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In this article, we survey the Lyapunov direct method for distributed-order nonlinear time-varying systems with the Prabhakar
fractional derivatives. We provide various ways to determine the stability or asymptotic stability for these types of fractional

differential systems. Some examples are applied to determine the stability of certain distributed-order systems.

1. Introduction

In recent years, distributed-order fractional calculus has
played a significant role in many areas of science, engineer-
ing, and mathematics [1-5]. For the first time in 1969, the
distributed-order fractional calculus with the Caputo frac-
tional derivatives was surveyed by Caputo [6]. Later, other
research on the distributed-order fractional derivatives
was presented. For example, Fernandez-Anaya et al. [7]
studied asymptotic stability of distributed-order nonlinear
dynamical systems with the Caputo fractional derivative.
Moreover, Duong et al. [3] studied the deterministic analy-
sis of distributed-order systems using operational matrix. A
new method for obtaining the numerical solution of
distributed-order time-fractional-subdiffusion equations
(DO-TFSDE) of the fourth order is studied in [8], and solv-
ing a two-dimensional distributed-order time-fractional
fourth-order partial differential equation by using of the
space-time Petrov-Galerkin spectral method is studied
in [9]. The stability of distributed-order fractional differ-
ential systems with respect to the nonnegative density
function has also been studied [10, 11]. We define frac-
tional distributed-order nonautonomous systems of the
form

Dl ¥(1) = (x(1), ), 1)

where c¢(p) is an absolutely integrable function in the
interval pe€0,1] and CDZ)C(H) is a distributed-order

R0
fractional differential/integral operator in the sense of a
given fractional differential/integral operator of order c(u)
which discusses about the stability or asymptotic stability
for these systems. Our interest in choosing this type of
derivative is related to the three-parameter Mittag-Leffler
function. One useful application of the three-parameter
Mittag-Leftler function in mathematics has been related
to their importance in fractional calculus as a model of
complex susceptibility in the response of disordered mate-
rials and heterogeneous systems [12], in the response in
anomalous dielectrics of Havriliak-Negami type [13], in
fractional viscoelasticity [14], in the discussion of stochas-
tic processes [15], in probability theory [16], in the
description of dynamical models of spherical stellar sys-
tems [17], in the polarization processes in Havriliak-
Negami models [13, 18], and in fractional or integral
differential equations [19]. In this paper, we intend to sur-
vey the stability or asymptotic stability analysis of a
distributed-order fractional differential/integral operator
containing the Prabhakar fractional derivatives. This type
of fractional derivative was introduced by Garra et al.
[20] in that it is considered in terms of the generalized
Mittag-Leftler function and can be considered as a gener-
alization of the most popular definitions of fractional
derivatives. In the field of stability and asymptotic stability,
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several papers have been published as follows: in [21], the
Hyers-Ulam stability of the linear and nonlinear differen-
tial equations of fractional order with Prabhakar derivative
by using the Laplace transform method is studied and the
authors show that the fractional equation introduced is
Hyers-Ulam stable, and in [22], the authors obtained the
stability regions of differential systems of fractional order
with the Prabhakar fractional derivatives. For this purpose,
in Section 2, we recall some definitions and lemmas in
generalized fractional calculus. In Section 3, we introduce
the distributed-order nonlinear time-varying systems con-
taining the Prabhakar fractional derivative and discuss
about the stability analysis of these types of fractional dif-
ferential systems. In Section 4, we plot two examples in
order to show the performance and accuracy of the pro-
posed method.

2. Preliminaries

In this section, we recall some definitions and lemmas which
are used in the next sections.

)% dr, t>0,0<a<l,

o I (t) = ﬁjof(f)(t -

(04 1 d ! -
o DEf(t) = I —(x)EJOf(T)(t_T) dr, t>0,0<a<]l,
(2)
where I'(z) = [[° x* e *dx, R(z) > 0 is the gamma function.

Also, for the absolutely continuous function f, the Caputo
fractional derivatives of order « is defined as follows:

D (0= o 1 0= 1 | (= f ().

(3)

t
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where E}, is the generalized Mittag-Leffler function intro-
duced by Prabhakar in 1971 [25]:

Lly+n)

= nll'(pn +u) R(p), R(u)>0.

()

s3]
=
|
'j
Q —
M

a"
(Dz,y,w,o*f) (t) = WEPL—ﬂ,w,O*f(t)’ t>0. (6)

Definition 1. (see [23, 24]). Let 0<a <1 and f € L'[0, 4], 0
<t < b< co. Then, the Riemann-Liouville fractional integral
and derivative of order « are defined as

Definition 2. (see [20]). For m —1 < y <m and function f €
L'[0,b], 0<t<b<oo, the Prabhakar fractional integral is
defined as follows:
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Definition 3. (see [20]). For the function f € L'[0, b], the
Prabhakar fractional derivative is defined as

Also, analogous formulas for the Caputo-Prabhakar frac-
tional derivative are given by

_ dam
<CDr)Mw0+f> (t) = Ep,tn—y,w,o* Wf(t), t>0, (7)

where m — 1 <R (u) <mand p, 4, w,y € C.
LD o (135} =541 -5 P)E(S)

-3 (Pl 00

(8)

where F(s) is the Laplace transform of f(¢)
(ee]
F(s)= J e f(t)dt. 9)
0
w
Sf{t”"lE;};t(th) ;s} =sH(1-wsF), IS—PI <1, R(u)>0.
(10)
4\ tIEY (wtf)) =Ry tP (11)
E ( p,y(w )) - pou—n (w )

3{%;{%04@) ;s} = (1 — ws )V F(s)
—s#M(1-ws™P ”mzl sk lfk> 0%),
k=0
(12)
Q{CDZ)WW £t ;s} - y{t*"*ﬂE;L(th) ;5}3{57 £t ;s}
s#(1 - ws p)VF(s)

(1-ws™” ” stk LR ot

=0

o~

(13)

and the proof is completed.

lim f(¢) = limsF(s). (14)

t—00 s—0

m

c(‘u) CDZ,M,w,O*x( t)d."i’

m—1

m-1l<pu<m.

(15)

Lemma 4. (see [20]). The Laplace transform of the Prabhakar
fractional derivative for m — 1 < R(u) < m is given by

Cch(y,)wO*x(t) = J

Lemma 5. The Laplace transform of the generalized Mittag-
Leffler function t*~'E} ,(wtP) is given by [20]
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Lemma 6. (see [23]). Let p, 4, y, w € C(R(p) > 0, R(u) > 0).
Then, for any n € N, the generalized Mittag-Leffler function
derivative is defined as

Lemma 7. The Laplace transform of (7) is given by

Proof. Using the definition of (D
(10), we obtain

;ya,y,w,mf )(t) and equation

Lemma 8. (see [26]). Let F(s)=Z{f(t);s}. If all poles of s
F(s) are in the open left-half complex plane, then

Definition 9. The distributed-order fractional integral opera-
tor in the Caputo-Prabhakar sense with respect to an order
density function ¢(p) > 0 is defined by

The Laplace transform of the Caputo-Prabhakar
distributed-order derivative is obtained as

"l (1 - es)X(s)

m—1

g{CDZ)CW)«U,Wx(l‘) ;s} :J

- (1-wsP) mz-l 1M (0% | du
k=0
=C(s)(1 - wsP)YX(s)
—(1-wsP) nil

k=0

S 0,
(16

m

where X (s) is the Laplace transform of x(t) and C(s) = [
c{)s"d.

m—1

f(tx) = f(ty)| < Llx =y, (17)

for all (t,x), (t,y) € D. The constant L is called a Lipschitz
constant for f (¢, x) with respect to x on D.

Definition 10. A real-valued continuous function f(t,x) is
said to satisfy a Lipschitz condition with respect to x on
D =[0,00) provided there is a constant L such that

3. The Distributed-Order Fractional
Integral Operator

In this section, we state the stability and asymptotic stability
of the distributed-order nonlinear time-varying systems as

CD%’C(”)MWx(t) =f(x(t),t),t€[0,00), O0<u<1, x(0)=uxy
(18)

where CDLC(H)MWx(t) <M, f(x(t),t) € L'[0,00] and f is a
real-value continuous function. Also. in the above, c(y) is
an absolutely integrable function and it satisfies fé c(pu)stdp
#0,R(s) > 0. Assuming the above conditions are satisfied

for the system (18), in this case, to prove the existence and
uniqueness of system (18), we can perform a process similar

to [4], and assuming that the system solution will be as fol-
lows, these solutions are obtained by taking the Laplace
transform from both sides of system ((18)):

x(t) = x(0) + JO 7! {m st s}f(z)ds.
(19)
IC 2 C
5 Dhpar () (D) (1), 1€ (0,1). (20)
IC
X() D) 0 X(1) =5 Dy (£) 20, (21)

using equation (7) in Definition 3 for (21), it can be written as
follows:

t

CDZ,W)Wx(t) = J (t=1) ¥ E)_(w(t - 7)P)x(7)dr, (22)

and in the same way,

1C t

3 D;H)w)mxz(t) = JO (t- T)_“E;K_H (w(t —1)P)x(1)%(T)dT.

(23)

Lemma 11. Let x € R be a continuous and derivable function.
Then, for any time instant t > 0, we have:

Proof. Proving that expression (20) is true, to prove that
Relation (21) can be written as

JO (t- T)’“E;,,yl_ﬂ(w(t - 7)°)[x(t) — x(7)]x(7)dTr = 0. (24)

Let us define the auxiliary variable y(7) = x(t) — x(7); in
this way, expression (24) can be written as

[ =0 B - pimdso, @s)

defining

du=y(0)j(x)dr = u= 2y*(),

u(w(t=1)P) = dv (26)
= —(t - T>_H_1E;},—y(“’(t — T)P)d.[’

v=(t-1)"E),



and taking the integration by parts of (25) turns it into

~ [yZ(T)EpK-y(w(t -7)f )] . [yz(O)EpK-M(W(t)" )1
2(t-1)* . 2#
N % Jf yz(f>15,3,27,4(w(+ - ) 4o,

(27)

Let us check the first term of relation (27) which has an
indetermination at T =t, so let us analyze the correspond-
ing limit. Now, we show that there exists lim,_, — [y*(1)

E;,yl_#(w(t—r)p)ﬂ(t—r)”] and its value is zero, then we

have

i POELGO- D] U (o P

Tt 2(t— 1) (1 —-p)t  (t-T1)*
(28)

since it results in 0/0, by applying the L’Hopital rule on
(3-10), we obtain

1 lim [-2x(T)x(t) + 2x(7)%(T)]
2I'(1 — p) vt —u(t - T)I“l
1 [-2x(7)x(t) + 2x(7)x(7)](t - T)l_“

=- lim
20(1 - p) 7t —H

Thus, relation (27) is reduced to

[yz(O)Epﬁy(w(t)p )] L1 Jf POEL (w(t-1))

214 2J, (t—1)FH1

I'(=y+n)o"
nI'(pn+1-p)

I'(-y+n)o" t 5 o
+2F(—Y)Z n'l(pn+1—p) Ly (T)(t=T1)" " = 0.
(31)

n=0
Due to t>7,¢t>0 and features of the gamma function,
equation (31) is clearly true, and this concludes the proof.

=i

»*(0) >
2I'(-y) Zo
1 o0

%CD;MWxT(t)x(t) < xT(t)CDZ)H,w,mx(t), pe(0,1).
(32)
1C
5 D! o (Ox() <xT(1)D) ) oox(1), pe(0,1).
(33)
CD’;’CWW’Wx(t): CD,V,,C(WW y(t) + M(t). (34)

Remark 12. Lemma 11 is valid for x(¢) € R"
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Lemma 13. Let x(t) be defined as in Remark 12. Then, for any
t > t,, the following relationship holds:

Proof. Multiplying both sides of (20) by ¢(¢) > 0 and integrat-
ing with respect to p in the interval (0,1), the desired result is
obtained.

Lemma 14. Let p € (0, 1) and c(y) is such that the operator
j; FHU(1-wsP)'C(s);t—&}()dE  takes nonnegative
functions into nonnegative functions. If “D) . ,x(t)>°

D;Cw,w,wy(t) and x(0) = y(0), then x(t) = y(t).

Proof. Adding up a nonnegative function M(¢) to the right-
: : o CpyY cpY

hand side of the inequality DP’C(H)’w’wx(t)z D, (w0’ y(t),

we have

Using formula (16) and taking the Laplace transform of
(34), we have

(1-ws™P)"C(s)

(1-wsP)'C(s)x(s) — x(0)
= (- asy ey - L o) 4 age),
(35)
Thus,
x(5) = y(s) + ~——20) (36)

(1-wsP)'C(s)

At this point, by applying the inverse of the Laplace
transform on both sides of the above relation (36) and using
the convolution theorem, we then obtain

x(t)=y(t) + Jt F! {U—Tlp)yqs) st — E}M(E)d{.

(37)

The second term of the right-hand side of (37) is nonneg-
ative, because £ {1/(1 — ws™?)"C(s) ;t — &}, M(£) are non-
negative, then x(t) > y(t).

According to Lemma 14, the following corollary is
obtained.

Il < V(x(t), £) < oy Ix]1, (38)

D) o V(x(0): 1) < =5 [l]%, (39)
where pe(0,1), a,b,a,a,,a; >0. The distributed-order
fractional system of (18) is asymptotically stable in x =0 if
the roots of (1 — ws™?)"C(s) + as/a, are in the open left-half
complex plane, and c(y) is such that Z ' {1/((1 - ws?)"C

(s) +ozlery) st =&} >0Vt > 0.

[0
CD}V,,C(WW V(x(t), t) <— a_z V(x(t), t). (40)
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Corollary 15. Let y € (0,1), and the features of Lemma 14
and Lemma 13 are established. Then, the origin of system
(18) is stable in that the origin is the equilibrium point, if

xTf(x(t),t) <0.

Theorem 16. Let x =0 be an equilibrium point for system
(18). Let that there exists a Lyapunov function V(x(t),t)

satisfying
Proof. Using equations (38) and (39), we can get

Adding up a nonnegative function M(¢) to the left-hand
side of the last inequality, we have

D o VX(1), 1) + M(1) = —z_z Vix() ).  (41)

By applying the Laplace transform on both sides of (41),
we have

(1-wsP)'C(s)

(1—wsP)'C(s)V(x(s),s) — S V(0) + M(s)
= —z_z V(x(s), 5),
(42)
and solving for V (s):
V(s) = C(s)(1 - wsP)'V(0) B M(s)
s((1—wsP)C(s) + azlay) (1 —ws™P)'C(s) + as/ar,
(43)

By applying the inverse of the Laplace transform on both
sides of the above relation (43), we obtain

_ g1 CEHO-ws?)V(0)
V(t)= {S((l —ws™P)YC(s) +“3/“2)}
) M)

(44)

We can rewrite the second term of the right-hand side of
(44) as

-1 M(s) _
Z {(1 —wsP)'C(s) + (x3/(x2} =M(t) * g(t)

- [ Me©ygte- o

0

(45)
where g(t) =2 {1/((1 - ws?)"C(s) + as/a,) ; t}. Consid-
ering that C(s) is such that g(¢) >0, V¢>0, and M(t), V¢t >
0, then

L CE)1-es?) V()
V<< {S((l —wsP)'C(s) + “3/“2)}. 1o

Using Lemma 8 and the hypothesis for the function, we
get

C(s)(1 - ws™?)'V(0) }
s((1 = ws™P)YC(s) + az/a;) (47)
{ C(s)(1-ws?)"V(0) } o
s(( '

1 —wsP)'C(s) + as/a,)

t—00

lim V(t) < tlim EZI{

=lims
s—0

Using equations (38) and (3-28) and considering that V'
(t) >0,Vt >0, we can get

. . )
lim ()] < lim V (x(),£) =0, (48)

since &y, a > 0, then we obtain lim, , _[|lx(¢)[| = 0. The proof is
complete.

The following lemma allows us to determine asymptotic
stability by analyzing the integer order derivative of an
appropriate Lyapunov function.

t , 1 ' )
1| 7| o e <
<[ e e @) e

0

(49)
t . 1 .
=], e e oo
(50)
norming both sides of (50)
()l = ||L 7! {m . s} F(x(E), E)dEll
(51)

and applying inequality properties, we get

FOIE J uz-l{(ll)yc(s) . z}uuﬂx(s), £)ld,

0 —ws™P
(52)

since 7' {1/(1 - ws™)"C(s) ; t — &} 2 0, then we have

bx(t)l < J E{W t- s}uﬂx(E), ),

0

(53)

setting (51) in (53) and we get inequality (49).
Vil < V(x(2), ) < p,llx(E)l; (54)
TEDD < ptx(ol, 120, (55)



where a,y,,7,,y; >0, (CDZ,_(l_c(#))’w’om(l‘))t:0 =0. And the

distribution function 1 — ¢(y) satisfies the conditions of The-
orem 16, then system (18) is asymptotically stable.

Lx(t)=CD! dv(x(t).t)

CryY
b T

pol—c(p)s (56)

Lemma 17. If 7' {1/(1 - wsP)"C(s) ; t — &} > 0 then
Proof. We define x(t) as follows:

Theorem 18. Assume that f(x(t), t) satisfies a Lipschitz con-
dition with respect to x on D. If x(0) =0, 7 {1/(1 - wsF)?
C(s) st — &} = 0 and there exists a Lyapunov function V (x(t),
t) that satisfies

Proof. By properties of the distributed derivative

Setting (56) in (55), we have

CDZI c(u )w,O*V(‘x( ) ) _Y3 po—c(p),w,0* ”x( )" (57)

Let L be a Lipschitz constant for f(#, x) with respect to
x on D, and using the Lipschitz condition, then we have
from (57)

Y
CDZI —c(u )w,O*V<x(t) )— :

wawor IF (1) D)l (58)

using Lemma 17 and considering that DZ)_C(M)MW f(x(t),
t) =x(t) we have

D} o V() 1) < ||CDV oS (X))
< % lx(E)1l.

(59)

Considering c¢(u) =1-c(u), a3 =y5/L,b=a', it fol-
lows from Theorem 16 that the system is asymptotically
stable.

4. Numerical Results

In this section, two numerical examples for the distributed-
order linear and nonlinear systems are presented to verify
the efficiency of the proposed method.

p,c(y),w,O*xl (t) = _S(xl (t) + exp (t)xZ(t))’ (60)

= -5(e(t) —exp (D (1) (61)

Example 19. Consider the following system of a fractional
distributed order, when p € (0, 1)

To use Theorem 16, first we show that ' {1/((1 -
wsP)VC(s) + as/ay)} >0, for all £>0 is hold, then letting
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o, =1/4,a, =1, and a; =4, we obtain

(1-ws?)'C(s)+ 2 =4 -

P-ws ), (62)
a

1 1S (23 (1—wsP)!
:_Z (w) , 1P —ws Y < 1.

4-P(1-wsr) 445 4
(63)

Using Lemma 5 on equation (63), we obtain

1 .
7t tERE T (@t 120,

I
= =
NgER

Il
o

n

(64)

For each t>0, inequality (1/4)Y %, (1/4")¢ (231
E™ . (wtf)>0 is hold. Then, the first part is estab-

p—(2/3)n
lished. Also, all the roots of this function 4-—s*3

(1-ws ™)’ =0 are located in the open left-half complex
plane and this roots can be obtained by s=re?. Now, let
us consider the following Lyapunov candidate function:

1 1
oy Ix(6)I7 <V (x, (1), %, (t)) = QXT(f) + Exﬁ(t) < lx(t)I.
(65)
Using Lemma 13 for (65), we obtain

1C
CnryY — Y 2
DP,C([A),w,O* V(xl (t)’ X2 (t)) ) Dp,c(u),w,o" X (t)

+x, (t)CDZ,C(M))w)sz(t).
(66)

Substituting system (60) in (66), then we obtain
D) 0 V(D) (1)) < =5 (%, (6) + 2, (£)%) < —aslx (1) .
(67)
By Theorem 16, we can conclude that the origin of

(60) is asymptotically stable. Figures 1 and 2 demonstrate
the behavior of system (60) for a short time scale.

CDZ,C(#),w,O*xl (t) =-2 (xl (t)x% (t) TX (t)) > (68)

CDZ,c(p),w,O*’Cz (t)=-2 (—x2 (t)xf (t) +x; (t>) : (69)

Example 20. In this example, we consider the following
nonlinear system of fractional distributed order when u

€(0,1):
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-0.2 T * T 1 1 -
-04 -0.2 0 02 04 06 038 1

X )

Ficure 1: The numerical results for system (60) at ¢(p) = -8(u -2
/3) for Example 19.

1

VR B NSRRI N SRS R

X1 (t)

0] NG

-0.5

0 01 02 03 04 05 06 07 08 09 1

Xy (t)

0 01 02 03 04 05 06 07 08 09 1
t

FIGURE 2: Stability diagram of Example 19 for x, (¢) and x, (¢).

1

0.9 4
0.8 4
0.7 4
0.6 4

Xy (t)

0.5 4
0.4 4
0.3 4
0.2 4

0.1

0 Ojl 0t2 0i3 0j4 0i5 0i6 0t7 0t8 0j9 1

x, ()
Ficure 3: The numerical results for system (60) at ¢(y) = -8(u -2
/3) for Example 20.

With the same process as Example 19, we consider the
following Lyapunov candidate function:

()P <V ( (8), (1)) = 530+ 5 5(6) < (o) P

(70)

7
1
S o5 ] N
0 T T T T 1 1 1 1 T
0 01 02 03 04 05 06 07 08 09 1
t
B
0 01 02 03 04 05 06 07 08 09 1
t
FIGURE 4: Stability simulation of Example 20 for x, () and x,(¢).
Using Lemma 13 for (70), we obtain
(0) 214 1C Y 2
D, w0tV (x1(1), %,(1)) = 2 D, w0 X1(t)
1€, )
+§ Dp,c(y) w,O*xZ(t)
CryY
<x(t) Dp’cw,w’mxl(t)
CryY
+x,(t) DP’C(#)’w,Omz(t).
@

Substituting system (68) in (71), we then have

D) o V(61 (1) 2(1)) < =251 () (%, (1)23 (1) + 2, (1))
= 21,(1) (=2, ()% (1) + x5 (£))
< —aslx(t) 2.
(72)

By Theorem 16, we can conclude that the origin of (68) is
asymptotically stable. Figures 3 and 4 demonstrate the behav-
ior of system (68) for a short time scale.

5. Conclusion

In this paper, we focus on the distributed-order linear and
nonlinear time-varying systems containing Caputo-
Prabhakar fractional derivative of order c(u). With the
expansion the Lyapunov direct method to the distributed-
order case, we state that stability and asymptotic stability
results in this kind of systems. Also, in this paper, Lemma
11 is a generalization of Lemma 1 in [27], Theorem 16 is a
generalization of Theorem 3 in [7], Lemma 17 is a generaliza-
tion of Lemma 4 in [7], and Theorem 18 is a generalization of
Theorem 4 in [7]. In order to demonstration the validity and
applicability of the obtained results in this paper, two exam-
ples are shown.
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