (det(gg*)) " . Then

10, =iO(L) + (m+¢)id'd" logdet(gg™) = (m + €) iO4et ¢’ -
Theorem 12.3 applied to (E,Q’, L") can now be reformulated:

(12.8) Theorem. Let X be a complete Kdhler manifold equipped with a Kdhler metric w
on X, let E — @Q be a surjective morphism of Hermitian vector bundles and let L — X be
a Hermitian holomorphic line bundle. Setr =tk E, ¢ =tk Q and m = min{n—k,r—q},
and assume that E >,, 0 and

10, — (M +&)iOuet g > 0

for some € > 0. Then for every D"-closed form f of type (n,k) with values in Q @ L
such that

I= /X(E/Jfﬁf, f) (det gg*) ™17 dV < 400,

there exists a D"-closed form h of type (n,k) with values in E ® L such that f = g-h
and

/ |h|? (det gg*) "™ dV < (14+m/e) 1. O
X

Our next goal is to extend Theorem 12.8 in the case when g : E — @ is only
generically surjective; this means that the analytic set

Y={r€eX; g, : E, — Q. is not surjective }

defined by the equation A?g = 0 is nowhere dense in X. Here Alg is a section of the
bundle Hom(A?E, det Q). The idea is to apply the above Theorem 12.8 to X \ Y. For
this, we have to know whether X \'Y has a complete Kahler metric.

(12.9) Lemma. Let (X,w) be a Kdhler manifold, and Y = o=1(0) an analytic subset
defined by a section of a Hermitian vector bundle E — X. If X is weakly pseudoconver
and exhausted by X. = {x € X ; ¥(x) < ¢}, then X. \Y has a complete Kihler metric
for all ¢ € R. The same conclusion holds for X \Y if (X,w) is complete and if for some
constant C > 0 we have O <grif Cw® (, g on X.

Proof. Set T =log|c|?. Then d'Tr = {D’c,c}/|c|* and D" D'c = D?0 = O o, thus

id'd'+ — i{D’O’, D’U} . i{D’U,U} N {0, D/o'} _ {i@Eo',o'}‘
o lo|4 EiE
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For every ¢ € Tx, we find therefore

_ o2 [D'g P —[(D'o &, 0)P  Op(®a,{®o0)

o] o2

Hr(£)

by the Cauchy-Schwarz inequality. If C' is a bound for the coefficients of O on the
compact subset X., we get id'd’t > —Cw on X.. Let x € €*(R,R) be a convex
increasing function. We set

=w+idd" (xor)=w+i(x or dd"T+x" 0T dTANd"T).

We thus see that @ is positive definite if x' < 1/2C, and by a computation similar to the
one preceding Theorem 6.2, we check that & is complete near Y = 771(—o00) as soon as

[;¢?®ﬁ=+w

One can choose for example x such that x(¢) = z5(t — log|t]) for ¢ < —1. In order to

obtain a complete Kéhler metric on X, \ Y, we also need the metric to be complete near
0X,.. If @ is not, such a metric can be defined by

iwm¢+jw¢Aww
c—v¢  (c—1)?
> id'log(c —¢) "t Ad"log(c —¢)

O=w+id'd" loglc—) ' =&+

@ is complete on X, \ € because log(c —+)~! tends to +o0o0 on 9X.. O

We also need another elementary lemma dealing with the extension of partial differ-
ential equalities across analytic sets.

(12.10) Lemma. Let 2 be an open subset of C™ and Y an analytic subset of Q). Assume
that v is a (p,q— 1)-form with L2 _ coefficients and w a (p, q)-form with Ll . coefficients

loc loc
such that d"v =w on QY (in the sense of distribution theory). Then d”"v = w on Q.

Proof. An induction on the dimension of Y shows that it is sufficient to prove the result
in a neighborhood of a regular point a € Y. By using a local analytic isomorphism, the
proof is reduced to the case where Y is contained in the hyperplane z; = 0, with a = 0.
Let A € €°°(R,R) be a function such that A(¢) = 0 for ¢t < 1 and A(¢) =1 for t > 1. We
must show that

(12.11) L/wAa:%—DMﬂ/vAJh
Q

Q

for all & € D (Q,A""P"7ITE). Set A.(z) = A(|21|/¢) and replace « in the integral by
Aec. Then Adca € D(QNY, A" P"79T¥) and the hypotheses imply

/ wA e = (—1)p+q/ vAd (Near) = (—1)p+q/ vA(d"Ae N+ Nd ).
Q Q Q
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As w and v have L{ _ coefficients on (2, the integrals of w A Acav and v A A.d” v converge
respectively to the integrals of w A o and v A d”’« as ¢ tends to 0. The remaining term
can be estimated by means of the Cauchy-Schwarz inequality:

2
’/v/\d”)\e/\oz’ </ |v/\oz|2dV/ A2 dV
Q |z1|<e Supp o

as v € L2 (), the integral f|21‘<€ lv A a]? dV converges to 0 with ¢, whereas

loc

/ |d" N2 dV < gVol(Supp an{|=| <e}) <.
Supp o

Equality (12.11) follows when ¢ tends to 0. O

(12.12) Theorem. The existence statement and the estimates of Theorem 12.8 remain
true for a generically surjective morphism g : E — @), provided that X is weakly pseudo-
convet.

Proof. Apply Theorem 12.8 to each relatively compact domain X, \'Y (these domains
are complete Kéhler by Lemma 12.9). From a sequence of solutions on X, \ Y we can
extract a subsequence converging weakly on X \ Y as ¢ tends to +00. One gets a form
h satisfying the estimates, such that D”"h =0 on X \Y and f = g - h. In order to see
that D”h = 0 on X, it suffices to apply Lemma 12.10 and to observe that h has L120c
coefficients on X by our estimates. U

A very special but interesting case is obtained for the trivial bundles £ = Q) x C",
Q = Q x C over a pseudoconvex open set {2 C C™. Then the morphism g is given by a
r-tuple (g1, ... ,g,) of holomorphic functions on €. Let us take k =0 and L = Q x C
with the metric given by a weight e~%. If we observe that ;]?]; = Id when rtk @ = 1,
Theorem 12.8 applied on X = Q \ ¢g~1(0) and Lemmas 12.9, 12.10 give:

(12.13) Theorem (Skoda [Sko72b]). Let Q be a complete Kdhler open subset of C",
let ¢ be a plurisubharmonic function and g = (g1, ... ,g.) be a r-tuple of holomorphic
functions on Q. Set m = min{n,r — 1}. Then for every holomorphic function f on Q
such that

= [ WPl e dy < v,
QN2

where Z = g=1(0), there exist holomorphic functions (hy, ..., h,) on Q such that f =
Zgjhj and
/ 1% |g] 2" em? qV < (14 m/e)l. u
Q\Y

§ 12.B. Applications to Local Algebra: the Briangcon-Skoda Theorem

We now show that Theorem 12.13 can be applied to get deep results concerning ideals
of the local ring @,, = C{z1, ..., z,} of germs of holomorphic functions on (C",0). Let
S =(q1, ...,9r) # (0) be an ideal of @,

(12.14) Definition. Let k € R. We associate to .¥ the following ideals:
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(a) the ideal 5 of germs u € @, such that |u| < C|g|¥ for some constant C > 0, where
91? =lg1l* + -+ + lgn %

(b) the ideal J®) of germs u € @, such that
/ lul? |g| 72+ qV < 400
Q
on a small ball ) centered at 0, if € > 0 is small enough.

(12.15) Proposition. For all k,1 € Ry we have
(a) TN c 3,

b) 9% c T ifk e N;

(c) F*) O kD :
(

d) a0 C JlkHD)

All properties are immediate from the definitions except (a) which is a consequence
of the integrability of |g|~¢ for € > 0 small (exercise to the reader!). Before stating the
main result, we need a simple lemma.

(12.16) Lemma. If.¥ = (g1, ...,9-) and r > n, we can find elements gy, ... ,Gn in
F such that C~tg| < |g] < Clg| on a neighborhood of 0. Each g; can be taken to be a
linear combination

§j:aj.g: Z aikGk; CLjGCT\{O}

1<k<r
where the coefficients ([ai1], ... ,[ayn]) are chosen in the complement of a proper analytic
subset of (P™~1H)™.
It follows from the lemma that the ideal ¥ = (g1, ... ,gn) C .¥ satisfies F*) = Fk)

and ;Af(k) = 5% for all k.
Proof. Assume that g € @(Q)". Consider the analytic subsets in Q x (P"~1)" defined by

A= {(27 [’W1], cre [wnD ; Wy - g(Z) = 0}7
A" = Uirreducible components of A not contained in g~ (0) x (P"~1)™.

For z ¢ g=1(0) the fiber A, = {([wi], ..., [wn]); wj.g(z) = 0} = A% is a product of

n hyperplanes in P"~! hence AN (2~ ¢g71(0)) x (P""1)" is a fiber bundle with base

Qg7 1(0) and fiber (P"~2)". As A* is the closure of this set in  x (P"~1)" we have
dim A* = n+n(r —2) = n(r — 1) = dim(P" )",

It follows that the zero fiber

Ay = A*n ({0} x (IP”"_l)”)
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is a proper subset of {0} x (P"~1)". Choose (a1, ...,a,) € (C" ~ {0})" such that
(0,[a1], ... ,[an]) is not in Af. By compactness the Set A* N (B(0,e) x (P"~1)") is
disjoint from the neighborhood B(0,¢) x [[[B(a;,¢)] of (0,[a1], ... ,[ay]) for € small

enough. For z € B(0,¢) we have |a; - g(2)| > €|g(z)| for some j, otherwise the inequality
la; - g(2)] < €|lg(z)| would imply the existence of h; € C" with |h;| < € and a; g(z) =
hj g(z). Since g(z) # 0, we would have

(z,[a1 — h1], ... ,[an — hy]) € A*N (B(O,a) X (]P"’_l)”),
a contradiction. We obtain therefore

elg(2)] < max{a; g(2)| < (maxla;|)[g(2)] on B(0,¢). m

(12.17) Theorem (Briangon-Skoda [BSk74]). Set p = min{n — 1,7 — 1}. Then
(a) Gl = § gk) = F §k) fork>=p
(b) T « Gtp) « F for all k € N.

Proof. (a) The inclusions FI®E c FI® < FEHD are obvious thanks to Proposi-
tion 12.15, so we only have to prove that FEAD < 5 9K Assume first that 7 < n. Let
f e %+ be such that

/ 1£1? g) 7219 qV < +00.

For £ > p — 1, we can apply Theorem 12.13 with m = r — 1 and with the weight
= (k—m) 10g|g|2. Hence f can be written f =) g;jh; with

/ \h|? |g| 25+ 4V < +o0,
Q

thus h; € F®) and feys F*) . When r > n, Lemma 12.16 shows that there is an ideal
¥ C 9 with n generators such that j(k) = j(k) We find

Glht1) /j(k—i—l) c¥ /j(k) C FIFE for k =>n— 1.

(b) Property (a) implies inductively Jhtp) = g% F®) for all k € N. This gives in
particular .$++P) gk, O

(12.18) Corollary.

(a) The ideal F is the integral closure of ¥, i.e. by definition the set of germs u € @,
which satisfy an equation

ud+a1ud_1+~-~+ad20, as € 4%, 1 <s<d.

k)

(b) Similarly, 3( is the set of germs u € @, which satisfy an equation

w+aut 4 ag =0, ase I 1<s<d,
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where [t] denotes the smallest integer > t.

As the ideal j(k) is finitely generated, property (b) shows that there always exists a
rational number [ > k such that ¥ = Fk)

Proof. (a) If u € @, satisfies a polynomial equation with coefficients as; € .¥°, then clearly
las| < Csg|® and the usual elementary bound

roots| < 2 max |a,|*/*

NN

for the roots of a monic polynomial implies |u| < C'|g|.

Conversely, assume that v € .¥. The ring @, is Noetherian, so the ideal 3(p)Ahas
a finite number of generators vy, ... ,vn. For every j we have uv; € FIP) = 590
hence there exist elements b;, € .4 such that

Z bijk:~

1<k<N

The matrix (ud;r — bji) has the non zero vector (v;) in its kernel, thus u satisfies the
equation det(ud;r — bjx) = 0, which is of the required type.

(b) Observe that vy, ... ,vx satisfy simultaneously some integrability condition
Jo, [0;172P) < 400, thus G0 = Fon) gor n € [0,e]. Let u € F*). For every in-
teger m € N we have

umy; € F Gt ¢ Glmtn+p)

If £k ¢ Q, we can find m such that d(km + ¢/2,Z) < /2, thus km + n € N for some
n €10,e[. If k € Q, we take m such that km € N and n = 0. Then

uv; € GNP — ¢N G@)  with N = km + n €N,

and the reasoning made in (a) gives det(u™d;5 — bjx) = 0 for some b;, € SV, This is an
equation of the type described in (b), where the coefficients as vanish when s is not a
multiple of m and a,,s € .FV° C Flkmsl, O

Let us mention that Briangon and Skoda’s result 12.17 (b) is optimal for £ = 1. Take
for example ¥ = (g1, ... ,g,) with g;(z) = 2], 1 < j < r, and f(2) = 21---2,. Then
|f] < C|g| and 12.17 (b) yields f" € .¥; however it is easy to verify that f*~! ¢ .f. The
theorem also gives an answer to the following conjecture made by J. Mather.

(12.19) Corollary. Let f € G, and J; = (210f/0z1, ... ,2,0f/0z,). Then f € Fy,
and for every integer k > 0, fktn—1 ¢ Y’J’%

The Corollary is also optimal for £k = 1 : for example, one can verify that the function
f(2)= (2122 + 27" -+ 2271 is such that f*~! ¢ ;.
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Proof. Set g;(z) = z; 0f/0zj, 1 < j < n. By 12.17 (b), it suffices to show that |f| < C|g|.
For every germ of analytic curve C 5 ¢t — v(t), v # 0, the vanishing order of fo~(¢) at
t = 0 is the same as that of

o) _ S ) 2L ().

dt 0z
1<j<n J

We thus obtain

d(f o) of
Forl <l [T <en STl |55 ()] < Cslg o)
1<j<n /
and conclude by the following elementary lemma. U
(12.20) Curve selection lemma. Let f,g1,...,9, € @, be germs of holomorphic

functions vanishing at 0. Then we have |f| < Clg| for some constant C if and only
if for every germ of analytic curve vy through 0 there exists a constant C, such that

[f oy < Cylgoyl.

Proof. If the inequality |f| < Clg| does not hold on any neighborhood of 0, the germ of
analytic set (A4,0) C (C™*",0) defined by

9i(2) = f(2)znts, 1K<,

contains a sequence of points (z,,g;(2,)/f(2,)) converging to 0 as v tends to +oo,
with f(z,) # 0. Hence (A,0) contains an irreducible component on which f # 0 and
there is a germ of curve ¥ = (7, Vn45) : (C,0) — (C™*",0) contained in (A,0) such that
foy#0. Weget gj oy = (f ©v)¥n+j, hence |g o y(t)| < C|t||f o y(t)| and the inequality
|fov] < Cy|gory| does not hold. O

13. The Ohsawa-Takegoshi L? Extension Theorem

The Ohsawa-Takegoshi theorem addresses the following extension problem: let Y be a
complex analytic submanifold of a complex manifold X ; given a holomorphic function f
on Y satisfying suitable L? conditions on Y, find a holomorphic extension F of f to X,
together with a good L? estimate for F on X. The first satisfactory solution has been
obtained in the fundamental papers [OT87; Ohs88]. We follow here a more geometric
approach due to Manivel [Man93|, which provides a generalized extension theorem in
the general framework of vector bundles. As in Ohsawa-Takegoshi’s fundamental paper,
the main idea is to use a modified Bochner-Kodaira-Nakano inequality. Such inequalities
were originally introduced in the work of Donnelly-Fefferman [DF83] and Donnelly-Xavier
[DX84].

§ 13.A. The Basic a Priori Inequality

The main a priori inequality we are going to use is a simplified (and slightly extended)
version of the original Ohsawa-Takegoshi a priori inequality, along the lines proposed by
Ohsawa [Ohs95].
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(13.1) Lemma (Ohsawa [Ohs95]). Let E be a Hermitian vector bundle on a complex
manifold X equipped with a Kdhler metric w. Let n, A > 0 be smooth functions on X.
Then for every form u € (X, AP9T% ® E) with compact support we have

(0% + A2)D"*u|® + [|n% D"ul|® + |2 D'u|? + 2|\~ 2d'n A ul)?
> ([ni®@p —id'd"n —ix"td'n Ad'n, Alu,u)).

Proof. Let us consider the “twisted” Laplace-Beltrami operators

D/nD/* + D/*nD/ — n[D/,D/*] + [D/,n]D/* + [D/*,n]D/
:’)7A/—|—(d/’rl)D/*—(d/’r])*D/7
D//nD//* + D//*nD// — n[D//, D//*] + [D//, U]D//* + [D//*, U]D//
— 77A// + (d//n)D//* _ (d//n)*D//,
where 7, (d'n), (d''n) are abbreviated notations for the multiplication operators ne, (d'n)A
e, (d"n) A e. By subtracting the above equalities and taking into account the Bochner-

Kodaira-Nakano identity A” — A’ = [i©g, A], we get

DHTIDH* + D//*/),/D// _ D//),/D/* _ D/*T]D/
(13.2) =n[i®g, A] + (d"n) D" — (d"n)"D" + (d'n)*D" — (d'n)D".

Moreover, the Jacobi identity yields
[Dllv [d/777 A” - [d/nv [A7 DH]] + [A7 [Duv dl??“ =0,

whilst [A, D"”] = —iD"* by the basic commutation relations 4.5. A straightforward com-
putation shows that [D” d'n] = —(d'd"n) and [d'n, A] = i(d"n)*. Therefore we get

i[D//7 (d”77>*] + i[d/nv D/*] - [A7 (d/d//n>] =0,
that is,
[1 d/d//T],A] — [D//, (d//n>*] + [D/*,d/n] — D//(d//n>* + (d”n)*D” + D/* (d/n) + (d/n)D/*
After adding this to (13.2), we find

DHTIDH* + D//*/),/D// _ D//),/D/* _ D/*T]D/ + [i d/d//n,A]
— n[i@E,A] + (d//n)D//* + D//(d//n)* _|_ (d/n)*D/ + D/*(d/n)
We apply this identity to a form u € U (X, AP9T% @ E) and take the inner bracket

with u. Then )
{(D"nD"* Yu,w) = (D" *u, D"*u) = ||n? D" u?,

and likewise for the other similar terms. The above equalities imply

192 D"*u||® + |92 D"ul|? — % D'ul|? — ||n* D >
= ([ni®p —id'd"n, AJu,u)) + 2Re (D" u, (d"n)*u)) + 2Re {(D'u,d'n A u)).
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By neglecting the negative terms —|nz D'u||? — ||nz D"*u||? and adding the squares

1 * * * 1 *
IAZ D" ul” + 2 Re {D"*u, (d"n)*w)) + |72 (d"n)"u|* > 0,
IAZ D'ul|? + 2Re (D'u, d'n Au) + |[A"2d'p Au|? =0

+ AZ) D" ul? 4 [ D" ul|? + [N D ul|? + [IATEd Aul? + AT (d"n) ul?
> ([ni®p — id'd"n, AJu, u).

Finally, we use the identities

(d'n)*(d'n) — (d"n)(d"n)* =i[d"n, A)(d'n) +i(d"n)[d'n, A] = [id"n A d'n, A],
IA"2d'n Aul|? — A2 (d"n) u))® = —([ix"td'n A d"n, Alu, u),

The inequality asserted in Lemma 13.1 follows by adding the second identity to our last
inequality. U

In the special case of (n, ¢)-forms, the forms D'u and d'nAw are of bidegree (n+1, q),
hence the estimate takes the simpler form

(133) |02 +A2)D"*ul* +||n> D"u||* > ([ni®p — id'd"n —iX~" d'n A d"n, AJu, u).

§13.B. Abstract L? Existence Theorem for Solutions of d-Equations

Using standard arguments from functional analysis — actually just basic properties of
Hilbert spaces along the lines already explained in section 5 — the a priori inequality
(13.3) implies a very strong L? existence theorem for solutions of d-equations.

(13.4) Proposition. Let X be a complete Kdhler manifold equipped with a (non neces-
sarily complete) Kdhler metric w, and let E be a Hermitian vector bundle over X . Assume
that there are smooth and bounded functions n, A > 0 on X such that the (Hermitian)
curvature operator
B =Byl =i —idd"n—ix"'dnAd'n, A

s positive definite everywhere on A™T5 ® E, for some ¢ > 1. Then for every form
g € L*(X,A"T% ® E) such that D"g = 0 and [ (B~ 'g,g)dV,, < 400, there exists
feL*(X, A" 1T ® E) such that D" f = g and

/ (n+ NPV, <2 / (B~1g, ) dV.
X X

Proof. The proof is almost identical to the proof of standard L? estimates for 9 (see
Theorem 5.1), except that we use (13.3) instead of (4.7). Assume first that w is complete.
With the same notation as in 7.4, we get for every v = v; + vy € (Ker D”) @ (Ker D”)~+
the inequalities

|<g,v>\2=\<g,v1>\2</X<B‘1g,g>de/X<Bv1,v1>de,
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and
/X<BU1701> dV,, < (7 + A7) D" v|[* + |2 D"vy ||* = [[(n? + A?)D"*]*
provided that v € Dom D”*. Combining both, we find
(g0 < ([ (B 0u0) VL) ¥ + A8 D"
This shows the existence of an element w € L?(X, A™9T% ® FE) such that

lwl? < / (B~'g,g)dV.,  and
X

(v,g) = ((n® + A\)D"™ v, w) Vg € Dom D" N Dom D",

As (N2 4 X2)2 < 2(n+ N), it follows that f = (p*/2+ A2 )w satisfies D’ f = g as well as
the desired L? estimate. If w is not complete, we set w. = w + €& with some complete
Kéhler metric . The final conclusion is then obtained by passing to the limit and using
a monotonicity argument (the integrals are monotonic with respect to ¢). U

(13.5) Remark. We will also need a variant of the L?-estimate, so as to obtain
approximate solutions with weaker requirements on the data: given 6 > 0 and g €
L*(X,A™T% @ E) such that D"g = 0 and [, ((B + 61)"'g,9)dV,, < +oo, there
exists an approximate solution f € L*(X,A™?!'T% ® E) and a correcting term h €
L*(X,A™T% ® E) such that D" f + §'/2h = g and

[menpaves [ mpa <z [ (o0 g v,
X X X

The proof is almost unchanged, we rely instead on the estimates

(g )] < /X (B +61)g,g) dV., /X (B + 6T)oy, 1) dVi,

and
/ (B + 81)v1,v1) dV, < [[(n% + AZ)D" 0| + §||v]|?. O
X

§13.C. The L? Extension Theorem

According to a concept already widely used in Section 5, a (non necessarily compact)
complex manifold will be said to be weakly pseudoconvex if it possesses a smooth weakly
plurisubharmonic exhaustion function.

(13.6) Theorem. Let X be a weakly pseudoconvex complex n-dimensional manifold
possessing a Kdhler metric w, and let L (resp. E) be a Hermitian holomorphic line
bundle (resp. a Hermitian holomorphic vector bundle of rank r over X), and s a global



126 Analytic Methods in Algebraic Geometry

holomorphic section of E. Assume that s is generically transverse to the zero section,
and let
Y ={z€X; s(x)=0,Ads(z) # 0}, p=dmY =n—r.

Moreover, assume that the (1,1)-form 1O +rid'd" log|s|? is semi-positive and that there
1s a continuous function o = 1 such that the following two inequalities hold everywhere
on X :

(a) 1O +rid'd"log|s|* > 04_1%,
s
(b) [s| < e

Then for every smooth D" -closed (0,q)-form f over Y with values in the line bundle
A"T% ® L (restricted to Y), such that [, |f|*|A"(ds)|~2dV,, < +oo, there exists a D"-
closed (0,q)-form F over X with values in A"T% ® L, such that F' is smooth over
X ~{s=A"(ds) = 0}, satisfies Fyy = f and

/ L <0/7|f|2 dVy
x [sPPr(=log|s)> " y [A7(ds)]> T

where C,. 1s a numerical constant depending only on r.

Observe that the differential ds (which is intrinsically defined only at points where
s vanishes) induces a vector bundle isomorphism ds : T'x /Ty — E along Y, hence a non
vanishing section A" (ds), taking values in

Ar(Tx/Ty>* X det E C ATT;;' (029 det E.

The norm |A"(ds)| is computed here with respect to the metrics on A"T% and det E
induced by the Kéahler metric w and by the given metric on E. Also notice that if
hypothesis (a) is satisfied for some «, one can always achieve (b) by multiplying the
metric of £ with a sufficiently small weight e=X°¥ (with 1 a psh exhaustion on X and x
a convex increasing function; property (a) remains valid after we multiply the metric of
L by e~ (oo )xov where ag = infyex o).

Proof. Let us first assume that the singularity set ¥ = {s = 0} N {A"(ds) = 0} is empty,
so that Y is closed and nonsingular. We claim that there exists a smooth section

Foo € €°(X,\"T% ® L) = €2 (X,\"T% @ A"T% @ L)

such that

(a) Fy coincides with f in restriction to Y,
(b) |Fso| = |f| at every point of Y,

(¢) D"Fy =0 at every point of Y.

For this, consider coordinates patches U; C X biholomorphic to polydiscs such that

UuinY ={z€U;; z1=---=2 =0}
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in the corresponding coordinates. We can certainly find a section
fe€(X,A"Ty ® L)

which achieves (a) and (b), since the restriction map (A%977% )y — A%9T3 can be viewed
as an orthogonal projection onto a “€>-subbundle of (A%97T%)y. It is enough to extend
this subbundle from U; NY to U; (e.g. by extending each component of a frame), and
then to extend [ globally via local smooth extensions and a partition of unity. For any
such extension f we have

(D" flyy = (D" fry)=D"f=0.

It follows that we can divide D" f = Y icaer 9ia(2) Adzy on U; NY, with suitable
smooth (0, g)-forms g; » which we also extend arbitrarily from U; NY to U;. Then

Fooi=f— Z 0;(z) Z Zxgjx(2)

1<AKr

coincides with fon Y and satisfies (c). Since we do not know about F,, except in an
infinitesimal neighborhood of Y, we will consider a truncation F. of F,, with support in
a small tubular neighborhood [s| < € of Y, and solve the equation D"u. = D" F. with
the constraint that u. should be 0 on Y. As codimY = r, this will be the case if we can
guarantee that |u.|?|s|~2" is locally integrable near Y. For this, we will apply Proposition
13.4 with a suitable choice of the functions n and A, and an additional weight |s|=2" in
the metric of L.

Let us consider the smooth strictly convex function xo : | — 00,0 — | — o0, 0]
defined by xo(t) =t — log(1 —¢) for ¢ < 0, which is such that xo(¢) <¢, 1 < x{ < 2 and
Xo(t) =1/(1 —t)%. We set

Uszlog(|8|2+52)7 Ne :5_XO(05)'
As |s|] < e @ < el we have 0. < 0 for € small, and

Ne =€ —0e =€ —log(e 2™ + &%),

Given a relatively compact subset X. = {¢ < ¢} cC X, we thus have n. > 2« for
e < g(c) small enough. Simple calculations yield

ido. = D', s}
T Ere
id/d/IO'g _ i{D/S,D/S} B i{DIS,S} A {S,D/S} - {i@ES7S}
sP 2 (P+27 P +e
_ 2 i{D's,s} A {5, D's} {iOps, s}
PTET (sP+EE P+
2

£ ., / {i@gs, s}
>W1d05/\d UE—W,
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thanks to Lagrange’s inequality i{D’s,s} A {s, D’'s} < |s|?i{D’s, D’s}. On the other
hand, we have d'n. = —x{(0c)do. with 1 < x{(0:) < 2, hence

—id'd"n. = x4 (02)id'd" o + x((0.)id o ANd" o,

1 xgloo)y,
> <X6(05) |2 - X6(0:)2)1d/775 A d'ne = Xo(o¢)

{iOgs, s}
5|2+ €2

We consider the original metric of L multiplied by the weight |s|~2". In this way, we get
a curvature form _

1 {iOgs, s}
o + &2

by hypothesis (a), thanks to the semipositivity of the left hand side and the fact that
%Xé(og)ﬁ < # As n. > 2a on X, for € small, we infer

1
10, +rid'd"log|s|* > 5)(6(05)04

" 2
Xo(0e) . 1 € .
idn. Nd'n. > ———————=i
Xo(oe)2 " " =7 x0(02)]s[?

on X,.. Hence, if \. = x{(0:)?/x{(02), we obtain

ne(i0r, + id'd" log|s|?) — id'd"n. — d'ne A d'"ne

B. = [n.(101 +id'd" log|s|*) —id'd"n. — A\J'id'n. Ad"n- , A

g2 g2

-d/ng/\d//ns, A] — 7(d//n€)<d//n€)*

S
Xo(oe)]s[? Xo(oe)]s[?

as an operator on (n, q)-forms (see the proof of Lemma 13.1).

Let 6 : R — [0,1] be a smooth cut-off function such that 6(¢) = 1 on | — 00, 1/2],
Suppf C | —oo,1] and |#’| < 3. For ¢ > 0 small, we consider the (n,q)-form F. =
0(c2|s|?) Fs and its D"-derivative

ge = D"F. = (14+e72|s]*)0' (¢ 7%|s|*)d" 0. A Foo + 0(c2|5|>) D" Fy

(as is easily seen from the equality 1+ e 2|s|?> = e72e%¢ ). We observe that g. has its
support contained in the tubular neighborhood |s| < e; moreover, as € — 0, the second
term in the right hand side converges uniformly to 0 on every compact set; it will therefore
produce no contribution in the limit. On the other hand, the first term has the same
order of magnitude as d”o. and d"’n., and can be controlled in terms of B.. In fact, for
any (n,q)-form v and any (n,q + 1)-form v we have

[{d"ne A, 0)* = [{u, (d"ne) o) [* < Jul?|(d"ne) o]

. "o2)|s|?
= (@) (@) v v) < N g2 )

This implies
)Is|”

/
_ O¢
(B2 e ), (e n)) < X0 2

The main term in g. can be written

g = (L7258 (672 s1*)xp (o) T e A Fc.
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On Suppg C {|s| < e}, since x{(oe) = 1, we thus find
(B gt ) < (L4722 0 (725 )? | Fuc| .

Instead of working on X itself, we will work rather on the relatively compact subset
XeNY,, where Y, =Y NX.=YN{yY <c}. We know that X. \ Y. is again complete
Kahler by a standard lemma (see [Dem82b], Theorem 1.5). In this way, we avoid the
singularity of the weight |s|~2" along Y. We find

[ B g0 T < [ R e R (s
XeNYe XcN\Y,

Now, we let ¢ — 0 and view s as “transverse local coordinates” around Y. As F,,
coincides with f on Y, it is not hard to see that the right hand side converges to
¢r [y |fI?|A"(ds)|~2dVy,, where ¢, is the “universal” constant

i"" A" (dz) A A7 (dz
Cr:/ (1—|—|Z|2)29/(|Z|2)21 ( Z)Zr ( Z) < 400
zeCr, |z|<1 |2|

depending only on r. The second term

g§2) — 0(8_2|8|2)d//F00

in g. satisfies Supp( ) C {|s| < e} and |g§ )\ = O(|s|) (just look at the Taylor expansion
of d"F near Y). From this we easily conclude that

/ (B9, g) |s| 2 dVi. = O(),
X NY,

provided that B. remains locally uniformly bounded below near Y (this is the case for
instance if we have strict inequalities in the curvature assumption (a)). If this holds true,
we apply Proposition 13.4 on X.\ Y, with the additional weight factor |s|™2". Otherwise,
we use the modified estimate stated in Remark 13.5 in order to solve the approximate
equation D"u + 6'/2h = g. with § > 0 small. This yields sections u = Uces, P =hees
such that

[ et A Pl Ve [ fheaf?ls] v
X .\Y, X . N\Y,

<2/ ((B€+5I)_1g€,g€>\s|_2Tde,
X \Y,

and the right hand side is under control in all cases. The extra error term §'/2h can
be removed at the end by letting é tend to 0. Since there is essentially no additional
difficulty involved in this process, we will assume for SlmpllClt?’ of exposmon that we do
have the required lower bound for B. and the estimates of ge ’ and gg as above. For
d = 0, the above estimate provides a solution u. . of the equation D"u.. = g. = D"F,
on X, \ Y., such that

/ (N +Ae) e8| 72V < 2/ (BZ1ge, ge) Is] 7 dVx o
XN\Y, X N\Y,

|fI?
<2 T TA»/ 7.N2 w .
c /Y Ve +00)
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Here we have

oo = log(|s|* + %) <log(e™2* + &%) < —2a + 0(e?) < =2+ O(e?),
ne =€ = xo(0:) < (1+0(e))az,
/\E — X6(U€)2
X0 (0¢)
2 2 21\ 2
e+ A < (4+0(e))o? < (44 0(e)) (— log(Js|* +¢%))".

=1 -0’ +(1-0:) <(3+0(e))o2,

As F. is uniformly bounded with support in {|s| < €}, we conclude from an obvious
volume estimate that

/ |Fe|?dVx o Const.
x. (|s]? +¢€?)7(—log(|s|* +€2))? ~ (loge)?’
Therefore, thanks to the usual inequality |t +u|? < (1 +k)[t]? + (1 + &k~ 1)|u|? applied to

the sum F, . = f. — u.. with k = |loge|, we obtain from our previous estimates

‘f‘QdVY,w

‘Fc s‘QdVXou / —1
’ ’ < 8e¢, + O(|loge .
/Xc\yc (Is]* +&2)"(—log(|s|* + €2))? v, [A7(ds)[? (logel™)

In addition to this, we have d’F. . = 0 by construction, and this equation can be seen
to extend from X, \ Y. to X, by the L? estimate ([Dem82b], Lemma 6.9).

If ¢ = 0, then u. . must also be smooth, and the non integrability of the weight |s| 2"
along Y shows that u. . vanishes on Y, therefore

Feerv =Fy =Fxry = f.

The theorem and its final estimate are thus obtained by extracting weak limits, first as
e — 0, and then as ¢ — +oo. The initial assumption that ¥ = {s = A"(ds) = 0} is
empty can be easily removed in two steps: i) the result is true if X is Stein, since we can
always find a complex hypersurface Z in X such that ¥ C YNZ C Y, and then apply the
extension theorem on the Stein manifold X \ Z, in combination with L? extension; ii)
the whole procedure still works when 3 is nowhere dense in Y (and possibly nonempty).
Indeed local L? extensions f; still exist by step i) applied on small coordinate balls Uj ;
we then set Fioo = > ij;- and observe that | D" F,.|?|s| 2" is locally integrable, thanks to
the estimate ij |E|2\s|_2r(log |s|)72dV < +oo and the fact that | > d"6; /\J?;| = 0(|s]%)
for suitable § > 0 [as follows from Hilbert’s Nullstensatz applied to E — fk at singular
points of Y ].

When ¢ > 1, the arguments needed to get a smooth solution involve more delicate
considerations, and we will skip the details, which are extremely technical and not very
enlightening.

(13.7) Remarks.

(a) When ¢ = 0, the estimates provided by Theorem 13.6 are independent of the Kéhler
metric w. In fact, if f and F' are holomorphic sections of A"T% ® L over Y (resp. X),
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viewed as (n,0)-forms with values in L, we can “divide” f by A"(ds) € A"(TX/TY)* ®
det E to get a section f/A"(ds) of APTy @ L ® (det E)~! over Y. We then find

|F|2dV., =" {F, F},

ﬁ — ip2 T s T s
eV = U/ (ds), S/ (ds)),

where {e, o} is the canonical bilinear pairing described in (3.3).

(b) The Hermitian structure on E is not really used in depth. In fact, one only needs E
to be equipped with a Finsler metric, that is, a smooth complex homogeneous function
of degree 2 on E (or equivalently, a smooth Hermitian metric on the tautological bundle
Op(g)(—1) of lines of E over the projectivized bundle P(E), see (4.12)). The section s
of E induces a section [s] of P(E) over X \ s7!(0) and a corresponding section s of the
pull-back line bundle [s]*@p(g)(—1). A trivial check shows that Theorem 13.6 as well as
its proof extend to the case of a Finsler metric on F, if we replace everywhere {iOgs, s}
by {iOs]«@p ) (~1)5, s } (especially in hypothesis 13.6 (b)). A minor issue is that [A"(ds)|
is (a priori) no longer defined, since no obvious Hermitian norm exists on det E. A
posteriori, we have the following ad hoc definition of a metric on (det E)* which makes
the L? estimates work as before: for x € X and & € A"E?, we set

iENE

|Z|2r

1
€17 = —/ (14 [2])%6"(|2]*)?
c z€FE,

r

where |z| is the Finsler norm on E, [the constant ¢, is there to make the result agree
with the Hermitian case; it is not hard to see that this metric does not depend on the
choice of 6].

(c) Even when ¢ = 0, the regularity of u.. s requires some explanations, in case 6 > 0.
In fact, the equation
D//uc,s,(s + 51/2hc,5,6 =9 = D//Fs

does not immediately imply smoothness of u. . s (since h. . 5 need not be smooth in gene-
ral). However, if we take the pair (uc.c s, hec.s) to be the minimal L? solution orthogonal
to the kernel of D” ®46'/21d, then it must be in the closure of the image of the adjoint ope-
rator D" * @ §'/21d, i.e. it must satisfy the additional condition D"*hees = 61/2uc75’5,
whence (A" + 01d)hees = (D"D"* + §1d)hees = §12D"F.., and therefore hees is
smooth by the ellipticity of A”. O

We now present a few interesting corollaries. The first one is a surjectivity theorem
for restriction morphisms in Dolbeault cohomology.

(13.8) Corollary. Let X be a projective algebraic manifold and E a holomorphic vec-
tor bundle of rank r over X, s a holomorphic section of E which is everywhere trans-
verse to the zero section, Y = s7(0), and let L be a holomorphic line bundle such that
F=LY"®E* s Griffiths positive (by this, we just mean formally that
%i@L ®Idg —iOp >uir 0). Then the restriction morphism

HYY(X,A\"T% ® L) — H"(Y,A\"T% ® L)
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is surjective for every q = 0.

Proof. A short computation gives

{s, D’s})

id'd" log |s|? = id’(
|s[?

_ i({D/s,D/S} {D’s, s} N{s,D’'s} N {s, @Es}) < _{i@Es, s}

52 |s]* |52 |52

thanks to Lagrange’s inequality and the fact that ©p is antisymmetric. Hence, if § is a
small positive constant such that

1
-0 + ;i@L ®RIdg >arit dw ®Idg > 0,

we find
0 +rid'd" log|s|* > réw.

The compactness of X implies iOp < Cw ® Idg for some C' > 0. Theorem 13.6 can thus
be applied with a@ = 7§/C and Corollary 13.8 follows. By Remark 13.7 (b), the above
surjectivity property even holds if L'/" @ E* is just assumed to be ample (in the sense
that the associated line bundle 7* LY ® @ p(p)(1) is positive on the projectivized bundle
7m: P(E) — X of lines of E). O

Another interesting corollary is the following special case, dealing with bounded
pseudoconvex domains 2 CC C™. Even this simple version retains highly interesting
information on the behavior of holomorphic and plurisubharmonic functions.

(13.9) Corollary. Let Q2 C C" be a bounded pseudoconver domain, and let Y C X be a
nonsingular complex submanifold defined by a section s of some Hermitian vector bundle
E with bounded curvature tensor on ). Assume that s is everywhere transverse to the
zero section and that |s| < e~t on Q. Then there is a constant C' > 0 (depending only
on E), with the following property: for every psh function ¢ on €, every holomorphic
function f on'Y with [, |f]*|A"(ds)|"?e"¥dVy < +oo, there exists an extension F of f

to Q such that
I / |f|2 .
d e PdVs .
/Q S (g2t VeSO Rr@sEe MY

Proof. We apply essentially the same idea as for the previous corollary, in the special case
when L = ) x C is the trivial bundle equipped with a weight function e——AlzI* | The
choice of a sufficiently large constant A > 0 guarantees that the curvature assumption
13.6 a) is satisfied (A just depends on the presupposed bound for the curvature tensor
of ). O

(13.10) Remark. The special case when Y = {2} is a point is especially interesting. In
that case, we just take s(z) = (ediam Q)1 (2 — 2¢), viewed as a section of the rank r = n
trivial vector bundle Q x C™ with |s| < e™!. We take a = 1 and replace |s|?>"(—log|s|)?
in the denominator by |s|2("~%), using the inequality

1 1
—log |s| = glog|3\_6 < g|s\_€, Ve > 0.
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For any given value fy, we then find a holomorphic function f such that f(z¢) = fo and

iG] Sp— Ch N
/g; |Z _20‘2(71_5)6 ‘10( )dVQ < €2<diamQ)2(n_€) |f0‘ e (P( 0).

§ 13.D. Skoda’s Division Theorem for Ideals of Holomorphic Functions

Following a strategy inpired by T. Ohsawa [Ohs02; Ohs04], we reprove here a version of
Skoda’s division theorem for ideals of holomorphic functions, by reducing it to an exten-
sion problem. Our approach uses Manivel’s version of the extension theorem presented
above, and leads to results very close to those of Skoda [Sko80], albeit somewhat weaker.

Let (X,w) be a Kdhler manifold, dim X = n, and let g : £ — @ a holomorphic
morphism of Hermitian vector bundles over X. Assume for a moment that g is everywhere
surjective. Given a holomorphic line bundle . — X, we are interested in conditions
insuring that the induced morphism g : H*( X, Kx ® E® L) - H'(X,Kx ® Q ® L) is
also surjective (as is observed frequently in algebraic geometry, it will be easier to twist
by an adjoint line bundle Kx ® L than by L alone). For that purpose, it is natural to
consider the subbundle S = Ker g C E and the exact sequence

(13.11) 0—8 E 25Q—0

where j : S — FE is the inclusion, as well as the dual exact sequence
(13.11) 0—Q s E ERNg — 0,

which we will twist by suitable line bundles. The main idea of [Ohs02; Ohs04] is that
finding a lifting of a section by g is essentially equivalent to extending the related section
on Y = P(Q*) =P(Q) to X = P(E*) = P(E), using the obvious embedding Y C X of
the projectivized bundles. In fact, if rg = rg — rg are the respective ranks of our vector
bundles, we have the classical formula

(13.12) Ky = Kp(g) = 7" (Kx ® det E) ® Op() (—7s)

where 7 : P(E) — X is the canonical projection. Therefore, since E coincides with the
direct image sheaf m,Opg)(1), a section of H°(X,Kx ® E® L) can also be seen as a
section of

(13.13) HY (¥, Ky ® Oy(rs +1) @ n*(L ® det E71)).
Now, since Oy (1) cy = Oy(1) = Op(g)(1), the lifting problem is equivalent to extending

to & a section of the line bundle (Ky ® &) where &£ = Oy (rs+1) @ 7*(L @ det E~1).
As a submanifold, Y is the zero locus of the bundle morphism

Oppy(—1) = 7" E* — 7" (E*/Q") = "5,
hence it is the (transverse) zero locus of a naturally defined section

(13.14) s€ HO(X,€) where € := 775" ® Opg)(1).
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Let us assume that E is endowed with a smooth Hermitian metric i such that g, is
Griffiths semi-positive. We equip @ with the quotient metric and S, Opg)(1), det E,
€ (...) with the induced metrics. A sufficient curvature condition needed to apply the
Ohsawa-Takegoshi-Manivel extension theorem is

1O s,
10y + rgid'd" log |s|? > 5%
S

for € > 0 small enough (i.e. in some range € € [0,&0], €9 < 1). Since id'd” log|s|* >

—iBap(r) (1) — %, we obtain the sufficient condition

{iO;+5+8, s}

e >0, e € [0, &p].

(1315) ﬂ-*i@L@det E-1 -+ (1 — €>i®@]P’(E)(1) — (TS + 5)

The assumption that E is Griffiths semi-positive implies i®4et g = 0, i@@n},( (1) > 0 and
also

{1@7‘.*5* S, 8}

i

(13.16) < 1O4et -

In fact this is equivalent to proving that S ®det ) is Griffiths semi-positive, but we have
in fact S®detQ = S®detS™! ® det E = A™5~18* ® det E, which is a quotient of
A"sTIE* @ det E = A"#~"sT1E > (. This shows that (13.15) is implied by the simpler
condition

(13.17) iOp > iO4et B + (TS + €0>i®detQ7

in particular L = det E ® (det Q)*, k > rg, satisfies the curvature condition. We derive
from there:

(13.18) Theorem. Assume that (X,w) is a Kdhler manifold possessing a complete
Kdhler metric 0, and let g : E — Q be a surjective morphism of holomorphic vector bun-
dles, where (E, hg) is a Griffiths semi-positive Hermitian bundle. Consider a Hermitian
holomorphic line bundle (L,hy) such that

i@L—(Ts-i-e)i@detQ—i@detE20, rs =rp—rg, €>0.

Then for every L? holomorphic section f € H°(X, Kx ® Q ® L) there exists a L* holo-
morphic section h € H* (X, Kx ® E® L) such that f = g-h and |h||* < Cprp.ell fII*.

Proof. We apply Theorem 13.6 with respect to the data (%, Y, €, ¥£) and a = &1,
r = rg. Since |s| < 1, we have to multiply s by § = exp(—1/¢) to enforce hypothesis
13.6 (b). This affects the final estimate only as far as the term log|s| is concerned,
since both |s|>" and |A"(ds)|> = 1 are multiplied by §%". Finally, we apply Fubini’s
theorem to reduce integrals over X or Y to integrals over X, observing that all fibers of
X = P(F) — X are isometric and therefore produce the same fiber integral. Theorem
13.18 follows. By exercising a little more care in the estimates, one sees that the constant
Ch.rp. is actually bounded by C,, ..~ 2, where the e~2 comes from the term (— log|s|)?,
after s has been multiplied by exp(—1/e). O
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Skoda’s original method is slightly more accurate. It shows that one can take
Ch.rp.e =€ ', and, more importantly, replaces the curvature hypothesis by the weaker
one

10 — (k4 ¢)iBdet 9 — 1Odet £ = 0,

(13.19) . .
where k = min(rg,n), r¢ =rg —rg, n=dimX, >0,

which does not seem so easy to obtain with the present method. It is however possible to
get estimates also when () is endowed with a metric given a priori, that can be distinct
from the quotient metric of E by g. Then the map g*(gg*)~! : Q — E is the lifting of
Q orthogonal to S = Ker g. The quotient metric | ® |" on @ is therefore defined in terms
of the original metric | | by

[0 =197 (99") "0l = ((99") 1, v) = det(gg") " (997, v)

where gg}; € End(Q) denotes the endomorphism of ) whose matrix is the transposed
comatrix of gg*. For every w € det ), we find

jw]* = det(gg™) ™" [w|.
If Q" denotes the bundle @ with the quotient metric, we get
1Oget Q = 1Oget o+ id'd"” log det(gg*).

In order that the hypotheses of Theorem 13.18 be satisfied, we are led to define a new
metric | o | on L by |u|"? = [u|? (det(gg*))” " . Then

10, =101 + (m+¢)id'd" logdet(gg*) = (m + €) 1Oget ¢'-
Theorem 13.18 applied to (E,Q’, L") can now be reformulated:

(13.20) Theorem. Let X be a weakly pseudoconvex manifold equipped with a Kdhler
metric w, let E — Q be a generically surjective morphism of Hermitian vector bundles
with E Griffiths semi-positive, and let L — X be a Hermitian holomorphic line bundle.
Assume that

i@L—(Ts-l-e)i@detQ—i@detE20, rs =Tg —TrQ, e>0.

Then for every holomorphic section f of Kx ® Q ® L such that

I :/ (gg* f, f) (det gg*) "1 dV < 4o0,
X

there exists a holomorphic section of Kx ® E ® L such that f = g-h and
/ |h\2 (det gg*) "7 °dV < Chppe 1.
X

In case Q) is of rank 1, the estimate reduces to

J B2 A < G [ 1Pl av
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Proof. if Z C X is the analytic locus where g : E — @ is not surjective and X, = {¢ < ¢}
is an exhaustion of X by weakly pseudoconvex relatively compact open subsets, we exploit
here the fact that X, \ Z carries a complete metric (see [Dem82b]). It is easy to see that
the L? conditions forces a section defined a priori only on X \ Z to extend to X. 0

The special case where E = @’gp and Q = @q are trivial bundles over a weakly
pseudocovex open set 2 C C" is already a quite substantial theorem, which goes back to
[Sko72b]. In this case, we take L to be the Hermitian line bundle (@g, e~%) associated
with an arbitrary plurisubharmonic function ¢ on (2.

(13.21) Corollary (Skoda’s division theorem). Let f, ¢1,...,9, be holomorphic func-
tions on a weakly pseudoconvex open set 0 C C" such that

[ 121920 e vav < o
Q

for some plurisubharmonic function ¢. Then there exist holomorphic functions hj, 1 <
j < p, such that f = 3" g;h; on Q, and

/ B2 |g| 2P D=22c% gV < ), . / F2 g2 e e aV,
X X

14. Approximation of Closed Positive Currents by Analytic Cy-
cles

§ 14.A. Approximation of Plurisubharmonic Functions Via Bergman kernels

We prove here, as an application of the Ohsawa-Takegoshi extension theorem, that every
psh function on a pseudoconvex open set {2 C C" can be approximated very accurately
by functions of the form clog|f|, where ¢ > 0 and f is a holomorphic function. The main
idea is taken from [Dem92]. For other applications to algebraic geometry, see [Dem93b]
and Demailly-Kollar [DKO1]. Recall that the Lelong number of a function ¢ € Psh(Q)
at a point zg is defined to be

. ©(2) . SUPB(,r) P
14.1 =1 f = lim —————.
Y o) = Tog e ol 8 logr

In particular, if ¢ = log|f| with f € O(2), then v(¢, xo) is equal to the vanishing order
ordg, (f) =sup{k € N; D“f(z9) =0, V]a| < k}.

(14.2) Theorem. Let ¢ be a plurisubharmonic function on a bounded pseudoconvex open
set Q@ C C™. For every m > 0, let #Hq(mey) be the Hilbert space of holomorphic functions
f on Q such that [, |f|*e7>™?d\ < 400 and let p,, = 5log . |o¢|* where (o) is an
orthonormal basis of Hq(mey). Then there are constants C1,Co > 0 independent of m
such that
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C 1 C

(a) ¢(2)— — < pm(z) < sup @(¢)+— log —3 for every z € Q and r < d(z,00). In
m |¢—z|<r m r

particular, ¢., converges to ¢ pointwise and in L . topology on Q when m — +o00

and

(b) v(p,2)— % < v(om,2) < v(p,z) for every z € QL.

Proof. (a) Note that > |oy(2)|? is the square of the norm of the evaluation linear form
ev, : [ — f(2) on Hq(mey), since o4(z) = ev,(oy) is the ¢-th coordinate of ev, in the
orthonormal basis (/). In other words, we have

Y loe(2)P = sup |f(2)]?

feB(1)

where B(1) is the unit ball of #(m¢) (The sum is called the Bergman kernel associated
with # o (mp)). As ¢ is locally bounded from above, the L? topology is actually stronger
than the topology of uniform convergence on compact subsets of 2. It follows that the
series Y |oy|? converges uniformly on 2 and that its sum is real analytic. Moreover, by
what we just explained, we have

1
om(z) = sup —log|f(z)].
feB(1) M

For zp € Q and 7 < d(zg, 0f2), the mean value inequality applied to the psh function | f|?
implies

1
WnTQn/n! /z—z—0|<r |f<2)|2d)\(2)

1
exp (2m sup gp(z))/ﬁ|f|26_2m‘pd)\.

= ng2n
T /n' |z—zo|<r

| f(20) <

If we take the supremum over all f € B(1) we get

1 1

©m(z0) < sup  @(z) + -—log Tnr2n

|z—zo|<T 2m

and the second inequality in (a) is proved — as we see, this is an easy consequence of the
mean value inequality. Conversely, the Ohsawa-Takegoshi extension theorem (Corollary
13.9) applied to the O-dimensional subvariety {zp} C € shows that for any a € C there
is a holomorphic function f on Q such that f(z¢) = a and

/ |f|26—2mcpd/\ < C«3|a|26—27m,0(z0)7
Q
where C3 only depends on n and diam (2. We fix a such that the right hand side is 1.

Then ||f]| <1 and so we get

log Cs

1 1
Pmlz0) > —log|f(20)| = — loga] = p(2) — = 2.

The inequalities given in (a) are thus proved. Taking r = 1/m, we find that
limy— 400 SUP|¢_ 5 <1/m P(C) = ¥(z) by the upper semicontinuity of ¢, and therefore
log(Com™) = 0.

lim ,, (2) = ¢(2), since lim -
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(b) The above estimates imply

C 1 C
sup @(2) — — < sup pm(2) < sup  p(2) + — log —.
|z—z0|<T m |z—zo|<T |z—z0|<2r m r

After dividing by logr < 0 when r — 0, we infer

SUDP|;—zq|<2r 90(Z> + % log % SUDP|z—zo|<r QOm(Z> SUP|z—z|<r (20(2) - %
< < ;
log r logr logr
and from this and definition (14.1), it follows immediately that
n
V(@?’f)__gV((Pm?Z)gV((P?Z)‘ O
m

Theorem 14.2 implies in a straightforward manner the deep result of [Siu74] on the
analyticity of the Lelong number upperlevel sets.

(14.3) Corollary ([Siu74]). Let ¢ be a plurisubharmonic function on a complexr mani-
fold X. Then, for every ¢ > 0, the Lelong number upperlevel set

E.(p) = {z € X;vipz) = c}

1s an analytic subset of X.

Proof. Since analyticity is a local property, it is enough to consider the case of a psh
function ¢ on a pseudoconvex open set 2 C C™. The inequalities obtained in Theorem
14.2 (b) imply that

Ec(p) = ﬂ EC—n/m((’Om>'

m>=mg

Now, it is clear that F.(¢,,) is the analytic set defined by the equations aéa) (z) = 0 for all

multi-indices « such that |a| < me. Thus E.(¢) is analytic as a (countable) intersection
of analytic sets. O

(14.4) Remark. It can be easily shown that the Lelong numbers of any closed positive
(p, p)-current coincide (at least locally) with the Lelong numbers of a suitable plurisub-
harmonic potential ¢ (see [Sko72a]). Hence Siu’s theorem also holds true for the Lelong
number upperlevel sets E.(T') of any closed positive (p, p)-current 7.

§ 14.B. Global Approximation of Closed (1,1)-Currents on a Compact Com-
plex Manifold

We take here X to be an arbitrary compact complex manifold (no Kéhler assumption is
needed). Now, let T" be a closed (1, 1)-current on X. We assume that 7" is almost positive,
i.e. that there exists a (1, 1)-form ~ with continuous coefficients such that 7" > v ; the
case of positive currents (y = 0) is of course the most important.

(14.5) Lemma. There exists a smooth closed (1,1)-form a representing the same QE_
cohomology class as T and an almost psh function ¢ on X such that T = o+ ~00p.
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(We say that a function ¢ is almost psh if its complex Hessian is bounded below by a
(1,1)-form with locally bounded coefficients, that is, if 100y is almost positive).

Proof. Select an open covering (U;) of X by coordinate balls such that T = %85% over
Uj, and construct a global function ¢ = ) 6,¢; by means of a partition of unity {6;}
subordinate to U;. Now, we observe that ¢ — ¢ is smooth on U, because all differences
©; — x are smooth in the intersections U; NUy and ¢ — ¢, = Y 0,(p; — ¢i)). Therefore
a:=T— %85@ is smoth. O

By replacing T' with T'— « and v with v — «, we can assume without loss of generality
that {T} = 0, i.e. that T = 19dp with an almost psh function ¢ on X such that
200 = 7.

Our goal is to approximate 7" in the weak topology by currents T,, = ”Tmiﬁggom
such their potentials ¢,, have analytic singularities in the sense of Definition 1.10, more
precisely, defined on a neighborhood V,, of any point zyp € X in the form ¢,,(2) =
cm log |o;.m|* + O(1), where ¢, > 0 and the o}, are holomorphic functions on V.

We select a finite covering (W,) of X with open coordinate charts. Given § > 0, we
take in each W, a maximal family of points with (coordinate) distance to the boundary
> 30 and mutual distance > §/2. In this way, we get for 6 > 0 small a finite covering
of X by open balls UJ'- of radius ¢ (actually every point is even at distance < §/2 of
one of the centers, otherwise the family of points would not be maximal), such that
the concentric ball U; of radius 20 is relatively compact in the corresponding chart W,,.
Let 7; : U; — B(a;,20) be the isomorphism given by the coordinates of W,. Let
£(6) be a modulus of continuity for v on the sets Uj, such that lims_oe(d) = 0 and
Yo — Yo < 36(8)w, for all z,2’ € U;. We denote by v, the (1,1)-form with constant
coefficients on B(aj,2d) such that 777; coincides with v — ¢(d) w at Tj_l(aj). Then we
have

(14.6) 0<y—777<2(0)w on Uj

for 6 > 0 small. We set ¢; = po Tj_l on B(a;,2) and let ¢; be the homogeneous

quadratic function in z — a; such that %85% =7, on B(a;,26). Finally, we set

(14.7) $j(2) = ¢j(2) = q;(2)  on Ba;,20).

Then 1) is plurisubharmonic, since

1= * *
;aa(¢j07j):T_Tj7j zy—1;7 2 0.

We let Ul cC U} CC U; be concentric balls of radii d, 1.54, 20 respectively. On each
open set U; the function ¢; := ¢ — ¢; o 7; defined in (14.7) is plurisubharmonic, so
Theorem 14.2 applied with {2 = U; produces functions

1 .
(14.8) Vim = o logz loj0|®,  (0j¢) = basis of Hy, (mapy).
)4

These functions approximate v; as m tends to +oo and satisfy the inequalities

C1 1 Cs
(14.9) Yi(z) — PR Yim(T) < Kil;lﬁq%(@ + —log .
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The functions v; ., + ¢; o 7; on U; then have to be glued together by a partition of
unity technique. For this, we rely on the following “discrepancy” lemma, estimating the
variation of the approximating functions on overlapping balls.

(14.10) Lemma. There are constants C; i, independent of m and ¢ such that the almost
psh functions w; m, = 2m(;jm + qj 0 7;), i.e.

wjm(z) =2mgqjoj(x) + logz ‘aj,g(x)f, T € UJ{’,
¢

satisfy
wj.m — Wi,m| < Cjx(log 6~ +me(6)6%)  on U/ NUY.

Proof. The details will be left as an exercise to the reader. The main idea is the following;:
for any holomorphic function f; € #Hy, (mi;), a d equation du = 9(6f;) can be solved
on Uy, where ¢ is a cut-off function with support in U} N U}/, on a ball of radius < §/4,
equal to 1 on the ball of radius §/8 centered at a given point zo € U}’ NU;/. We apply the
L? estimate with respect to the weight (n + 1) log |z — zo|? + 2ma)y, where the first term
is picked up so as to force the solution v to vanish at x¢, in such a way that Fj, = u—0f;
is holomorphic and Fj(z9) = f;(zo). The discrepancy between the weights on U} and
U/ is

bj(x) = r(x) = — (g5 0 7(x) — g1, 0 Th(x))

and the 99 of this difference is O(¢(d)), so it is easy to correct the discrepancy up to a
O(£(6)4?) term by multiplying our functions by an invertible holomorphic function G .
In this way, we get a uniform L? control on the L? norm of the solution f; = G5 Fy =

Gjr(u— 0f;) of the form

/ ‘fk‘Ze—Zmzpk < Cj’k6_2n_4€m0(€(6)62)/ |fj|2€_2m¢j~
Uy j

J

The required estimate follows, using the fact that

2mjm () _ Z |0j’£(x)|2 - sup If()]? on U;,
¢ fe%Uj(mwj)’Hngl

and the analogous equality on Uy. U

Now, the actual glueing of our almost psh functions is performed using the following
elementary partition of unity calculation.

(14.11) Lemma. Let UJ'- cC U]’-' be locally finite open coverings of a complex manifold X
by relatively compact open sets, and let 0; be smooth nonnegative functions with support
m Uj’.’, such that 6; <1 on UJ’.’ and 0; =1 on U;. Let A; > 0 be such that

i(0,000; —00; N00;) > —Ajw  on Uj \Uj

for some positive (1,1)-form w. Finally, let w; be almost psh functions on U; with the
property that i(‘)gwj > v for some real (1,1)-form v on M, and let C; be constants such
that
wi(z) < Cj+ sup  wp(xr) on Ui \Uj.
k#3,U, >z
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Then the function w = log (Z 932.6“’7‘) is almost psh and satisfies

100w >~ — 2(2 nU;,\U;AjeOQM.
J

Proof. If we set a; = 0;0w; + 200;, a straightforward computation shows that

Z(O?@w] + 29j89j)ewj _ Z Qjewjo_/j
Z 0?6wi Z Q?ewj ’
Z(O&j VAN aj+9]2-65’w]‘+29j650j—289j/\50j)8wj B Zj,k Qjewj 0 ek ;A\
> 05evi (EQJQ.er)Z
S enlOian—Ora;Peviens 3 02¢i00w; 3 (260,000;—200,790,) "
- 20072 S e S 6%,
(X 03es) i j

ow =

DOw =

by using the Legendre identity. The first term in the last line is nonnegative and the
second one is > 7. In the third term, if = is in the support of 6;000; — 00; A 06;, then
x € U/ \U; and so wj(z) < Cj +wi () for some k # j with U;, > x and 0 (z) = 1. This
gives

ZZ (29]8503 — 2603 A\ 593')6“’3’
> 0]2.ewj

The expected lower bound follows. U

C.
> =2 E HU;/\UJ/_G JAjw.
J

We apply Lemma 14.11 to functions w; ,,, which are just slight modifications of the
functions wj ., = 2m(y; , + ¢; © 7;) occurring in (14.10) :

_ C
@jan (@) = W () + 2m (=E + Co(0)(6%/2 = |75()]?) )
_ G 2 2
= 2m(jn(@) + 45 0 75(@) + = + Coe(0)(8%/2 = |75 ()] )
where x — z = 7;(z) is a local coordinate identifying U; to B(0,24§), C} is the constant

occurring in (14.9) and Cj is a sufficiently large constant. It is easy to see that we can
take A; = C4672 in Lemma 14.11. We have

~ C
Wj,m = Wj,m + 2C1 + m735(5)52 on B(z;,6/2) C U,
since |7(x)| < /2 on B(zj,0/2), while
?:L}j’m < Wi m + 20 — m035(5)52 on U]// N U]/

For m > mg(8) = (logd~1'/((6)6?), Lemma 14.10 implies |w; m — wg,m| < Csme(8)d?
on U/ NU;!. Hence, for C3 large enough, we get

W,m () < sup Wi () < sup  wrm(z) on U \Uj,
k;é]a B($k75/2)9‘r k#]: U]/QS:E
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and we can take C; = 0 in the hypotheses of Lemma 14.11. The associated function
w = log (Y 9?6““7*”) is given by

C
w = logZ@? exp (Qm(@/;j,m +qjoT; + El + Cse(8)(62/2 — |7'j|2))>.
J

If we define ¢, = ﬁw, we get

o(0) = S (0) > Uy () + g 075(0) 4 &

o + —=¢(9)6" > ¢(x)

m 4

in view of (14.9), by picking an index j such that x € B(x;,6/2). In the opposite
direction, the maximum number N of overlapping balls U; does not depend on §, and
we thus get

C, C
w < log N + Qm(max {thjm(x) +qj omi(x)} + El + 735(5)62)
j

By definition of ¢; we have sup|c_,|<, ¥;(¢) < supjc_z (<, () — g; o 7j(x) + C5r thanks
to the uniform Lipschitz continuity of ¢; o 7;, thus by (14.9) again we find

log N C; 1 Cy (s

L g 24 22 2 .
- +|£1;I|3<T<P(O+ —+ —log "+ —e(0)0” + Csr

om(T) <

By taking for instance r = _l/ﬂz and § = §,, — 0, we see that ¢, converges to ¢. On the
other hand (14.6) implies -90q; o 7j(x) = 7/v; > v — 2¢(d)w, thus

%65@j7m > 2m(y — Cse(d)w).

Lemma 14.11 then produces the lower bound

L 9w > 2m(’y — 065(5)w) — C70 2w,

7

whence .
%c‘ﬁcpm >y — Cse(d)w

for m > mo(8) = (logd=1)/((6)6%). We can fix § = §,, to be the smallest value of
d > 0 such that mgy(d) < m, then J,, — 0 and we have obtained a sequence of quasi psh
functions ¢,, satisfying the following properties.

(14.12) Theorem. Let ¢ be an almost psh function on a compact complex manifold
X such that %859@ > v for some continuous (1,1)-form ~. Then there is a sequence of
almost psh functions p,, such that ¢, has the same singularities as a logarithm of a sum
of squares of holomorphic functions and a decreasing sequence €,, > 0 converging to 0
such that

@ ¢) <o) < s o0+ C(E 4 t2)

with respect to coordinate open sets covering X. In particular, ¢,, converges to ¢
pointwise and in L'(X) and
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(b) U@,2) = = < Upm ) < v(px) for everyz € X ;
m

(c) %Gggom =y — EqWw.

In particular, we can apply this to an arbitrary positive or almost positive closed
(1,1)-current T' = a + ~90¢p.

(14.13) Corollary. Let T be an almost positive closed (1,1)-current on a compact

complex manifold X such that T > = for some continuous (1,1)-form ~. Then there

is a sequence of currents T,, whose local potentials have the same singularities as 1/m

times a logarithm of a sum of squares of holomorphic functions and a decreasing sequence
> 0 converging to 0 such that

(a) T, converges weakly to T,
(b) v(T,x)— n Sv(Thp,x) <v(T,x) for every x € X
m

(¢) T 27— emw.

We say that our currents T, are approzimations of T possessing logarithmic poles.

By using blow-ups of X, the structure of the currents 7},, can be better understood.
In fact, consider the coherent ideals ¥,, generated locally by the holomorphic functions

p ( ) ) on Uy, in the local approximations
Ph,m OgZ oy 2+ O(1)

of the potential ¢ of T' on Ug. These ideals are in fact globally defined, because the local
ideals j (k) = ( ]( 731) are integrally closed, and they coincide on the intersections U N Uy
as they have the same order of vanishing by the proof of Lemma 14.10. By Hironaka
[Hir64], we can find a composition of blow-ups with smooth centers i, : X,, — X such
that p’ ¥, is an invertible ideal sheaf associated with a normal crossing divisor D,,

Now, we can write

. 1 N
HinPhsm = Ph,m © Hm = — log 15D, | + Pk,m

where sp, is the canonical section of @G(—D,,) and @, is a smooth potential. This
implies

1
(14.14) o T = —[Dm] + B
m

where [D,,] is the current of integration over D,, and S, is a smooth closed (1, 1)-form
which satisfies the lower bound 3, > u! (v — emw). (Recall that the pull-back of a
closed (1,1)-current by a holomorphic map f is always well-defined, by taking a local
plurisubharmonic potential ¢ such that T = i00¢ and writing f*T = i09(¢ o f)). In the
remainder of this section, we derive from this a rather important geometric consequence,
first appeared in [DP04]). We need two related definitions.
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(14.15) Definition. A Kdhler current on a compact complex space X is a closed positive
current T of bidegree (1,1) which satisfies T > ew for some € > 0 and some smooth
positive Hermitian form w on X.

(14.16) Definition. A compact complex manifold is said to be in the Fujiki class “€) if
it is bimeromorphic to a Kdhler manifold (or equivalently, using Hironaka’s desingular-
ization theorem, if it admits a proper Kdhler modification).

(14.17) Theorem. A compact complex manifold X is bimeromorphic to a Kéihler mani-
fold (i.e. X € €) if and only if it admits a Kdhler current.

Proof. 1f X is bimeromorphic to a Kahler manifold Y, Hironaka’s desingularization
theorem implies that there exists a blow-up Y of Y (obtained by a sequence of blow-ups
with smooth centers) such that the bimeromorphic map from Y to X can be resolved
into a modification y : Y — X. Then Y is Kihler and the push-forward 7" = p,w of a
Kéhler form w on Y provides a Kahler current on X. In fact, if w is a smooth Hermitian
form on X, there is a constant C' such that p*w < Cw (by compactness of Y'), hence

T =y > po (C i w) = C .

Conversely, assume that X admits a Kéahler current 7' > ew. By Theorem 14.13 (c),
there exists a Kéhler current T = T}, > Sw (with m > 1 so large that £, < £/2) in
the same 90-cohomology class as T', possessing logarithmic poles. Observation (14.14)
implies the existence of a composition of blow-ups p : X — X such that

wT=[D|+5 onX,

where D is a Q-divisor with normal crossings and 5 a smooth closed (1,1)-form such
that 8 > Spu*w. In particular 3 is positive outside the exceptional locus of p. This is not

enough yet to produce a Kéhler form on X , but we are not very far. Suppose that X is
obtained as a tower of blow-ups

X:XN—)XN_1—>-'-—)X1—)X0:X,

where X is the blow-up of X; along a smooth center Y; C X;. Denote by ;11 C X411
the exceptional divisor, and let p; : X411 — X; be the blow-up map. Now, we use the
following simple

(14.18) Lemma. For every Kdhler current T; on X, there exists ;11 > 0 and a
smooth form w;y1 in the 00-cohomology class of [Ej41] such that

*
Tjrr = w51 — €111
is a Kahler current on X;4.

Proof. The line bundle O(—FE;11)|[Ej41 is equal to Op(y,)(1) where N; is the normal
bundle to Y; in X;. Pick an arbitrary smooth Hermitian metric on Nj, use this metric
to get an induced Fubini-Study metric on Op( Nj)(l), and finally extend this metric as
a smooth Hermitian metric on the line bundle O(—FE;;1). Such a metric has positive
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curvature along tangent vectors of X;,; which are tangent to the fibers of F;;; =
P(N;) — Y;. Assume furthermore that 7; > J;w; for some Hermitian form w; on X;
and a suitable 0 < §; < 1. Then

ES *
pi TG — gjprujrr = 05p5w5 — €j41Uj41

where piw; is semi-positive on X4, positive definite on X1 \ EF;11, and also positive
definite on tangent vectors of Ty, |g,,, which are not tangent to the fibers of F; 1 — Y.
The statement is then easily proved by taking ;41 < §; and by using an elementary
compactness argument on the unit sphere bundle of T, , associated with any given
Hermitian metric. U

End of proof of Theorem 14.17. If u; is the pull-back of u; to the final blow-up )Z', we
conclude inductively that p*T — > ¢;u; is a Kahler current. Therefore the smooth form

= ZZ—I]’LL] M*T—Z&?]’ﬂj —
is Kéahler and we see that X is a Kahler manifold. O

(14.19) Remark. A special case of Theorem 14.16 is the following characterization
of Moishezon varieties (i.e. manifolds which are bimeromorphic to projective algebraic
varieties or, equivalently, whose algebraic dimension is equal to their complex dimension):

A compact complex manifold X is Moishezon if and only if X possesses a Kdhler current
T such that the De Rham cohomology class {T} is rational, i.e. {T} € H*(X,Q).

In fact, in the above proof, we get an integral current 7' if we take the push forward
T = p.w of an integral ample class {w} on Y, where p: Y — X is a projective model
of Y. Conversely, if {T'} is rational, we can take the €’s to be rational in Lemma 3.5.
This produces at the end a Kahler metric w with rational De Rham cohomology class
on X. Therefore X is projective by the Kodaira embedding theorem. This result was
already observed in [JS93] (see also [Bon93; Bon98] for a more general perspective based
on a singular version of holomorphic Morse inequalities).

§ 14.C. Global Approximation by Divisors

We now translate our previous approximation theorems into a more algebro-geometric
setting. Namely, we assume that 7" is a closed positive (1, 1)-current which belongs to
the first Chern class ¢; (L) of a holomorphic line bundle L, and we assume here X to be
algebraic (i.e. projective or at the very least Moishezon).

Our goal is to show that T can be approximated by divisors which have roughly the
same Lelong numbers as T'. The existence of weak approximations by divisors has already
been proved in [Lel72] for currents defined on a pseudoconvex open set @ C C™ with
H?(Q,R) = 0, and in [Dem92, 93b] in the situation considered here (cf. also [Dem82b],
although the argument given there is somewhat incorrect). We take the opportunity to
present here a slightly simpler derivation.

Let X be a projective manifold and L a line bundle over X. A singular Hermitian

metric h on L is a metric such that the weight function ¢ of h is L{_ in any local
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trivialization (such that Ly ~ U x C and ||¢]|, = |¢]e=?®), € € L, ~ C). The curvature
of L can then be computed in the sense of distributions

T = L@L,h = laggﬁ,
27 s

and L is said to be pseudo-effective if L admits a singular Hermitian metric h such that
the curvature current 7' = ﬁ@ L.h 1s semi-positive [The weight functions ¢ of L are thus
plurisubharmonic]. In what follows, we sometimes use an additive notation for Pic(X),
i.e. kL is meant for the line bundle L®*.

We will also make use of the concept of complex singularity exponent, following e.g.
[Var82, 83], [ArGV85] and [DKO1]. A quasi-plurisubharmonic (quasi-psh) function is
by definition a function ¢ which is locally equal to the sum of a psh function and of a
smooth function, or equivalently, a locally integrable function ¢ such that i0dyp is locally
bounded below by —Cw where w is a Hermitian metric and C' a constant.

(14.20) Definition. If K is a compact subset of X and ¢ is a quasi-psh function defined
near K, we define

(a) The complex singularity exponent ck () to be the supremum of all positive numbers
c such that e=2¢% is integrable in a neighborhood of every point zy € K, with respect
to the Lebesgue measure in holomorphic coordinates centered at zy. In particular

ck () = inf ek (@)

(b) The concept is easily extended to Hermitian metrics h = e~2% by putting cx(h) =
ck (), to holomorphic functions f by cx(f) = cx(log|f|), to coherent ideals ¥ =

(91,---.9n) by cx(F) = ck(p) where ¢ = Slog |g;|?. Also for an effective R-
divisor D, we put cx (D) = cx(log|op|) where op is the canonical section.

The main technical result of this section can be stated as follows, in the case of big line
bundles (cf. Proposition 6.14 (f)).

(14.21) Theorem. Let L be a line bundle on a compact complex manifold X possessing
a singular Hermitian metric h with O > ew for some ¢ > 0 and some smooth positive
definite Hermitian (1,1)-form w on X. For every real number m > 0, consider the space
Ho = HO (X, L®™ @ F(h™)) of holomorphic sections o of L™ on X such that

/ |0|%Ldew :/ |0|26_2m"0de < 400,
X X

where dV,, = %wm is the Hermitian volume form. Then for m > 1, #H,, is a non zero

finite dimensional Hilbert space and we consider the closed positive (1,1)-current
i —/ 1 i =71
—90( 5.~ log Ek |9,k —90( 5 -log Ek |9m.klh | +OLn

where (gm k) 1<k<N(m) 5 an orthonormal basis of #p,. Then :

(a) For every trivialization Ly ~ U x C on a cordinate open set U of X and every
compact set K C U, there are constants C1,Cs > 0 independent of m and ¢ such
that

1 1 Cy
—_ < = — 2 < J—
(:0(2) m 77Z}m(2) m log Ek |gm,k(2)| sup CP(CL’) + m log o

lz—z|<r



14. Approximation of Closed Positive Currents by Analytic Cycles 147

for every z € K and r < %d(K, oU). In particular, 1, converges to ¢ pointwise
and in L . topology on Q when m — +oo, hence T,, converges weakly to T = Oy, 5.

(b) The Lelong numbers v(T, z) = v(p, z) and v(Ty, z) = v(¢m, 2) are related by

v(T,z)— % Sv(Thm,z) <v(T,z) for every z € X.

(c) For every compact set K C X, the complex singularity exponents of the metrics
given locally by h = e=2? and h,, = e~ 2Y™ satisfy

CK(h)_l - < CK(hm)_l < CK(h)_l.

1
m

Proof. The major part of the proof is a variation of the arguments already explained in
Section 14.A.

(a) We note that > |gm x(2)|? is the square of the norm of the evaluation linear form
o o(z) on H,,, hence

1
UYm(z) = sup —log|o(2)]
ceB(1) M

where B(1) is the unit ball of #,,,. For r < %d(K , 002), the mean value inequality applied
to the plurisubharmonic function |o|? implies

1
< - 2
= 7rn7n2n/n! /x—z|<r |O-(:E)| d)\(CL’)

1
exp <2m sup cp(m))/ lo|2e M.
Q

X
2
o n/nl lz—z|<r

o (2)]”

If we take the supremum over all o € B(1) we get

1

m(2) < —log ————
Yn(2) S sup () + 5 —log ——an Tl

|z—z|<r 2m

and the right hand inequality in (a) is proved. Conversely, the Ohsawa-Takegoshi exten-
sion theorem [OhT87], [Ohs88] applied to the 0-dimensional subvariety {z} C U shows
that for any a € C there is a holomorphic function f on U such that f(z) = a and

/ ‘f‘Ze—chpd)\ < Cg|a‘26—2m<p(z),
U

where C'5 only depends on n and diamU. Now, provided a remains in a compact set
K C U, we can use a cut-off function § with support in U and equal to 1 in a neighborhood
of a, and solve the J-equation dg = J(0f) in the L? space associated with the weight
2mep + 2(n 4 1)|log |z — al, that is, the singular Hermitian metric h(z)™|z — a|~2(*+1)
on L®™. For this, we apply the standard Andreotti-Vesentini-Hérmander L? estimates
(see e.g. [Dem82b] for the required version). This is possible for m > mg thanks to the
hypothesis that ©r, ;, > ew > 0, even if X is non Kahler (X is in any event a Moishezon
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variety from our assumptions). The bound mg depends only on ¢ and the geometry of
a finite covering of X by compact sets K; C Uj;, where U; are coordinate balls (say);
it is independent of the point a and even of the metric h. It follows that g(a) = 0 and
therefore 0 = 0f — g is a holomorphic section of L®™ such that

[ Volinav = [ IoPemeav, < € [ (feneav, < Colape ),
X X U

in particular o € #,, = H°(X, L™ @ .¥(h™)). We fix a such that the right hand side
is 1. This gives the inequality

_log G5
2m

1
Yin(2) = —loglal = ¢(2)
which is the left hand part of statement (a).

(b) The first inequality in (a) implies v(¢,, 2) < v(g, z). In the opposite direction,

we find .
sup () < sup  p(x) +

~ log —2
|e—z|<r |z—z|<2r m T

Divide by logr < 0 and take the limit as r tends to 0. The quotient by logr of the
supremum of a psh function over B(z,r) tends to the Lelong number at z. Thus we

obtain
n

V(¢m7ﬁli) 2 V(907£E) - E

(c) Again, the first inequality (in (a) immediately yields h,, < Cgh, hence cx (hy,) >
ci (h). For the converse inequality, since we have

CUK; (h> - II]jiIlCKj (h>7

we can assume without loss of generality that K is contained in a trivializing open patch
U of L. Let us take ¢ < ¢k (¥,). Then, by definition, if V' C X is a sufficiently small
open neighborhood of K, the Holder inequality for the conjugate exponents p = 1+mec~*

and ¢ = 1 + m~!c implies, thanks to equality }l? = qu,

1/p —c/mgq
/ e=2m/PP gy, — / (3 dgmalPe® ) (X gmal) v
v Vo 1<k<N(m) 1<k<N (m)
1/p 1/q
—c/m
< / Z ‘gm’k‘Ze—ngode /( Z ‘gm,k‘z) de
X 1<k<N(m) Vo 1<k<N(m)
1/q
—c/m
N [ (% Jaal?) L) <oe,

1<k<N (m)

From this we infer cx (h) = m/p, ie., cx(h)™! <p/m=1/m+c7t. Asc < cx(Ym) was
arbitrary, we get cx(h)™! < 1/m+ cg(hy,) ™! and the inequalities of (c) are proved. [J
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(14.22) Remark. The proof would also work, with a few modifications, when X is a
Stein manifold and L is an arbitrary holomorphic line bundle.

(14.23) Corollary. Let L — X be a holomorphic line bundle and T = 5-©p ) the
curvature current of some singular Hermitian metric h on L.

(a) If L is big and O > cw > 0, there exists a sequence of holomorphic sections
hs € HY(X, q,L) with lim q, = +o00 such that the Q-divisors Dy = qidiv(hs) satisfy
T = lim D, in the weak topology and sup,cx |v(Ds,z) — v(T,x)] = 0 as s = 4o00.

(b) If L is just pseudo-effective and ©r, , > 0, for any ample line bundle A, there exists
a sequence of non zero sections hy € H(X, psA—l—qsL) with ps, qs > 0, limgs = 400
and limp,/qs = 0, such that the divisors Dy = - le(hs) satisfy T = lim Dy in the
weak topology and sup,cx |v(Ds,x) — v(T, x)| 50 as s — +oo.

Proof. Part (b) is a rather straightforward consequence of part (a) applied to mL + A
and T, m@mL+A b, =1 + L @A ha — 1" when m tends to infinity. Therefore, it
suffices to prove (a).

(a) By Theorem 14.20, we can find sections g1, ...,gn € H°(X,mL) (omitting the
index m for simplicity of notation), such that

T, = %65(% log Z \g]ﬁl) +Orn = %85<% log Z ‘gj‘2>

1N 1N

converges weakly to 1" and satisfies v(T,x) — n/m < v(T,,x) < v(T,x). In fact, since
the number N of sections grows at most as O(m"), we can replace >,y lg;]% by
maxi<j<n |gj]?, as the difference of the potentials tends uniformly to 0 with the help of
the renormalizing constant ﬁ Hence, we can use instead the approximating currents

~ 1
= — m m —1
(93u U - oglglang lg;]-

Now, as L is big, by the proof of (6.17b) we can write kgL = A+ D where A is an ample
divisor and D is an effective divisor, for some ky > 0. By enlarging kg, we can even

assume that A is very ample. Let op be the canonical section of D and let hy,...,hy
be sections of HY(X, A). We get a section of H°(X, (mf + ko)L) by considering

Upm = (gihy + -+ ghhn)op

By enlarging N if necessary and putting e.g. g; = gy for j > N, we can assume that the
sections h; generate all 1-jets of sections of A at every point (actually, one can always
achieve this with n+ 1 sections only, so this is not really a big demand). Then, for almost

every N-tuple (hi, ... ,hy), Lemma 14.24 and the weak continuity of 99 imply that
1 1 _—= 1
Aé,m = %%68 log |U,g’m‘ = % diV(Ug’m)

converges weakly to fm = %65um as ¢ tends to +oo, and that

1 +1
v(T, ) < y(ﬁ—mAg,m,x) <v(T,z)+ MKT’
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where p = max,¢cx ord,(op). This, together with the first step, implies the proposition
for some subsequence D, = Ay s, £(s) > s > 1. We even obtain the more explicit
inequality

n w1
R - ™ < o(h B ) < T+ A5 :
vT ) m tm" vT,z) + Im
(14.24) Lemma. Let Q be an open subset in C"* and let g1, ... ,gny € H°(Q,0q) be

non zero functions. Let S C H°(Q, @q) be a finite dimensional subspace whose elements
generate all 1-jets at any point of Q). Finally, set u = logmax; |g;| and

g = gthi + -+ ghhw, hj € S~ {0}.

Then for all (hy, ... ,hy) in (SN{0})" except a set of measure 0, the sequence § log |uy|
converges to u in L, (Q) and

1 1
V(U,$)<V<Zlog|u@|> <V(U,CL’)+Z, Vee X, Vl>1

Proof. The sequence % log |ug| is locally uniformly bounded above and we have

o1
Jim - log |us(2)] = u(z)

at every point z where all absolute values |g;(z)| are distinct and all h;(z) are nonzero.
This is a set of full measure in  because the sets {|g;|* = |@i|?, j # [} and {h; = 0}
are real analytic and thus of zero measure (without loss of generality, we may assume
that € is connected and that the g;’s are not pairwise proportional). The well-known
uniform integrability properties of plurisubharmonic functions then show that 4 log |uy|
converges to u in L{ (). It is easy to see that v(u, z) is the minimum of the vanishing
orders ord;(g;), hence

v(log |uel|, x) = ord,(us) = v (u, x).
In the opposite direction, consider the set & of all (N + 1)-tuples
(z,hy, ..., hy) € QA x SV

for which v(log |ue|, ) = £v(u,z) + 2. Then & is a constructible set in Q x SV: it has a
locally finite stratification by analytic sets, since

U( U {z; D%g,(x %O}XSN)U ﬂ {(z, ); DPuy(z ) =0}.

520  j,|a|=s |B|<ls+1
The fiber & N ({z} x SN) over a point x € Q where v(u,z) = minord;(g;) = s is

the vector space of N-tuples (h;) € SV satisfying the equations Dﬁ(nghj (z)) =0,
|B] < ¢s+ 1. However, if ord;(g;) = s, the linear map

(0, -+ ,0,75,0, ..., 0) = (D?(g5h;(2))) 5 <pasr
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has rank n+ 1, because it factorizes into an injective map J3h; — Jﬁsﬂ(gfhj). It follows
that the fiber & N ({2} x S) has codimension at least n + 1. Therefore

dim & < dim(Q x SY) — (n+1) =dimSY —1

and the projection of & on SV has measure zero by Sard’s theorem. By definition
of &, any choice of (hy, ... ,hy) € SV~ U1 pr(&e) produces functions u, such that
v(log |ug|,z) < fv(u,z)+ 1 on . O

(14.25) Exercise. When L is ample and h is a smooth metric with T = %@L,h > 0,
show that the approximating divisors can be taken smooth (and thus irreducible if X is
connected).

Hint. In the above proof of Corollary 14.23, the sections g; have no common zeroes and
one can take op = 1. Moreover, a smooth divisor A in an ample linear system is always
connected, otherwise two disjoint parts A’, A” would be big and nef and A’ - A” =0
would contradict the Hovanskii-Teissier inequality when X is connected.

(14.26) Corollary. On a projective manifold X, effective Q-divisors are dense in the
weak topology in the cone Plésl (X) of closed positive (1,1)-currents T whose cohomology
class {T'} belongs to the Neron-Severi space NSg(X).

Proof. We may add e times a Kéahler metric w so as to get T' 4+ ew > 0, and then
perturb by a small combination ) d;a; of classes a; in a Z-basis of NS(X) so that
O =T+ew+ Y djo; > 5w and {6} € H*(X,Q). Then O can be approximated by
Q-divisors by Corollary (14.23), and the conclusion follows. u

(14.27) Comments. We can rephrase the above results by saying that the cone of
closed positive currents P&’Sl(X ) is a completion of the cone of effective Q-divisors. A
considerable advantage of using currents is that the cone of currents is locally compact
in the weak topology, namely the section of the cone consisting of currents 7' of mass
S < T'A w"™! = 1 is compact. This provides a very strong tool for the study of the
asymptotic behavior of linear systems, as required for instance in the Minimal Model
Program of Kawamata-Mori-Shokurov. One should be aware, however, that the cone of
currents is really huge and contains objects which are very far from being algebraic in
any reasonable sense. This occurs very frequently in the realm of complex dynamics. For
instance, if P, (z,c) denotes the m-th iterate of the quadratic polynomial z — 22 + ¢,
then P,,(z,c) defines a polynomial of degree 2™ on C?, and the sequence of Q-divisors
Dy, = £1001og |P,, (2, ¢)| which have mass 1 on C? C P2 can be shown to converge to
a closed positive current 7" of mass 1 on PZ. The support of this current 7' is extremely
complicated : its slices ¢ = cg are the Julia sets J, of the quadratic polynomial z — 22 +c,
and the slice z = 0 is the famous Mandelbrot set M. Therefore, in general, limits of

divisors in asymptotic linear systems may exhibit a fractal behavior. U

§ 14.D. Singularity Exponents and log Canonical Thresholds

The goal of this section to relate “log canonical thresholds” with the « invariant intro-
duced by G. Tian [Tia87] for the study of the existence of Kahler-Einstein metrics. The
approximation technique of closed positive (1, 1)-currents introduced above can be used
to show that the « invariant actually coincides with the log canonical threshold (see also

[DKO1]; [JKO01]; [BGKO05]; [Dem08]).



152 Analytic Methods in Algebraic Geometry

Usually, in these applications, only the case of the anticanonical line bundle L =
—Kx is considered. Here we will consider more generally the case of an arbitrary line
bundle L (or Q-line bundle L) on a complex manifold X, with some additional restrictions
which will be stated later. We introduce a generalized version of Tian’s invariant «, as
defined in [Tia87] (see also [Siu88]).

(14.28) Definition. Assume that X is a compact manifold and that L is a pseudo-
effective line bundle, i.e. L admits a singular Hermitian metric hg with ©r p, = 0. If K
1s a compact subset of X, we put

L) = inf h
ar (L) {h’@TMO}CK( )

where h runs over all singular Hermitian metrics on L such that ©r j > 0.
In algebraic geometry, it is more usual to look instead at linear systems defined by

a family of linearly independent sections oq,01,...,0n € H°(X, L®™). We denote by
the vector subspace generated by these sections and by

13| := P(X) C |mL| := P(H°(X, L®™))

the corresponding linear system. Such an (/N +1)-tuple of sections o = (0;)o< <~ defines
a singular Hermitian metric h on L by putting in any trivialization

[ 1
(3, los(z)2) ™ 1o )P

M ¢el.,

hence h(z) = |o(z)|=%™ with ¢(2) = L log|o(2)| = 5L log > |o;(2)|? as the associated
weight function. Therefore, we are interested in the number cg (|o|~2/™). In the case
of a single section o (corresponding to a one-point linear system), this is the same as
the log canonical threshold lct g (X, L D) = cx (- D) of the associated divisor D, in the
notation of Section 1 of [CS08]. We will also use the formal notation cx (= |X|) in the
case of a higher dimensional linear system |X| C |[mL|. The main result of this section is

(14.29) Theorem. Let L be a big line bundle on a compact complex manifold X. Then
for every compact set K in X we have

1
ag(L)= inf cg(h)= inf inf CK(—D>.
{h,©1 >0} me€Zso DE|mL|

Proof. Observe that the inequality

1
inf inf cx <—D) > inf ci (h)
mMEZLxo DE|mL] m {h,©r,n2>0}
is trivial, since any divisor D € |mL| gives rise to a singular Hermitian metric h.

The converse inequality will follow from the approximation techniques discussed
above. Given a big line bundle L on X, there exists a modification p : X — X of X
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such that X is projective and p*L = O(A + F) where A is an ample divisor and E an
effective divisor with rational coefficients. By pushing forward by p a smooth metric
ha with positive curvature on A, we get a singular Hermitian metric A; on L such that
OL.h, = 1+Oap, = cwon X. Then for any § > 0 and any singular Hermitian metric h
on L with ©pj > 0, the interpolated metric hs = h‘lshl_‘S satisfies ©r, p; = dew. Since
hi is bounded away from 0, it follows that cx(h) > (1 — §)ck (hs) by monotonicity. By
Theorem 14.21(C) applied to hs, we infer

cx(hs) = lim cg(hsm),

m——+400

and we also have 1
CK(h5,m) 2 CK(_D5,m>
m

for any divisor Dj ., associated with a section o € H°(X, L®™® .¥(h{")), since the metric
hsm is given by hsm = (O, |gm.k 2)=1/™ for an orthornormal basis of such sections. This
clearly implies

1 1
¢k (h) = liminf liminf cK<—D5’m> > inf inf cK<—D). O
0—0 m—+oo m m&EZso DE|mL)| m

In the applications, it is frequent to have a finite or compact group G of auto-
morphisms of X and to look at G-invariant objects, namely G-equivariant metrics on
G-equivariant line bundles L ; in the case of a reductive algebraic group G we simply
consider a compact real form G® instead of G itself.

One then gets an « invariant ax (L) by looking only at G-equivariant metrics in
Definition 14.28. All contructions made are then G-equivariant, especially #,, C |mL|
is a G-invariant linear system. For every G-invariant compact set K in X, we thus infer

(14.30)  ax.c(L) = x(h) = inf inf CK(%|2|).

= inf c
{h G-equiv., O, >0} me&Zso |X|C|mL|, Z¢=%

When G is a finite group, one can pick for m large enough a G-invariant divisor Ds
associated with a G-invariant section o, possibly after multiplying m by the order of G.
One then gets the slightly simpler equality

(14.31) ax.c(L) = w(h)= inf  inf cK(iD).

= inf c
{h G-equiv., O , >0} m€Zso De|mL|C m

In a similar manner, one can work on an orbifold X rather than on a non singular
variety. The L? techniques work in this setting with almost no change (L? estimates are
essentially insensitive to singularities, since one can just use an orbifold metric on the
open set of regular points).

The main interest of Tian’s invariant aex, ¢ (and of the related concept of log canonical
threshold) is that it provides a neat criterion for the existence of Ké&hler-Einstein metrics
for Fano manifolds (see [Tia87], [Siu88], [Nad89], [DKO01]).

(14.32) Theorem. Let X be a Fano manifold, i.e. a projective manifold with —K x am-
ple. Assume that X admits a compact group of automorphisms G such that ax c(Kx) >
n/(n+1). Then X possesses a G-invariant Kdhler-Einstein metric.
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We will not give here the details of the proof, which rely on very delicate C*-estimates
(successively for k = 0,1,2,...) for the Monge-Ampere operator. In fine, the required
estimates can be shown to depend only on the boundedness of the integral [ X e~ 27% for
a suitable constant v € ]HLH, 1], where ¢ is the potential of the K&hler metric w € ¢1(X)
(also viewed as the weight of a Hermitian metric on Kx). Now, one can restrict the
estimate to G-invariant weights ¢, and this translates into the sufficient condition of
Theorem 14.32. The approach explained in [DKO01] simplifies the analysis developed in
earlier works by proving first a general semi-continuity theorem which implies the desired
a priori bound under the assumption of Theorem 14.32. The semi-continuity theorem

states as

(14.33) Theorem ([DKO1]). Let K be a compact set in a complex manifold X. Then the
map ¢ + ci (@)~ is upper semi-continuous with respect to the weak ( = L. ) topology on
the space of plurisubharmonic functions. Moreover, if v < ck (), then [, le=27Y —e= 277
converges to 0 when ¢ converges to ¢ in the weak topology.

Sketch of proof. We will content ourselves by explaining the main points. It is convenient
to observe (by a quite easy integration argument suggested to us by J. McNeal) that
¢k (@) can be calculated by estimating the Lebesgue volume py({p < logr} of tubular
neighborhoods as r — 0 :
(14.34)

cx(p) =sup {c > 0; r*“uy({p < logr}) is bounded as r — 0, for some UDK }.

The first step is the following important monotonicity result, which is a straightforward
consequence of the L? extension theorem.

(14.35) Proposition. Let ¢ be a quasi-psh function on a complex manifold X, and let
Y C X be a complex submanifold such that oy # —oo on every connected component
of Y. Then, if K is a compact subset of Y, we have

cx () < cx(p).

(Here, of course, ci () is computed on X, i.e., by means of neighborhoods of K in X).

We need only proving monotonicity for c,(¢y) when 2o is a point of Y. This is done
by just extending the holomorphic function f(z) =1 on B(zp,7)NY with respect to the
weight e~?7% whenever v < ¢, (¢y)-

(14.36) Proposition. Let X, Y be complex manifolds of respective dimensions n, m,
let ¥ C Ox, § C @y be coherent ideals, and let K C X, L CY be compact sets. Put
SO F =priS+pr5f COxyy. Then

ckxp(J® F) = cx(S) +cr(F).

Proof. 1t is enough to show that c(, .\ (¥ @ ¥) = c.(¥) + ¢, () at every point (z,y) €
X xY. Without loss of generality, we may assume that X C C", Y C C™ are open sets
and (z,y) = (0,0). Let g = (g1, ... ,gp), resp. h = (hq, ..., hy), be systems of generators
of .¥ (resp. ¥) on a neighborhood of 0. Set

p=1log) lgil, ¢ =1log> |kl
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Then . & ¥ is generated by the p 4+ g-tuple of functions

goh=(g1(z), .-, gp(x), h1(y), .. , hg(y))

and the corresponding psh function ®(z,y) = log (> |g;(x)| + > |hk(y)|) has the same
behavior along the poles as ®'(z,y) = max(p(z),¥(y)) (up to a term O(1) < log2).
Now, for sufficiently small neighborhoods U, V' of 0, we have

puxv ({ max(o(z), ¥(y)) <logr}) = uu ({p < logr} x py({y <logr}),

and one can derive from this that
Crr® D < ey ({ max(p(a), ¢ (y)) <logr}) < Car®H) [log |~ HHm =
with ¢ = ¢o(p) = ¢o(-¥) and ¢ = ¢o(v)) = co(F). We infer

C(O}O)(j@;{):C+C/:CO<=9)+C()<J). ]

(14.37) Proposition. Let f, g be holomorphic on a complex manifold X. Then, for
every x € X,

ca(f +9) < ca(f) + calg).

More generally, if ¥ and ¥ are coherent ideals, then

(I + ) < o) +ca(F).

Proof. Let A be the diagonal in X x X. Then .Y + ¥ can be seen as the restriction of
S @ ¥ to A. Hence Propositions 14.35 and 14.36 combined imply

Since (f +g) C (f) + (9), we get

cx(f +9) < ex((f) +(9) < ca(f) + () O

Now we can explain in rough terms the strategy of proof of Theorem 14.33. We start
by approximating psh singularities with analytic singularities, using Theorem 14.21. By
the argument of Corollary 14.23, we can even reduce ourselves to the case of invertible
ideals (f) near zp = 0, and look at what happens when we have a uniformly convergent
sequence f, — f. In this case, we use the Taylor expansion of f at 0 to write f = py+sn
where py is a polynomial of degree N and sy (2) = O(|z|¥T1). Clearly co(sy) < n/(N+
1), and from this we infer |co(f) — co(Pn)| < n/(N + 1) by Proposition 14.37. Similarly,
we get the uniform estimate [co(f,) — co(Py,n)| < n/(N + 1) for all indices v. This
means that the proof of the semi-continuity theorem is reduced to handling the situation
of a finite dimensional space of polynomials. This case is well-known — one can apply
Hironaka’s desingularization theorem, in a relative version involving the coefficients of
our polynomials as parameters. The conclusion is obtained by putting together carefully
all required uniform estimates (which involve a lot of L? estimates). u



156 Analytic Methods in Algebraic Geometry

§ 14.E. Hodge Conjecture and approximation of (p, p)-currents

Let X be a complex n-dimensional manifold. We study here the approximation in the
weak topology of a given closed (p, p)-current T" by a sequence of real (or rational) analytic
cycles, i.e. by locally finite sums of the form ) A;[Z;] where Z; C X is a (closed) analytic
set of pure codimension p, and \; are real or rational coefficients. The discussion of this
section is based on ideas of [Dem82¢] (although the main result of Section 7 of [Dem82¢]
suffers from an incorrect proof of Lemma 7.5 — fortunately all statements are entirely
salvaged by the results previously explained in Section 14).

We will concentrate ourselves on the case where X is projective, although the problem
is interesting in other contexts, e.g. for Stein manifolds. We know that the map
T € Defpha(X) = {T} € HPP(X,C)
is continuous in the weak topology.  Since the cohomology class {[Z]} of an
irreducible codimension p cycle lies in the set of integral (p,p) classes, i.e. in

HPP(X,R)N H?P(X,7)/ tors, the approximation is possible only when the cohomology
class {T'} lies in the Hodge group Hdgp (X) defined by

(14.38)  Hdgh(X) = K®z (HPP(X,R) N H**(X,Z)/ tors), K=R or K=Q.

(14.39) Notation. We denote by QL/}fég(X) the set of closed real (p, p)-currents T whose
cohomology class {T'} belongs to the Hodge group Hdgh (X) : this is a closed subspace of
D'PP(X) in the weak topology.

The celebrated Hodge conjecture asserts that for every X projective algebraic and
every p=0,1,...,n = dim¢ X, the group Hdg%(X ) is generated over Q by cohomology
classes of algebraic codimension p cycles [Z] of X (since we are working in finite dimen-
sional vector spaces and since rationals are dense in the reals, the analogous statement
over R is completely equivalent to the statement over Q).

(14.40) Theorem. Let X be a projective n-dimensional manifold. The following pro-
perties are equivalent :

(a) The Hodge conjecture holds true in codimension p, namely Hdga(X) is generated by
codimension p algebraic cycles.

(b) Ewvery closed current T € (:Z/}ﬁig(X) is a weak limit of algebraic cycles > \;[Z;] of
codimension p with rational coefficients.

Proof. 1t is clear that (b) implies (a), hence it is enough to show that (a) = (b).

Fix a current T' € (:Zifég (X). Assumption (a) implies that there exists a codimension
p cycle Tp = > /\? [Z?] with real coefficients such that the cohomology classes of T and

Ty coincide. By the d0-lemma, we conclude that there exists a real (p — 1, p — 1)-current
U such that
T —Ty=ddU.

Now, we can approximate the coefficients of Ty by rational numbers and U by a smooth
(p— 1,p — 1)-form (just use a partition of unity with respect to coordinate charts, and
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apply a convolution in each chart). It is therefore sufficient to prove the following lemma.
O

(14.41) Lemma. Let X be a projective n-dimensional manifold and T = dd°U be a
closed (p,p)-current with zero cohomology class on X, with U and T smooth. Then
T is a weak limit of algebraic codimension p cycles with rational coefficients and zero
cohomology class. In that case, one can even take the approxrimating cycles to be of the
form 321 <i<n AjlZ;] where Z; C X are non singular algebraic subvarieties and N = d,,
depends only on dimension.

Proof. A standard polarization trick shows that the space of (k, k)-forms on C” is gene-
rated by decomposable forms of the type

dde|zX 2 A - Adde|zg P
ny 2

for a suitable family of linear coordinate systems z%* = (2¢,...,2%), 1 < a < (k) . In
particular, in every coordinate patch of X, we can write U in a unique way

U=> @odd|zf> A Adde|z5_, |,

Now, by using a partition of unity, we see that it is enough to prove the result when U
and T can be written under the form

U=@i Addps A Ndd®p,, T =ddU=ddp1 Addpy A~ Addp,

with certain global smooth functions ¢; on X. The number of such terms needed to
generate a given smooth (p — 1,p — 1) form U depends only on dimension; in fact this
follows by an easy argument based on the topological dimension of X, if we allow non
connected coordinate open sets consisting of unions of disjoint balls. Fix a positive line
bundle (L, h) on X and a multiple m;L such that S; = m;0O ; + dd°p; > 0 for every j.
Now we simply write dd“p; = S; — ©;, where ©; = m;0p, 3, and we use Corollary 14.23
to approximate both (1,1) forms S; > 0 and ©; > 0 by divisors coming from sections of
¢m;L, {> 1. As L is ample, we can even perturb these divisors a little bit to get them
non singular. In this way, we show by induction on £k = 1,2, ..., p that each product

dd®p1 N dd°pa N -+ A dd€pg

is a weak limit of rational cycles generated by smooth irreducible components Z; C X,
and more precisely that

(14.42) dd®p1 N\ -+ - NddCpy, = zEEloo Z el Z;.0l, Zj ¢ smooth.
1<j<2*

This is true for £ = 1 by what we have just explained. If the result holds true for k£ — 1,
we write

ddpr A+~ Ndd*pp = lim Y. AdZid nddogy
12kt

= dim > AulZidd A (Sk — Ox).
1<j<2k 1
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By Corollary 14.23 applied to each algebraic submanifold Z; , C X and to the restriction
of myL to Z; 4, equipped respectively with the metrics A™*e™#* and h™*, we find non
singular Q-divisors qieD},év qieD;ié on Zj, which approximate respectively [Z; ] A Sk
and [Z; ¢] A O. This implies

) . . Aik 1y %
dd°pr A -+ A ddpy, = gli—lmoo Z % ([ j,Z] - j,z]).
INVAC L

Assertion (14.42) follows by induction, and the lemma is proved. t

(14.43) Remark. The above proof gives absolutely no control on the sign of coefficients
Aj in the approximating cycles > ; A;[Z;]. When the current 7" is strongly positive (in
the sense that for ||7'||-almost every = the value T'(x) lies in the convex cone generated by
positive decomposable (p, p)-forms), it would be interesting to know whether the cycles
>_; AilZj] can be taken to be positive. This is true for p = 1 by Corollary 14.23, but
seems to be a very hard problem in general, except for the trivial cases p = 0, p = n.
The answer is not even known to be true locally, e.g. for closed strongly positive (p, p)-
currents on the unit ball of C™ (and p # 0,1,7n). We however expect that one can always
take N = 2 in 14.41 (with possibly mixed signs), assuming of course that the Hodge
conjecture holds true. U

(14.44) Remark. It is well known that the Hodge conjecture holds true for (p,p)
classes if and only if it holds for (n — p,n — p) classes. In fact, if w = © 4 > 0 is the
curvature form of a very ample divisor A, the Hard Lefschetz theorem shows that there
are isomorphisms

e AW" 2 HPP(X R) — H" P P(X R), Hdgg, (X) — Hdgg "(X),

where the right hand isomorphism comes from the fact that {w} is an integral class.
In particular, both statements 14.40 (a) and 14.40 (b) hold true for the border cases
p=20,1,n—-1n. [

15. Subadditivity of Multiplier Ideals and Fujita’s Approximate
Zariski Decomposition

The goal of this section is to compare the multiplier ideal sheaf .¥(¢ 4 1) of a sum of
subharmonic functions to each of the multiplier ideal sheaves .¥(y), (). We first notice
the following basic restriction formula for multiplier ideals, which is just a rephrasing of
the Ohsawa-Takegoshi extension theorem.

(15.1) Restriction Formula. Let ¢ be a plurisubharmonic function on a complex
manifold X, and let Y C X be a submanifold. Then

F(oy) C Heo)y-

Thus, in some sense, the singularities of ¢ can only get worse if we restrict to a sub-
manifold (if the restriction of ¢ to some connected component of Y is identically —oo,
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we agree that the corresponding multiplier ideal sheaf is zero). The proof is straight-
forward and just amounts to extending locally a germ of function f on Y near a point
Yo € Y to a function f on a small Stein neighborhood of yy in X, which is possible by
the Ohsawa-Takegoshi extension theorem. As a direct consequence, we get:

(15.2) Subadditivity Theorem.

(a) Let X1, Xo be complex manifolds, m; : X1 x Xo — X;, i = 1,2 the projections, and
let p; be a plurisubharmonic function on X;. Then

F(p1 oM + w2 0ma) = w1 F(p1) - 5 F(p2).

(b) Let X be a complex manifold and let p, 1 be plurisubharmonic functions on X. Then

F( +1b) C F(p) - F()

Proof. (a) Let us fix two relatively compact Stein open subsets Uy C Xy, Uy C Xo.
Then #?(Uy x Us, @1 0 T + 2 0 ma, m7dV) ® w3dVs) is the Hilbert tensor product of
H2 (U, p1,dV1) and H?(Us, p2,dVs), and admits (f, X f/') as a Hilbert basis, where ()
and (f;") are respective Hilbert bases. Since .f(¢1 o 1 + 2 0 M)y, xv, is generated as
an Oy, xy, module by the (f, X f/") (Proposition 5.7), we conclude that (a) holds true.

(b) We apply (a) to X1 = X3 = X and the restriction formula to Y = diagonal of X x X.
Then
Hp+1¢)=I((pom +vom)y) C J(pom —|—¢o7r2)|y

O
G GELY(D) =) IW).

(15.3) Proposition. Let f: X — Y be an arbirary holomorphic map, and let ¢ be a
plurisubharmonic function on'Y. Then F(po f) C f*¥(p).

Proof. Let
I'r={(z,f(x);z e X} CXxY

be the graph of f,and let 7x : X XY — X, 7y : X XY — Y be the natural projections.
Then we can view ¢ o f as the restriction of p o my to I'y, as mx is a biholomorphism
from I'y to X. Hence the restriction formula implies

Hpo f)=I((pomy)r,) C IHpomy)r, = (73-3() p, = F*I(p). O

As an application of subadditivity, we now reprove a result of Fujita [Fuj93], relating
the growth of sections of multiples of a line bundle to the Chern numbers of its “largest
nef part”. Fujita’s original proof is by contradiction, using the Hodge index theorem
and intersection inequalities. The present method arose in the course of joint work with

R. Lazarsfeld [Laz99].

(15.4) Lemma. The line bundle L is big if and only if there is a multiple moL such
that moL = E + A, where E is an effective divisor and A an ample divisor.
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Proof. If the condition is satisfied, the decomposition kmgL = kE + kA gives rise to
an injection H°(X,kA) < H(X, kmoL), thus Vol(L) > mg™ Vol(A) > 0. Conversely,
assume that L is big, and take A to be a very ample nonsingular divisor in X. The exact

sequence
0 — Ox(kL — A) — Ox (kL) — @Oa(kLj4) — 0

gives rise to a cohomology exact sequence
0— H°(X,kL— A) — H°(X,kL) — H°(A,kL,),

and h°(A,kLj4) = O(k" ') since dimA = n — 1. Now, the assumption that L is big
implies that h®(X, kL) > ck™ for infinitely many k, hence H°(X, moL — A) # 0 for some
large integer mq. If E is the divisor of a section in HY(X, moL—A), we find mgL—A = E,
as required. O

(15.5) Lemma. Let G be an arbitrary line bundle. For every ¢ > 0, there exists a
positive integer m and a sequence £, T +oo such that

m n
'm

K (X, 0,(mL — G)) > (Vol(L) —¢),

n!
in other words, Vol(mL — G) = m™(Vol(L) — ¢) for m large enough.

Proof. Clearly, Vol(mL — G) > Vol(mL — (G + E)) for every effective divisor E. We can
take E so large that G+ F is very ample, and we are thus reduced to the case where G is
very ample by replacing G with G + E. By definition of Vol(L), there exists a sequence
k, 7 +oco such that

k™ €
0 v
hO(X, kL) > —'(Vol(L) - 5).

n.

We take m > 1 (to be precisely chosen later), and ¢, = [%’}, so that k, = {,m + r,,
0<r, <m. Then
,(mL —G) =k, L—(r,L+1,G).

Fix a constant a € N such that aG — L is an effective divisor. Then r,L < maG (with
respect to the cone of effective divisors), hence

R (X, 6, (mL —G)) = h° (X, k,L — (£, + am)G).

We select a smooth divisor D in the very ample linear system |G|. By looking at global
sections associated with the exact sequences of sheaves

0—>0(-(+1)D)®6(k,L)— O(—jD)® O(k,L) = Op(k,L — jD) — 0,
0 < j < s, we infer inductively that

hO(X, kL —sD) > h%(X,k,L) — Y h°(D,@p(k,L - jD))
0<ji<s
> h0(X, kL) — sh®(D, k,Lip)
k? € 1
> = ——) - y
> (Vol(L) 2) s Ok

n!



10. Subadditivity of multiplier ideals and approximate Zariski decomposition 161

where C' depends only on L and G. Hence, by putting s = ¢, + am, we get

n

hY (X, 0, (mL - G)) > i

My
n!

(Vol(L) - g) — Oty + am)k" !

Z’I’L n
> (Vol(L) - g) — Oy + am)(fy + 1) i1
n!
and the desired conclusion follows by taking £, > m > 1. U

We are now ready to prove Fujita’s decomposition theorem, as reproved in [DELOO].

(15.6) Theorem (Fujita). Let L be a big line bundle. Then for every e > 0, there exists

a modification p: X — X and a decomposition u*L = E + A, where E is an effective
Q-divisor and A an ample Q-divisor, such that A™ > Vol(L) — €.

(15.7) Remark. Of course, if p*L = E + A with FE effective and A nef, we get an
injection

HY(X,kA) < HY(X,kE + kA) = H*(X, ky*L) = H°(X, kL)
for every integer k which is a multiple of the denominator of E, hence A™ < Vol(L). O

(15.8) Remark. Once Theorem 15.6 is proved, the same kind of argument easily shows

that

|
Vol(Z) = lim %hO(X, kL),

because the formula is true for every ample line bundle A.
Proof of Theorem 15.6. It is enough to prove the theorem with A being a big and nef

divisor. In fact, Proposition 15.4 then shows that we can write A = E' + A’ where E’ is
an effective Q-divisor and A’ an ample Q-divisor, hence

E+A=E+eE' +(1—e)A+cA

where A” = (1 —e)A 4+ €A’ is ample and the intersection number A" approaches A™
as closely as we want. Let G be as in Theorem 6.27 (Siu’s theorem on uniform global
generation). Lemma 15.5 implies that Vol(mL — G) > m™(Vol(L) — ¢) for m large. By
Theorem 6.8 on the existence of analytic Zariski decomposition, there exists a Hermitian
metric h,, of weight ¢,, on mL — G such that

H°(X, 4(mL — G)) = H*(X,{(mL — G) ® F(lpy,))
for every ¢ > 0. We take a smooth modification p : X — X such that
1 (o) = O (~E)

is an invertible ideal sheaf in @%. This is possible by taking the blow-up of X with
respect to the ideal .¥(¢,,) and by resolving singularities [Hir64]. Theorem 6.27 applied
to L' = mL — G implies that @(mL) ® .¥(p.,) is generated by its global sections, hence
its pull-back @(m p*L — E) is also generated. This implies

mu'L=E+A
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where E is an effective divisor and A is a nef (semi-ample) divisor in X. We find

HO(X,0A) = H' (X, l(mp*L — E))
> HY (X, 5* (G(¢mL) @ H(om)"))
> HY(X, p* (6(tmL) ® H(lpm))),
thanks to the subadditivity property of multiplier ideals. Moreover, the direct image

Wi t* (L, ) coincides with the integral closure of .¥(¢yp,,), hence with .¥(¢p,,), because
a multiplier ideal sheaf is always integrally closed. From this we infer

HO(X,€A) > HO(X,0(tmL) @ F(Lorm))
O H(X,0({(mL — G)) @ F(lpy,))
= H°(X,0({(mL — G))).

By Lemma 15.5, we find

~ AL n
(X, LA) > —m (Vol(L) —¢)
for infinitely many ¢, therefore Vol(A) = A™ > m"™(Vol(L) —¢). Theorem 15.6 is proved,
up to a minor change of notation F — %E, A %A. O

We conclude by using Fujita’s theorem to establish a geometric interpretation of the
volume Vol(L). Suppose as above that X is a smooth projective variety of dimension n,
and that L is a big line bundle on X. Given a large integer £ > 0, denote by By C X
the base-locus of the linear system |kL|. The moving self-intersection number (kL)I™ of
|kL| is defined by choosing n general divisors Dy, ..., D, € |kL| and putting

(kL) = #(D1 N...0DyN (X — Bk)>.

In other words, we simply count the number of intersection points away from the base
locus of n general divisors in the linear system |kL|. This notion arises for example in
Matsusaka’s proof of his “big theorem”. We show that the volume Vol(L) of L measures
the rate of growth with respect to k£ of these moving self-intersection numbers:

(15.9) Proposition. One has

[n]
Vol(L) = limsup (kL) .

k— o0 kn

Proof. We start by interpreting (kL) geometrically. Let uy : X — X be a modifica-
tion of |kL| such that uj|kL| = |Vi|+ F), where
Pk = MZ(k’L) — Fk

is generated by sections, and H(X,O@x (kL)) = Vi = HY(X,Ox, (Py)), so that By =
pr(Fi). Then evidently (kL) counts the number of intersection points of n general
divisors in Py, and consequently

(kL) = (P)".
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Since then Py is big (and nef) for & > 0, we have Vol(Py) = (Px)". Also, Vol(kL) >
Vol(Py) since P, embeds in pj(kL). Hence

Vol(kL) > (kL)™ Vi > 0.

On the other hand, an easy argument in the spirit of Lemma 15.5 shows that Vol(kL) =
k™ - Vol(L) (cf. also [ELN96], Lemma 3.4), and so we conclude that

(kL)

(15.10) Vol(L) > =2

for every k> 0.

For the reverse inequality we use Fujita’s theorem. Fix ¢ > 0, and consider the
decomposition u*L = A+ E on p : X — X constructed in Fujita’s theorem. Let k
be any positive integer such that kA is integral and globally generated. By taking a
common resolution we can assume that X; dominates X, and hence we can write

with Ay globally generated and
(Ap)™ = k™ - (Vol(L) — ).

But then Ay embeds in P, and both @(Ax) and @(P) are globally generated, conse-
quently
(4)" < (P = (WD),

Therefore

(kL)

15.11
(15.11) =

> Vol(L) —e.

But (15.11) holds for any sufficiently large and divisible k, and in view of (15.10) the
proposition holds. O

16. Hard Lefschetz Theorem with Multiplier Ideal Sheaves

§16.A. A Bundle Valued Hard Lefschetz Theorem

The goal of this section is to prove the following surjectivity theorem, which can be
seen as an extension of the hard Lefschetz theorem for sections of pseudo-effective line
bundles. We closely follow the exposition of [DPS00].

(16.1) Theorem. Let (L,h) be a pseudo-effective line bundle on a compact Kdihler
manifold (X,w) of dimension n, let ©r ) > 0 be its curvature current and .¥(h) the
associated multiplier ideal sheaf. Then, the wedge multiplication operator wi A e induces
a surjective morphism

o, HO(X, Q% " ® L®.J(h)) — HY(X,Q% @ L ®.9(h)).
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The special case when L is nef is due to Takegoshi [Take97]. An even more special case
is when L is semi-positive, i.e. possesses a smooth metric with semi-positive curvature.
In that case the multiple ideal sheaf .¥(h) coincides with @x and we get the following
consequence already observed by Mourougane [Mou99].

(16.2) Corollary. Let (L,h) be a semi-positive line bundle on a compact Kdhler mani-
fold (X,w) of dimension n. Then, the wedge multiplication operator w? A e induces a
surjective morphism

®1: HY (X, 0% "® L) — HI(X, Q0% ® L).

It should be observed that although all objects involved in Theorem 16.1 are algebraic
when X is a projective manifold, there are no known algebraic proof of the statement; it
is not even clear how to define algebraically .¥(h) for the case when h = hy,4, is a metric
with minimal singularity. However, even in the special circumstance when L is nef, the
multiplier ideal sheaf is crucially needed (see Section 16.E for a counterexample).

The proof of Theorem 16.1 is based on the Bochner formula, combined with a use
of harmonic forms with values in the Hermitian line bundle (L, k). The method can be
applied only after h has been made smooth at least in the complement of an analytic set.
However, we have to accept singularities even in the regularized metrics because only a
very small incompressible loss of positivity is acceptable in the Bochner estimate (by the
results of [Dem92], singularities can only be removed at the expense of a fixed loss of
positivity). Also, we need the multiplier ideal sheaves to be preserved by the smoothing
process. This is possible thanks to a suitable “equisingular” regularization process.

§ 16.B. Equisingular Approximations of Quasi Plurisubharmonic Functions

Let ¢ be a quasi-psh function. We say that ¢ has logarithmic poles if ¢ is locally bounded
outside an analytic set A and has singularities of the form

p(2) = clog > |gsl* +O(1)
k

with ¢ > 0 and g holomorphic, on a neighborhood of every point of A. Our goal is to
show the following

(16.3) Theorem. Let T = o +i00¢ be a closed (1,1)-current on a compact Hermitian
manifold (X,w), where a is a smooth closed (1,1)-form and ¢ a quasi-psh function. Let
v be a continuous real (1,1)-form such that T' > ~y. Then one can write ¢ = lim, ;o @y
where

a) o, is smooth in the complement X \ Z,, of an analytic set Z,, C X ;

b) {p.} is a decreasing sequence, and Z,, C Z, 41 for all v;

(
(
(c) fX (e72¢ — e=29v)dV,, is finite for every v and converges to 0 as v — +00;
(d) F(py) = Hp) for all v ( “equisingularity”) ;

(

e) T, =a+ i@gcpy satisfies T, = v — e,w, where lim,_, €, = 0.
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(16.4) Remark. It would be interesting to know whether the ¢, can be taken to have
logarithmic poles along Z,. Unfortunately, the proof given below destroys this property
in the last step. Getting it to hold true seems to be more or less equivalent to proving
the semi-continuity property

lim F((1+¢)p) = H(p).

€—>O+

Actually, this can be checked in dimensions 1 and 2, but is unknown in higher dimensions
(and probably quite hard to establish).

Proof of Theorem 16.3. Clearly, by replacing T' with 7' — « and v with v — a;, we may
assume that a = 0 and T' =100y > . We divide the proof in four steps.

Step 1. Approximation by quasi-psh functions with logarithmic poles.

By [Dem92], there is a decreasing sequence (¢,) of quasi-psh functions with logarithmic
poles such that ¢ = lim, and 1001, > v — e,w. We need a little bit more information
on those functions, hence we first recall the main techniques used for the construction
of (1,). For ¢ > 0 given, fix a covering of X by open balls B; = {|21)| < r;} with

coordinates z() = (z%j), e zflj)), such that

(16.5) 0<y+¢i00)29 2 < ew on Bj,

for some real number c¢;. This is possible by selecting coordinates in which v is diago-
nalized at the center of the ball, and by taking the radii r; > 0 small enough (thanks
to the fact that v is continuous). We may assume that these coordinates come from
a finite sample of coordinates patches covering X, on which we perform suitable linear

coordinate changes (by invertible matrices lying in some compact subset of the complex
linear group). By taking additional balls, we may also assume that X = J B} where

1 /

are concentric balls B} = {129)] < v =1;/2}, BY = {]20)] < 7 =1;/4}. We define

2 ¢|z0))? on B

E

1
(16.6) Vewj =5-log Y | fujik

keN

where (fy j1)ren is an orthonormal basis of the Hilbert space #, ; of holomorphic func-
tions on B; with finite L? norm

ul|? = / ju[2e= 2 (etes |20 1) g\ (@),
B;
The dependence of 1. ,, ; on ¢ is through the choice of the open covering (B,)). Observe
) 7.7 j

that the choice of ¢; in (16.5) guarantees that ¢ + c;|27)|? is plurisubharmonic on Bj,
and notice also that

(16.7) Dlfvir@PF = sup |f(2)P

keN fewlﬁj? ||f||<1
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is the square of the norm of the continuous linear form #, ; — C, f — f(z). We claim
that there exist constants C;, i = 1,2, ... depending only on X and  (thus independent
of € and v), such that the following uniform estimates hold:

(16.8) 100, > —¢;i00|2D|? > v — ew on Bj (BjCC By),

C
(16.9) 0(2) <Yepj(2) < sup @(C) + glog 71 +Cor?  Vze B, r<r;—rl
[¢—z|<r

(16.10)  |Yevj — Vel < % + C4s(min(rj,m))2 on BjN By.

Actually, the Hessian estimate (16.8) is obvious from (16.5) and (16.6). As in the proof
of ([Dem92], Prop. 3.1), (16.9) results from the Ohsawa-Takegoshi L? extension theorem
(left hand inequality) and from the mean value inequality (right hand inequality). Finally,
as in ([Dem92], Lemma 3.6 and Lemma 4.6), (16.10) is a consequence of Hérmander’s >
estimates. We briefly sketch the idea. Assume that the balls B; are small enough, so that
the coordinates z7) are still defined on a neighborhood of all balls B}, which intersect B i
(these coordinates can be taken to be linear transforms of coordinates belonging to a

fixed finite set of coordinate patches covering X, selected once for all). Fix a point
zo € B} N By. By (16.6) and (16.7), we have

1 ‘
¢5,y,j(20> = ; log |f(2:0>| — Cj|2(3)|2

for some holomorphic function f on B; with || f|| = 1. We consider the weight function
0(2) = 2(p(2) + x2 M) + 2nlog W) — 247,

on both B; and By. The trouble is that a priori we have to deal with different weights,
hence a comparison of weights is needed. By the Taylor formula applied at zgp, we get

cx|2®) — zék)|2 — ¢l — zéj)\2’ < Ca(min(rj,rk))Q on B; N By,
[the only nonzero term of degree 2 has type (1,1) and its Hessian satisfies
—ew < i00(ck| 2P 2 = ¢j|2D]?) < ew
by (16.5); we may suppose 7; < ¢ so that the terms of order 3 and more are negligible].
By writing |2(7)]2 = [20) — ,z(()‘7)|2 + |Z(()])|2 4+ 2Re(z() — zéj), zéj)>, we obtain
cx2®)? = ¢;129 2 = 2¢, Re(z®) — z(()k), Z(()k)> — 2¢j Re(2\9) — z(()j), z(()j)>
+ ck|zék)\2 - cj\zéj)\Q + Ce(min(r;, 7x))>.

We use a cut-off function 6 equal to 1 in a neighborhood of zy; and with support in
B; N By; as 29 € B;- N By, the function # can be taken to have its derivatives uniformly

bounded when zq varies. We solve the equation Ou = 9(0fe’9) on By, where g is the
holomorphic function

9(2) = (20 = 2 L0y o) L) L)y,
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Thanks to Hormander’s L? estimates [Hor66], the L? solution for the weight ® yields a
holomorphic function f' = 6 fe"9 — u on By such that f/'(z9) = f(z9) and

|f/|2e= 2 etelz®17) g (,(0)) < Cl/ | F12]ev9|2e= 2 (oterl =17 g (k)

By, BjﬁBk

< O exp (2w (eal) P 2 P+ Ce(min(r, 1))?))

/ ‘f‘2e—21f(<p+0jIz(j)lz)d)\(z(j)).
B.

J

Let us take the supremum of 1log|f(20)] = Llog|f’(z0)| over all f with ||f|| < 1. By
the definition of 1. , 1 ((16.6) and (16.7)) and the bound on || f'||, we find

l /
0gC + Ce(min(r;, rx))?,

Ve v i(20) < Yo j(20) +

whence (16.10) by symmetry. Assume that v is so large that C3/v < Cye(inf; r;)?. We
“glue” all functions 1), , ; into a function v, , globally defined on X, and for this we set

Ges2) = s (ep(2) +12Cus(r2 = [292)) o X.

7 B;Bz

Every point of X belongs to some ball B}/, and for such a point we get
C
12Cae(r? = 2W) 2 12Cac (1 — i) > 20w} > —> + Cae(min(ry, i),

This, together with (16.10), implies that in 1. ,(z) the supremum is never reached for
indices j such that z € 8B3, hence 1), ,, is well defined and continuous, and by standard
properties of upper envelopes of (quasi)-plurisubharmonic functions we get

(16.11) 100t , > v — Csew

for v > 1y(e) large enough. By inequality (16.9) applied with r» = e~ V¥, we see that
lim, 4 oo ¥e 1 (2) = p(2). At this point, the difficulty is to show that 1. , is decreasing
with v — this may not be formally true, but we will see at Step 3 that this is essentially
true. Another difficulty is that we must simultaneously let € go to 0, forcing us to change
the covering as we want the error to get smaller and smaller in (16.11).

Step 2. A comparison of integrals.
We claim that

(1612> I ::/ (8_290 —_ 6_2max(4pfg_il1/)u,g)+a)de < +OO
X

for every ¢ € ]1,v] and a € R. In fact

I< / e 2PdV, = / e2U=Dp=2te gy
{¢<,6_L11/)E,V+a} {‘P<5_L1ws,u}+a

‘
< 62(3—1)a/ e2tWev=2) gy < C(/ eQV(we,u—cp)de> v
X X
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by Holder’s inequality. In order to show that these integrals are finite, it is enough, by
the definition and properties of the functions . , and v, , ;, to prove that

J

By the strong Noetherian property of coherent ideal sheaves (see e.g. [GR84]), we know
that the sequence of ideal sheaves generated by the holomorphic functions

(fv.jk(2) fu k(W) k<, on B; x Bj is locally stationary as k¢ increases, hence indepen-
dant of kg on Bj x B} CC B; x Bj for ko large enough. As the sum of the series

Zk fu,j,k(Z)fu,j,k(@) is bounded by

(S 1sa@? @)
& k

+o0
2T WE ) = / (D 1snl?)e22dn < +oc.
B
i k=0

’
J

and thus uniformly covergent on every compact subset of B; x Bj, and as the space
of sections of a coherent ideal sheaf is closed under the topology of uniform conver-
gence on compact subsets, we infer from the Noetherian property that the holomorphic
function S2,°% £, k(2) foj k(W) is a section of the coherent ideal sheaf generated by

{fv.5.6(2) fr.j.6(W) i<k, over B} x BY, for ko large enough. Hence, by restricting to the
conjugate diagonal w = Z, we get

+oo ko
Sk <CI fjn() on B
k=0 k=0

This implies

400 ko
[ (X teal)eix<e [ (3 I
B} k=0 B} " k=0

J J

2) e=2¢d\ = Cl(ko + 1).

(16.12) is proved.

Step 3. Subadditivity of the approzimating sequence . .

We want to compare ¥. 1, 41, and ¢ ,,, Ve ., for every pair of indices v, v, first when
the functions are associated with the same covering X = |JB,;. Consider a function
f c %,/14_”2’]‘ with

/B ‘f(z)‘26—2(u1+u2)%‘(2)d)\<2) <1, 0;(2) = o(2) + cj\z(j)|2.

J

We may view f as a function f(z, z) defined on the diagonal A of Bj x B;. Consider the
Hilbert space of holomorphic functions u on B; x B; such that

/ (2, w) [2e 213 ()=20225 ) g\ () A\ (w) < +o0.
Bj ><Bj
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By the Ohsawa-Takegoshi L? extension theorem [OT87], there exists a function f(z,w)

on Bj x Bj such that f(z,z) = f(z) and
[ Fewpe s @ s @iw)
Bj XBj

< 07/ \f(,z)\Qe_Q(”1+”2)‘Pf(Z)d)\(z) = C,
B

J

where the constant C7 only depends on the dimension n (it is actually independent of
the radius r; if say 0 < r; < 1). As the Hilbert space under consideration on B; x Bj; is
the completed tensor product #,, ; ® #,, ;, we infer that

f(z7w) = Z Chy ks Jur .0 (Z)fllz,j,kz(w)

k1,k2

with Y7, [k, &, |* < C7. By restricting to the diagonal, we obtain

|f(Z>|2 = |f(Z,Z)|2 < Z |Ck1,k2|22 |f7/1,j,7€1(z>|22 |f1/2,j,7€2(2)|2'
ko

kl,kz kl

From (16.5) and (16.6), we get

log C~ 12 )
+ wz’i,l/l,j + 7¢€,V2,j7

¢63V1+V23j ~
V1 +ve vty V] + Vg

in particular

Cs

2_11’

and we see that . ov + Cs27" is a decreasing sequence. By Step 2 and Lebesgue’s
monotone convergence theorem, we infer that for every ¢,6 > 0 and a < a9 < 0 fixed,
the integral

Ye,ov j S ¢€,2”*1,j +

IE’(;’V :/ (6—2<P _ 6—2max(cp,(1+6)(w2u’g—|—a)))de
X

converges to 0 as v tends to +oo (take £ = ¢ +1 and 2” > £ and ag such that dsupy ¢+
ap < 0; we do not have monotonicity strictly speaking but need only replace a by
a+ Cs277 to get it, thereby slightly enlarging the integral).

Step 4. Selection of a suitable upper envelope.

For the simplicity of notation, we assume here that sup y ¢ = 0 (possibly after subtracting
a constant), hence we can take ag = 0 in the above. We may even further assume that
all our functions 1. ,, are nonpositive. By Step 3, for each § = ¢ = 27 we can select an
index v = p(k) such that

(16_13) [2*’€,2*k,p(k) :/ (6—290 _ 6_2HlaX(QDa(1+27k)1p27k’2P(k)))de < Q—k.
X

By construction, we have an estimate 165¢2—k72p(k) > v — C527%w, and the functions
Yok gp(k) are quasi-psh with logarithmic poles. Our estimates (especially (16.9)) imply
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that img_ e Yok 9p (2) = @(z) as soon as 27P*) log (1/inf; r;(k))
— 0 (notice that the r;’s now depend on € = 27%). We set

(16.14) v, (2) = sup(1 + 2_k>'¢)2—k72p(k)(z>.
k>v

By construction {¢,} is a decreasing sequence and satisfies the estimates
Y, = max (cp, (1+ 2_”)1&2_”721{)(”)), i00¢, >y — C52 " w.

Inequality (16.13) implies that

“+o0
/ (€72 — e 2%)dV, < Z 27k = gl=v,
X k=v

Finally, if Z, is the set of poles of 1/12_1,721)(”), then Z, C Z,4+1 and ¢, is continuous
on X \ Z,. The reason is that in a neighborhood of every point zy € X \ Z,, the term
(1 +2_k)¢2—k’2p(k) contributes to ¢, only when it is larger than (1 4 27)¥y-v 5p0).
Hence, by the almost-monotonicity, the relevant terms of the sup in (16.14) are squeezed
between (1 + 27")by— 9py and (1 + 275)(¢hy-v 9wy + C527Y), and therefore there is
uniform convergence in a neighborhood of zy. Finally, condition (c) implies that

/ IfI2(e72% — e2%)dV, < 40
U

for every germ of holomorphic function f € @G(U) at a point © € X. Therefore both in-
tegrals [, |f[?e2#dV,, and [, |f[*e~2#dV,, are simultaneously convergent or divergent,
ie. F(p) = F(p,). Theorem 16.3 is proved, except that ¢, is possibly just continuous
instead of being smooth. This can be arranged by Richberg’s regularization theorem
[Ri68], at the expense of an arbitrary small loss in the Hessian form. U

(16.15) Remark. By a very slight variation of the proof, we can strengthen condition
(c) and obtain that for every ¢ > 0

/ (e72t% — 729V,
X

is finite for v large enough and converges to 0 as v — +o0o. This implies that the sequence
of multiplier ideals .¥(tp, ) is a stationary decreasing sequence, with .f(tp,) = F(tp) for
v large.

§16.C. A Bochner Type Inequality

Let (L,h) be a smooth Hermitian line bundle on a (non necessarily compact) Kéahler

manifold (Y,w). We denote by | | =| |, the pointwise Hermitian norm on A”9Ty @ L
associated with w and h, and by || || =] ||w.n the global L? norm
2 2 w"
lul|* = [ |u|*dV, where dV, = —
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We consider the & operator acting on (p, ¢)-forms with values in L, its adjoint 52 with
respect to h and the complex Laplace-Beltrami operator A} = %Z + 525 Let v be a
smooth (n — ¢, 0)-form with compact support in Y. Then u = w? A v satisfies

(16.16) 19ul® + (19, ull® = [|5v]* + Z DN )IULJI2

Y17 e

where A\; < --- < A, are the curvature eigenvalues of Oy, j, expressed in an orthonormal
frame (0/0z,...,0/0z,) (at some fixed point zy € V), in such a way that

Wry = i Z de AN dEj, (@L,h)xo = 165%60 =i Z )\dej N dEj.

1<isn 1<isn
The proof of (16.16) proceeds by checking that
(16.17) (5:, 0+ 55:,)(11 Aw?) — (5: ) Aw? = qiddp Awl™t A,
taking the inner product with u = w? A v and i_Iitegratill*g by parts lri the left hand side.
In order to check (16.16), we use the identity 9, = e¥d (e”¥e) =9 + V' 1 e . Let

us work in a local trivialization of L such that ¢(xg) = 0 and Vp(z9) = 0. At xo we
then find

(0,8 +09,,)(w! Av) —w! A (3, dv)
=[(@9+38)(WIAv) —wl A (D )] +(VOp I (W Av)).

However, the term [---]| corresponds to the case of a trivial vector bundle and it is well
known in that case that [A” w? A e] =0, hence [---] = 0. On the other hand

V@o 1 (wiAv) =q(Ve J w) Awt™ Av = —qidp Awi™! Aw,

and so
=% = ==X —% — = _1
(0,04 00,)(w! ANv) —wi A (9, v) = qiddp ANw!™" Av.

Our formula is thus proved when v is smooth and compactly supported. In general, we
have:

(16.18) Proposition. Let (Y,w) be a complete Kdhler manifold and (L,h) a smooth
Hermitian line bundle such that the curvature possesses a uniform lower bound Oy, >
—Cw. For every measurable (n — q,0)-form v with L* coefficients and values in L such
that u = w? A v has differentials Ou, 8 u also in L?, we have

[9ul® + [[@yull® = [[@0]* + /Z ZA Jurs|?

JeJ

(here, all differentials are computed in the sense of distributions).

Proof. Since (Y, w) is assumed to be complete, there exists a sequence of smooth forms v,
with compact support in Y (obtained by truncating v and taking the convolution with a
regularizing kernel) Such that v, — v in L? and such that u, = w9 A v, satisfies u, — u,
Ou, — Ou, 0w, — 0 uin L2 By the curvature assumption, the final integral in the
right hand side of (16.16) must be under control (i.e. the integrand becomes nonnegative
if we add a term C||u|? on both sides, C' > 0). We thus get the equality by passing to
the limit and using Lebesgue’s monotone convergence theorem. U
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§16.D. Proof of Theorem 16.1

To fix the ideas, we first indicate the proof in the much simpler case when (L,h) is
Hermitian semi-positive, and then treat the general case.

(16.19) Special Case. (L, h) is (smooth) Hermitian semi-positive.

Let {8} € HY(X,Q% ® L) be an arbitrary cohomology class. By standard L? Hodge
theory, {$} can be represented by a smooth harmonic (0, ¢)-form S with values in Q% ®
L. We can also view § as a (n,q)-form with values in L. The pointwise Lefschetz

isomorphism produces a unique (n — ¢,0)-form « such that 5 = w? A a. Proposition
16.18 then yields

ol + [ 37 (300 lans® = 1951F +13;81* = .
1,0

jeg

and the curvature eigenvalues \; are nonnegative by our assumption. Hence Oa = 0 and
{a} € HY(X, Q% ?® L) is mapped to {#} by @}, , =wiAe.

(16.20) General Case.

There are several difficulties. The first difficulty is that the metric A is no longer
smooth and we cannot directly represent cohomology classes by harmonic forms. We
circumvent this problem by smoothing the metric on an (analytic) Zariski open subset
and by avoiding the remaining poles on the complement. However, some careful estimates
have to be made in order to take the error terms into account.

Fix ¢ = ¢, and let h. = h., be an approximation of h, such that h. is smooth on
X N Z. (Z. being an analytic subset of X), Op . > —ew, he < h and F(h.) = S(h).
This is possible by Theorem 16.3. Now, we can find a family

we s = w+ 6(100. + w), 0>0

of complete Kdhler metrics on X ~\ Z., where 1. is a quasi-psh function on X with
Y. = —00 on Z., 1. on X \ Z. and i09vy. +w > 0 (see e.g. [Dem82b], Théoreme 1.5).
By construction, w. s > w and lims_,ow. s = w. We look at the L? Dolbeault complex
K? s of (n,e)-forms on X \ Z., where the L? norms are induced by w. s on differential
forms and by h. on elements in L. Specifically

Kg’é = {u:X N Z.— AT @ L;/ (|u|?\n,qwg’6®h5 + |5u|/2\n,q+1wg’6®h€)de€,5 < oo}
X~ Z.

Let f’7{g7 s be the corresponding sheaf of germs of locally L? sections on X (the local L?
condition should hold on X, not only on X \ Z.!). Then, for all ¢ > 0 and 6 > 0,
(%375,5) is a resolution of the sheaf Q% ® L ® f(h.) = Q% ® L ® .¥(h). This is because
L? estimates hold locally on small Stein open sets, and the L? condition on X \ Z, forces
holomorphic sections to extend across Z. ([Dem82b], Lemma 6.9).

Let {f} € HI(X,Q% ® L ® S(h)) be a cohomology class represented by a smooth
form with values in Q% ® L ® .f(h) (one can use a Cech cocycle and convert it to an
element in the “€>° Dolbeault complex by means of a partition of unity, thanks to the
usual De Rham-Weil isomorphism). Then

18

2 < BIP = /X BB dVi < 400,



16. Hard Lefschetz Theorem with Multiplier Ideal Sheaves 173

The reason is that | 3|3 .4, ondVe decreases as w increases. This is just an easy calculation,
shown by comparing two metrics w, w’ which are expressed in diagonal form in suitable co-
ordinates; the norm |8]%..q,, on turns out to decrease faster than the volume dV,, increases;

see e.g. [Dem82b], Lemma 3.2; a special case is ¢ = 0, then |5\%n,qw®thw = i”zﬁ AB
with the identification L ® L ~ C given by the metric h, hence the integrand is even
independent of w in that case.

By the proof of the De Rham-Weil isomorphism, the map a +— {a} from the cocycle
space Z9(H? ;) equipped with its L? topology, into H4(X, Q% ® L®.¥(h)) equipped with
its finite vector space topology, is continuous. Also, Banach’s open mapping theorem
implies that the coboundary space BY(H?2 ;) is closed in Z9(H?2 5). This is true for all

6 > 0 (the limit case § = 0 yields the strongest L? topology in bidegree (n,q)). Now, f3 is
a 0-closed form in the Hilbert space defined by w, s on X \ Z,, so there is a w. s-harmonic
form u. s in the same cohomology class as (3, such that

es <18

”u€,5 €,0-

(16.21) Remark. The existence of a harmonic representative holds true only for 6 > 0,
because we need to have a complete Kahler metric on X \ Z.. The trick of employing
we,s instead of a fixed metric w, however, is not needed when Z. is (or can be taken to
be) empty. This is the case if (L, h) is such that .¥(h) = @Ox and L is nef. Indeed, in that
case, from the very definition of nefness, it is easy to prove that we can take the ¢,’s
to be everywhere smooth in Theorem 16.3. However, we will see in Section 16.E that
multiplier ideal sheaves are needed even in case L is nef, when .¥(h) # Ox.

Let v, 5 be the unique (n — ¢, 0)-form such that u. 5 = ve 5 A wgﬁ (ve 5 exists by the
pointwise Lefschetz isomorphism). Then

es < IBlle.s < [IBI]-

As > jed Aj = —qe by the assumption on Oy, j_, the Bochner formula yields

10ve 5 26 < gllBl*.

These uniform bounds imply that there are subsequences u. s, and v, s, with 4, — 0,
possessing weak-L? limits u. = lim, _, 4o Ue,s, and v, = lim, 4o Ve 5,. The limit u, =
lim, s oo Ue,s, is with respect to L?(w) = L?(w. ). To check this, notice that in bidegree
(n — q,0), the space L?(w) has the weakest topology of all spaces L?(w. s); indeed, an
easy calculation as in ([Dem82b], Lemma 3.2) yields

‘f‘?\n—q,ow@hde < |f|?\n_q,Q%ﬁ(g,hcl‘/%’(S if f is of type (n —¢,0).

On the other hand, the limit v, = lim, ;o vc 5, takes place in all spaces LQ(ws’g), 0 >0,
since the topology gets stronger and stronger as § | 0 [possibly not in L?(w), though,
because in bidegree (n,q) the topology of L?(w) might be strictly stronger than that of
all spaces L?(w ) ]. The above estimates yield

||Us,6 £,0 — ||u5,6

25 <qellueys

loel2 = /X 0o, AV < (1812,

19ve 112 0 < qellBIIZ o,

ue =wi ANv. = in H1(X,Q% ® L ® $(he)).
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Again, by arguing in a given Hilbert space LZ(_hEO), we find L? convergent subsequences
Ue — U, Ve = v as € — 0, and in this way get dv = 0 and

lll* < 11811%,
u=wiANv=p in H(X,Q% ® L ® $(h)).

Theorem 16.1 is proved. Notice that the equisingularity property .¥(h.) = .¥(h) is crucial
in the above proof, otherwise we could not infer that © = 3 from the fact that u. = .
This is true only because all cohomology classes {u.} lie in the same fixed cohomology
group H4(X, Q% @ L ® .(h)), whose topology is induced by the topology of L?(w) on
0O-closed forms (e.g. through the De Rham-Weil isomorphism). O

§16.E. A Counterexample

In view of Corollary 16.2, one might wonder whether the morphism ®Z would not still
be surjective when L is a nef vector bundle. We will show that this is unfortunately not
so, even in the case of algebraic surfaces.

Let B be an elliptic curve and let V' be the rank 2 vector bundle over B which is
defined as the (unique) non split extension

0—>0p -V — @ — 0.
In particular, the bundle V' is numerically flat, i.e. ¢;(V) = 0, ca(V) = 0. We consider
the ruled surface X = P(V'). On that surface there is a unique section C' = P(Op) C X

with C? = 0 and
Ox(C) = Opyy(1)

is a nef line bundle. It is easy to see that
h2(X, Opvy(m)) = h°(B,S™V) =1
for all m € N (otherwise we would have mC = aC + M where aC is the fixed part

of the linear system |mC| and M # 0 the moving part, thus M? > 0 and C - M > 0,
contradiction). We claim that

hO(X, Q% (kC)) = 2
for all £ > 2. This follows by tensoring the exact sequence
0= Q% = O =706 =00 =0
by Ox (kC') and observing that
Qo = Kx = 0x(—20).
From this, we get

0— HYX,0x((k—-2)0)) = H'(X,Q%0(kC)) — H°(X,Ox(kC))
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where h(X, Ox ((k—2)C)) = h%(X,@x (kC)) = 1 for all k > 2. Moreover, the last arrow
is surjective because we can multiply a section of H°(X, @x (kC)) by a nonzero section
in HO(X, 7*QL) to get a preimage. Our claim follows. We now consider the diagram

HO(X,0L20) DY HY(X,Kx(20))

-| Is

HO(X,0L(30)) 2% HY(X, Kx(30)).

Since Kx(2C) ~ Ox and Kx(3C) ~ @x(C), the cohomology sequence of
0— Kx(20> — Kx(?)o) — Kx(3c>|0 ~ @C —0

immediately implies ¢ = 0 (notice that h'(X,Kx(2C)) = hY(X,Kx(3C)) = 1,
since h'(B,0@p) = h*(B,V) = 1), and h*(X, Kx(2C)) = h*(B,0@g) = 0). Therefore
the diagram implies ¥ = 0, and we get:

(16.22) Proposition. L = Opy)(3) is a counterample to (16.2) in the nef case.

By Corollary 16.2, we infer that @x(3) cannot be Hermitian semi-positive and we thus
again obtain — by a quite different method — the result of [DPS94], example 1.7.

(16.23) Corollary. Let B be an elliptic curve, V' the vector bundle given by the unique
non-split extension
0—>0p -V — @ — 0.

Let X = P(V). Then L = Ox(1) is nef but not Hermitian semi-positive (nor does any
multiple, e.g. the anticanonical line bundle —K x = Ox(—2) is nef but not semi-positive).

17. Invariance of Plurigenera of Projective Varieties

The goal of this section is to give a proof of the following fundamental result on the
invariance of plurigenera, which has been proved by Y.T. Siu [Siu98| in the case of
varieties of general type (in which case the proof has been translated in a purely algebraic
form by Y. Kawamata [Kaw99]), and by [Siu00] in general. Let us recall that X is said
to be of general type if k(Kx) =n = dim X.

(17.1) Theorem (Siu). Let X — S be a proper holomorphic map defining a family of
smooth projective varieties of general type on an irreducible base S. Then the plurigenus
pm(Xt) = hY(Xy,mKx,) of fibers is independent of t for all m > 0.

The proof somehow involves taking “limits” of divisors as m — 400, and therefore
transcendental methods are a strong contender in this circle of ideas, because currents
provide a natural compactification of the space of divisors. Quite recently, M. Paun
obtained a very short and elegant proof of Theorem 17.1 based merely on the Ohwawa-
Takegoshi extension theorem, and we are going to sketch his arguments below (see also
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M. Paun [Pau07], B. Claudon [Cla07] and S. Takayama

[Taka07]). In fact, following Paun, one can prove more general results valid for cohomol-
ogy with twisted coefficients. Remarkably enough, no algebraic proof of these results are
known at this point, in the case of varieties of nonnegative Kodaira dimension which are
not of general type.

Notice that by connecting any two points of S by a chain of analytic disks, it is
enough to consider the case where S = A is a disk.

(17.2) Theorem (generalized version of Paun’s theorem). Let w: X — A be a smooth
projective family over the unit disk, and let (Lj, h;)o<j<m—1 be (singular) Hermitian line
bundles with semi-positive curvature currents iOp, p, = 0 on X. Assume that

(a) the restriction of h; to the central fiber X is well defined (i.e. not identically 4+00).
(b) the multiplier ideal sheaf f(hj x,) is trivial for 1 < j <m — 1.

Then any section o of O(mKy + Y Lj)|x, ® $(ho|x,) over the central fiber Xy extends
to X.

The invariance of plurigenera is just the case when all line bundles L; and their
metrics h; are trivial. Since the dimension ¢ — h°(X;, mKx,) is always upper semicon-
tinuous and since Theorem 17.2 implies the lower semicontinuity, we conclude that the
dimension is constant along analytic disks (hence along any irreducible base S, by joining
any two points through a chain of analytic disks).

In order to prove Theorem 17.2, we first state the technical version of the Ohsawa-
Takegoshi L? extension theorem needed for the proof, which is a special case of the
Ohsawa-Takegoshi Theorem — the reader is invited to check that the statement indeed
follows from Theorem 13.6.

(17.3) Lemma. Letm: X — A be as before and let (L, h) be a (singular) Hermitian line
bundle with semi-positive curvature current iOr p, = 0 on X. Let w be a global Kdhler
metric on X, and dVy, dVx, the respective induced volume elements on Xo and X.
Assume that hx, is well defined. Then any holomorphic section u of O(Ky+L)®.%(h|x,)
extends into a section U over X satisfying an L? estimate

/ l@12endVe < Co / lul2ondVi,
P4 Xo

where Cy = 0 is some universal constant (independent of X, L, ...).

Proof of Theorem (17.2). We write h; = e~ %7 in terms of local plurisubharmonic weights.
Fix an auxiliary line bundle A (which will later be taken to be sufficiently ample), and
define inductively a sequence of line bundles F}, by putting Fy = A and

F,=F,_ 1+ Ky+L, ifp=mg+r, 0<r<m-—1.
By construction we have Fy,4,, = F, + mKy + Zj L; and

F():A, F1:A+K1+L1,,Fp:A+pK1+L1++Lp, 1<p<m—1
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The game is to construct inductively families of sections, say {ﬁgp ) Fi=1,., N, of F,, over
¥, together with ad hoc L? estimates, in such a way that

(a) for p=0,...,m —1, F}, is generated by its sections {flgp)}j:l,___,Np :
®) .

(b) we have the m-periodicity relations N,i,, = N, and 4" is an extension of u;

J
qug)over%forp mq+r, Whereu() (T;(,Oér\m—L

Property (a) can certainly be achieved by taking A ample enough so that Fp, ...
~(p)

)

Fyn—1 are generated by their sections, and by choosing the u;"" appropriately for the first

m indices p = 0,...,m — 1. Now, by induction, we equlp F,_1 with the tautological
metric |£[2/ 3 r(p 1)( )2, and F, — Ky = F,_1 + L, with that metric multiplied by
h, = e %" ; it is clear that these metrics have semi-positive curvature currents (the

metric on F), itself if obtained by using a smooth Kéhler metric w on %). In this setting,
we apply the Ohsawa-Takegoshi theorem to the line bundle Fj,_; + L, to extend ug-p ) into

a section ﬁgp ) over . By construction the pointwise norm of that section in Fj,x, in a

local trivialization of the bundles involved is the ratio
| (p) ‘2
Eé ‘u(p 1) |2 €

up to some fixed smooth positive factor depending only on the metric induced by w
on K. However, by the induction relations, we have

—Pr

X e
Z |u(p)‘2 o Zﬂuer 1)|2
SR ), P

S lug™ VP

e #r forp=mqg+r,0<r<m-—1,

lo|?e=%°  for p = Omodm.

Since the sections {ugr)} generate their line bundle, the ratios involved are positive func-
tions without zeroes and poles, hence smooth and bounded [possibly after shrinking the
base disc A, as is permitted]. On the other hand, assumption (b) and the fact that o
has coefficients in the multiplier ideal sheaf .¥(hg|x,) tell us that e=%7, 1 < r < m and
|U|26_“00 are locally integrable on X. It follows that there is a constant C; > 0 such

that
Z | (ID)‘Q
1
Xo Z“u(p )|2

for all p > 1 (of course, the integral certainly involves finitely many trivializations of the
bundles involved, whereas the integrand expression is just local in each chart). Induc-

e 7r de g Cl

tively, the L? extension theorem produces sections ﬂ;p ) of F, over X such that

Zj |a§_P)|2

T_l)e—sDrde < CQ = C()Cl.
EDW Ak
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The next idea is to extract the limits of p-th roots of these sections to get a singular
Hermitian metric on mKy + ) L;. As the functions e~% are locally bounded below (¢,
being psh), the Holder inequality implies that

[ () <es

J

The mean value inequality for plurisubharmonic functions shows a fortiori that the se-
quence of psh functions 117 log ), |u(p ) |2 is locally uniformly bounded from above. These

functions should be thought of as Welghts on the Q-line bundles
1 ) 1
]_Q(A + q(mKy + ZLj) +Li+---+L,) converging to Koy + p— Z L; asp— oo,

and thus they are potentials of currents in a bounded subset of the Kéahler cone. Moreover,

~(p)

the sections u; extend o%u’ on Xy, and so we have in particular

(p))2 2¢g (0))2 2 4
pgrilooplogzm |2 pl}al_l plog lo]| Z|u ?) log|a| # —oo on Xj.

Therefore, by well known facts of potential theory, the sequence 1 S log ), |u(p )\2 must

have some subsequence which Converges in L] _ topology to the potentlal 1 of a current
in the first Chern class of Ky + —- Ly L;, in the form of an upper regularized limit

Y(z) =limsup lim — logz |u(p”

C—z V—)—l—oop

which is such that ¥(z) > -L log|o|? on Xo. Hence mKy + Y L; possesses a Hermitian
metric H = e~™%, and we ; have by construction |lo||y < 1 and Oy = 0. In order to
conclude, we equip the bundle

G=(m-1)Ky+)» L;

with the metric v = H'™/™ ] h;/m, and mKy + ) L; = Ky + G with the metric w®+.
Clearly v has a semi-positive curvature current on X and in a local trivialization we have

ol < Cloexp (= (m =1+ =3 ) < (ol TLe ) "

on Xo. Since |g]?e”%° and e~ ¥, 7 > 0 are all locally integrable, we see that [o]|2,
is also locally integrable on X, by the Holder inequality. A new (and final) application
of the L? extension theorem to the Hermitian line bundle (G, ) implies that o can be
extended to X. Theorem 17.2 is proved. U
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18. Numerical Characterization of the Kahler Cone

The main goal of this Section is to describe a structure theorem for the Kéahler cone
of any compact Kéhler manifold, first obtained in [DP04]. The result can be seen as
the Kahler generalization of the Nakai-Moishezon criterion for ample line bundles on
projective varieties.

§ 18.A. Positive Classes in Intermediate (p, p)-bidegrees

We first discuss some general positivity concepts for cohomology classes of type (p,p),
although we will not be able to say much about these. Recall that we have a Serre duality
pairing

(18.1) HP9(X,C) x H" " 49X C) — C, (a, B) — / aNpeC.
X

In particular, if we restrict to real classes, this yields a duality pairing

(18.2) HPP(X,R) x H" P"P(X R) — R, (a,B) — / aNpeR.
X

Now, one can define H{P' (X, R) to be the closure of the cone of classes of d-closed strongly
positive smooth (p, p)-forms (a (p, p)-form in APPT% is by definition strongly positive if
it is in the convex cone generated by decomposable (p,p) forms iug ATy A -+ Adu, AT,
where the u; are (1,0)-forms). Clearly, Héijl (X,R) = F and the cup product defines a

multilinear map
(18.3) Hx-x K — HEP(X,R)

on the p-fold product of the Kéahler cone and its closure. We also have H{Z (X, R)C
HEJ (X, R) where HEJ(X, R) is the cone of classes of d-closed weakly positive currents
of type (p,p), and the Serre duality pairing induces a positive intersection product

(18.4) HEP(X,R) x HZ "™ P(X,R) — Ry,  (o,T)— / a AT € Ry
X

(notice that if « is strongly positive and 7' > 0, then o A T is a positive measure).

If ‘€ is a convex cone in a finite dimensional vector space F, we denote by ‘€ the dual
cone, i.e. the set of linear forms u € E* which take nonnegative values on all elements
of €. By the Hahn-Banach theorem, we always have €YY = €. A basic problem would
be to investigate whether H{E' (X, R) and HS """ P(X,R) are always dual cones, and
another even harder question, which somehow encompasses the Hodge conjecture, would
be to relate these cones to the cones generated by cohomology classes of effective analytic
cycles. We are essentially unable to address these extremely difficult questions, except
in the special cases p = 1 or p = n — 1 which are much better understood and are the

main target of the following sections.
§ 18.B. Numerically Positive Classes of Type (1,1)

We describe here the main results obtained in [DP04]. The upshot is that the Kéhler cone
depends only on the intersection product of the cohomology ring, the Hodge structure
and the homology classes of analytic cycles. More precisely, we have:
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(18.5) Theorem. Let X be a compact Kdihler manifold. Let % be the set of real (1,1)
cohomology classes {a} which are numerically positive on analytic cycles, i.e. such that
fY aP > 0 for every irreducible analytic set' Y in X, p =dimY. Then the Kdhler cone
H of X is one of the connected components of 9.

(18.6) Special Case. If X is projective algebraic, then H = %P.

These results (which are new even in the projective case) can be seen as a general-
ization of the well-known Nakai-Moishezon criterion. Recall that the Nakai-Moishezon
criterion provides a necessary and sufficient criterion for a line bundle to be ample: a
line bundle L — X on a projective algebraic manifold X is ample if and only if

LP-Y:/ c1(L)P > 0,
Y

for every algebraic subset Y C X, p=dimY.

It turns out that the numerical conditions fY aoP > 0 also characterize arbitrary
transcendental Kéhler classes when X is projective: this is precisely the meaning of the
Special Case 18.6.

(18.7) Example. The following example shows that the cone % need not be connected
(and also that the components of % need not be convex, either). Let us consider for
instance a complex torus X = C"/A. It is well-known that a generic torus X does not
possess any analytic subset except finite subsets and X itself. In that case, the numerical
positivity is expressed by the single condition | x @" > 0. However, on a torus, (1,1)-
classes are in one-to-one correspondence with constant Hermitian forms a on C™. Thus,
for X generic, % is the set of Hermitian forms on C™ such that det(«) > 0, and Theorem
18.5 just expresses the elementary result of linear algebra saying that the set K of positive
definite forms is one of the connected components of the open set P = {det(a) > 0} of
Hermitian forms of positive determinant (the other components, of course, are the sets
of forms of signature (p,q), p + ¢ = n, q even. They are not convex when p > 0 and
q > 0).

Sketch of proof of Theorems 18.5 and 18.6. By Definition 14.15, a Kdhler current is a
closed positive current T of type (1, 1) such that 7' > ew for some smooth Ké&hler metric
w and € > 0 small enough. The crucial steps of the proof of Theorem 18.5 are contained
in the following statements.

(18.8) Proposition (Paun [Pau98a, 98b]). Let X be a compact complex manifold (or
more generally a compact complex space). Then

(a) The cohomology class of a closed positive (1,1)-current {T'} is nef if and only if
the restriction {1}z is nef for every irreducible component Z in any of the Lelong
sublevel sets E.(T).

(b) The cohomology class of a Kdhler current {T'} is a Kdhler class (i.e. the class of a
smooth Kdhler form) if and only if the restriction {1}z is a Kdihler class for every
irreducible component Z in any of the Lelong sublevel sets E.(T).
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The proof of Proposition 18.8 is not extremely hard if we take for granted the fact
that Kahler currents can be approximated by Kahler currents with logarithmic poles,
a fact which was first proved in Section 14.B (see also [Dem92]). Thus in (b), we may
assume that 7' = o +100¢p is a current with analytic singularities, where ¢ is a quasi-psh
function with logarithmic poles on some analytic set Z, and ¢ smooth on X ~\ Z. Now,
we proceed by an induction on dimension (to do this, we have to consider analytic spaces
rather than with complex manifolds, but it turns out that this makes no difference for
the proof). Hence, by the induction hypothesis, there exists a smooth potential ¢ on Z
such that o)z + 100y > 0 along Z. It is well known that one can then find a potential

12 on X such that o + 13512 > 0 in a neighborhood V of Z (but possibly non positive
elsewhere). Essentially, it is enough to take an arbitrary extension of ¢ to X and to add a
large multiple of the square of the distance to Z, at least near smooth points; otherwise,
we stratify Z by its successive singularity loci, and proceed again by induction on the
dimension of these loci. Finally, we use a a standard gluing procedure : the current
T = a+imax.(p,1 — C), C > 1, will be equal to a +i99¢ > 0 on X \ V, and to a
smooth Kahler form on V. O

The next (and more substantial step) consists of the following result which is remi-
niscent of the Grauert-Riemenschneider conjecture ([Siu84; Dem85b], cf. Corollary 8.3).

(18.9) Theorem ([DP04]). Let X be a compact Kdhler manifold and let {a} be a nef
class (i.e. {a} € K). Assume that [, ™ > 0. Then {a} contains a Kdhler current T,
in other words {a} € €°.

Step 1. The basic argument is to prove that for every irreducible analytic set ¥ C X
of codimension p, the class {a}? contains a closed positive (p,p)-current © such that
© > §]Y] for some § > 0. For this, we use in an essential way the Calabi-Yau theorem
[Yau78] on solutions of Monge-Ampere equations, which yields the following result as a
special case:

(18.10) Lemma ([Yau78]). Let (X,w) be a compact Kdhler manifold and n = dim X .
Then for any smooth volume form f > 0 such that fX f= fX w", there exists a Kdhler

metric & = w + 100y in the same Kdihler class as w, such that @" = f. O

We exploit this by observing that o + cw is a Kahler class. Hence we can solve the
Monge-Ampere equation

(18.10a) (a+ew +i00p. )" = C.wl

where {w.} is a family of Kéhler metrics contained in the Kéhler class {w} chosen such
that a fixed fraction of their volume is concentrated in an e-tubular neighborhood V. of
Y'; these metrics w. can be easily constructed by adding to w the 99 of a potential of the
form of Y — in X and V. := {3 0.]gj.«|*> < €*}. Here we take.

> 0.

Cszfx(a+5w) >CO:fXa
fan fan

Let us put a. := a + ew + 100p. and denote by

Ai(z) << Aa(2)
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the eigenvalues of a.(z) with respect to w.(z), at every point z € X (these functions are
continuous with respect to z, and of course depend also on €). The equation (18.10 a) is
equivalent to the fact that

(18.10b) A(2) - An(z) = Ce

is constant, and the most important observation for us is that the constant C. is bounded
away from 0, thanks to our assumption [, a” > 0.

Fix a regular point xg € Y and a small neighborhood U (meeting only the irreducible
component of zy in Y'). By the. choice of w., we have (exercise!) a uniform lower bound

(18.10¢) / WP Aw" P > 6,(U) > 0.
Unvg

Now, by looking at the p smallest (resp. (n—p) largest) eigenvalues \; of . with respect
to we, we find

(18.10€) al PAWE 2 —

1
n

(18.10d) af > XA Wb,
Api1 - Apw?,

The last inequality (18.10e) implies

//\p+1---)\nwg<n!/ a?_p/\wﬁzn!/(a+5w)”_p/\wp<M
b's b's b's

for some constant M > 0 (we assume ¢ < 1, say). In particular, for every § > 0, the
subset Es C X of points z such that A,41(2) -+ Ap(2) > M/ satisfies fE(s wl < 6, hence

(18.10f) / W Aw"TP < 2”_p/ wr < 2"7P6.
Es Es

The combination of (18.10¢) and (18.10f) yields
/ WEAW"TP = 6,(U) —2"7P6.
(UﬂVE)\E(;

On the other hand (18.10b) and (18.10d) imply

w? on (UNV.)\ Es.

From this we infer

C C
18.10g / AP AP > — / WP Aw" P > —=_(5,(U) — 2"P8) > 0
( ) Unv. M/ (UNV.)~Es M/5>?

provided that § is taken small enough, e.g. § = 2=(»=P+1§ (U). The family of (p,p)-
forms af is uniformly bounded in mass since

/ al NP = / (o + ew)? Aw" P < Const.
b'e be
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Inequality (18.10 g) implies that any weak limit © of (a?) carries a positive mass on UNY'.
By Skoda’s extension theorem [Sko82], 1y © is a closed positive current with support in
Y, hence 1y© = ) ¢;[Y;] is a combination of the various components Y; of ¥ with
coefficients ¢; > 0. Our construction shows that © belongs to the cohomology class
{a}P. Step 1 of Theorem 18.9 is proved.

Step 2. The second and final step consists in using a “diagonal trick”: for this, we apply
Step 1 to

X=X x X, ?:diagonalAC)z, a = pria + pria.

It is then clear that & is nef on X and that

/32@)2” _ (2:) (/Xa”)z >0,

It follows by Step 1 that the class {a}™ contains a Kéhler current © of bidegree (n,n)
such that © > 6[A] for some ¢ > 0. Therefore the push-forward

T := (pry)«(© A praw)
is a positive (1, 1)-current such that
T = 6(pry)«([A] A prow) = dw.

It follows that 7' is a Kahler current. On the other hand, T" is numerically equivalent to
(pry)«(a™ A priw), which is the form given in coordinates by

T — /eX (o) + oz(y))n Aw(y) = Calx)

where C' = n [y a(y)" ' Aw(y). Hence T' = Ca, which implies that {a} contains a
Kahler current. Theorem 18.9 is proved. O

End of Proof of Theorems 18.5 and 18.6. Clearly the open cone ¥ is contained in 9,
hence in order to show that K is one of the connected components of %, we need only
show that J is closed in &, i.e. that NP C H. Pick a class {a} € HNP. In particular
{a} is nef and satisfies [, o™ > 0. By Theorem 18.9 we conclude that {a} contains a
Kahler current 7. However, an induction on dimension using the assumption fY aP for
all analytic subsets Y (we also use resolution of singularities for Y at this step) shows
that the restriction {a}y is the class of a Kahler current on Y. We conclude that {a}
is a Kéhler class by Proposition 18.8 (b), therefore {a} € K, as desired. O

The Projective Case 18.6 is a consequence of the following variant of Theorem 18.5.

(18.11) Corollary. Let X be a compact Kihler manifold. A (1,1) cohomology class {a}
on X is Kdhler if and only if there exists a Kdahler metric w on X such that fY akf AwPF >
0 for all irreducible analytic sets Y and all k =1,2,...,p=dimY.

Proof. The assumption clearly implies that

/Y(a—i—tw)p>0
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for all t € R, hence the half-line a + (R )w is entirely contained in the cone % of
numerically positive classes. Since a + tgw is Kahler for ¢y large, we conclude that the
half-line in entirely contained in the connected component K, and therefore « € K. 0O

In the projective case, we can take w = ¢y (H) for a given very ample divisor H, and
the condition fY af AwP~F > 0 is equivalent to

/ o
YAHN--NHp

for a suitable complete intersection Y N Hy N --- N Hy_y, H; € |H|. This shows that
algebraic cycles are sufficient to test the Kahler property, and the special case 18.6 follows.
On the other hand, we can pass to the limit in Corollary 18.11 by replacing o by a + ew,
and in this way we get also a characterization of nef classes.

>0

(18.12) Corollary. Let X be a compact Kdihler manifold. A (1,1) cohomology class {a}
on X is nef if and only if there exists a Kdahler metric w on X such that fY o AwP=F >0
for all irreducible analytic sets Y and all k =1,2,...,p=dimY.

By a formal convexity argument, one can derive from Corollary 18.11 or 18.12 the
following interesting consequence about the dual of the cone K.

(18.13) Theorem. Let X be a compact Kdhler manifold.

(a) A (1,1) cohomology class {a} on X is nef if and only for every irreducible analytic
setY in X, p=dim X and every Kdahler metric w on X we have fY aAwP™! >0.
(Actually this numerical condition is needed only for Kdhler classes {w} which belong
to a 2-dimensional space R{a} + R{wo}, where {wo} is a given Kdihler class).

(b) The dual of the nef cone K is the closed convex cone in H""~1(X,R) generated
by cohomology classes of currents of the form [Y] AwP™! in H* =11 X R), where
Y runs over the collection of irreducible analytic subsets of X and {w} over the set
of Kdhler classes of X. This dual cone coincides with H;O_I’n_l(X, R).

Proof. (a) Clearly a nef class {a} satisfies the given numerical condition. The proof of
the converse is more tricky. First, observe that for every integer p > 1, there exists a
polynomial identity of the form

(18.14) (y —o0x)? — (1 —0)Pal = (y — o) /0 Ap(t,0) (1 —t)z + ty)p_l dt

where A,(t,6) = > gcmep @m(t)0™ € Q[t,0] is a polynomial of degree < p — 1 in ¢
(moreover, the polynomial A, is unique under this limitation for the degree). To see
this, we observe that (y —dx)P — (1 —§)PzP vanishes identically for x = y, so it is divisible
by y — z. By homogeneity in (x,y), we have an expansion of the form

(y —6x)P — (1 —0)Pa? = (y — x) Z bemalyP~1t6m

0<e<p—1,0<m<p

in the ring Z[z,y, §]. Formula (18.14) is then equivalent to

(18.14) bom = /Olam(t)( ;1)(1 — )Pt at.
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Since (U, V) — fol U(t)V (t)dt is a non degenerate linear pairing on the space of polyno-
mials of degree < p — 1 and since ((pzl)(l — )P~ 1Y) <p<p_1 is a basis of this space,
(18.14") can be achieved for a unique choice of the polynomials a,,(t). A straightforward
calculation shows that A,(¢,0) = p identically. We can therefore choose dp € [0, 1] so
small that A,(¢,6) > 0 for all ¢ € [0,1], 6 € [0,p] and p=1,2,...,n

Now, fix a Kéhler metric w such that w’ = a+w yields a Kéhler class {w’} (just take
a large multiple w = kwq, k > 1, of the given Ké&hler metric wyp to initialize the process).
A substitution z = w and y = w’ in our polynomial identity yields

(a+ (1 —=0)w)? — (1 —0)Pw? = /01 Ap(t,0) an (1 —tw+ tw')p_ldt.

For every irreducible analytic subset Y C X of dimension p we find

/Y(a+(1—5) (1-9¢ /wp—/ tddt /Yoz/\((l—t)w—i—tw')p_l).

However, (1 — t)w + tw’ is a Kéhler class (contained in R{a} + R{wp}) and therefore
[y an ((1—t)w+tw')p_1 > 0 by the numerical condition. This implies [ (a+(1—6)w)?

0 for all 0 € [0,dp]. We have produced a segment entirely contained in % such that one
extremity {a+w} isin K, so the other extremity {a+(1—dp)w} is also in K. By repeating
the argument inductively after replacing w with (1—dg)w, we see that {a+(1—4§p)"w} € K
for every integer v > 0. From this we infer that {a} is nef, as desired.

(b) Part (a) can be reformulated by saying that the dual cone K = is the closure of
the convex cone generated by (n — 1,n — 1) cohomology classes of the form [Y] A wP™L.
Since these classes are contained in H 20 L 1(X ,R) which is also contained in F by
(18.6), we infer that

%\/ _ H;al,n—l(X, R) — Cone({[Y] AN wp—l}). ]

§ 18.C. Deformations of Compact Kéahler Manifolds

Our main Theorem 18.5 also has an important application to the deformation theory of
compact Kahler manifolds.

(18.16) Theorem. Let w: X — S be a deformation of compact Kdihler manifolds over
an irreducible base S. Then there exists a countable union S" =J S, of analytic subsets
S, C S, such that the Kihler cones H; C HY'(X;,C) of the fibers X; = w1(t) are
invariant over S~.S" under parallel transport with respect to the (1, 1)-projection V1 of
the Gauss-Manin connection V in the decomposition of

v2,0 % 0
V = * Vl’l *
0 x V02

on the Hodge bundle H?> = H*>° @ HY! @ HY2.
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We moreover conjecture that for an arbitrary deformation X — S of compact com-
plex manifolds, the Kahler property is open with respect to the countable Zariski topology
on the base S of the deformation.

Let us recall the general fact that all fibers X; of a deformation over a connected
base S are diffeomorphic, since X — S is a locally trivial differentiable bundle. This
implies that the cohomology bundle

S>t— H*X,,C)

is locally constant over the base S. The corresponding (flat) connection of this bundle
is called the Gauss-Manin connection, and will be denoted here by V. As is well known,
the Hodge filtration

Fp(Hk(Xt,C)) = @ H™*(X,C)

r+s=k,r=p

defines a holomorphic subbundle of H*(X;, C) (with respect to its locally constant struc-
ture). On the other hand, the Dolbeault groups are given by

HP9(X,,C) = FP(H"(X;,C)) N F*—r(H*(X,,C)), k=p+gq,

and they form real analytic subbundles of H*(X;, C). We are interested especially in the
decomposition

H2<Xt7 (C) = H27O(Xt7 C) ©® Hl’l(Xb C) ® HO’Q(XIH (C)

and the induced decomposition of the Gauss-Manin connection acting on H?

V2.0 * *
V= * vii *
* * AVAUR

Here the stars indicate suitable bundle morphisms — actually with the lower left and
upper right stars being zero by Griffiths’ transversality property, but we do not really
care here. The notation V?? stands for the induced (real analytic, not necessarily flat)
connection on the subbundle ¢ — HP( X, C).

Sketch of Proof of Theorem 18.16. The result is local on the base, hence we may assume
that S is contractible. Then the family is differentiably trivial, the Hodge bundle ¢t —
H?(X;,C) is the trivial bundle and t — H?(Xy,Z) is a trivial lattice. We use the existence
of a relative cycle space CP(*/S) C CP(X) which consists of all cycles contained in the
fibres of m: X — S. It is equipped with a canonical holomorphic projection

mp: CP(X/)S) — S.

We then define the S,’s to be the images in S of those connected components of C?(%¥/5)
which do not project onto S. By the fact that the projection is proper on each component,
we infer that S, is an analytic subset of S. The definition of the S,’s imply that the
cohomology classes induced by the analytic cycles {[Z]}, Z C X;, remain exactly the
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same for all ¢ € S~ 8’. This result implies in its turn that the conditions defining
the numerically positive cones %; remain the same, except for the fact that the spaces
HY(X;,R) ¢ H*(X;,R) vary along with the Hodge decomposition. At this point, a
standard calculation implies that the %, are invariant by parallel transport under V1!,
This is done as follows.

Since S is irreducible and S’ is a countable union of analytic sets, it follows that
S\ S’ is arcwise connected by piecewise smooth analytic arcs. Let

v:10,1] = S\ 9, u—t="(u)

be such a smooth arc, and let a(u) € H' (X, (), R) be a family of real (1, 1)-cohomology
classes which are constant by parallel transport under V!, This is equivalent to assum-
ing that

V(a(u» < HQ,O(X'y(u)a C) @ HO,Q(X'y(u)a C)

for all u. Suppose that «(0) is a numerically positive class in X y. We then have

a(0? - {12)} = [ a0 >0
z
for all p-dimensional analytic cycles Z in X, (). Let us denote by
Cz(t) € H*(X,,Z),  q=dimX,—p,

the family of cohomology classes equal to {[Z]} at ¢t = «(0), such that V{z(t) = 0 (i.e.
constant with respect to the Gauss-Manin connection). By the above discussion, (z(t)
is of type (¢, q) for all t € S, and when Z C X, (o) varies, (z(t) generates all classes of
analytic cycles in X; if t € S~ S’. Since (z is V-parallel and Va(u) has no component
of type (1,1), we find

d _
Zo(a()” - (2 (v(w) = pa(w)’™" - Va(u) - (z(v(u) = 0.
We infer from this that a(u) is a numerically positive class for all w € [0, 1]. This argument
shows that the set %; of numerically positive classes in H1'!(X;, R) is invariant by parallel

transport under V! over S\ 9’.

By a standard result of Kodaira-Spencer [KS60] relying on elliptic PDE theory, every
Kahler class in X;, can be deformed to a nearby Kahler class in nearby fibres X;. This
implies that the connected component of %; which corresponds to the Kéhler cone K,
must remain the same. The theorem is proved. O

As a by-product of our techniques, especially the regularization theorem for currents,
we also get the following result for which we refer to [DP04].

(18.17) Theorem. A compact complex manifold carries a Kdhler current if and only
if it is bimeromorphic to a Kdhler manifold (or equivalently, dominated by a Kdhler

manifold).

This class of manifolds is called the Fujiki class ‘€. If we compare this result with
the solution of the Grauert-Riemenschneider conjecture 8.3, we are led to the following
statement, which is a weaker form of Conjecture 8.25.
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(18.18) Conjecture. Let X be a compact complex manifold of dimension n. Assume
that X possesses a cohomology class {a} of type (1,1) such that fX(%gl) u™ > 0 for some

smooth representative u € a. Then {a} contains a Kdhler current and X is in the Fujiki
class €.

In the case where « is nef and the assumption is replaced by [ wa" > 0, Conjec-
ture 18.18 has been recently confirmed by D. Popovici [Pop08] (with a highly technical
proof). We want also to mention that most of the above results were already known in
the cases of complex surfaces (i.e. in dimension 2), thanks to the work of N. Buchdahl
[Buc99, 00] and of A. Lamari [Lam99a, 99b].

Shortly after the original [DP04] manuscript appeared in April 2001, Daniel Huy-
brechts [HuyO1] informed us that Theorem 18.5 can be used to calculate the Kéhler
cone of a very general hyperkéhler manifold: the Kéahler cone is then equal to a suitable
connected component of the positive cone defined by the Beauville-Bogomolov quadratic
form. In the case of an arbitrary hyperkdhler manifold, S.Boucksom [Bou02] later showed
that a (1,1) class {a} is Kéhler if and only if it lies in the positive part of the Beauville-
Bogomolov quadratic cone and moreover |, o @ > 0 for all rational curves C' C X (see also
[Huy99]).

19. Structure of the Pseudo-effective Cone and Mobile Intersec-
tion Theory

§ 19.A. Classes of Mobile Curves and of Mobile (n — 1,n — 1)-currents

We introduce various positive cones in H"~5"~1(X R), some of which exhibit certain
“mobility” properties, in the sense that they can be more or less freely deformed. Am-
pleness is clearly such a property, since a very ample divisor A can be moved in its
linear system |A| so as to cover the whole ambient variety. By extension, a Kéhler class
{w} € HY1(X,R) is also considered to be mobile, as illustrated alternatively by the
fact that the Monge-Ampere volume form (w + i09¢)™ of a Kihler metric in the same
cohomology class can be taken to be equal to an arbitrary volume form f > 0 with
Jx f=[xw" (thanks to Yau’s theorem [Yau78]).

(19.1) Definition. Let X be a smooth projective variety.

(a) One defines NE(X) to be the conver cone generated by cohomology classes of all
effective curves in H" 1"~ 1(X,R)

(b) We say that C is a mobile curve if C = Cy, is a member of an analytic family
{C}}ies such that Utes Cy = X and, as such, is a reduced irreducible 1-cycle. We
define the mobile cone ME(X), to be the convex cone generated by all mobile curves.

(c) If X is projective, we say that an effective 1-cycle C is a strongly mobile if we have
C=p(AN---NA, )

for suitable very ample divisors Ej on )Z, where | : X > Xisa modification. We
let ME®(X) be the convex cone generated by all strongly mobile effective 1-cycles

(notice that by taking A; general enough these classes can be represented by reduced
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irreducible curves; also, by Hironaka, one could just restrict oneself to compositions
of blow-ups with smooth centers).

Clearly, we have
ME®*(X) ¢ ME(X) C NE(X).

The cone NE(X) is contained in the analogue of the Neron-Severi group for (n — 1,n — 1)-
classes, namely

NSg ! (X) = (H" U X R) N H 72X, Z) ftors) @z R

(sometimes also denoted Np(X) in the literature). We wish to introduce similar concepts
for cones of non necessarily integral classes, on arbitrary compact Kahler manifolds. The
relevant definition is as follows.

(19.2) Definition. Let X be a compact Kdhler manifold.

(a) We define N = H;al’”_l(X, R) to be the (closed) convex cone in H" 1"~ 1(X R)
generated by classes of positive currents T of type (n — 1,n — 1), i.e., of bidimension
(1,1).

(b) We define the cone M* C H*1"~1(X,R) of strongly mobile classes to be the closure
of the convex cone generated by classes of currents of the form

pc (@1 A=+ A Wp—1)

where [ : X = X is an arbitrary modification, and the w; are Kdhler forms on X.

(c) We define the cone M C H" 1"~1(X R) of mobile classes to be the closure of the
convex cone generated by classes of currents of the form

we([Tigl ABLA -+ ATyor)

where | : X — X is an arbitrary modification, the w; are Kdhler forms on X and
(Yi)tes is an analytic family of effective p-dimensional analytic cycles covering X
such that Yy, is reduced and irreducible, with p running over all {1,2,...,n}.

Clearly, we have
M C M N.

For X projective, it is also immediately clear from the definitions that

NE(X) C Nys := NNNSEH(X),
(19.3) ME(X) C Mys := M NNSEH(X),
ME®(X) C Mg = M° N"NSE~H(X).

The upshot of these definitions lie in the following easy observation.

(19.4) Proposition. Let X be a compact Kidhler manifold. The Serre duality pairing

HY (X, R) x H"™ " 1(X R) — R, (a, B) — /Xa/\ﬁ
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takes nonnegative values
(a) for all pairs (a, B) € H x N;
(b) for all pairs (a, B) € € x M.

Proof. (a) is obvious. In order to prove (b), we may assume that 5 = p.([Yz,] A w1 A
-+ - Awp_1) for some modification p : X — X, where {a} = {T'} is the class of a positive
(1,1)-current on X and w; are Kahler forms on X. Then for ¢t € S generic

(19.5) /aAﬁz/TAM*([Z]Awl/\---Aap_l)
X X
:/M*TA[Z]/\&l/\---Aap_l
X

:/?(M*T%g;t /\@1/\---/\@1)_1 >0
f

provided that we show that the final integral is well defined and that the formal calcu-
lations involved in (19.5) are correct. Here, we have used the fact that a closed positive
(1,1)-current T always has a pull-back p*T', which follows from the observation that if
T = a+i00¢ with a smooth and ¢ quasi-psh, we may always set p*T = p*a+i0d(pou),
with ¢ o u quasi-psh and not identically —oo on X. Similarly, we see that the restriction
(w*T) 7, is a well defined positive (1, 1)-current for ¢ generic, by putting

(WT)y3, = (e, +100((p o) 3,)

and choosing t such that Y, is not contained in_the pluripolar set of —oo poles of p o u
(this is possible thanks to the assumption that Y; covers X; locally near any given point
we can modify « so that & = 0 on a small neighborhood V', and then ¢ is psh on V).
Finally, in order to justify the formal calculations we can use a regularization argument
for T, writing T = lim T}, with T}, = a + 100y, and a decreasing sequence of smooth
almost plurisubharmonic potentials ¢y | ¢ such that the Levi forms have a uniform lower
bound 109y, > —Cw (such a sequence exists by [Dem92]). Then (,u*Tk)rg;t — (u*T) 7
in the weak topology of currents. U

Proposition 19.4 leads to the natural question whether the cones (K, N') and ('€, M)
are dual under Serre duality, The second part of the question is addressed in the next
section. The results proved in Section 17 yield a complete answer to the first part — even
in the general Kahler setting.

(19.6) Theorem. Let X be a compact Kdhler manifold. Then

(a) K and N are dual cones.

(b) If X is projective algebraic, then Fng = Nef(X) and N'ns = NE(X) and these cones
are dual.

Proof. (a) is a weaker version of Theorem 18.13 (b).
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(b) The equality Hng = Nef(X) has already been discussed and is a consequence of the
Kodaira embedding theorem. Now, we know that

NE(X) C Nns C Fng = Nef(X)",

where the second inclusion is a consequence of Proposition 19.4(a). However, it is already
well-known that NE(X) and NE(X) are dual cones (see [Har70]), hence the inclusions
are equalities (we could also obtain a self-contained proof by reconsidering the arguments
used for Theorem 18.13 (a) when a and wy are rational classes; one sees by the density of
the rationals that the numerical condition for « is needed only for elements of the form
Y] AwP™! with w € Q{a} + Q{wo} a rational class, so [Y] A wP~! is then a Q-effective
curve). O

§19.B. Zariski Decomposition and Mobile Intersections

Let X be compact Kahler and let o € ‘€° be in the interior of the pseudo—effective cone.
In analogy with the algebraic context such a class « is called “big”, and it can then be
represented by a Kdhler current T, i.e. a closed positive (1, 1)-current 7" such that 7' > dw
for some smooth Hermitian metric w and a constant § < 1. We first need a variant of
the approximation theorem proved in Section 14.B.

(19.7) Regularization Theorem for Currents. Let X be a compact complex manifold
equipped with a Hermitian metric w. Let T = o +i09p be a closed (1,1)-current on X,
where « is smooth and ¢ is a quasi-plurisubharmonic function. Assume that T > =
for some real (1,1)-form ~ on X with real coefficients. Then there exists a sequence
Ty = o+ 100, of closed (1,1)-currents such that

(a) ©m (and thus T,,) is smooth on the complement X \ Z,, of an analytic set Z,,, and
the Z,,’s form an increasing sequence

o C 4y C---Chy C---C XL

(b) There is a uniform estimate T,, > v — dppw with lim | 6,, = 0 as m tends to +oo.

(c) The sequence (¢y,) is non increasing, and we have lim | ¢, = ¢. As a consequence,
T, converges weakly toT' as m tends to +o0.

(d) Near Z,,, the potential ¢,, has logarithmic poles, namely, for every xog € Z,,, there
is a neighborhood U of xo such that ¢m(z) = A\ 10og >, |gm.e|*> + O(1) for suitable
holomorphic functions (gm.e) on U and A\, > 0. Moreover, there is a (global) proper
modification i, : Xm — X of X, obtained as a sequence of blow-ups with smooth
centers, such that ¢,, o u,, can be written locally on X,, as

om © tim(w) = A (D nelog [gel* + f(w))

where (§; = 0) are local generators of suitable (global) divisors Dy on X,, such
that > Dy has normal crossings, ng are positive integers, and the f’s are smooth

functions on X,,.
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Sketch of proof. We essentially repeat the proofs of Theorems 14.2 and 14.12 with addi-
tional considerations. One fact that does not follow readily from these proofs is the mono-
tonicity of the sequence ,, (which we will not really need anyway). For this, we can take
m = 2¥ and use the subadditivity technique already explained in Step 3 of the proof of
Theorem 16.3 (b). The map pu,, is obtained by blowing-up the (global) ideals ¥,, defined
by the holomorphic functions (g;,.) in the local approximations ¢,, ~ ﬁ log Zj |95.ml?.
By Hironaka [Hir64], we can achieve that u’, ¥,, is an invertible ideal sheaf associated
with a normal crossing divisor. U

(19.8) Corollary. If T is a Kdhler current, then one can write T = limT,, for a
sequence of Kdahler currents T, which have logarithmic poles with coefficients in %Z, i.e.
there are modifications puy, : Xy, — X such that

H:me = [Em] + Bm

where E,, is an effective Q-divisor on X,, with coefficients in %Z (the “fized part”) and
Bm 15 a closed semi-positive form (the “mobile part”).

Proof. We apply Theorem 19.7 with 7 = ew and m so large that §,, < /2. Then T,, has
analytic singularities and T, > Sw, so we get a composition of blow-ups p,, : Xp, — X
such

H:@Tm = [Em] + B,

where E,, is an effective Q-divisor and 3,, > Su;,,w. In particular, 3, is strictly positive
outside the exceptional divisors, by playing with the multiplicities of the components
of the exceptional divisors in F,,, we could even achieve that (3, is a Kéhler class on
X .. Notice also that by construction, pu., is obtained by blowing-up the multiplier ideal
sheaves .¥(mT') = .¥(my) associated to a potential ¢ of T'. O

The more familiar algebraic analogue would be to take a = ¢;(L) with a big line
bundle L and to blow-up the base locus of |mL|, m > 1, to get a Q-divisor decomposition

o, L~ Epy + Dy, E,, effective, D,, free.

Such a blow-up is usually referred to as a “log resolution” of the linear system |mL|, and
we say that F,, + D,, is an approximate Zariski decomposition of L. We will also use
this terminology for Kéahler currents with logarithmic poles.

NSa(Xm)

s

C L
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In analogy with the concept of volume of a line bundle, we introduce the following
more general definition, which was already briefly mentioned in the statement of Con-
jecture 8.25.

(19.9) Definition. We define the volume, or mobile self-intersection of a class o €

HY X R) to be
Vol(a) = sup/ sup/ g" >0,
Teax X\Sing(T) Tex

where the supremum is taken over all Kahler currents T' € a with logarithmic poles, and
p*T = [E] 4 B with respect to some modification p: X — X. Correspondingly, we set

Vol(a) =0 if a ¢ €°.

By Theorem 15.6, if L is a big line bundle, we have

Vol(ci(L)) = lim D" = lim —hO(X mL),

m——o00 m——+oo m"™

and in these terms, we get the following statement.

(19.10) Proposition. Let L be a big line bundle on the projective manifold X. Let
e > 0. Then there exists a modification p : X, — X and a decomposition p*(L) = E+
with E an effective Q-divisor and 8 a big and nef Q-divisor such that

Vol(L) — ¢ < Vol(B) < Vol(L).

It is very useful to observe that the supremum in Definition 19.9 is actually achieved
by a collection of currents whose singularities satisfy a filtering property. Namely, if
T = o+ i85g01 and Th = o + 185@2 are two Kahler currents with logarithmic poles in
the class of «, then

(19.11) T=a+i80p,  ©=max(p1,p2)

is again a Kahler current with weaker singularities than 77 and 7%. One could define as
well

— 1
(19.117) T = a +i00y, =75 log (21 + 2me2),

where m = lem(my, m2) is the lowest common multiple of the denominators occuring in
T1, T>. Now, take a simultaneous log-resolution u,, : X,, — X for which the singularities
of T and T are resolved as Q-divisors E; and E5. Then clearly the associated divisor in
the decomposition pf, T = [E]+ [ is given by E = min(F1, E»). By doing so, the volume
f X, £ gets increased, as we shall see in the proof of Theorem 19.12 below.

(19.12) Theorem (Boucksom [Bou02]). Let X be a compact Kdhler manifold. We

denote here by Hg’éc(X) the cone of cohomology classes of type (k,k) which have non-
negative intersection with all closed semi-positive smooth forms of bidegree (n —k,n—k).
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(a) For each integer k = 1,2,...,n, there exists a canonical “mobile intersection prod-
uct”
Exox €= HEN(X), (an,...,aqk) = {0109 ap_1 - o)

such that Vol(a) = (™) whenever « is a big class.

(b) The product is increasing, homogeneous of degree 1 and superadditive in each argu-
ment, 1.€.

It coincides with the ordinary intersection product when the a; € T are nef classes.

(¢) The mobile intersection product satisfies the Teissier-Hovanskii inequalities

(a1 - ag.an) = (@)™ ()™ (with (o) = Vol(ay) ).

n

(d) For k=1, the above “product” reduces to a (non linear) projection operator
€ — €1, a— (a)

onto a certain convex subcone €1 of € such that ¥ C ‘€1 C ‘€. Moreover, there is
a “dwisorial Zariski decomposition”

a = {N(@)} + (o)

where N («) is a uniquely defined effective divisor which is called the “negative diviso-
rial part” of a. The map o — N(«) is homogeneous and subadditive, and N(a) =0
if and only if a € €.

(e) The components of N(a) always consist of divisors whose cohomology classes are
linearly independent, especially N(«) has at most p = ranky NS(X) components.

Proof. We essentially repeat the arguments developped in [Bou02], with some simplifi-
cations arising from the fact that X is supposed to be Kéhler from the start.

(a) First assume that all classes «; are big, i.e. o;j € €°. Fix a smooth closed
(n — k,n — k) semi-positive form uv on X. We select Kahler currents T; € «; with

logarithmic poles, and a simultaneous log-resolution  : X — X such that
pTy = [Ej] + Bj.

We consider the direct image current ju. (81 A--- A By) (which is a closed positive current
of bidegree (k, k) on X) and the corresponding integrals

/~61/\---/\6k/\,u*u>0.
X

If we change the representative T with another current TJ{ , we may always take a si-
multaneous log-resolution such that p*T; = [E%] + 8}, and by using (19.11') we can
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always assume that E; < E;. Then D; = E; — E; is an effective divisor and we find
[E5] + B; = [E] + B}, hence 8 = B; + [D;]. A substitution in the integral implies

/gﬁ{/\ﬁg/v-wﬁkAu*u
aﬁmAmA~wmmwm+[ﬂmA@AmAmAmu
X

X

>ﬂmAmAmAmAm%
X

Similarly, we can replace successively all forms 3; by the 5}, and by doing so, we find

/~51A5§A-~-A52Au*u>/~51A/32A-~-A5kw*u-
X X

We claim that the closed positive currents p. (81 A --- A Bg) are uniformly bounded in
mass. In fact, if w is a Kahler metric in X, there exists a constant C; > 0 such that
Cj{w} — a; is a Kéhler class. Hence Cjw — T; = ; for some Kahler form v; on X. By
pulling back with p, we find C;p*w — ([E;] + 5;) = p*;, hence

B; = Cip*w — ([Ej] + p* ;).

By performing again a substitution in the integrals, we find

/~61/\---/\6k/\,u*u<C’1---Ck/N,u*wk/\u*u:Cl---C’k/ WA
X X X

and this is true especially for u = w™*. We can now arrange that for each of the

integrals associated with a countable dense family of forms u, the supremum is achieved
by a sequence of currents (ftym )«(B1,m A---ABr,m) obtained as direct images by a suitable
sequence of modifications u,, : X,, — X. By extracting a subsequence, we can achieve
that this sequence is weakly convergent and we set

(a1 -ag. o) = Hm A {(tm)«(Br,m A B2 A A Brom) }

m——+oo

(the monotonicity is not in terms of the currents themselves, but in terms of the integrals
obtained when we evaluate against a smooth closed semi-positive form u). By evaluating
against a basis of positive classes {u} € H"~%n=k(X) we infer by Serre duality that
the class of (a7 - awg. -+ .ag) is uniquely defined (although, in general, the representing
current is not unique).

(b) It is indeed clear from the definition that the mobile intersection product is
homogeneous, increasing and superadditive in each argument, at least when the «;’s are
in ‘€°. However, we can extend the product to the closed cone ‘€ by monotonicity, by
setting

(o - ag -+ ag) = 11510“(041 +0w) « (g + 0w). - - - (g + dw))
for arbitrary classes a; € € (again, monotonicity occurs only where we evaluate against
closed semi-positive forms u). By weak compactness, the mobile intersection product
can always be represented by a closed positive current of bidegree (k, k).
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(c) The Teissier-Hovanskii inequalities are a direct consequence of the fact that they
hold true for nef classes, so we just have to apply them to the classes ;,, on X,, and
pass to the limit.

(d) When k£ =1 and o € €°, we have

a=lm {(gm)Tm} = Hm (pm)e[Em] + {(1m)«Om}

m—r—400 m——+400

and (a) = limy, 4 0o{ (tm)«Bm } by definition. However, the images Fy,, = (ftm )«

F,,, are effective Q-divisors in X, and the filtering property implies that F;, is a decreasing
sequence. It must therefore converge to a (uniquely defined) limit F' = lim F},, := N(«)
which is an effective R-divisor, and we get the asserted decomposition in the limit.

Since N(a) = a — («) we easily see that N(«) is subadditive and that N(«) = 0 if
« is the class of a smooth semi-positive form. When « is no longer a big class, we define

<a>:§ﬁ}¢<0‘+5w>7 N(a):%igTN(a%—éw)

(the subadditivity of N implies N(« + (§ + €)w) < N(a + dw)). The divisorial Zariski
decomposition follows except maybe for the fact that N(«) might be a convergent count-
able sum of divisors. However, this will be ruled out when (e) is proved. As N (o) is
subadditive and homogeneous, the set ‘€; = {a € € ; N(a) = 0} is a closed convex

conne, and we find that o — () is a projection of € onto €; (according to [Bou02], €,
consists of those pseudo-effective classes which are “nef in codimension 17).

(e) Let a € €°, and assume that N(a) contains linearly dependent components F).
Then already all currents 7' € « should be such that p*T" = [E] 4+ 8 where F' = p.FE
contains those linearly dependent components. Write F' = Y A\;F;, A; > 0 and assume

that
Z c;F; =0
jeJ

for a certain non trivial linear combination. Then some of the coefficients c¢; must be
negative (and some other positive). Then E is numerically equivalent to

E/EE—FtM*(Z)\]F]),

and by choosing ¢ > 0 appropriate, we obtain an effective divisor E’ which has a zero
coefficient on one of the components p* Fj,. By replacing E with min(E, E’) via (19.11'),
we eliminate the component p*F},. This is a contradiction since N(a) was supposed to
contain Fj,. U

(19.13) Definition. For a class « € H»(X,R), we define the numerical dimension
nd(a) to be nd(a) = —o0 if a is not pseudo-effective, and

nd(a) = max{p € N; (aP) # 0}, nd(a) € {0,1,...,n}

if a is pseudo-effective.
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By the results of [DP04], a class is big (« € ‘€°) if and only if nd(a) = n. Classes of
numerical dimension 0 can be described much more precisely, again following Boucksom
[Bou02].

(19.14) Theorem. Let X be a compact Kdihler manifold. Then the subset %y of
irreducible divisors D in X such that nd(D) = 0 is countable, and these divisors are rigid
as well as their multiples. If o € € is a pseudo-effective class of numerical dimension 0,
then a is numerically equivalent to an effective R-divisor D = Zje] N;jDj, for some finite
subset (Dj)jes C %o such that the cohomology classes {D;} are linearly independent and
some \j > 0. If such a linear combination is of numerical dimension 0, then so is any
other linear combination of the same divisors.

Proof. 1t is immediate from the definition that a pseudo-effective class is of numerical
dimension 0 if and only if (o) = 0, in other words if @« = N(«). Thus a = > \;D;
as described in 19.14, and since \;(D;) < (a), the divisors D; must themselves have
numerical dimension 0. There is at most one such divisor D in any given cohomology
class in NS(X)N€ C H?(X,Z), otherwise two such divisors D = D’ would yield a blow-
up 1 : X — X resolving the intersection, and by taking min(u*D, p*D’) via (19.11'), we
would find p*D = E + 5, f # 0, so that {D} would not be of numerical dimension 0.
This implies that there are at most countably many divisors of numerical dimension 0,
and that these divisors are rigid as well as their multiples. U

(19.15) Remark. If L is an arbitrary holomorphic line bundle, we define its numerical
dimension to be nd(L) = nd(c;(L)). Using the canonical maps @,z and pulling-back
the Fubini-Study metric it is immediate to see that nd(L) > k(L) (which generalizes the
analogue inequality already seen for nef line bundles, see (6.18)).

The above general concept of numerical dimension leads to a very natural formulation
of the abundance conjecture for Kahler varieties.

(19.16) Generalized Abundance Conjecture. Let X be an arbitrary compact Kéhler
manifold X .

(a) The Kodaira dimension of X should be equal to its numerical dimension: k(Kx) =
nd(Kx) .

(b) More generally, let A be a Q-divisor which is kit (Kawamata log terminal, i.e. such
that cx (A) > 1). Then k(Kx + A) =nd(Kx + A).

This appears to be a fairly strong statement. In fact, already in the case A =0, it is
not difficult to show that the generalized abundance conjecture would contain the C,, ,,
conjectures.

(19.17) Remark. It is obvious that abundance holds in the case nd(Kx) = —oo (if L
is not pseudo-effective, no multiple of L can have sections), or in the case nd(Kx) =n
which implies K x big (the latter property follows e.g. from the solution of the Grauert-
Riemenschneider conjecture in the form proven in [Dem85b], see also [DP04]).

In the remaining cases, the most tractable situation is the case when nd(Kx) = 0. In
fact Theorem 19.14 then gives Kx = Y \;D; for some effective divisor with numerically
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independent components, nd(D;) = 0. It follows that the \; are rational and therefore
() Kx ~ Z)\ij + F where \; € Q*, nd(D;) = 0 and F € Pic’(X).

If we assume additionally that ¢(X) = h%!(X) is zero, then mK x is linearly equivalent to
an integral divisor for some multiple m, and it follows immediately that x(X) = 0. The
case of a general projective manifold with nd(K x) = 0 and positive irregularity ¢(X) > 0
has been solved by Campana-Peternell [CP04], Proposition 3.7. It would be interesting
to understand the Kahler case as well.

§ 19.C. The Orthogonality Estimate

The goal of this section is to show that, in an appropriate sense, approximate Zariski
decompositions are almost orthogonal.

(19.18) Theorem. Let X be a projective manifold, and let o = {T'} € €Xg be a big
class represented by a Kahler current T'. Consider an approximate Zariski decomposition

/frknTm = [Em] + [Dm]

Then
(D! Ep)? <20 (Cw)"(Vol(a) — DY)

where w = ¢1(H) is a Kdhler form and C > 0 is a constant such that +a is dominated
by Cw (i.e., Cw + « is nef). In other words, E,, and D,, become “more and more
orthogonal” as D] approaches the volume.

Proof. For every t € [0,1], we have
Vol(«) = Vol(Ey, + Dy,) = Vol(tE,, + Dyy,).
Now, by our choice of C, we can write F,, as a difference of two nef divisors

E,=pa—D,=u (a+Cw)— (D, + Cu,w). O

(19.19) Lemma. For all nef R-divisors A, B we have
Vol(A—B) > A" —nA" . B

as soon as the right hand side is positive.

Proof. In case A and B are integral (Cartier) divisors, this is a consequence of the
holomorphic Morse inequalities 7.4 (see [Dem01]); one can also argue by an elementary
estimate of to H%(X, mA — By — ... — B,;,) via the Riemann-Roch formula (assuming A
and B very ample, By, ..., By, € |B| generic). If A and B are Q-Cartier, we conclude by
the homogeneity of the volume. The general case of R-divisors follows by approximation
using the upper semi-continuity of the volume [Bou02, 3.1.26]. U
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(19.20) Remark. We hope that Lemma 19.19 also holds true on an arbitrary Kéahler
manifold for arbitrary nef (non necessarily integral) classes. This would follow from Con-
jecture 8.25 generalizing holomorphic Morse inequalities to non integral classes, exactly
by the same proof as Theorem 8.5.

(19.21) Lemma. Let 31,..., 0B, and 81, ..., Bl be nef classes on a compact Kdhler man-

ifold X such that each difference 6; — Bj 1s pseudo-effective. Then the n-th intersection
products satisfy

BrowBn < B B

Proof. We can proceed step by step and replace just one 5; by 8'j = 8; +1; where T is
a closed positive (1, 1)-current and the other classes ), = B, k # j are limits of Kéhler
forms. The inequality is then obvious. U

End of proof of Theorem 19.18. In order to exploit the lower bound of the volume, we
write

tE, + D,, = A— B, A=Dp,, +tu) (a+Cw), B=t(Dy+Curw).

By our choice of the constant C', both A and B are nef. Lemma 19.19 and the binomial
formula imply

Vol(tE,,4+D,,) > A" —nA""1. B

n

= D" +ntDM Lk C tk
Tt DR (ot Cw) o+ (k

k=2
—nt D" (D, + Cuk,w)

)i i

n—1
—1
— nt? Z th1 <n i )Dgfl_k k(a4 Cw)k - (D + Cut,w).
k=1

Now, we use the obvious inequalities
Dy < p,(Cw),  ppp(+ Cw) < 24, (Cw), D + Cpgw < 245, (Cw)

in which all members are nef (and where the inequality < means that the difference of
classes is pseudo-effective). We use Lemma 19.21 to bound the last summation in the
estimate of the volume, and in this way we get

n—1
—1
Vol(tEy, + D) > D, + ntDp b - Epy —nt? Y~ 2FH1k1 (n 5 )(Cw)”.
k=1

We will always take ¢ smaller than 1/10n so that the last summation is bounded by
4(n —1)(1+1/5n)"2 < 4ne'/® < 5n. This implies

Vol(tE,, + D,,) = D" +nt D™ 1. E,, — 5n*t*(Cw)".

Now, the choice t = 17— (D " - Ep,)((Cw)™) ! gives by substituting

1 (DML E,)?
——n 2 < Vol(E,, +D,,) — D" < Vol(a) — DI
20 (C’w)” o ( ) m Y (Oé) m
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(and we have indeed ¢ < i~ by Lemma 19.21), whence Theorem 19.18. Of course, the

= 10n
constant 20 is certainly not optimal. O

(19.22) Corollary. If a € €nsg, then the divisorial Zariski decomposition a = N(a) +
() is such that

(@™ 1. N(a) =0.

Proof. By replacing a with a + dcq (H), one sees that it is sufficient to consider the case
where « is big. Then the orthogonality estimate implies

(bm)« (D) = (ptm) s B = Dy () (im )+ B
<Dl E,, < C(Vol(a) — D)2

Since (@™ 1) = lim(p,)« (DY), N(a) = lim(jm )« Ep and lim DT, = Vol(«), we get the
desired conclusion in the limit. g

§19.D. Dual of the Pseudo-effective Cone
The following statement was first proved in [BDPP04].

(19.23) Theorem. If X is projective, the cones ‘€ns = Eff (X) and ME®*(X) are dual.

In other words, a line bundle L is pseudo-effective if (and only if) L -C > 0 for
all mobile curves, i.e., L - C > 0 for every very generic curve C' (not contained in a
countable union of algebraic subvarieties). In fact, by definition of ME®(X), it is enough
to consider only those curves C' which are images of generic complete intersection of
very ample divisors on some variety X, under a modification p: X — X. By a standard
blowing-up argument, it also follows that a line bundle L on a normal Moishezon variety
is pseudo-effective if and only if L - C' > 0 for every mobile curve C.

Proof. By Propsition 19.4 (b) we have in any case
Ens C (ME®(X))".

If the inclusion is strict, there is an element o € 9 €ng on the boundary of ‘€xg which is
in the interior of ME®(X)".

NSg(X) HY(X,R) H" 'YX R)\ / Nig'(X)
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Let w = ¢1(H) be an ample class. Since a € 0éng, the class o + dw is big for every
d > 0, and since a € ((ME?*(X))¥)° we still have o — ew € (ME?(X))" for £ > 0 small.
Therefore

(19.24) a-I'>ew-T

for every strongly mobile curve I', and therefore for every I' € ME®(X). We are going to
contradict (19.24). Since a + dw is big, we have an approximate Zariski decomposition

ws(a+ dw) = E5 + Ds.
We pick T' = (15)«(Dy ") € ME*(X). By the Hovanskii-Teissier concavity inequality
w T 3 (W")/n(Dg)n=D/m.
On the other hand
o T =a(u5)-(DY)
— i DIV L o+ dw) - D
= (Es; + Ds) - Dy~' = Dy + Dy~ - Es.
By the orthogonality estimate, we find
o T _ Dy +(20(Cw)"(Vol(a + o) ~ D))
T S (W) (Dy) =

Vol(a + dw) — D})1/2
EREE

< C/(ng>1/n + C//(

However, since o € 9'€yg, the class a cannot be big so
lim Dy = Vol(a) = 0.
6—0
We can also take Ds to approximate Vol(a+dw) in such a way that (Vol(a+dw) —DgF)/2
tends to 0 much faster than Dj. Notice that D > 6"w", so in fact it is enough to take
Vol(a + 6w) — D < 62",
which gives (a-T")/(w-T') < (C" + C”)d. This contradicts (19.24) for ¢ small. O

(19.25) Conjecture. The Kahler analogue should be :
For an arbitrary compact Kdhler manifold X, the cones ‘€ and M are dual.

duality m

NSg(X) HYW(X,R)  H" b 1(X R) NSEH(X)
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If holomorphic Morse inequalities were known also in the Kéhler case (cf. Conjecture
8.25), we would infer by the same proof that “a not pseudo-effective” implies the existence
of a modification : X — X and a Kéhler metric @ on X such that a -, (@)" < 0.
In the special case when @ = Kx is not pseudo-effective, we would expect the Kahler
manifold X to be covered by rational curves. The main trouble is that characteristic p
techniques are no longer available. On the other hand it is tempting to approach the
question via techniques of symplectic geometry :

(19.26) Question. Let (M,w) be a compact real symplectic manifold. Fiz an almost
complex structure J compatible with w, and assume that c1 (M, J) - w™ 1 > 0 (the condi-
tion does not depend on the choice of J, but only on w). Does it follow that M is covered
by rational J-pseudoholomorphic curves ¢

The relation between the various cones of mobile curves and currents in Definitions
19.1 and 19.2 is now a rather direct consequence of Theorem 19.23. In fact, using ideas
hinted in [DPS96], one can say a little bit more. Given an irreducible curve C' C X, we
consider its normal “bundle” No = Hom(.¥/.%%, @), where . is the ideal sheaf of C. If
C' is a general member of a covering family (C}), then N¢ is nef. By [DPS96], the dual
cone of the pseudo-effective cone of X contains the closed cone spanned by curves with
nef normal bundle, which in turn contains the cone of mobile curves. In this way we get :

(19.27) Theorem. Let X be a projective manifold. Then the following cones coincide:

a) the cone Mys = MNNSE 1 (X);
b) the cone Mg = M5 NNSEH(X);

(
(
(c) the closed cone ME®(X) of strongly mobile curves;
(
(

d) the closed cone ME(X) of mobile curves;

e) the closed cone MEyt(X) of curves with nef normal bundle.

Proof. We have already seen that
ME*(X) C ME(X) C ME¢(X) C (éns)”

and
ME®(X) C Mg(X) C Mns C (éng)”

by 19.4 (c¢). Now Theorem 19.23 implies (Mng)Y = ME®*(X), and 19.27 follows. O

(19.28) Corollary. Let X be a projective manifold and L a line bundle on X .

(a) L is pseudo-effective if and only if L - C > 0 for all curves C with nef normal
sheaf N¢ .

(b) If L is big, then L-C > 0 for all curves C with nef normal sheaf N¢.
Corollary 19.28 (a) strenghthens results from [PSS99]. It is however not yet clear

whether Mg is equal to the closed cone of curves with ample normal bundle (although
we certainly expect this to be true). An important special case of Theorem 19.23 is
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(19.29) Theorem. If X is a projective manifold, then Kx is pseudo-effective (i.e.
Kx € €ng), if and only if X is not uniruled (i.e. not covered by rational curves).

Proof. If X is covered by rational curves Cy, then it is well-known that the normal bundle

N¢, is nef for a general member C, thus

Kx -Cy=Kc¢, -C; — Ng, - Cy < -2,

and K x cannot be pseudo-effective. Conversely, if Kx ¢ ‘€xNg, Theorem 19.23 shows that
there is a mobile curve C} such that K x -C; < 0. The standard “bend-and-break” lemma
of Mori theory then produces a covering family I'; of rational curves with Kx - I'; < 0,
so X is uniruled. O

The generalized abundance conjecture 19.16 would then yield the stronger result :

(19.30) Conjecture. Let X be a projective manifold. If X is not uniruled, then Kx is
a Q-effective divisor and k(X) =nd(Kx) > 0.

§ 19.E. Infimum Formula for the Volume

We give here a confirmation of Conjecture 8.24 in the case of the volume, thus
expressing the volume in terms of Monge-Ampere integrals of smooth forms. These
results were proved in [Dem10b] as an outcome of stimulating discussions with B. Totaro
in connection with his recent work [Tot10].

(19.31) Theorem. Let L be a holomorphic line bundle on a projective algebraic mani-
fold. then

Vol(X,L) = inf / u”.
X (u,0)

u€cy (L)

The proof relies mainly on five ingredients: (a) approximate Zariski decomposition
for a Kéhler current 7" € ¢;(L) (when L is big), i.e. a decomposition x*T" = [E]+ 3 where
u: X — X is a modification, E' an exceptional divisor and [ a K&ahler metric on X ;
(b) the characterization of the pseudoeffective cone ([BDPP04]), and the orthogonality
estimate

E-p"' < C(Vol(X, L) — gn)"/?
proved as an intermediate step of that characterization; (c) properties of solutions of
Laplace equations to get smooth approximations of [F]; (d) log concavity of the Monge-
Ampere operator ; and finally (e) birational invariance of the Morse infimums.

Proof. Thanks to 8.20 (a) and 8.23 (a), we only have to show that

(19.32) inf / u" < Vol(X, L)

weer () Jx(w0)
Let us first assume that L is a big line bundle, i.e. that Vol(X, L) > 0. Then it is known by
[Bou02] that Vol(X, L) is obtained as the supremum of 1l X Sing(T) T™ for Kahler currents
T = —5-00h with analytic singularities in c;(L); this means that locally h = e~% where
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¢ is a strictly plurisubharmonic function which has the same singularities as clog > |g;|?
where ¢ > 0 and the g; are holomorphic functions. By [Dem92], there exists a blow—up
W X — X such that w*T = [E] 4+ B where E is a normal crossing divisor on X and
f = 0 smooth. Moreover, by [BDPP04] we have the orthogonality estimate

(19.33) (E]. g /ﬁ” L<o(Vol(x, L) — gm)'?,

while

(19.34) 6”:/~ g :/ T" approaches Vol(X, L).
X X\ Sing(T)

In other words, E and (8 become “more and more orthogonal” as g™ approaches the
volume (these properties are summarized by saying that p*T = [E] + 8 defines an ap-
proximate Zariski decomposition of ¢; (L), cf. also [Fuj94]). By subtracting to § a small
linear combination of the exceptional divisors and increasing accordingly the coefficients
of E, we can achieve that the cohomology class {8} contains a positive definite form [’
on X (i.e. the fundamental form of a Kéhler metric); this follows from Lemma 14.18 (see
also [DP04], proof of Lemma 3.5). As a consequence, we can replace T by a cohomol-
ogous current such that the corresponding form [ is actually a Kahler metric, and we
will assume for simplicity of notation that this situation occurs right away for 7. Under
this assumption, there exists a smooth closed (1, 1)-form v belonging to the Bott-Chern
cohomology class of [E], such that we have identically (v — 68) A 871 = 0 where

[E]- gt
671

for some constant C’ > 0. In fact, given an arbitrary smooth representative vy € {[E]},

the existence of v = vy + 00y amounts to solving a Laplace equation Ay = f with

respect to the Kéhler metric 8, and the choice of § ensures that we have [ « fB"=0and

hence that the equation is solvable. Then u := v+ 3 is a smooth closed (1, 1)-form in the

cohomology class p1*c; (L), and its eigenvalues with respect to 5 are of the form 1 + A;

where \; are the eigenvalues of v. The Laplace equation is equivalent to the identity
Y- Aj =nd. Therefore

1/2

(19.35) § = < C'(Vol(X, L) — 8")

(19.36) 3 A < CM(Vol(X, L) - M) 7.

1<j<n

The inequality between arithmetic means and geometric means implies

[T a+ym<(1 +— 3 A) <1+ C3(Vol(X, L) — A7)

1<j<n "G

1/2

whenever all factors (1 + A;) are nonnegative. By 8.29 (a) we get

inf / Un</~ u"
ueer(L) J X (u,0) X (u,0)

< /)Zﬁn(l + Cy(Vol(X, L) — 7))

< Vol(X, L) + Cy(Vol(X, L) — gm) /2.
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As B™ approches Vol(X, L), this implies inequality (19.31).

We still have to treat the case when L is not big, i.e. Vol(X, L) = 0. Let A be an
ample line bundle and let ty > 0 be the infimum of real numbers such that L +tA is a
big Q-line bundle for ¢ rational, t > ty. The continuity of the volume function implies
that 0 < Vol(X,L 4+ tA) < € for t > t sufficiently close to ty. By what we have just
proved, there exists a smooth form w; € ¢;(L + tA) such that fX(u“O) uy < 2e. Take a

Kéhler metric w € ¢;(A) and define u = uy — tw. Then clearly

/ u" < / uy < 2,
X (u,0) X (ut,0)

inf / u" =0.
ucer(L) J x (u,0)

Inequality (19.31) is now proved in all cases. O

hence

§ 19.F. Estimate of the first cohomology group on a projective surface

In the case of higher cohomology groups, we are able to treat only the case of pro-
jective surfaces :

(19.37) Theorem. Let L — X be a holomorphic line bundle on a complex projective
surface. Then both weak and strong inequalities 8.24 (a) and 8.24 (b) are equalities for
¢ =0, 1,2, and the limsup’s involved in hiq(X, L) and hl\%q(X, L) are limits.

(19.38) Remark. Thanks to the Serre duality and the Riemann-Roch formula, the
(in)equality for a given ¢ is equivalent to the (in)equality for n — gq. Therefore, on
surfaces, the only substantial case which still has to be checked in addition to Theorem
19.31 is the case ¢ = 1: this is done by using Grauert’ criterion that the intersection
matrix (E; - E;) is negative definite for every exceptional divisor E = ) ¢;E;. Our
statements are of course trivial on curves since the curvature of any holomorphic line
bundle can be taken to be constant with respect to any given hermitian metric.

Proof of Theorem 19.37. We start with a projective non singular variety X of arbitrary
dimension n, and will later restrict ourselves to the case when X is a surface. The proof
again consists of using (approximate) Zariski decomposition, but now we try to compute
more explicitly the resulting curvature forms and Morse integrals; this will turn out to
be much easier on surfaces.

Assume first that L is a big line bundle on X. As in Section 19.E, we can find an
approximate Zariski decomposition, i.e. a blow-up p: X — X and a current T € ¢;(L)
such p*T = [E] 4 3, where E an effective divisor and § a Kahler metric on X such that

(19.39) Vol(X,L) —n < " < Vol(X, L), n < 1.

(On a projective surface, one could even get exact Zariski decomposition, but we want
to remain general as long as possible). By blowing-up further, we may assume that E is
a normal crossing divisor. We select a hermitian metric h on @(F) and take

i
(19.40) U = %c‘%)log(\abﬂ\% +*)+Oumn+B8 € wall)
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where o € HY(X,@(E)) is the canonical section and O¢(k),n» the Chern curvature form.
Clearly, by the Lelong-Poincaré equation, u. converges to [E] 4 /3 in the weak topology
as € — 0. Straightforward calculations yield

. 1,0 1,0
7 52Dh’ ocpND; og g?

2r (2 +|opl?)? 2 +|og|

ng 2@E,h+/8'

The first term converges to [E] in the weak topology, while the second, which is close
to O, near E, converges pointwise everywhere to 0 on X \ E. A simple asymptotic
analysis shows that

. 21,0 1,0 2
1 € Dh’ o N Dh’ OE € p 1
- Opn) — [E] A6}
<27T (e + |ogl?)? 2+ Jogl2 P" ELA O
in the weak topology for p > 1, hence

. n __ Aan - n p—1 n—p
(19.41) lim u? = 5" + 231 (p) [E] A%, ABP.
p:
In arbitrary dimension, the signature of u. is hard to evaluate, and it is also non trivial
to decide the sign of the limiting measure limu”. However, when n = 2, we get the

simpler formula
lir%ui = B2+ 2[E]AB+[E]AOg,.
e—

In this case, E can be assumed to be an exceptional divisor (otherwise some part of it
would be nef and could be removed from the poles of T'). Hence the matrix (E; - E})
is negative definite and we can find a smooth hermitian metric h on @(FE) such that
(©pn)|E <0, ie. O has one negative eigenvalue everywhere along £.

(19.42) Lemma. One can adjust the metric h of O(E) in such a way that ©g j, is nega-
tive definite on a neighborhood of the support |E| of the exceptional divisor, and O g p,+
has signature (1,1) there. (We do not care about the signature far away from |E|).

Proof. At a given point xy € X, let us fix coordinates and a positive quadratic form g on
C2. If we put ¥.(2) = ex(2) log(1 + & 1q(z)) with a suitable cut-off function x, then the
Hessian form of 1. is equal to q at x¢ and decays rapidly to O(eloge)|dz|? away from
zo. In this way, after multiplying h with e*¥<(*) we can replace the curvature O n(7o)
with O j, (o) £ ¢ without substantially modifying the form away from z,. This allows to
adjust O g, to be equal to (say) —13(z¢) at any singular point zg € E;NE}, in the support
of |E|, while keeping O j negative definite along E. In order to adjust the curvature
at smooth points z € |E|, we replace the metric h with h/(2) = h(z) exp(—c(2)|og(2)]?).
Then the curvature form O j, is replaced by O p/(x) = Op, (z) + c(z)|dog|? at z € |E|
(notice that dog(xz) = 0 if = € Sing|E|), and we can always select a real function ¢ so
that Op j/ is negative definite with one negative eigenvalue between —1/2 and 0 at any
point of |E|. Then ©f j + [ has signature (1, 1) near |E]|. O

With this choice of the metric, we see that for £ > 0 small, the sum

62

— _@pa+
e+ o2 Ot g
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is of signature (2,0) or (1,1) (or degenerate of signature (1,0)), the non positive definite
points being concentrated in a neighborhood of E. In particular the index set X (uc,2)
is empty, and also

1 €2D;1{OUE A D,ll’OO'E
S o (€24 |op?)?

+ 3

Ue

on a neighborhood V' of |E|, while u. converges uniformly to 5 on X V. This implies
that

32 <liminf/ ugghmsup/ u? < B +26-E.
X (ue,0) X (ue,0)

e—0 e—0

Since [% u? = L? = 3% + 28 - E + E? we conclude by taking the difference that

—E?* -2B-FE <lim inf/ —u? < lim Sup/ —u? < —E?
=70 JX(ue 1) e=0 X (uc,1)
Let us recall that 8- E < C(Vol(X,L) — £%)/2 = 0(n'/?) is small by (19.39) and the

orthogonality estimate. The asymptotic cohomology is given here by /HQ(X , L) = 0 since
h2(X, L®%) = HO(X, Kx ® L®%) = 0 for k > ko, and we have by Riemann-Roch

RN(X,L)=1°(X,L) — L?> = Vol(X,L) — L* = —E®> — 8- E+ O(n).

Here we use the fact that 2-h0(X, L®*) converges to the volume when L is big. All this
shows that equality occurs in the Morse inequalities (1.3) when we pass to the infimum.
By taking limits in the Neron-Severi space NSg(X) C HV!(X,R), we further see that
equality occurs as soon as L is pseudo-effective, and the same is true if —L is pseudo-
effective by Serre duality.

It remains to treat the case when neither L nor —L are pseudo-effective. Then
h°(X,L) = h*(X,L) = 0, and asymptotic cohomology appears only in degree 1, with
ﬁl(X, L) = —L? by Riemann-Roch. Fix an ample line bundle A and let to > 0 be the
infimum of real numbers such that L + tA is big for ¢ rational, ¢ > ¢g, resp. let t;, > 0
be the infimum of real numbers ¢ such that —L + ¢’ A is big for ¢’ > ¢;,. Then for ¢t > ¢,

and t' > t{, we can find a modification p : X — X and currents T € (L + tA),
T" € c;(—L+t'A) such that

WT=[E+5,  pT =[F+79

where 3, v are Kéahler forms and E, F' normal crossing divisors. By taking a suitable
linear combination t'(L + tA) — t(—L 4 t' A) the ample divisor A disappears, and we get

1
t+t

(t’[E] Y8 —t[F] — m) e pwrer(L).
After replacing E, F, (8, v by suitable multiples, we obtain an equality
[E] = [F]+ 8 —~ € p*er(L).

We may further assume by subtracting that the divisors E, F' have no common compo-
nents. The construction shows that 3% < Vol(X, L + tA) can be taken arbitrarily small



208 Analytic Methods in Algebraic Geometry

(as well of course as ?), and the orthogonality estimate implies that we can assume 3- F
and v - F' to be arbitrarily small. Let us introduce metrics hg on O(F) and hr on O(F)
as in Lemma 19.42, and consider the forms

) 52Dill£O'E A D,ll’gO'E 2
Ue =+ — 5 o 5 2@E,hE+ﬁ
2r (e*+ |oEl?) e2 + |og|
. 2711,0 ~1,0
T o - S — € uei(L).
2 (@A lor)? | E e orhe T € wald)

Observe that u. converges uniformly to § — outside of every neighborhood of |E|U|F|.
Assume that ©g j, < 0on Vg = {|og| < e} and Opp, <0 on Vi = {|lop| <ep}. On
Vg U Vg we have

. 21,0 1,0
< i € DhEO'E /\DhEO'E g2
Ue -—

o (@4osl?)? 24 orl

2
13
+
5OFn, + B+ %@E,hE

where @JEC np1s the positive part of O 5, with respect to 5. One sees immediately that
this term is negligible. The first term is the only one which is not uniformly bounded,
and actually it converges weakly to the current [E]. By squaring, we find

limsup/ u? </ (B—v)*+28-E.
e—~0  JX(u.,0) X (8—7,0)

Notice that the term —ﬁ OF h,. does not contribute to the limit as it converges
boundedly almost everywhere to 0, the exceptions being points of |F'|, but this set is of
measure zero with respect to the current [F]. Clearly we have fX(ﬂ_%O)(ﬂ — )2 < B?
and therefore
limsup/ u? <B*+23-E.

X (ue,0)

e—0

Similarly, by looking at —u., we find

limsup/ u? <2 +2y- F.
X (ue,2)

e—0

These lim sup’s are small and we conclude that the essential part of the mass is concen-
trated on the 1-index set, as desired. U

20. Super-Canonical Metrics and Abundance

A very fundamental fact of the theory of compact Riemann surfaces is the existence of
metrics with constant curvature, which is in this case a consequence of the uniformiza-
tion theorem. In general, “invariant” or “canonical” metrics, such as the Kobayashi and
Kobayashi-Eisenman metrics, play an important role in analytic geometry. We intro-
duce here still another way of constructing such “canonical” metrics, following ideas of
Narasimhan-Simha [NS68] which have been recently generalized by Tsuji [Tsu07a, 07b].
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§ 20.A. Construction of Super-Canonical Metrics

Let X be a compact complex manifold and (L, hr, ) a holomorphic line bundle over X
equipped with a singular Hermitian metric hr , = e~ 7hy with satisfies f e 7 < 400
locally on X, where hy, is a smooth metric on L. In fact, we can more generally consider
the case where (L, hy ) is a “Hermitian R-line bundle”; by this we mean that we have
chosen a smooth real d-closed (1, 1) form aj on X (whose dd® cohomology class is equal
to c1(L)), and a specific current 77, representing it, namely 77, = ar + dd®y, such
that v is a locally integrable function satisfying [e™7 < 4oo. An important special
case is obtained by considering a klt (Kawamata log terminal) effective divisor A. In
this situation A = ) ¢;A; with ¢; € R, and if g; is a local generator of the ideal
sheaf @(—A;) identifying it to the trivial invertible sheaf g;@, we take v = Y ¢; log |g;|?,
Tr,~ = > c¢j[A;] (current of integration on A) and af, given by any smooth representative
of the same dd°-cohomology class; the klt condition precisely means that

(20.1) /6_7:/ lg;|7%% < +o0
% VH ’

on a small neighborhood V' of any point in the support |A| = (JA; (condition (20.1)
implies ¢; < 1 for every j, and this in turn is sufficient to imply A klt if A is a normal
crossing divisor; the line bundle L is then the real line bundle @G(A), which makes sens
as a genuine line bundle only if ¢; € Z). For each klt pair (X, A) such that Kx + A
is pseudo-effective, H. Tsuji [Tsu07a, 07b] has introduced a “super-canonical metric”
which generalizes the metric introduced by Narasimhan and Simha [NS68] for projective
algebraic varieties with ample canonical divisor. We take the opportunity to present here
a simpler, more direct and more general approach.

We assume from now on that Kx + L is pseudo-effective, i.e. that the class ¢ (Kx )+
{ar} is pseudo-effective, and under this condition, we are going to define a “super-
canonical metric” on Kx + L. Select an arbitrary smooth Hermitian metric w on X.
We then find induced Hermitian metrics hx, on Kx and hg,+r = hx, hr on Kx + L,
whose curvature is the smooth real (1, 1)-form

o = @Kx+L,hKX+L = @KX,UJ +ar.

A singular Hermitian metric on Kx + L is a metric of the form hx, 1., = e ¥Yhr, 41
where ¢ is locally integrable, and by the pseudo-effectivity assumption, we can find quasi-
psh functions ¢ such that a + dd“p > 0. The metrics on L and Kx + L can now be
“subtracted” to give rise to a metric

—1 — ¥ -1 — PV = P
hLﬁhKX_FLM—e thKX+L—e hKX =e¥77dV,

on Ky' = A"Tx, since hy' = dV,, is just the Hermitian (n,n) volume form on X.
Therefore the integral [ < h L’,yhl_(; VL has an intrinsic meaning, and it makes sense to
require that

(20.2) / hinhiesr., = / e 7dV, < 1
X X

in view of the fact that ¢ is locally bounded from above and of the assumption

/e_’y < 400.
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Observe that condition (20.2) can always be achieved by subtracting a constant to ¢.
Now, we can generalize Tsuji’s super-canonical metrics on klt pairs (cf. [Tsu07b]) as
follows.

(20.3) Definition. Let X be a compact complex manifold and let (L, hy) be a Hermitian
R-line bundle on X associated with a smooth real closed (1,1) form «p. Assume that
Kx + L s pseudo-effective and that L is equipped with a singular Hermitian metric
hr~ = e "hr such that fe_V < 40 locally on X. Take a Hermaitian metric w on X

and define o = Ok 41, hy 1 = Oy wtar. Then we define the super-canonical metric
hean of Kx + L to be

Py +L,can = igf hixir,p @€ hgyiLcan =€ Y*"hg,ir, where

Yean () = sup (x) for all ¢ with o+ dd°p > 0, / e’ 7dV, < 1.
© X

In particular, this gives a definition of the super-canonical metric on Kx + A for
every klt pair (X, A) such that Kx + A is pseudo-effective, and as an even more special
case, a super-canonical metric on Kx when K x is pseudo-effective.

In the sequel, we assume that v has analytic singularities, otherwise not much can
be said. The mean value inequality then immediately shows that the quasi-psh func-
tions ¢ involved in Definition 20.3 are globally uniformly bounded outside of the poles
of 7, and therefore everywhere on X, hence the envelopes pcan = sup, ¢ are indeed
well defined and bounded above. As a consequence, we get a “super-canonical” current
Tean = @+ ddpean = 0 and hgy 41, can satisfies

(20.4) / hL,VhI_(;JFL con = / efean=7dV, < +oo.
X ' X

It is easy to see that in Definition 20.3 the supremum is a maximum and that @c., =
(¢can )™ everywhere, so that taking the upper semicontinuous regularization is not needed.
In fact if o € X is given and we write

(Pcan)™ (o) = imsup @ean () = lim @ean(z,) = lim @, (z,)

T—To v—+4oo v——+4o00

with suitable sequences z,, — xo and (¢, ) such that [ ~ e?v77dV, < 1, the well-known
weak compactness properties of quasi-psh functions in L! topology imply the existence
of a subsequence of (y,) converging in L' and almost everywhere to a quasi-psh limit
¢. Since [  €¥v77dV,, < 1 holds true for every v, Fatou’s lemma implies that we have
S  €¥77dV, < 1 in the limit. By taking a subsequence, we can assume that ¢, — ¢ in
L'(X). Then for every & > 0 the mean value TB(z, <) v satisfies

][ p= lim pv > lim oy (2s) = (Pcan)” (20),
B(zo,e)

v—4o0 B(x,,,s) v—+4o0

hence we get p(xg) = lim._,q UCB(xO N > (Yean)*(20) = @ean(o), and therefore the sup
is a maximum and @ean = @i, By elaborating on this argument, one can infer certain
regularity properties of the envelope.
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(20.5) Theorem ([BmDO09]). Let X be a compact complex manifold and (L,hr) a
holomorphic R-line bundle such that Kx + L is big. Assume that L is equipped with a
singular Hermitian metric hr, , = e~ Vhy, with analytic singularities such that [e™7 <
+o0 (klt condition). Denote by Zy the set of poles of a singular metric hg = e ¥ hy 41,
with analytic singularities on Kx + L and by Z., the poles of vy (assumed analytic). Then
the associated super-canonical metric heay is continuous on X \ (Zo U Zy).

In fact, using the regularization techniques of [Dem94al, it is shown in [BmDO09] that
hcan possesses some computable logarithmic modulus of continuity. In order to shorten
the exposition, we will only give a proof of the continuity in the algebraic case, using
approximation by pluri-canonical sections.

(20.6) Algebraic Version of the Super-Canonical Metric. Since the klt condition
is open and K x + L is assumed to be big, we can always perturb L a little bit, and after
blowing-up X, assume that X is projective and that (L, hr, ) is obtained as a sum of
Q-divisors

L=G+A

where A is kit and G is equipped with a smooth metric hg (from which hy, - is inferred,
with A as its poles, so that Or ,, = Og L, + [A]). Clearly this situation is “dense”
in what we have been considering before, just as Q is dense in R. In this case, it is
possible to give a more algebraic definition of the super-canonical metric ¢cay,, following
the original idea of Narasimhan-Simha [NS68] (see also H. Tsuji [TsuO7a]) — the case
considered by these authors is the special situation where G = 0, hg = 1 (and moreover
A =0 and Kx ample, for [NS68]). In fact, if m is a large integer which is a multiple of
the denominators involved in G and A, we can consider sections

o€ HX,m(Kx + G + A)).

We view them rather as sections of m(Kx + G) with poles along the support |A| of our
divisor. Then (o A7) ™hg is a volume form with integrable poles along |A| (this is the
klt condition for A). Therefore one can normalize o by requiring that

/ (o A7) ™hg = 1.
X

Each of these sections defines a singular Hermitian metric on Kx + L = Kx + G + A,
and we can take the regularized upper envelope

1 *
(20.7) oilE — (sup L iog[of2., )
m

m.o Kx+L

of the weights associated with a smooth metric hx,r. It is clear that 228 < pean

since the supremum is taken on the smaller set of weights ¢ = %log |U|,21$ K and the
equalities Xt

e?VdV, = |a|i{£; AV = (0 AD) e Thy = (0 AB)Y ey = (0 AT) " he

imply [  €¥77dV, < 1. We claim that the inequality 08 < pean is an equality. The

can
proof is an immediate consequence of the following statement based in turn on the

Ohsawa-Takegoshi theorem and the approximation technique of [Dem92].
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(20.8) Proposition. With L =G+ A, w, & = Ok 1L hy ., 7 s above and Kx + L
assumed to be big, fix a singular Hermitian metric e~ Yhg 41, of curvature a+ddp > 0,
such that fX e?=7dV,, < 1. Then ¢ is equal to a regularized limit

: 1 2 ’
p= (hmsup — log o |jm +L)

m—s—4oo M Kx
for a suitable sequence o,, € H*(X, m(Kx + G + A)) with [y (om A Tm)"hg < 1.

Proof. By our assumption, there exists a quasi-psh function ¢y with analytic singularity
set Zp such that

a +dd“py = gow > 0

and we can assume f() e¥0=7dV,, < 1 (the strict inequality will be useful later). For
m > p > 1, this defines a singular metric exp(—(m —p)y — po)h  on m(Kx + L)
with curvature > pegw, and therefore a singular metric

hr = exp(—(m —p)p — P¢0)h%x+Lh}_<L

on L' = (m —1)Kx +mL, whose curvature O/, , > (peo — Cp)w is arbitrary large if p
is large enough. Let us fix a finite covering of X by coordinate balls. Pick a point zy and
one of the coordinate balls B containing xy. By the Ohsawa-Takegoshi extension theorem
applied on the ball B, we can find a section op of Kx + L' = m(Kx + L) which has norm
1 at xo with respect to the metric hg, 4 and fB ‘O-B|}27'KX+L’de < (] for some uniform

constant C; depending on the finite covering, but independent of m, p, zo . Now, we use
a cut-off function §(z) with #(x) = 1 near x to truncate op and solve a J-equation for
(n, 1)-forms with values in L to get a global section ¢ on X with |o(zo)|n, ,,, =1. For
this we need to multiply our metric by a truncated factor exp(—2nf(z) log |z — z¢|) so as
to get solutions of 0 vanishing at xy. However, this perturbs the curvature by bounded
terms and we can absorb them again by taking p larger. In this way we obtain

2 _ 2 —(m—p)e—py
(20.9) /X \U|hKX+L,de = /X |a\h7£X+Le °dV, < Cs.
Taking p > 1, the Holder inequality for congugate exponents m, —= implies
/ (o /\E)#hg = / |0|i{nm e dV,,
X X Kx+L
1
= (|U|2m 6—(m—p)w—p¢o) m (8(1—%)w+%¢o—v)dv
X hKX+L w

m—1
—_m __

<02%</ (e(l_%)‘to+%¢0—’¥) m_lde> "

X

<oy ( / (e“”"y)%Gﬁ(%—v))m_l de) "
X

p—1

(/ eﬁ(wo—v)de) "
X

N3}

<C
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using the hypothesis [ €777dV, < 1 and another application of Holder’s inequality.
Since klt is an open condition and

lim e 1 (Po=Mqy = / eodV, < 1,

p——+o00 X X

we can take p large enough to ensure that
/ er TNy < C5 < 1.
X

Therefore, we see that

thus

(20.10) “toglo@o)lty_ ., = (1~ L )ewo) + Lyo(ro)

+L
and, as a consequence

1 2
—loglo(zo)lhp  — #(zo)

+L
whenever m — +oo, £ — 0, as long as v¥g(2¢) > —oo. In the above argument, we
can in fact interpolate in finitely many points x1, x2, ..., 2, provided that p > Cugq.

Therefore if we take a suitable dense subset {z,} and a “diagonal” sequence associated
with sections o, € H*(X,m(Kx + L)) with m > p = p,, > ¢ = ¢, — +0o0, we infer
that

. 1 2 t
(20.11) <11m sup — log |Um(m)|h?X+L> > limsup ¢(z,) = ¢(z)

m—>+00 Tgq—x

(the latter equality occurring if {x,} is suitably chosen with respect to ¢). In the other
direction, (20.9) implies a mean value estimate

1

C
2 5 (m—p)p+pio
_— m dz <
T2 fnl /B(x,r) ‘U(Z)|th+L S Sup €

2
" B(a,r)

on every coordinate ball B(z,r) C X. The function |am|%}? " is plurisubharmonic after
X

we correct the non necessarily positively curved smooth metric hx, 41 by a factor of the
form exp(Cg|z — z|?), hence the mean value inequality shows that

— log ‘Um(w)ﬁm < —log Ti + 067’2 + sup (1 — p—)gp + p—ftpo,
m m r m m

Kx+k B(z,r)

By taking in particular r = 1/m and letting m — +oo, p,/m — 0, we see that the
opposite of inequality (20.9) also holds. O
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(20.12) Remark. We can rephrase our results in slightly different terms. In fact, let
us put

1
?rng zsupglog\aﬁ?;xﬂ, o€ H(X,m(Kx +G + A)),

with normalized sections o such that [, (o A 7)"/™hg = 1. Then 8 is quasi-psh (the
supremum is taken over a compact set in a finite dimensional vector space) and by passing
to the regularized supremum over all o and all ¢ in (20.10) we get

Qean = P8 > (1 — £>90can(x) + ﬁwo@).
m m

AS @can is bounded from above, we find in particular

. C
0 < Pcan — (Pn}bg < E(|¢O(x)| + 1)

This implies that (¢28) converges uniformly to (., on every compact subset of X C Zg,
and in this way we infer again (in a purely qualitative manner) that ¢c., is continuous
on X N\ Zy. Moreover, we also see that in (20.7) the upper semicontinuous regularization
is not needed on X \ Zj; in case Kx + L is ample, it is not needed at all and we have
uniform convergence of (¢28) towards (ean on the whole of X. Obtaining such a uniform
convergence when Ky + L is just big looks like a more delicate question, related e.g. to
abundance of Kx + L on those subvarieties Y~ where the restriction (Kx + L)y would
be e.g. nef but not big.

(20.13) Generalization. In the general case where L is a R-line bundle and Kx + L
is merely pseudo-effective, a similar algebraic approximation can be obtained. We take
instead sections

o€ HY(X,mKx + |mG| + [mA] + p,,A)

where (A, ha) is a positive line bundle, © 4.1, > eow, and replace the definition of 218
by

1 *
le . 2
(20.14) Poan = (Elnii%g Sgp Elog|a‘thx+\_mGJ+PmA) )
—\2,x
(20.15) /X (@ AT " Al apna S 1

where m > p,,, > 1 and hb/n Tré | is chosen to converge uniformly to hq.

We then find again (e, = 98, with an almost identical proof — though we no

longer have a sup in the envelope, but just a limsup. The analogue of Proposition
(20.8) also holds true in this context, with an appropriate sequence of sections o, €
HY(X,mKx + |mG] + [mA| + pnA).

(20.16) Remark. It would be nice to have a better understanding of the super-canonical
metrics. In case X is a curve, this should be easier. In fact X then has a Hermitian
metric w with constant curvature, which we normalize by requiring that [ yw =1, and
we can also suppose fX e Yw = 1. The class A = ¢;(Kx + L) > 0 is a number and we
take & = Aw. Our envelope is @ean = sup ¢ where Aw + dd®p > 0 and [y e w < 1. If
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A = 0 then ¢ must be constant and clearly @can = 0. Otherwise, if G(z,a) denotes the
Green function such that [, G(z,a)w(z) = 0 and dd°G(z,a) = 0, — w(z), we find

pean(2) > sup (Aacz,a) g | ewa)-v%(z))
zeX

aceX

by taking already the envelope over p(z) = AG(z,a)— Const. It is natural to ask whether
this is always an equality, i.e. whether the extremal functions are always given by one of
the Green functions, especially when v = 0.

§ 20.B. Invariance of Plurigenera and Positivity of Curvature of Super-Cano-
nical Metrics

The concept of super-canonical metric can be used to give a very interesting result on
the positivity of relative pluricanonical divisors, which itself can be seen to imply the
invariance of plurigenera. The main idea is due to H. Tsuji [Tsu07a], and some important
details were fixed by Berndtsson and Paun [BnP09], using techniques inspired from their
results on positivity of direct images [Bnd06; BnP0S].

(20.17) Theorem. Let m: X — S be a deformation of projective algebraic manifolds
over some irreducible complex space S (m being assumed locally projective over S). Let
L — X be a holomorphic line bundle equipped with a Hermitian metric he ~ of weight
such that i©y p, > 0 (i.e. 7y is plurisubharmonic), and f e” 7 < +00, i.e. we assume
the metric to be kit over all fibers Xy = m=1(t). Then the metric defined on Ky + <L as
the fiberwise super-canonical metric has semi-positive curvature over ‘X. In particular,
t— hO(Xy,m(Kx, + L x,)) is constant for all m > 0.

Once the metric is known to have a plurisuharmonic weight on the total space of ¥,
the Ohsawa-Takegoshi theorem can be used exactly as at the end of the proof of Lemma
17.3. Therefore the final statement is just an easy consequence. The cases when &£ = O
is trivial or when £;x, = O(A;) for a family of kit Q-divisors are especially interesting.

Proof (Sketch). By our assumptions, there exists (at least locally over S) a relatively
ample line bundle i over X. We have to show that the weight of the global super-
canonical metric is plurisubharmonic, and for this, it is enough to look at analytic disks
A — S. We may thus as well assume that S = A is the unit disk. Consider the super-
canonical metric hean o over the fiber Xy. The approximation argument seen above (see
(20.9) and Remark (20.12)) show that hcan,o has a weight @can o which is a regularized
upper limit
alg . 1 2 i
Pean,0 = (hm sup -— log |om| )

m——400

defined by sections o, € H%(Xo,m(Kx, + £x,) + Pm|x,) such that

/ |O—|26_(m_pm)ﬂpcan,0_pm¢0de < CQ-
Xo

with the suitable weights. Now, by the proof of the invariance of plurigenera (Section
16), these sections extend to sections &, defined on the whole family %, satisfying a
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similar L? estimate (possibly with a slightly larger constant C5 under control). If we set

o = (limsup l10g|5m|2) )
m—+oo TN

then ® is plurisubharmonic by construction, and @¢., > ® by the defining property of

the super-canonical metric. Finally, we also have ¢can 0 = ®x, from the approximation

technique. It follows easily that ¢.,, satisfies the mean value inequality with respect to

any disk centered on the central fiber Xy. Since we can consider arbitrary analytic disks

A — S, the plurisubharmonicity of p¢., follows. O

§ 20.C. Tsuji’s Strategy for Studying Abundance

H. Tsuji [Tsu07c] has recently proposed the following interesting prospective approach
of the abundance conjecture.

(20.18) Conjecture/question. Let (X, A) be a kit pair such that Kx + A is pseudo-
effective and has numerical dimension nd(Kx + A) > 0. Then for every point © € X
there exists a closed positive current T, € c1(Kx + A) such that the Lelong number at x
satisfies v(T,,x) > 0.

It would be quite tempting to try to produce such currents e.g. by a suitable modifi-
cation of the construction of super-canonical metrics, trying to enforce singularities of the
metric at any prescribed point x € X. A related procedure would be to enforce enough
vanishing of sections of A +m(Kx + A) at point x, where A is a sufficiently ample line
bundle. The number of these sections grows as em? where p = nd(Kx + A). Hence, by
an easy linear algebra argument, one can prescribe a vanishing order s ~ ¢/m?/™ of such
a section o, whence a Lelong number ~ ¢/m=~! for the corresponding rescaled current
of integration T' = [Z,] on the zero divisor. Unfortunately, this tends to 0 as m — +oco
whenever p < n. Therefore, one should use a more clever argument which takes into
account the fact that, most probably, all directions do not behave in an “isotropic way”,

and vanishing should be prescribed only in certain directions.

Assuming that (20.18) holds true, a simple semi-continuity argument would imply
that there exists a small number ¢ > 0 such that the analytic set Z, = E.(T,) contains
x, and one would expect conjecturally that these sets can be reorganized as the generic
fibers of a reduction map f: X ---> Y, together with a kit divisor A’ on Y such that (in
first approximation, and maybe only after replacing X, Y by suitable blow-ups), one has
Kx + A= f"(Ky + A"+ Ry) + 8 where Ry is a suitable orbifold divisor (in the sense
of Campana [Cam04]) and S a suitable pseudo-effective class. The expectation is that
dimY =p=nd(Kx + A) and that (Y, A’) is of general type, i.e. nd(Ky + A’) = p.

21. Siu’s Analytic Approach and Paun’s Non Vanishing Theo-
rem

We describe here briefly some recent developments without giving much detail about
proofs. Recall that given a pair (X, A) where X is a normal projective variety and A

an effective R-divisor, the transform of (X, A) by a birational morphism p : X — X of
normal varieties is the unique pair (X, A) such that K¢ + A = p*(Kx + A) + E where
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E is an effective p-exceptional divisor (we assume here that Kx + A and K¢ + A are
R-Cartier divisors).

In [BCHMOG|, Birkar, Cascini, Hacon and McKernan proved several fundamental
conjectures which had been expected for more than two decades, concerning the exis-
tence of minimal models and the finiteness of the canonical ring for arbitrary projective
varieties. The latter result was also announced independently by Siu in [Siu06]. The
main results can be summarized in the following statement.

(21.1) Theorem. Let (X,A) be a kit pair where A is big.

(a) If Kx + A is pseudo-effective, (X, A) has a log-minimal model, i.e. there is a bi-
rational transformation (X,A) with X Q-factorial, such that K5 + A is nef and

satisfies additionally strict inequalities for the discrepancies of u-exceptional divi-
sors.

(b) If Kx + A is not pseudo-effective, then (X,A) has a Mori fiber space, i.e. there
exists a birational transformation (X,A) and a morphism ¢ : X — Y such that
—(K5 + A) is p-ample.

(¢) If moreover A is a Q-divisor, the log-canonical ring €D, HO(X,m(Kx + A)) is
finitely generated.

The proof, for which we can only refer to [BCHMO06], is an extremely subtle induc-
tion on dimension involving finiteness of flips (a certain class of birational transforms
improving positivity of Kx + A step by step), and a generalization of Shokurov’s non
vanishing theorem [Sho85]. The original proof of this non vanishing result was itself
based on an induction on dimension, using the existence of minimal models in dimension
n — 1. Independently, Y.T. Siu [Siu06] announced an analytic proof of the finiteness of
canonical rings P, H Y(X,mKx), along with an analytic variant of Shokurov’s non
vanishing theorem; in his approach, multiplier ideals and Skoda’s division theorem are
used in crucial ways. Let us mention a basic statement in this direction which illustrates
the connection with Skoda’s result, and is interesting for two reasons : i) it does not re-
quire any strict positivity assumption, ii) it shows that it is enough to have a sufficiently
good approximation of the minimal singularity metric hy;, by sections of sufficiently
large linear systems |[pKx|.

(21.2) Proposition. Let X be a projective n-dimensional manifold with Kx pseudo-
effective. Let hpin = e~ %™ be a metric with minimal singularity on Kx (e.g. the super-
canonical metric), and let ¢ > 0 be the log canonical threshold of Ymin, i.e. hfg;‘s =
e (co=0)¢min ¢ T1 for § > 0 small. Assume that there exists an integer p > 0 so that the
linear system |pK x| provides a weight 1, = % log >~ |oj|? whose singularity approzimates

Ymin sufficiently well, namely

1—|—Co—5

Py = (1+
p’I’L

)sOmin +0(1) for some § > 0.

Then @m>0H®(X,mKx) is finitely generated, and a set of generators is actually pro-
vided by a basis of sections of Do<menp+1HO (X, mKx).
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Proof. A simple argument based on the curve selection lemma (see e.g. [Dem01], Lemma
11.16) shows that one can extract a system g = (g1, - - -, g ) of at most n sections from (o)
in such a way that the singularities are unchanged, i.e. C; log|o| < log|g| < Cslog|a|.
We apply Skoda’s division (12.8), (12.12) with E = @™, Q = O(pKx) and L = @((m —
p—1)Kx) [so that Kx ®Q®L = Ox(mKx)|, and with the metric induced by A, on Kx.
By definition of a metric with minimal singularities, every section f in Ho(X,mKx) =
H%(X,Kx ® Q ® L) is such that |f|? < Ce™#min. The weight of the metric on Q ® L
is (m — 1)@min. Accordingly, we find

|f|2‘g‘i:j?n_266_(m_l)@mm < CeXp (m@min — p(n + 5)(¢p - Sprnin) — (m_l)gpmin>
< Cexp (— (co — 6/2)min)

for ¢ > 0 small, thus the left hand side is in L'. Skoda’s theorem implies that we can write
f=g-h=> gjh; withh; € H*(X,Kx®L) = H°(X, (m—p)Kx). The argument holds
as soon as the curvature condition m —p —1 > (n — 1 + ¢)p is satisfied, i.e. m > np + 2.
Therefore all multiples m > np + 2 are generated by sections of lower degree m — p, and
the result follows. O

Recently, Paun [Pau08] has been able to provide a very strong Shokurov-type analytic
non vanishing statement, and in the vein of Siu’s approach [Siu06], he gave a very detailed
independent proof which does not require any intricate induction on dimension (i.e. not
involving the existence of minimal models).

(21.3) Theorem (Paun [Pau08]). Let X be a projective manifold, and let oy, € NSg(X)
be a cohomology class in the real Neron-Severi space of X, such that :

(a) The adjoint class c1(Kx) + ar is pseudoeffective, i.e. there exist a closed positive
current
@KX+L - Cl(Kx) +ar;

(b) The class a, contains a Kdhler current Oy, (so that ay, is big), such that the respec-
tive potentials o1, of O and Y +1 of Ok, 11 satisfy

e(+e)(Prx+r—¢L) Llloc

where € 1s a positive real number.

Then the adjoint class c1(Kx) + o contains an effective R-divisor.

The proof is a clever application of the Kawamata-Viehweg-Nadel vanishing the-
orem, combined with a perturbation trick of Shokurov [Sho85] and with diophantine
approximation to reduce the situation to the case of Q-divisors. Shokurov’s trick allows
to single out components of the divisors involved, so as to be able to take restrictions
and apply induction on dimension. One should notice that the poles of ¢; may help
in achieving condition 21.3 (b), so one obtains a stronger condition by requiring (b’)
exp((1+&)pry+1) € Li,. for € > 0 small, namely that ¢; (K x )+« is klt. The resulting
weaker statement then makes sense in a pure algebraic setting. In [BrP09], Birkar and
Paun announced a relative version of Theorem 21.3, and they showed that this can be
used to reprove a relative version of Theorem 21.1. The notes of Mihai Paun [Pau09] give
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a fairly precise account of these techniques, and incorporate as well some ideas of Ein-
Lazarsfeld-Mustata-Nakamaye-Popa [E-P06] and of A. Corti and V. Lazi¢ (see [Lzc09)]).
A similar purely algebraic approach has been described by C. Hacon in his Oberwolfach
lectures [Hac08].
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