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Abstract
Thesenotesareintendedasan introductorycoursefor experimentalparticle
physicistsinterestedin therecentdevelopmentsin astrophysicsandcosmology.
I will describethestandardBig Bangtheoryof theevolutionof theuniverse,
with its successesandshortcomings,whichwill leadto inflationarycosmology
astheparadigmfor theorigin of theglobalstructureof theuniverseaswell as
theorigin of thespectrumof densityperturbationsresponsiblefor structurein
ourlocalpatch.I will presentareviewof theveryrich phenomenologythatwe
havein cosmologytoday, aswell asevidencefor theobservationalrevolution
that this field is going through,which will provideus, in the next few years,
with anaccuratedeterminationof theparametersof ourstandardcosmological
model.

1. GENERAL INTRODUCTION

Cosmology(from theGreek: kosmos, universe,world, order, andlogos, word, theory)is probablythe
mostancientbodyof knowledge,datingfrom asfar backasthepredictionsof seasonsby earlyciviliza-
tions.Yet,until recently, wecouldonly answerto someof its morebasicquestionswith anorderof mag-
nitudeestimate.Thispoorstateof affairshasdramaticallychangedin thelastfew years,thanksto (what
else?)rawdata,comingfromprecisemeasurementsof awiderangeof cosmologicalparameters.Further-
more,we areenteringa precisionerain cosmology, andsoonmostof our observableswill bemeasured
with a few percentaccuracy. We aretruly living in theGoldenAge of Cosmology. It is a very exciting
timeandI will try to communicatethisenthusiasmto you.

Importantresultsarecomingout almosteverymonthfrom a largesetof experiments,which pro-
vide crucial informationabouttheuniverseorigin andevolution;sorapidly that thesenoteswill proba-
bly beoutdatedbeforetheyarein print asa CERNreport. In fact, someof theresultsI mentioneddur-
ing theSummerSchoolhavealreadybeenimproved,speciallyin theareaof themicrowavebackground
anisotropies.Nevertheless,mostof thenewdatacanbeinterpretedwithin acoherentframeworkknown
asthestandardcosmologicalmodel,basedon theBig Bangtheoryof theuniverseandthe inflationary
paradigm,whichiswith usfor twodecades.I will try tomakesuchatheoreticalmodelaccesibletoyoung
experimentalparticlephysicistswith little or nopreviousknowledgeaboutgeneralrelativity andcurved
space-time,butwith someknowledgeof quantumfield theoryandthestandardmodelof particlephysics.

2. INTRODUCTION TO BIG BANG COSMOLOGY

Our presentunderstandingof theuniverseis baseduponthesuccessfulhot Big Bangtheory, which ex-
plainsits evolutionfrom thefirst fractionof a secondto our presentage,around13 billion yearslater.
This theoryrestsuponfour strongpillars,a theoreticalframeworkbasedongeneralrelativity, asput for-
wardby Albert Einstein[1] andAlexanderA. Friedmann[2] in the1920s,andthreerobustobservational
facts: First, theexpansionof theuniverse,discoveredby Edwin P. Hubble[3] in the1930s,asa reces-
sionof galaxiesataspeedproportionalto theirdistancefrom us.Second,therelativeabundanceof light
elements,explainedby GeorgeGamow[4] in the1940s,mainly thatof helium,deuteriumandlithium,
which werecookedfrom thenuclearreactionsthattook placeat arounda secondto a few minutesafter
theBig Bang,whentheuniversewasa few timeshotterthanthecoreof thesun.Third, thecosmicmi-
crowavebackground(CMB), theafterglow of theBig Bang,discoveredin 1965by Arno A. Penziasand
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RobertW. Wilson[5] asavery isotropicblackbodyradiationata temperatureof about3 degreesKelvin,
emittedwhentheuniversewascold enoughto form neutralatoms,andphotonsdecoupledfrom matter,
approximately500,000yearsaftertheBig Bang.Today, theseobservationsareconfirmedto within afew
percentaccuracy, andhavehelpedestablishthehotBig Bangasthepreferredmodelof theuniverse.

2.1 Friedmann–Robertson–Walker universes

Wherearewein theuniverse?Duringour lectures,of course,wewerein ČastaPapiernǐcka,in ‘the heart
of Europe’,on planetEarth,rotating(8 light-minutesaway)aroundthe Sun,an ordinarystar8.5 kpc1

from thecenterof ourgalaxy, theMilky Way, which is partof thelocalgroup,within theVirgoclusterof
galaxies(of sizeafew Mpc), itself partof asupercluster(of size � ����� Mpc), within thevisibleuniverse
( �����
	�� ������� Mpc), mostprobablya tiny homogeneouspatchof theinfinite globalstructureof space-
time,muchbeyondourobservableuniverse.

Cosmologystudiestheuniverseaswe seeit. Dueto our inherentinability to experimentwith it,
its origin andevolutionhasalwaysbeenproneto wild speculation.However, cosmologywasbornasa
sciencewith theadventof generalrelativity andtherealizationthatthegeometryof space-time,andthus
thegeneralattractionof matter, is determinedby theenergy contentof theuniverse[6],

�������������� ���� ������� �"!#%$&����')( � ���+* (1)

Thesenon-linearequationsaresimply too difficult to solvewithout someinsightcomingfrom thesym-
metriesof theproblemat hand:theuniverseitself. At thetime (1917-1922)theknown(observed)uni-
verseextendeda few hundredsof parsecsaway, to thegalaxiesin the local group,Andromedaandthe
LargeandSmallMagellanicClouds:Theuniverselookedextremelyanisotropic.Nevertheless,bothEin-
steinandFriedmannspeculatedthatthemost‘reasonable’symmetryfor theuniverseat largeshouldbe
homogeneity at all points,andthus isotropy. It wasnot until the detection,a few decadeslater, of the
microwavebackgroundby PenziasandWilson that this importantassumptionwasfinally put ontofirm
experimentalground.So,what is themostgeneralmetricsatisfyinghomogeneityandisotropyat large
scales?TheFriedmann-Robertson-Walker(FRW) metric,writtenherein termsof theinvariantgeodesic
distance,�-/. � � ��� ,10 � ,10 � in four dimensions,2 � ��3
��3
��314 , seeRef. [6],2

,5- . � ,16 . �87 .�9 6;: ,1< .� �8= < .
' < .�9 ,�> . ')?�@ A . >B,5C . : 3 (2)

characterizedby justtwoquantities,ascale factor
7 9 6;: , whichdeterminesthephysicalsizeof theuniverse,

andaconstant
=

, whichcharacterizesthespatial curvatureof theuniverse,

D�E�F ��� G =7 . 9 6;:
* =H��� � IKJ#LNM=H� � OQPSRUT=H��' � VWPXIKYZL#[ (3)

Spatiallyopen,flat andcloseduniverseshavedifferentgeometries.Light geodesicson theseuniverses
behavedifferently, andthuscouldin principlebedistinguishedobservationally, asweshalldiscusslater.
Apart from thethree-dimensionalspatialcurvature,we canalsocomputea four-dimensionalspace-time
curvature, D�\]F ��� G ^77 ' G _77 . ' G =7 .

*
(4)

Dependingonthedynamics(andthusonthematter/energycontent)of theuniverse,wewill havedifferent
possibleoutcomesof itsevolution.Theuniversemayexpandfor ever, recollapsein thefutureorapproach
anasymptoticstatein between.

1Oneparallaxsecond(1 pc),parsec for short,correspondsto adistanceof about3.26light-yearsor `+acbed�fhg cm.
2I amusingiBjkb everywhere,unlessspecified.
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2.1.1 The expansion of the universe

In 1929,EdwinP. Hubbleobservedaredshiftin thespectraof distantgalaxies,which indicatedthatthey
wererecedingfrom usatavelocityproportionalto theirdistanceto us[3]. Thiswascorrectlyinterpreted
asmainly dueto the expansionof the universe,that is, to the fact that the scalefactor todayis larger
thanwhenthephotonswereemittedby theobservedgalaxies.For simplicity, considerthemetricof a
spatiallyflat universe,,�- . � ,
6 . � 7 . 9 6
:S,Ql0 . (thegeneralizationof the following argumentto curved
spaceis straightforward).Thescalefactor

7 9 6
: givesphysical size to thespatialcoordinatesl0 , andthe
expansionis nothingbutachangeof scale(of spatialunits)with time. Exceptfor peculiar velocities, i.e.
motiondueto thelocalattractionof matter, galaxiesdonotmovein coordinatespace,it is thespace-time
fabric which is stretchingbetweengalaxies.Dueto this continuousstretching,theobservedwavelength
of photonscomingfrom distantobjectsis greaterthanwhentheywereemittedby afactorpreciselyequal
to theratioof scalefactors, m�npo;qm�res � 7�t7 � � '8u 3 (5)

where
7 t

is thepresentvalueof thescalefactor. Sincetheuniversetodayis larger thanin thepast,the
observedwavelengthswill beshiftedtowardsthered,or redshifted, by anamountcharacterizedby

u
, the

redshiftparameter.

In thecontextof aFRW metric,theuniverseexpansionis characterizedby aquantityknownasthe
Hubblerateof expansion,v 9 6
: � _7 9 6;:xw 7 9 6
: , whosevaluetodayisdenotedby v t . As I shalldeducelater,
it is possibleto computetherelationbetweenthephysicaldistance,�y andthepresentrateof expansion,
in termsof theredshiftparameter,3

v t ,�y ��u�' �� 9 � �{z t : u . '8| 9 u E : * (6)

At smalldistancesfrom us,i.e. at
u~} �

, wecansafelykeeponly thelinearterm,andthustherecession
velocity becomesproportionalto thedistancefrom us, � ����u�� v t ,�y , theproportionalityconstant
beingthe Hubblerate, v t . This expressionconstitutesthe so-calledHubblelaw, andis spectacularly
confirmedby a hugerangeof data,up to distancesof hundredsof megaparsecs.In fact, only recently
measurementsfrom very bright anddistantsupernovae,at

u�� �
, wereobtained,andarebeginningto

probethe second-orderterm, proportionalto the decelerationparameter
z�t

, seeEq. (22). I will come
backto thesemeasurementsin Section3.

Onemay be puzzledasto why do we seesucha stretchingof space-time.Indeed,if all spatial
distancesarescaledwith a universalscalefactor, our local measuringunits (our rulers)shouldalsobe
stretched,andthereforeweshouldnotseethedifferencewhencomparingthetwo distances(e.g. thetwo
wavelengths)at differenttimes.Thereasonwe seethedifferenceis becausewe live in a gravitationally
boundsystem,decoupledfrom theexpansionof theuniverse:local spatialunitsin thesesystemsarenot
stretchedby theexpansion.4 Thewavelengthsof photonsarestretchedalongtheir geodesicpathfrom
onegalaxyto another. In thisconsistentworld picture,galaxiesarelike pointparticles,movingasafluid
in anexpandinguniverse.

2.1.2 The matter and energy content of the universe

Sofar I haveonly discussedthegeometricalaspectsof space-time.Let usnow considerthematterand
energy contentof sucha universe.Themostgeneralmatterfluid consistentwith theassumptionof ho-
mogeneityandisotropyis aperfectfluid, onein whichanobservercomoving with the fluid wouldseethe
universearoundit asisotropic.Theenergy momentumtensorassociatedwith suchafluid canbewritten
as[6] $ ��� ��� � ��� ' 9 ��')� :S� � � � 3 (7)

3Thesubscript� refersto Luminosity, whichcharacterizestheamountof light emittedby anobject.SeeEq.(61).
4Thelocal space-timeof agravitationallyboundsystemis describedby theSchwarzschildmetric,which is static[6].
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where
� 9 6;: and

� 9 6;: arethepressureandenergy densityof thefluid atagiventime in theexpansion,and� � is thecomovingfour-velocity, satisfying � � � � ��� � .
Let usnow write theequationsof motionof sucha fluid in anexpandinguniverse.Accordingto

generalrelativity, theseequationscanbededucedfrom theEinsteinequations(1), wherewe substitute
theFRW metric(2) andtheperfectfluid tensor(7). The 2 ����� � componentof theEinsteinequations
constitutestheso-calledFriedmannequation

v . � _77 . � �;!#4 ��' ( 4 � =7 . 3 (8)

whereI havetreatedthecosmologicalconstant
(

asa differentcomponentfrom matter. In fact, it can
beassociatedwith thevacuumenergy of quantumfield theory, althoughwe still do not understandwhy
shouldit havesuchasmallvalue(120ordersof magnitudebelowthatpredictedby quantumtheory),if it
isnon-zero.Thisconstitutestodayoneof themostfundamentalproblemsof physics,letalonecosmology.

The conservationof energy (
$ ����� � � �

), a direct consequenceof the generalcovarianceof the
theory(

 ��� � � � �
), canbewritten in termsof theFRW metricandtheperfectfluid tensor(7) as

,,16 �c7
E ')� ,,16 7

E � �B3
(9)

wheretheenergydensityandpressurecanbesplit into itsmatterandradiationcomponents,
�������k'���� 3�����5��'��5�

, with correspondingequationsof state,
�5�H� ��3 ��� ����� w 4 . Together, theFriedmann

andtheenergy-conservationequationgive theevolutionequationfor thescalefactor,^77 ����� !#4 9 ��' 4 � : ' ( 4 3 (10)

I will nowmakea few usefuldefinitions.Wecanwrite theHubbleparametertoday v t in unitsof
100kms��� Mpc�&� , in termsof which onecanestimatetheorderof magnitudefor thepresentsizeand
ageof theuniverse,

v t � �����B�8�&� ? �&�"�¡ Q¢1�&� 3 (11)� v ���t � 4������B� �&�B�¡ Q¢ 3 (12)

v ���t � £�*¥¤�¤ 4Q� �&�#¦�§�¨ * (13)

Theparameter
�

hasbeenmeasuredto bein therange
� * �ª© � © � for decades,andonly in thelastfew

yearshasit beenfoundto lie within 10%of
� � � * G�« . I will discussthoserecentmeasurementsin the

nextSection.

Onecanalsodefineacritical density
��¬

, thatwhichin theabsenceof acosmologicalconstantwould
correspondto aflat universe,

� ¬ � 4 v .t�"!N � � *��� � . ��� � .p®#¯ w ¢ � E (14)� � *¤�¤ � �&� ��� �p�#°�± w 9 � �&���¡ ²¢ : E 3 (15)

where°�± � � *¥£���£ � ��� EpE g is asolarmassunit. Thecritical density
��¬

correspondsto approximately4
protonspercubicmeter, certainlyaverydilutefluid! In termsof thecritical densityit is possibleto define
theratios ³B´ ��� ´µw ��¬ , for matter, radiation,cosmologicalconstantandevencurvature,today,

³ ��� �;!#%���4 v .t ³ �¶� �"!#%���4 v .t (16)

³Q· � (4 v .t ³B¸ � � =7 .t v .t * (17)
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Wecanevaluatetodaytheradiationcomponent³ � , correspondingto relativisticparticles,fromthe
densityof microwavebackgroundphotons,

�&¹�º�»¼�¾½�¿�ÁÀ 9xÂ $B¹�º�» :
\ w 9pÃ� � : E � � * « � ��� � Ep\ ¯ w ¢ � E , which

gives ³ ¹�º�» � � * � � ��� ��À � � . . Threemasslessneutrinoscontributeanevensmalleramount.Therefore,
we cansafelyneglectthecontributionof relativisticparticlesto the total densityof theuniversetoday,
which is dominatedeitherby non-relativisticparticles(baryons,darkmatteror massiveneutrinos)or by
acosmologicalconstant,andwrite therateof expansionvª. in termsof its valuetoday,

v . 9 7 : � v .t ³ � 7
\t7 \ ' ³ � 7

Et7 E ' ³²· ' ³B¸ 7 .t7 .
*

(18)

An interestingconsequenceof theseredefinitionsis that I cannow write theFriedmannequationtoday,7���7�t
, asa cosmic sum rule, � � ³ �Ä' ³Q· ' ³B¸ 3 (19)

wherewehaveneglected³ � today. Thatis, in thecontextof aFRW universe,thetotal fractionof matter
density, cosmologicalconstantandspatialcurvaturetodaymustadduptoone.Forinstance,if wemeasure
oneof thethreecomponents,saythespatialcurvature,wecandeducethesumof theothertwo. Making
useof thecosmicsumrule today, wecanwrite thematterandcosmologicalconstantasa functionof the
scalefactor(

7�tK� �
)

³ � 9 7 : � �;!#%���4 v . 9 7 :
� ³ �7�' ³ � 9 � �87 : ' ³Q· 9 7 E �87 :

ÅÇÆ t�ÉÈ �ÅÇÆKÊ�&È � 3 (20)

³Q· 9 7 : � (4 v . 9 7 :
� ³ · 7 E7�' ³ � 9 � �{7 : ' ³Q· 9 7 E �87 :

ÅÇÆ t�ÉÈ �ÅÇÆKÊ�&È � * (21)

This implies that for sufficiently early times,
7Ë} �

, all matter-dominatedFRW universescanbe de-
scribedby Einstein-deSitter(EdS)models( ³ ¸ � ��3 ³ · � � ).5 On theotherhand,thevacuumenergy
will alwaysdominatein thefuture.

Anotherrelationshipwhichbecomesveryusefulis thatof thecosmologicaldecelerationparameter
today,

z t
, in termsof thematterandcosmologicalconstantcomponentsof theuniverse,seeEq.(10),

z t ��� ^77 v . t
� �� ³ ��� ³Q· 3 (22)

which is independentof thespatialcurvature.Uniform expansioncorrespondsto
z t � �

andrequiresa
precisecancellation:³ �Ì� � ³²· . It representsspatialsectionsthatareexpandingatafixedrate,its scale
factorgrowingby thesameamountin equally-spacedtimeintervals.Acceleratedexpansioncorresponds
to
zpt © � andcomesaboutwhenever³ � © � ³Q· : spatialsectionsexpandatanincreasingrate,theirscale

factorgrowingat a greaterspeedwith eachtime interval. Deceleratedexpansioncorrespondsto
z tÎÍ �

andoccurswhenever³ � Í � ³Q· : spatialsectionsexpandatadecreasingrate,theirscalefactorgrowing
atasmallerspeedwith eachtime interval.

2.1.3 Mechanical analogy

It is enlighteningto work with amechanicalanalogyof theFriedmannequation.Let usrewriteEq.(8) as�� _7 . �  °7 � ( G 7 . ���
= � � ¢µÏ AZ?xÐ]Ñ;A�Ð 3 (23)

where ° � \ ½E ��7 E is theequivalentof massfor thewholevolumeof theuniverse.Equation(23) can
beunderstoodastheenergy conservationlaw Ò � $�'ÔÓ for a testparticleof unit massin thecentral
potential Ó 9 <Z: � �  °< '

�� Â < . 3 (24)

5Notethatin thelimit Õ�Ö8d theradiationcomponentstartsdominating,seeEq.(18),butwestill recovertheEdSmodel.
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correspondingto a Newtonianpotentialplusa harmonicoscillatorpotentialwith a negative springcon-
stantÂ � �+( w 4 . Notethat,in theabsenceof acosmologicalconstant(

(�� �
), acriticaluniverse,defined

astheborderlinebetweenindefiniteexpansionandrecollapse,corresponds,throughtheFriedmannequa-
tionsof motion,preciselywith a flat universe(

=×� �
). In thatcase,andonly in that case,a spatially

openuniverse(
=¾� � �

) correspondsto aneternallyexpandinguniverse,andaspatiallycloseduniverse
(
= �Ø' �

) to a recollapsinguniversein the future. Sucha well known (textbook)correspondenceis
incorrectwhen ³Q·8Ù� � : spatiallyopenuniversesmayrecollapsewhile closeduniversescanexpandfor-
ever. Onecanseein Fig. 1 a rangeof possibleevolutionsof thescalefactor, for variouspairsof values
of 9 ³ � 3 ³Q·²: .
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Fig. 1: Evolutionof thescaleparameterwith respectto time for differentvaluesof matterdensityandcosmologicalparameter.

Thehorizontalaxis representsæ¼j�ç�èpéëêXì�êíèxî , while theverticalaxis is ïðj�Õ�ñeÕ�è in eachcase.Thevaluesof ( ò º , ò&ó )
for differentplots are: A=(1,0), B=(0.1,0),C=(1.5,0),D=(3,0),E=(0.1,0.9),F=(0,1),G=(3,.1),H=(3,1), I=(.1,.5), J=(.5,ì²b ),
K=(1.1,2.707),L=(1,2.59),M=(0.1,1.5),N=(0.1,2.5).FromRef. [7].

Onecanshowthat, for ³Q·ôÙ� � , a critical universe( v � _v � � ) correspondsto thosepoints0 ��7 t w 7 Í � , for which õ 9 0²: � v . 9 7 : and õ�ö 9 0÷: vanish,while õ�ö ö 9 0²: Í � ,
õ 9 0²: � 0 E ³ ��' 0 . ³Q¸ ' ³Q· � �Q3 (25)

õ ö 9 0²: � 4 0 . ³ �Ä' � 0÷³B¸ � � 0 � �0 ��� � ³B¸�w 4 ³ � Í � 3 (26)
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õ ö ö 9 0²: � G 0÷³ ��' � ³Q¸ � ' � ³B¸ Í � 0 � �� � ³B¸ Í � 0 � �ùø ³B¸ ø w 4 ³ � *
(27)

Usingthecosmicsumrule (19),wecanwrite thesolutionsas

³Q· �
� ³ �Ìú �
� ³ � ?�@ A E �E Ñ ¨�¢ ?�@ A 9 � � ³ �&�� : ³ �Ìû �

*
(28)

Thefirst solutioncorrespondsto thecritical point 0 � � (
7ð�ýü

), and ³B¸ Í � , while thesecondone
to 0 � �þø ³Q¸ ø w 4 ³ � , and ³Q¸ © � . Expandingaround³ �ÿ� � , we find ³Q· � \.�� 9 ³ ��� � :

E w�³Q.� , for³ � û � . Thesecritical solutionsareasymptoticto theEinstein-deSittermodel( ³ �Ì� ��3 ³Q· � � ), see
Fig. 2.
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universes.Thedashedline correspondsto critical universes,separatingeternalexpansionfrom recollapsein thefuture.Finally,

thedottedline correspondsto ê è ç è j�� , beyondwhich theuniversehasabounce.

2.1.4 Thermodynamical analogy

It is alsoenlighteningto find ananalogybetweentheenergy conservationEq. (9) andthesecondlaw of
Thermodynamics, $ ,�� � ,5� ')� , Ó 3 (29)

where � � � Ó is thetotal energy of theclosedsystemand
Ó�� 7 E

is its physicalvolume.Equation(9)
impliesthattheexpansionof theuniverseis adiabaticor isoentropic( ,�� � � ), correspondingto a fluid
in thermalequilibriumata temperatureT. Forabarotropicfluid, satisfyingtheequationof state

�ª���Q�
,

wecanwrite theenergy densityevolutionas

,,16 9 � 7
E : ����� ,,16 9 7

E : ��� 4 v � 9 � 7 E : * (30)

For relativisticparticlesin thermalequilibrium,thetraceof theenergy-momentumtensorvanishes(be-
causeof conformalinvariance)andthus

�5��� ��� w 4�� � � � w 4 . In thatcase,theenergy densityof
radiationin thermalequilibriumcanbewrittenas[8]
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��� � ! .4��Z��� $ \ 3 (31)

��� � ´�� o1nxq n��;q � ´
$ ´$
\ ' ¤� ´���� r! s#" n��;q � ´

$ ´$
\ 3

(32)

where��� is thenumberof relativisticdegreesof freedom,comingfrom bothbosonsandfermions.Using
theequilibriumexpressionsfor thepressureanddensity, wecanwrite , �ª� 9 �K'ð� :p, $ w $ , andtherefore

,�� � �$ ,%$ 9 �Î')� : Ó'&ù� 9 �Î')� : Ó , $$ .
� , 9 �Î')� : Ó$ ' ¢�Ï AZ?xÐ]* (33)

That is, up to anadditiveconstant,theentropypercomovingvolumeis � �H7 E 9 ��'�� : Ó w $ , which is
conserved.Theentropypercomovingvolumeis dominatedby thecontributionof relativisticparticles,
sothat,to verygoodapproximation,

� � � ! .�ù« � ��( 9 7]$ :
E � ¢µÏ AS?xÐ�Ñ"A�Ð 3 (34)

� ��( � ´�� o]npqhn��;q � ´
$ ´$
E ' ¤� ´���� r) s	" n*�;q � ´

$ ´$
E *

(35)

A consequenceof Eq.(34) is that,duringtheadiabaticexpansionof theuniverse,thescalefactorgrows
inverselyproportionalto the temperatureof the universe,

7,+ � w $ . Therefore,the observationalfact
thattheuniverseis expandingtodayimpliesthatin thepasttheuniversemusthavebeenmuchhotterand
denser, andthat in thefutureit will becomemuchcolderanddilute. Sincetheratio of scalefactorscan
bedescribedin termsof theredshiftparameter

u
, seeEq.(5), wecanfind thetemperatureof theuniverse

atanearlierepochby $���$�t 9 � '8u : * (36)

Sucha relationhasbeenspectacularlyconfirmedwith observationsof absorptionspectrafrom quasars
at largedistances,which showedthat, indeed,the temperatureof the radiationbackgroundscaledwith
redshiftin thewaypredictedby thehotBig Bangmodel.

2.2 Brief thermal history of the universe

In this Section,I will briefly summarizethe thermalhistoryof theuniverse,from thePlanckerato the
present.As we go backin time, theuniversebecomeshotterandhotterandthustheamountof energy
availablefor particleinteractionsincreases.As aconsequence,thenatureof interactionsgoesfrom those
describedat low energy by long rangegravitationalandelectromagneticphysics,to atomicphysics,nu-
clearphysics,all thewayto highenergy physicsat theelectroweakscale,granunification(perhaps),and
finally quantumgravity. Thelasttwo arestill uncertainsincewedonothaveanyexperimentalevidence
for thoseultrahighenergy phenomena,andperhapsNaturehasfollowedadifferentpath.6

Thewayweknowaboutthehighenergy interactionsof matterisviaparticleaccelerators,whichare
unravellingthedetailsof thosefundamentalinteractionsaswe increasein energy. However, oneshould
bearin mind that thephysicalconditionsthat takeplacein our high energy collidersarevery different
from thosethatoccurredin theearlyuniverse.Thesemachinescouldneverreproducetheconditionsof
densityandpressurein therapidly expandingthermalplasmaof theearlyuniverse.Nevertheless,those
experimentsarecrucial in understandingthenatureandrate of thelocal fundamentalinteractionsavail-
ableat thoseenergies. What interestscosmologistsis the statisticalandthermalpropertiesthat sucha

6Seetherecenttheoreticaldevelopmentson largeextradimensionsandquantumgravityat theTeV [9].
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plasmashouldhave,andtherole thatcausalhorizonsplay in thefinal outcomeof theearlyuniverseex-
pansion.For instance,of crucial importanceis the time at which certainparticlesdecoupled from the
plasma,i.e. whentheir interactionswerenotquickenoughcomparedwith theexpansionof theuniverse,
andtheywereleft outof equilibriumwith theplasma.

Onecantracethe evolutionof the universefrom its origin till today. Thereis still somespecu-
lation aboutthephysicsthat took placein theuniverseabovetheenergy scalesprobedby presentcol-
liders. Nevertheless,the overall layout presentedhereis a plausibleandhopefully testableproposal.
According to the bestacceptedview, the universemusthaveoriginatedat the Planckera(

��� � ® GeV,��� � \pE s) from a quantumgravity fluctuation.Needlessto say, we don’t haveanyexperimentalevidence
for sucha statement:Quantumgravity phenomenaarestill in therealmof physicalspeculation.How-
ever, it is plausiblethataprimordialeraof cosmologicalinflation originatedthen.Its consequenceswill
bediscussedbelow. Soonafter, theuniversemayhavereachedtheGrandUnified Theories(GUT) era
(
��� ��- GeV,

��� � E À s). Quantumfluctuationsof the inflatonfield mostprobablyleft their imprint thenas
tiny perturbationsin anotherwisevery homogenouspatchof theuniverse.At theendof inflation, the
hugeenergy densityof the inflaton field wasconvertedinto particles,which soonthermalizedandbe-
cametheorigin of thehot Big Bangaswe know it. Sucha processis calledreheating of theuniverse.
Sincethen,theuniversebecameradiationdominated.It is probable(althoughby no meanscertain)that
theasymmetrybetweenmatterandantimatteroriginatedat thesametimeastherestof theenergy of the
universe,from thedecayof the inflaton. This processis knownunderthenameof baryogenesis since
baryons(mostlyquarksat that time) musthaveoriginatedthen,from the leftoversof their annihilation
with antibaryons.It is a matterof speculationwhetherbaryogenesiscouldhaveoccurredat energiesas
low astheelectroweakscale(100GeV,

��� �&� t s). Notethatalthoughparticlephysicsexperimentshave
reachedenergiesashigh as100GeV, we still do not haveobservationalevidencethattheuniverseactu-
ally wentthroughtheEWphasetransition.If confirmed,baryogenesiswouldconstituteanother‘window’
into theearlyuniverse.As theuniversecooleddown,it mayhavegonethroughthequark-gluonphase
transition(

��� . MeV,
��� ��À s),whenbaryons(mainlyprotonsandneutrons)formedfrom theirconstituent

quarks.

Thefurthestwindowwehaveontheearlyuniverseat themomentis thatof primordial nucleosyn-
thesis (

� � � * �
MeV, 1 s – 3 min), whenprotonsandneutronswerecold enoughthat boundsystems

couldform, giving riseto thelightestelements,soonafterneutrino decoupling: It is therealmof nuclear
physics.Theobservedrelativeabundancesof light elementsarein agreementwith thepredictionsof the
hot Big Bangtheory. Immediatelyafterwards,electron-positronannihilationoccurs(0.5 MeV, 1 min)
andall their energy goesinto photons.Much later, at about(1 eV, � ��� À yr), matterandradiationhave
equalenergy densities.Soonafter, electronsbecomeboundto nucleito form atoms(0.3eV,

4 � ��� À yr),
in a processknownasrecombination: It is therealmof atomicphysics.Immediatelyafter, photonsde-
couplefrom the plasma,travelling freely sincethen. Thosearethe photonswe observeasthe cosmic
microwavebackground.Much later( � � � ��� Gyr), thesmall inhomogeneitiesgeneratedduringinfla-
tion havegrown,via gravitationalcollapse,to becomegalaxies,clustersof galaxies,andsuperclusters,
characterizingtheepochof structure formation. It is therealmof long rangegravitationalphysics,per-
hapsdominatedby a vacuumenergy in the form of a cosmologicalconstant.Finally (3K, 13 Gyr), the
Sun,theEarth,andbiological life originatedfrom previousgenerationsof stars,andfrom a primordial
soupof organiccompounds,respectively.

I will nowreviewsomeof themorerobustfeaturesof theHot Big Bangtheoryof whichwehave
preciseobservationalevidence.

2.2.1 Primordial nucleosynthesis and light element abundance

In thissubsectionI will briefly reviewBig Bangnucleosynthesisandgive thepresentobservationalcon-
straintson theamountof baryonsin theuniverse.In 1920Eddingtonsuggestedthat thesunmight de-
rive its energy from thefusionof hydrogeninto helium. Thedetailedreactionsby which starsburnhy-
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drogenwerefirst laid out by HansBethein 1939. Soonafterwards,in 1946,George Gamowrealized
thatsimilar processesmight haveoccurredalsoin thehot anddenseearlyuniverseandgaveriseto the
first light elements[4]. Theseprocessescouldtakeplacewhentheuniversehada temperatureof around$/.10 � � � � * � MeV, which is about100timesthetemperaturein thecoreof theSun,while thedensity
is
� .20 � ½ ¿E t ��� $ \.20 � � � gcm� E , aboutthe samedensityasthe coreof the Sun. Note,however, that

althoughbothprocessesaredrivenby identicalthermonuclearreactions,thephysicalconditionsin star
andBig Bangnucleosynthesisareverydifferent.In theformer, gravitationalcollapseheatsupthecoreof
thestarandreactionslastfor billions of years(exceptin supernovaexplosions,which lasta few minutes
andcreatesall theheavierelementsbeyondiron), while in thelattertheuniverseexpansioncoolsthehot
anddenseplasmain justafew minutes.Nevertheless,Gamowreasonedthat,althoughtheearlyperiodof
cosmicexpansionwasmuchshorterthanthelifetime of astar, therewasa largenumberof freeneutrons
at thattime,sothatthelighterelementscouldbebuilt upquickly by succesiveneutroncaptures,starting
with thereaction 3 '���È54�'76

. Theabundancesof thelight elementswould thenbecorrelatedwith
their neutroncapturecrosssections,in roughagreementwith observations[6, 10].

Fig. 3: Therelativeabundanceof light elementsto Hidrogen.Notethelargerangeof scalesinvolved.FromRef. [10].

Nowadays,Big Bangnucleosynthesis(BBN) codescomputeachainof around30couplednuclear
reactions,to produceall the light elementsup to beryllium-7.7 Only thefirst four or five elementscan
becomputedwith accuracybetterthan1% andcomparedwith cosmologicalobservations.Theselight
elementsare v 3 \ v�8 3 4 3 E v�8 3 �:9<; , andperhapsalso - 9<; . Their observedrelativeabundanceto hydrogen
is $ �>=S� * � « =Z4@?¥��� ��À =Z�@?¥��� ��À =Z�@?¥��� �&� t & with variouserrors,mainlysystematic.TheBBN codescalculate

7Therestof nuclei,up to iron (Fe),areproducedin heavystars,andbeyondFein novaeandsupernovaeexplosions.
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theseabundancesusingthelaboratorymeasurednuclearreactionrates,thedecayrateof theneutron,the
numberof light neutrinosandthehomogeneousFRW expansionof theuniverse,asafunctionof only one
variable,thenumberdensityfractionof baryonsto photons,A � 3<BQwC3ED . In fact,thepresentobservations
areonly consistent,seeFig. 3 andRef. [11, 10], with averynarrowrangeof valuesof

A � t � ��� �
t A � � * G � « *£B* (37)

Sucha small valueof A indicatesthat thereis aboutonebaryonper
��� ® photonsin theuniversetoday.

Any acceptabletheoryof baryogenesisshouldaccountfor suchasmallnumber. Furthermore,thepresent
baryonfractionof thecritical densitycanbecalculatedfrom A � t as[10]

³	B � . � 4 * G � ¤ � � ��� � E A � t � � * ��� £ �GF8� * ����� � 9 £ «2H ¢ *JI* : (38)

Clearly, this numberis well below closuredensity, so baryonscannotaccountfor all the matterin the
universe,asI shalldiscussbelow.

2.2.2 Neutrino decoupling

Justbeforethenucleosynthesisof thelightestelementsin theearlyuniverse,weakinteractionsweretoo
slow to keepneutrinosin thermalequilibriumwith theplasma,sotheydecoupled.We canestimatethe
temperatureatwhichdecouplingoccurredfrom theweakinteractioncrosssection,K2L �� . M $ . atfinite
temperature

$
, where

 M � � * � � ��� ��À GeV� . is theFermiconstant.Theneutrinointeractionrate,via
W bosonexchangein 3 '{�ONH��' 8 � and

��' Ã�ON 3 ' 8QP , canbewrittenas[8]

R �Î� 3 �<S K@L ø � ø T �� . M $ À 3 (39)

while the rateof expansionof the universeat that time (��� � ��� *¤ « ) was v � « * � $ . w °�U , where°�U � � * ��� � ��� � ® GeV is thePlanckmass.Neutrinosdecouplewhentheir interactionrateis slower
thantheuniverseexpansion,

R ��ú v or, equivalently, at
$ � ��V r!W � � *� MeV. Below this temperature,

neutrinosareno longerin thermalequilibriumwith therestof theplasma,andtheir temperaturecontin-
uesto decayinverselyproportionalto thescalefactorof theuniverse.Sinceneutrinosdecoupledbefore8QP#8 � annihilation,the cosmicbackgroundof neutrinoshasa temperaturetodaylower thanthat of the
microwavebackgroundof photons.Let uscomputethedifference.At temperaturesabovethethemass
of theelectron,

$ ÍYX[Z � � * « ��� MeV, andbelow0.8MeV, theonly particlespeciescontributingto the
entropyof theuniversearethephotons(��� � � ) andtheelectron-positronpairs(��� � � � �\ ); totalnumber
of degreesof freedom� � � �x�. . At temperatures

$�� X[Z
, electronsandpositronsannihilateintophotons,

heatingup theplasma(but not theneutrinos,which haddecoupledalready).At temperatures
$ © X Z ,

only photonscontributeto theentropyof theuniverse,with � � � � degreesof freedom.Therefore,from
theconservationof entropy, wefind thattheratioof

$ D and
$��

todaymustbe$ D$�� � ���
� ��]

E � � * � ��� � $&��� � *£ �þ«_^ 3 (40)

whereI haveused
$Q¹Çº�»�� � *¤ � « F�� * ����� K. We still havenot measuredsucha relic backgroundof

neutrinos,andprobablywill remainundetectedfor a long time, sincethey havean averageenergy of
order

��� � \ eV, muchbelowthatrequiredfor detectionby presentexperiments(of orderGeV),precisely
becauseof therelativeweaknessof theweakinteractions.Nevertheless,it wouldbefascinatingif, in the
future, ingeniousexperimentsweredevisedto detectsucha background,sinceit would confirmoneof
themostrobustfeaturesof Big Bangcosmology.

2.2.3 Matter-radiation equality

Relativisticspecieshaveenergy densitiesproportionalto thequarticpowerof temperatureandtherefore
scaleas

���`+�7 � \ , while non-relativisticparticleshaveessentiallyzeropressureandscaleas
���a+�7 � E ,
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seeEq.(30). Therefore,therewill beatimein theevolutionof theuniversein whichbothenergydensities
areequal

��� 9 6 r)b : ����� 9 6 r!b : . Sincethenbothdecaydifferently, andthus

� '8u r!b � 7 t7 r!b � ³ �³ � � 4 * � � ���
\ ³ � � . 3 (41)

whereI haveused³ � � . � ³ ¹�º&» � . ' ³ � � . � 4 * � � � ��� ��À for threemasslessneutrinosat
$���$&�

. As
I will showlater, themattercontentof theuniversetodayis belowcritical, ³ � � � * 4 , while

� � � * G�« ,
andtherefore9 � 'Äu r!b : � 4 £ ��� , or about6 r!b � � * � � ��� E 9 ³ � � . :x� . � ¤ � ��� \ yearsafter theorigin
of theuniverse.Aroundthetimeof matter-radiationequality, therateof expansion(18)canbewrittenas
(
7 t � �

)

v 9 7 : � v t ³ �¡7 � \ ' ³ � 7 � E ��] . � v t ³ ��] .� 7 � E ] . � ' 7
r!b
7 ��] . * (42)

Thehorizon size is thecoordinatedistancetravelledbyaphotonsincethebeginningof theuniverse,,dc �v ��� , i.e. thesizeof causallyconnectedregionsin theuniverse.Thecomoving horizonsizeis thengiven
by

,dc � �7 v 9 7 : ��� v �&�t ³ �&��] .� 7 ��] . � ' 7
r!b
7 �&��] . * (43)

Thusthehorizonsizeatmatter-radiationequality(
7���7 r!b

) is

,dc 9 7 r)b : � � v �&�te � ³ �&��] .� 7 ��] .r)b � ��� 9 ³ � � : �&� � ���;�¡ ²¢ * (44)

Thisscaleplaysavery importantrole in theoriesof structureformation.
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Fig. 4: Theequilibriumionizationfraction fhgjik asa functionof redshift.Thetwo linesshowtherangeof l f è jhm2npoXìOqCnsr .

2.2.4 Recombination and photon decoupling

As the temperatureof the universedecreased,electronscould eventuallybecomeboundto protonsto
form neutralhydrogen.Nevertheless,thereis alwaysa non-zeroprobabilitythata rareenergeticphoton
ionizeshydrogenandproducesa freeelectron.The ionization fraction of electronsin equilibriumwith
theplasmaatagiventemperatureis givenby [8]� �ut r!bZt r!bZ ��� e �2v 9 4 :e ! A $X[Z

E ] . 8w�x y!z ]*{ 3 (45)

where Ò " n�� � ��4 * G eV is theionizationenergy of hydrogen,and A is thebaryon-to-photonratio (37). If
we now useEq. (36),we cancomputetheionizationfraction

t r!bZ
asa functionof redshift

u
, seeFig. 4.
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Notethatthehugenumberof photonswith respectto electrons(in theratio
\ v|8 = v = 6�� �}= � =ù��� � t )

impliesthatevenataverylow temperature,thephotondistributionwill containasufficiently largenumber
of high-energy photonsto ionizeasignificantfractionof hydrogen.In fact,defining recombinationasthe
time at which

t r!bZ � � * �
, onefinds that the recombinationtemperatureis

$  r!W � � * 4 ��~ } Ò " n�� ,
for A � t � « * � . Comparingwith thepresenttemperatureof themicrowavebackground,we deducethe
correspondingredshiftat recombination,9 � '8u  r)W : � ��� ¤ � .

Photonsremainin thermalequilibriumwith theplasmaof baryonsandelectronsthroughelastic
Thomsonscattering,with crosssection

K�� � �;!�� .4 X . Z
� G * G�« � ��� � . ÀU¢ � . � � * G�G�«�� Ñ ¨ A 3 (46)

where
�Ô� � w ��4 ¤�* ��4 G is thedimensionlesselectromagneticcouplingconstant.Themeanfreepathof

photons
m D in sucha plasmacanbeestimatedfrom thephotoninteractionrate,

m �&�D � R D � 3 Z K � . For
temperaturesabovea few eV, themeanfreepathis muchsmallerthatthecausalhorizonat thattimeand
photonssuffer multiplescattering:theplasmais like adensefog. Photonswill decouplefrom theplasma
whentheir interactionratecannotkeepup with the expansionof the universeandthe meanfree path
becomeslarger thanthehorizonsize: theuniversebecomestransparent.We canestimatethis moment
by evaluating

R D � v at photondecoupling.Using 3 Z ��t Z A�3ED , onecancomputethe decoupling
temperatureas

$ V r!W � � * � G eV, andthe correspondingredshiftas 9 � 'Ìu V r!W : � ������� . This redshift
definesthe so called last scattering surface, whenphotonslast scatteredoff protonsandelectronsand
travelledfreelyeversince.Thisdecouplingoccurredwhentheuniversewasapproximately6 V r!W � � *¥� ���� À 9 ³ � � . :x�&��] . � « � ��� À yearsold.

Fig. 5: TheCosmicMicrowaveBackgroundSpectrumseenby theFIRAS instrumenton COBE.Theleft panelcorrespondsto

themonopolespectrum,� è j[�Cnp���Cq�� d2n d"d1� K, wheretheerrorbarsaresmallerthantheline width. Theright panelshowsthe

dipolespectrum,��� f jð`Cn `������cd2n d�b!m mK. FromRef. [12].

2.2.5 The microwave background

Oneof themostremarkableobservationsevermademy mankindis thedetectionof therelic background
of photonsfrom theBig Bang. This backgroundwaspredictedby GeorgeGamowandcollaboratorsin
the1940s,basedon theconsistencyof primordialnucleosynthesiswith theobservedheliumabundance.
Theyestimatedavalueof about10K, althoughasomewhatmoredetailedanalysisbyAlpherandHerman
in 1950predicted

$ D�� « K. Unfortunately, theyhaddoubtswhethertheradiationwould havesurvived
until the present,andthis remarkablepredictionslippedinto obscurity, until Dicke, Peebles,Roll and
Wilkinson [13] studiedtheproblemagainin 1965. Beforetheycouldmeasurethephotonbackground,
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theylearnedthatPenziasandWilson hadobserveda weakisotropicbackgroundsignalat a radiowave-
lengthof 7.35cm, correspondingto a blackbodytemperatureof

$ D � 4 * « FÄ� K. Theypublishedtheir
two papersbackto back,with thatof Dicke et al. explainingthefundamentalsignificanceof their mea-
surement[6].

Sincethenmanydifferentexperimentshaveconfirmedtheexistenceof themicrowavebackground.
ThemostoutstandingonehasbeentheCosmicBackgroundExplorer(COBE) satellite,whoseFIRAS
instrumentmeasuredthephotonbackgroundwith greataccuracyovera wide rangeof frequencies(

� �� �¶£�¤
cm�&� ), seeRef. [12], with aspectralresolution� �� � � * ����4 « . Nowadays,thephotonspectrumis

confirmedto beablackbodyspectrumwith a temperaturegivenby [12]

$B¹�º�»¡� � *¥¤ � « F{� * ����� ^ 9 ? § ?/Ð � � Ñ;Ð]@ ¢ 3 £ «2H ¢ *�I* : F ¤ 2 ^ 9 � K ?xÐ]Ñ;Ð]@ ?xÐ�@ ¢ Ñ1I : (47)

In fact, this is thebestblackbodyspectrumevermeasured,seeFig. 5, with spectraldistortionsbelowthe
levelof 10partspermillion (ppm).

Fig. 6: TheCosmicMicrowaveBackgroundSpectrumseenby theDMR instrumenton COBE.Thetop figurecorrespondsto

themonopole,� è j��Cns����q	�~d@n d"d1� K. Themiddlefigureshowsthedipole, ��� f j�`Cn�`����	�~d2n d�b!m mK, andthelower figure

showsthequadrupoleandhighermultipoles,��� ¿ j¶b��#���%� K. Thecentralregioncorrespondsto foregroundby thegalaxy.

FromRef. [14].

Moreover, thedifferentialmicrowaveradiometer(DMR) instrumenton COBE,with a resolution
of about

¤@�
in thesky, hasalsoconfirmedthat it is anextraordinarilyisotropicbackground.Thedevia-

tionsfrom isotropy, i.e. differencesin thetemperatureof theblackbodyspectrummeasuredin different
directionsin thesky, areof theorderof 20 2 K on largescales,or onepart in

��� À , seeRef. [14]. There
is, in fact, a dipoleanisotropyof onepart in

��� E
, � $ � � 4 * 4 ¤ ��FÄ� * ��� ¤ mK (95%c.l.), in thedirection

of theVirgo cluster, 9�� 3�� : � 9 � G"� * � � � F�� * 4���3 � ��* � G � F�� * 4�� : (95%c.l.). Undertheassumptionthata
Dopplereffect is responsiblefor theentireCMB dipole,thevelocityof theSunwith respectto theCMB
restframeis � ± � 4 ¤ �'FË� * « km/s,seeRef. [12].8 Whensubtracted,we areleft with a wholespectrum

8COBEevendeterminedtheannualvariationdueto theEarth’smotionaroundtheSun– theultimateproofof Copernicus’
hypothesis.
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of anisotropiesin thehighermultipoles(quadrupole,octupole,etc.), � $ . � � � F�� 2 K (95%c.l.), see
Ref. [14] andFig. 6.

Soonafter COBE, othergroupsquickly confirmedthe detectionof temperatureanisotropiesat
around30 2 K andabove,athighermultipolenumbersor smallerangularscales.As I shalldiscussbelow,
theseanisotropiesplayacrucialrole in theunderstandingof theorigin of structurein theuniverse.

2.3 Large-scale structure formation

Althoughtheisotropicmicrowavebackgroundindicatesthattheuniversein thepast wasextraordinarily
homogeneous,we know thattheuniversetoday is not exactlyhomogeneous:we observegalaxies,clus-
tersandsuperclusterson largescales.Thesestructuresareexpectedto arisefrom very smallprimordial
inhomogeneitiesthatgrow in time via gravitationalinstability, andthatmayhaveoriginatedfrom tiny
ripplesin themetric,asmatterfell into their troughs.Thoseripplesmusthaveleft sometraceastempera-
tureanisotropiesin themicrowavebackground,andindeedsuchanisotropieswerefinally discoveredby
theCOBEsatellitein 1992.Thereasonwhy theytook solong to bediscoveredwasthattheyappearas
perturbationsin temperatureof only onepartin

��� À .
While thepredictedanisotropieshavefinally beenseenin theCMB, notall kindsof matterand/or

evolutionof theuniversecangiveriseto thestructureweobservetoday. If wedefinethedensitycontrast
as[15]

� 9 l0 3 7 : � � 9 l0 3 7 : � Ã� 9 7 :Ã� 9 7 : � , E lÂ ��� 9 7 :�8 ´����� �  3 (48)

where Ã� 9 7 : ��� t 7 � E is theaveragecosmicdensity, we needa theorythatwill grow a densitycontrast
with amplitude� � ��� ��À at thelastscatteringsurface(

u�� �������
) up to densitycontrastsof theorderof� � ��� . for galaxiesat redshifts

uð} �
, i.e. today. This is a necessary requirementfor anyconsistent

theoryof structureformation[16].

Furthermore,the anisotropiesobservedby the COBE satellitecorrespondto a small-amplitude
scale-invariantprimordialpowerspectrumof inhomogeneities

¡ 9pÂ : �¢S ø � � ø . T + Â1£ 3 	 @ Ð*¤ 3 � �B3 (49)

wherethebrackets
S ?�T

representintegrationoveranensembleof differentuniverserealizations.These
inhomogeneitiesarelike wavesin thespace-timemetric.Whenmatterfell in thetroughsof thosewaves,
it createddensityperturbationsthat collapsedgravitationallyto form galaxiesandclustersof galaxies,
with aspectrumthatis alsoscaleinvariant.Sucha typeof spectrumwasproposedin theearly1970sby
EdwardR.Harrison,andindependentlyby theRussiancosmologistYakovB. Zel’dovich,seeRef.[17], to
explainthedistributionof galaxiesandclustersof galaxiesonverylargescalesin ourobservableuniverse.

Todayvarioustelescopes– like theHubbleSpaceTelescope,thetwin Keck telescopesin Hawaii
andtheEuropeanSouthernObservatorytelescopesin Chile–areexploringthemostdistantregionsof the
universeanddiscoveringthefirst galaxiesat largedistances.Thefurthestgalaxiesobservedsofar areat
redshiftsof

uK� « , or 12billion light yearsfrom theEarth,whoselight wasemittedwhentheuniversehad
only about5%of its presentage.Only afew galaxiesareknownatthoseredshifts,butthereareatpresent
variouscatalogslike theCfA andAPM galaxycatalogs,andmorerecentlytheIRASPointSourceredshift
Catalog,seeFig. 7, andLasCampanasredshiftsurveys,thatstudythespatialdistributionof hundredsof
thousandsof galaxiesup to distancesof abillion light years,or

u © � * � , thatrecedefrom usatspeedsof
tensof thousandsof kilometrespersecond.Thesecatalogsaretelling usabouttheevolutionof clusters
of galaxiesin theuniverse,andalreadyput constraintson thetheoryof structureformation.Fromthese
observationsonecaninfer thatmostgalaxiesformedatredshiftsof theorderof

� � G ; clustersof galaxies
formedat redshiftsof order1, andsuperclustersareformingnow. Thatis, cosmicstructureformedfrom
thebottomup: from galaxiesto clustersto superclusters,andnottheotherwayaround.Thisfundamental
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Fig. 7: The IRAS Point SourceCatalogredshiftsurveycontainssome15,000galaxies,coveringover 83% of the sky up to

redshiftsof ¥§¦�d2n d1q . Weshowheretheprojectionof thegalaxydistributionin galacticcoordinates.FromRef. [18].

differenceis anindicationof thetypeof matterthatgaveriseto structure.Theobservedpowerspectrum
of thegalaxymatterdistributionfrom aselectionof deepredshiftcatalogscanbeseenin Fig. 8.

Weknowfrom Big Bangnucleosynthesisthatall thebaryonsin theuniversecannotaccountfor the
observedamountof matter, sotheremustbesomeextramatter(darksincewedon’t seeit) to accountfor
itsgravitationalpull. Whetherit is relativistic(hot)ornon-relativistic(cold)couldbeinferredfromobser-
vations:relativisticparticlestendto diffusefrom oneconcentrationof matterto another, thustransferring
energy amongthemandpreventingthegrowthof structureonsmallscales.This is excludedby observa-
tions,soweconcludethatmostof thematterresponsiblefor structureformationmustbecold. How much
thereis is a matterof debateat themoment.Somerecentanalysessuggestthatthereis not enoughcold
darkmatterto reachthecritical densityrequiredto maketheuniverseflat. If wewantto makesenseof the
presentobservations,wemustconcludethatsomeotherform of energy permeatestheuniverse.In order
to resolvethis issue,evendeepergalaxyredshiftcatalogsareunderway, looking at millions of galaxies,
like theSloanDigital SkySurvey(SDSS)andtheAnglo-Australiantwo degreefield (2dF)GalaxyRed-
shift Survey, which areat this momenttakingdata,up to redshiftsof

u �© � * « , overa largeregionof the
sky. Theseimportantobservationswill helpastronomersdeterminethenatureof thedarkmatterandtest
thevalidity of themodelsof structureformation.

Fig. 8: Theleft panelshowsthematterpowerspectrumfor clustersof galaxies,from threedifferentclustersurveys.Theright

panelshowsa compilationof the mostrecentestimatesof the powerspectrumof galaxyclustering,from four of the largest

availableredshiftsurveysof optically-selectedgalaxies,comparedto thedeprojectedspectrumof the2D APM galaxysurvey.

FromRef. [19].
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BeforeCOBEdiscoveredtheanisotropiesof themicrowavebackgroundtherewereseriousdoubts
whethergravity alonecouldberesponsiblefor theformationof thestructurewe observein theuniverse
today. It seemedthata newforcewasrequiredto do the job. Fortunately, theanisotropieswerefound
with theright amplitudefor structureto beaccountedfor by gravitationalcollapseof primordialinhomo-
geneitiesundertheattractionof alargecomponentof non-relativisticdarkmatter. Nowadays,thestandard
theoryof structureformationis acolddarkmattermodelwith anonvanishingcosmologicalconstantin a
spatiallyflatuniverse.Gravitationalcollapseamplifiesthedensitycontrastinitially throughlineargrowth
andlateronvia non-linearcollapse.In theprocess,overdenseregionsdecouplefrom theHubbleexpan-
sionto becomeboundsystems,which startattractingeachotherto form largerboundstructures.In fact,
thelargeststructures,superclusters,havenot yetgonenon-linear.

Theprimordialspectrum(49)is reprocessedby gravitationalinstabilityaftertheuniversebecomes
matterdominatedand inhomogeneitiescangrow. Linear perturbationtheoryshowsthat the growing
mode9 of smalldensitycontrastsgo like [15, 16]

� 9 7 : +�7 � P E*¨ � 7 . 3 7 © 7 r!b7 3 7 Í 7 r!b (50)

in theEinstein-deSitter limit (
����� w ��� � w 4 and0, for radiationandmatter, respectively).Thereare

slight deviationsfor
7ª© 7 r!b

, if ³ � Ù� � or ³Q·HÙ� � , but we will not be concernedwith themhere.
Theimportantobservationis that,sincethedensitycontrastat lastscatteringis of order � � ��� ��À , and
thescalefactorhasgrownsincethenonly a factor

u V r!W � ��� E , onewould expecta densitycontrastto-
dayof order � t � ��� � . . Instead,we observestructureslike galaxies,where � � ��� . . Sohow canthis
bepossible?Themicrowavebackgroundshowsanisotropiesdueto fluctuationsin thebaryonicmatter
componentonly (to which photonscouple,electromagnetically).If thereis anadditionalmattercompo-
nentthatonly couplesthroughveryweakinteractions,fluctuationsin thatcomponentcouldgrowassoon
asit decoupledfrom theplasma,well beforephotonsdecoupledfrom baryons.Thereasonwhy baryonic
inhomogeneitiescannotgrowis becauseof photonpressure:asbaryonscollapsetowardsdenserregions,
radiationpressureeventuallyhaltsthecontractionandsetsupacousticoscillationsin theplasmathatpre-
ventthegrowthof perturbations,until photondecoupling.On theotherhand,a weaklyinteractingcold
darkmattercomponentcouldstartgravitationalcollapsemuchearlier, evenbeforematter-radiationequal-
ity, andthusreachthedensitycontrastamplitudesobservedtoday. Theresolutionof thismismatchis one
of thestrongestargumentsfor theexistenceof a weakly interactingcold darkmattercomponentof the
universe.

How muchdarkmatterthereis in theuniversecanbededucedfrom theactualpowerspectrum(the
Fouriertransformof the two-point correlationfunction of densityperturbations)of the observedlarge
scalestructure.Onecandecomposethe densitycontrastin Fouriercomponents,seeEq. (48). This is
veryconvenientsincein linearperturbationtheoryindividualFouriercomponentsevolveindependently.
A comovingwavenumberÂ is saidto ‘enterthehorizon’ when Â � , �&�c 9 7 : � 7 v 9 7 : . If a certainper-
turbation,of wavelength

m � Â �&� © ,dc 9 7 r)b : , entersthehorizonbeforematter-radiationequality, the
fastradiation-drivenexpansionpreventsdark-matterperturbationsfrom collapsing.Sincelight canonly
crossregionsthataresmallerthanthehorizon,thesuppressionof growthdueto radiationis restrictedto
scalessmallerthanthehorizon,while large-scaleperturbationsremainunaffected.Thisis thereasonwhy
thehorizonsizeatequality, Eq.(44),setsanimportantscalefor structuregrowth,

Â r!b � , �&�c 9 7 r!b : � � * � � 4 9 ³ � � : � �¡ Q¢1�&� * (51)

Thesuppressionfactorcanbeeasilycomputedfrom (50) as õ q¬«C � 9 7 r ��® r! w 7 r!b : . � 9pÂ r!b w Â : . . In other
words,theprocessedpowerspectrum

¡ 9xÂ : will havetheform:

¡ 9pÂ : + Â 3 Â } Â r!b
Â � E 3 Â © Â r!b (52)

9Thedecayingmodesgo like ��éëêµî°¯Îê*±�f , for all ² .
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Fig. 9: Thepowerspectrumfor cold darkmatter(CDM), tilted cold darkmatter(TCDM), hot darkmatter(HDM), andmixed

hotpluscolddarkmatter(MDM), normalizedto COBE,for large-scalestructureformation.FromRef. [20].

This is preciselytheshapethatlarge-scalegalaxycatalogsareboundto testin thenearfuture,seeFig. 9.
Furthermore,sincerelativisticHot Dark Matter(HDM) transferenergy betweenclumpsof matter, they
will wipe out small scaleperturbations,andthis shouldbeseenasa distinctivesignaturein thematter
powerspectraof futuregalaxycatalogs.Ontheotherhand,non-relativisticColdDarkMatter(CDM) al-
low structureto formonall scalesviagravitationalcollapse.Thedarkmatterwill thenpull in thebaryons,
whichwill latershineandthusallow usto seethegalaxies.

Naturally, whenbaryonsstartto collapseontodarkmatterpotentialwells,theywill converta large
fractionof theirpotentialenergy into kineticenergy of protonsandelectrons,ionizing themedium.As a
consequence,weexpectto seealargefractionof thosebaryonsconstitutingahotionizedgassurrounding
largeclustersof galaxies.This is indeedwhat is observed,andconfirmsthegeneralpictureof structure
formation.

3. DETERMINATION OF COSMOLOGICAL PARAMETERS

In this Section,I will restrictmyself to thoserecentmeasurementsof the cosmologicalparametersby
meansof standardcosmologicaltechniques,togetherwith a few instancesof newresultsfrom recently
appliedtechniques.We will seethata largehostof observationsaredeterminingthecosmologicalpa-
rameterswith somereliability of the orderof 10%. However, the majority of thesemeasurementsare
dominatedby large systematicerrors. Most of the recentwork in observationalcosmologyhasbeen
thesearchfor virtually systematic-freeobservables,like thoseobtainedfrom themicrowavebackground
anisotropies,anddiscussedin Section4.4. I will devote,however, this Sectionto the more‘classical’
measurementsof thefollowing cosmologicalparameters:Therateof expansionv t ; themattercontent³ � ; thecosmologicalconstant³Q· ; thespatialcurvature³B¸ , andtheageof theuniverse6 t .10

Thesefive basiccosmologicalparametersarenot mutually independent.Usingthehomogeneity
andisotropyon largescalesobservedby COBE,wecaninfer relationshipsbetweenthedifferentcosmo-
logical parametersthroughtheEinstein-Friedmannequations.In particular, we candeducethevalueof
thespatialcurvaturefrom theCosmicSumRule,

� � ³ �Ä' ³Q· ' ³B¸ 3 (53)

10Wewill takethebaryonfractionasgivenby observationsof light elementabundances,in accordancewith Big Bangnucle-
osynthesis,seeEq.(38).
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or viceversa,if wedeterminethattheuniverseis spatiallyflat from observationsof themicrowaveback-
ground,wecanbesurethatthesumof themattercontentplusthecosmologicalconstantmustbeone.

Anotherrelationshipbetweenparametersappearsfor theageof theuniverse.In aFRW cosmology,
thecosmicexpansionis determinedby theFriedmannEq. (8). Defininganewtimeandnormalizedscale
factor, º � 77 t � �� '{u 3 » � v t 9 6 � 6 t : 3 (54)

wecanwrite theFriedmannequationwith thehelpof theCosmicSumRule(19)asº
ö 9 » : � � ' 9

º
�&� � � :x³ � ' 9

º
. � � :x³ · ��] . 3 (55)

with initial condition

º
9 � : � ��3

º
ö 9 � : � � . Therefore,thepresentage6 t is afunctionof theotherparam-

eters,6 t � õ 9 v t 3 ³ � 3 ³²·²: , determinedfrom

6 t v tK� �t ,
º � ' 9

º
�&� � � :x³ ��' 9

º
. � � :x³Q· �&��] . * (56)

Weshowin Fig. 10 thecontourlinesfor constant6 t v t in parameterspace9 ³ � 3 ³Q·²: .
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Fig. 10: Thecontourlinescorrespondto equal ê è ç è jÎd2nsqþì~bCn d � bCnp� � bCnsq � �Cn d and5.0,from bottomto top, in parameterspaceé ò º/� ò ó î . Theline ê è ç è j[� wouldbeindistinguishablefrom thatof ê è ç è j¼q . FromRef. [7].

Therearetwo specificlimits of interest:anopen universe with ³Q· � � , for which theageis givenby

6 t v t � �� � ³ � � ³ �9 � � ³ � : E ] .
I A � ' 9 � � ³ � : ��] .

³ ��] .�
� � Ê

£ � t
9 � � ³ � :�£9 � 3 ' � : 9 � 3 ' 4 : 3 (57)

anda flat universe with ³Q· � � � ³ � , for which theagecanalsobeexpressedin compactform,

6 t v t � �4 9 � � ³ � : ��] .
I A � ' 9 � � ³ � :x��] .

³ ��] .�
� �4

Ê
£ � t
9 � � ³ � : £� 3 ' � *

(58)

Wehaveplottedthesefunctionsin Fig. 11. It is clearthatin bothcases6 t v t È � w 4 as ³ ��È � . Wecan
now usetheserelationsasa consistencycheckbetweenthecosmologicalobservationsof v t , ³ � , ³Q·
and6 t . Of course,wecannot measuretheageof theuniversedirectly, butonly theageof its constituents:
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stars,galaxies,globularclusters,etc. Thuswe canonly find a lower boundon theageof theuniverse,6 t �Í 6�½�¾�¿ ' � * « Gyr. As we will see,this is not a trivial boundand,in severaloccasions,during the
progresstowardsbetterdeterminationsof thecosmologicalparameters,theuniverseseemed tobeyounger
thanits constituents,a logical inconsistency, of course,only dueto anincorrectassessmentof systematic
errors[21].

Fig. 11: Theageof theuniverseasa functionof themattercontent,for anopenandaflat universe.FromRef. [22].

In orderto understandthoserecentmeasurements,oneshouldalsodefinewhat is known asthe
luminosity distance to anobjectin theuniverse.Imaginea sourcethat is emitting light at a distance,�y
from adetectorof area,�À . Theabsolute luminosity Á of suchasourceis nothingbut theenergy emitted
per unit time. A standard candle is a luminousobject that canbe calibratedwith someaccuracyand
thereforewhoseabsoluteluminosityis known,within certainerrors.Forexample,Cepheidvariablestars
andtypeIa supernovaeareconsideredto bereasonablestandardcandles,i.e. their calibrationerrorsare
within bounds.Theenergy flux Â receivedat thedetectoris themeasured energy perunit time perunit
areaof thedetectorcomingfrom thatsource.Theluminositydistance,�y is thendefinedastheradiusof
thespherecenteredon thesourcefor which theabsoluteluminositywould give theobservedflux, Â �Ácw � ! , . y . In aFriedmann-Robertson-Walkeruniverse,light travelsalongnull geodesics,,�- . � � , or, see
Eq.(2), ,1<� '87 .t v .t < . ³ ¸

� �7 .t v .t , u9 � '8u : . 9 � '{u ³ � : �8u 9 � '8u :x³Q·
3

(59)

whichdeterminesthecoordinatedistance< � < 9 u 3 v t 3 ³ � 3 ³Q·²: , asafunctionof redshift
u

andtheother
cosmologicalparameters.Now let usconsidertheeffect of theuniverseexpansionon theobservedflux
comingfrom a sourceat a certainredshift

u
from us. First, the photonenergy on its way herewill be

redshifted,andthustheobservedenergy Ò t � Ò�w 9 � '�u : . Second,the rateof photonarrival will be
time-delayedwith respectto thatemittedby thesource,,
6 t�� 9 � '¶u :x,
6 . Finally, thefractionof thearea
of the2-spherecenteredon thesourcethat is coveredby thedetectoris ,�À�w � !#7 .t < . 9 u : . Therefore,the
total flux detectedis

Â � Á� !#7 .t < . 9 u :
� Á� ! , . y

*
(60)

Thefinal expressionfor theluminositydistance,�y asa functionof redshiftis thusgivenby [8]

v t ,�y � 9 � '8u : ø ³Q¸ ø �&��] . ?�@ AZA ø ³B¸ ø ��] . Ãt , u ö9 � '8u ö : . 9 � '8u ö ³ � : �8u ö 9 � '8u ö :x³²·
3

(61)
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where
?�@ AZA 9 0÷: � 0 @ � = � �2Ä ?�@ A 9 0÷: @ � = �Ì' � Ñ;A�Å¼?�@ A�¤ 9 0÷: @ � = �Ì� � . Expandingto secondorder

around
u~� �

, weobtainEq.(6),

v t ,]y ��u�' �� � � ³ �� ' ³²· u . '8| 9 u E : * (62)

This expressiongoesbeyondthe leadinglinear term,correspondingto theHubblelaw, into thesecond
orderterm,which is sensitiveto thecosmologicalparameters³ � and ³Q· . It is only recentlythatcos-
mologicalobservationshavegonefar enoughbackinto theearlyuniversethatwecanbeginto probethe
secondterm,asI will discussshortly. Higherordertermsarenot yet probedby cosmologicalobserva-
tions,but theywouldcontributeasimportantconsistencychecks.

Let usnow pursuetheanalysisof the recentdeterminationsof themostimportantcosmological
parameters:therateof expansionv t , themattercontent³ � , thecosmologicalconstant³ · , thespatial
curvature³B¸ , andtheageof theuniverse6 t .
3.1 The rate of expansion v t
Overmostof lastcenturythevalueof v t hasbeenaconstantsourceof disagreement[21]. Around1929,
Hubblemeasuredthe rateof expansionto be v t � « ��� kms��� Mpc�&� , which implied an ageof the
universeof order 6 t � � Gyr, in clearconflict with geology. Hubble’s datawasbasedon Cepheidstan-
dardcandlesthatwereincorrectlycalibratedwith thosein theLargeMagellanicCloud.Lateron,in 1954
BaaderecalibratedtheCepheiddistanceandobtaineda lower value, v t¼� � « � kms�&� Mpc�&� , still in
conflictwith ratiosof certainunstableisotopes.Finally, in 1958Sandagerealizedthatthebrighteststars
in galaxieswereionizedHII regions,andthe Hubbleratedroppeddown to v t�� G � kms�&� Mpc�&� ,
still with large (factor of two) systematicerrors. Fortunately, in the past15 yearstherehasbeensig-
nificant progresstowardsthe determinationof v t , with systematicerrorsapproachingthe 10% level.
Theseimprovementscomefrom two directions. First, technological,throughthe replacementof pho-
tographicplates(almostexclusivelythe sourceof datafrom the 1920sto 1980s)with chargedcouple
devices(CCDs),i.e. solidstatedetectorswith excellentflux sensitivityperpixel, whichwerepreviously
usedsuccessfullyin particlephysicsdetectors.Second,by therefinementof existingmethodsfor mea-
suringextragalacticdistances(e.g. parallax,Cepheids,supernovae,etc.). Finally, with thedevelopment
of completelynew methodsto determinev t , which fall into totally independentandvery broadcate-
gories: a) Gravitationallensing;b) Sunyaev-Zel’dovicheffect; c) Extragalacticdistancescale,mainly
Cepheidvariability andtypeIa Supernovae;d) Microwavebackgroundanisotropies.I will reviewhere
thefirst three,andleavethelastmethodfor Section4.4,sinceit involvesknowledgeabouttheprimordial
spectrumof inhomogeneities.

3.1.1 Gravitational lensing

Imaginea quasi-stellarobject(QSO)at large redshift(
uÆ© �

) whoselight is lensedby an intervening
galaxyat redshift

u � � andarrivesto anobserverat
u�� �

. Therewill beat leasttwo differentimages
of thesamebackgroundvariable point source.Thearrival timesof photonsfrom two differentgravita-
tionally lensedimagesof thequasardependon thedifferentpathlengthsandthegravitationalpotential
traversed.Therefore,ameasurementof thetimedelayandtheangularseparationof thedifferentimages
of avariablequasarcanbeusedto determinev t with greataccuracy. Thismethod,proposedin 1964by
Refsdael[23], offerstremendouspotentialbecauseit canbeappliedat greatdistancesandit is basedon
verysolidphysicalprinciples[24].

Unfortunately, therearevery few systemswith both a favourablegeometry(i.e. a known mass
distributionof the interveninggalaxy)anda variablebackgroundsourcewith a measurabletime delay.
Thatis thereasonwhy it hastakensomuchtime sincetheoriginal proposalfor thefirst resultsto come
out. Fortunately, therearenow very powerful telescopesthatcanbeusedfor thesepurposes.Thebest
candidateto-dateis theQSO

� £ « ¤~' «�G � , observedwith the10mKeck telescope,for which thereis a
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modelof thelensingmassdistributionthatis consistentwith themeasuredvelocitydispersion.Assuming
aflat spacewith ³ �Ì� � * � « , onecandetermine[25]

v t ��¤ �ÇF ¤ 9 � K ?xÐ�Ñ"Ð�@ ?xÐ]@ ¢ Ñ2I : F8� «1H 9 ? § ?xÐ � � Ñ;Ð]@ ¢ : ��� ? ���;�¡ ²¢]�&� * (63)

Themainsourceof systematicerror is thedegeneracybetweenthemassdistributionof thelensandthe
valueof v t . Knowledgeof thevelocitydispersionwithin thelensasafunctionof positionhelpsconstrain
themassdistribution,but thosemeasurementsareverydifficult and,in thecaseof lensingby aclusterof
galaxies,thedarkmatterdistributionin thosesystemsis usuallyunknown,associatedwith acomplicated
clusterpotential.Nevertheless,themethodis juststartingtogivepromisingresultsand,in thenearfuture,
with therecentdiscoveryof severalsystemswith optimumproperties,theprospectsfor measuringv t and
loweringits uncertaintywith this techniqueareexcellent.

3.1.2 Sunyaev-Zel’dovich effect

As discussedin thepreviousSection,thegravitationalcollapseof baryonsontothepotentialwells gen-
eratedby darkmattergaverise to thereionizationof theplasma,generatinganX-ray haloaroundrich
clustersof galaxies,seeFig. 12. Theinverse-Comptonscatteringof microwavebackgroundphotonsoff
the hot electronsin the X-ray gasresultsin a measurabledistortionof the blackbodyspectrumof the
microwavebackground,knownastheSunyaev-Zel’dovich(SZ) effect. Sincephotonsacquireextraen-
ergy from theX-ray electrons,we expecta shift towardshigherfrequenciesof thespectrum,9�È � w � : �9pÂ B $ ½�¾ q w X¼Z � .�: � ��� � . . This correspondsto a decrement of themicrowavebackgroundtemperatureat
low frequencies(Rayleigh-Jeansregion)andanincrementathigh frequencies,seeRef. [26].

Fig. 12: TheComaclusterof galaxies,seenherein anoptical image(left) andanX-ray image(right), takenby the recently

launchedChandraX-ray Observatory. FromRef. [27].

Measuringthespatial distributionof theSZeffect (3 K spectrum),togetherwith ahighresolution
X-ray map(

��� \
K spectrum)of thecluster, onecandeterminethedensityandtemperaturedistribution

of thehot gas. SincetheX-ray flux is distance-dependent(Â � Ácw � ! , . y ), while theSZ decrementis
not (becausetheenergy of theCMB photonsincreasesaswe go backin redshift,

�8���;t 9 � '�u : , and
exactlycompensatestheredshiftin energy of thephotonsthat reachus),onecandeterminefrom there
thedistanceto thecluster, andthustheHubblerate v t .

Theadvantagesof this methodarethatit canbeappliedto largedistancesandit is basedon clear
physicalprinciples.Themainsystematicscomefrompossibleclumpinessof thegas(whichwouldreducev t ), projectioneffects(if theclustersareprolate,v t couldbelarger),theassumptionof hydrostaticequi-
librium of theX-ray gas,detailsof modelsfor thegasandelectrondensities,andpossiblecontaminations
from point sources.Presentmeasurementsgive thevalue[26]

v tK� G �GF{��� 9 � K ?xÐ�Ñ"Ð�@ ?xÐ�@ ¢ Ñ2I : F8��� H 9 ? § ?xÐ � � Ñ;Ð]@ ¢ : �&� ? �&�"�¡ Q¢1�&� 3 (64)
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compatiblewith otherdeterminations.A greatadvantageof thiscompletelynewandindependentmethod
is thatnowadaysmoreandmoreclustersareobservedin theX-ray, andsoonwewill havehigh-resolution
2D mapsof theSZdecrementfrom severalballoonflights,aswell asfrom futuremicrowavebackground
satellites,togetherwith preciseX-ray mapsandspectrafrom the ChandraX-ray observatoryrecently
launchedby NASA, aswell asfrom theEuropeanX-ray satelliteXMM launcheda few monthsagoby
ESA,whichwill deliverordersof magnitudebetterresolutionthantheexistingEinsteinX-ray satellite.

3.1.3 Cepheid variability

Cepheidsarelow-massvariablestarswith a period-luminosityrelationbasedon the helium ionization
cyclesinsidethestar, asit contractsandexpands.This time variability canbemeasured,andthestar’s
absoluteluminosity determinedfrom the calibratedrelationship.From the observedflux onecanthen
deducetheluminositydistance,seeEq.(61),andthustheHubblerate v t . TheHubbleSpaceTelescope
(HST)waslaunchedby NASA in 1990(andrepairedin 1993)with thespecificprojectof calibratingthe
extragalacticdistancescaleandthusdeterminingtheHubbleratewith 10%accuracy. Themostrecent
resultsfrom HST arethefollowing [28]

v t ��¤ �GF � 9 ¨ Ñ;A�Å Ï � : F ¤ 9 ? § ?xÐ � � Ñ;Ð]@ ¢ : �&� ? �&�"�¡ Q¢1�&� * (65)

Themainsourceof systematicerror is thedistanceto theLargeMagellanicCloud,which providesthe
fiducial comparisonfor Cepheidsin moredistantgalaxies.Othersystematicuncertaintiesthataffect the
valueof v t aretheinternalextinctioncorrectionmethodused,a possiblemetallicity dependenceof the
Cepheidperiod-luminosityrelationandclusterpopulationincompletenessbias,for a setof 21 galaxies
within 25Mpc, and23clusterswithin

u �© � * ��4 .
With bettertelescopescomingupsoon,like theVeryLargeTelescope(VLT) interferometerof the

EuropeanSouthernObservatory(ESO)in theChileanAtacamadesert,with 4 synchronizedtelescopes
by theyear2005,andtheNext GenerationSpaceTelescope(NGST)proposedby NASA for 2008,it is
expectedthatmuchbetterresolutionandthereforeaccuracycanbeobtainedfor thedeterminationof v t .
3.2 The matter content ³ �
In the1920sHubblerealizedthatthesocallednebulaewereactuallydistantgalaxiesverysimilar to our
own. Soonafterwards,in 1933,Zwicky founddynamicalevidencethatthereis possiblytento ahundred
timesmoremassin theComaclusterthancontributedby theluminousmatterin galaxies[29]. However,
it wasnotuntil the1970sthattheexistenceof darkmatterbeganto betakenmoreseriously. At thattime
therewasevidencethat rotationcurvesof galaxiesdid not fall off with radiusandthat the dynamical
masswasincreasingwith scalefrom that of individual galaxiesup to clustersof galaxies.Sincethen,
newpossibleextrasourcesto themattercontentof theuniversehavebeenaccumulating:

³ � � ³ B�É ¿ « s 9 ?xÐ�Ñ ¨ ? @ A ¯ Ñ2IÑCÊ�@ � ? : (66)' ³ B�É V ¾  ¬Ë 9 � R�VÇÌUI ?dÍ : (67)' ³'Î�Ï � 9 	N� Ñ � I § @ A�Ð � ¨ Ñ ¢ Ð�@ A ¯ = ÑCÊ�@ Ï A 3 A ��Ð Ð ¨ Ñ2I@ A Ï Í : (68)' ³/Ñ°Ï � 9 � Ñ"?x?�@ Ò � A ��Ð Ð ¨ @ A Ï ?dÍ : (69)

Theempiricalrouteto thedeterminationof ³ � is nowadaysoneof themostdiversifiedof all cos-
mologicalparameters.The mattercontentof the universecanbe deducedfrom the mass-to-lightratio
of variousobjectsin theuniverse;from therotationcurvesof galaxies;from microlensingandthedirect
searchof MassiveCompactHaloObjects(MACHOs); fromtheclustervelocitydispersionwith theuseof
theVirial theorem;from thebaryonfractionin theX-ray gasof clusters;from weakgravitationallensing;
from theobservedmatterdistributionof theuniversevia its powerspectrum;from theclusterabundance
andits evolution;from directdetectionof massiveneutrinosatSuperKamiokande;from directdetection
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of WeaklyInteractingMassiveParticles(WIMPs) atDAMA andUKDMC, andfinally from microwave
backgroundanisotropies.I will reviewherejusta few of them.

3.2.1 Luminous matter

Themoststraightforwardmethodof estimating³ � is to measuretheluminosityof starsin galaxiesand
thenestimatethemass-to-lightratio,definedasthemassperluminositydensityobservedfrom anobject,ÓH�¢Ô w�Á . This ratio is usuallyexpressedin solarunits,

Ô ± wCÁ ± , so that for thesun
Ó ± � � . The

luminosityof starsdependsverysensitivelyontheirmassandstageof evolution.Themass-to-lightratio
of starsin thesolarneighbourhoodis of order

Ó � 4 . For globularclustersandspiralgalaxieswe can
determinetheirmassandluminosityindependentlyandthisgives

Ó � few. For ourgalaxy,

Á�½*¾�¿ � 9 � * �ÇF8� * 4 : � ��� \ � 9 ± �¡ Q¢1� E Ñ"A�Å Ó ½�¾*¿ � G F84 * (70)

Thecontributionof galaxiesto theluminositydensityof theuniverse(in thevisible-V spectralband,cen-
teredat � «�« ��� Å) is [30] ÁGÕ � 9 � *¤ F8� * G : � ��� \ � 9 ±��¡ Q¢1� E 3 (71)

whichcanbetranslatedinto amassdensityby multiplying by theobserved
Ó

in thatband,

³ � � � 9 G * �ÇF8� * � : � ��� � \ Ó Õ * (72)

All theluminousmatterin theuniverse,from galaxies,clustersof galaxies,etc.,accountfor
Ó � ��� , and

thus[31] � * ����� ú ³	¿ « s � ú � * ��� G * (73)

As a consequence,theluminousmatteraloneis far from thecritical density. Moreover, comparingwith
theamountof baryonsfrom Big Bangnucleosynthesis(38),weconcludethat ³/¿ « s } ³	B , sotheremust
bea largefractionof baryonsthataredark,perhapsin theform of verydim stars.

3.2.2 Rotation curves of spiral galaxies

Theflatrotationcurvesof spiralgalaxiesprovidethemostdirectevidencefor theexistenceof largeamounts
of darkmatter. Spiralgalaxiesconsistof a centralbulgeanda very thin disk,stabilizedagainstgravita-
tional collapseby angularmomentumconservation,andsurroundedby anapproximatelysphericalhalo
of darkmatter. Onecanmeasuretheorbitalvelocitiesof objectsorbitingaroundthediskasafunctionof
radiusfrom theDopplershiftsof their spectrallines. Therotationcurveof theAndromedagalaxywas
firstmeasuredbyBabcockin 1938,fromthestarsin thedisk. Laterit becamepossibletomeasuregalactic
rotationcurvesfar out into thedisk,anda trendwasfound[32]. Theorbital velocity roselinearly from
thecenteroutwarduntil it reacheda typical valueof 200km/s,andthenremainedflat out to thelargest
measuredradii. This wascompletelyunexpectedsincetheobservedsurfaceluminosityof thedisk falls
off exponentiallywith radius, Ö 9 <S: � Ö t � Ê   9 � <Zw"<d×c: , seeRef. [32]. Therefore,onewould expectthat
mostof thegalacticmassis concentratedwithin a few disk lengths<Q× , suchthattherotationvelocity is
determinedasin aKeplerianorbit, �  n�® � 9  ° w;<S:/��] . + <Z�&��] . . No suchbehaviouris observed.In fact,
themostconvincingobservationscomefrom radioemission(from the21 cm line) of neutralhydrogen
in thedisk,which hasbeenmeasuredto muchlargergalacticradii thanopticaltracers.A typical caseis
thatof thespiralgalaxyNGC 6503,where<d× � � *¤ 4 kpc,while thefurthestmeasuredhydrogenline is
at < � ��� * ��� kpc,about13disk lengthsaway. Themeasuredrotationcurveis shownin Fig. 13 together
with therelativecomponentsassociatedwith thedisk, thehaloandthegas.

Nowadays,thousandsof galacticrotationcurvesareknown,andall suggesttheexistenceof about
tentimesmoremassin thehalosof spiralgalaxiesthanin thestarsof thedisk. Recentnumericalsimula-
tionsof galaxyformationin a CDM cosmology[34] suggestthatgalaxiesprobablyformedby theinfall
of materialin anoverdenseregionof theuniversethathaddecoupledfrom theoverallexpansion.The
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Fig. 13: Therotationcurveof thespiralgalaxyNGC 6503,determinedby radioobservationsof hydrogengasin thedisk [33].

Thedashedline showstherotationcurveexpectedfrom thediskmaterialalone,thedot-dashedline is from thedarkmatterhalo

alone.

darkmatteris supposedto undergo violent relaxationandcreatea virialized system,i.e. in hydrostatic
equilibrium.Thispicturehasledto asimplemodelof dark-matterhalosasisothermalspheres,with den-
sity profile

� 9 <S: �ÿ��¬ w 9 < .¬ ' < . : , where< ¬ is a coreradiusand
��¬ð� � . Ê w � !# , with � Ê equalto the

plateauvalueof theflat rotationcurve.Thismodelis consistentwith theuniversalrotationcurveseenin
Fig. 13. At largeradii thedarkmatterdistributionleadsto aflat rotationcurve.Addingupall thematter
in galactichalosup to maximumradii, onefinds

ÓGØ ¾�¿ n û 4��B� , andtherefore

³ Ø ¾*¿ n û � * ��4 � � * � « * (74)

Of course,it would beextraordinaryif we couldconfirm,throughdirectdetection,theexistenceof dark
matterin our own galaxy. For thatpurpose,oneshouldmeasureits rotationcurve,which is muchmore
difficult becauseof obscurationby dustin thedisk, aswell asproblemswith thedeterminationof reli-
ablegalactocentricdistancesfor thetracers.Nevertheless,therotationcurveof theMilky Wayhasbeen
measuredandconformsto theusualpicture,with a plateauvalueof the rotationvelocity of 220km/s,
seeRef. [35]. Fordarkmattersearches,thecrucialquantityis thedarkmatterdensityin thesolarneigh-
bourhood,whichturnsout to be(within afactorof two uncertaintydependingonthehalomodel)

� Ï �Ì�� * 4
GeV/cm

E
. Wewill comebackto directsearchedof darkmatterin a latersubsection.

3.2.3 Microlensing

Theexistenceof largeamountsof darkmatterin theuniverse,andin ourowngalaxyin particular, is now
establishedbeyondanyreasonabledoubt,but its natureremainsa mystery. We haveseenthatbaryons
cannotaccountfor thewholemattercontentof theuniverse;however, sincethecontributionof thehalo
(74) is comparablein magnitudeto the baryonfraction of the universe(38), onemay askwhetherthe
galactichalocouldbemadeof purelybaryonicmaterialin somenon-luminousform, andif so,howone
shouldsearchfor it. In otherwords,areMACHOsthenon-luminousbaryonsfilling thegapbetween³ ¿ « s
and ³/B ? If not,whatarethey?

Let us starta systematicsearchfor possibilities. They cannotbe normalstarssincethey would
beluminous;neitherhot gassinceit would shine;nor cold gassinceit would absorblight andreemitin
the infrared. Could theybeburnt-outstellarremnants?This seemsimplausiblesincetheywould arise
from a populationof normalstarsof which thereis no tracein the halo. Neutronstarsor black holes
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wouldtypically arisefrom Supernovaexplosionsandthusejectheavyelementsinto thegalaxy, while the
overproductionof heliumin thehalois stronglyconstrained.Theycouldbewhite dwarfs,i.e. starsnot
massiveenoughto reachsupernovaphase.Despitesomerecentarguments,a halocomposedby white
dwarfs is not rigorouslyexcluded.Are they starstoo small to shine? PerhapsM-dwarfs, starswith a
mass° ú � * � °�± whichareintrinsicallydim; however, verylongexposureimagesof theHubbleSpace
TelescoperestrictthepossibleM-dwarf contributionto thegalaxyto bebelow6%. Themostplausible
alternativeis a halocomposedof browndwarfswith mass° ú � * � � °�± , which neverignite hydrogen
andthusshineonly from the residualenergy dueto gravitationalcontraction.11 In fact, the extrapola-
tion of thestellarmassfunctionto smallmassespredictsa largenumberof browndwarfswithin normal
stellarpopulations.A final possibility is primordialblackholes(PBH), which couldhavebeencreated
in theearlyuniversefrom earlyphasetransitions[36], evenbeforebaryonswereformed,andthusmay
beclassifiedasnon-baryonic.Theycouldmakea largecontributiontowardsthe total ³ � , andstill be
compatiblewith Big Bangnucleosynthesis.

Fig. 14: Geometryof thelight deflectionby apointlikemasswhichgivestwo imagesof asourceviewedby anobserver. From

Ref. [22].

Whatevertheargumentsfor or againstbaryonicobjectsasgalacticdarkmatter, nothingwould be
moreconvincingthana directdetectionof thevariouscandidates,or their exclusion,in a directsearch
experiment.Fortunately, in 1986Paczýnskiproposedamethodfor detectingfaint starsin thehaloof our
galaxy[39]. Theideais basedonthewell knowneffectthatapoint-likemassdeflectorplacedbetweenan
observerandalight sourcecreatestwo differentimages,asshownin Fig. 14. Whenthesourceis exactly
alignedwith thedeflectorof mass° × , theimagewouldbeanannulus,anEinstein ring, with radius

< .Ù � �  ° ×), 3 	 ¤ � ¨ � , � , � , ., � ' , . (75)

is the reduced distanceto thesource,seeFig. 14. If the two imagescannotbeseparatedbecausetheir
angulardistance

�
is below the resolvingpowerof theobserver’s telescope,theonly effect will bean

apparentbrighteningof thestar, aneffectknownasgravitational microlensing. Theamplificationfactor
is [39]

À � � 'uÚ .Ú e � 'uÚ .
3 	 ¤ � ¨ � Ú)� << Ù 3 (76)

with < thedistancefrom theline of sightto thedeflector. ImagineanobserveronEarthwatchingadistant
starin theLargeMagellanicCloud(LMC), 50kpcaway. If thegalactichalois filled with MACHOs,one
of themwill occasionallypassneartheline of sightandthuscausetheimageof thebackgroundstarto

11A sometimesdiscussedalternative,planet-sizeJupiters,canbeclassifiedaslow-massbrowndwarfs.
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Fig. 15: Theapparentlightcurveof asourceif apointlikeMACHO passesthroughtheline of sightwith a transversevelocity Û
andanimpactparameterÜ . Theamplificationfactor Ý is shownin logarithmicscaleto give theusualastronomicalmagnitude

of anobject.FromRef. [22].

brighten.If theMACHO moveswith velocity � transverseto thelineof sight,andif its impact parameter,
i.e. theminimal distanceto the line of sight, is

�
, thenoneexpectsanapparentlightcurveasshownin

Fig. 15 for differentvaluesof
� w;< Ù . Thenaturaltime unit is È 6 � < Ù w"� , andtheorigin correspondsto

thetimeof closestapproachto theline of sight.

The probability for a target star to be lensedis independentof the massof the dark matterob-
ject [39, 22]. For starsin theLMC onefindsa probability, i.e. anoptical depth for microlensingof the
galactichalo,of approximately

» � ��� ��- . Thus,if onelookssimultaneouslyatseveralmillionsof starsin
theLMC duringextendedperiodsof time,onehasagoodchanceof seeingat leasta few of thembright-
enedby a dark halo object. In orderto be sureonehasseena microlensingeventonehasto monitor
a largesampleof starslong enoughto identify thecharacteristiclight curveshownin Fig. 15. Theun-
equivocalsignaturesof suchaneventarethefollowing: it mustbea) unique(non-repetitivein time); b)
time-symmetric;andc) achromatic(becauseof generalcovariance).Thesesignaturesallow oneto dis-
criminateagainstvariablestarswhich constitutethebackground.Thetypical durationof thelight curve
is thetime it takesaMACHO to crossanEinsteinradius,È 6 � < Ù w;� . If thedeflectormassis

� °�± , the
averagemicrolensingtime will be3 months,for

��� � . ° ± it is 9 days,for
��� � \ ° ± it is 1 day, andfor��� ��- °�± it is 2 hours.A characteristicevent,of duration34days,is shownin Fig. 16.

Thefirst microlensingeventstowardstheLMC werereportedby theMACHO andEROScollabo-
rationsin 1993[40, 41]. Nowadays,thereare12candidatestowardstheLMC, 2 towardstheSMC,around
40 towardsthebulgeof our own galaxy, andabout2 towardsAndromeda,seenby AGAPE [42], with a
slightly differenttechniquebasedon pixel brighteningratherthanindividual stars.Thus,microlensing
is a well establishedtechniquewith a ratherrobustfuture. In particular, it hasallowedtheMACHO and
EROScollaborationto drawexclusionplotsfor variousmassrangesin termsof theirmaximumallowed
halo fraction,seeFig. 17. TheMACHO Collaborationconcludein their 5-yearanalysis,seeRef. [38],
thatthespatialdistributionof eventsis consistentwith anextendedlensdistributionsuchasMilky Way
or LMC halo,consistingpartiallyof compactobjects.A maximumlikelihoodanalysisgivesaMACHO
halo fractionof 20%for a typical halomodelwith a 95%confidenceintervalof 8% to 50%. A 100%
MACHO halo is ruled out at 95% c.l. for all excepttheir mostextremehalo model. The most likely
MACHO massis between0.15 °�± and0.9 °�± , dependingon thehalomodel.Thelowermassis char-
acteristicof white dwarfs,but a galactichalocomposedprimarily of white dwarfsis barelycompatible
with arangeof observationalconstraints.Ontheotherhand,if onewantedtoattributetheobservedevents
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Fig. 16: The bestcandidate(LMC-1) for microlensingfrom the MACHO Collaborationin the directionof the Large Mage-

llanic Cloud. A recentreanalysisof this eventsuggestedan amplificationfactor ÝßÞ�àâáÎjã�Cns�ed_��d2n d1r , with achromaticityÝßä g¬å ñ¬Ýßæ�ç è g jkbCn d"d��cd2n d2q , andadurationof éê&jð`!m2np���cd2ns� . FromRef. [37].

to browndwarfs,oneneedsto appealto averynon-standarddensityand/orvelocitydistributionof these
objects.It is still unclearwhatsortof objectsthemicrolensingexperimentsareseeingtowardstheLMC
andwherethelensesare.Nevertheless,thefield is expanding,with severalnewexperimentsalreadyun-
derway, to searchfor clearsignalsof parallax,or binarysystems,wherethedegeneracybetweenmass
anddistancecanberesolved.For adiscussionof thosenewresults,seeRef. [37].

3.2.4 Virial theorem and large scale motion

Clustersof galaxiesarethe largestgravitationallyboundsystemsin theuniverse(superclustersarenot
yet in equilibrium). We know todayseveralthousandclusters;they havetypical radii of

� � « Mpc
andtypical massesof

� ��£ � ��� � \ °�± . Zwicky notedin 1933that thesesystemsappearto havelarge
amountsof darkmatter[29]. He usedthevirial theorem(for a gravitationallyboundsystemin equilib-
rium),

� S Ò Ë" � T ���êS Ò ½  ¾ìë T , where
S Ò Ë�" � T � �. X S � . T is theaveragekinetic energy of oneof thebound

objects(galaxies)of mass
X

and
S Ò ½  ¾ìë T �H� X Sh ° w;< T is theaveragegravitationalpotentialenergy

causedby theattractionof theothergalaxies.Measuringthevelocity dispersion
S � . T from theDoppler

shiftsof thespectrallinesandestimatingthegeometricalsizeof thesystemgivesanestimateof its total
mass° . As Zwicky noted,thisvirial mass of clustersfar exceedstheir luminousmass,typically leading
to amass-to-lightratio

Ó W ¿ «;qâ® r) � �����íF ¤ � . Assumingthattheaveragecluster
Ó

is representativeof the
entireuniverse12 onefindsfor thecosmicmatterdensity[44]

³ �Ì� � * � � F{� * � « 9 � K ?xÐ�Ñ"Ð�@ ?xÐ]@ ¢ Ñ2I : F8� * � £ 9 ? § ?xÐ � � Ñ;Ð]@ ¢ : * (77)

Onscaleslargerthanclustersthemotionof galaxiesis dominatedby theoverallcosmicexpansion.

12Recentobservationsindicatethat î is independentof scaleup to superclusterscales̄%bed"dGï2±�f Mpc.
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Fig. 17: Likelihoodcontoursfor MACHO massð (in unitsof solarmass)andhalofraction ñ for a typical sizehalo. Theplus

signshowsthemaximumlikelihood estimateandthecontoursencloseregionsof 68%,90%,95%and99%probability. The

panelsarelabeledaccordingto differentsetsof selectioncriteria (A or B), andwhetheror not an LMC halo with MACHO

fraction ñ is included.FromRef. [38].

Nevertheless,galaxiesexhibit peculiar velocities with respectto theglobalcosmicflow. For example,
our Local Groupof galaxiesis movingwith a speedof G � ¤ F{��� km/srelativeto thecosmicmicrowave
backgroundreferenceframe,towardstheGreatAttractor.

In thecontextof thestandardgravitationalinstability theoryof structureformation,thepeculiar
motionsof galaxiesareattributedto theactionof gravity during theuniverseevolution,causedby the
matterdensityinhomogeneitieswhich give rise to the formationof structure.Theobservedlarge-scale
velocityfields,togetherwith theobservedgalaxydistributions,canthenbetranslatedinto ameasurefor
themass-to-lightratio requiredto explainthelarge-scaleflows. An exampleof thereconstructionof the
matterdensityfield in ourcosmologicalvicinity from theobservedvelocityfield is shownin Fig.18. The
cosmicmatterdensityinferredfrom suchanalysesis [43, 45]

³ � Í � * 4 £ «1H ¢ *�I¥* (78)

Relatedmethodsthataremoremodel-dependentgiveevenlargerestimates.

3.2.5 Baryon fraction in clusters

Sincelargeclustersof galaxiesform throughgravitationalcollapse,theyscoopupmassovera largevol-
umeof space,andthereforetheratioof baryonsoverthetotalmatterin theclustershouldberepresenta-
tive of theentireuniverse,at leastwithin a20%systematicerror. Sincethe1960s,whenX-ray telescopes
becameavailable,it is knownthatgalaxyclustersarethemostpowerfulX-ray sourcesin thesky [46].
Theemissionextendsoverthewholeclusterandrevealstheexistenceof a hot plasmawith temperature$ � ��� � � ��� \ K, whereX-raysareproducedby electronbremsstrahlung.Assumingthegasto be in
hydrostaticequilibriumandapplyingthevirial theoremonecanestimatethetotalmassin thecluster, giv-
ing generalagreement(within a factorof 2) with thevirial massestimates.Fromtheseestimatesonecan
calculatethebaryonfractionof clusters

õ�B � E ] . � � * ��4 � � * � � � ³ B³ � � � * � « 3 � Ï�¨ � � � * G�« 3 (79)

which togetherwith (73) indicatesthatclusterscontainfar morebaryonicmatterin theform of hot gas
thanin the form of starsin galaxies.Assumingthis fraction to berepresentativeof theentireuniverse,
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Fig. 18: Thevelocity anddensityfluctuationfields in theSupergalacticPlaneasrecoveredby thePOTENTmethodfrom the

Mark III velocitiesof about3,000galaxieswith 12 ï2±�f smoothing.Thevectorsareprojectionsof the3D velocity field in the

frameof theCMB. Coordinatesarein unitsof 10 ï2±�f Mpc. ThemarkedstructuresaretheLocalGroup(LG), the‘GreatAttrac-

tor’ (GA), theComacluster‘GreatWall’ (GW), thePerseus-Pisces(PP)regionandthe‘SouthernWall’ (SW).FromRef. [43].

andusingtheBig Bangnucleosynthesisvalueof ³/B � � * � « F8� * ��� , for
� � � * G�« , wefind

³ � � � * 4GF{� * � 9 ?xÐ]Ñ;Ð]@ ?xÐ�@ ¢ Ñ1I : F{��� H 9 ? § ?xÐ � � Ñ"Ð�@ ¢ : * (80)

Thisvalueis consistentwith previousdeterminationsof ³ � . If somebaryonsareejectedfrom thecluster
duringgravitationalcollapse,or someareactuallyboundin nonluminousobjectslike planets,thenthe
actualvalueof ³ � is smallerthanthisestimate.

3.2.6 Weak gravitational lensing

Sincethemid1980s,deepsurveyswith powerfultelescopeshaveobservedhugearc-likefeaturesin galaxy
clusters,seefor instanceFig. 19. Thespectroscopicanalysisshowedthat theclusterandthegiantarcs
wereat very differentredshifts. The usualinterpretationis that the arc is the imageof a distantback-
groundgalaxywhich is in thesameline of sightastheclustersothat it appearsdistortedandmagnified
by the gravitationallenseffect: the giant arcsareessentiallypartial Einsteinrings. From a systematic
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studyof theclustermassdistributiononecanreconstructtheshearfield responsiblefor thegravitational
distortion,seeRef. [47].

Fig. 19: Themostfamousimageof weakgravitationallensingaroundtheAbell 2218cluster, madeby theHubbleSpaceTele-

scope.FromRef. [48].

Thisanalysisshowsthattherearelargeamountsof darkmatterin theclusters,in roughagreement
with thevirial massestimates,althoughthelensingmassestendto besystematicallylarger. At present,
theestimatesindicate³ �Ì� � * � � � * 4 onscales�© G � �&� Mpc, while ³ �Ì� � * � for theCoronaBorealis
supercluster, onscalesof order20Mpc.

3.2.7 Structure formation and the matter power spectrum

Onethemostimportantconstraintsontheamountof matterin theuniversecomesfrom thepresentdistri-
butionof galaxies.As wementionedin theSection2.3,gravitationalinstability increasestheprimordial
densitycontrast,seenat the lastscatteringsurfaceastemperatureanisotropies,into thepresentdensity
field responsiblefor thelargeandthesmallscalestructure.

Sincethe primordial spectrumis very approximatelyrepresentedby a scale-invariantGaussian
random field, the bestway to presentthe resultsof structureformationis by working with the 2-point
correlationfunctionin Fourierspace(theequivalentto theGreen’sfunctionin QFT),theso-calledpower
spectrum. If thereprocessedspectrumof inhomogeneitiesremainsGaussian,thepowerspectrumisall we
needto describethegalaxydistribution.Non-Gaussianeffectsareexpectedto arisefrom thenon-linear
gravitationalcollapseof structure,andmaybeimportantat smallscales[15].

Thepowerspectrummeasuresthedegreeof inhomogeneityin themassdistributionon different
scales.It dependsuponafew basicingredientes:a)theprimordialspectrumof inhomogeneities,whether
they areGaussianor non-Gaussian,whetheradiabatic (perturbationsin the energy density)or isocur-
vature (perturbationsin theentropydensity),whethertheprimordialspectrumhastilt (deviationsfrom
scale-invariance),etc.;b) therecentcreationof inhomogeneities,whethercosmic strings or someother
topologicaldefectfrom anearlyphasetransitionareresponsiblefor theformationof structuretoday;and
c) thecosmicevolutionof the inhomogeneity, whethertheuniversehasbeendominatedby cold or hot
darkmatteror by acosmologicalconstantsincethebeginningof structureformation,andalsodepending
on therateof expansionof theuniverse.

Theworkingtoolsusedfor thecomparisonbetweentheobservedpowerspectrumandthepredicted
oneareverypreciseN-bodynumericalsimulationsandtheoreticalmodelsthatpredicttheshape butnot
theamplitude of thepresentpowerspectrum.Eventhougha largeamountof work hasgoneinto those
analyses,we still havelargeuncertaintiesaboutthenatureandamountof matternecessaryfor structure
formation.A modelthathasbecomeaworkingparadigmis aflat colddarkmattermodelwith acosmo-
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logicalconstantand³ �Ì� � * 4 � � * � . Thismodelwill soonbeconfrontedwith veryprecisemeasurements
from SDSS,2dF, andseveralotherlargeredshiftcatalogs,thatarealreadytakingdata,seeSection4.5.

Theobservationalconstraintson thepowerspectrumhavea hugeleverarmof measurementsat
verydifferentscales,mainly from theobservedclusterabundance,on10Mpc scales,to theCMB fluctu-
ations,on1000Mpcscales,whichdeterminesthenormalizationof thespectrum.At present,deepredshift
surveysareprobingscalesbetween100 and1000Mpc, which shouldbeginto seethe turnovercorre-
spondingto the peakof the powerspectrumat Â r)b , seeFigs.8 and9. The standardCDM modelwith³ �Ì� � , normalizedto theCMB fluctuationson largescales,is inconsistentwith theclusterabundance.
Thepowerspectraof bothaflat modelwith acosmologicalconstantor anopenuniversewith ³ � � � * 4
(definedas

(
CDM andOCDM, respectively)canbenormalizedsothat theyagreewith both theCMB

andclusterobservations.In thenearfuture,galaxysurveyobservationswill greatlyimprovethepower
spectrumconstraintsandwill allow a measurementof ³ � from theshapeof thespectrum.At present,
thesemeasurementssuggesta low valueof ³ � , butwith largeuncertainties.

3.2.8 Cluster abundance and evolution

Rich clustersarethemostrecentlyformedgravitationallyboundsystemsin theuniverse.Their number
densityasafunctionof time(or redshift)helpsdeterminetheamountof darkmatter. Theobservedpresent
(
u � � ) clusterabundanceprovidesa strongconstrainton thenormalizationof thepowerspectrumof

densityperturbationsonclusterscales.Both
(

CDM andOCDM areconsistentwith theobservedcluster
abundanceat

u � � , seeFig. 20,while StandardCDM (Einstein-DeSittermodel,with ³ � � � ), when
normalizedatCOBEscales,producestoomanyclustersatall redshifts.
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Fig. 20: Theevolutionof theclusterabundanceasa functionof redshift,comparedwith observationsfrom massiveclusters.

Thefour modelsarenormalizedto COBE.FromRef. [49].

Theevolution of theclusterabundancewith redshiftbreaksthedegeneracyamongthemodelsatu � � . Thelow-massmodels(Openand
(

-CDM) predictarelativelysmallchangein thenumberdensity
of richclustersasafunctionof redshiftbecause,dueto thelow density, hardlyanystructuregrowthoccurs
since

u � � . Thehigh-massmodels(Tilted andStandardCDM) predictthatstructurehasgrownsteadily
andrich clustersonly formedrecently: thenumberdensityof rich clustersat

u � � is predictedto be
exponentiallysmallerthantoday. Theobservationof a singlemassiveclusteris enoughto rule out the³ �Ì� � model.In fact, threeclustershavebeenseen,suggestinga low densityuniverse[50],

³ �Ì� � * � « P tQ÷ �hÀ� tQ÷ � t 9 � K ?xÐ]Ñ;Ð]@ ?xÐ�@ ¢ Ñ1I : F8��� H 9 ? § ?xÐ � � Ñ"Ð�@ ¢ : * (81)
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But oneshouldbecautious.Thereis thecaveatthatfor this constraintit is assumedthattheinitial spec-
trumof densityperturbationsis Gaussian,aspredictedin thesimplestmodelsof inflation,butthathasnot
yetbeenconfirmedobservationallyonclusterscales.

Fig. 21: Theobservedcosmicmattercomponentsasfunctionsof theHubbleexpansionparameter. Theluminousmattercom-

ponentis givenby Eq.(73); thegalactichalocomponentis thehorizontalband,Eq.(74),crossingthebaryoniccomponentfrom

BBN, Eq. (38); andthedynamicalmasscomponentfrom largescalestructureanalysisis givenby Eq. (80). Note that in the

rangeç è j¼�ed��O� km/s/Mpc,therearethree darkmatterproblems,seethetext.

3.2.9 Summary of the matter content

We cansummarizethepresentsituationwith Fig. 21, for ³ � asa functionof v t . Therearefour bands,
the luminousmatter ³	¿ « s ; thebaryoncontent³/B , from BBN; thegalactichalocomponent³ Ø ¾*¿ n , and
thedynamicalmassfrom clusters,³ � . Fromthisfigureit is clearthattherearein fact three darkmatter
problems:Thefirst oneis whereare90%of thebaryons.Betweenthefractionpredictedby BBN andthat
seenin starsanddiffusegasthereis ahugefractionwhich is in theform of darkbaryons.Theycouldbe
in smallclumpsof hydrogenthathavenotstartedthermonuclearreactionsandperhapsconstitutethedark
matterof spiralgalaxies’halos.Note thatalthough³/B and ³ Ø ¾�¿ n coincideat v tk� ¤ � km/s/Mpc,this
couldbejust a coincidence.Thesecondproblemis whatconstitutes90%of matter, from BBN baryons
to themassinferredfrom clusterdynamics.This is thestandarddarkmatterproblemandcouldbesolved
by directdetectionof aweaklyinteractingmassiveparticlein thelaboratory. And finally, sinceweknow
from observationsof theCMB, seeSection4.4,thattheuniverseis flat, whatconstitutesaround60%of
theenergy density, from dynamicalmassto critical density, ³ t � � ? Onepossibilitycouldbethat the
universeis dominatedby a diffusevacuumenergy, i.e. a cosmologicalconstant,which only affectsthe
verylargescales.Alternatively, thetheoryof gravity(generalrelativity)mayneedtobemodifiedonlarge
scales,e.g.dueto quantumgravity effects.Theneedto introduceaneffectivecosmologicalconstanton
largescalesis nowadaystheonly reasonwhygravitymayneedtobemodifiedatthequantumlevel. Since
westill donothaveaquantumtheoryof gravity, suchaproposalis still veryspeculative,andmostof the
approachessimply considertheinclusionof acosmologicalconstantasaphenomenologicalparameter.

3.2.10 Massive neutrinos

Oneof the‘usualsuspects’whenaddressingtheproblemof darkmatterareneutrinos.Theyaretheonly
candidatesknownto exist. If neutrinoshaveamass,couldtheyconstitutethemissingmatter?Weknow
from theBig Bangtheory, seeSection2.2.2,thatthereis acosmicneutrinobackgroundata temperature
of approximately2K. This allowsoneto computethepresentnumberdensityin the form of neutrinos,
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whichturnsout to be,for masslessneutrinos,3 � 9 $&� : � E�p� 3�D 9 $ DS: � ����� ¢ � �
E
, perspeciesof neutrino.

If neutrinoshavemass,asrecentexperimentsseemto suggest,seeFig. 22, thecosmicenergy densityin
massiveneutrinoswouldbe

����� 3 � X �Î� E�p� 3�D X �
, andthereforeits contributiontoday,

³ � � . � X �£ � ��~ * (82)

Thediscussionin thepreviousSectionssuggestthat ³ � ú � * � , andthus,for anyof the threefamilies
of neutrinos,

X � ú � � eV. Note that this limit improvesby six ordersof magnitudethepresentbound
on thetau-neutrinomass[51]. Supposingthatthemissingmassin non-baryoniccold darkmatterarises
from a singleparticledarkmatter(PDM) component,its contributionto thecritical densityis bounded
by
� * � « ú ³ U Ï � � . ú � * � , seeFig. 21.
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neutrinooscillationexperiments.Notethethresholdof cosmologicallyimportantmasses,cosmologicallydetectableneutrinos

(by CMB andLSSobservations),andcosmologicallyexcludedrangeof masses.FromRef. [52].

I will now go throughthevariouslogical argumentsthatexcludeneutrinosasthedominant com-
ponentof themissingdarkmatterin theuniverse.Is it possiblethatneutrinoswith amass -/.1032547682
-:9 eV bethenon-baryonicPDM component?For instance,couldmassiveneutrinosconstitutethedark
matterhalosof galaxies?Forneutrinostobegravitationallyboundtogalaxiesit isnecessarythattheirve-
locity belessthattheescapevelocity ;=<?>A@ , andthustheirmaximummomentumis BDC ¾FEHG 4 6 ;=<?>A@ . How
manyneutrinoscanbepackedin thehaloof agalaxy?Dueto thePauliexclusionprinciple,themaximum
numberdensityis givenby thatof a completelydegenerateFermigaswith momentumBJI G BDC ¾FE , i.e.K C ¾LE G BJMC ¾LEONJPRQTS . Therefore,themaximumlocaldensityin darkmatterneutrinosis U C ¾LE G K C ¾LE 476 G
47V6 ; M<?>A@ NJPRQ S , which mustbegreaterthanthetypical halodensityU Ø ¾�¿XW G 9JY P GeVcmZ M . For a typical
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spiralgalaxy, thisconstraint,knownastheTremaine-Gunnlimit, gives4[6]\5-^9 eV, seeRef.[53]. How-
ever, this mass,evenfor a singlespecies,saythetau-neutrino,givesa valuefor _ 6O` S G 9=Yba , which is
far toohighfor structureformation.Neutrinosof suchalow masswouldconstitutearelativistichotdark
mattercomponent,which would wash-outstructurebelowthesuperclusterscale,againstevidencefrom
presentobservations,seeFig.22. Furthermore,applyingthesamephase-spaceargumentto theneutrinos
asdarkmatterin thehaloof dwarf galaxiesgives 4 6 \dcJ9=9 eV, beyondclosuredensity(82). We must
concludethatthesimpleideathatlight neutrinoscouldconstitutetheparticledarkmatteronall scalesis
ruledout. Theycould,however, still play a role asa sub-dominanthot darkmattercomponentin a flat
CDM model.In thatcase,aneutrinomassof order1 eV is not cosmologicalexcluded,seeFig. 22.

Anotherpossibilityis thatneutrinoshavealargemass,of orderafew GeV. In thatcase,theirnum-
berdensityatdecoupling,seeSection2.2.2,issuppressedbyaBoltzmannfactor, e5. ÊOfhgLi 4[6 NRjlk <m@on . For
masses4[6]p j k <m@rq 9JYts MeV, thepresentenergy densityhasto becomputedasasolutionof thecorre-
spondingBoltzmannequation.Apartfromalogarithmiccorrection,onefinds _u6 ` S q 9JYtc g cJ9wv/.x0 N 4[6yn S
for Majorananeutrinosandslightlysmallerfor Diracneutrinos.In eithercase,neutrinoscouldbethedark
matteronly if theirmasswasafew GeV. Laboratorylimits for zx{ of around18MeV [51], andmuchmore
stringentonesfor zx| and zx} , excludetheknownlight neutrinos.However, thereis alwaysthepossibility
of a fourth unknownheavyandstable(perhapssterile)neutrino. If it couplesto theZ bosonandhasa
massbelow45 GeV for Dirac neutrinos(39.5GeV for Majorananeutrinos),thenit is ruledout by mea-
surementsat LEP of the invisible width of theZ. Therearetwo logical alternatives,eitherit is a sterile
neutrino(it doesnot coupleto theZ), or it doescouplebut hasa largermass.In thecaseof a Majorana
neutrino(its ownantiparticle),theirabundance,for thismassrange,is toosmallfor beingcosmologically
relevant,_u6 ` S 2~9=Yb9=9Ja . If it werea Dirac neutrinotherecouldbea leptonasymmetry, which maypro-
videahigherabundance(similarto thecaseof baryogenesis).However, neutrinosscatteronnucleonsvia
theweakaxial-vectorcurrent(spin-dependent)interaction.For thesmallmomentumtransfersimparted
by galacticWIMPs,suchcollisionsareessentiallycoherentoveranentirenucleus,leadingto anenhance-
mentof theeffectivecrosssection.Therelativelylargedetectionratein thiscaseallowesoneto exclude
fourth-generationDiracneutrinosfor thegalacticdarkmatter[54]. Anyway, it wouldbeveryimplausible
to havesucha massiveneutrinotoday, sinceit would haveto bestable,with a life-time greaterthanthe
ageof theuniverse,andthereis no theoreticalreasonto expecta massivesterileneutrinothatdoesnot
oscillateinto theotherneutrinos.

Of course,thedefinitivetestto thepossiblecontributionof neutrinosto theoveralldensityof the
universewould beto measuredirectly their massin laboratoryexperiments.13 Thereareat presenttwo
typesof experiments:neutrinooscillationexperiments,whichmeasureonlydifferences in squaredmasses,
anddirectmass-searchesexperiments,like thetritium � -spectrumandtheneutrinolessdouble-� decay
experiments,whichmeasuredirectlythemassof theelectronneutrinoandgiveabound4 61� e� 2eV. Neu-
trinoswith sucha masscouldvery well constitutetheHDM componentof theuniverse,_/Ñ°Ïl� e� 9JYtcJa .
Theoscillationexperimentsgivea varietyof possibilitiesfor ��4 S6 G 9=Y P i P .x0 S from LSND (not yet
confirmed),to theatmosphericneutrinooscillationsfrom SuperKamiokande( ��4 S6 q P�� c=9 Z M/.x0 S )
andthesolarneutrinooscillations( ��4 S6 q c=9DZy��.10 S ). Only thefirst two possibilitieswouldbecosmo-
logically relevant,seeFig. 22.

3.2.11 Weakly Interacting Massive Particles

Unlesswedrasticallychangethetheoryof gravityonlargescales,baryonscannotmakeupthebulk of the
darkmatter. Massiveneutrinosaretheonlyalternativeamongtheknownparticles,buttheyareessentially
ruledout asa universaldarkmattercandidate,evenif theymayplay a subdominantrole asa hot dark
mattercomponent.Thereremainsthemysteryof what is thephysicalnatureof thedominantcold dark
mattercomponent.

13For a reviewof Neutrinos,seeBilenky’s contributionto theseProceedings[55].
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Somethinglike a heavystableneutrino,a genericWeakly InteractingMassiveParticle(WIMP),
couldbea reasonablecandidatebecauseits presentabundancecouldfall within theexpectedrange,

_w�y� � ` S e
� MF� S�j M� ` S� S�����J�L��� ;=� <m��� G

PH� cJ9 Z So���x� M�� Z����� �L��� ;=� <m��� Y (83)

Here ;=� <?� is therelativevelocity of thetwo incomingdarkmatterparticlesandthebrackets� Y1YxY � denote
a thermalaverageat thefreeze-outtemperature,jl� q 4 �O� � NJ  9 , whenthedarkmatterparticlesgo out
of equilibrium with radiation. The valueof �A� �L��� ;=� <m��� neededfor _ �O� �¢¡£c is remarkablycloseto
whatonewould expectfor a WIMP with a mass4 �y� � G c=9J9 GeV, ���J�L��� ; � <m� � e¥¤ S=N s Q 4 �y� �¦e
P§� c=9DZ So� �1� M �¨Z�� . We still do not know whetherthis is just a coincidenceor an importanthint on the
natureof darkmatter.

Fig. 23: The maximumlikelihood region from the annual-modulationsignal consistentwith a neutralinoof mass ©]ª¬«R®h¯y°�±² °´³ GeV anda protoncrosssectionof µ�¶O·¸«º¹�» ¼ ¯=½"¾ ³² °?¾ +À¿]Á ¼ ²JÂ pb, seethe text. Thescatterplot representsthe theoreti-

cal predictionsof agenericMSSM.FromRef. [56].

Therearea few theoreticalcandidatesfor WIMPs, like theneutralino,comingfrom supersymme-
tric extensionsof thestandardmodelof particlephysics,14 but at presentthereis no empiricalevidence
thatsuchextensionsareindeedrealizedin nature.In fact,thenon-observationof supersymmetricparticles
at currentacceleratorsplacesstringentlimits on theneutralinomassandinteractioncrosssection[57].

If WIMPsconstitutethedominantcomponentof thehaloof ourgalaxy, it isexpectedthatsomemay
crosstheEarthatareasonablerateto bedetected.Thedirectexperimentalsearchfor themrely onelastic
WIMP collisionswith thenucleiof asuitabletarget.DarkmatterWIMPsmoveatatypicalgalacticvirial
velocityof around  9J9 i P 9=9 km/s,dependingon themodel.If theirmassis in therangec=9 i cJ9J9 GeV,
therecoilenergy of thenucleiin theelasticcollisionwouldbeof order10keV. Therefore,oneshouldbe
ableto identify suchenergy depositionsin amacroscopicsampleof thetarget.Thereareatpresentthree
differentmethods:First,onecouldsearchfor scintillationlight in NaI crystalsor in liquid xenon;second,
searchfor anionizationsignalin asemiconductor, typically averypuregermaniumcrystal;andthird,use
acryogenicdetectorat10mK andsearchfor ameasurabletemperatureincreaseof thesample.Themain

14For a reviewof Supersymmetry(SUSY),seeCarena’s contributionto theseProceedings.
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problemwith sucha type of experimentis the low expectedsignalrate,with a typical numberbelow
1 event/kg/day. To reducenaturalradioactivecontaminationonemustuseextremelypuresubstances,
andto reducethebackgroundcausedby cosmicraysrequiresthat theseexperimentsbe locateddeeply
underground.

DAMA/
NaI-1
Ã DAMA/

NaI-2
Ã DAMA/

NaI-3
Ã DAMA/

NaI-4
Ã

Fig. 24: TheDAMA experimentseesanannualvariation,of order7%, in theWIMP flux dueto theEarth’s motionaroundthe

Sun. Themodelindependentresidualratein thelowest( ÄÆÅÈÇ keV) cumulativeenergy interval(in countsperday/kg/keV)is

shownasafunctionof timesince1 Januaryof thefirst yearof datataking.Theexpectedbehaviourof aWIMP signalis acosine

functionwith aminimum(maximum)roughlyat thedashed(dotted)verticallines.FromRef. [56].

Thebestlimits onWIMP scatteringcrosssectionscomefrom somegermaniumexperiments[58],
aswell asfromtheNaIscintillationdetectorsof theUK darkmattercollaboration(UKDMC) in theBoulby
saltminein England[59], andtheDAMA experimentin theGranSassolaboratoryin Italy [56]. Current
experimentsalreadytouchtheparameterspaceexpectedfrom supersymmetricparticles,seeFig. 23,and
thereforethereis a chancethat theyactuallydiscoverthenatureof themissingdarkmatter. Theprob-
lem, of course,is to attributea tentativesignalunambiguouslyto galacticWIMPs ratherthanto some
unidentifiedradioactivebackground.

Onespecificsignatureis theannualmodulationwhicharisesastheEarthmovesaroundtheSun.15

Therefore,thenetspeedof theEarthrelativeto thegalacticdarkmatterhalovaries,causingamodulation
of theexpectedcountingrate.TheDAMA/NaI experimenthasactuallyreportedsucha modulationsig-
nal,seeFig.24,fromthecombinedanalysisof their4-yeardata[56], whichprovidesaconfidencelevelof
99.6%for aneutralinomassof 4[É G a  ËÊ � �ZyÌ GeVandaprotoncrosssectionof Í �OÎ GÐÏ Y  ÑÊ �¨Ò VZ �¨Ò Ó � cJ9 ZyÔ pb,
whereÍ G U É N 9=Y P GeVcmZ M is thelocal neutralinoenergy densityin unitsof thegalactichalodensity.
Therehasbeenno confirmationyet of this resultfrom otherdarkmattersearchgroups,but hopefullyin
thenearfuturewewill havemuchbettersensitivityat low massesfrom theCryogenicRareEventSearch
with SuperconductingThermometers(CRESST)experimentat GranSassoaswell asat weakercross
sectionsfrom the CDMS experimentat Stanfordandthe Soudanmine,seeFig. 25. The CRESSTex-
periment[60] usessapphirecrystalsastargetsandanewmethodto simultaneouslymeasurethephonons
andthescintillatinglight from particleinteractionsinsidethecrystal,whichallowsexcellentbackground
discrimination.Very recentlytherehasbeentheinterestingproposalof a completelynewmethodbased
onaSuperheatedDropletDetector(SDD),whichclaimsto havealreadyasimilarsensitivityasthemore
standardmethodsdescribedabove,seeRef. [61].

Thereexistotherindirect methodsto searchfor galacticWIMPs [62]. Suchparticlescouldself-
annihilateatacertainratein thegalactichalo,producingapotentiallydetectablebackgroundof highen-
ergyphotonsorantiprotons.Theabsenceof suchabackgroundin bothgammaraysatellitesandtheAlpha

15Thetimescaleof theSun’s orbit aroundthecenterof thegalaxyis too largeto berelevantin theanalysis.
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Fig. 25: Exclusionrangefor thespin-independentWIMP scatteringcrosssectionpernucleonfrom theNaI experimentsand

theGedetectors.Also shownis the rangeof expectedcountingratesfor neutralinosin theMSSM. Thesearchgoalsfor the

upcominglarge-scalecryogenicdetectorsCRESSTandCDMS arealsoshown.FromRef. [22].

MatterSpectrometer[63] imposesboundson their densityin thehalo. Alternatively, WIMPs traversing
thesolarsystemmayinteractwith thematterthatmakesup theEarthor theSunsothata small fraction
of themwill loseenergy andbe trappedin their cores,building up over theageof theuniverse.Their
annihilationin thecorewould thusproducehigh energy neutrinosfrom thecenterof theEarthor from
theSunwhich aredetectableby neutrinotelescopes.In fact, SuperKamiokandealreadycoversa large
partof SUSYparameterspace.In otherwords,neutrinotelescopesarealreadycompetitivewith direct
searchexperiments.In particular, theAMANDA experimentat theSouthPole[64], whichis expectedto
havecJ9 M Cherenkovdetectors2.3km deepin veryclearice,overavolume eÐc kmM , is competitivewith
thebestdirectsearchesproposed.Theadvantagesof AMANDA arealsodirectional,sincethearraysof
Cherenkovdetectorswill allow oneto reconstructtheneutrinotrajectoryandthusits source,whetherit
comesfrom theEarthor theSun.

3.3 The cosmological constant _wÕ
A cosmologicalconstantis a termin theEinsteinequations,seeEq. (1), thatcorrespondsto theenergy
densityof thevacuumof quantumfield theories,ÖØ×Øs Q � UyÙ , seeRef. [65]. Thesetheoriespredicta
valueof order UyÙÚeÜÛ V� q a � cJ9 Ó M g/cmM , which is about123 ordersof magnitudelarger thanthe
critical density(14). Suchadiscrepancyis oneof thebiggestproblemsof theoreticalphysics[66]. It has
alwaysbeenassumedthatquantumgravity effects,via someasyet unknownsymmetry, would exactly
cancelthecosmologicalconstant,but this remainsa downrightspeculation.Moreover, oneof thediffi-
cultieswith anon-zerovaluefor Ö is thatit appearscoincidentalthatwearenowliving ataspecialepoch
whenthecosmologicalconstantstartsto dominatethedynamicsof theuniverse,andthat it will do so
foreverafter, seeSection2.1.2andEq.(20). Nevertheless,eversinceEinsteinintroducedit in 1917,this
etherealconstanthasbeeninvokedseveraltimesin historyto explainanumberof apparentcrises,always
to disappearunderfurtherscrutiny[21].
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Fig. 26: TheTypeIa supernovaeobservednearbyshowa relationshipbetweentheir absoluteluminosityandthetimescaleof

their light curve:thebrightersupernovaeareslowerandthefainteronesarefaster. A simplelinearrelationbetweentheabsolute

magnitudeanda ‘stretchfactor’ multiplying thelight curvetimescalefits thedataquitewell. FromRef. [68].

In spiteof the theoreticalprejudicetowardsÖ G 9 , therearenewobservationalargumentsfor a
non-zerovalue.Themostcompellingonesarerecentevidencethatwelive in aflat universe,from obser-
vationsof CMB anisotropies,togetherwith strongindicationsof a low massdensityuniverse( _w� � c ),
fromthelargescaledistributionof galaxies,clustersandvoids,thatindicatethatsomekindof darkenergy
mustmakeup therestof theenergy densityup to critical, i.e. _�Õ G c i _w� . In addition,thediscrep-
ancybetweentheagesof globularclustersandtheexpansionageof theuniversemaybecleanlyresolved
with ÖÞÝG 9 . Finally, thereis growingevidencefor anacceleratinguniversefrom observationsof distant
supernovae.I will nowdiscussthedifferentargumentsoneby one.

Theonly knownway to reconcilea low massdensitywith aflat universeis if anadditional‘dark’
energy dominatestheuniversetoday. It would haveto resistgravitationalcollapse,otherwiseit would
havebeendetectedalreadyaspart of the energy in the halosof galaxies.However, if mostof the en-
ergy of theuniverseresistsgravitationalcollapse,it is impossiblefor structurein theuniverseto grow.
Thisdilemmacanberesolvedif thehypotheticaldarkenergy wasnegligiblein thepastandonly recently
becamethedominantcomponent.Accordingto generalrelativity, this requiresthatthedarkenergy have
negativepressure,sincetheratioof darkenergy to matterdensitygoeslike ß gAà n Z M Î �Lá . Thisargument[67]
wouldruleoutalmostall of theusualsuspects,suchascolddarkmatter, neutrinos,radiation,andkinetic
energy, sincetheyall havezeroor positivepressure.Thus,weexpectsomethinglike acosmologicalcon-
stant,with negativepressure,B�¡ i U , to accountfor themissingenergy.

This negativepressurewould helpacceleratetheuniverseandreconciletheexpansionageof the
universewith the agesof starsin globularclusters,seeFig. 11, where

à � � � is shownasa function of
_w� , in a flat universe,_wÕ G c i _�� , andanopenone, _�Õ G 9 . For thepresentageof theuniverse
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of
à � G c P¸â c Gyr, andthemeasuredrateof expansion,

� � GãÏ 9 â Ï km/s/Mpc,onefinds
à � � � G

9JYtä Prâ 9JYtc   (addingerrorsin quadrature),which correspondsto _w� G 9JYt9Ja Ê �åÒ S VZ �åÒ � � for anopenuniverse,
seeFig. 11, marginally consistentwith observationsof largescalestructure.On theotherhand,for aflat
universewith a cosmologicalconstant,

à � � � G 9=Ytä PÑâ 9=Ybc   correspondsto _w� G 9=Y P - Ê �åÒ S �Z �åÒ � S , which is
perfectlycompatiblewith recentobservations.Thesesuggestthatweprobablylive in aflat universethat
is accelerating,dominatedtodayby avacuumenergy density.
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Fig. 27: Hubblediagramfor the high redshiftsupernovaefound by the SN CosmologyProject. From Ref. [68]. A similar

diagramis foundby theHigh RedshiftSupernovaProject[69]. Both groupsconcludethatdistantsupernovaearefainter than

expected,andthiscouldbedueto anacceleratinguniverse.

This conclusionshavebeensupportedby growingly robustobservationalevidencefrom distant
supernovae.In their questfor thecosmologicalparameters,astronomerslook for distantastrophysical
objectsthatcanserveasstandardcandlesto determinethedistanceto theobjectfrom theirobservedap-
parentluminosity. A candidatethat hasrecentlybeenexploitedwith greatsuccessis a certaintype of
supernovaexplosionsat largeredshifts,calledSN of typeIa. Thesearewhite dwarf starsat theendof
theirlife cyclethataccretematterfromacompanionuntil theybecomeunstableandviolentlyexplodein a
naturalthermonuclearexplosionthatout-shinestheirprogenitorgalaxy. Theintensityof thedistantflash
variesin time, it takesaboutthreeweeksto reachits maximumbrightnessandthenit declinesoverape-
riod of months.Althoughthemaximumluminosityvariesfrom onesupernovato another, dependingon
theiroriginalmass,theirenvironment,etc.,thereis apattern:brighterexplosionslastlongerthanfainter
ones. By studyingthe characteristiclight curves,seeFig. 26, of a reasonablylarge statisticalsample,
cosmologistsfrom two competinggroups,theSupernovaCosmologyProject[68] andtheHigh-redshift
SupernovaProject[69], areconfidentthattheycanusethis typeof supernovaasastandardcandle.Since
thelight comingfrom someof theserareexplosionshastravelledfor alargefractionof thesizeof theuni-
verse,oneexpectsto beableto infer from theirdistributionthespatialcurvatureandtherateof expansion
of theuniverse.

Oneof thesurprisesrevealedby theseobservationsis thathighredshifttypeIa supernovaeappear
fainter thanexpectedfor eitheranopen( _ � � c ) or a flat ( _ �ùG c ) universe,seeFig. 27. In fact, the
universeappearsto beacceleratinginsteadof decelerating,aswasexpectedfrom thegeneralattractionof
matter, seeEq.(22);somethingseemstobeactingasarepulsiveforceonverylargescales.Themostnatu-
ralexplanationfor thisis thepresenceof acosmologicalconstant,adiffusevacuumenergy thatpermeates
all spaceand,asexplainedabove,givestheuniverseanaccelerationthattendsto separategravitationally
boundsystemsfrom eachother. Thebest-fitresultsfrom theSupernovaCosmologyProjectgivea linear
combination 9=Ybs=_ � i 9=Ybú=_ ÕûG i 9=Y  üâ 9=Ybc g c � n , and,for a flat universe( _ �Ðý _ ÕûG c ), thebest-fit
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supernovaeresults.Thesystematicuncertaintyis not shown,andwould shift theellipsesvertically. Presentobservationsdis-

favourtheEisntein-deSittermodel(circle) by severalstandarddeviations.Theupper-left shadedregionrepresents‘bouncing

universe’cosmologieswith no Big Bangin thepast.Thelower-right shadedregioncorrespondsto a universethat is younger

thantheoldestheavyelements,for anyvalueof 3547¼J»  . Theright figureshowstheisochronesof constant6 ½87 ½ , theageof

theuniversein unitsof theHubbletime, 6 ² °½ , with thebest-fit68%and90%confidenceregionsin the( +-,/.0+21 ) plane.From

Ref. [68].

valuesfor thecombinedanalysisof bothgroups[68, 69], are

_:9 �<;� G 9JY   s Ê �åÒ �LÓZ �åÒ � Ì
g c � �>=@?A=@B �C=@B � ?EDbn Ê �¨Ò � �Z �¨Ò � V

g BGF .IH#=@B J .�Fr�>Ky�>=L. � ?L=MB � �ånON (84)

_:9 �<;Õ G 9JY Ï  ËÊ �åÒ � ÌZ �åÒ �LÓ
g c � �>=@?A=@B �C=@B � ?EDbn Ê �¨Ò � VZ �¨Ò � �

g BGF .IH#=@B J .�Fr�>Ky�>=L. � ?L=MB � �ån Y (85)

However, onemaythinkthatit isstill prematuretoconcludethattheuniverseis indeedaccelerating,
becauseof possiblylargesystematicerrorsinherenttomostcosmologicalmeasurements,andin particular
to observationsof supernovaeatlargeredshifts.Therehasbeenattemptsto find crucialsystematiceffects
like evolution,chemicalcompositiondependence,reddeningby dust,etc. in thesupernovaeobservations
thatwouldinvalidatetheclaims,butnoneof themarenowconsideredasaseriousthreat.Perhapsthemost
critical onetodayseemsto be samplingeffects,sincethe luminositiesof the high-redshiftsupernovae
( P eÐ9JYta i c=Yt9 ) areall measuredrelativeto thesamesetof local supernovae( P � 9JY P ). Hence,absolute
calibrations,completenesslevels,andanyothersystematiceffectsrelatedto bothdatasetsarecritical.
Forinstance,theintenseeffortsto searchfor high-redshiftobjectshaveledto thepeculiarsituationwhere
thenearbysample,which is usedfor calibration,is now smallerthanthedistantone. Furthersearches,
alreadyunderway, for increasingthenearbysupernovaesamplewill provideanimportantcheck.

Moreover, thereareboundsonacosmologicalconstantthatcomefromthestatisticsof gravitational
lensing,with two differentmethods.Gravitationallensingcanbedueto variousaccumulationsof matter
alongthelineof sightto thedistantlight sources.Thefirstmethodusestheabundanceof multiply imaged
sourceslike quasars,lensedby interveninggalaxies.Theprobabilityof findingalensedimageis directly
proportionalto thenumberof galaxies(lenses)alongthepathandthusto thedistanceto thesource.This
distance,for fixed

� � , increasesdramaticallyfor alargevalueof thecosmologicalconstant:theageof the
universeandthedistanceto thegalaxybecomelargefor _wÕÚÝG 9 becausetheuniversehasbeenexpanding
for a longertime; therefore,morelensesarepredictedfor _wÕ�pÐ9 . Usingthismethod,anupperlimit of

_wÕ � 9JY Ï a g äJaEQ � YGDtYbn (86)
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hasrecentlybeenobtained[70], marginally consistentwith thesupernovaeresults,but therearecaveats
to thispowerfulmethodduetouncertaintiesin thenumberdensityandlensingcrosssectionof thelensing
galaxiesaswell asthedistantquasars.A secondmethodis lensingby massiveclustersof galaxies,which
produceswidely separatedlensedimagesof quasarsanddistortedimagesof backgroundgalaxies.The
observedstatistics,whencomparedwith numericalsimulations,rule out the _w� G c modelsandsetan
upperboundonthecosmologicalconstant,_wÕ � 9JY Ï , seeRef.[47]. However, this limit is verysensitive
to theresolutionof thenumericalsimulations,whicharecurrentlyimproving.

3.4 The spatial curvature _SR
As we will discussin detail in Section4.4, observationsof the two-point correlationfunction of tem-
peratureanisotropiesin themicrowavebackgroundprovidea crucialtestfor thespatialcurvatureof the
universe.Fromthoseobservationsonecantell whetherthephotonsthat left the lastscatteringsurface,
at redshift P G cJc=9J9 , havetravelledin straightlines, like in a flat universe,or in curvedpaths,like in
anopenone.Very recentobservationsmadeby theballoonexperimentBOOMERANGsuggestthatthe
universeis indeedspatiallyflat ( _ R G 9 ) with about10%accuracy[71],

_ � G _ � ý _ Õ�G cJYt9 â 9JYtc g äJaEQ � YGDbYtn (87)

Thesemeasuremntsareboundto beimprovedin thenearfuture,by bothballoonexperimentsandby the
MicrowaveAnisotropyProbe(MAP) satellite,to be launchedby NASA at the endof year2000[72].
Furthermore,with the launchin 2007of Plancksatellite[73] we will beableto determine_ � with 1%
accuracy.

3.5 The age of the universe
à �

Theuniversemustbeolder thantheoldestobjectsit contains.Thosearebelievedto bethestarsin the
oldestclustersin theMilky Way, globularclusters.Themostreliableagescomefrom theapplicationof
theoreticalmodelsof stellarevolutionto observationsof old starsin globularclusters.Forabout30years,
theagesof globularclustershaveremainedreasonablestable,at about15 Gyr [74]. However, recently
theseageshavebeenreviseddownward[75].

Duringthe1980sand1990s,theglobularclusterageestimateshaveimprovedasbothnewobserva-
tionshavebeenmadewith CCDs,andsincerefinementsto stellarevolutionmodels,includingopacities,
considerationof mixing, anddifferentchemicalabundanceshavebeenincorporated[76]. Fromthethe-
ory side,uncertaintiesin globularclusteragescomefrom uncertaintiesin convectionmodels,opacities,
andnuclearreactionrates.Fromtheobservationalside,uncertaintiesarisedueto correctionsfor dustand
chemicalcomposition.However, thedominantsourceof systematicerrorsin theglobularclusterageis
theuncertaintyin theclusterdistances.Fortunately, theHipparcossatelliterecentlyprovidedgeometric
parallaxmeasurementsfor manynearbyold starswith low metallicity, typical of glubularclusters,thus
allowing for anewcalibrationof theagesof starsin globularclusters,leadingto adownwardrevisionto
cJ9 i c P Gyr [76]. Moreover, therewerevery few starsin theHipparcoscatalogwith bothsmallparallax
errosandlow metalabundance.Hence,an increasein thesamplesizecouldbecritical in reducingthe
statatisticaluncertaintitesfor thecalibrationof theglobularclusterages.Therearealreadyproposedtwo
newparallaxsatellites,NASA’s SpaceInterferometryMission(SIM) andESA’s mission,calledGAIA,
thatwill give2 or 3 ordersof magnitudemoreaccurateparallaxesthanHipparcos,downto faintermag-
nitudelimits, for severalordersof magnitudemorestars. Until larger samplesareavailable,however,
distanceerrorsarelikely to bethelargestsourceof systematicuncertaintyto theglobularclusterage[21].

Thesupernovaegroupscanalsodeterminetheageof theuniversefrom their high redshiftobser-
vations. Figure28 showsthat the confidenceregionsin the

g _w�TNx_wÕ�n planearealmostparallel to the
contoursof constantage. For anyvalueof theHubbleconstantlessthan

� � GãÏ 9 km/s/Mpc,the im-
plied ageof the universeis greaterthan13 Gyr, allowing enoughtime for the oldeststarsin globular
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Fig. 29: Therecentestimatesof theageof theuniverseandthatof theoldestobjectsin our galaxy. Thelast threepointscor-

respondto thecombinedanalysisof 8 differentmeasurements,for 3,« 0.64,0.68and7.2,which indicatesa relativelyweak

dependenceon 3 . Theageof theSunis accuratelyknownandis includedfor reference.Errorbarsindicate1¶ limits. Theaver-

agesof theagesof theGalacticHaloandDisk areshadedin gray. Notethatthereisn’t asingleageestimatemorethan2¶ away

from theaverage.Theresult7 ½VUW7YX[Z[\ is logically inevitable,but thestandardEdSmodeldoesnotsatisfythisunless3^]]¼J» R .
FromRef. [77].

clustersto evolve[76]. Integratingover _w� and _wÕ , thebestfit valueof theagein Hubble-timeunitsis� � à � G 9JYtä Püâ 9=Yb9=ú or equivalently
à � G cR-:Ytc â cJYt9 g 9=Ybú=a ` Z�� n Gyr [68]. Theagewould besomewhat

largerin aflat universe:
� � à 9 �<;� G 9=YtäJú Ê �åÒ �LÓZ �åÒ � � or, equivalently, [68]

à 9 �>;� G c�-^Y - Ê � Ò VZ�� Ò �
g 9JYtúJa ` Z�� nhv_Ka`hY (88)

Furthermore,a combinationof 8 independentrecentmeasurements:CMB anisotropies,type Ia
SNe,clustermass-to-lightratios,clusterabundanceevolution,clusterbaryonfraction,deuterium-to-hi-
drogenratiosin quasarspectra,double-lobedradiosourcesandtheHubbleconstant,canbeusedto deter-
minethepresentageof theuniverse[77]. Theresultis shownin Fig. 29,comparedto otherrecentdeter-
minations.Thebestfit valuefor theageof theuniverseis,accordingto thisanalysis,

à � G c P Y - â c=Ybú Gyr,
aboutabillion yearsyoungerthanotherrecentestimates[77].

We cansummarizethis Sectionby showingtheregionin parameterspacewherewe standnowa-
days,thanksto therecentcosmologicalobservations.We haveplottedthatregionin Fig. 30. Onecould
alsosuperimposethecontourlinescorrespondingto equal

à � � � lines,asa crosscheck. It is extraordi-
nary that only in the last few monthswe havebeenableto reducethe concordanceregionto whereit
standstoday, whereall thedifferentobservationsseemto converge. Therearestill manyuncertainties,
mainlysystematic;however, thosearequickly decreasingandbecomingpredominantlystatistical.In the
nearfuture,with preciseobservationsof theanisotropiesin themicrowavebackgroundtemperatureand
polarization,to bediscussedin Section4.4,we will beableto reducethoseuncertaintiesto thelevel of
onepercent.This is thereasonwhy cosmologistsaresoexcitedandwhy it is claimedthatwe live in the
GoldenAgeof Cosmology.
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Fig. 30: Theconcordanceregion. Thesum +2,qpr+21 givesthetotal cosmicenergy contentanddeterminesthegeometryof

space-time,whetherspatiallyflat,openorclosed.Theirdifference, +2,/s�Ä Åt+21 , characterizestherelativestrengthof expansion

andgravity, anddetermineshow theexpansionratechangeswith time, whetheracceleratingor decelerating.Furthermore,a

balancebetweenthetwo densitiesdeterminesthefateof theuniverse,whetherit will expandforeveror recollapse.Thesethree

effectshavebeenprobedby recentobservations,from largescalestructure(clusterdata),temperatureanisotropies(microwave

backgrounddata)andthe universeexpansion(supernovadata). Surprisinglyenough,at presentall observationsseemto lie

within anaroowregionin parameterspace.TheEinstein-deSittermodelis nolongerthepreferredone.Thebestmodeltodayis

aflat modelwith athird of theenergy densityin theform of non-relativisticmatterandtwo thirdsin theform of vacuumenergy

or acosmologicalconstant.FromRef. [78].

4. THE INFLATIONARY PARADIGM

ThehotBig Bangtheoryis nowadaysaveryrobustedifice,with manyindependentobservationalchecks:
theexpansionof theuniverse;theabundanceof light elements;thecosmicmicrowavebackground;apre-
dictedageof theuniversecompatiblewith theageof theoldestobjectsin it, andtheformationof structure
via gravitationalcollapseof initially small inhomogeneities.Today, theseobservationsareconfirmedto
within a few percentaccuracy, andhavehelpedestablishthehot Big Bangasthepreferredmodelof the
universe.All thephysicsinvolvedin theaboveobservationsis routinelytestedin thelaboratory(atomic
andnuclearphysicsexperiments)or in thesolarsystem(generalrelativity).

However, thistheoryleavesarangeof crucialquestionsunanswered,mostof whichareinitial con-
ditions’ problems.Thereis thereasonableassumptionthatthesecosmologicalproblemswill besolvedor
explainedby new physical principles athighenergies,in theearlyuniverse.Thisassumptionleadsto the
naturalconclusionthataccurateobservationsof thepresentstateof theuniversemayshedlight ontopro-
cessesandphysicallawsatenergiesabovethosereachableby particleaccelerators,presentor future.We
will seethatthis is a very optimisticapproachindeed,andthattherearemanyunresolvedissuesrelated
to thoseproblems.However, theremightbein thenearfuturereasonsto beoptimistic.

4.1 Shortcomings of Big Bang Cosmology

TheBig Bangtheorycouldnot explaintheorigin of matterandstructurein theuniverse;thatis, theori-
gin of thematter–antimatterasymmetry, without which theuniversetodaywould befilled by a uniform
radiationcontinuoslyexpandingandcooling,with notracesof matter, andthuswithout thepossibilityto
form gravitationallyboundsystemslike galaxies,starsandplanetsthatcouldsustainlife. Moreover, the
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standardBig Bangtheoryassumes,but cannotexplain,theorigin of theextraordinarysmoothnessand
flatnessof theuniverseontheverylargescalesseenby themicrowavebackgroundprobesandthelargest
galaxycatalogs.It cannotexplaintheorigin of theprimordialdensityperturbationsthatgaveriseto cos-
mic structureslike galaxies,clustersandsuperclusters,via gravitationalcollapse;thequantityandnature
of thedarkmatterthatwebelieveholdstheuniversetogether;nor theorigin of theBig Bangitself.

A summary[79] of theproblemsthattheBig Bangtheorycannotexplainis:
u Theglobalstructureof theuniverse.

- Why is theuniversesocloseto spatialflatness?
- Why is mattersohomogeneouslydistributedon largescales?u Theorigin of structurein theuniverse.
- How did theprimordialspectrumof densityperturbationsoriginate?u Theorigin of matterandradiation.
- Wheredoesall theenergy in theuniversecomefrom?
- Whatis thenatureof thedarkmatterin theuniverse?
- How did thematter-antimatterasymmetryarise?u Theinitial singularity.
- Did theuniversehaveabeginning?
- Whatis theglobalstructureof theuniversebeyondourobservablepatch?

Let mediscussoneby onethedifferentissues:

4.1.1 The Flatness Problem

TheBig Bangtheoryassumesbut cannotexplaintheextraordinaryspatialflatnessof our local patchof
theuniverse.In thegeneralFRW metric(2) theparameterv thatcharacterizesspatialcurvatureis a free
parameter. Thereis nothingin thetheorythatdeterminesthis parametera priori. However, it is directly
related,via theFriedmannEq. (8), to thedynamics,andthusthemattercontent,of theuniverse,

v G s Q �
P U ß S i � S ß S G s Q �

P U ß S _ i c
_ Y (89)

Wecanthereforedefineanewvariable,

w × _ i c
_ G �Yx H �>=åY

U ß S N (90)

whosetimeevolutionis givenby
wzy G

{ w{�| G g c ý PL} n w N (91)

where
| G D H g ß N ß�~�n characterizesthenumber of � -folds of universeexpansion(

{a| G � { à ) andwhere
wehaveusedEq.(30)for thetimeevolutionof thetotalenergy, U ß M , whichonlydependsonthebarotropic
ratio } . It is clearfrom Eq.(91)thatthephase-spacediagram

g w N w y n presentsanunstablecritical (saddle)
point at w G 9 for } p i c NJP , i.e. for theradiation(} G c NJP ) andmatter(} G 9 ) eras.A smallpertur-
bationfrom w G 9 will drive thesystemtowardsw G â�� . Sincewe know theuniversewent through
both the radiationera(becauseof primordial nucleosynthesis)andthe matterera(becauseof structure
formation),tiny deviationsfrom _ G c wouldhavegrownsincethen,suchthattoday

w � G _ � i c
_ � G wz� � j � �

j <�� S g c ý P <�� n Y (92)

In orderthat today’s valuebe in the range 9JYtc � _ � � cJY   , or w � ¡�� g c=n , it is requiredthatat, say,
primordialnucleosynthesis(j:�0� q cJ9 Ô j <[� ) its valuebe

_ gAà �E� n G c â cJ9 Z���� N (93)
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which representsa tremendousfinetuning.Perhapstheuniverseindeedstartedwith sucha peculiarini-
tial condition,but it is epistemologicallymoresatisfyingif we give a fundamentaldynamicalreasonfor
theuniverseto havestartedsocloseto spatialflatness.Theseargumentswerefirst usedby RobertDicke
in the1960s,muchbeforeinflation. He arguedthatthemostnaturalinitial conditionfor thespatialcur-
vatureshouldhavebeenthe Planckscalecurvature,� MM� � G úEv NE� S� , wherethe Plancklengthis � � Gg<�` � N0� M n�� � S G cJYtú   � c=9DZ MLM cm,thatis, 60ordersof magnitudesmallerthanthepresentsizeof theuni-
verse,ß � G c=Y P s � c=9 S Ì cm. A universewith this immensecurvaturewould havecollapsedwithin a
Plancktime,

à � G g<�` � NE� �JnF� � S G a=Y P ä � c=9DZyVLV s,again60ordersof magnitudesmallerthanthepresent
ageof theuniverse,

à � G -^Ybc � c=9 � � s. Therefore,theflatnessproblemis alsorelatedto theAgeProblem,
why is it thattheuniverseissooldandflatwhen,underordinarycircumstances(basedonthefundamental
scaleof gravity) it shouldhavelastedonly a Plancktime andreacheda sizeof orderthePlancklength?
As wewill see,inflationgivesadynamicalreasonto suchapeculiarinitial condition.

4.1.2 The Homogeneity Problem

An expandinguniversehasparticle horizons, thatis,spatialregionsbeyondwhichcausalcommunication
cannotoccur. Thehorizondistancecanbedefinedasthemaximumdistancethatlight couldhavetravelled
sincetheorigin of theuniverse[8],

{@� g�à nu×Ðß gAà n
�
�

{ à y
ß g�à y n e

� Z�� gAà n�N (94)

whichis proportionalto theHubblescale.16 Forinstance,atthebeginningof nucleosynthesisthehorizon
distanceis afew light-seconds,butgrowslinearly with timeandby theendof nucleosynthesisit is a few
light-minutes,i.e. afactor100larger, while thescalefactorhasincreasedonly afactorof 10. Thefactthat
thecausalhorizonincreasesfaster,

{@� e à , thanthescalefactor, ß]e à � � S , impliesthatatanygiventime
theuniversecontainsregionswithin itself that,accordingto theBig Bangtheory, werenever in causal
contactbefore.For instance,thenumberof causallydisconnectedregionsatagivenredshift P presentin
ourcausalvolumetoday,

{@� g�à � nu×Ðß � , is

|�� � g PJnue ß gAà n{@� gAà n
M q g c ý PDn MF� S N (95)

which, for thetimeof decoupling,is of order
|�� � g P k <m@ nueÐcJ9������ .

This phenomenonis particularlyacutein thecaseof theobservedmicrowavebackground.Infor-
mationcannottravelfasterthanthespeedof light, sothecausalregionat thetime of photondecoupling
couldnotbelargerthan

{@�t� àY�A���@�:� �¢¡ �E£I¤ light yearsacross,or about��¥ projectedin thesky today. So
why shouldregionsthatareseparatedby morethan � ¥ in thesky todayhaveexactlythesametempera-
ture,to within 10 ppm,whenthephotonsthatcomefrom thosetwo distantregionscouldnot havebeen
in causalcontactwhentheywereemitted?This constitutestheso-calledhorizonproblem,seeFig. 31,
andwasfirst discussedby RobertDickein the1970sasaprofoundinconsistencyof theBig Bangtheory.

4.2 Cosmological Inflation

In the1980s,anewparadigm,deeplyrootedin fundamentalphysics,wasputforwardbyAlanH. Guth[81],
Andrei D. Linde [82] andothers[83, 84, 85], to addressthesefundamentalquestions.Accordingto the
inflationaryparadigm,theearlyuniversewentthrougha periodof exponentialexpansion,drivenby the
approximatelyconstantenergy densityof ascalarfield calledtheinflaton. In modernphysics,elementary
particlesarerepresentedby quantumfields,which resemblethefamiliar electric,magneticandgravita-
tional fields. A field is simply a functionof spaceandtime whosequantumoscillationsareinterpreted

16For theradiationera,thehorizondistanceis equalto theHubblescale.For themattererait is twice theHubblescale.
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Fig.31: Perhapsthemostacuteproblemof theBig Bangtheoryis explainingtheextraordinaryhomogeneityandisotropyof the

microwavebackground,seeFig.6. At thetimeof decoupling,thevolumethatgaveriseto ourpresentuniversecontainedmany

causallydisconnectedregions(topfigure).Todayweobserveablackbodyspectrumof photonscomingfrom thoseregionsand

theyappearto havethesametemperature,® ° «T®°¯ , to onepartin Á ¼E± . Why is theuniversesohomogeneous?Thisconstitutes

theso-calledhorizonproblem,which is spectacularlysolvedby inflation. FromRef. [80, 78].

asparticles.In our case,theinflatonfield has,associatedwith it, a largepotentialenergy density, which
drivestheexponentialexpansionduringinflation,seeFig. 32. We know from generalrelativity thatthe
densityof matterdeterminestheexpansionof theuniverse,butaconstantenergydensityactsin averype-
culiarway: asarepulsiveforcethatmakesanytwo pointsin spaceseparateatexponentiallylargespeeds.
(Thisdoesnotviolatethelawsof causalitybecausethereis noinformationcarriedalongin theexpansion,
it is simply thestretchingof space-time.)

Thissuperluminalexpansioniscapableof explainingthelargescalehomogeneityof ourobservable
universeand,in particular, why themicrowavebackgroundlookssoisotropic:regionsseparatedtodayby
morethan ��¥ in theskywere,in fact,in causalcontactbeforeinflation,butwerestretchedtocosmological
distancesby the expansion.Any inhomogeneitiespresentbeforethe tremendousexpansionwould be
washedout. Thisexplainswhy photonsfrom supposedlycausallydisconnetedregionshaveactuallythe
samespectraldistributionwith thesametemperature,seeFig. 31.

Moreover, in theusualBig Bangscenarioaflat universe,onein which thegravitationalattraction
of matteris exactlybalancedby the cosmicexpansion,is unstableunderperturbations:a small devia-
tion from flatnessis amplifiedandsoonproduceseitheran emptyuniverseor a collapsedone. As we
discussedabove,for theuniverseto benearlyflat today, it musthavebeenextremelyflat at nucleosyn-
thesis,deviationsnotexceedingmorethanonepartin �0£ � ¤ . Thisextremefinetuningof initial conditions
wasalsosolvedby theinflationaryparadigm,seeFig. 33. Thusinflation is anextremelyeleganthypoth-
esisthatexplainshowaregionmuch,muchgreaterthatourownobservableuniversecouldhavebecome
smoothandflat without recourseto ad hoc initial conditions. Furthermore,inflation dilutesawayany
‘unwanted’relic speciesthatcouldhaveremainedfrom earlyuniversephasetransitions,like monopoles,
cosmicstrings,etc.,which arepredictedin grandunifiedtheoriesandwhoseenergy densitycouldbeso
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Fig. 32: Theinflatonfield canberepresentedasaball rolling downahill. During inflation,theenergy densityis approximately

constant,driving thetremendousexpansionof theuniverse.Whentheball startsto oscillatearoundthebottomof thehill, infla-

tion endsandtheinflatonenergy decaysinto particles.In certaincases,thecoherentoscillationsof theinflatoncouldgenerate

a resonantproductionof particleswhichsoonthermalize,reheatingtheuniverse.FromRef. [78].

largethattheuniversewouldhavebecomeunstable,andcollapsed,longago.Theserelicsaredilutedby
thesuperluminalexpansion,which leavesatmostoneof theseparticlespercausalhorizon,makingthem
harmlessto thesubsequentevolutionof theuniverse.

Theonly thingweknowaboutthispeculiarscalarfield, theinflaton, is thatit hasamassandaself-
interactionpotentialµ �>¶ � butweignoreeverythingelse,eventhescaleatwhichits dynamicsdetermines
thesuperluminalexpansion.In particular, we still do not know thenatureof theinflatonfield itself, is it
somenewfundamental scalarfield in theelectroweaksymmetrybreakingsector, or is it justsomeeffective
descriptionof amorefundamentalhighenergy interaction?Hopefully, in thenearfuture,experimentsin
particlephysicsmightgiveusaclueto its nature.Inflationhadits original inspirationin theHiggsfield,
the scalarfield supposedto be responsiblefor the massesof elementaryparticles(quarksandleptons)
andthe breakingof the electroweaksymmetry. Sucha field hasnot beenfound yet, andits discovery
at thefutureparticlecolliderswould helpunderstandoneof thetruly fundamentalproblemsin physics,
theorigin of masses.If theexperimentsdiscoversomethingcompletelynewandunexpected,it would
automaticallyaffect theideaof inflationata fundamentallevel.

4.2.1 Homogeneous scalar field dynamics

In thissubsectionI will describethetheoreticalbasisfor thephenomenonof inflation. Considerascalar
field

¶
, a singletunderanygiveninteraction,with aneffectivepotential µ �<¶ � . TheLagrangianfor such

afield in acurvedbackgroundis

· � ¸A¹»º �¼t½#¾M¿#À ¾ ¶ À ¿ ¶WÁ µ �<¶ ��Â (96)

whoseevolutionequationin aFriedmann-Robertson-Walkermetric(2) andfor ahomogeneous field
¶Ã�ÅÄ �

is givenby Æ¶WÇ �EÈÊÉ¶WÇ µ y �<¶ � º £ Â (97)
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Fig. 33: Theexponentialexpansionduring inflation madetheradiusof curvatureof theuniverseso largethatour observable

patchof the universetodayappearsessentialyflat, analogous(in threedimensions)to how the surfaceof a balloonappears

flatterandflatteraswe inflate it to enormoussizes.This is a crucialpredictionof cosmologicalinflation thatwill betestedto

extraordinaryaccuracyin thenextfew years.FromRef. [84, 78].

where
È

is therateof expansion,togetherwith theEinsteinequations,

ÈÌË º Í Ë� �¼ É¶ Ë Ç µ �<¶ � Â
(98)

ÉÈ º Á Í Ë¼ É¶ ËSÂ
(99)

whereÍ Ë�Î ÏLÐÒÑ
. Thedynamicsof inflationcanbedescribedasaperfectfluid (7) with atimedependent

pressureandenergy densitygivenby

Ó º �¼ É¶ Ë Ç µ �<¶ ��Â (100)

Ô º �¼ É¶ Ë Á µ �<¶ ��Õ (101)

Thefield evolutionEq. (97)canthenbewrittenastheenergy conservationequation,

ÉÓ Ç �EÈ � Ó Ç Ô � º £ Õ (102)

If thepotentialenergy densityof thescalarfield dominatesthekinetic energy, µ �<¶ � � É¶ Ë
, thenwe see

that ÔÌÖ Á Ó × ÓØÖÚÙ xEÛ�Ü>Ý Õ × È �>¶ � ÖÚÙ x0ÛOÜ>Ý ÕIÂ (103)

which leadsto thesolution

Þ �ÅÄ �S�àßâáaã � È Ä � ×
ÆÞ
Þåä £ æ ÙIÙ ß�ç ßâè æ Ý ß�é¢ßIá#ã æ Û�ÜMê x0Û Õ (104)

Using thedefinitionof thenumberof � -folds,
| º ç Û � Þ#ëEÞ ~ � , we seethat thescalefactorgrowsexpo-

nentially, Þ �<| � º Þ ~ ßâáaã �<| � . This solutionof the Einsteinequationssolvesimmediatelythe flatness
problem.Recallthat theproblemwith theradiationandmattererasis that ì º � (w º £ ) is anunsta-
ble critical point in phase-space.However, during inflation, with ÔíÖ Á Óî× } Ö Á � , we havethat
� Ç � }ðï £ andthereforew º £ is astableattractor of theequationsof motion,seeEq.(91). As aconse-
quence,whatseemedanad hoc initial condition,becomesanaturalprediction of inflation. Supposethat
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duringinflation thescalefactorincreased
| � -folds, then

wzñ º wz�ò¸ ��ó Ë>ô õ÷öùø
õ ��ú

Ë � � Çüû ��ú � Öþý ó Ë>ô �0£ ¤<ÿ�� � × � ï���� Â (105)

wherewehaveassumedthatinflationendedat thescaleµ � ¸ � , andthetransferof theinflatonenergy den-
sity to thermalradiationatreheatingoccurredalmostinstantaneously17 atthetemperatureõÃöùø � µ �	��
� ¸ � �
�0£ � ¤ GeV. Notethatwe cannow haveinitial conditionswith a largeuncertainty, �� ¸ØÖ � , andstill have
today � ñ5Ö � , thanksto theinflationaryattractortowardsì º � . This canbeunderstoodvery easilyby
realizingthatthethreecurvatureevolvesduringinflationas

������� º ���Þ Ë º ����� �  ¸_ý ó ËCô Á�� £ Â ���0è � ��� Õ (106)

Therefore,if cosmologicalinflationlastedover65 ý -folds,asmostmodelspredict,thentodaytheuniverse
(or at leastour local patch)shouldbeexactlyflat, seeFig. 33, a predictionthatcanbetestedwith great
accuracyin thenearfutureandfor which alreadyseemsto besomeevidencefrom observationsof the
microwavebackground[71].

Furthermore,inflationalsosolvesthehomogeneityproblemin aspectacularway. First of all, due
to thesuperluminalexpansion,anyinhomogeneityexistingprior to inflationwill bewashedout,

���5� �Þ È
Ë! �#" ý ó Ë>ô Á�� £ Â ���Eè � ��� Õ (107)

Moreover, sincethescalefactorgrowsexponentially, while thehorizondistanceremainsessentiallycon-
stant, $&% �ÅÄ � Ö È ó � º const.,any scalewithin the horizonduring inflation will be stretchedby the
superluminalexpansionto enormousdistances,in sucha way thatat photondecouplingall thecausally
disconnectedregionsthatencompassour presenthorizonactuallycomefrom a singleregionduringin-
flation,about65 ý -foldsbeforetheend.This is thereasonwhy two pointsseparatedmorethan �0¥ in the
skyhavethesamebackbodytemperature,asobservedby theCOBEsatellite:theywereactuallyin causal
contactduring inflation. Thereis at presentno otherproposalknownthatcouldsolvethehomogeneity
problemwithout invoquinganacausalmechanismlike inflation.

Finally, anyrelic particlespecies(relativisticor not) existingprior to inflation will bedilutedby
theexpansion,

Ó(' " Þ ó � � ý ó � ô Á�� £ Â ���0è � ��� Â (108)Ó() " Þ ó 
 � ý ó 
 ô Á�� £ Â ���0è � ��� Õ (109)

Notethatthevacuumenergy densityÓ+* remainsconstantundertheexpansion,andtherefore,very soon
it is theonly energy densityremainingto drive theexpansionof theuniverse.

4.2.2 The slow-roll approximation

In ordertosimplify theevolutionequationsduringinflation,wewill considertheslow-roll approximation
(SRA). Supposethat,during inflation, thescalarfield evolvesvery slowly down its effectivepotential,
thenwecandefinetheslow-roll parameters[86],

, Î Á ÉÈ
È Ë º Í Ë¼ É- Ë

È Ë/. � Â (110)

� Î Á
Æ-
ÈÊÉ- . � Õ (111)

17Therecouldbea smalldelayin thermalization,dueto theintrinsic inefficiencyof reheating,but this doesnot changesig-
nificantly therequirednumberof 0 -folds.
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It is easyto seethatthecondition ,21 � 3 ×
ÆÞ
Þåä £ (112)

characterizesinflation: it is all youneedfor superluminalexpansion,i.e. for thehorizondistanceto grow
moreslowly thanthescalefactor, in orderto solvethehomogeneityproblem,aswell asfor thespatial
curvatureto decayfasterthanusual,in orderto solvetheflatnessproblem.

Thenumberof ý -foldsduringinflationcanbewrittenwith thehelpof Eq.(110)as

� º ç Û
Þ � ¸ �
Þ&4 º 576

598
È $ Ä º :+6

:�8
Í $ -¼ , �;- � Â (113)

which is anexactexpressionin termsof , �;- � .
In thelimit givenby Eqs.(110), theevolutionEqs.(97)and(98)become

È Ë � Á ,� Ö È Ë º Í Ë� µ �;- ��Â (114)

�0È É- � Á
�
� Ö �EÈ É- º Á µ=< �;- ��Õ (115)

Notethatthiscorrespondstoareductionof thedimensionalityof phase-spacefromtwotoonedimensions,È �;- Â É- � � È ��- �
. In fact,it is possibleto proveatheorem,for single-fieldinflation,whichstatesthatthe

slow-roll approximationis anattractorof theequationsof motion,andthuswe canalwaysevaluatethe
inflationarytrajectoryin phase-spacewithin theSRA,thereforereducingthenumberof initial conditions
to just one,theinitial valueof thescalarfield. If

È �;- �
only dependson

-
, then

È < �;- � º Á Í Ë É- ë
¼

and
wecanrewritetheslow-roll parameters(110)as

, º
¼

Í Ë
È < ��- �È ��- � Ë Ö �¼

Í Ë
µ < �;- �
µ �;- �

Ë
. � Â (116)

� º
¼

Í Ë
È < < �;- �È ��- � Ö �

Í Ë
µ < < �;- �
µ ��- � Á �¼

Í Ë
µ < �;- �
µ �;- �

Ë Î?> Á , . � Õ (117)

Thelastexpressiondefinesthenewslow-roll parameter
>

, not to beconfusedwith conformaltime (see
nextSection).Thenumberof ý -foldscanalsoberewrittenin thisapproximationas

� º Í Ë :(6
:@8

µ ��- � $ -
µ < ��- �

Â
(118)

averyusefulexpressionfor evaluating� for agiveneffectivescalarpotential µ �;- � .
4.3 The origin of density perturbations

If cosmologicalinflation madetheuniversesoextremelyflat andhomogeneous,wheredid thegalaxies
andclustersof galaxiescomefrom? Oneof themostastonishingpredictionsof inflation, onethatwas
not evenexpected,is thatquantumfluctuationsof theinflatonfield arestretchedby theexponentialex-
pansionandgeneratelarge-scaleperturbationsin themetric. Inflatonfluctuationsaresmallwavepackets
of energy that,accordingto generalrelativity, modify thespace-timefabric,creatingawholespectrumof
curvatureperturbations.Theuseof theword spectrumhereis closelyrelatedto thecaseof light waves
propagatingin amedium:aspectrumcharacterizestheamplitudeof eachgivenwavelength.In thecaseof
inflation,theinflatonfluctuationsinducewavesin thespace-timemetricthatcanbedecomposedinto dif-
ferentwavelengths,all with approximatelythesameamplitude,thatis, correspondingto ascale-invariant
spectrum.Thesepatternsof perturbationsin themetricarelike fingerprintsthatunequivocallycharacter-
ize a periodof inflation. Whenmatterfell in thetroughsof thesewaves,it createddensityperturbations
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that collapsedgravitationallyto form galaxies,clustersandsuperclustersof galaxies,with a spectrum
that is alsoscaleinvariant. Sucha typeof spectrumwasproposedin theearly1970s(beforeinflation)
by HarrisonandZel’dovich [17], to explainthedistributionof galaxiesandclustersof galaxieson very
largescalesin our observableuniverse.Perhapsthemostinterestingaspectof structureformationis the
possibility that thedetailedknowledgeof whatseededgalaxiesandclustersof galaxieswill allow usto
testtheideaof inflation.

4.3.1 Gauge invariant perturbation theory

Until now we haveconsideredonly theunperturbedFRW metricdescribedby a scalefactor Þ �ÅÄ � anda
homogeneousscalarfield

-Ã�ÅÄ �
,

$(A Ë º Þ Ë � > ��B $ > Ë ÁDC 4FE $G� 4 $G� E�H Â (119)- º -Ã� > ��Â
(120)

where
> º $ Ä ëEÞ �ÅÄ � is the conformaltime, underwhich the backgroundequationsof motion canbe

writtenas

I Ë º Í Ë� �¼ - < Ë Ç Þ Ë µ �;- � Â
(121)

I < Á I Ë º Á Í Ë¼ - < Ë Â (122)

- < < Ç ¼ I - < Ç Þ Ë µ=< ��- � º £ Â (123)

where
I º Þ È and

- < º Þ É- .

Duringinflation,thequantumfluctuationsof thescalarfieldwill inducemetricperturbationswhich
will backreacton the scalarfield. Let us consider, in linear perturbationtheory, the mostgeneralline
elementwith bothscalarandtensormetricperturbations[87],18 togetherwith thescalarfieldperturbations

$@A Ë º Þ Ë � > � � � Ç ¼�J � $ > Ë Á ¼�KML 4 $G� 4 $ > Á � � Ç
¼ON � C 4PE Ç ¼�Q=L 4FE Ç ¼�R 4PE $G� 4 $G� E Â

(124)- º -Ã� > � Ç � -Ã� > Â � 4 ��Õ (125)

Theindices SUT ÂWVYX labelthethree-dimensionalspatialcoordinateswith metric
C 4PE , andthe Z T denotesco-

variantderivativewith respectto thatmetric.Thegaugeinvarianttensorperturbation
R 4PE correspondsto

a transversetracelessgravitationalwave, [ 4 R 4PE º R 44 º £ . Thefour scalarperturbations
� J Â K Â N Â Q �

aregauge dependent functionsof
� > Â � 4 � . Underageneralcoordinate(gauge)transformation[87, 88]\> º > Ç^] ñ � > Â � 4 �OÂ (126)\� 4 º � 4 ÇDC 4PE ] L E � > Â � 4 ��Â (127)

with arbitraryfunctions
�9] ñ Â ] �

, thescalarandtensorperturbationstransform,to linearorder, as\J º J ÁD] ñ < Á I ] ñ Â \K º K ÇD] ñ Á^] < Â (128)\N º N Á I ] ñ Â \Q º Q ÁD] Â
(129)\R 4PE º R 4PE Â (130)

whereaprimedenotesderivativewith respectto conformaltime. It is possibleto construct,however, two
gauge-invariantgravitationalpotentials[87, 88], º J Çü� K Á Q < � < Ç I � K Á Q < �OÂ (131)_ º N Ç I � K Á Q < ��Â (132)

18Notethatinflationcannotgenerate,to linearorder, avectorperturbation.
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whicharerelatedthroughtheperturbedEinsteinequations, º _ Â
(133)� Ë Á � �Þ Ë _ º Í Ë¼ � Ó Â (134)

where
� Ó is thegauge-invariantdensityperturbation,andthelatterexpressionis nothingbut thePoisson

equationfor thegravitationalpotential,written in relativisticform.

During inflation,theenergy densityis givenin termsof ascalarfield, andthusthegauge-invariant
equationsfor theperturbationsoncomovinghypersurfaces(constantenergy densityhypersurfaces)are < < Ç � I  < Çð� I < Ç I ËE�  º Í Ë¼ B - < � - < Á Þ Ë µ=< ��- �;� - H Â (135)

Á [ Ë  Ç � I  < Çð� I < Ç I ËE�  º Á Í Ë¼ B - < � - < Ç Þ Ë µ=< ��- �;� - H Â (136) < Ç I  º Í Ë¼ - < � - Â (137)

� - < < Ç ¼ I � - < Á [ Ë�� - º ` - <  < Á ¼ Þ Ë µ=< ��- �  Á Þ Ë µ=< < �;- ��� - Õ (138)

Thissystemof equationsseemtoodifficult to solveatfirst sight.However, thereis agaugeinvari-
antcombinationof variablesthatallowsoneto find exactsolutions.Let usdefine[88]

a Î Þ � -WÇüû  Â (139)
û Î Þ - <I Õ

(140)

Underthis redefinition,theaboveequationssimplify enormouslyto just threeindependentequations,

a < < Á [ Ë a Á û < <û a º £ Â (141)

[ Ë  º Í Ë¼ I Þ Ë �<û a < Áüû < a ��Â (142)

Þ Ë  I < º Í Ë¼ û a Õ (143)

FromEq. (141)wecanfind asolutiona �<û � , whichsubstitutedinto (143)canbeintegratedto give
 �<û �

,
andtogetherwith a �>û � allow usto obtain

� -Ã�<û �
.

4.3.2 Quantum Field Theory in curved space-time

Until nowwehavetreatedtheperturbationsasclassical,butweshouldin factconsidertheperturbations 
and

� -
asquantumfields.Notethattheperturbedactionfor thescalarmodea canbewrittenas

�cb º �¼ $ � �d$ > � a < �ÅË Áü� [ a �8Ë Ç û < <û a Ë Õ
(144)

In orderto quantizethefield a in thecurvedbackgrounddefinedby themetric (119), we canwrite the
operator ea � > Âgf/� º $ �Gh� ¼ Ð � � � Ë a � � > � eÞ@itý 4 icj k Ç aml� � > � eÞoni ý ó 4 i�j k Â

(145)

wherethecreationandannihilationoperatorssatisfythecommutationrelationof bosonicfields,andthe
scalarfield’s Fockspaceis definedthroughthevacuumcondition,B eÞ(i Â eÞoniOp H º � � � h Á h < ��Â (146)e

Þ@i Z £�q º £ Õ (147)
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Notethatwearenotassumingthattheinflatonis a fundamentalscalarfield, but thatis canbewrittenas
aquantumfield with its commutationrelations(asmuchasapioncanbedescribedasaquantumfield).

Theequationsof motionfor eachmodea � � > � aredecoupledin linearperturbationtheory,

a < <� Ç � Ë Á û < <û a � º £ Õ (148)

The ratio
û < < ë û actslike a time-dependentpotentialfor this Schr̈odingerlike equation.In orderto find

exactsolutionsto themodeequation,wewill usetheslow-roll parameters(110),seeRef. [86]

, º � Á
I <I Ë º Í Ë¼ û ËÞ Ë Â (149)

� º � Á
- < <I - < º � Ç , Á û <I û Õ (150)

In termsof theseparameters,theconformaltimeandtheeffectivepotentialfor thea � modecanbewritten
as

> º Á �I Ç , $ ÞÞ I Â
(151)

û < <û º I ËrB � � Ç , Á ��� � ¼ Á � � Ç I ó � � , < Á � < � H Õ (152)

Notethattheslow-roll parameters,(149)and(150),canbetakenasconstant,19 to order , Ë ,
, < º ¼ I , � , Á ��� º�s � , ËE��Â (153)

� < º I � , Ç � Ç t tut-È Æ- º�s � , ËE��Õ (154)

In thatcase,for constantparameters,wecanwrite

> º Á �I �
� Á , Â (155)

û < <û º �> Ë v Ë Á �` Â wyx�ßIè>ß v º � Ç , Á �
� Á , Ç � ¼ Õ

(156)

We arenow goingto searchfor approximatesolutionsof themodeEq. (148),wheretheeffective
potential(152)isof order

û < < ë û Ö ¼ I Ë
in theslow-roll approximation.In quasi-deSitterthereisacharac-

teristicscalegivenby the(event)horizonsizeorHubblescaleduringinflation,
È ó � . Therewill bemodesa � with physicalwavelengthsmuchsmallerthanthis scale,� ëEÞ � È

, thatarewell within thedeSitter
horizonandthereforedonotfeelthecurvatureof space-time.Ontheotherhand,therewill bemodeswith
physicalwavelengthsmuchgreaterthantheHubblescale,� ëEÞ . È

. In thesetwo asymptoticregimes,
thesolutionscanbewrittenas

a � º �z ¼ � ý ó
4 �U{ � � Þ È Â

(157)

a � º�| � û � . Þ È Õ
(158)

In the limit � � Þ È the modesbehavelike ordinaryquantummodesin Minkowsky space-time,ap-
propriatelynormalized,while in theoppositelimit, a ë û becomesconstanton superhorizonscales.For

19For instance,therearemodelsof inflation, like power-law inflation, }�~P�W���d��� , where���!�������7�y��� , thatgiveconstant
slow-roll parameters.
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approximatelyconstantslow-roll parametersonecanfind exactsolutionsto (148),with theeffectivepo-
tentialgivenby (156),thatinterpolatebetweenthetwo asymptoticsolutions,

a � � > � º z Ð¼ ý 4 � ¿����¯ ��� ¯ �<Á > � �9� ËSÈ�� �9�¿ �>Á � > ��Â (159)

where
È � ���¿ �<û �

is theHankelfunctionof thefirstkind [89], andv isgivenby(156)in termsof theslow-roll
parameters.In thelimit � > � £ , thesolutionbecomes

Z a � Z º
¼ ¿ ó�� ¯z ¼ �

� � v �� � �Ë �
�>Á � > � �¯ ó ¿ Î | � v �z ¼ �

�Þ È ¿ ó �¯ Â (160)

| � v � º ¼ ¿ ó � ¯ � � v �� � �Ë �
� � Á , � ¿ ó �¯ Ö � ���0è , ÂG� . � Õ (161)

We cannow compute
 

and
� -

from thesuper-Hubble-scalemodesolution(158),for � . Þ È .
Substitutinginto Eq.(143),wefind º�| � � Á

I
Þ Ë Þ Ë $ > Ç | Ë I Þ Ë Â (162)

� - º | �
Þ Ë Þ Ë $ > Á | ËÞ Ë Õ (163)

The term proportionalto | � correspondsto the growing solution,while that proportionalto | Ë corre-
spondsto the decayingsolution,which cansoonbe ignored. Thesequantitiesaregaugeinvariantbut
evolvewith time outsidethehorizon,during inflation, andbeforeenteringagainthehorizonduringthe
radiationor mattereras.We would like to write anexpressionfor a gaugeinvariantquantitythat is also
constant for superhorizonmodes.Fortunately, in thecaseof adiabaticperturbations,thereis suchaquan-
tity: � Î  Ç �, I �  < Ç I  � º a û Â (164)

whichisconstant,seeEq.(158),for � . Þ È . In fact,thisquantity

�
is identical,for superhorizonmodes,

to thegaugeinvariantcurvaturemetricperturbation
N��

oncomoving(constantenergy density)hypersur-
faces,seeRef. [87, 90], �

º N�� Ç �, I Ë [ Ë
 Õ

(165)

UsingEq. (142)we canwrite theevolutionequationfor

�
º��  as

�
< º �¡�¢ [ Ë  , which confirmsthat�

is constantfor (adiabatic20) superhorizonmodes,� . Þ È . Therefore,we canevaluatethe Newto-
nianpotential

 �
whentheperturbationreentersthehorizonduringradiation/mattererasin termsof the

curvatureperturbation
N �

whenit left theHubblescaleduringinflation,

 � º � Á
I
Þ Ë Þ Ë $ > N � º � Ç �O£

� Ç �O£
N � º Ë� N � è æ é ê æ Ý@ê � Û ßâè æ Â�

¤
N � ¤ æ Ý<Ý ßâè ßâè æ Õ (166)

Let usnow computethetensoror gravitationalwavemetricperturbationsgeneratedduringinfla-
tion. Theperturbedactionfor thetensormodecanbewrittenas

�¥b º �¼ $ � �d$ > Þ Ë¼
Í Ë

� R < 4PE � Ë Áü� [ R 4PE � Ë Â
(167)

20Thisconservationfails for entropyor isocurvatureperturbations,seeRef. [90].
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with thetensorfield
R 4PE consideredasaquantumfield,eR 4PE � > Âgf/� º $ � h� ¼ Ð � � � Ë ¦(§ ��¨ Ë

R � � > � ý©4PE � h ÂGªz� eÞ(i ¨ ¦ ý 4 icj k Ç R Õ¬«AÕ Â
(168)

whereý©4PE � h ÂGª÷� arethetwopolarizationtensors,satisfyingsymmetric,transverseandtracelessconditions

ý 4PE º ý E4 Â � 4 ý 4PE º £ Â ý 4P4 º £ Â (169)

ý©4PE �<Á h ÂGª÷� º ý¥l4PE � h ÂGª÷�OÂ ¦ ý¥l4PE � h Â�ª÷� ý 4PE � h ÂGªz� º®` Â (170)

while the creationandannihilationoperatorssatisfy the usualcommutationrelationof bosonicfields,
Eq.(146).Wecannowredefineourgaugeinvarianttensoramplitudeas

¯ � � > � º Þz ¼ Í
R � � > ��Â

(171)

which satisfiesthe following evolutionequation,decoupledfor eachmodē
� � > �

in linearperturbation
theory, ¯ < <� Ç � Ë Á Þ < <Þ ¯ � º £ Õ (172)

Theratio Þ < < ë0Þ actslike a time-dependentpotentialfor this Schr̈odingerlike equation,analogousto the
term

û < < ë û for thescalarmetricperturbation.For constantslow-roll parameters,thepotentialbecomes

Þ < <Þ º ¼ I Ë � Á ,¼ º �> Ë ° Ë Á �` Â
(173)

° º �
� Á , Ç �¼ Õ

(174)

WecansolveEq. (172)in thetwo asymptoticregimes,

¯ � º �z ¼ � ý ó
4 �U{ � � Þ È Â

(175)

¯ � º�| Þ � . Þ È Õ
(176)

In thelimit � � Þ È themodesbehavelike ordinaryquantummodesin Minkowsky space-time,appro-
priatelynormalized,while in theoppositelimit, themetricperturbation

R �
becomesconstant on super-

horizonscales.For constantslow-roll parametersonecanfind exactsolutionsto (172),with effective
potentialgiven by (173), that interpolatebetweenthe two asymptoticsolutions. Theseareidenticalto
Eq.(159)exceptfor thesubstitutionv � ° . In thelimit � > � £ , thesolutionbecomes

Z ¯ � Z º | � ° �z ¼ � �Þ È ¾ ó �¯ Õ (177)

Sincethemode
R �

becomesconstantonsuperhorizonscales,wecanevaluatethetensormetricperturba-
tion whenit reenteredduringtheradiationor mattereradirectly in termsof its valueduringinflation.

4.3.3 Power spectrum of scalar and tensor metric perturbations

Notonlydoweexpecttomeasuretheamplitudeof themetricperturbationsgeneratedduringinflationand
responsiblefor theanisotropiesin theCMB anddensityfluctuationsin LSS,but we shouldalsobeable

164



   

to measureits powerspectrum,or two-pointcorrelationfunction in Fourierspace.Let usconsiderfirst
thescalarmetricperturbations

N �
, whichenterthehorizonat Þ º � ë È . Its correlatoris givenby [86]

± £rZ N l� N � p Z £�q º Z a � Z Ëû Ë � � � h Á h < � Î³²�´ � � �` Ð � � � ¼ Ð � � � � � h Á h < ��Â (178)

²�´ � � � º � �¼ Ð Ë Z a
� Z Ëû Ë º Í Ë¼ ,

È¼ Ð Ë �Þ È
� ó Ë ¿ Î J Ë µ �Þ È ¶ ó � Â (179)

wherewehaveused
N � º � � º �@·  andEq.(160).This lastequationdeterminesthepowerspectrumin

termsof its amplitudeathorizon-crossing,
J µ

, anda tilt,

¸ Á � Î $ ç Û ²�´ � � �$ ç Û � º � Á ¼ v º ¼ � Á ¼ ,
� Á , Ö ¼ > Á � , Â (180)

seeEqs.(116), (117). Notefrom this equationthat it is possible,in principle,to obtainfrom inflation a
scalartilt which is eitherpositive(̧ ä � ) or negative(̧ 1 � ). Furthermore,dependingon theparticular
inflationarymodel[91], wecanhavesignificantdeparturesfrom scaleinvariance.

Let usconsidernowthetensor(gravitationalwave)metricperturbation,whichenterthehorizonatÞ º � ë È ,

¦ ± £rZ R l� ¨ ¦ R � p ¨ ¦ Z £�q º®`
¼
Í ËÞ Ë Z ¯ � Z Ë�� � � h Á h < � Î³²º¹ � � �` Ð � � �

¼ Ð � � � � � h Á h < ��Â (181)

² ¹ � � � º Ï Í Ë
È¼ Ð Ë �Þ È

� ó Ë ¾ Î J Ë » �Þ È ¶(¼ Â (182)

wherewe haveusedEqs.(171) and(177). Therefore,the powerspectrumcanbe approximatedby a
power-law expression,with amplitude

J »
andtilt

¸ » Î $ ç Û ²º¹ � � �$ ç Û � º � Á ¼ ° º Á
¼ ,
� Á , Ö Á ¼ ,½1 £ Â (183)

which is alwaysnegative. In the slow-roll approximation,, . � , the tensorpowerspectrumis scale
invariant.

4.4 The anisotropies of the microwave background

Themetricfluctuationsgeneratedduringinflation arenot only responsiblefor thedensityperturbations
thatgaveriseto galaxiesvia gravitationalcollapse,but oneshouldalsoexpectto seesuchripplesin the
metricastemperatureanisotropiesin thecosmicmicrowavebackground,thatis, minutedeviationsin the
temperatureof theblackbodyspectrumwhenwelook atdifferentdirectionsin thesky. Suchanisotropies
hadbeenlookedfor eversincePenziasandWilson’sdiscoveryof theCMB, buthadeludedall detection,
until COBEsatellitediscoveredthemin 1992,seeFig. 6. Thereasonwhy they took so long to bedis-
coveredwasthattheyappearasperturbationsin temperatureof only onepartin �E£I¤ . SoonafterCOBE,
othergroupsquickly confirmedthedetectionof temperatureanisotropiesataround30 ° K, athighermul-
tipole numbersor smallerangularscales.Thereareat this momentdozensof groundandballoon-borne
experimentsanalysingtheanisotropiesin themicrowavebackgroundwith angularresolutionsfrom �0£ ¥
to a few arcminutesin thesky, seeFig. 34.

4.4.1 Acoustic oscillations in the plasma

Thephysicsof theCMB anisotropiesis relativelysimple[92]. Theuniversejustbeforerecombinationis
averytightly coupledfluid, dueto thelargeelectromagneticThomsoncrosssection(46). Photonsscatter
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off chargedparticles(protonsandelectrons),andcarryenergy, sotheyfeelthegravitationalpotentialasso-
ciatedwith theperturbationsimprintedin themetricduringinflation. An overdensityof baryons(protons
andneutrons)doesnot collapseundertheeffect of gravity until it entersthecausalHubbleradius.The
perturbationcontinuesto grow until radiationpressureopposesgravity andsetsup acousticoscillations
in theplasma,very similar to soundwaves.Sinceoverdensitiesof thesamesizewill entertheHubble
radiusat thesametime, theywill oscillatein phase.Moreover, sincephotonsscatteroff thesebaryons,
theacousticoscillationsoccuralsoin thephotonfield andinducesa patternof peaksin thetemperature
anisotropiesin thesky, atdifferentangularscales,seeFig. 34.

Therearethreedifferenteffectsthatdeterminethetemperatureanisotropiesweobservein theCMB.
First, gravity: photonsfall in andescapeoff gravitationalpotentialwells, characterizedby

 
in theco-

movinggauge,andasaconsequencetheir frequencyis gravitationallyblue-or red-shifted,
� v ë v º  

. If
thegravitationalpotentialis not constant,thephotonswill escapefrom a largeror smallerpotentialwell
thantheyfell in, sotheir frequencyis alsoblue-or red-shifted,aphenomenonknownastheRees-Sciama
effect. Second,pressure:photonsscatteroff baryonswhich fall into gravitationalpotentialwellsandthe
two competingforcescreateacousticwavesof compressionandrarefaction.Finally, velocity: baryons
accelerateastheyfall into potentialwells. Theyhaveminimumvelocity at maximumcompressionand
rarefaction.That is, their velocity waveis exactly ¾E£ ¥ off-phasewith theacousticwaves.Thesewaves
induceaDopplereffecton thefrequencyof thephotons.

Thetemperatureanisotropyinducedby thesethreeeffectsis thereforegivenby [92]� õ
õ
��¿ � º  �7¿ Â Ä �A���@� Ç ¼ 59À

5	ÁWÂÄÃ
É ��¿ Â Ä � $ Ä Ç � �

� Ó
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(184)

Metric perturbationsof differentwavelengthsenterthe horizonat different times. The largestwave-
lengths,of sizecomparableto ourpresenthorizon,areenteringnow. Thereareperturbationswith wave-
lengthscomparableto thesizeof thehorizonat thetime of lastscattering,of projectedsizeabout �0¥ in
theskytoday, whichenteredpreciselyatdecoupling.And thereareperturbationswith wavelengthsmuch
smallerthanthesizeof thehorizonatlastscattering,thatenteredmuchearlierthandecoupling,all theway
to thetimeof radiation-matterequality, whichhavegonethroughseveralacousticoscillationsbeforelast
scattering.All theseperturbationsof differentwavelengthsleavetheir imprint in theCMB anisotropies.

Thebaryonsat thetimeof decouplingdonot feel thegravitationalattractionof perturbationswith
wavelengthgreaterthanthesizeof thehorizonat lastscattering,becauseof causality. Perturbationswith
exactlythat wavelengthareundergoing their first contraction,or acousticcompression,at decoupling.
Thoseperturbationsinducea large peakin the temperatureanisotropiespowerspectrum,seeFig. 34.
Perturbationswith wavelengthssmallerthanthesewill havegone,after theyenteredtheHubblescale,
througha seriesof acousticcompressionsandrarefactions,which canbeseenassecondarypeaksin the
powerspectrum.Sincethesurfaceof lastscatteringisnotasharpdiscontinuity, butaregionof Ç û � �E£0£ ,
seeFig.4, therewill bescalesfor whichphotons,travellingfromoneenergyconcentrationtoanother, will
erasetheperturbationon thatscale,similarly to whatneutrinosor HDM dofor structureonsmallscales.
Thatis thereasonwhy wedon’t seeall theacousticoscillationswith thesameamplitude,but in fact they
decayexponentialytowardssmallerangularscales,aneffect knownasSilk damping,dueto photondif-
fusion[93, 92].

4.4.2 The Sachs-Wolfe effect

Theanisotropiescorrespondingto largeangularscalesareonly generatedvia gravitationalred-shiftand
densityperturbationsthroughtheEinsteinequations,

� Ó÷ëAÓ º Á ¼  
for adiabaticperturbations;wecanig-

noretheDopplercontribution,sincetheperturbationisnon-causal.In thatcase,thetemperatureanisotropy
in thesky todayis givenby [95]� õ

õ
�;È Â - � º ��

 � >�ÉËÊ �ËÌ � > ñ Â È Â - � Ç ¼ { À{GÍUÎ $GÏ  < � > ñ Á Ï �YÌ � Ï Â È Â - ��Â (185)
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Fig.34: Thereareatpresentdozensof groundandballoon-borneexperimentslookingatthemicrowavebackgroundtemperature

anisotropieswith angularresolutionsfrom �7ÐGÑ toafewarcminutesin thesky, correspondingtomultipolenumbersÒr��Ó�Ô½Õ7ÐUÐUÐ .

Presentobservationssuggesttheexistenceof apeakin theangulardistribution,aspredictedby inflation. Thetheoreticalcurve

(thick line) illustratesaparticularmodelwhichfits thedata.FromRef. [94].

where
> ñ is thecoordinate distance to thelastscatteringsurface,i.e. thepresentconformaltime, while>�ÉËÊ Ö×Ö determinesthat comovinghypersurface.Theaboveexpressionis knownastheSachs-Wolfe

effect [95], andcontainstwo parts,theintrinsic andtheIntegratedSachs-Wolfe (ISW) effect,dueto in-
tegrationalongtheline of sightof timevariationsin thegravitationalpotential.

In linearperturbationtheory, thescalarmetricperturbationscanbeseparatedinto
 yØ > ÂgfmÙ Î  yØ > ÙÌ Ø fmÙ

, where
Ì Ø fmÙ

are the scalarharmonics,eigenfunctionsof the Laplacianin three dimensions,[ Ë Ì��OÚÜÛ Ø Ï Â È Â - Ù º Á � Ë Ì��OÚÜÛ Ø Ï Â È Â - Ù . Thesefunctionshavethegeneralform [96]Ì��UÚÜÛ Ø Ï Â È Â - Ù º�Ý �UÚ Ø Ï ÙYÞ+ÚÜÛ Ø È Â - Ù�Â (186)

where
Þ(ÚÜÛ Ø È Â - Ù

aretheusualsphericalharmonics[89].

In orderto computethetemperatureanisotropyassociatedwith theSachs-Wolfe effect,wehaveto
know theevolutionof themetricperturbationduringthematterera, < < Çàß I  < Ç Þ ËUá  Á ¼ �  º Ö Õ (187)

In thecaseof a flat universewithout cosmologicalconstant,theNewtonianpotentialremainsconstant
during themattereraandonly the intrinsic SW effect contributesto

� õ ë õ . In caseof a non-vanishingá
, sinceits contributionis negligiblein thepast,seeEq.(21),mostof thephoton’s trajectorytowardsus

is unperturbed,andtheonly differencewith respectto the
á º Ö caseis anoverall factor[66]. We will

considerheretheapproximation
 º Ù � Û�Ü>Ý . duringthemattereraandignorethatfactor, seeRef. [97].

In aflat universe,theradialpartof theeigenfunctions(186)canbewrittenas[96]

Ý �UÚ Ø Ï Ù º
¼
Ð � VOÚ Ø � Ï ÙOÂ (188)

where
VUÚ Ø û Ù

arethesphericalBesselfunctions[89]. Thegrowingmodesolutionof themetricperturbation
thatleft theHubblescaleduringinflationcontributesto thetemperatureanisotropiesonlargescales(185)
as � õ

õ
Ø È Â - Ù º â ß  yØ >�ÉËÊ ÙYÌ º â �

N Ì Ø > ñ Â È Â - Ù Î ãÚ § Ë
Ú

Û §
ó
Ú Þ ÚÜÛäÞ(ÚÜÛ Ø È Â - ÙOÂ

(189)
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wherewehaveusedthefactthatatreentry(atthesurfaceof lastscattering)thegaugeinvariantNewtonian
potential

 
is relatedto thecurvatureperturbation

N
at Hubble-crossingduringinflation,seeEq. (166);

andwehaveexpanded
� õ ë õ in sphericalharmonics.

We cannow computethetwo-pointcorrelationfunctionor angularpowerspectrum,| Ø È Ù , of the
CMB anisotropieson largescales,definedasanexpansionin multipolenumber,

| Ø È Ù º � õ
õ
l Ø�å Ù � õ

õ
Ø�å < Ù æ j æ p §+ç7è;é�ê º â` Ð ãÚ § Ë

Ø ¼�ë Ç â Ù | Ú�ìíÚ
Ø Ù � Ü È Ù�Â (190)

where
ì Ú Ø û Ù

aretheLegendrepolynomials[89], andwe haveaveragedoverdifferentuniverserealiza-
tions.Sincethecoefficients Þ ÚÜÛ areisotropic(to first order),wecancomputethe | Ú º ± Z Þ ÚÜÛ Z Ë q as

| � µ �Ú º ` Ð¼ � ãñ $ �� ²�´ Ø � ÙcV�ËÚ Ø � > ñ ÙOÂ (191)

wherewehaveusedEqs.(189)and(178). In thecaseof scalarmetricperturbationproducedduringinfla-
tion, thescalarpowerspectrumat reentryis givenby ²�´ Ø � Ù º J Ë µ Ø � > ñ Ù ¶ ó � , in thepower-law approxi-
mation,seeEq.(179). In thatcase,onecanintegrate(191)to give

| � µ �Ú º
¼ Ð¼ �

J Ë µ � B �Ë H � B â Á ¶ ó �Ë H � B ë Ç ¶ ó �Ë H
� B �Ë Á ¶ ó �Ë H � B ë Ç ¼ Á ¶ ó �Ë H Â (192)

ë Ø ë Ç â Ù | �
µ �Ú¼ Ð º

J Ë µ¼ � º Ù � Û�Ü>Ý æ ÛaÝ Â ���0è ¸ º â Õ (193)

This lastexpressioncorrespondsto whatis knownastheSachs-Wolfe plateau,andis thereasonwhy the
coefficients | Ú arealwaysplottedmultipliedby

ë Ø ë Ç â Ù , seeFig. 34.

Tensormetricperturbationsalsocontributewith anapproximatelyconstantangularpowerspec-
trum,

ë Ø ë Ç â Ù | Ú . TheSachs-Wolfe effect for agaugeinvarianttensorperturbationis givenby [95]� õ
õ
Ø È Â - Ù º { À{�ÍOÎ $GÏ R < Ø > ñ Á Ï ÙYÌ�î�î Ø Ï Â È Â - Ù�Â (194)

where
Ì�î�î

is theÏ¥Ï -componentof thetensorharmonicalongthelineof sight[96]. ThetensorperturbationR
duringthemattererasatisfiesthefollowing evolutionequationR < <� Çàß I R <� Ç Ø � Ë Ç ¼ � Ù R � º Ö Â (195)

which dependson the wavenumber� , contraryto what happenswith the scalarmodes,seeEq. (187).
For a flat ( � º Ö ) universe,thesolutionto this equationis

R � Ø > Ù º R Ñ � Ø > Ù
, where

R
is theconstant

tensormetricperturbationathorizoncrossingand
Ñ � Ø > Ù º ß V � Ø � > Ù ë � > , normalizedsothat

Ñ � Ø Ö Ù º â
atthesurfaceof lastscattering.Theradialpartof thetensorharmonic

Ì�îWî
in aflat universecanbewritten

as[96] Ì î�î�OÚ Ø Ï Ù º
Ø ë Á â Ù

ë Ø ë Ç â Ù
Ø ë Ç ¼ Ù

Ð � Ë
�9� Ë VOÚ Ø � Ï ÙÏ Ë Õ

(196)

Thetensorangularpowerspectrumcanfinally beexpressedas

| � » �Ú º ¾ Ð`
Ø ë Á â Ù

ë Ø ë Ç â Ù
Ø ë Ç ¼ Ù ãñ $ �� ²ºï Ø � ÙËðâË�UÚ Â (197)

ð �UÚ º ñcÀñ $�� V Ë
Ø � ñ Á � Ù�VOÚ Ø � ÙØ � ñ Á � Ù � Ë Â

(198)
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where� Î � > , and² ï Ø � Ù is theprimordialtensorspectrum(182).Forascaleinvariantspectrum,¸ » º Ö ,
wecanintegrate(197)to give [98]ë Ø ë Ç â Ù | �

» �Ú º Ðß � â Ç ` ÏLÐ Ëß Ï �
J Ë » K Ú Â

(199)

with
K Ú º Ø

â Õ â�â Ï ` Â Ö Õ Ï�òEÏ ¾ ÂâÕIÕâÕIÂ â Õ Ö�Ö Ù for
ë º ¼ Â ß ÂâÕIÕâÕIÂ ß Ö . Therefore,

ë Ø ë Ç â Ù | �
» �Ú

alsobecomes
constantfor large

ë
. Beyond

ëMó ß Ö , theSachs-Wolfe expressionis not a goodapproximationandthe
tensorangularpowerspectrumdecaysveryquickly at large

ë
, seeFig.40.

4.4.3 The consistency relation

In spiteof thesuccessof inflation in predictinga homogeneousandisotropicbackgroundon which to
imprint a scale-invariantspectrumof inhomogeneities,it is difficult to testtheideaof inflation. A CMB
cosmologistbeforethe 1980swould havearguedthat ad hoc initial conditionscould havebeenat the
origin of thehomogeneityandflatnessof theuniverseon largescales,while a LSScosmologistwould
haveagreedwith HarrisonandZel’dovichthatthemostnaturalspectrumneededto explaintheformation
of structurewasascale-invariantspectrum.Thesurprisewasthatinflationincorporatedanunderstanding
of both theglobally homogeneousandspatiallyflat background,andtheapproximatelyscale-invariant
spectrumof perturbationsin the sameformalism. But that could havebeena coincidence,andis not
epistemologicallytestable.

Whatis unique to inflationis thefactthatinflationdeterminesnotjustonebut two primordialspec-
tra, correspondingto the scalar(density)andtensor(gravitationalwaves)metric perturbations,from a
singlecontinuousfunction,theinflatonpotential µ

Ø - Ù
. In theslow-roll approximation,onedetermines,

from µ
Ø - Ù

, two continuousfunctions,²�´ Ø � Ù and ²ºï Ø � Ù , that in thepower-law approximationreduces
to two amplitudes,

J µ
and

J »
, andtwo tilts, ¸ and ¸ » . It is clearthattheremustbea relationbetween

thefour parameters.Indeed,onecanseefrom Eqs.(199)and(193)that theratio of thetensorto scalar
contributionto theangularpowerspectrumis proportionalto thetensortilt [86],

� Î | � » �Ú
| � µ �Ú º

¼ �¾ â Ç ` ÏAÐ Ëß Ï �
¼ , Ö Á ¼ Ð ¸ » Õ (200)

Thisis auniquepredictionof inflation,whichcouldnothavebeenpostulatedapriori by anycosmologist.
If we finally observea tensorspectrumof anisotropiesin the CMB, or a stochasticgravitationalwave
backgroundin laserinterferometerslike LIGO orVIRGO[99], with sufficientaccuracytodeterminetheir
spectraltilt, onemight havesomechanceto testtheideaof inflation,via theconsistencyrelation(200).
For themoment,observationsof themicrowavebackgroundanisotropiessuggestthat theSachs-Wolfe
plateauexists,seeFig. 34, but it is still prematureto determinethe tensorcontribution. Perhapsin the
nearfuture,from theanalysisof polarizationaswell astemperatureanisotropies,with theCMB satellites
MAP andPlanck,wemighthaveachanceof determiningthevalidity of theconsistencyrelation.

Assumingthat thescalarcontributiondominatesoverthetensoron largescales,i.e.
� . â , one

canactuallygive a measureof theamplitudeof thescalarmetricperturbationfrom theobservationsof
theSachs-Wolfe plateauin theangularpowerspectrum[97],ë Ø ë Ç â Ù | �

µ �Ú¼ Ð
�9� Ë

º
J µ
� º Ø

â Õ Ö ßyô Ö Õ Ö ò Ù2õ â Ö ó(ö Â (201)

¸ º â Õ Ö
¼ ô Ö Õ â

¼ Õ
(202)

Thesemeasurementscanbeusedto normalizetheprimordialspectrumanddeterminetheparametersof
themodelof inflation [91]. In thenearfuturetheseparameterswill bedeterminedwith muchbetterac-
curacy, asdescribedin Section4.4.5.
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Fig. 35: Theoreticalpredictionsfor CMB temperatureangularpowerspectraasa functionof multipolenumberÒ for models

with primordialadiabaticperturbations.Eachgraphshowstheeffectof avariationin oneof theseparameters.FromRef.[100].

4.4.4 The acoustic peaks

TheSachs-Wolfe plateauis adistinctivefeatureof Fig.34. Theseobservationsconfirmtheexistenceof a
primordialspectrumof scalar(density)perturbationson all scales,otherwisethepowerspectrumwould
havestartedfrom zeroat

ë º ¼
. However, we seethatthespectrumstartsto risearound

ë º ¼ Ö towards
thefirst acousticpeak,wheretheSW approximationbreaksdownandtheaboveformulaeareno longer
valid.

Asmentionedabove,thefirstpeakin thephotondistributioncorrespondstooverdensitiesthathave
undergonehalf anoscillation,thatis, acompression,andappearatascaleassociatedwith thesizeof the
horizonat last scattering,about â�÷ projectedin the sky today. Sincephotonsscatteroff baryons,they
will alsofeel theacousticwaveandcreatea peakin thecorrelationfunction. Theheightof thepeakis
proportionalto theamountof baryons:thelargerthebaryoncontentof theuniverse,thehigherthepeak.
Thepositionof thepeakin thepowerspectrumdependsonthegeometricalsizeof theparticlehorizonat
lastscattering.Sincephotonstravelalonggeodesics,theprojectedsizeof thecausalhorizonatdecoupling
dependsonwhethertheuniverseis flat, openor closed.In aflat universethegeodesicsarestraightlines
and,by lookingattheangularscaleof thefirstacousticpeak,wewouldbemeasuringtheactualsizeof the
horizonatlastscattering.In anopenuniverse,thegeodesicsareinward-curvedtrajectories,andtherefore
theprojectedsizeon thesky appearssmaller. In this case,thefirst acousticpeakshouldoccurat higher
multipolesor smallerangularscales.On theotherhand,for a closeduniverse,thefirst peakoccursat
smallermultipolesor largerangularscales.Thedependenceof thepositionof thefirst acousticpeakon
thespatialcurvaturecanbeapproximatelygivenby [92]ë�ø�ù�ú�û Ö ¼E¼ Ö ì ó �	� Ëñ Â

(203)

where ì ñ º ì ' Ç ìýü º â Á ìÿþ . Presentobservations,speciallytheonesof theMobile Anisotropy
Telescope(MAT) in CerroTololo, Chile, which producedtwo datasets,TOCO97andTOCO98[101],
andtherecentballoon-borneexperimentBOOMERANG[71], suggestthatthepeakis between

ë º â Ï Ö
and250at 95%c.l., with anamplitude

� õ º Ï Ö ô â Ö ° K, andthereforetheuniverseis mostprobably
flat, seeFig. 36,andRef. [102]. In particular, thesemeasuremtsdeterminethat

Ö Õ Ï � � ì ñ � â Õ
¼ � Ø � Ï�� Ù Õ çGÕ¬Ù (204)
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Thatis, theuniverseis flat, within 10%uncertainty, which is muchbetterthanwe couldeverdo before.
In thenearfuturewewill measureì ñ to within 1%,with thenewmicrowaveanisotropysatellites.

Fig. 36: Theleft figureshowsthepowerspectrumof theBOOMERANGexperimentwith 6 arcminutepixelization.Thesolid

curveis a marginally closedmodelwith ~��������
	����
��������¥��� ~FÐ�� Ð���� Ð���Ó���� Ð�������� Ð�������� Ð����U� . The dottedcurveis Standard

CDM with ~FÐ�� Ð���� Ð�������� Ð�� Ð��W��� Ð�� Ð������U� . Thedashedcurvesareopenandclosedmodelswith fixed � À ����	����
�=�dÐ ����� and

1.55,respectively. Theright figureshowsthelikelihoodfunctionof � À normalizedto unity atthepeak,aftermarginalizingover

the ��	 Ô!�
� direction.FromRef. [71].

At themomentthereis notenoughinformationatsmallangularscales,or largemultipolenumbers,
to determinetheexistenceor notof thesecondaryacousticpeaks.Thesepeaksshouldoccuratharmonics
of thefirst one,butaretypically muchlowerbecauseof Silk damping.Sincetheamplitudeandposition
of theprimaryandsecondarypeaksaredirectlydeterminedby thesoundspeed(and,hence,theequation
of state)andby thegeometryandexpansionof theuniverse,theycanbeusedasa powerful testof the
densityof baryonsanddarkmatter, andothercosmologicalparameters,seeFig. 35.

By lookingatthesepatternsin theanisotropiesof themicrowavebackground,cosmologistscande-
terminenotonly thecosmologicalparameters,seeFig.35,butalsotheprimordialspectrumof densityper-
turbationsproducedduringinflation. It turnsout thattheobservedtemperatureanisotropiesarecompati-
blewith ascale-invariantspectrum,seeEq.(202),aspredictedby inflation. Thisis remarkable,andgives
verystrongsupportto theideathatinflationmayindeedberesponsiblefor boththeCMB anisotropiesand
thelarge-scalestructureof theuniverse.Dif ferentmodelsof inflationhavedifferentspecificpredictions
for thefinedetailsassociatedwith thespectrumgeneratedduringinflation. It is theseminutedifferences
thatwill allow cosmologiststo differentiatebetweenalternativemodelsof inflationanddiscardthosethat
donotagreewith observations.However, mostimportantly, perhaps,thepatternof anisotropiespredicted
by inflationis completelydifferentfrom thosepredictedby alternativemodelsof structureformation,like
cosmicdefects:strings,vortices,textures,etc.Thesearecomplicatednetworksof energydensityconcen-
trationsleft overfromanearlyuniversephasetransition,analogousto thedefectsformedin thelaboratory
in certainkindsof liquid crystalswhentheygothroughaphasetransition.Thecosmologicaldefectshave
spectralpropertiesverydifferentfromthosegeneratedby inflation. Thatiswhy it issoimportantto launch
moresensitiveinstruments,andwith betterangularresolution,to determinethepropertiesof theCMB
anisotropies.
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Fig. 37: Theleft figureshowsa simulationof thetemperatureanisotropiespredictedby a genericmodelof inflation,aswould

beseenby asatellitelike COBEwith angularresolutionof ��Ñ . Theright figureshowsthesame,butwith asatellitelike Planck,

with a resolution100timesbetter. FromRef. [73].

4.4.5 The new microwave anisotropy satellites, MAP and Planck

Thelargeamountof informationencodedin theanisotropiesof themicrowavebackgroundis thereason
why bothNASA andtheEuropeanSpaceAgencyhavedecidedto launchtwo independentsatellitesto
measuretheCMB temperatureandpolarizationanisotropiestounprecendentedaccuracy. TheMicrowave
AnisotropyProbe[72] will belaunchedbyNASA attheendof 2000,andPlanck[73] isexpectedin 2007.

As wehaveemphasizedbefore,thefact thattheseanisotropieshavesuchasmallamplitudeallow
for anaccuratecalculationof thepredictedanisotropiesin linearperturbationtheory. A particularcosmo-
logical modelis characterizedby a dozenor soparameters:therateof expansion,thespatialcurvature,
thebaryoncontent,thecold darkmatterandneutrinocontribution,thecosmologicalconstant(vacuum
energy), thereionizationparameter(opticaldepthto the lastscatteringsurface),andvariousprimordial
spectrumparameterslike theamplitudeandtilt of theadiabaticandisocurvaturespectra,theamountof
gravitationalwaves,non-Gaussianeffects,etc.All theseparameterscannowbefedintoafastcodecalled
CMBFAST [103] thatcomputesthepredictedtemperatureandpolarizationanisotropiesto 1%accuracy,
andthuscanbeusedto comparewith observations.

Thesetwo satelliteswill improveboththesensitivity, downto ° K, andtheresolution,downto arc
minutes,with respectto thepreviousCOBEsatellite,thanksto largenumbersof microwavehornsof var-
ioussizes,positionedat specificangles,andalsothanksto recentadvancesin detectortechnology, with
highelectronmobility transistoramplifiers(HEMTs) for frequenciesbelow100GHzandbolometersfor
higherfrequencies.Theprimaryadvantageof HEMTs is their easeof useandspeed,with a typical sen-
sitivity of 0.5mKs

�9� Ë
, while theadvantageof bolometersis their tremendoussensitivity, betterthan0.1

mKs
�9� Ë

, seeRef. [104]. For instance,to appreciatethedifference,comparetheresolutionin thetemper-
atureanisotropiesthatCOBEandPlanckwouldobservefor thesamesimulatedsky in Fig. 37. Thiswill
allow cosmologiststo extractinformationfrom around3000multipoles!Sincemostof thecosmological
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parametershavespecificsignaturesin theheightandpositionof thefirst few acousticpeaks,thehigher
the resolution,themorepeaksoneis expectedto see,andthusthebettertheaccuracywith which one
will beableto measurethoseparameters,seeTable1. As anexampleof thekind of datathatthesetwo
satelliteswill beableto provide,seeFig. 38, which comparesthepresentobservationalstatuswith that
whichwill becomeavailablearound2008.

Fig.38: Thepredictedangularpowerspectrumof temperatureanisotropies,comparedwith thepresentdata,seeFig.34,binned

into 16 logarithmicintervalsin multipole numberbetweenÒ�� Ó and Ò�� �7ÐUÐUÐ . The right figure givesan estimateof the

accuracywith which thepowerspectrumwill bemeasuredby Planck.It is only limited by cosmicvarianceon all theangular

scalesrelevantto primaryanisotropies.FromRef. [105].

Althoughthesatelliteprobesweredesignedfor theaccuratemeasurementof theCMB tempera-
tureanisotropies,thereareotherexperiments,like balloon-borneandgroundinterferometers,whichwill
probablyaccomplishthesameresultswith similar resolution(in thecaseof MAP), beforethesatellites
startproducingtheirownresults[104]. Probablythemostimportantobjectiveof thefuturesatelliteswill
bethemeasurementof theCMB polarizationanisotropies,yet to bediscovered.Theseanisotropiesare
predictedby modelsof structureformationandareexpectedto ariseatthelevelof microKelvinsensitivi-
ties,wherethenewsatellitesareaimingat. Thecomplementaryinformationcontainedin thepolarization
anisotropieswill providemuchmorestringentconstraintson thecosmologicalparametersthanfrom the
temperatureanisotropiesalone.In particular, thecurl-curlcomponentof thepolarizationpowerspectrais
nowadaystheonly meanswehaveto determinethetensor(gravitationalwave)contributionto themetric
perturbationsresponsiblefor temperatureanisotropies,seeFig. 39. If sucha componentis found,one
couldconstraintverypreciselythemodelof inflation from its spectralproperties,speciallythetilt [100].

4.5 From metric perturbations to large scale structure

If inflation is responsiblefor themetricperturbationsthatgaverise to the temperatureanisotropiesob-
servedin themicrowavebackground,thentheprimordialspectrumof densityinhomogeneitiesinduced
by thesamemetricperturbationsshouldalsobe responsiblefor thepresentlargescalestructure[106].
Thissimpleconnectionallowsfor morestringenttestson theinflationaryparadigmfor thegenerationof
metricperturbations,sinceit relatesthelargescales(of orderthepresenthorizon)with thesmallestscales
(on galaxyscales).This providesa very largeleverarmfor thedeterminationof primordialspectrapa-
rameterslike thetilt, thenatureof theperturbations,whetheradiabaticor isocurvature,thegeometryof
theuniverse,aswell asits matterandenergy content,whetherCDM, HDM or mixedCHDM.
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Fig.39: Theoreticalpredictionsfor thefour non-zeroCMB temperature-polarizationspectraasafunctionof multipolemoment.

Thedottedcurvesarethepredictionsfor aCOBE-normalizedscalarperturbationfromaninflationarymodelwith noreionization

andno gravitationalwavesfor � � Ð������ , �
���&%�� Ð�� Ð�Ó(' , and ) � Ð . Thesolid curvesarethecorrespondingpredictionsif

theCOBEanisotropywereentirelydueto astochasticgravitationalwavebackgroundwith aflat scale-invariantspectrum(with

thesamecosmologicalparameters).Thepanelfor *,+-+. containsno dottedcurvebecausescalarperturbationsproduceno curl

componentof thepolarizationvector. FromRef. [100].

4.5.1 The galaxy power spectrum

As metric perturbationsenterthecausalhorizonduring the radiationor matterera,theycreatedensity
fluctuationsvia gravitationalattractionof thepotentialwells. Thedensitycontrast

�
canbededucedfrom

theEinsteinequationsin linearperturbationtheory, seeEq.(134),

�;� Î � Ó �
Ó º �Þ È

Ë ¼ ß  � º �Þ È
Ë ¼ Ç ¼ £
� Çàß £ N �tÂ (205)

wherewe haveassumed� º Ö , andusedEq. (166). Fromthis expressiononecancomputethepower
spectrum,athorizoncrossing,of matterdensityperturbationsinducedby inflation,seeEq.(178),

ì Ø � Ù º ± Z �;� Z Ë q º J �Þ È ¶ Â (206)

with ¸ givenby thescalartilt (180), ¸ º â Ç
¼ > Á � , . This spectrumreducesto a Harrison-Zel’dovich

spectrum(49) in theslow-roll approximation:
> Â , . â .

Sinceperturbationsevolveafterenteringthehorizon,thepowerspectrumwill notremainconstant.
Forscalesenteringthehorizonwell aftermatterdomination( � ó �0/ � ó �ù ú Ö Ï â Mpc), themetricperturba-
tion hasnot changedsignificantly, sothat

N � Ø21 Û æ ç Ù º N � Ø ê ÛVê ÝMê æ ç Ù . ThenEq.(205)determinesthefinal
densitycontrastin termsof the initial one. On smallerscales,thereis a linear transferfunction õ

Ø � Ù ,
whichmaybedefinedas[86] N � Ø21 Û æ ç¬Ù º õ Ø � Ù N � Ø ê ÛVê ÝMê æ ç ÙOÕ (207)

To calculatethetransferfunctiononehasto specifythe initial conditionwith therelativeabundanceof
photons,neutrinos,baryonsandcold darkmatterlong beforehorizoncrossing.Themostnaturalcondi-
tion is thattheabundancesof all particlespeciesareuniform on comovinghypersurfaces(with constant
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Table1: The parameters of the standard cosmological model. Thestandardmodelof cosmologyhasaround12 different

parameters,neededto describethebackgroundspace-time,themattercontentandthespectrumof densityperturbations.We

includeherethepresentrangeof themostrelevantparameters,andthepercentageerrorwith which themicrowavebackground

probesMAP andPlanck(without polarization)will beableto determinethemin thenearfuture. Therateof expansionis in

unitsof 3 À � �7ÐUÐ4� km/s/Mpc.

Physical quantity Symbol Present range MAP Planck

luminousmatter ì,5�6�7
R Ë Ö Õ Ö�Ö â Á Ö Õ Ö�Ö � Á Á

baryonicmatter ì,8
R Ë Ö Õ Ö â Á Ö Õ Ö ß 5% 0.6%

colddarkmatter ì ' R Ë Ö Õ ¼ Á â Õ Ö 10% 0.6%
hotdarkmatter ì ¿

R Ë Ö Á Ö Õ ß 5% 2%
cosmologicalconstant ìmü R Ë Ö Á Ö Õ Ï 8% 0.5%
spatialcurvature ì ñ

R Ë Ö Õ ¼ Á â Õ � 4% 0.7%
rateof expansion

R Ö Õ ` Á Ö Õ Ï 11% 2%
ageof theuniverse

Ä ñ â�â Á â ò Gyr 10% 2%
spectralamplitude

Ì ö 7 é ¼ Ö Áàß Ö ° K 0.5% 0.1%
spectraltilt ¸ Î Ö Õ � Á â Õ � 3% 0.5%
tensor-scalarratio Ï:9 é Ö Á â Õ Ö 25% 10%
reionization ; Ö Õ Ö â Á â Õ Ö 20% 15%

totalenergy density).This is calledtheadiabatic condition,becauseentropyis conservedindependently
for eachparticlespecies< , i.e.

� Ó>= º ÉÓ?= � Ä , givenaperturbationin timefromacomovinghypersurface,
so � Ó?=

Ó?= Ç Ô�= º � Ó>@
Ó?@ Ç Ô�@ Â

(208)

wherewe haveusedtheenergy conservationequationfor eachspecies,ÉÓ>= º Á�ß È Ø Ó?= Ç Ô�= Ù , valid to
first orderin perturbations.It follows thateachspeciesof radiationhasa commondensitycontrast

��î
,

andeachspeciesof matterhasalsoacommondensitycontrast
� Û

, with therelation
� Û º �
 � î .

Within thehorizon,thedensityperturbationamplitudeevolvesaccordingto thefollowing equation,
seeRef. [86],

È ó Ë
Æ� � Ç B ¼ Áàß Ø ¼ £ Á « Ë AcÙ H È ó � É� � Á ß¼ Ø â Á � «YË A Ç Ï £ Á ß £SË�ÙË� � º Á �Þ È

Ë � Ô �
Ó Â

(209)

where
£ º ÔzëAÓ is thebarotropicratio,and

« Ë A º ÉÔ°ë ÉÓ is thespeedof soundof thefluid.

Giventheadiabaticcondition,thetransferfunctionis determinedby thephysicalprocessesoccur-
ing betweenhorizonentryandmatterdomination.If the radiationbehaveslike a perfectfluid, its den-
sity perturbationoscillatesduringthisera,with decreasingamplitude.Thematterdensitycontrastliving
in this backgrounddoesnot grow appreciablybeforematterdominationbecauseit hasnegligibleself-
gravity. Thetransferfunctionis thereforegivenroughlyby, seeEq.(52),

õ
Ø � Ù º â Â � . � ù úØ � ë � ù ú Ù Ë Â � / � ù ú (210)

Theperfectfluid descriptionof theradiationis far from beingcorrectafterhorizonentry, because
roughly half of the radiationconsistsof neutrinoswhoseperturbationrapidly disappearsthroughfree
streeming.Thephotonsarealsonotaperfectfluid becausetheydiffusesignificantly, for scalesbelowthe
Silk scale,� ó �µ ó

â Mpc. Onemight thenconsidertheoppositeassumption,that theradiationhaszero
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perturbationafter horizonentry. Thenthe matterdensityperturbationevolvesaccordingto Eq. (209),
with

�
andÓ nowreferringto thematteralone,Æ�;� Ç ¼ È É�;� Ç Ø «YË A � Ëø ø Á ` ÐÒÑ Ó ÙË�;� º Ö Â (211)

which correspondsto theequationof a dampedharmonicoscillator. Thezero-frequencyoscillatorde-
finestheJeanswavenumber, �>B º ` ÐÒÑ ÓÃë « Ë A . For � . �?B ,

�;�
growsexponentiallyon thedynamical

timescale,;DC�E ¸ ºGF ¤ £ ó � º Ø ` ÐÒÑ Ó Ù ó �	� Ë º ;DH ö
ú
I , which is the time scalefor gravitationalcollapse.

OnecanalsodefinetheJeanslength,

ª B º
¼ Ð
� B º « A Ð

Ñ Ó Â (212)

whichseparatesgravitationallystablefrom unstablemodes.If wedefinethepressureresponsetimescale
asthesizeof theperturbationover thesoundspeed,;

ø
ö
ù é ó ª ë « A , then,if ;

ø
ö
ù é ä ;DH ö

ú
I , gravitational

collapseof aperturbationcanoccurbeforepressureforcescanresponseto restorehydrostaticequilibrium
(this occursfor

ª ä ª B ). On theotherhand,if ;
ø
ö
ù é 1 ;DH ö

ú
I , radiationpressurepreventsgravitational

collapseandtherearedampedacousticoscillations(for
ª 1 ª B ).

We will considernow the behaviourof modeswithin the horizonduring the transitionfrom the
radiation(

« Ë A º â ë ß ) to thematterera(
« Ë A º Ö ). Thegrowingandthedecayingsolutionsof Eq.(211) are

� º J
â Ç

ß¼0J Â
(213)

� º K
â Ç

ß¼ J ç Û
z â Ç J Ç âz â Ç J Á â

Áàß â Ç J Â
(214)

where
J

and
K

areconstants,and
J º Þ#ëEÞ ù ú . Thegrowingmodesolution(213) increasesonly by a

factorof 2 betweenhorizonentryandtheepochwhenmatterstartsto dominate,i.e.
J º â . Thetransfer

functionis thereforeagainroughlygivenby Eq.(210).

Sincetheradiationconsistsroughlyhalfof neutrinos,whichfreestreem,andhalfof photons,which
eitherform a perfectfluid or just diffuse,neithertheperfectfluid nor thefree-streemingapproximation
looksverysensible.A moreprecisecalculationis needed,including: neutrinofreestreemingaroundthe
epochof horizonentry; thediffusionof photonsaroundthesametime, for scalesbelowSilk scale;the
diffusionof baryonsalongwith thephotons,andtheestablishmentaftermatterdominationof acommon
matterdensitycontrast,asthebaryonsfall into thepotentialwells of cold darkmatter. All theseeffects
applyseparately, to first orderin theperturbations,to eachFouriercomponent,so thata linear transfer
functionisproduced.Thereareseveralparametrizationsin theliterature,buttheonewhichismorewidely
usedis thatof Ref. [107],

õ
Ø � Ù º â Ç Þ � Ç ØLK � Ù � � Ë Ç Ø « � ÙÅË ¿ ó �9� ¿ Â v º â Õ â ß Â (215)

Þ º � Õ ` Ø ì ' R Ù ó � R ó �NM ã Ù Â (216)K º ß Õ Ö Ø ì ' R Ù ó � R ó �NM ã Ù Â (217)« º â Õ ò
Ø
ì ' R Ù ó � R ó �OM ã Ù Õ (218)

Weseethatthebehaviourestimatedin Eq.(210)is roughlycorrect,althoughthebreakat � º � ù ú is not
at all sharp,seeFig. 40. Thetransferfunction,which encodesthesoltion to linearequations,ceasesto
bevalid whenthedensitycontrastbecomesof order1. After that,thehighly nonlinearphenomenonof
gravitationalcollapsetakesplace,seeFig. 40.
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Fig.40: TheCDM powerspectrumPy~RQG� asafunctionof wavenumberQ , in logarithmicscale,normalizedto thelocalabundance

of galaxyclusters,for anEinstein-deSitteruniversewith ���!Ð���� . Thesolid(dashed)curveshowsthelinear(non-linear)power

spectrum.While thelinearpowerspectrumfalls off like Q-S � , thenon-linearpower-spectrumillustratestheincreasedpoweron

smallscalesdueto non-lineareffects,at theexpenseof thelarge-scalestructures.FromRef. [47].

4.5.2 The new redshift catalogs, 2dF and Sloan Digital Sky Survey

Our view of the large-scaledistributionof luminousobjectsin the universehaschangeddramatically
duringthelast25years[19]: from thesimplepre-1975pictureof adistributionof field andclustergalax-
ies, to thediscoveryof thefirst singlesuperstructuresandvoids, to themostrecentresultsshowingan
almostregularweb-likenetworkof interconnectedclusters,filamentsandwalls, separatinghugenearly
emptyvolumes.Theincreasedefficiencyof redshiftsurveys,madepossibleby thedevelopmentof spec-
trographsand–speciallyin thelastdecade–byanenormousincreasein multiplexinggain(i.e. theability
to collectspectraof severalgalaxiesatonce,thanksto fibre-opticspectrographs),hasallowedusnotonly
to do cartography of thenearbyuniverse,butalsoto statisticallycharacterizesomeof its properties,see
Ref.[109]. At thesametime,advancesin theoreticalmodelingof thedevelopmentof structure,with large
high-resolutiongravitationalsimulationscoupledto a deeperyet limited understandingof how to form
galaxieswithin thedarkmatterhalos,haveprovidedamorerealisticconnectionof themodelsto theob-
servablequantities[110]. Despitethelargeuncertaintiesthatstill exist,thishastransformedthestudyof
cosmologyandlarge-scalestructureinto a truly quantitativescience,wheretheoryandobservationscan
progresssideby side.

For a reviewof thevarietyanddetailsaboutthedifferentexistingredshiftcatalogs,seeRef. [19],
andFig. 41. HereI will concentrateontwo of thenewcatalogs,whicharetakingdataat themomentand
which will revolutionizethe field, the 2-degree-Field(2dF) Catalogandthe SloanDigital Sky Survey
(SDSS).The advantagesof multi-objectfibre spectroscopyhavebeenpushedto the extremewith the
constructionof the2dFspectrographfor theprimefocusof theAnglo-AustralianTelescope[111]. This
instrumentis ableto accommodate400automaticallypositionedfibresovera2 degreein diameterfield.
Thisimpliesadensityof fibresontheskyof approximately130degó Ë , andanoptimalmatchto thegalaxy
countsfor a magnitude

K
B Ö â ¾ Õ � , similar to thatof previoussurveyslike theESP, with thedifference

thatwith suchanareayield, thesamenumberof redshiftsasin theESPsurveycanbecollectedin about
10exposures,or slightly morethanonenightof telescopetimewith typical1 hourexposures.This is the
basisof the2dFgalaxyredshiftsurvey. Its goal is to measureredshiftsfor morethan250,000galaxies
with

K
B 1 â ¾ Õ � . In addition,a faint redshiftsurveyof 10,000galaxiesbrighterthan

� º ¼
â will be

doneoverselectedfieldswithin thetwo mainstripsof theSouthandNorthGalacticCaps.Thesurveyis
steadilycollectingredshifts,andtherewereabout93,000galaxiesmeasuredby January2000. Seealso
Ref. [111], wherethesurveyis continuouslyupdated.
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CFA2+SSRS2
LCRS
APM

Fig. 41: Compilationof large-scalestructureobservations,showingthe powerspectrumPº~RQ�� asa function of wavenumber

Q . No correctionsfor bias,redshiftdistortions,or non-linearevolutionhavebeenmade. Someof the redshiftsurveyshave

beenrebinnedto makethepointsnearlyindependent.Theblackboxcomesfrom measurementsof TVU from present-daynumber

abundancesof rich clusters,andtheblackpointwith errorbarsis from peculiarvelocities.Theheightshowsthe68%confidence

interval. �
	 �D� is assumed.Theright panelshowsa simulationof high-precisionfutureCMB andLSSobservations.MAP

(redboxes)andPlanck(blueboxes)aresimulatedassumingthatCHDM is thecorrectmodel.Greenerrorbarsshowtheaccuracy

of theSloanDigital SkySurveyandmagentaerrorbarsarefor the2 DegreeFieldSurvey. No correctionsaremadefor redshift

distortionsor non-linearevolution.Thesimulateddataareindistinguishablefrom theunderlyingCHDM modelfor awiderange

of Q . FromRef. [108].

Themostambitiousandcomprehensivegalaxysurveycurrentlyin progressis without anydoubt
theSloanDigital Sky Survey[112]. Theaim of theprojectis first of all to observephotometricallythe
wholeNorthernGalacticCap,30÷ awayfrom thegalacticplane(aboutâ Ö 
 deg

Ë
) in five bands,atlimiting

magnitudesfrom20.8to23.3.Theexpectationis todetectaround50million galaxiesandaroundâ Ö�W star-
like sources.Thishasalreadyled to thediscoveryof severalhigh-redshift(

û ä ` ) quasars,includingthe
highest-redshiftquasarknown,at

û º � Õ Ö , seeRef. [112]. Using two fibre spectrographscarrying320
fibreseach,thespectroscopicpart of thesurveywill thencollect spectrafrom about â Ö ÿ galaxieswithÏ < 1 â Ï and â Ö ö AGNswith Ï < 1 â ¾ . It will alsoselectasampleof aboutâ Ö ö redluminousgalaxieswithÏ < 1 â ¾ Õ � , whichwill beobservedspectroscopically, providinganearlyvolume-limitedsampleof early-
typegalaxieswith amedianredshiftof

û Ö�Ö Õ � , thatwill beextremelyvaluableto studytheevolutionof
clustering.Thedataexpectedto arisefrom thesenewcatalogsis sooutstandingthatalreadycosmologists
aremakingsimulationsandpredictingwhatwill bethescientificoutcomeof thesesurveys,togetherwith
thefutureCMB anisotropyprobes,for thedeterminationof thecosmologicalparametersof thestandard
modelof cosmology, seeFigs.41and42.

As oftenhappensin particlephysics,not alwaysareobservationsfrom a singleexperimentsuffi-
cientto isolateanddeterminetheprecisevalueof theparametersof thestandardmodel.We mentioned
in thepreviousSectionthatsomeof thecosmologicalparameterscreatedsimilar effectsin the temper-
atureanisotropiesof themicrowavebackground.We saythat theseparametersaredegenerate with re-
spectto theobservations.However, oftenonefindscombinationsof variousexperiments/observations
whichbreakthedegeneracy, for exampleby dependingonadifferentcombinationof parameters.This is

178



    

Fig.42: Constraintregionsin the ��	�ÔO3 À planefrom variouscombinationsof datasets.MAP datawith polarizationyieldsthe

ellipsefrom upperleft to lowerright; assumingtheuniverseflat givesasmallerregion(short-dashedline). SDSS( Q�XZY\[m�!Ð��u���
Mpc S � ) givestheverticalshadedregion;combinedwith MAP givesthesmallfilled ellipse.A projectonof futuresupernovae

Ia resultsgivesthesolid vertical linesasbounds;combinedwith MAP givesthesolid ellipse. A direct10%measurementof

3 À givesthelong-dashedlinesandellipse.All regionsare68%confidence.Thefiducial modelis the ��	�� Ð���Õ�� flat ) CDM

model.Theright figureshowsthesameasbefore,but for constraintsin the �
	 Ô!�
� plane.FromRef. [113].

preciselythecasewith thecosmologicalparameters,asmeasuredby a combinationof large-scalestruc-
ture observations,microwavebackgroundanisotropies,SupernovaeIa observationsandHubbleSpace
Telescopemeasurements,a featurenamedsomewhatidiosyncraticallyas‘cosmiccomplementarity’,see
Ref.[113]. It isexpectedthatin thenearfuturewewill beabletodeterminetheparametersof thestandard
cosmologicalmodelwith greatprecisionfrom acombinationof severaldifferentexperiments,asshown
in Fig. 42.

5. CONCLUSION

We haveentereda newerain cosmology, werea hostof high-precisionmeasurementsarealreadypos-
ing challengesto our understandingof theuniverse:thedensityof ordinarymatterandthetotal amount
of energy in theuniverse;themicrowavebackgroundanisotropieson a fine-scaleresolution;primordial
deuteriumabundancefrom quasarabsorptionlines;theaccelerationparameterof theuniversefrom high-
redshiftsupernovaeobservations;therateof expansionfrom gravitationallensing;largescalestructure
measurementsof thedistributionof galaxiesandtheirevolution;andmanymore,whichalreadyputcon-
straintsontheparameterspaceof cosmologicalmodels,seeFig.30. However, theseareonly theforerun-
nersof theprecisionerain cosmologythatwill dominatethenewmillennium,andwill makecosmology
aphenomenologicalscience.

It is importantto bearin mind thatall physicaltheoriesareapproximationsof reality thatcanfail
if pushedtoo far. Physicalscienceadvancesby incorporatingearlier theoriesthat areexperimentally
supportedinto larger, moreencompassingframeworks.ThestandardBig Bangtheoryis supportedby
awealthof evidence,nobodyreallydoubtsits validity anymore.However, in thelastdecadeit hasbeen
incorporatedinto thelargerpictureof cosmologicalinflation,whichhasbecomethenewstandardcosmo-
logicalmodel.All cosmologicalissuesarenowformulatedin thecontextof theinflationaryparadigm.It
is thebestexplanationwehaveat themomentfor theincreasingsetof cosmologicalobservations.

In thenextfew yearswewill haveanevenlargersetof high-qualityobservationsthatwill testin-
flation andthecold darkmatterparadigmof structureformation,anddeterminemostof the12 or more
parametersof the standardcosmologicalmodelto a few percentaccuracy(seeTable1). It may seem
thatwith sucha largenumberof parametersonecanfit almostanything. However, that is not thecase
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whenthereis enoughquantityandqualityof data.An illustrativeexampleis thestandardmodelof parti-
clephysics,with around21parametersandahostof precisemeasurementsfrom particleacceleratorsall
overtheworld. Thismodelis, nowadays,rigurouslytested,andits parametersmeasuredto aprecisionof
betterthan1%in somecases.It is clearthathigh-precisionmeasurementswill makethestandardmodel
of cosmologyasrobustasthatof particlephysics.In fact, it hasbeenthetechnologicaladvancesof par-
ticle physicsdetectorsthataremainly responsiblefor theburstof newdatacomingfrom cosmological
observations.This is definitelyaveryhealthyfield, but thereis still a lot to do. With theadventof better
andlargerprecisionexperiments,cosmologyis becomingamaturescience,wherespeculationhasgiven
way to phenomenology.

Therearestill manyunansweredfundamentalquestionsin thisemergingpictureof cosmology. For
instance,we still do not know thenatureof theinflatonfield, is it somenewfundamentalscalarfield in
theelectroweaksymmetrybreakingsector, or is it just someeffectivedescriptionof a morefundamen-
tal high energy interaction?Hopefully, in thenearfuture,experimentsin particlephysicsmight give us
a clue to its nature. Inflation hadits original inspirationin theHiggsfield, thescalarfield supposedto
beresponsiblefor themassesof elementaryparticles(quarksandleptons)andthebreakingof theelec-
troweaksymmetry. Sucha field hasnot beenfoundyet,andits discoveryat thefutureparticlecolliders
wouldhelpunderstandoneof thetruly fundamentalproblemsin physics,theorigin of masses.If theex-
perimentsdiscoversomethingcompletelynewandunexpected,it wouldautomaticallyaffect inflationat
a fundamentallevel.

Oneof themostdifficult challengesthatthenewcosmologywill haveto faceis understandingthe
origin of thecosmologicalconstant,if indeedit is confirmedby independentsetsof observations.Ever
sinceEinsteinintroducedit asa way to counteractgravitationalattraction,it hashauntedcosmologists
andparticlephysicistsfor decades.Westill donothaveamechanismto explainits extraordinarilysmall
value,120ordersof magnitudebelowwhat is predictedby quantumphysics.For severaldecadesthere
hasbeenthereasonablespeculationthatthis fundamentalproblemmayberelatedto thequantizationof
gravity. Generalrelativity is a classicaltheoryof space-time,andit hasprovedparticularlydifficult to
constructa consistentquantumtheoryof gravity, sinceit involvesfundamentalissueslike causalityand
thenatureof space-timeitself.

Thevalueof thecosmologicalconstantpredictedby quantumphysicsis relatedto our lackof un-
derstandingof gravityat themicroscopiclevel. However, its effect is dominantat thevery largestscales
of clustersor superclustersof galaxies,ontruly macroscopicscales.Thishintsatwhatis knownin quan-
tum theoryasananomaly, a quantumphenomenonrelatingbothultraviolet (microscopic)andinfrared
(macroscopic)divergences.Wecanspeculatethatperhapsgeneralrelativity is notthecorrectdescription
of gravity on the very largestscales.In fact, it is only in the last few billion yearsthat the observable
universehasbecomelargeenoughthat theseglobaleffectscouldbenoticeable.In its infancy, theuni-
versewasmuchsmallerthanit is now, and,presumably, generalrelativity gavea correctdescriptionof
its evolution,asconfirmedby thesuccessesof thestandardBig Bangtheory. As it expanded,largerand
largerregionswereencompassed,and,therefore,deviationsfromgeneralrelativitywouldslowlybecome
important.It maywell bethattherecentdeterminationof a cosmologicalconstantfrom observationsof
supernovaeat high redshiftsis hinting at a fundamentalmisunderstandingof gravity on the very large
scales.

If this wereindeedthe case,we shouldexpectthat the new generationof precisecosmological
observationswill not only affect our cosmologicalmodelof the universebut alsoa morefundamental
descriptionof nature.
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