
Arch Appl Mech
DOI 10.1007/s00419-011-0541-0

ORIGINAL

Ralf Müller · Petia Dineva · Tsviatko Rangelov ·
Dietmar Gross

Anti-plane dynamic hole–crack interaction in a functionally
graded piezoelectric media

Received: 4 January 2011 / Accepted: 29 March 2011
© Springer-Verlag 2011

Abstract The anti-plane dynamic problem of a functionally graded piezoelectric plane containing a hole–
crack system is treated by a non-hypersingular traction-based boundary integral equation method. The material
parameters vary exponentially in the same manner in an arbitrary direction. The system is loaded by an incident
SH-type wave, and impermeable boundary conditions are assumed. Using a frequency-dependent fundamental
solution of the wave equation, the boundary value problem is transformed into a system of integro-differential
equations along the boundary of the hole and on the crack line. Its numerical solution yields the dynamic
stress intensity factors and stress concentration factors. A parametric study reveals their dependence on the
hole–crack scenario and its geometry, characteristics of the dynamic load and magnitude and direction of
material inhomogeneity.

Keywords Functionally graded piezoelectric material (FGPM) · Hole–crack interaction ·
Anti-plane deformation state · BIEM · SIFs · SCFs

1 Introduction

The stress and electric field analysis of piezoelectric solids, weakened by different type of defects such as
inclusions, holes, cracks, voids, or second-phase particles, is of fundamental importance for their structural
integrity and reliable service performance. Piezoelectric materials are brittle, posses low fracture resistance,
and both the mechanical and electric loads are responsible for eventual catastrophic failure. Physically, the
stress concentration around a hole boundary may generate cracks, and the interaction between holes and cracks
may produce dielectric breakdown, damage, and fracture. Accurate prediction of the fracture response requires
an accurate assessment of the interaction between the defects during service and manufacture. As a result, the
interaction between holes and cracks has been a very popular topic in the field of fracture mechanics.
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The problems for inclusion–crack interaction are usually restricted to cases of elastic isotropic homoge-
neous materials under static loads. Erdogan et al. [1] studied a crack in the neighborhood of a rigid inclusion,
Gharpuray et al. [2] investigated a crack emanating from a rigid inclusion, Wang and Chau [3], Hwu et al. [4]
considered interactions between inclusions and various types of cracks. The interaction between a main crack
and an arbitrary located elliptical hole near its tip under mode III loading conditions was solved in Gong and
Meguid [5]. The boundary integral equation method (BIEM) was proposed in Liaw and Kamel [6] to evaluate
the static stress intensity factors of a crack approaching a curvilinear hole in an anisotropic elastic plane.
By using complex variables method and Fredholm integral equation method, the static interaction between
multiple cracks and a circular hole under anti-plane deformation was studied in Chen and Wang [7]. The static
interaction of an inclusion with arbitrary geometrical shape and a line crack is studied by Hasebe et al. [8] by
the Green’s function of a point dislocation derived for an infinite plane with an arbitrary-shaped hole. There
are few results for dynamic interaction between crack and a circular hole even in the case of elastic isotropic
homogeneous solid, see Lu and Hanyga [9], Meguid and Wang [10], Wang and Yu [11]. Dynamic interactions
between multiple cracks and a circular hole subjected to incident SH wave have been studied in [9,10].

One of the first solutions that consider the static interaction of two circular electrically permeable holes
in a piezoelectric homogeneous plane under the assumption of plane strain is presented by BIEM in Xu and
Rajapakse [12]. The accuracy of the BIEM code is verified by comparison with analytical solutions for a single
circular hole in a piezoelectric plane by Sosa [13] and with the solution by Lekhnitskii [14] for pure elastic
anisotropic case. Liu and Fan [15] used the conventional displacement BIEM for solving a static problem of
an elliptical hole with a prescribed ratio of the semiaxis a/b subjected to uniform tension. They show that the
BIEM results obtained by 44 quadratic boundary elements are in excellent agreement with the exact solution
for all three values of a/b = 1; 0.5; 0.05. When the ratio a/b is further reduced and the elliptical hole becomes
an open crack, the number of elements should be increased, reaching 180 at a/b = 0.01. When the ratio is
a/b = 0.001, even the 204 boundary elements cannot provide converged results because the displacement
BIEM degenerates and a traction-based BIEM should be used. The BIEM analysis of the crack-hole in-plane
static problem in a piezoelectric plate under external heat-flux disturbance is presented by Qin and Mai [16].
The solution is based on the termoelectroelastic Green’s function for a piezoelectric solid with a hole. The
same methodology is applied for inclusion–crack interaction problems of plane thermopiezoelectric solids by
Qin and Lu [17]. In Zhou et al. [18], the Green’s function for a piezoelectric plane with an elliptic hole with
or without air is derived, and further, the hole–crack static interaction is studied by the method of singular
integral equations. Numerical results show that the distribution of stress and the electric field concentration
near the elliptic hole depends on the location and orientation of the crack. The dynamic interaction between a
crack and a circular hole in a piezoelectric plane is investigated by Song et al. [19] by the method of complex
variable and Green’s function for an infinite piezoelectric plane with a single hole subjected to time-harmonic
anti-plane line force.

Most of the references discussed earlier are for the static problems and for isotropic homogeneous pure
elastic solids. There is a lack of results for dynamic hole–crack interaction problems even for homogeneous
piezoelectrics, and to the authors’ knowledge, there are no results for this problem in the case of functionally
graded piezoelectric solids. In Dineva et al. [20], the authors solved a dynamic anti-plane crack problem for
a functionally graded material, while in Dineva et al. [21], the similar problem was solved for a single hole.
The present paper is based on the results obtained in [20,21] and investigates the dynamic interaction between
hole and crack.

The main objective of this study is to evaluate stresses and electric field distribution of a hole–crack system
in an inhomogeneous piezoelectric plane with exponentially varying properties in an arbitrary direction.

The paper is organized as follows: The problem statement is given in Sect. 2. Non-hypersingular traction-
based BIE formulation of the posed problem is discussed in Sect. 3, and the numerical procedure is presented
in Sect. 4. A series of numerical results and their interpretation is shown in Sect. 5, while some conclusions
are given in Sect. 6.

2 Problem statement

In a Cartesian coordinate system Ox1x2x3, consider an infinite, transversely isotropic functionally graded
piezoelectric media with the axis of symmetry and the poling axis along Ox3. The anti-plane deformation
state is considered in the plane perpendicular to the poling axis. The plane x3 = 0 contains a crack �cr with a
half-length c and a circular hole H of radius R and center C, ∂ H = �h such that �cr ∩�h = ∅, see Fig. 1. The
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Fig. 1 A hole–crack system in a functionally graded piezoelectric plane under SH-type wave

direction of the incident time-harmonic shear wave with a circular frequency ω is given by the angle θ with
respect to the x1 axis. Because of the time-harmonic behavior of all field quantities, the common multiplier
eiωt is suppressed here and in the following. The only non-vanishing displacements are the anti-plane mechan-
ical displacement u3(x, ω) and the in-plane electrical displacements Di (x, ω), while the non-vanishing stress
components are σi3(x, ω), i = 1, 2, x = (x1, x2). The incident wave interacts with the hole–crack system and
produces scattered wave, so that the total wave field is a superposition of the incident and scattered waves.
The decomposition u3(x, ω) = uin

3 (x, ω) + usc
3 (x, ω) for the displacement holds analogously for all field

quantities. The boundary value problem for the scattered wave field is formulated as follows:
In absence of volume forces and electric charges, the balance equations are given by

σi3,i + ρω2u3 = 0, Di,i = 0 (1)

The strain–displacement and electric field–potential relations are

si3 = u3,i , Ei = −φ,i (2)

and the constitutive equations read

σ13 = c44s13 − e15 E1,

σ23 = c44s23 − e15 E2,
(3)

D1 = e15s13 + ε11 E1,

D2 = e15s23 + ε11 E2.

Here, si3, Ei , φ are the strain tensor, the electric field vector, and the electric potential, respectively, i = 1, 2,
subscript commas denote partial differentiation and the summation convention for repeated indices is applied.

We assume that all material parameters, i.e. the mass density ρ, the shear stiffness c44, the piezoelectric
e15, and the dielectric permittivity ε11, vary in the same manner exponentially with x :

c44 = c0
44e2<a,x>, e15 = e0

15e2<a,x>, ε11 = ε0
11e2<a,x>, ρ = ρ0e2<a,x> (4)

where <, > denotes the scalar product in R2. Here, c0
44, e0

15, ε
0
11, ρ

0 are reference material constants, e.g. the
material characteristics in the homogeneous case.

The crack’s line and the hole’s boundary are assumed to be free of both mechanical traction and surface
charges, i.e. an impermeable crack and hole are considered:

t3 = σi3ni = 0, Di ni = 0 on � = �cr ∪ �h, (5)

where ni are the components of the outward normal vector in every point of �.
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Using the notation by Davi and Milazzo [22] where u J = (u3, φ), J = 3, 4; si J =
{

si3, J = 3
Ei , J = 4 , σi J ={

σi3, J = 3
Di , J = 4 and tJ = σi J ni are the generalized displacement, strain, stress, and traction, respectively;

Eqs. (1)–(3) can be written in the compact form

σi J,i + ρJ K ω2uK = 0, J, K = 3, 4 (6)

where ρJ K =
{

ρ, J = K = 3,
0, J = 4 or K = 4.

Using the generalized stiffness tensor

Ci33l =
{

c44, i = l
0, i �= l , Ci43l = Ci34l =

{
e15, i = l
0, i �= l , Ci44l =

{−ε11, i = l
0, i �= l

the generalized stress is σi J = Ci J KluK ,l .
The boundary condition Eq. (5) for the total traction on the crack or on the boundary of the hole takes the

following form

tJ (x, ω) = 0 on �. (7)

The wave scattered by the hole–crack system in a functionally graded piezoelectric plane is governed by partial
differential Eq. (6) with variable coefficients. Following the approach proposed in [23], the smooth transform
is applied to the displacement vector u J (x, ω)

u J (x, ω) = e−<a,x>UJ (x, ω). (8)

The following system of partial differential equations with constant coefficients for the displacement vector
UJ (x, ω) is obtained

C0
i J KlUK ,il + (

ρ0
J K ω2 − C0

i J K i |a|2) UK = 0. (9)

Replacing the displacement component U4 from the second equation in the system of equations (9) into the
first one, the following equation for the mechanical displacement U3 is obtained

U3,i i + k2U3 = 0. (10)

where k2 = ρ0

a0
ω2 − |a|2, a0 = c0

44 + e02
15

ε0
11

. Denote by ω0 =
√

a0
ρ0 |a| and consider the following cases with

respect to the frequency ω:

(a) the case ω > ω0, where we have that k2 > 0 which corresponds to the case of a wave propagation
process;

(b) the case that ω = ω0, where we have that k2 = 0 and no wave propagation occurs; the behavior of the
solution is as in the static case;

(c) the case ω < ω0, where we have that k2 < 0 which is the case of simple vibration.

The type of the dynamic behavior of the hole–crack system is governed by the frequency of the incident wave
and the material properties of the inhomogeneous piezoelectric material. In this work, we assume that the
frequency of the incident wave fulfills the case (a).

Furthermore, suppose that UJ (x, ω) in Eq. (8) satisfies Sommerfeld-type condition at infinity, more spe-
cifically

U3 = o(|x |−1), U4 = o(e−|a||x |) for |x | → ∞. (11)

Condition (11) ensures uniqueness of the scattering wave field usc
J for a given incident wave uin

J . Following
Akamatsu and Nakamura [24], it can be proved that the boundary value problem (BVP) given by Eqs. (6), (7)
in conjunction with condition (11) admits a continuous differentiable solution.

The displacement and the traction field of the incident SH wave is a solution of equation (6). This solution
is obtained by the use of the smooth functional transform (8) and solution of Eq. (9) obtained by plane wave
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decomposition technique. For a plane SH wave with an incident direction ξ = (ξ1, ξ2), the displacement field
at a given frequency ω and at an observer point x is as follows:

uin
3 (x, ω) = e−<x,a+ikξ>

(12)

uin
4 (x, ω) = e0

15

ε0
11

u3(x, ω).

The corresponding traction field on � is

t in
3 (x, ω) = −a0 < n, a + ikξ > e<x,a−ikξ>

(13)
t in
4 = 0.

3 BIEM formulation and fundamental solution

The boundary value problem posed in sect. 2 and consisting of Eqs. (6), (7), and (11) can be formulated by
a system of traction boundary integral equations on � using the representation formulas for the piezoelectric
continua, see [25,26], and the non-hypersingular traction BIEM proposed by Zhang and Gross [27] for the
pure elastic solid. For the considered problem, it is a combination of the BIEM numerical schemes given in
Dineva et al. [20,21]:

cJ (x)t in
J (x) = Ci J Kl(x)ni (x)

∫
�h

[
(σ ∗

ηP K (x, y, ω)u P,η(y, ω
)

−ρQ Pω2u∗
QK (x, y, ω)u P(y, ω))δλl − σ ∗

λP K (x, y, ω)u P,l(y, ω)]nλ(y)d Sh

−Ci J Kl(x)ni (x)

∫
�h

u∗
P K ,l(x, y, ω)t in

P (y, ω)dSh

+Ci J Kl(x)ni (x)

∫
�cr

[(σ ∗
ηP K (x, y, ω)�u P,η(y, ω) − ρQ Pω2u∗

QK (x, y, ω)�u P(y, ω))δλl

−σ ∗
λP K (x, y, ω)�u P,l(y, ω)]nλ(y)dScr, x ∈ �. (14)

where cJ (x) =
{−1/2, x ∈ �h

−1, x ∈ �cr
, u∗

QK is the fundamental solution of (6), σ ∗
i J Q = Ci J Klu∗

K Q,l is the corre-

sponding stress and �u J = u J |�+
cr

− u J |�−
cr

is the generalized crack opening displacement (COD) of the crack
�cr. Furthermore, x and y denote the position vectors of the field and source point, respectively.

For u J , u∗
J K , we apply Green’s formula in the domain �R\(�cr

ε ∪ �h
ε ), where �R is a circular domain

with large radius R, �cr
ε is a small neighborhood of the crack and �h

ε is a small neighborhood of the hole.
Applying the representation formulae for the generalized displacement gradient uK ,l , see Wang and Zhang
[28], an integro-differential equation on ∂�R ∪ ∂�cr

ε ∪ ∂�h
ε is obtained. Using the condition (11) the integrals

over ∂�R go to 0 for R → ∞. Taking the limit ε → 0, i.e. x → � and using the boundary condition (6), i.e.
t sc
J = −t in

J on �, the system of non-hypersingular traction BIE (14) is obtained and it is equivalent to the BVP
defined by the Eqs. (5) and (6).

Equation (14) forms a system of integro-differential equations with respect to the unknown displacement
u J along the boundary of the hole �h and to the crack opening displacement �u J on the crack line �cr. The
generalized displacement and traction of the scattered wave field at each point in the smoothly inhomogeneous
piezoelectric plane can be determined by using the corresponding representation formulae, see [21,23], and
the solutions of Eq. (14).

In order to solve Eq. (14), it is necessary to know the fundamental solutions for displacement and traction
and their derivatives. The fundamental solution of (6) is defined as solution of the equation

σ ∗
i J M,i + ρJ K ω2u∗

K M = −δJ Mδ(x, ξ), (15)

where x = (x1, x2), ξ = (ξ1, ξ2), δ is Dirac’s function, and δJ M is the Kronecker symbol. The derivation of
the fundamental solution was presented and discussed in [23], see also [21].
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4 Numerical procedure

The numerical procedure for solution of the posed BVP follows the numerical algorithm developed and val-
idated by Rangelov et al. [23], Dineva et al. [21]. The hole boundary �h and the crack �cr are discretized
by quadratic boundary elements (BE) away from the crack tips and special crack-tip quarter-point BE near
the crack tips to model the asymptotic behavior of the displacement and traction. Applying the shifted point
scheme, the singular integrals converge in Cauchy principal value (CPV) sense, since the smoothness require-
ments �u J ∈ C1+α(�cr), u J ∈ C1+α(�h), tJ ∈ Cα(�) of the approximation are fulfilled, see Rangelov et al.
[29]. Due to the form of the fundamental solution as an integral over the unit circle, see Appendix A in [20],
and all integrals in Eq. (14) are two dimensional.

After discretization procedure of the BIE, solution of all type of integrals, see Appendix B in [20], and
satisfying the boundary conditions, an algebraic system of equations for the crack opening displacement �u J
along the crack �cr and displacement u J along the hole boundary �h is obtained and solved. Following this
procedure, a program code based on Mathematica and FORTRAN has been created.

The most essential quantities that characterize the mechanical and electric field concentrations are SIFs
and SCFs. Following Pao and Mow [30]; Manolis and Beskos [31] for pure elastic case, and Fang [32]; Shindo
et al. [33] for the piezoelectric case, the dynamic SCF and electric field concentration factor (EFCF) along
the perimeter of a circular hole are defined as the ratio of the stress and electric field along the circumference
to the maximum amplitude of the incident stress at the same point, see [21]. The normalized dynamic SCF
|σγ θ/τ0| and the normalized dynamic EFCF |e15 Eγ θ /τ0| are calculated by using the following formulae:

σθγ = −σ1 sin(θ − γ ) + σ2 cos(θ − γ ),

σi = σi3 + σ in
i3 ,

Eθγ = −E1 sin(θ − γ ) + E2 cos(θ − γ ), (16)

Ei = e0
15

e02
15 + c0

44ε
0
11

(−e0
15σi + c0

44 Di
)
,

Di = σi4 + σ in
i4 .

Here, τ0 is the amplitude of the maximal shear stress of the incident SH wave, i.e. τ0 = iω
√

a0ρ0, γ is the
angle of the observation point, θ is the incident wave angle and a0 is defined in section 2.

The dynamic mechanical SIF K I I I and the electrical displacement intensity factor K D are obtained directly
from the nodal traction values ahead of the crack tip, see Suo et al. [34]. In case of a straight crack along the
interval (−c, c) on the Ox1 axis, they are defined as

K I I I = lim
x1→±c

t3
√

2π(x1 ∓ c), K D = lim
x1→±c

t4
√

2π(x1 ∓ c), (17)

where tJ is the generalized traction at the point (x1, 0) close to the crack tip.

5 Results

In all examples, the crack length is 2c = 5 mm and the crack is discretisized by 7 BE. The first and the last
BE are quarter-point BE, while the remaining elements are ordinary quadratic BE. Their lengths l j are chosen
as follows: l1 = l7 = 0.375 mm, l2 = l6 = 0.5 mm, l3 = l5 = 1.0 mm, l4 = 1.25 mm. The hole has the radius
R = 5 mm, and its boundary is discretisized by 14 ordinary quadratic BE.

There are in general two cases for mutual dispositions of the circular hole and finite straight line crack:
(a) The crack ligament intersects the hole; (b) The crack line does not intersect the hole. For the simulation
studies we will use, just for simplicity the particular cases shortly quoted in what follows as: hole–horizontal
crack configuration, as shown in Fig. 2a and the ligament of the crack pass through the center C of the hole;
hole–vertical crack configuration, as shown in Fig. 2b and the line through the center of the hole and the center
of the crack is perpendicular to the crack.

The inhomogeneity parameter a = (a1, a2) in the inhomogeneity function e2<a,x> is written in polar
coordinates as a = r(cos α, sin α) where α and r are the direction and the magnitude of the material gradient.
To the best of the authors’ knowledge, there are no SIF and SCF results available for a hole–crack system in a
piezoelectric plane with exponentially varying material properties subjected to time-harmonic SH-type wave.
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(a)

(b)

Fig. 2 The configurations of the hole–crack systems in numerical examples

For this reason the validation of the numerical scheme is possible only by comparing the authors’ BIEM results
with results of other authors for the homogeneous case. For this purpose the magnitude of the inhomogeneity
gradient r in the developed program code is simply set to 0.

5.1 Validation study

The proposed numerical procedure is validated by solution of two benchmark problems. The first test example
considers an infinite homogeneous plane containing a circular hole with radius R and center C(−e − R, 0)
and a crack along the segment (e, e + 2c) on the Ox1 axis subjected to SH wave directed at an incident
angle θ with respect to Ox1 axis, see Fig. 2a. To the best of the authors’ knowledge, the only results for this
problem are published by Song et al. [19]. The solution is obtained by the complex variable method based
on Green’s function for a single hole in a piezoelectric plane. The second benchmark example considers the
first one but in the case the distance d = 2e between the hole and the crack is 10 times the half-length of
the crack c. In this case, the computed SIFs coincide with the results obtained by: (a) Wang and Meguid [35]
who studied a homogeneous piezoelectric plane with a single crack; (b) Daros [36] who used non-hyper-
singular traction BIEM to solve the same problem in the case of an exponential inhomogeneous anisotropic
plane. In the second test example, the SCFs along the boundary of the hole coincide with the results obtained
by Shindo et al. [33] for a single circular hole in a homogeneous piezoelectric plane under incident SH
wave.
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(a)

(b)

Fig. 3 SCF and SIF for a hole–horizontal crack system versus normalized frequency � of normal incident SH wave propagating
in a homogeneous piezoelectric plane: a SCF at observer point γ = 0; b K ∗L

I I I

Figure 3a shows a comparison of the results for the SCF versus the normalized frequency � = c
√

ρ0/c0
44ω

at the observation point A(−e, 0), i.e. γ = 0, obtained by the proposed method and by the complex variable
method proposed by Song et al. [19]. For this case, the following data are used as follows: R = c = e, C =
(−2e, 0), and d = 2e. Piezoelectric materials with different values of the coefficient λ = e02

15
c0

44ε
0
11

are considered

as follows: λ = 0.5, λ = 1.0, and λ = 0 for the case of isotropic material. The reference constants for PZT-4
are c0

44 = 2.56 × 1010N/m2, e0
15 = 12.7C/m2, ε0

11 = 64.6 × 10−10C/Vm, ρ0 = 7.5 × 103kg/m3. The
prescribed values of λ are obtained by variation of e0

15. The incident wave angle is θ = π/2. Figure 3b shows
the normalized dynamic SIF K ∗

I I I = |K I I I /τ0
√

πc| at the left crack tip for λ = 0.5, λ = 0.0. As can be seen,
the BIEM results agree very well with those by Song et al. [19].

Figure 4 presents results for mechanical SCF and electrical field concentration factor EFCF versus nor-
malized frequency � for the same hole–crack scenario as those in Fig. 2a but for the case that the distance
between the hole and the crack is d = 10c. At this distance, the hole–crack interaction is very weak and the
solution for the hole–crack system recovers the solutions for the single hole and the single crack. In Fig. 4a and
b, the solutions are compared with the ones obtained by the proposed method for two different boundary value
problems in a piezoelectric PZT-4 homogeneous plane subjected to normal SH wave: (a) a single anti-plane
crack and (b) a system of hole–crack. Both solutions are almost identical. An additional comparison is done
with solution obtained by Shindo et al. [33] for a single circular hole. The difference between three results is
very small, less than 8%. This indicates a high accuracy and convergence of the proposed numerical scheme
in the considered frequency interval.

Figure 5 shows SIF K ∗
I I I at the left crack tip of a crack from a hole–crack configuration given in Fig.2a.

The distance between the hole and the crack is d = 10c. The authors’ solutions for both a single anti-plane
crack and a hole–crack system in a homogeneous piezoelectric plane are very close. This is true also for inho-
mogeneous piezoelectric plane with normalized magnitude r = 0.2/c and inhomogeneity direction α = 0,
where the authors’ results obtained by the non-hypersingular traction BIEM are very close to the solution
obtained by Daros [36]. For the homogeneous case, all three solutions are very close. For the inhomogeneous
case, the authors’ results are slightly higher by 7–9% than the solutions in [36].
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(a)

(b)

Fig. 4 SCF at observer point γ = 0 versus normalized frequency � of normal incident SH wave propagating in a homogeneous
piezoelectric plane: a hole; b hole–horizontal crack system at distance d = 10c

Fig. 5 K ∗L
I I I for a system hole–horizontal crack at d = 10c vs. normalized frequency of normal incident SH-type wave propagating

in an exponentially inhomogeneous piezoelectric plane

5.2 Simulation results

The aim of the simulation study is to provide some insight into the effect of various system parameters on
the stress and electric field concentrations. These parameters are as follows: (a) the frequency and incident
angle of the applied load, (b) the direction α and magnitude r of the material inhomogeneity, (c) the electro-
mechanical coupling, (d) the wave–hole–crack and wave–material interaction, and (e) the geometry and type
of the hole–crack scenario.

Figure 6 shows dynamic stress concentration fields in a system hole–horizontal crack subjected to normal
incident SH wave propagating in a homogeneous piezoelectric plane with normalized frequency � in the
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(b)

(a)
(c)

(d)

Fig. 6 Dynamic SCF and dynamic SIF vs. normalized frequency � of normal incident plane SH wave propagating in homoge-
neous piezoelectric plane with a hole–horizontal crack system as in Fig. 2a for different half-distances between hole and crack:
a and b mechanical and electric field SCF at observer point γ = 0; c K ∗L

I I I d K ∗R
I I I

(a)

(b)

(c)

(d)

Fig. 7 Dynamic SCF and SIF vs. normalized frequency � of normal incident plane SH wave propagating in homogeneous
piezoelectric plane with a hole–vertical crack system for different half-distances between hole and crack: a and b mechanical
and electric field SCF at observer point γ = 0; c K ∗L

I I I d K ∗R
I I I
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interval [0.3, 1.3]. In the hole-horizontal crack configuration (see Fig. 2a), the following cases for the half-
distance between the hole and the crack are considered as follows: e = 2c, e = 0.5c, and e = 0.25c. Figure
6a and b for the mechanical stress and electric field concentration factors at observer point A(−e, 0), i.e.
γ = 0, clearly demonstrate that the stress concentration field along the hole boundary is higher when the
crack is closer. As an illustration, for example at the normalized frequency � = 0.9, the difference between
mechanical and electrical stress concentration factors at hole–horizontal crack configuration with e = 2c and
e = 0.25c is 74.8 and 62.6%, correspondingly. Figure 6c and d reveal the effect of the hole–crack geometry
on the stress intensity factors K ∗L

I I I at the left crack tip and K ∗R
I I I at the right crack tip. This effect is stronger

for the left crack tip which is closer to the hole, while at the right crack tip the effect of hole–crack interaction
is weaker.

The numerical results in Fig. 7 concern the hole–vertical crack configuration (see Fig. 2b) for two values of
the half-distance between the hole and the crack: e = 0.5c and e = 0.25c. The incident angle of the SH wave
is θ = π/2, and the piezoelectric plane is homogeneous. The results for hole–vertical crack configuration are
compared with the results for the hole–horizontal crack configuration. The following conclusions can be made
as follows: (a) Dynamic stress concentration field near the defects expressed by the stress concentration factors
along the hole’s boundary and stress intensity factors near the crack tips are reduced significantly when the
crack is vertical. As an illustration, for example at the normalized frequency � = 0.7, the SCF is decreased
by 32.6 and 26.8% in the case of vertical crack with half-distance between hole and crack of e = 0.5c and
e = 0.25c, respectively. Figure 7c and d show that SIF are reduced strongly in the case of vertical crack. The
configuration hole–vertical crack produces reduced stress concentration field in comparison with the case of
horizontal crack; (b) The sensitivity of the stress field to the half-distance e is greater in the case of horizontal
crack, see Fig. 7a and b.

(a)

(b)

Fig. 8 Dynamic SCF at observer point γ = 0 versus normalized frequency � of normal incident SH-type wave propagating in
inhomogeneous piezoelectric plane with inhomogeneity direction α = π/2 for different magnitude rc and with a hole–vertical
crack system at e = 3.5c: a mechanical SCF; b electric SCF
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(a)

(b)

Fig. 9 Dynamic SIF versus normalized frequency � of normal incident SH-type wave propagating in inhomogeneous piezoelec-
tric plane with inhomogeneity direction α = π/2 for different magnitude rc and with a hole–vertical crack system at e = 3.5c:
a K ∗L

I I I ; b K ∗R
I I I

The aim of the following simulations is to investigate the influence of the material inhomogeneity on the
stress field and its interplay with other parameters as geometry of the defect, hole–crack configuration, distance
between defects, incident wave angle, and defect interaction.

Figure 8a and b demonstrate that the mechanical and the electrical stress concentration factors at observer
point with γ = 0 along the circular hole (see Fig. 2b) and at half-distance between the hole and the crack
e = 3.5c depend strongly on the normalized frequency �. The wave is propagating in an inhomogeneous
piezoelectric plane with inhomogeneity direction α = π/2 and different values of the normalized magnitude
rc = 0.03; 0.05; 0.08; 0.15; 0.2. This figure presents very clear that the main idea of the multifunctional-graded
material works successfully and that the magnitude and the distribution of the dangerous stress concentration
fields can be reduced by controlling the properties of the graded material.

Figure 9a and b reveal the behavior of the SIF at the left crack tip K ∗L
I I I and at the right crack tip K ∗R

I I I in
the case of the same scenario as those in Fig. 8. The concentration of the stress near the crack depends also on
the properties of functional graded material, on the frequency of the applied load, and on the crack disposition
according to the hole. The different behavior of the SIF at the left and at the right crack tip gives information
about both phenomena hole–crack interaction and wave–graded material interaction. It is obviously that the
defects’ interaction should be taken into consideration at evaluation of the stress field in graded piezoelectric
solids with defects of different type.

The dependence of the stress concentration field on the inhomogeneity direction of the graded material
is shown in Fig. 10. Consider the hole–vertical crack configuration, see Fig. 2b, at half-distance between the
hole and the crack e = 3.5c. The normalized frequency of the propagating SH-type wave is assigned to take
two values: � = 0.5 and � = 1.1. The normalized magnitude of the material inhomogeneity is rc = 0.15.
In Fig. 10a and b, SCF are displayed generalized at the observer point with γ = 0 along the circular hole. It
shown the influence of both the properties of the graded piezoelectric and the characteristics of the dynamic
load on the dynamic stress response near the defects. The direction of the material inhomogeneity is also an
important factor for the evaluation of stress concentrations in a graded piezoelectric with defects.
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(a)

(b)

Fig. 10 Dynamic SCF versus direction of the material inhomogeneity α = N π
6 , N ∈ [1, 5] of an inhomogeneous piezoelectric

plane with a hole–vertical crack system where the magnitude of the material inhomogeneity is rc = 0.15, the normalized fre-
quency is � = 0.5 or � = 1.1 and the half-distance between the crack and hole is e = 3.5: a and b mechanical and electric field
SCF at observer point γ = 0

The key parameters responsible for the integrity and durability of the engineering structures made by graded
PEM are the factors considered here, such as characteristics of the applied dynamic load, elastic, electric and
piezoelectric properties of the material, the anisotropy and the nature of material inhomogeneity, existence of
defects of different type, geometry of the defect, and their mutual position and interaction.

6 Conclusion

A two-dimensional, dynamic time-harmonic anti-plane analysis of a functionally graded piezoelectric plane
with an exponential spatial variation of its material properties and weakened by a system of a crack and a hole
is presented. The analysis is carried out using a non-hypersingular, traction BIEM based on the frequency-
dependent fundamental solution. The BIEM formulation was numerically processed by discretizing the crack
and the hole boundary with quadratic boundary elements and using standard collocation schemes. The result-
ing method is validated by comparing with results obtained by other computational tools. The basic problem
comprising of a hole–crack system in an infinite sheet of FGPM is solved for the case of propagating SH-type
waves. The results of these numerical simulations show that the stress concentration field at the crack tips and
near the hole is strongly influenced by the presence of material inhomogeneity. The simulations clearly show
that the dynamic stress and electric field concentrations are sensitive to different key parameters like geom-
etry of the defects, type, and characteristics of the loading, electromechanical coupling, anisotropy, material
gradient and its direction, the relation between the inhomogeneity magnitude and the defect size, the mutual
hole–crack configuration, the wave–defect and wave–material interactions.
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