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_America (MAA) in 1975. 'Under the auspices ‘ofthe MAA . -
‘the NML will continue to grow-and will remain dedxg%ted o
,-{"_tO its- onglnal and f;xpanded purposes o

The New Mathemaucal L1brary (NML) was begun mj

'1961-by. the School Mathematics. Study Group to make

.....

and teachers at all levels. Pn;evmusly pubhshed by Ran-

. ca c o A.':'

% available to’ hlgh school students. short expository -books R
- ..on various topics not usually. covered in'tlie high school - 7.
' syllabus In a decade the NML matured into a steadily - . ™
growmg series of some twenty. titles of interest not only'to .
“the ohgmally intended.- audience, but to college students. -~




g BLEMBOOK v

R ,' , 1‘ ‘ Annual ngh School Exarmnahrmi__ e

1973~ 1982 2

.
%

- ;Ral:ﬁh : Ar'tino,i',.::”',‘_ :

~'The: Czty CoIIege of New York. - v

f Anthony M. Gaghone

'l";' The US NaoalAcademy

v

- ,?s; _ - Niel s’%ell .

Lo ; ' }! %14'

Le N v

R

AT THE MvATHEMATICAL' ASSOCI’ATION

e

KA i OF AMERICA A Ca : :
: ‘ . vv_‘_ N s e -

o

O

ERIC

Aruitoxt provided by Eic:



_All nghts reserved der ,Intemauonal and Pan-Amemcan Copyx‘lght -
N Pubhshed Was gton by the Mathemaucal Assoclauon of

ERIC

Aruitoxt provided by Eic:



SLiseet 1 Syrabols -'\; TS SRS PE Nt | ERN

1 Problems\ ST AN BT

[

1973 Examination . / ............ PERETRT R
1974 Examination ‘7‘._‘ ............. '."‘. e .
- 1975 Examinatjoni <7, ... L. e e e FERCIER U S

\ 1976 Exam_l_nauon Lo e e i 200

* 1977 Examinatioft . ......o.o.ii. .. I S, 27 '
"+ . 1978 Examipafion’ ........ ... ... R AN e 34
1979, Exan&atlon S PP 40 7.
i 1980 BXAMINALON . - .y et tyetee e et e s e 086
19 ‘(Exammatlon e e e e ce 52 T
- ‘\982 Exammatmn, ol U TR 0 .58 e
’ II' Answer Keys_ T S P . .65 .

Bii -.Solutions el i 6
1973 Exammatlon‘. T I TN S S PU e .7 AN
+" ‘1974 Examination - .. ..5 "% L NN .

- 1975 Examination

“¢* 4976 Examination .
Coa 1977 amlnauon
. 1978 Exarmnatmn i
"~ 1979 Examination .
1980 Exammauon .

. .1981'Examination’’ a
: -'i 1982 Exammauon
/IV Classnﬁcatlon of Problems _ ' .

;“ L e R




uf

)

13
14

-

V- STr-

15°

) Nurhbers Rauonal and Irranonal by Ivan’Nmen 5
.- What'is Calculus About? by W.W. Sawyet : ‘

NEW. M?THEMATIC AL LIBRARY ~

\“"

An Introduction to Inequalities by E. Beckenbach ‘and R Bellman : ;
Geometric Inequahnes by N. D. Kazaripoff '
The Contest Problem Book I Annual High School Contcsts 1950—1960

"~ Compiled and with solutions by Charles-T| Salkind T e

The Ldre of Large Numbers by P. J. Davis B
Uses of Infinity by Leo Zippin: ’ '

* Geometric Transformations I by I. M. ’Yaglom, translated by A Shtelds

“Continued Fractions by Carl D. Olds .| - ,
.Graphs and Their Uses by Oystein Orel. . C
Hungarian Problem Books T and II, Based on the Ebtvos . & .. .
Competitions 1894-1905and 19061918, téa anslated by E. Rapaport :
Eplsodes from the Early History.of- Mllthemancs by A. Aaboe :
Groups and Their Graphs by I. Grossn'tan and w. Magnus L

16\ From Pythagoras to Einstein by K. O.}Friedrichs . o

17

T8

19

.20
2
23
24,
25

26
27

.28

29

The Mathesmatics of Choice by Tvan IEen : S ]

‘The Contest Problem ‘Book II Annual High School Cootcsts 1961 1965
Compiled and with solutions by Chdrles T. Salkind
First Concepts of: Topology by W. G. Chtnn and N. E. Steenrod

. Geometry Revisited:by H. S. M. Coxeter and.S. L. Grettzer
Invitatior*to Number Theory by Oystein ‘Ore

Geometric Transformations II by I. M. Yaglom, translated by A: Shtelds’.

-Elementary Cryptanalysis—A Mathematical, Approach by A Stnkou

Ingeduity in Mathematics by Ross Honsberger

' Geometric Transformations IIT by I. M. Yaglom, translated by A Shenttzer. -
“The Contest Problem- Book III Annual High School Contests 1966-1972.. o
‘Compiléd and with solutions By C. T. Salkind and-J.'M. Earl -

Mathematical Methods in’ Science by George Pélya’ ..

International Mathematical O’ymptads—— 1959~ 1977

Compiled and with solutions by S. L. Greitzer : B

The Mathematics of Games and Gambling by Edward w. Packel

The Contest Problem Book IV Annual High School Examinations.1973-1982.

" Compiled and with solutions by R A Arttno, 4. M. Gagltone arid N. Shell R

.Other tttles in preparatton Lo o .



‘",_Pli'efa_ce

N 3

Thls volume\tontmns the Annual, ngh Schoql Mathemattcs Ex- B 4'

,amlnattons, givery 1973 through 1982. It is a continuation of Contest

. Problem Books I\II, III, pubhshed as Volumes 5, 17, and 25, of the
- New Mathemattcal\lerary series and which chntaln the first twenty- -

" three ‘annual exammattons The Annual High School Mathematics-.

. Examinations (AHSME), itis hoped, provide challenging problems
- -whlch teach, stimulate, and provide enjoyment for not only the par-
- “ticipants,' But also the readers of-these volumes.

All high school students are eligible to participate in the Annual

" High School Mathematics Examinations. In 1982, over.418,000 stu- -
~dents in the United States) Canada, Puerto Rico, Colombia, Jamaica, .
“Australia, Italy, England ungary, Ireland, Israel, Finland, Belgium . -

and Luxembourg participated in the examination. It was dnuntstered

. 'also in many APO/FPO and ‘other 'schools abroad. Bach year a.

Summary of Results and- Awards .is sent to -all participating *high

~ schools (in the United States and Canada). The problems are desngned

3

_ ‘numbey of points assign
deducted from the number of points asstgned to correctly answered ‘

_ problems. The 1974 through.1977 examinations congist of 30 questigns .. - = ..
" worth five points per questton, one point w .deducted for each
~ question answered incorrectly. Since 1978; each examtnauon consists -
~of 30 quesuons agd wa?’ scored by addtng 30 pomts to four tnnes the .

- *so that they can be solved with\a knowledge of only * pre-calculus”
mathematics; with emphasts on intermediate algebra and plane geome-

try. The subject classtftcat&on at thé\end of the volume |nd|cates whnch
questions are felated to which topics, ;
The problems. on each ‘examination become. progresslvely more

: 'dlfflcult Between 1973. and 1977, the\parttmpants were glven etghty Yy
N _minutes. to complete the examination, and in’ subsequent years they .

were -allowed ‘ninety minutes. “The 1973 examlnatlon ‘consists of four

-and 6 points .each; to correft for random guessing, one fourth of the

to mcorrectly ‘answered problems  was

‘ ‘parts containing 10, 10; l(}?nd 5 questlons respectnvely worth3, 4, 5, .
d
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; "number of correct answers and thett subtractmg one pomt for each -

incorrect answer. )
Each'year since 1972, approxnmntely one hundred of the hlghest

| scoring students. on the AHSME and a numbér of members of -
" previous International Mathematical ,Olympiad training classes have

been invited to participate in the U S.A. Mathematical Olympmd
currently a three and one half hout essay type examination consisting ;.
of five questions. Since 1974, a team of students has been selected to
participate in the International Maflrematrcal Olympiad.* An Interna-

_.. tional Mathematical Olympra.d training - » class of approxrmately-

: twenty-four students receives an 1ntenswe problem solvmg course -

_prior to the Internatignal Olympiad.

"It is a pleasure to, acknowledge the contnbutlons\of the many ¢
individuals and orgamzatmns who have' made the preparation and .
administration of these examinations possible. We thank the members'

- of the Committeé on High School Contests and its Adwsory Panel for .

Proposing problems and suggesung many 1mprovements in the pre- -
liminary drafts of the examinations. ‘We ‘are grateful to Professot -
Stephen B. Maurer,‘who succeeded us as Committee Chan‘man in
1981, for his assistance in the preparation of this book.:We express our
appreéciation to the regional examination coordinators thgoughout the

© ... United States and Canada who do such an excellent job of administer--
.. ing the: examinations in their regions, and “to “the members ot the »
*.Olympiad Subcommittee who administer’ all the’ Olympiad actiyties.

* Particular .thanks are due to Proféssor James M. Earl, who was the

_chairman of the Contests ‘Committee until his death, shortly after thes_
' .1973 examination was pnnted to Professor Henry M. Cox, who was
~ -the executive director of the Contests Committee from 1973 to 1976; .

. to Professor.Walter E. Mlentka, who has been the executive director of

the -Contests- Committee since September 1976; and -to’ Professor °

o Samuel L.- Grertzer, who has been the chairman (of the Olymplad

" Subcommittee since the 1ncepuon of the subco ttee We' expréss-

. . appreciation to our -sponsors, "the Mathematical Association of
~" America, the Society of Actuaries, Mu ‘Alpha, Theta, the. National

" Council of Teachers of Mathematics, and the Casualty - Actuarial *

3

Society for their financial support and guidance; we thank the City
College df New York, the Umversnty of Nebraska, Swarthmore Col-
lege and Metropolitan-Life Insurance Company for the support they

. have provided present and past chairmen and.executive directors; and .

we thank L. G. Balfour Company, W. -H. Freeman and Company;"
Kuhn Assomates, Natlonal Senuconductor, Plckett Inc MAA Mu

- - *The International Olympxads lrom l959 10 1977 have been publxshed in volume 27 of
.. the New Mathematical Lrbrary senes Iy v .

t

;IO .fwnlf;'.g
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. Alpha Thetu, NCTM and Random Housc for donatmg uwurds to .

" high-scoring individuals and schools on thc AHSME.

# The members of the Committcc on High School Contcsts are
" particularly pleased.to acknowledge financial support for the US.A,
Mathematical Olympipd and the participation of the U.S. team in:the

_ International Mathematical Olympiad. We express our gratituge to

the International Business Machines Corporation for an annual grant

tb 'sponsor an awards ceremony in honor of the winners of the US.A. -

Mathematical Olympiad; we thank the hosts of training sessions:
Rutgers University, United States Mlhtary Academy and United
States Naval Acadcmy, we gratefully acknowledge financial support
of the trammg sessions and travel to the International Mathematical
: Olymplad from the following: Army Research Office, Johnson and

Johnson Foundation, Office of Naval Research, Minnesota Mining &

‘Manufacturing Corporation, National Science Foundation, Spencer

Foundation, Standard Oll Company of California and Xerox Corpo-‘ .

ration.

in this collecuon for the sake of greater clamy

4
-

- A few minor changes in the statements of. problems have been made» o

' RalphA Artino  *
Anthiony M. Gaglione™
Niel Shell -



Edltors’ Preface

The editors of the New Mathematlcal lerary, wrshlng to encourage e

’ -slgmflcant problem solvmg at ‘an clementary level, Have pablished a,: *
- variety of problem collections. In addition to thé Annual High School *. ;

- Mathematics Examinations (NML vols. 5, 17, 25 and. 29) described'in
- detail in the Preface on the preceding pages, the NML series contains
. translations of the Hungarian Ebtvds Competitions, through 1928
" (NML vols. 11 and 12) and the International Mathematical Olympiad
. (NML vol. 27). Both are essay type competmOns contmmng only
‘few questions which’ often require ingenious solutions. .
The present. volurhe is a sequel to. NML. vol 25 published t the

" request of the many readers who enjoyed the previous: Contest Prob-

lem Books.

The Mathematical Assocratlon of Amenca, pubhsher of the NML _
series, is concerned pnmanly with mathematics at the undergraduate_, el
level in colleges and universities. It ‘conducts the annual Putnam:
Competitions for undergraduate students. All three journals of the
MAA, the American ‘Mathematical. Monthly, Mathematics Magazine '

~and the Two Year College Mathematics Journal, have sectlons devoted
* to problems and' their solutions. - o

‘ .
The editors of the New: ‘Mathematical Library are pleased to ac- -
, knowledge the essential contnbutlons of R. A. Artino, A. M. Gaghone"'
~ and N. Shell, the three men who complled and wrote solutions for the
- problems in the present volume. The hard work of Stephen B. Maurer;
t School-Contests,”. ™"

current chairman’ of the M@A Comnuttee on’
,ahd that of other Committee members in the fina
_ collection is greatly appreciated. ‘

‘We suggest that readers attempt their own | solutions before lookmg‘ " -
at the ones offered. Their solutions may be quite dlfferent from, but ="

~ just as good or better than, those published here.

People taking the AHSME are told to avoid random goesslngw smce o
. there is a. ppnalty for mcorrect answers, however, if a, partrcrpant can .

i
i
i

IV el
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use. hlS mathematlcal knowledge to ehmmate all but one of the hsted;j
choices, he ‘will improve_his score.. A few examples of this kind of -

elumnatlon are- mdncated m some of the Notes appended to solutlons .
. N Qe
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‘""contarns 4> B means B CA L o
* "not equal to 5-.:_',_: ‘ R
'functionfofthevanable x o
 “the value that f assigns to the constant a-

‘ﬁfslﬁsfdtS$hﬁbQE;?:fy'“:;f:;;"iﬁ-mjv .é@

Nameand/orMeamng v R

- set of all-x- such that; e.g. {x: x' 1saposit1ve1nteger1ess o ‘ e
than 4} is the set w1th members 1,23 0 '

'contamed in; 4 < B means each member of A 1s 1n B

L

.

-

" .. identically equal; e.g. f(x) =1 means f(f)é 1 for all-_ 4
* values of the variable x = .

" ’in number theory, for mtegers a, b m, a= b(mod m)'
“:..is read “a is congruent to- b mod m” and _neans that -

i;;a-—bisdivrsiblebym R R N
““less than S SR

n factonal n' 1 2~

. ":"absolute value, jx|'= {

U less thanorequaltd“’7 L ey
" gréater than - o R ' '

grea,ter than or equal to -
approximately equal to Uie e

x.ifx > 0} '
=X 1f x <0

; combmations of n thmgs taken k at a. tune, S

e infinite sum; Y, a, = £ + a2 +'

" .base n represéntation an® + bn? +cn + d

' the largest mteger not bigger than X

I B T S

summation sign; Z a, means - al F az +...+a,

i=1 .
)

i=1

first difference, for a sequence a;, az, Aa means

an+l an
kth difference, Aa, = Aa,,, A"“a =A (A a ); for
k>1 : .

o xru



the minor cucular arc wnh endpomts A and» B .
" either angle ABC.or its measure < * . 0
'1s perpendicularto - - S S
“isparallelto < .o . ;-,;-_: '
is similar to’ B T
- is congruent to -
;;parallelogram

THE MAA PROBLEM Bg IV

i Nameand/or Meamng St e

vdetegxmnant of the matnx (‘; - Z) equal to: ad e

uznagmary umt in the. set of compqu xpmbers, satxsfymgf

= -1 also usgd as.a ‘constant or as a variable (or, -

index) takmg mteger values (eg in Z,_,a =a + az"_‘

B s + as) i N

complex conjugate of z; if z=a + Ib w1th a, b real
then z.= a — bi. S

" either line segment connectmg pomts }4 and B or 1ts"

length

-

S " - Py .
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Problems
1973 Examl“%mn : .

l A chord wh1ch is the perpendlcular brsector of a radlus of length
12 ina c1rc1e, has length ‘ . . .

(A) 3‘/— (B) 27 .© 6‘/— (D) 12\/— (E)"none of these

2 One thousand umt cubes are fastened together to form a large T
- cube with edge length 10 units;. this is painted and then separated

into the original cubes. The number of these unit cubes whlch o
~have ‘at least one face painted is . -

Lo 3. The stronger Goldbach conjecture states ‘that- any even mteger
© 7 greater than 7 can be written as the sum of two. different prime,
_numbers.t For such representatxons of the even' number 126, the
largest possible dlfference between the two pnmes is A EY

W) 12 - -(B) 100 (C) 92 (D) 88 (E) 80

- The regular Goldbach conjecture states that any even mteger greater than 3is:
expressible as a sum of two primes. Nenher this conjecture nor the stronger vqsxon has
been sett]ed ‘ )

l ‘ - S | - g .

@ 600 (@) 520 (C) 488 (D) 480 (E) 400 K
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;' : f' : s 4\ TWO congruent 30° b 60° - 90° tnangles are placed SO, that they‘v‘»_f:
' o overlap partly and- the1r hypotenuses coinéide: If the hypotenusec'
o~ o= ofieach triangle is 12 the area .common to both tnangles Is, . .
BEIER (A) 6\/_"' (B) 8J‘> (C) 9»/“ (D) 123 (E)‘24
o A 5: Of the followmg f1ve statgments, I 1o V about‘the bmary opera-
e ‘v tron of* averagmg (anthmetxc mean), SR s
I Averaging is associativé _ . '.,;"'_ el °
I Averaging is commutative . L S
I Averaging distributes over addition"
- IV. -Addition distributes over averaging .
_ V. Averagmg has an 1dent1ty e]ernent !
8 s - .

those Wthh are al'ways true are : _' SN

(A) All - (B) I and II only (C) II and III only
(D) II"and. IV only (E) II and \2 only R

-
\‘ % v

6 If 554 is the base b representatron of the square of the number,'--';
whose base b representatlon 1s 24 then b when wntten in base
- 10, equals S A : T

(A) 6 (B) 8 ' (C) 12 »- (D) 14 (E) 16

i -;;'7 The sum of all the mtegers between 50, and 350 whrch end in 1 1sr -'
(A) 5880 (B) 5539 (C) 5208 (D) 4877 (E) 4566‘9 .

8 If 1 pmt of palnt is needed to pamt a statue 6 ft. hrgh, then the :
* iumber: of pirits it will take. to paint (to the same . thrckness) 540_
statues sumlar to the ongmal but only: 1°ft. high,’is, = - .

-

m% @n @u @%v®mf,hy

i R 9 In AABG Awrth nght angle at C; altitude CH.- and median- CM
Do trisect the- nght angle If the area of ACHM 1s K then the area-:
. of AABC 1s .

(A) 6K *’@ (B) 4\/_K | -'(C) 3\/_K- (D) 3K E '(E) 4K-?:
10 Ifnisa real number, then the sunultaneous | . + y =, 1". .

system to the right has no solutlon if and only

1f n 1s equal to. .

R el X O (C)l
T (D)Oorl : (E)(l |

e

= ny+z _..l,f )
x' o +nz=:1 .
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. Il A Cll‘Cle'Wlth a c1rcurhscnbed and. an mscnbed square centered at
‘the origin O of a rectangular coordinate. system with positive x -
and v axes OX and OY is shown in each flgureI to IVBelow

.. a,

o

' )’I’be:irfequalities R o / , ;

I+ 1< y2(x + p7) 2Max(ix, 1y)

- are represented geometrlcally'r by the flg. re numbered 4 R
A1 (B_) n © m ) v (E) none of these <

12, The average (anthmetlc mean) age of a_group conslstmg of
doctors: and lawyers; is 40. If the doctors average 35 and the
lawyers 50 years old, then the rauo of the number of doctors to
Athe number of lawyers 1s 3 S ‘

(A) ,3 2 (B) 31 : (C) 2:3 " (D) 2:1 4 “(E) 1:2

.13, Thefractlon (‘/_ ‘/_) 1sequa1tg

- 3\/2+J§
(A)_Z_C; ® 1" © 5 M o5 ®g -

YAn mequahty of the form f (x, »n< < g(x, y), for all x and yis represented geometn-
. - cally by a figure showing the containment s ‘

ﬁ(’l‘hesetofpomts (x y) such that g(x y) <a)-

', o . The set ofpomts (x y) suchthat f(x y) <a)
foratypical'realmumber a. R I “:’

P . ¢
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6.
... 2190°, then the number of sides'of the poly on must be
(A) 13 (B) 15 (C) 17 (D) 19 5

TS

14

__.f».(A) L1 (B)llS (0) 12 (D) 125

S
15.

.., with only valves B and’ C ‘open -jt takes 2 hours. The number o

Each vaIVe A B and C‘. when open, release’s water intg 4 tank

at its awn constant rate. With all three' valves. open the tank fills® -

in-1 hour, with only valves .4 ‘and. C open it takes 1.5 _hour,t and o

hours requrred with only valves A and B ppen 1

A sector with acute central angle ﬂ is cut frbm a c1rcleof rad1us 6..

- - The radius of the circle clrcumscnbed about the, sector is

e

L1

i_(A) 3.cos0 : (B) 3sec04 (C) 3005%0 (D)”Bsec%o (E)3 3 , 

. - ,x-*,, : ' :
If the sum of all the angles except ‘one of é convex polygon is

®2a

If 0 is an acute angle and sm 0'—‘.‘ M\then tan0‘ equals

OES (B) ROy

18.

.+ (A) never R (B) sometrmes only (C) always
- (D) only if p=> (E) none of these _

' -.mwhere k is the “greatest mteger for which 1> ka. -# G

o )J___ P .

34- |

If 4 p>Sisa pnme number, then 24 d1v1des p - l w1thout re-
'imamder A

P ’ - “ . v‘.‘-’.g

i

X Defrne m, 1 for n and a posmve to be R

n(n ~a)(n - 2&)(" --3a).. (n - ka)

. Then the quotient 728' / 182' is equal to

.. (A) 45 , (B) 46 4 (C) 48 ' (D) 49 , (E)‘ 412:‘ ‘

- 20.

A cowboy is4 rmles south ofa stream wh1ch ﬂows due east He is+
- also 8 miles west and 7 miles north'of. his cabin, He: wishes to -
".~ -water his horse at-the stream and retirn homé. The shortest‘
- distance (in mlles) he can travel and accomphsh tlus Is . IR

‘.1':~'(A)4+fl_8§ ® 16 (C)l7 (D) 18 (E)F+ﬁﬁ

.‘{. Lo \ S S '.:‘;_.*‘ SRR
PR Ais o T e




RS (A)‘,, ‘B) 2 (C) 3 (D) 4 ! "(E) s "
L DA e : \ o o '

. Jihe bt of all real solutrons of the 1nequa11ty T AR I R
7 /.. Ix ~ 1I + Ix +2]<5” e

(A)(x —3<X<2) (B)(x —1<x<2) . .
A,(C) (x —2<x<l) (D) {x: —2<x<l) .-,(E);z;(emp;y)

zil

g #23. There are two cards, one is red on both sldes and the other is red

' on one side and blue ‘on ‘the other. The cards have the same"?
probablhty( ) of being chosen, and ane is chosen and splaced on
the table. If the upper side of the card on the table i is red .then the ,

- probabtllty that the under-s1de is also red is. '

(B) (C) _ (p) 5 (E) ‘ ».

24 The. check for a luncheon of 3 sandw1ches, 7 cups of coffee andf_- S B
“.one piece.of pie came to $3.15. The check for a luncheon consist- - -
- mg of 4 sandwiches, 10 cups of coffee and one piece of p1e came . 7
" to $4.20 ‘at the same place The:cost 'of a luncheon ‘consisting of =
“one sandwich, one cup’of coffee and one piece of: p1e at the same.
. place will come to -

(@A) $170 (B) $1.65 (C)v$l_20 -(D) $1.05 ‘ ~(E') $.'95"' ,

25 A c1rcular grass plot 12 feet in drameter is cut by a strarght gravel T
___path 3 feet wide, one edge of which passes through? the center of

the plot. The number of sQuare feet'in the remalmng grass area 1s R

(A) 367 ~34 _ (B)307—15 (O 36m-33
(D) 357r - 9\/— (E) 307: - 9f .

Cy

26 The number of terms in an A.P. (Arlthmetlc Progressron) is even e
" The sums.of the odd- and even-numbered térms are 24 and 30 -~ -
respect1ver If.the last term exceeds the first by 10.5, the number

~ of terms in the A.P. is - o

Cwwn. ®s @ (D>;1° ;-:(E)*s_
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" ~28. If 4, b, and ¢ are in

fo ‘ S s R
[

-

- >

~ distance at.u miles’per hour and half at v-miles per'h ur. Car B’

- hour. The average speed of Car A'is x-miles per:hour and that of
A ¢ Bis. p miles per hour: Then we-always have 5 . v

»

'sequence -,

(A whichisa G+ i )
*~ (B) -which is an arithmetic progression (A.P.) . - =

. (O)..in which'thé reciprocals of the terms form an A.P. :
. (D) inwhich' the_second and third. terms are the nth powers of -
.-+ . thefirst and second respectively - S :

"+ " '27. Cdrs A and B travel the same Gistanice, Car A-travels half tha -

v B - travels half the time”at u. miles per hour and half at v miles per

@y DiE<y ®r

geometric .p.fog',réégioxi (GP) with 1 <a< "
b.< ¢ and:n.>'1is an.integer, then' logn, log,n,log.n form a

.29, Two boysstartmov;ng from the same point A on a circular track |
"~ .but in gpposite directions. Their speeds are 5 ft. per sec.;and 9 ft.
*"* per sec. 4 they start at the same time and’ finish wheii they first -

" meet at the point A‘again, then the number of times ‘they mieet,
- excluding the start:and finish,is-- .1~ o e \\ -
(A3 (B 250 4 (D) infinity  (E) none of these

" 30, Let [¢] defiote the . greatest integer < ¢ whero £ > 0-and § =

(% ) (x = T +y¥<T? where T=1— [¢]. Then.we have
" (A): the point (0,0) does not belong to S for any '
Ti@B) 0SATea S <w forall ¢ ol

(C) S is contained in the fi'rStvquadfant:for'ali"..t =5 -

' —"~(D) the center of S for any.  is on the line y =x

(E). none of the other statements is true -

S f-'.(A','), 19 ('B)j-.20 S ©a21 _},(D')_..22'_ | (_E)»-24‘j-:1‘:

| Patd

. .different digit in base ten: - © .- ,. L
L aE) - (ME)=TIT

= 3L In thc foilo:»/ihg e_q'uation','cach of the letters repfe’sént_s uniquelyi a
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32 The volume of a pyrarmd whose base is'an equtlateral tnangle of
+ side length 6 and whose other. edges are each of length \/_5- is .°, 5
s .(A1~-9 - (B) 9/2 © -27./2 D 5 9‘/~ . () none of chset -'
33,0 hen one ounce of water is agiﬂed toa mrxturzg"of acrd and watep, : i,
the new mixture. is 0% acid? 'When one ouncg of acid is added - t -
i .-'to the new. mixture, the result i is 33 ; % acrd percentage of acrdr Y

.. inthe ongmal mixture is -,

(W mus ©B% N ECES ; |

L 34°A plane ﬂew straight agarnst a wind between two towns in 84“
~minutes and returned with that wind in 9 minutes less than it
- would take'in still air. The number of mmutes (2 answers) for the

r return trip was :
" . (A)S4orl8 (B) 60 or 15 (c) 63 12_ A} _,(D) or3
C® TS0 ST T T

35. In the unit crrcle shown in the
i figure to ‘the right, chords’ PQ
and MN are parallel to_the unit

o+ radius:OR of the circle with
“ center at O. Chords.MP,* PQ

" and.NR are each s units long

M

- and chord MN is d units long.
t.»  Of fhe three equations . -

Id—-s—l II.ds—,'l,

o ILd? - 2 s
LR those whrch are necessanly true\ : ‘ » L ,
} Ay Ionly (B) 11 only (C) 1 only R L

"’"'T‘(D) Tand I only ®1 Weandml +
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o 1974 Examination .,
L If x+0 or 4 and y + 0 or 6, then ;-g-}-
0 Sl
ax" . x y
6~y

| r (D) “———— t=x . (E) nohe)of these

N e A T

2 Let xl and X5 be such that x,aﬁx2 and 3x? —hx,—-b‘v
. z—-12 Thenxl+x2 equals

- ,:(A) "% j ® 3 | '(C»),g | T ® 2 .(13),‘—-’3Z

3. The coefficient of x7 in tl{e polyxiomial expansion of :
A B P M

Rt

(A) 8 (B) 12 ' (C) 6 ' (D)"—v"12 : (E) noneofthese.

; ...,\ LA 7) -
4 What is the remamder when x5‘ +51is dmded by + 17
(A) 0 (B) 1 © 49 @) 50 - (E) 51

7 s, leen a quadnlateral ABCD mscnbed ina c1rc1e with side AB
el j . extended beyond B to pomt E if ABAD = 92° andJcADC =
T t,t68°,_f1nd £EBC.. __. . '

- (A) 66° (B) 68° (C)‘ 0° (D) 389.5 v_(E) 92°

g 6. For pq&'\geal numbers X and y deﬁne x*y= xi-i--y;’ then

(A) “x is commutatxve but not assocxatxve , .
- (B) “#*”_is associative but not commutative , o =
" (C) *“#” isneither commutative nor associative =~ =

- (D) “#*” js commutative-and assoclatlve =
(E) none of these L L
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7. A town’s population increased by 1, 200 people, and then this new -

‘populatlon decreased by 11%. The town now had 32 less people -
than it did before the 1 200 1ncrease What is the ongmal popula—

Ction? . . ,
T (A) 1,200 '_ (B) 11,200 . (C)' 9,968 **(D) 10-,000 o ST
.. (® no_n'eofthese L IR Lo SR AR

- ® : . . . - - X \f,l_
2., . . L Y-

8. What is the smallest pnme number d1v1d1ng the sum 3” 519, _
'(A) 2" (B)3 (C) 5 (D) 3" 513 - (E) none of these L

’
4 -

9. The 1ntegers greater than one. are arranged in five columns as "

follows: X S g _ . . _
2 3 4 5 s e
9 8 7 6 . o E
o 10 11 12,13 - - |
17" 16 15'14 , N a

(Four consecutive mtegers appear in each row; in the frrst third *
and other odd numbered rows, the- mteger,s appear in the last four - ,

~ columns and increase from left to right; in-the second, fourth and e
other. even numbered rows, the integers appear in the first four

) columns and increase from right to left.) K

In wh1ch column wﬂl the number 1,000 fall?~ . ‘
(A) frrst (B) second (_C) third (D) fourth (E) fifth

v 10 ;Wh.at is the sm_allest integral value of, k such that * .
| 2x(kx = 4) - x24+6=0
has no r real roots? '

11,1 (a, b) and (c,d ) are two pémts on the line whose equatlon is
» 'y=mx+ k, then the dlstance between (a, b) and (c, d), in
"_terms of a, c and m, 1s . .

*) |a—c|\/1+m ® ja + el 1+m2 ©) ‘/'—%’—;_%
. m

'(D) la =c|(1 + m-) (E) Ia— Cllml
S s



10

'12

13:
false?

| (E) “If: Q is true then P is true.”

14:

“(B) “If Q is false then P.is true.” ,
(C) .“If P is false then Q is true.” N

- _THE.;"MrAA.‘BROli‘L'EM Bobm v
If g(x) = - x? and f(‘g(x)) =-
f(1/2) equals -

’ (A)3/4 (_B),l' ©3 (D)f/z \w

Wthh of the followmg is eqmvalent to “If P is true. then Q is

£ . . EE ?

(A) “P is true or Q is false.”

(D) “If Q is true then P is false.” -

-
.

Which statemeht is correct?
(A) If x <0, then x2 > xa5¥

O P Fx, thenx>0 (D)Ifx >x, thenx<0

(E) Ifx<1 thenx <x.

LN
N -

CIf x <-—2 then |1 — |1 + x|| equals o §
(A)2+x B -2-x (©Ox (D) -x (B -2

k3

'.16." A circle of. radnus r is inscribed in a- nght isosceles tnangle and a
* circle of radius R is cucumscnbed about the tnangle Then R/r
T equals . ‘ .
. 2 + 2 -, 1 s ,,",v I
(A)1+\/_ ®) ‘F (C)‘F S
1+ 2
(D) ‘[— (E) 2(2 \/_ )
If 2= —1, then (1+;)2°—(1—;)2° equals )

17 |
L (A) ~1024. @53024: (00 ® 1024 (E) 1024i -

v o
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18 If- log83 . p and log35 = q, then, in terms of P and q, log,OS
_ equals N h

ey 3p + q 1 + 3pq . 3pq .
LA)pg | ®) 5 KQ.P+qﬁt ()1+3M
(E)P +q . ‘

19 In' ‘the adjmitmé flgure ABC'D‘“‘" . ‘D . Y )

is a square and CMN'is an .
equilateral triangle. If the’ ‘area’ . M
of ABCD i§ one- square inch,” *

_thenthe area of CMN msquare_ e 1
_-1nche51s . T I o

‘-mnf13»®1~fﬁ
© V34 wNVwaa
(E) 4 - 2\/—

2% Let .
T =

_ then , S ,
(A) T<1 (B)'T= ¥ (C) I < T< 2. (D)' T>2

BT BT R B

. 21. Ina geometnc series of posmve terms the dlfference bel\\yén the :
.- fifth -and fourth terms is 576, and the difference between the -

: second and first terms is 9. What is the sum of the ftrst f1ve terms C

o of this series? ; .
L (A) 1061_ (B) 1023 .(_c) 1024 - (D) 768 - (E) nbne of these . -

e rmmmum value of sm-g- - \/— cos% is attamed when A is

o 180° (B) 60°i (C) 120° (D)~0°- (E) none of these\

N
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23 In the adjormng frgure TP and T’Q R
*are- parallel tangents to a circle-of -
radlus r, with T and 7" the . points. -
. of tangency: PT'Q'is'a third tangent .

. with ‘T as point of tangency. If- TP,

"‘.—4andT’Q 9thenrrs

S A) 25/6 : (B) 6= (C) 25/4
o (D) a number other than 25/6,'. 6, 25/4
R (E) not determmable from the glven mformatlon

24 A falr dne is rolled six trmes The probabrhty of rollmg at least a
' - five at- least f1ve times is . S

N - (A) 13/729 . (B) 12/729 : '(C)_2/729 _ (D) 3/729 o
Lo (E) Jioneofthese < Rt |

25 In parallelogram ABCD of the accompanymg dlagram, lme' DP
o _is. drawn Dbisecting BC-at N ‘and meeting AB (extended) at P,
22 .. .. From vertex C, line' CQ is drawn' bisecting side AD at M and®
T ' meeting, AB-(extended) at'Q. Lines DP and 'CQ ‘meet at’ o.1If
R —the area, of parallelogram ABCD is k then’ the area- of tnangle
o QPO is equal to - ;-, Lo e

(0 9K/8: (lﬁkﬂ Y
- B2k

- /‘/ .‘ 4 P

Q

l"

26 The number of distinct: posrtlve mtegral drvrsors of (30)4 excludmg o
" "land (30) is -

(A) 100 (B) 125 (C), 123 (D),30- :(E) none of these
= ' : a4, ﬁ R o
27 If f(x) = 3x + 2 fOI' all real X, the [he statement K]

slf(x) + 4L < a whenever |x + 2| <b, and a>0 and b > 0”
See L s truewhen o i

: (A) b a/3 (B) b> a/3 (C) a< / (D) a S b/3
e °"I (E) The statement is never true L 7 o o , i
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e oaysiiay azs S IR
EERE T i 3_*‘,32'F ,-_+325’.-';.‘ SN

, _A'_'}where a| 4s00r2 ay is0or 2,...,a 1s00r2" o ':- (

L @A) 0<x< 1/3 (B) 1/3 x<2/3 (C) 2/3 x<l

- —»'.-"‘(D)O<x< 1/3 or2/3 < x<l (E) 1/2 3/4 . =

28 Wthh of the followmg 1s sausﬁed by all numbers x of the form L = E “__ ’

- 29. For p=1,2,...,10 let S, be the sum of the first 40 terins of the
©+: arithmetic progressron whose first term i$ p. and-whose com o
;_dlfference is 2p - 1; then SI + St + Sy is- '

- (A) 80,000 (B) 80200 (c>r80,4,0.o, (D) 80 600 .
:‘-,(E>8osoo e R

30 T-A line segment is dmded s0 that the lesser part. is to the greater
- .. part as the greater part is to the whole. If R is.the ratno of the -
1esser part to the greater part, then the value of B

‘ »R[R ']+ R t
W2 ®2R (©R @2+R B 2+R

(R1+R ')+R

~ 0
& L N4 N
s L e, o
! . LI
: . - ) L “:l.
3 A - .". . .
S B o RS
w .. L : e
o ' R Ry
BN o v ' o ‘
EO . : | .
& - . . . -
' o > . h
) s . . .
o toL ’
. " .
[ s o T
O S




' ‘_(E) no valuesofm e ‘s

: Thevalueof SR . 1s »

; For whrch real values*of m are the srmultaneous equatrons T

. satrsfred by at Teast one pair of real numbers (’é’ LS o

~THE MAA PROBLEM BOOK IV .

1975 Exammatlon
1

N“_—Tﬁﬂ

(A) 3/4 (B) 4/5 ’ (C) 5/6~; : (D‘) 6 /‘7";-;_‘(-E~)- 6 /55_
y mx + 3
= (2m - l)x +4

Ly

(A) all m - (B)anm+o (C)a11m+1/2 (D)aﬂm%il.

_Whlch of the followmg mequahtres are. satrsfled for all real nmn-*".‘f';
- bers a, b,¢,x, y, 2 whrch sausfy the conditions x < a, y< b-;':-' i
. and z< c‘7 . . . S

I X +y2+zx<ab+bc+ca o b- B

1L x? +y + 22 <@ +b2+c

e III xyz.< abc )

' (A) None are satlsfred (B) I only' (C) II only

(D) III only ce (E) All are’ satlsfred

If the srde of one square is the dlagonal of a second square, what‘

“is tﬁ’e ratio of the area, of the f1rst square to the area of the:second? -

'KMZ(EW wﬂﬂ mnf ®45j”

. 'The polynormalv(x +y)¥is expanded in decreasmg powers of x. j"';"_‘{
" The second and third terms have equal values when evaluated at -
‘x=p and y= q, where p-and ¢ are posmve numbers whose.:,

sum’ 1s one. What i is the value of p?-

(A) 1/5 (B) 4/5 ‘. (C) 1/4 (D) 3/4 (E) 8/9

..’b The sum of the fn‘st elghty posmve odd mtegers subtracted from
“the. sum of the first. elghty posmve even mtegers is- I

'(A) 0. (B) 20, (C) 40 (D) 60 (E) 80

L




e 7 For whlch non-zero real numbers x is =

" (A) for negatrve x only (B) for posrtrve x on1y
-(C) only for x an even integer ' .

ey s e e
S PROIBLE‘M-_S:',I975 EXAMINA_T.I'O_N s

S e | RO

: ‘_a positive: in-

teger”

"<~ (D) for- all non-zero real numbers x - .

_ (E): for no ’non'i'zero real numbers x '

. If the statement “All shuts in thlS store are on sale »is false, then' g

whrch of the followrng statements must be true? o

L Al shirts in this store are at non-salé pnces* Sl
~~II1..“There:is some shirt in this store not on sale '
“II1. No:shirt in -this: store is on'sale. -

IV. Not all sh1rts in this store are on sale. - j‘z'.‘ '

‘(A) only ~ -(B) IV only: (C) Iand III only
.;‘(VD) ILand IV only (E) LI and v only

My

.Let a;, az, and bl, bz, be anthmetrc progressrons such that S

- ay=25,b, =75 and a,m+ b 4o = 100, Find 'the: sum' of the'
L ,frrst one hundred terms of ‘the progressron a. +. by, 4 + bz,

1
" .Form all chords of K which pass through P, and deterrmne theu

10,

) N (A) 0 . (B) 100 - (C) 10, 000 (D) 505, 000 ,
R (E) not enough 1nformatron grven to solve the problem S

’_The sum of the drglts in base ten of (104n2+8 + 1)2 where nisa. SRS
. posrtlve mteger, 1s , :

'-""."‘(A) “ ®an © 2+ 2n ‘ (D) 4n (E) ? + nt2

Let P be an mtenor pomt of cucle K other than the center of K -

- midpoints. Thi locus of these rmdpomts is

_(A) acircle with one pomt deleted

el

(D) a semicircle - (E) a circle

g '*Onéinally,‘statement I read:- All shirts in this store are not on'sale. . -

~_“(B) arcircle if the distarice from P to the center of K is less than
5" one half the radius of K otherW1se a crrcular arc of less than .

360° : T
“(C) 'a semicircle wrth one point delete_d B
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If. a% b, a® — b3 l9x and a —_b = X, wlnch of the followmg

' iy conclusmns 1s correct?

(A)a—3x (B) a=3x ora=-2x
(C)a=.-3xora—2x{ (D)a—3xora—2x (E)a-2x

Theequatlonx -3x -6x -x+8—0has

f (A) nq real roots : ' _
_-(B) exactly two distinct negatlve roots

(C) exactly one negative root. o
(D) no negative roots, but at least one posltlve root

S 2 (E) none of these

14,
. what is the whosis - whatsxs when the whosis is so, the so and so is .~

If the whatsxs is S0 when the whosxs ls’ is and the 50 and so is is - so,

50 - so, and the is is two’ (whatsxs, whosts, is and so are vanables

.takmg posltlve v‘alues)"

7 (A) whosis - is- so ' (B) whos:s -,(C’)' 1s : (D').;g’o,, -
'.(E)soandso.-gbi__, R o ‘

15.
is equal to-the term precedmg it: rmnus ‘the term precedlng that.. -
. The sum)of the first.one hundred terms of the sequence is . » s

‘(A) 5 _(B) 4 (C) 2 (D) 1 (E) —1

T

/..

In the sequence of numbers l 3, 2 2% each term after the frrst two' g

If the fust term of an mfrmte geometnc senes isa pogmﬁnteger,

- the common ratio is the reciprocal of a. pos1t1ve integer, and the -
- sum of the series is 3, then the sum of the f1rst two terms of thexg,

17,

ser1es is

(A) 13 | (B) 2/3 __ (C) 8/3 -s'(l?)'_z s (E) 9/2

Ar man can commute e1ther by train or by bus. If he goes to work
on the. train”in the morning, hé comes home on the bus in the
afternoon; and if he comes home in the afternoon on the train, he
took the bus'in the morning,.. Dunng a total of x workmg days -

*the man tedk the bus to work in the morning 8 times, came home. -

'by bus in the afternoon 15 times, and’ commuted by train (erther =

e .mormng or aftemoon) 9 times. Fmd x T
@A) 19 @18 ()17 (D) 160 e

;(E) not enough mformatron glven to solve the problem ‘

o . e
B T




e (A.) 0, ,(B)' 3,/899 (c) 1/225, (D) .1/.300 (E) 1450

o PROBLEMS‘ 1975 EXAMINATION '_17 S
A posmve integer N with three dlglts in 1ts base ten representa-' :

tion is chosen at random, with each three digit number having an. . -
equal ‘chance of bemg chosen The probabrhty that logzirs an - "

-~ integer is

]

Whrch posrtwe numbers x satlsfy the equatlon (log3x)(logx5)
log35? -

..(A)3and50nly-.' ER (B)35and150n1y

'; ~(©) only numbers of the form 5"' 3"' where n and m are posr- o

20,

. tive mtegers :

(D) all positive x # 1 - -.'-;-. ,‘ (E) none of these - -

.
.

In the adjotnmg figure triangle ABC .lS-SUCh that AB=4'and -
- AC=28.1f M is the rmdpomt of, BC and AM = 3 what is the

{vlengthof BC? [ L o

- "21-.

2-2.

Ay 226 (B) 2f— A
T© 9 (D)4+2f—

o (E) not enough information

glven to’ solve the problem‘v B - : ' "M,-’ C o

-Suppose f(x) is defmed for a11 real numbers x; f (x) >0 for all

x; and f(a)f(b) = f(& + b) for all a and b Whrch of the fol- :
lowmg statements are. true"

S LfO= ST T f( a)— l/f(a) forall a
1IL. f(a)-\/ (3a forall ‘a’ LIV, f(b) > fla) 1fb>a e
" (A)HIand IVonly ~ (B) I, lland IV only.

(C) L II and IV only. (D) I II and I only (E) All are true

If p and q are pnmes and x2 = - pxX +.q= 0 has dlstmct posr— _
tive . mtegral roots then wluch of the followmg stat&ments are -

true"

‘L. The dlfference of the. foots 1s odd . S

L At least one root is prime.

I1. p? —-qrspnmo=

A LA p+q1spr1me

" (AyIonly  (B) II only (C) TLand 11T only TR
1 -(D) I II and IVonly (E) All are true P D




' 1:,'8 o

, 0. The ratio of the area of AOCD to
. theareaof 4BCD is PRI
oAz ®EG-DR . A M

4.
""" The'circle with center A and radius-AB intersects AC at D, and’. ./

" adjacent sides of square ABCD; Mis. [T

’coinci'dewit ' B). Then EC =AD" . -~

“THE MAA PROB LEM BOOK IV~ -

A

In the adjoining figure AB and BC are . D _.

the midpoint of AB; N is the midpoif
of BC;, and AN and CM intersect -

o R~

W56 @A ©23

i

In triangle 4BC, £C =0 and £B — 26, where 0° < 67< 60°. .

intersects BC; extended if necessary, .at B and.at E. (E may .

(A)- for n6 values of § - ®) 6n1‘§if0,={,45°‘ ::g;-';g-
(C) only if 0° <8 < 45°  (D)onlyif 45° <8 <60° .. - ..

: (E) fo‘; all 8 «sluch' that 0° < <.60°

s,

‘A woman, h'e'_rv brothét, her son and "h’ér'. daﬁghtCr'are,‘chéss_ piayeES_

(all relations by birth). The worst player’s twin (who is one of the

. four players) and the best player are of opposite sex. The worst - .
- player and the-best player are the same age. Who is the worst. .

A player] . -

(A) the wonman - (B) herson

"-(C) her brother . .- (D)’her.'daughvter‘i"- AT

~-(E) No solution is consistent with the given information. .

26

In acute-triangle ABC the b

iseétor'of ZA meets side BC at D
The circle ‘with center B and radius BD intersects side. AB at . .

M; and the circle with center C and. radius CD intersects side: -

. AC at N. Then it is always true that L
© (A) £CND+ £BMD —£DAC=120°

(B)' AMDN is-a trapezoid

(O BC is parallel to MN

@ =1 @®1 (©3 (D)5, (B) noneof these

1

. 3(DB-DC) .
3(DB=DC) -
S

p,q and r are distinct roots of x>~ x*+x -2 ,——'-';b(),'",»'then

34.g® +r¥equals -




PROBLEMS 1975 BXAMINATION 19

. 28 In tnangle ABC shown in. the ad)omlng ﬁgure, M is the rmd- :
z upomt of side BC, AB =12-and AC'= 16, Points E and F are "
: * taken on 4C and: AB, Trespectively, ‘and. lines EF and AM m—_' Ce
.[tersect at. G, If AE 2AF then EG/GF equals "

' "(A) 3/2 (B) 4/3
(©) 54 (D)6/5
.(E) not enough 1nformat10n .
' - given to solve the problem

290 What 1s the smallest 1nteger larger than (»/— + \/— )6? S
@ @) 971 ©9  © % (B 9_648_‘;" L

30 Let x—- cos36° - cos72° Then X equals L BN o
@A) 1/3_ (B) 172 (© 3= ;/’61 (D) 2f— 3 TR
- (B) ‘none of these- S e L e

4

- . 1
. . a
! R - . ¢
,v . - N :
' 34
o .
R R AR S
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g . 1976Examination

. If one minus the recrprocal of (1 - x) equals the recrprocal of: ’

(1 = x), then x equals -

@-2 @ -1 © 1/2 oz ®

. For how many real numbers x is \/— (x + 1)2 arealnumber') o

(A) none - (B) one (C) two

A(D) a fmrte number greater than two (E) mftmtely many

>

. The sum of the drstances from one vertex of a square wrth stdes of

- length' two to the rmdpomts of each of the srdes of ‘the square is "

r.,'."[(A) 25 (B)2+ »/" (C) 2_+ z/‘ (D) 2+ /‘
‘(E)2+2v/-5. ' .

A

'(A) : ®

-

"Let a geometnc progressron wrth n-terms. have frrst term’ one, s

common ratio r and-sum s, where r-and s are not. zero. The -

sum of the geometric’ progresslon formed by replacrng each term‘ :

of ‘the original progresston by 1ts recrprocal is .. Yo o
: \ n=1 .

(D) (E)

: How many mtegers greater than ten and less than one hundred :
written in. base ten notatton, are tncreased by mne wher\ therr_:"

digits are‘reversed? -

- @o. ®1 (C) 8 (D) 9 (E) 1'0 ' 1&

e

._If cisa rea1 number and the negattve of one of the soluttonssof
'x2=3x+ ¢=0'is a solution of x? + 3x ~¢;= 0 then thef:;

: solutlonsofx i— 3x +c~0 are | "‘\.-,./_ RN ll.-_.',

}(A) L2 (B -1 -2 (C) 0,3., (D)".'o,;‘s" (E) 3

}'(E)x<—ﬂl or —1<x<l

33
7

AP »-r-

If x is a real number, then the quantlty (1 - |x|)(l + x) is pOSl-\ '
‘.ttve if and only 1f ,

W i<l T @®xr<l (© IX.I->-1.-- ‘(D) x~,f<_:,;¢—-r,1 i




PROBLEMS l976 EXAMINATION B T R

_ 8 A pomt in the plane, ‘both of whose rectangular coordlnates are,
~integers with absolute value less than or equal to four, is chosen at
4 random, with all such points having'an equal probability of bemg -
chosen. What is the probability that the dlstance from the pomt to
- the ongm is at most two unlts? =

@ o (B)-‘sT @8 NeR
‘ /.
Y (E) the square of a ratlonal number

9 In tnangle ABC D is the nndpomt of AB Eis the rmdpomt of
" . DB; and F is the midpoint of BC, If the area. of AABC is. 96,
" then the area of AAEF is : .

~

(A) 16 (B) 24 | (C) 32 (D) 36- -'(E) 48- L

‘.10‘.' If m,n, p and q are real numbers and f(x)=mx+n and

o g(x)=px+ a0 then the equatlon f(g(x)) = g( f(x)) has a solu~ -
tion. -

: (A) for all chonces of m, p and q
- (B) if and only'if m-=p and n -—q-
- (C)-if and only if mq—np=0 .
. (D)'if and'only if - n(l—="p)= q(l - m) =0, '
' (E) 1f and only if (1.- n)(l -p)- (l - q)(l - m) =

1. Whrch of the followmg statements is (are) equlvalent to the
- statement “If the pink elephant on planet alpha has purple eyes, .
. then the wild pig on planet beta does not have a long nose™? -

- L “If the wild pig on planet beta has a long nose, then the pmk' N

* elephant on planet alpha has purple eyes.’

' 'II;"“If the pink. elephant on planet alpha doesnot have purple" L

- eyes, then the wild. p1g on planet beta does not, have a long -
" nose.” - '

- IIL “If the wild pig on planet beta has along nose, then the pmk : )

SR “elephant on planet alpha does not have purple ¢ eyes.” 7
. "IV. “The pink elephant on planet alpha does not have purple
;oo eyes, or* the wrld plg on planet beta does not have a long

o nose . _

(A) I and Il only (B) 111 and IV only R
(C) Mand IV only (D) Mand Ml only . (E) Il only

w'

*The word “or” is used, here in the in_clus'ive'sense‘ (as is customary in rn_athematlcal
writing). ‘ : R L '




I ;

v . 12. A supermarket has 128 crates of ‘apples. Bach crate contains at = -
. " least 120 apples and at: most 144 apples. ‘What is the largest ' -
" integer n such that there must be at least n crates containing the =

“same number of apples? e - T

L md ®s5 ©6 DU ®s
13 I‘.f"x*cowsb‘give x + 1 cans of milk in x + 2 days, how many
- days willjt take x + 3 cows to give x + 5 -cans of mikk? .
xS g X+ D(x +5)
(A)v (x+ D(x+3) ;(?) (x+2)(x+3)
)(x+D(x+5) o (x+ D(x+3) -
(B) none of ttheﬂ o ' DR S

‘ '(C)’(x',-i-j

,‘.14."'«The measures of the interior 'éhgles of a convex polngn are in .- -
arithmetic progression. If the smallest angle is '100° and the largest
angle is 140°, then the number of sides the polygon hasis .. . .°
w6 ®ms © O ®R2 e

- 15 If r s the remainder when ea'ch‘."‘of the numbers '10_59_;‘1“4‘17'-am41“::;,'-

' 2312 is divided by d, where .d is an integer greater than one, thén.

: o d—requals - R PR
R (VR B (R EA © 179 (@d-15 ®d-1.

" 16, In triangles 4BC and DEF, lengths AC, BC, DF and EF are
. allequal Length AB is twice the length of the altitude of ADEF
" from F to DE. Which of the following statements is (are) true?

.1 ¢ACB and £DFE must be complementary. . T
. 1. £ACB and £ DFE must be supplementary. . - -
. IIl. The area of AABC must equal the area of ADEF. S
IV. The area of AABC must equal twice the area of ADEF.-
(A) Honly  (B) lonly (O IV only. -
(D) Iand T only = - (BE) Il'and Il only
o 1716 is an acute ax_igle,a‘nd sin26 = a, then vsiﬁ 0+ cos @ equals -
N R e S X (CR Da+l (©Va+i=vai—a

VIR
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18 In the ad_]ommg flgure, AB is tangent at A to the cnrcle wtth '

- (B)y 15/1r o
S®v2
) 19;
.- and-remainder five when dmded by x -3 The remamder when

C Wyx-2 - (B)x+2 © 2" ,(D)8"_(E)'1y5.v'

_ radms of the circle is

center O; point D is interior to the circle; and DB’ intersects: Yhe
circle at C. If BC = DC = 3 OD =2 and 4B = 6, then - the

(A)3+t/—

©9/2
(D) 2v6

A polynonual p(x) has remalnder three when dlv1ded by X — 1
p(x) is d|v1ded by .(x.— l)(x = 3) is:

G

Let a, b and X. be posmve real, numbers dlstmct from one. Then ,

“4(log,x)’ + 3(logbx) = 8(logax)(logbx)

3 (A) forallvalues of a, b and'x (B) if and only if a = b2 '

2.

“(C)-ifand only if b=a? (D) if and only if x *=ab
. (E) none of these R ' o o

s

' What is the smallest posmve odd mteger n such that the product o

21/723/7 .. 2(2n+l)/7

is greater than 1000" (In the pro&i’uct the denomlnators of tlﬁ
exponents are all sevens, and the numerators are the successlve

--odd mtegers from 1to 2n+ 1)

.',(A)_? - (B) 9 ©uU O ®I19



N

- 22 Given an equilateral triangle with"sidé.bf length s, consider the
" locus of all points,P: in the plane of thé triangle such that the sum - .
“of’ the squares. of the distances from P_to the vertices of the =
. .. triangle is'a fixednumber a. This locus~ E : '
C v (A) isa circle if @ > s NS o
. .. \(B) contains only, three_points if a'="2s* and is a circle. if
LU N az2st e
cut, 0 (C) ds acircle with positive radius only if 5* < a < 252 .
- ., (D) contains only:a finite number of points for any value of a -
' (E) is pone of these ~ .-~ . o o v
B e T IR
-+ 23, For integers 'k and n such that 1 < k< n,let
S S AN n!
e . (k) ~ kY(n S }
| f }Theliln ( P )(k) s an 1nte§e§ Lo SRR
vt (Ayforall kandn e
. (B) for all even values of ‘k and n, but not for all k and n
", .. (O for all odd values of k-and n, but not for all k and n.
' (D) if k=1 or n— 1, but not for all odd values of k and n o
s (E) if n is divisible by k, but not for all even values of k. and n -

24, In the adjoining figure, circle K has -diameter AB; circle L is -
tangent to circle K and to AB at the center of circle K; and
circle M is tangent to circle K, to circle L and to AB. Theratio .
of the area of circle K to the area of circle Mis .- =~ -~

A1
©'16

. :%)18‘» o
v (E) not an integer

25 For.a sequence u,u,.., define al(u,) = u,,, — u, and, for
all integers k > 1,a%(i#,) = al(a*=1(u,). If u, = n® + n, then™
~ a%(u,)=0 forall n T
LA if k=1 (B)if k=2 butmotif k=1 = -
Uit k=3 butnotif k=2 ~ (D)if k=4, butnotif k=3
(E) forno valueof k = "~ R R

B PR

L ¥

 }39:?};fﬁ;:?;i;j ;Wﬁtjf¥J
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PROBLEMS: 1976 EXAMINATION = 25

26 In’ the adjoining flgure every nomt of Cll‘Cle 0O is extenor to‘
circle O. Let P and Q@ be the points of intersection of an intér-

nal common tangent with the two external common" tangents wo

. Then the length of PQis

(A) the average of the

lengths of the internal”

" and external common
tangents ',

'(B) equal to the length of
- an external common
“tangent if and only if
circles O and O’
© have equal radii -
(C) always equal ‘to the
* 7 length of an external
O cdmmon tangent

~

(D) greater than the length of an extemal common tangent

-
o

(E) the geometric mean of the lengths of the 1nternal and extemal
: commOn tangents ‘ . , .

B [

\/»/‘+2\+\/t/‘ S
N » W_‘T ”3"2‘/_

then N equals N
A1 (B 2\/_—1 (C) (D)f

(E) none of these .

28, Lmes Ly, L2 L100 are dlsnnct All 11nes L4,,, na posmve in-.
* teger, are parallel to each other: All linés .L4y—3, n-a positive

, mteger pass through a given pomt A. The maximum number of

- points of intersection of pairs of - lmes from the complete set

- ‘<L19L2’ LlOO)ls B : : e / . i
(A 4350 “ (B) 4351 (C) 4900 (D) :jf1_901"‘ (E) 9851
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:'v-

29 Ann and Barbara were companng thelr ages and found thatf.” 3

Barbara is as old as Ann was when Barbara was-as old as Ann had

>

present ages 1s 44 years, then Ann s age is -
(A) 22 (B) 24 -' (C) 25 (D),“ 6

. been when Barbara was half as.old as Annis. If the sum of theu'» '

(E) 28 | o «\ -

30 How many d1stmct ordered tnples (x, _v, z) sansfy the equanons.

x+2y+4z—-12 _
y+4yz+2xz—-22 .
xyz—-6" -

“"(:A) nbne'_,_ . (B) 1 (©2 | D)4. (B)6
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. :

1977 Exammatlon

v 1 Ify 2xandz~2y,.thenx+y+zequals _
LB @ O @)% (B9 L

- 2. Whrch one. of the f0110w1ng statements is false" All eqmlateral |

_— ntnangles are

' _‘4 In tnangle ABC AB = AC

(A) equrangular . (B) 1sosce1es (C) regular pOlygons
(D) congruent to each other (E) slmrlar to each other

a,

3, A man has $2. 73 in. penmes, mckels, dunes, quarters and half ;;-

\
total number of coms he has is

j (A-),3 (B 5 (C)9 (D) 10 (E) 15

" -and x4 = 80° ‘If pomts

:..D, E and F ‘lie on sides -~
- BC, AC and AB; respec-

o tlvely, and CE = .CD and .

© BF =BD, then £EDF equals

AY30° By
L ©5 e &
“.. (E) none ofjt_hese‘ L

.8

s The set of all pomts P such that the sum. of the (undrrected)i o
 distances from P to two. fixed points A and B equals the drs- N
- -tance between'4 .and ‘B is - _ B

(A) the lme segment fro A to B = .
(B) the line passing through A4 and B ‘ .
(C) the perpendicular bisector of the line segment from A to B
(D). an ellipse having positive area e

(E)a parabola, :

R
{
!

)

dollars. If he has an. equal number of coins of each kmd then the -~
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' .s ' » .

}’

.: If X, p and 2x + = are not zer7 then- .

2

s e
equals - - o STy

N © x;.y,. ) '(xi’)_‘_'.. o

(E) none of these . - "~ . . . o~

.Ift.,;-_—l—— thentequals: ’ B

1—\/5 S T T S

E '(A)(l—f)a—\/”) (B)(l—v/')(1+\/”)
(©) (1+¢‘)(1—\/”) (D_)(l+¢‘)(1+ﬂ

L) 10° (B 152 o
Com o (2)
®¥ . T

0.

.

(E) "(1+\/—)(1+v/_)

: For every tnple (a b, c) of non-zero real numbers, form the

number L

b "c Cabc
—
817 1el " Tabel s

The set of all numbers formed is

. v a
L —+
lal -

WO @404 . (© (=4 -2024
‘-(D){ —4 =22, 4} (E) none of these

.~'In the adjommg frgure £E = 40° and-arc AB arc BC and arc

CD all ha,,ve equal length Find the measure of zCACD R

N 4

e

If (3x =1)".= a, x7 ¥ a6x +- .+ + ag, then a; % ag+ ++-+aq

equals - * | R
@0 "(B)'l '. () 64 '-(D) —64 V(E)'1k28-,;~7 _
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1 1. For each real number x, 1et |x] ‘be the largest 1nteger not éxceed-
- ing x (i.e;the mteger n-such that n < x < n+ 1). thch of the
followmg statements is (are) true? -

le+ll—lx]+1fora11x- o
0 § R P* + yl ="[x] + [y] for all x and y
III lxy] = [x][y] forall x and y = .- R
', .(Aynone (B)lonly . (C).I and 11 Only' B
 ,(D)yllonly (Eyall - ..~ S

12. Al’s age is 16 more than the sum of Bob’s age and Carl’s age, and
the square of Al’s age is 1632 more than the square of the sum of
Bob’s ageand Carl’s age. The' sum of the ages of Al Bob and Carl =

is B _ﬁ

C we @ @%WWM}®W"

13 If° @y, ay,a,,... is a sequénce of positive iumbers such’ that
Gpyy = Qplyyy “for. all positive integers n, .then the sequence
a, ay, as,.... is a geometric progression . ‘

(A) for all posmve values of -a, and. a, :
(B) if and only if a, =4,  (C) if and only 1f a,= 1 L
(D) if and only if a, =1 ~ (E) if and only 1f al = a2 = 1 .

.

14 How many Palfs (m n) %tf mtegers satlsfy the equatlon m + n=
. mn" : . "
W vl 7 .(B) 2 (C) 3. }(D.) 4 (E) more than 4

1

15 Each - of the -three circles- 1n tﬁe adjoxmng flgure is extemally._ -
tangent to the other two, and each side of the triangle is tangent to, -

'- two-of the circles. If each circle” has radms three, then the - v

penmeter ‘of the tnangle is: e R
CAY36+9Z (B 36+6/ O
(© 36+9/3 “(D)18+18/3

®s
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I T
¥

"'-1. 16. If i2 é-_.—l then the sum DR

‘ ‘¢'°,545°+’°°513‘5-‘” z+tcos(45+ 90n)° <o 4 i%o0s 3645°
',;e(__{uals _ ' _, e | T _ o
nZ 2142
) "‘/2: o (B) - 10:\/_ (o) == ‘/_
@ [—(21 oy T @ £(:».1 ‘tzm

17 Three fa1r d1ce are tossed (all faces have the same probabrhty of .
* coming up). What js the probabrhty that the three numbers turned
up can be arranged\to form an arrthmetlc progresston with com-
mon dlfference one" \ _
1

W ey T _(1;5) = "_.(E)ggv;~
18 Ify—(logzsxloga‘t) -(log,[n + 1]) -~ logy,32) then

(A)4<y<5 T (B) =5 (C)5<y<6
(D)y—6 (E)6<y<7 ,

19 Let E be the pomt of mtersectlon of the d1agonals of convex
quadrilateral ABCD, and let P, Q;, R and S be the .centers of

- the circles clrcumscnbmg tnangles ABE BCE CDE and ADE :

' respectively. Then Sl

(A) P&RS isa parallelogram : ' ‘ '
(B) PORS is a parallelogram if and-only. if ABCD is a rhombus
- (C) PQRS is a parallelogram if and only if ABCD is'a rectangle

(D) PQRS is a parallelogram if and only 1f ABCD isa parallelo- o

gram. - - . .
(E) none of the above are true A

-

20 For how ‘many paths conslstmg of a sequence of honzontal
e and/or vertical line segments, with éath segment connecting a
- _ pair of adjacent letters in the dlagram below, is the word CON-.
TEST spelled out as. the path is. traversed from begmmng to end"

we - ®m e
SO @5 CSSSC

(E) none of these K - CONTNOC

G ':"CONTESETNO,C‘
. L ~ CONTESTSETNOC,

.‘4>

CONTETNOC o
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_For how 'man'yvvalnes of the coefficient a do the equations o

X +ax+1=0, B
x2 -'x~-.—'a =0 - S
_ E - e
have a common real solutlon"

A0 (B L (C) 2 (D) 3 (B intinit_eiy'niany

22,
s not“ldentlcally zero, and for all a and b

If f(x) is a real valued functlgn of the real vanable x and f(x) o

f(a + b) +f(a - b) = 2f(a) + 2f(b)

" then forall x ‘and y

33,

$ (A fO=1_, (®B) f(= ;x) = “f(x) (C) f( x) = f(x)
(D) f(x‘+ y) = f(#) +f_(y_) : (E) there is a positive number T 3

such that f(x + T) f(x)

-

I the solutlons of the equatlon x + px +g= 0 are the_ cubes of“

the solutlons of the equation x2 + mx + n-=0, then .

-':».(A)vp—m _+3mn ®B) p= »m -—v3m_nb (C)p+q m

24

25

(O (R =T ® noncof these

Find the sum el S
b 1 1- S
T3 :+‘,_3-5 - (2n-— 1)(2n+ 1) ot 255-257~-'-__ o

127 128 -1 128 ' 129

@ 255 (B) 255 -v(,c) _5‘ (D) 257 . (E) 57

s

Deterrmne ‘the largest posmve mteger n such that 1005' is d1v151-.
ble by 10" .

(A) 102, ®). 12 O ,502 (B none of these

P

46.

Ve e
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26, Let a,bc and d bé the lengths of sides MN. NP, PQ and QM o
respecuvely, of quadnlateral MNPQ If A is the area of MNPQ, S

. R then - . et ;
o (A)':A ;({1 ;—C)(b -;- ) if a.nd only 1f MNPQ ls convex
(B)a‘_‘A =(a ;‘ C)(b ; d_) if a.nd only if MNPQ isa recta.ngle
(é) ‘A < ( 4“; c)(b ; d) if a.nd only 1f MNPQ isa recta.ngle : :
.;' ® 4 < (45)(254) & and only if MNP i 8 palee-
’ ® 4> (“5)(25) if and only it MNPQ is » paralleo-

0

© 27. There are two sphencal balls of dlfferent sizes lymg in- two corners
of a rectangular -room, each touching two walls and the floor. If - -
~ there is a point on each ball which is 5 mches from each ‘wall ., -
- which that ball touches and 10 inches from the ﬂoor then the sum L
- of the dlameters of the balls is

. (A) 20 inches ~ .(B) 30 inches (C) 40 iniches |
. (D) 60 mches : (E) not determmed by the glven mfonnauon

- A U B
L. s b . o i - . . .
. . . . . . . . . . . X o -

.

28 ‘Let. g(x)—x b x4+ % + 2 +xt L. What is the- remamdery'-'
,' when the polynormal g(x'?) is divided by the polynomial g(x)?"

(A 6 @ 5-x (C)4—x+x- (D)3—x+x —x*?
(E)2—x+x ~x3 +x : .

29 Fmd the smallest mteger n s ch that ’.L _
: | (x +y +zz) n(x +y +z4)
forallreal numbers x, ¥, and z. - : , - -
(A) 2 (B) 3 (C) 4 (D) 6 (E) Therr, is no such mteger n N
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30 If a; b and d are the lengths of a sxde a shortest d1agona1 and a
: longest diagonal, respectwely, ofa regular nonagon ‘(see adjommg
ﬁgure), then .

,'__‘(A)d—a+b
S (B) d?=a? + B |
".(C) d?=a’+ab +62

@ 6=234
'(E) b2 ad
<
N\ & ) 7
>
"}:.V .




S
P
.

N

"=4*1fa—1 b—lO c—lOO andd 1000 then

(C)2 ‘ (D) —tor2.

et @

‘-rﬂ .

2 If four times the recxprocal of the c1rcumference of a cu‘cle equals
the dlameter of the cu'cle, then the area of the circleis :

W B OO (E)w

. b4

equals R
(A) 2x%° (B) 2y* (C) x2 + y* (D) x* =y (B))’

(a+b+c—-d)+(a+b-—c+d)

RN

is equal to

.

+(a—b+c+d)+(—a+b+c+d)

i @111 (B)'222_2'_'~ .'(C_) 3333 a";(D_) 1212 (B 4242 ..

C

5 Four boys bought a boat for $60.. The first boy paxd one half of_fi.
. the sum of the amounts paid by the other boys; the secand boy. "
’ ‘pald one thifd of the sum of . the amounts paid by the other boys;

and the third boy.paid one fourth of the sum of the amounts paxdf, :

by the other boys. How much did the fourth boy pay" }
‘ _(A) $10 \(B) $12 (C) $l3 (D) $14 (E) $15 .
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3

6 The number of drstlnct parrs (x, ) of I a1 numbers sat1sfy1ng _
both of the followmg equations: "\ ’

' : 'Avx—x +y, .:.-:_1"""
y=2x = -

"';.'(4) ° | ®1 ©2 O3 ®4

: ) i e e ' e

- . ) . /"\,f E Coe l‘- L .. A
ST Opposrte sides of a regular hexagon are 12 lnches apa.rt The
. 1ength of each side, in mches, is ~ .. g

w7 "(B) 6v/— / © 5»/' ®) %»/5 ~ __J(E) 4»/3

s
. R " .
. ) . . i . -

!

8. If xXFy. and the sequences x, a,, a,, y and x, bl, bz, bs, ¥ each e

- "are-in anthmetlc progressron then (a, — al)/(b2 =b ) equals '

/

wa‘ez'©««93~®av%i

(A)] (B)l"‘ x—'l (D)1+2x (E)2x—1

10 If Bis a pomt on. cxrcle C wrth center P ‘then the set of all

E “points A in the plane’ ‘of circlé" C such that the distance between
A ‘and B is less than'or €qual to the dlstance between A:and any -
other pomt on c1rc1e C is, o L

(A) the line segment from P 0B '
" (B) -the ray beginning at P and passmg through
(O a ray begmmng at B . :
.(D):a circle whose center is P
(E) acxrcle whc/Jse centeris B -

1.
#
\-

i
i
o
!
i

' 11\ If risg osrtrve and: the line whose eqzuatlon 1s x+y=ris tans
|\ gent to the. crrcle whose equatlon is x° + y =r, then r equals

(B)_l_' ©2 (D)\/— (E) 2\/—
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12 '
" .AE, respectively, ‘and points 4, B, C, D} E are distinct.! If
- ledigths 4B, BC, CD and. DE are all equa] then the measure of '
:£EAD is - A

'(A) 5o (B) 6° ‘(C)75° (D) 8° (E) 10°

13,

14,

THE MAA PROBLEM BOOK v

In AADE 4ADE 140° f)omts B and C lie on sldes AD and-k

If a, ‘7) ¢, and d are non-zero numbers such that ¢ and d are . .
the solutrons of x2.+ ax + b=0.and a'and b are the solutrons L
of x2+ex+d= 0thena+b+c+dequals ’

m0_®—2(02(m4(meurm7

’If an integer n, greater- than 8, is a solution of the equatron':.,". )

- x?—ax+b=0and the regresentatron of a in the base n

1S

ST

numeratton system is 18, then the base n representatron of b'is
(A) 18 (B) 28 (C) 80 - (D) 81. . (B) 280 '

'If srnx+ Cos X = 1/5 and 0 Sx<m, then tanx is

4 3

@ -3 @*—(94(me

'(E) not completely determined by the glven mformatron - ',1

In a room co | 1A ‘eople, N>3, at least one person has' o
not shaken hahd 143 _ryone else in.the room. What is the
maximum number of people in the room that could have shaken

" hands with everyone else? - TR R

17.

(A) 0.®1 (© N-1 (D) N '(E)-none of these

If, k is a positive number and fi isa functron such that for every' .

i posmve number x,

«“w“ Uu+mfk

then, for every posrtrve number » R

[f 9+y ]‘/T’_

- is equal to .

wf'(m%~mwr-wwfrmw“

fThe specxhcauon that poxnts A, B C D, E be distinct was not mcluded in ‘the ongmal U

- 8 statement of the problem. If B'= D, 'then C E and rcEAD = 20°,




. : 18.

(_)
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What is th‘ smallest posmve mteger n such that \/— —q/ o
<017

(A) 2499 (B) 2500 (C) 2501 _' -__(D) 10,000 "

1'9:_‘

20,
_and'.

-_'vf-'_andx<0 thenxequals T
@ -1 (B) =2 (C) -4 Dy-6 (B -8

2L

. g '-(E) There is no such mteger

";" L

A posmve mteger n not exceedmg 100 is chosen in such away.
“that if n-<50,,then the.probability of choosmg n is p, and if .
. n> 50, then the probabrhty of choosmg n is 3p. The probabﬂ~ .

ity that a perfect square is chosen is

W mes ©6 ® ® ®1

P I
. -3
4
If a, b c are non—zero real numbers such that

' a+,b—c,-_ a—b+c _:—a+b+c

c- b a v

_(arb)brocra) ;

e T - abe

_Fcr ﬂl:pcsitive numbers x distinct frou_l 1,
. : . ‘ l S l , -'" l °
. . logyx -~ ‘loggx - logsx

.y -veq_uals‘v- o .‘ L - - |

T - L
v(A)'f- logeo x ( ) log 80 ( ) (log3x)(log4x)(log5x)

' 12' - :
(log3x) + (log,,x) + (logsx) o .
logzx S logyx ' logsx

" (log3x>(log5x> " Togyx)(log,x) * Togpx)logs)

. 52
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22,

(A) 0« ®1 (C)2 ~(D)3 (E)4

23,

' THE MAA PROBLEM BOOR 1V .
J .
The follow1ng four statements, and only these, are found on a- .

card:. 5 R

' On thls card exactly one statement is false - ‘

-On this card exactly two statements are false.’
On this card exactly three statements are false.

i On this card, exactly four statements are false :

(Assume each statement on the card is e1ther true or false ) Among
them the number of false statements is exactly

Vertex E of gqullateral tnangle ABE is in the mten\\of square '

- ABCD, and F is the ‘point of 1ntersectron of 'diagonal BD and

24.

line segment AE. If length AB is {1 +V3 then the area of

_‘AABFls e e g
N
A .;B':’,.

If the distinct non-zero ‘numbers x( y—2z) (z - x), z(x -~ y)
form a geometric progresslon w1th common ratio-r, then r satis-"
fies the equation - ' - 5 :

A P+ 1=0 ‘@) ieizo0 (©) rt —1—();

25,

a

(D) (r+1)“+r—0 rt(E) (r—t)“+r—-0

Let a be a pos1t1ve number Conslder the set S of "all pomts '

“whose rectangular coordmates (x, y) satlsfy all:of the follow1ng

_condrtlons
(1)' '2a ' (ii)'is ’<_2d_ _(ﬁ)x+y%a
"'_(1v)x+a .y (v)y+a - o

: The boundary of set S isa polygon with = .-

() 7 sides

(A) 3sides  (B) 4sides * ©)5 stdes (D) 6 s1des ’
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_ 26 In AABC, AB = 10, AC = 8 and * .
© *BC = 6. Circle P is the circle with
N smallest radius - which passes
““through C and is Yangent to AB.
Let Q and R be the points of in-
~-tersection, distinct from C, of
circle P with  sides AC,and BC,

respecttvely Thelength of segment ' SN
QRis. . . c* Q A
_A,_.,(A) 475 (B)" 4.8 ,_,(C),'S "(D) 4ﬁ (E) ,3,/5 LT

©27. There is mare than one mteger greater than 1 whlch when divided @ . |
_ by any integer k such, that 2 < ¥ < 11, has a remainder of 1.
~ What is the dlfference between the two smallest such mtegers" :

“(A) 2310 (B)-2311  (C) 27,720 (D) 27, 721 R
(E) none of these . o
A

28 If AA, A A3 is - equ1lateral and

S A 1s the midpoint of line seg-
ment A, A,,+l for all positive in- .
tegers n, then the measure of -

, 4A44A45A43 eduals o
‘_ L(A).30° " (B) 45° (O 60° L .

(D) 90°* (E) l20° T T e

i
t
l .

29 Sides AB BC, CD and DA, respectlvely, ‘of-convex quadnlateral
ABCD are extended past B,C, D.and 4 to pomts B, C,D o
and A’. Also, AB = BB"=6,BC=CC'=1,€D = DD"— 8 .
and DA = AA =9; and the® area of ABCD is, 10 The. area of

'B'C'D' is '

o J
GRS @m @%*@%,@@* "
L 30 1In a tennis touma;nent n women and 2n men play, and each -~ __-/'\ S
player plays exactly one match with every other player. If. there ..
are no ties and the ratio of the number of matches won by women

to the number of matches won by’ mqn is 7/5 then n equals
" ‘,(A) 2. (By 4 (C) 6 - (Dy 7 (E) none of these -




1979 Exammatlon

1 1If rectangle ABCD has area 72 sqlrare meters and E and G aré
" the midpoints of sides AD and CD, respectlvely, then the area of
PRI f,'“'_ rectangle DEFG m square meters is. - X AR
T T ays @ (C) 12 oA ‘.’-_’- o
(D) 18- : R RN T
G )18 (E) 24 R ) S A

:’2 For all non-zero real numbers X and y such that X—y =-f,;_xy',‘:":';: 7

.ot e DR
o . t. el

il ly (C) O(D)—1 (E)y - x

d tnangle and ‘point E is °“‘$‘d° square ABCD What is the mea-
L sureof L AED mdegrees” T e

R L Wi P 4
® 125

©15
oy
®s L Gt T

L _'4 For all real numbers x, x[x(x(2 - x) _ 4} + 10] v 4 - ’_ N

(A -—x +2x3+4x +10x + 1.

- (B) —x —2x +.4x2 +10x+1 =

(C) = x4 2x3 — Ax2 4 10x°+ 1 }
(D)-—x-—2x--—4x-—10x+1._- - LA
(E)—-x +25c3-—4x +10x+1 ’

L 5 Fmd the sum of the dlglts of 'the largest even' three drglt number
. B (m base ten representanon) which is not changed when 1ts umts

(C) 24 (D) 25 (E)szﬁ e
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1 1If rectangle ABCD has area 72 sqlrare meters and E and G aré
" the midpoints of sides AD and CD, respectlvely, then the area of
PRI f,'“'_ rectangle DEFG m square meters is. - X AR
T T ays @ (C) 12 oA ‘.’-_’- o
(D) 18- : R RN T
G )18 (E) 24 R ) S A

:’2 For all non-zero real numbers X and y such that X—y =-f,;_xy',‘:":';: 7

.ot e DR
o . t. el

il ly (C) O(D)—1 (E)y - x

d tnangle and ‘point E is °“‘$‘d° square ABCD What is the mea-
L sureof L AED mdegrees” T e

R L Wi P 4
® 125

©15
oy
®s L Gt T

L _'4 For all real numbers x, x[x(x(2 - x) _ 4} + 10] v 4 - ’_ N

(A -—x +2x3+4x +10x + 1.

- (B) —x —2x +.4x2 +10x+1 =

(C) = x4 2x3 — Ax2 4 10x°+ 1 }
(D)-—x-—2x--—4x-—10x+1._- - LA
(E)—-x +25c3-—4x +10x+1 ’

L 5 Fmd the sum of the dlglts of 'the largest even' three drglt number
. B (m base ten representanon) which is not changed when 1ts umts

(C) 24 (D) 25 (E)szﬁ e
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1979 Exammatron

1 If rectangle ABCD has area 72 square meters an

- " the midpoints of srdes"AD and CD, respecuvely,
Lt  rectangle DEFG msquare meters is. -

o (A)8 @9 (C) 12" A—-—

(D) 18 (E) 24 % RN

! . . . . D—V -

2 For all non-zero real numbers x and y such* tl

RS '(‘C) 0 (D)".f L

3 T the ad;ormng frgure, 'ABCD isa square, ABE
tnangle and 'point E is outsrde square ABCD W
sure of 4AED mdegrees" e

L @0 Cp
U s
Lo

ey .~

R
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18,

. :, ‘,:19‘.

20

Y

Pomts A B C and D are dxstrnct and he, in the glven order on"v : e

a stralght line. Line segments AB, AC and AD have lengths x,'y

© - .and z, respect1ver If line segments AB and. CD may be rotated. | -
" about. points B and C, respectlvely, so that points A and D. .
. coincide, to form a trlangle with positive area, then whrch of the e
vt followmg three mequahtles must be sattsfled?

" {A)yTonly © (B 1l only (C) Tand I only | LT

(D) Nand1M Tonly (BT, T and T

To " the - nearest thousandth log,02 is 301 and log,03 is  477.
. Whlch of the followmg is the best approxnnatlon of log510‘7 '

(A) (B) e '(D) | (E)

Fmd the sum. of the sﬁgﬁres of all real numbers satlsfymg the .
B _equatlon Cn B

4286 '“25632—'"0'3 N :

: ‘(A)jsv (B) 128 (C) 512 (D) 65, 536 (E) 2(25632)

- '.Arctan a + Arctan b equals

- 2T

. v,(A)"

+ PR

. The length of the hypotenuse of a nght tnangle is h, and the "
* radius -of the mscnbed circle is:r. The ratlo of: the area of the

c1rc1e to the area of the tnangle is
: e
h+2r. (B)h+r _()2h+r ‘,;.(lv):) h2+‘r2:"

(B pone. of these

2.

Fmd the number of paxrs (m, n) of mtegers whxch satlsfy the? .

j"equatlon m?® + 6m* + 5m = 2Tn* +9n% + 9n -+ 1.

o W ®1©3 @9 (E) mfmltelymany

e

e

58

. PROBLEMS 1979 EXAMllNATION o a

Ifa=13 and (a + 1)(b+ 1) = 2 then the radnan measure of‘ S
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23 The edges of a regular tetrahedron wrth vertices A B C and D:f-‘ i
’ .each have length one. Find the least p0551b1e drstance between a . -
" - pair: of points P and Q, where P 1s on edge AB and Q 1s on
;_",f’"ledge CD - i

@ 5‘ @ 4 .~ .

(«© ..'2_

, fséla_vh

l-.'2'4.'Sldes‘lB BC and CD of (srmple*) quadnlateral ABCD have"""""
' - lengths 4,5 and 20, respectrvely 1If vertex angles B and C are = -
" obtuse and srnC = —cosB = then srde AD has length e

@) 24 (B) 245 (C) 246 (D) 248" (E) 25 -

_25.-If q,(x) and r, are the quotrent and remarnder, respectlvely,' !
~when the polynomial x8'is divided by x + %, and if g,(x) and .-

r, are the: quotrent and. remalnder, respectlvely, ‘when q,(x) 1s o

: d1v1ded by. x + , then. rz equals : ; R

L (A) 5%- ._ (‘B) ;-’ (C) 1 @ -—16 | (E)" 256
26, The functlon f satlsfres—the functlonal equatlon . TR
o f(x) D) =fxHy) ==l e

. for every pair- x, y of real numbers. If f(l) =1, then the number o
" -of mtegers n =)l= 1 for. whrch f(n)-— n. 1s DT N

,-.(A) 0 (B)l (C) 2 D3 (E) mflmte'

. 27.An ordered palr (b c) of mtegers, each of whrch has absolute

" 'value less than or equal to five, is chosen at rantdom, with each .

- - such ordered palr having an equal hkehhood of ‘being chosen. -

" - What is the r,'frobabrhty that the equatron x:+ bx + c= 0 wrll
 not have drsnnct positive real roots" S

1060 108 110 o 112
(A) 121 }(B_) 121 _(C) 121 ;(D) 121 (E) none of these

1A polygon is called “s_rmple" if it is oot self mtersec_txn_g, -5




28

i :1('(:)‘ r‘»b{ ‘/3(;,_ | 1”) f' N

- v_-‘,(E) none of these ,' co

29,

- 30,

PROBLEMS 1*979 EXAMINATION e

Cucles with centers A B and C each have radms r, where ‘

.. I'<r <2, The distance between each pair of centersis 2. If ' B’ is .
. the point. of intersection of circle A and circle C which is outside
circle B, and if C’‘is the point of intérsection of circle'A and

circle B whichis outSIde circle 'C, then length B’C’ equals S
(A) 3"— 5 ‘*5 : .
®r

For each _p_ositiﬁe xiumber X let

f( )—

o .The minimum value of f(x) 1s
o ’(A) 1 (B) 2 (C) 3 (D) 4 (E) 6

In AABC E is the nudpomt of 51de BC and D is on 51de AC

-~ 'If the length of AC is 1. and £BAC = 60°, £ABC = 100°," =
.4 ACB = 20%and ADEC— 80°, thén the area of AABC plus L

" '_twwe the area of ACDE equals

| (A).‘—cos 10° (B)

(C) —cos40°‘ (D) cosSO° )

[_

® g




1 The largest whole number such that seven umes the number is less "

oy
(B 150° -

'.(A) —‘/2: (.B) '/; )
of : ®F
.“.‘,'(E)‘ 3

8 | 1980 Examl.?atlon

«

than 100 is. © e e
(A) 12 (B) 13 '(C) 14. (D)‘15' | '(E)' 16“ SETCURR

.'2 The degree of (x2 + 1) (x + 1)3 as apolynonual 1n x is -

/(A) 5. _ (B) T (_C) 12 (D) 17 (B 72

"'4,3 If the ratio of 2x—)9‘ to x+y is %—, What is’ the ratlo of.vv.,'vv-‘

xtoy?

w3 (B)5 -<C)’1,(D) | (E)

| -_"4 In the adJomlng flgure CDE is an equllateral trlangle and ABCD"

-and. DEFG are squares The measure of &GDA is

S@ye . .-_{A

® 05
© 0

SIf AB and CD are - perpendlcular dlameters of clrcle Q, and-; '

C s

£QPC = 60°, then the length ggPQ divided by the length of AQ.“ i




BN o D':

" The area of-the quadrrlateral is
(A) 32 (B)36,

' (E) two palrs for each b 71= (U

4

A pos1t1ve number X sat1sf1es the 1nequal1ty »/— < 2x 1f and.f
. onlyrf e e e . '

[(A) x> —" (B) x>2 ‘(c':) 52,>.4 ’(D) 'x <L Y(E.).;c f<"-4 B

4

v

. Sides AB, BC CD and DA of convex quadrrlateral ABCD have . :

lengths. 3, 4, 12, and 13, respectlvely, and 4CBA isa rrght angle

(©39 ., (D)42’

| B34 e
8 How ‘many” parrs (a, b) of non-zero real numbers sat1sfy the -
. Tequation . T ‘ S -
. B O
K REErTY S

(A) none . (B) 1 | (O 2 (D) one pair for _each b7/=0 S

*

A man walks x rmles due west tums 150° to his Ieft and walks 3' o
- miles i in the new “direction. If he: frmshes ata pomt y/— rmles from - -
.-~ his startrng pornt then x 1s L : S

Wi ®W ©F f-'cD')'fz o

10

(E) not umquely determrned by the grven 1nformat10n ,

'The number of teeth in three meshed circular gears A B C ‘are - ‘
- X, Y, Z, respectively. (The teeth on all gears are the same size.and =+ -~

regularly spaced as in the flgure) ‘The angular speeds, i in revolu-
tions, per rmnute of A B, C are 1n the proportron o

(A) X2 y Z (B) z. y X (C) y z: x (D) 'y21xz:gcy"." :
(E)xzyxzy L o o T

PROBLEMS 1980 EXAMINATION .",'_','".4‘7 Coe
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12

13,

= THE MAA PROBLEM BOOK”‘Iv"".'"_‘f"f‘"‘r-“"

If the sum of the frrst 10 terms and the sum of the f1rst 100 terms “;

of a given arithmetic progresslon are 100 and 10 respectlvely, then_

the sum of th,efﬁrst 110 terms rs A N
_(A) 90 (B) =90 (C) 110 (D) '—._110_; X (E) —_100 A

The equatlons of L, and L2 are y = mx and*y - nx, (respec-

tively, Suppose L, makes-twice as large an angle with the hori- "
_zontal (measured counterclockwise from the positive x-axrs) as’

does L;, and that L, has 4 times the slope: of. L2 If L| is not - -
honzontal then mn is " : B N

Vz 2

_(A) ' (B)-~— (C)7- | (D) -2

(E) not umquely determmed by the glven mformat10n

A bug (of neghgrble slze) starts at the\obr;gm on the co-ordinate =
plane. First it moves 1 unit right to (1

turn counterclockwise and travels 4 a unit to (1,%). If it con~ .
tinues in this fashion, each time makmg a-90° turn counterclock-:
- 'wise and travelmg ‘half as far as in the previous move, to which of - -

Then it makes a 90° '

o the following. pomts will it come closest?

= 14

ol o) of of)

(2 4y L
@)
If the functlon f defmed zby
i BT '3 o o
f(x)-— 2x+3’ x T c aconstant. ‘
sat1sf1es f( f(x)) =X for all real numbers x except -3, then_“
Ceist , _ . ,
'(A) "3 (B~ 2 (C) (D) 3 e

_ (E) not umquely determmed by the grven mformatron

SERTH
"~ . ‘tax is’added no roundmg is necessary because the result is- exactly T
~n dollars, where nisa posrtrve integer. The smallest value of nis

@A ® 13 (C) 25 (D) 26 (E) 1oo

A store prlces an 1tem in dollars and cents S0 that when 4% sales. -
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. l

16 Four of the elght\vertrces of a cube are vertrces ot' a regular
.= tetrahedron.  Find the ratio of the surface area of the cube to the . oo
.,_’surface area of the tetrahedron B - R

'fof;(mf
,wm/ﬁ @
w

D3

/

{.
.
[

| ~o

17. Given that it= —1 for how many 1ntegers n is. (n + t)4 an in- -
teger? S ,

,‘('A):none'_ (B) 1. '_ (C) -:2__ @3 (® 4

e i
18. 1f b> 1, /sin x >0 cos x >, 0 and log,,slnx—-a then S
-'log,,cosx equals. © » :

ﬁ&mnmﬁFW%f®¢ ©s
o D) ~1'>g,,(1—b2") '(E) noneof these . o

-

| .‘1..9.-'Let Cl,Q and G be three parallel chords of a crrcle on the‘ : Ak
"+ same side of the center. The distance between C, and C; is the = -

- same as the distance between C, and Cj. The lengths of
~ the. chords are’ 20 16 and 8. The rad1us of the C1rc1e is . B
F 572 *

ﬁmuhwmf © 2532

@EE s
(E) ‘no_t uniquely 'deterrmned by the grven 1nt'ormatron : '. o

20. A box contarns 2 pennies; 4 mcke]s and. 6 dunes er c01ns af .
" .drawn without replacement, with each coin hang an. equal:i :
: probabrhty of belng chosen. What is the probabrhty that the value_

- of the coins drawn is at least 50 cents? ‘ o S

27 R

T W, ® % © 5 ®

(E) none of these ' A
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S 21 In tnangle ABC rcCBA = 72° E is. the mldpornt of srde AC

L ~and D is a point:on side BC such that 2BD = DC; 4D . and

‘ " BE intersect at F. The ratio of the area of ABDF to the area of
quadrrlateral ‘FDCE is : : :

9w§'®4
ol ol

(E) none of these

22 For each’ real number x, let f(x) be the mlmmtumaof the num-- |
bers 4x + 1,.x + 2, and —2x 44, Then the maxrmum value of

v' f(x)is )
"me#®1l©3~@§}®

‘@

23 Lrne segments drawn from the vertex opposrte the hypotenuse of a -

» t triangle to the points. trisecting the hypotenuse have lengths:
“sin X\and’ cos X, where x is a real number such that 0 <,x < %
‘The length of the’ hypotenuse s : o PR
| 3\/— L '2;/5"

(E) not un1quely detenmned by the grven 1nformat10n |
.a,
24y For some real number r; the polynomral 8x3 = 4x - 42x + 45

" is divisible by (x - r)2 Which. of the followrng numbers is closest .
tor?

¢

@) 122 ’ (B) '1.32 B (C),'l’.42" ,(D)'l.‘52 | (E) 162’ -

25. In the non-decreasrng sequence of odd mtegers (a,, as, a3, ) ="
- {1,3,3,3,5,5,5,5,5,... ) each, posrtrve ¢dd - integer-k appears kK
times. It is a fact that there are mtegers b cand d such that, for B
a]l positive integers "o

a gb[y/m] +d

- where [x] denotes the largest integer not exceedrng X: The sum .‘
b+c+dequals . : -

-mm_@r(dramy®4fW*

P

v
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26 Four balls ol‘ radius l -are mutually tangent, three restmg on the .
_floor and the fourth restmg on the others, A tetrahedron, each of

*whiose edges:has length 5y is crrcumscrlbed around the balls Thenl;;. -

.5 equals

“'<A) 42 (B) Wi © 25 <D)1+2¢“ <E)z+zf

- 27, The sum \/5 + 2»/— + t/S - ZF equals

al :
. (A) : '(li)._ _\/E_S:_ | (C) T +2@ | (D) ‘/__
(B none of these ' VA

“ 28.'The polynomlal x4 1 + >+ 1)2"v is_-.not wrslble by
Cox? +x + 1 if n equals \r-—)d ‘

@17 (B) 20 © 21 (D) 64 (E)‘65

""'29. How many ordered tnples (x,y, z) of mtegers satrsfy the system '
' ‘of equatlons below? - -

I X2 = 3xp +2y? B 31,'
‘ C=x? 0 y6pz 42zt = 44, - -
x2,+__xy~ ', + 822 —100

(A0 '(B) 1. : '(C) ;2 (D) a fmlte number greater than two'. R B
B mfmrtely many . ‘ S .

30. A six digit number. (base 10) is squartsh |f it satlsfles the followmg R

condmons

" (i) none of its dlgrts is zero,

(i) it.is a perfect square; and - Lo ‘

" (iii) the first two digits, the middle two dlgrts and the last two
~ digits of the number are all perfect squares when considered
‘as two dlgrt numbers '

. _'How many squansh numbers are there" . N
Lm0,®z.©3 @8 @9
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.
U

S 1981 Examlnatlon
| 1 If Vx +2 = 2 then (x + 2)2 equals - -
W ®2 @4 © 8 @16

' 2, Point E is on side AB of square 'ABCD. 1f EB has length-one -
\ and EC has length two, - then the area of the square is '

G NI (ORER .'_“D ._Cf‘
S ©3 . OW o,

(B) 5 o _
v ifTs
3 F'or'x=/=(.) -l—'i--l—+—]—- ‘géquals ' |

’ Y ox 2x 3x % v )

1 5 11 -
Wk e ©F o ©L

4. If three umes the larger of two numbers is four times the smalle
.. and the difference between the numbers is 8, then the larger f
the two numbers is - - -

. (A) 16 ()24 (C) 32 (D) 4 (E) 52

- 5, In trapezoid ABCD srdes AB and CD are parallel and dlago-
5. nal BD and side AD have equal length If J(DCB = 110° 'and

S ‘f"'f..'j;.' 4CBD = 30°, then £ADB'=
R (A) 80°  (B)90° . |
o (C) 100° (D) 110°
; (E) 120° :
S 2 _ : .
6. If a +2y -1 , then x equals :
DT y; +2y—2
(A)y +2y—1 . (B) y? +2y—2 (C)y +2y+2
(D)y +2y+1 (E)—y —2y+1 kS
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<
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S f' pR‘omM‘s: 1981 'p;'xmm
v B - % -
. 7. How many of the fifst one hundrcd pOvaé lntegers are lelSlble ‘
" by all of the numbers 2, 3, 4,57 . ( . D

_wo,®1,©2 @3'@%

1
~ 8. For all posmve numbers x, Y, z, the produci

(x+y+2z) (,f'+y"+z f)(xv+yz+z\) '[ \y)7'+(vz) +(~x) ']

B IeQuals C : LT '/ ' r A L
(A) X7 )"’22‘,2; (B) x’2+y‘2+2‘2/3 (C) (x+y+z) e
" S R
‘ - ( );y—z' o () - xy+yz+zx /) o e

. ,.9.Aln the : adjomlng flgure, PQ is-a. ._/ 1, Q
E diagonal of  the cube. If PQ has N '
length a, then the surface area of ||, A '
the cube is ' ; ' ;
(W) 282 (B)‘Ni.a’ | A
© 2B D)W N/
By 6a® Tt N T

-10: The lines L and K are symmetric to each other wﬁh respect to
- the line y = x. If the equation of line L is y = ax + b w1th_
a'#.0 and b #= 0, then the equatlon of Kisys="

ol 'l . __l__ __b_ .
| (A) .a)*c+b‘. (¢ .ax+_nb © =ox .
oy Leab o 1 b
_(D) 2 *t g (B a* o

. a )

11. The three sides oi‘ a nght triangle nave 1ntegral lengths which form
' an anthmetlc progressmn One of the sides ‘could have length ‘
(A) 22 - (B) 58 (C) 81 (D) 91 (E) 361 - ', :

_ 1'2‘. If p,q and M are posmve numbers and q <100, then the num- _
" ber obtained by increasing M by p% and decreasnng the result
by q% exceeds M if and only if- . , :

(A)p>q (B)p>_ 100 7 (C.)p>..l_q_-_»_v_-.
Co . 100g e oo . 100 .
Dr>wre ®r>0-4 . 5




54,, o THE MAA PROBLEM BOOK W
| 13 Suppose that at the end of any year, a umt of money has lost IQ%
s . of the. va]ue it had at the begmmng of that year. Find the smallest -
1nteger # such that after i years the unit of money will have lost- *
Lo at least 90% of its: value (To the nearest thousandth 1og,03 is -
PR 477) L . . ._ ‘Q_ v; . %
MR TR . oo . . : . . : I ’ E ..'
e (A)v14 (B) 16 (C) 1% (D)_ 20.-" -.(_E);'22., T
14 In a geometrrc sequence of real- numbers, the sum of the ﬁrst two '
_ terms is 7, and the sum of the f1rst 51x terms is 91. The sum: of
the first foun terms 1s o RIS O
@ 28 (B) 2 (C) 35 I(D_) »49 . () 84
s 15 If b > 1 x> o ““'ﬁu (2x)'°5b2 (3x)'°5b3 =0, “thgn’x ‘is
'__ | @ 216 ®g © To@e ol
(E) not un1que1y detemnned A o
AT T 16 The base three representauon of x is v Co L s R
AT ' ' 12112211122211112222 ' : !'- '

The f1rst drgrt (on the left) of the ty«e n1ne representatron of(jx
(A) - (B2 (C) 3 (D) 4 (E) 3,

. | el
17 The functron f is not defrned for x = O but for all non-zero, reay
1: K ;'numbers X, - K .

v

f (x ) +2f ( ) 5 3x. 'The‘equatibn f (x)—/:f ( —’x) i satisf‘ied.by"‘-":'

‘ , (A) exactly one real number AT B . i
o (B) exactly two real numbers \ : - 4 7
2 ... (C) no real numbers ‘ S o
Lol SRR ¢ )] 1nf1mtely many, but not all, non-zero re numbers RS S
- (E) all non-zero real numbers\_, Gt e e

. .'The number o., real solutrons to the equauon SR °

To‘d‘s“”‘ R

s

“ (A) 61 .‘ (,B) 62 (C)‘.63 (D)564 (E) 65
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19 In AABC M is. the': mrdpornt of slde BC AN brsectséBAC
BN 1 AN and 8 is the ‘measure of £BHC. 1f sides AB and A??

w2 ®3
: (C) 'i' = Sin8 .
| f"_‘,(DI) 3 - gsing

: v : ;f"g .'0'1

“-{20:'A ray “of llght orrgmates from- pornt A and travels in'a plane
" being reflected n times between lines AD and 'CD, before strik-

o figure. shows the light path for, n = 3) If ;(CDA = 8°, what 15 .

~ the largest valpe n- can@ve” . , ’

o (AY b (B) 10, (©738. - (D) 9% -
S (E) There is no largest value A

“2l.Ina tnangle wrth srd of lengths a, b and ¢ | o
o (a+b+c)(a+b—c)—3ab L
. BN
S The measure of 1hﬁe angle opposlte the side of length cis.

'.\(c) 45°., (D) 60° -, (H;; 150°

three-dlmenslonal rectangular coordrnate

“ing-a point B'(Which* may be on AD or ‘CD) perpendlcularly, e
" and retracing its path, to A. (At each pou}t of reflection the light -
makes two equal angles as indicated in the. adjoining figure. The -

dlstmct ﬁomts. of the form (l s k), E

-

%
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‘Equil_a'teral AABC is ‘inscribed in; a circle. A second .V(:irc'lle;is i

tangent internally to the circumcircle at T and tangent to sides -

AB and AC at points P and Q. If side BC has length 12, then

~“segment PQ haslength ~ - 4

e
S

RS 73

' (D)2cosnd (E) 2"cos"0

25:
' . 4BAC. The lengths of BD, DE and
_ _spectively. The length of the shortest side of

- B Ay |
. (c)':f"6\/5 | ,.
o

-

I 0isa constant sixchvth:at 0<9 ><' 7 and x +

©s
@83 o

P

then for each posmve integer n, x" + o ‘qqu_alg,.'

(A) 2cos8  (B) 2"cos@ . (C) 2cos"d
In-triangle ABC in the ‘adjoining figuse, AD and AE trisect
E@re 2, 3, and 6, re- .

ABCis - -

(E) not uniquely determii_legi
. by the given information

<

. Alicé, Bob and ‘Car\o'i repeatedly. take turns tossing‘»"a_:d‘ig;'.'.xﬂ;:é .
" begins; Bob always follows Alice; Carol always follows Bob; and -

Alice always follows Carol. Find the probability that Carol will be
the first one fo toss a six. (The probability of obtaining a six on

- any'toss is %}, independent of the outcome of.any other toss.) - .

T B : o .
TN



P ~PROBLEMS: 1981 EXAMINATION |~ "57 - . '

27. In the adjommg figure tnangle ABC is. mscrlbed ina cucle Pomt '
% -D hes on AC with- DC = 30°, and point G lies on . B4
with BG > GA. Side AB and side AC each have length equal to
* the length of chord DG, and . '¢CAB = 30°. Chord DG inter-
“sects sides 4C .and 4B at E and F, respecuvely The rauo of
theareaof AAFE totheareaof A4ABCis . -, oo T e

Wi e A@P

o © 7f (D) 3«" - 5

® 9 —35\/—

" 28. Consider the set of all equauons X3+ azx +ax +ay= O

- where a3, a,, a, are real constants and la;] < 2.for i =0,1, 2 :
Let r.be the largest positive real number which sausﬁes at least‘
‘one of these equations. Then ,

._(A)l - 13 (B) 2 <r<2 (_c)v‘2<r<'% o
,f""/(D) <r<3 (E) 1< r<—Z~ - |

7 '29:' I,f a> 1 then the sum of the real solutlons of :

"i"sedl'xalte'-“ oo v g
. f 1 N
_._(A)\/'—l (B) . (C) ¢a- .

(D !

o

30. If q, b ‘¢, d are the. soluuons of the equatlon x ~ bx ~3= O’,

then an equatlon whose soluuons are Co Wl e
a¥b+c afb+d ']a+c+d b+b’+d-,--,'_
o d2 ’ T e , b > at
" is. ‘ "

A It b 1=0 ' (B —bxil=0 . - @
O b =1=0(D)3xt = bxP-1=0 j
.(B) monmeof these . ..o
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(A)90° (B) 105°:'-

' .E) x*(y*z)—(x*y)*z for allreal x,y, and zt‘%" L

- (A)w‘ (B)— ©1 (D) (E)—+2

« .

/
3

-

Rl

1982 Exammatlon

1 When the polynom1a1 x3: — 2 ‘st d1V1ded by the polynomral

x -2, the remainder is v o
(A) 2 (B) -2 (C) —2x—2 ’ (D) 2x+2~ ,(E)'-2x—2 R

2 If a number erght times as large as 2 is 1ncreased by two then _
.one fourth of the Tesult equals .

- (A) 2x+—:12-' (B) x +% ©) 2x+2 --(.D')__ix.+'4
(B) 2x+ 16 | ' '

A

3 Evéluate (x")(*x)"at x=2 L .
@ 16 ®6  (© 256 (D) 104 (B) 65, 536‘ -

4 The perrmeter of a senuctrcular reglon, measured in cenfi® eters, is o
_~~numerically equal to its area, measured in square centuneters The '
' rad1us of the semlmrcle, measured in centuneters, is FEEE
R

' 5. Two posltrve numbers x. and y are in the ratio a: b, where 0 <

a.<b. Ifx+y—c, then thesmallerofx andy is .

be' ~ac ac. v bc

'6.»‘- The sum of all but one of the interior angles of a convex polygon

equals 2570° The reém mng angle is . o
(C) 120° (D) 130° . (E) 144°

o. ',
L If the operatlon x* y 1j deﬁned by X*y= (x + 1)(y +. 1) - 1
"' then which one of the following is: false? - - o

Yx*y= y*xforall\realxandy
)x*(y+z)—(x*y<+(x*z) forallrealxy,andz

)(x—l)*(x+1)—nx*x)—1forallrealx
) x *0 = x for all real ’ g



8.

- -wnere T, j,k are posmve 1ntcgers and k<j If (l),g;),(g)

>

PROBLEMS 1982 EXAMINATION 59

Bydeflmtlon r' = r(r—'l) l and‘ .
\k k'(J—-k)"‘ : L

form an arithmetic progressmn with n >3, then n equals
_..‘(A).}S “® 7 ,Vv_.(C)_ ,9 . (D)ﬁll» (E) 12 - L

10,
" and MN .is parallelito BG. If AB=12, BC= 24 and AC—18,v _

(A3 (B) 33

® 2

12,

13

fuwlwwu(quQme'@MW?

. stants. If _[(7—_7) =7, then f(7) equals - - .
LA =17 B =104 D2

LA vertlcal line d1v1des the tnangle with vertices. (0 0), (1, l) and
“(9,1) in the xy-plane into two regions of equal area. The equation
‘of the line is x = -« . S

*

awm_®mm©ﬁ@®m7®ﬁ

In the adjoining diagrama BO bisccts £CBA, CO bisects £ ACB,

then the penmeter of AAMN 1s

©36 @39 -

How many integers w1th four dlfferent digits are there between -
" 1,000 and 9,999 such that the absolute value of the dlfference
- between the first digit and the last digit is 27 -

(A) 672 (B) 734 . (p) 840 - (D) 896 . (E) -1',1008 .~

Let f(x) = ax’ “+ bx? + ¢x —'S, where a, b and ¢ are ‘con- -

’(E) not uniquely determined- - e S 1 o
ST . 4 - : L
If a>1l, b > 1 and L”(lgg—bﬂ then a" equals B

‘log,a

o

I

? )

I
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In the adjommg frgure pomts B and .C he on hne segment AD o
and AB, BC and CD- are diameters of circles O, N and- P, re-

 spectively. Circles O, N and P all have radius - 15 ‘and the line
AG is tangent - to c1rc1e P at G. If AG intersects c1rcle N at ¥
. points . E .ahd F, then chord EF. has 1ength S : -

(A)20 " (B) 15/2
S (C)24. (D)2s
“(E) none of these

Let [z] denote the greatest 1nteger not exceedmg z. Let x and y' :

satrsfy the slmultaneous equations .
y = 2[x] +3
_ =3[x=-2] + 5 N
CIfx 1s not an mteger then x + y is : 2)7
“(A) an 1nteger / . (B)-between 4 and 5
©) between -4 and 4 ' (D) between 15 ‘and _16 E

16,

W ®Tn
L (© 76\ D)4

u,,."(E).86 R ;

In the ad_101mng flgure a wooden cube has edges of length 3"'
meters. Squate holes of side one meter, centered in each face, are, -

cut through to the opposite face. The edges of the holes are

parallel to the edges of the cube. The ent1re surface area 1nc1ud1ng
the 1nsrde, in square meters, is ‘ : :

A

51

e

17 How many real numbers x satlsfy the equatron

32x+2 3x+:t —- 3x + 3 = 0-)

@0 ®1ﬁ©2_®3t®4

o
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| ‘:1 18: In the adjommg figure of a rectangular sohd .{DHG 45° and o '2*,:‘_'
acFHB 60°. ’Fmd the cosine of £BHD. LT
»/—= 2 N A R
wE e © % ‘F (D)%f— L ® % |
P zf R |
~l L - v’-' .
=\ E
L U VI i O
G 45° /-
- 60° v R
‘H F - o
19, Letf(x)=|x =2+ |x— 4 - |2x—6|, for 2 < .x < "3’..Thesum;. o
of the largest and smallest valucs of f(x) is . _» : ' : el
(A) I (B) 2 (C) 4 (D) 6 + (E) none'of these R
20 The number of palrs of posmve 1ntegers (x, y) wh1ch satlsfy the
equatlonx + y? —x is - . :
_ V(A) 0 (B). 1” .(C) 2_ (D)_ not flmte . _-(E) none of these 1
21 In the adjommg frgure the tnangle ABC s a nght tria with
4BCA =90°. Median CM is perpendlcular to medlan BNy and
'srdeBC—s Thelengthof BNrs e S
(&) ,s[ (B) -s/' .(C) 2577 (D) ‘2F | :ff(fE)v -
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22 Ina narrow allcy of w1dth wa 1addcr of lcngth a 1s placcd thh '
its foot at a point P between the: -walls: Resting against one wall
at Q, a distance k above the ground the ladder makes a 45°
angle with the -ground. Resting ‘against the other wall at R, a
. distance h above the ground ‘the laddcr makcs a 75° anglc thh '
. the ground. The width w is cqual to- - v

Aa  (B)RQ
©Fk (D)”*"
S ®h N
‘ : ""JJ"

" 23. The lengths of the sides of a tnanglc are consccutlvc mtcgcrs, and
.~ .~ the largest angle is twice the. smallcst anglc Thc cosine of

: \ . smallcst anglc 1s° I
| B »(A.) 3 (B_)'Td (C) 3 (D) 14 (E) nonc-of

24, In the ad_]omlng flgurc, the cuc]c mccts thc sldcs of an eq ui .
" triangle at six points. If AG =2, tGF 13 FC=1 and H.

b | i . then DE cquals :
' (A W22 B) T3
©9 . DI

® 13

e

‘25, Thc adjommg flgurc is a map of part of a. city: thc mall'
SR o rectanglcs are blocks and the spaces in between are streets. Each -
.+’ morning a student walks from intersection 4 to intersection B, -
=" . always walking along streef} shown, always gomg east or south. . -
SR _For variety, at each intersection where he has a ch01cc, he chooses -

ot .~ with probability . (independent of all other choices) whether to
S © ©° -go-east-or sotth: Fmd the- probab111ty that on any ngcn mormng, .
“he walks through mtcrsecuon C :

-~

L

L ;:’Zfi/ o
L




"PROBLEMS:

P with 1 is Vwrttten '
he average (arithmetic * -
77~ What number was
- (D)‘.9 (E) can not be ‘d.eter‘n'lined’ '-
29 Let X, y and z be three posmve real numbegrs whOSe sum is 1 If

.- no one of these numbers is more than twice any other, then the o
nummum p0551ble value of the product xyz is- Ca

30 Fmd the umts dlglt in the decxmal expansxon of

(15+,/:>._2*)‘9+(15+,/:>._2*)82 |
Ao (B) 2. (C) 5 (D) 9 (E) none. of these‘
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No U R WwN

1974 Answers

7D 13.'D 19.
8- A 14.°A " 20.
“9.B 15. B 2l
10. B ' 16. A - 22.
1I.A . 17.C 23.
12.B '18: D 24

1976 Answers
TE 13. A 19,
8 A 14 A 20
- 9.D 15 B 21
10. D-.16. E 22.
AL'B 1. A 23
12.°C 18, E 24,

>ATowou .

*- 1973 Answers -

"8 E 15D 22.h
-9 E 16.B 23.D
100A 17.E 24. D
1B 18 C 25 E _
“12. D 19.,D 26. E
13.D .20.C 27. A
14.C7 21.B 28..C
A 25 C i..B
D 2. C 2. D
B 27. A -3 A
E 28.D° 4 A
B 29.B - 5. B
A 30 A 6. B’
B 25D LD
E 26 C “2.°D
B 27.A 3. E
A 28.B° 4. C .
‘A. 29.B¢ 50 A
C.30'E. . 6D
9
© <65

1977 Apswers
19,
20.
21.
22,
23.
-24,

man>aw>

L

T.E 13,
8. D 14
'9.C .15
10. A ' 16.
1LE 17
12.B 18
7.E’ 13,
8. B, 14.
9.B I5.
10. E- 16.
1L-B:17.
"12. D 18.

[E

coar»mg

PwOoOowm

maEg @y

" 1975 Answers o
: 19.
20.
21
22.
23.
24.‘.

Owawn> I

<25,
26.
- 27,
28.
29,
30,

25,

26.
27.
28.
29,
30.

AP MAW

PwrAEMm
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.17‘
8

AL
12.

25.
26.
27.

28.
29.

66
o {978 Answers L
"I'B7.E 13B'19.¢.25.D . L'D
.2C. 8D :14C 20.A 26 B 2.D
3D 9.B-15.A 2l.A 21.C 3.C
4B 10.B 16 E 22.D 28.E 4.E
s.C 1.C 17.D 23,C 29.D. = 5D
6.E 12.E 18.C 24.A 30.E 6 A.
o 1980 Answers * - .
I.C 7.B 13.B- 19.D 25.C  LE"
2D 8 A 14A 20.C 26E - 2C
3. E 9.E I5B 2LA 2.E .- 3.D’
4.C 10D 16.B 22.E 28.C 4.C
5B 1D I7.D 23.C 29.A  5C
6. A 12.C 18.D 24.D 30.B 6 A
L 1982 Answers -
ILE 7B 13D I19.B
~2A 8B 14.C 2.D
3.C -9.B 15D 2L E
4E 10.A:16 B 22..E
5 C IL.C 17.C 23 A
6.D 12.A 18D 24. A
NN

K)
10.
1.
12:

o=

or»wmQwWO .

1979 Answers
E 13. A 19
‘C 14°C 20
E 1S E 2l
D 16. E- 22.
B 17.C 23.
B 18. C .24,

1981 Answers .
‘B 13.E° 19.
A 14 A 20
A 15.°B 2l
E 16. E, 22
C 17. B~ 23.
E 18.C 24.

Sma>wa>

CREELL

'25.
= 26.

27.
-28.
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2s.
26.
27.
28.
29.
30.
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III
Solutlons’r S

1973 Solutlons
Part l '

L (D) Let 0 denote the center of the c1rcle and let OR and AB
"be the radius ‘and the chord
which are perpendicular bisec-
tors . of each “other -at: M..
Applymg the Pythagorean
-theorem - to rlght trlangle-

OMA yields - . A Y
" (amy = (047 - (omy- *
| j G o= -6r=108,
'J’_-’,.AM 6/3.

“Thus the requxred chord has Iength 12\/—

.2.(C) The unpamted cubes form the 8 X 8 X 8 cube of mtenor R

. . cubes. Therefore; 10> — 8% = 488 cubes have at least one faoe -
' pamted 2

“'J

'Thc letter followmg thc problem’mumbcr refers to the cdh'cct choncc of thc fnvc listed in
thc cxammauon o e - ‘ e

67

81
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3 (B) Thlrteen is the smallest pnme P such that 126 ~p 1s also
~ pnme Thus the largest dlfference is 113 - 13 =-100. -

4 (D) In the adjommg flgure MV is o
an altitide of AA4BV. Since '
3 . AAMV is a 30° — 60° — 90°
» /. triangle, MV has- length 2V3 . i
T ‘The required area is, therefore, b
7 area AABV.= {(ABYMV) A e
e o =102243 = 12\/’ S e
kA | N
_ R (D) Let axb denote the average, 1(a + b) of d and b. Then o
AR | SR a-b—l(a+b)—l(b+a)—b~a a '

|
]

. IV »a+(b#c)—a+l(b+c)—l(a+b+a+c)
o ;—(a+b) (a+c)

ofbut ' :

v ll <a-b‘),~c‘~=l[l(4+b‘)'+c-]” batibtle,
' as(brc)=dfat Wb+ o)) =da+ W+ de

and S " :

;o I q*(b:,+'c)‘#i%(aa+,b+._t"), . b

o g’--whxle _ ‘ o

R (amb)+(a*c)—l(a+b)+l(a+c),=fa*(b+c)

- To see that V is,false, suppose that er*a=a for some e f ‘7
_ S and all a. Then }(e*+a) =a, so-e=.a. Clearly ‘this can-
8 ° - " nothold for more than one value of a. Thus only H and IV

’ ' "'.aretrue LT e

! 6, (¢ jLet b > 5 be the base Smce (24?,,)2 .(2b + .4‘)2" =
T 4b? +.16b + 16 and 554, =5b? + 5b +4; it follows that. .

5b2+5b+4 4b2+ l6b+ 16,

SRR S b"r':— 1rb-—-12 - (b + 1)(b - 12)

“;‘ . b =_1 Or b__ 2 ) ___..v:.:,.\.,.’;.‘ . _.: L f Cge

gy LTy
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gEy} ’f’he number of plpts P of pau‘it needed &

“'surface arear(hence to the square\of the he i’
and als 7o th’@ number " of s&atues to B

: "'(E) nght trgangles CHM and

. econ“gruem since’ eu:.

angles 4t C'are ‘equal. Therdy, -~ .

' #base :MH. of ACMH: .
_the ‘base” 4B ofy

G\‘_whﬁe thelr altltudes";i




-0 : ., 11 (B) The glyen 1nequa11t1es are represented geometncally as : o
e s (the set of pomts (x, ). such’that 2max(|x|,| yD'< )

-"‘f’f a ’_ :?‘-:‘{ T C {the sét of pcﬁnts (x, y) such that \/2(x +y* ),\ }°

Lc (the set of gomts (x y) s that x| +: |y|

_ If the side 1ength of the mner 5q ,dte'rn the flgures is denoted

“-. by a, thenthe three sets in the above inclusions are the sets . -

E e of. points inside (or on) the inscribed square, the clrcle, and _

T the cnrcum"scnbed square respectlvely, in Frgure II s

1? (D) Let m Land n. deﬁote the number of doctors and 1awyer
respecttvely Then ~ 4
o T 35m+ 50n

‘n

. get e

14 (C) Let x, y and v denote t number -of tankfuls of water de- \
- g 11vered by valves A ‘B and respectlvely, in one hour Then

%u {racting b, - wo equatlons from twrce‘the
o f1rs'£y1e1ds X+y —'6, S0, that st +y)="1. tankful wﬂl be
: dehvered by valves A and B m %;——71 2 hours P T




15 (D) The center of the c1rcle Wﬁi‘ch

i .-ing the hmmng case‘:‘}’

mrcumscnbes sector. POQ isat C; ¥ " T
. the'intersection of the’ perpendlcular R &
. bisectors SC. and RC Con51der1ng' ya
AORC we~see that R LR

_Nate All the answers exg

- 180(n ~2)= 2190 +x; 56 that. L

e 'lZé <n- 2 < 131..."Slnce #is an’ 1nteger, thxs fOI'CCS" '

“ ‘16 -B)'-' Let n denote the number of_f51des of the glven convex poly—l =
.. gonand x the number ofidegrees in the excepted angle Then

A L-Z =13, 50 n= 15 (Inmdentally (13)(180) = 2340 o
1'-7 (E) uhlng the form‘ r the: cosme of twwe the angle 10 we
have S e »
| N LAY 1
.cosﬂ.‘ cosz(..z)_. 1.—251n —x |

 [Note that since 0.<0.590°, 0 ‘ L so x> 11 Now
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(C) Sm,',e, 1.
.. T tive even.integers, both.are divisible by 2 and one of - them by
Sl 8, 50 thq}tﬁt}\elr product lS dmsnble by 8. Agam ( p —-l), '

Xy

caL ks

of COhseeuti
dd. et. thelr numb

‘1" and their average be-
. l)x 100 and x =

‘nd the integers dre 9 }hrough 16; n = 20 and§100
e since the mtegers are posmve Hence there are’




the,sum of the drstances f(rom x 1o 1 and from, ‘
tisee that this sumyis 3if —2.<% < 1 and 3 + 2u.if x is a~
drstance u; from the nfterval from 2 to‘l Thus, the solutro%

i
L \

3, (D) Let the Srdes of the flrst card (both red) be. numbered 1 and 2

‘Let the red and. blue,sides of the second card be riumbered 3 & - - .

. '_ ~and. 4, Tespectively. On the draw any of the sides 1, 2 of 31/has L

qual lrkelrhood of’ berng face up op the: table.- OF these three, . ST
- two undersides are reo*and one blue, SO that the proba’brllty ofs

a redundersrde 152/3 B S

24 (D) Let 5 and p denote the\cost Ain dollars of one’ sandwrch
S ope.cup, of! coffee”and one piece of pre,= respectively.. The
/7 3s +.7c+4'p =315 and 4s + 10c + p =.4.20. Subtr
X e twice' the seeond\ofthese equations from: thre ; 'ml he
o . yrelds 5 + cHp. l 05 so that $1 05 is th ired

. are connectmg ,
- the walk, then O Bﬁt‘?conSrsts 2
- -of .the' 30° ‘sector OAB ‘and _the
- 30° - 60° ~ ?@} rianglé’ OMB
Thus the area~o£ the walk 1§

‘ - Z[Lﬁz _(3)3V/—] = 677 ¥ 9f

v , 12
and the requrred area is-
% (677 + 9¢‘ ) = 30'




number of terms. Let S, ‘and S, denote the ‘sums of;.a_, n.
. odd+ and all n even-numbered terms respectlvely, then 'S, =
"-_."So =nd since: .eachieven- numbered term: exceeds its odd-num-.-" S
- ““bered predecessor, by.d. Moreover the last term clearly ex-: :
. ceeds® the flrst by (2n - l)d Hence in the present case. wef a
have

]

o : "-.nd—'30~—24 6 and (2n-—-l)d—105
o J S .
o - N Therefore d 2nd - lO 5 : 'ah'd’_"
Cn=/15= ,
B :

Note We. note that in solvmg this - problem we d1d not need to.- .
‘know the values of S .and §,, but only their drfference.
S S S e _..". o

: Kot
Coenl For car B the ave ’_M
S "0 < (u = 9. 2uo

‘Viding hoth sides

the average of ‘the recrprocals'of u and 0; thrs is called the-_'
» harmomc mean (H M. ) of u and vl '

O

ERIC
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.l"

,'_"'_'posrtrve numbers ne :
Lo comparrsons of theharmomc geometrrc and ar1thmet1c means f BT
.y . of two positive numbegs;see An- Introducmm. to. Inequalmes by o
ERE ¥ Beckerrbach and R. Bellman NM "Vo Exercrse4 on p TR
’62 and’ its solut10n on p 120 ST e T

3 ".. )

./h' !

28 (C) Let r>1 denote the~common ratro 1n the geometrrc progres- ST
- sion ‘a, b el s o PR

e b—- ar, log,,b ; log,,a + log,,

E ‘ C = ar 3 log,,i' = log"a + legn )

’

so that log,,a log,,b log,,c is, an anthmetrc progressron Now i j..g;;-v_,
it follows from the 1dent1ty log v = logl " that the reclpro_ (,g,r N
'cals of logan log,,n logcn form an anthtr’netrc progressron o

29 ~(A) The boys tneet for the frrst time. when the faster.has covered S

"~ 9/14 and:the slower'5 /14°0f the track, They meet for the. nth -~

" tinfe after the faster has travelled (9 14)n laps and the slower

B 6] /J4)n laps. Both of thes@u‘e first whole numbers of laps .. . -. .

. ‘when n=14; there,are thlrteen m‘eetrngsw excrludrng the‘start‘ R
én(l f1nrsh R : - o

30 B) For any f1xed t>0, '0
... the circle with center (T 0).:
tween 0 and 7. '

31 (C) The mteger TTT T(lll)—- T"3.- 37 wrth T equal

fmal dlglt of E* Now 37 must'drvrde one-of ME and YE, " q"
. e-.latter possrbrhty is e X

_—

W . g
'l

i fSee footnqtedn P 82
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32 (A) The volume of ar pyramrd ls:f ;

equal to one’ ‘third the area’'of .

*“the base times the altitude. The . # '

© .t base of the given' pyramid is .
.- .- .an' equilateral "triangle ‘with

A - srdes of length 6; -hence it has

tx ,;area 9/3. Altltude h_of the -

© . 2 given pyramid may be found ™ )

., ~. .t . by applying the Pythagorean G

S . “theorem to right AABC in the. ' -'

; ..adjomrng diagram. Here B is- the center of,‘ the base, so that

ST CoEAB=3(3V3) = 2/3, B = (VI5)2 (?-»/—)2 and h = »/37 :

T R :Therefore the volume of the pyramrd is (9[ )(\/— )=9.

Vi

33 (C) Let x. and y denote the numb er - Of

wt il Y acd, respecttvely, in the original solutiorf I.the
e ‘of - ‘one ounce .of - water, . there “are: . Ol ounces of.. acid and/

xty+1 ounces of solution; after’ addrng ofie ounce of acid,” ,

there ‘are’y +.1° ounces’ of acrd and x + y + 2 ounces of

: f.‘solutlon Therefore, B - S

y 1

.x+yt+1 "5

‘.,-“y+'1. _1_ .'

..a:"-c-,i' x+y+2 3

e Solvmg these equations yrelds x=73"and y=.1, from whrch
lt follows that the ongrnal solutlon contalned S

%
Sk

34,. (C) Let d v and w denote the dlstance between the towns, the - '.' A
e speed against the wind and the: speed ,wlth the wind; ,,respec-
: tlvely, then! the pl.ane s speed in stlll air is, ~L(v + w) We are’

<2>- A

W l(w+v)

‘ tlme Then by (2), :

Srmplrfymg, we obtarn x%— 75x 41756 = 0. The solutlons N
of thrs equatlon are x'= 63 and x = 12 R o

R
- [




SOLUTIONS 1973 EXAMINATI'O

35 (E) We shall show that 1, II and T "are T true by gtvmg',f LT

© 7 geométric arguments for I and 11 and then showfng algebrar- I
wo cally that III is a consequence of I'and II e [

- oIn ‘the adjoining fig- N T

~ure,. -chords QN and”. "
KM have length s. The
- five - equal chords of -
- length:s in the semrc1rcle.'_-‘ i

. with - diameter KR sub- -
“tend -central angles of
-'180°/5 =.36° each.The
" five. .isosceles triangles, . \
"-each "with base's.and . -\ '
_.Qpposite. vertex -at. the - .
.. center. 0, -have base an-- -
gles of measure P

i(180° - 36°) = 72° .

L Now rotate-the ;nttre conftguratton clockwrse through 72°1" L

- about ‘0. Then chord PQ, parallel to diameter KR, goes m-”.‘,u _

.to ¢hord ' NR; parallel to diameter PL. Denote by T the in- .- S
ersection of MN and PL: In parallelogram ORNT, TN = -q .-
“'OR=1,and TO NR ="5.'We -saw. that £ MPO = 72°;; o .
c T now 4MTP'- 725, also," -because MT||KO.. ‘So. APMT is ¢

1s05celé5>. with: MT =-MP. = 5. Therefore d MT + TN

RS B

PN

o The segments PT;TL: and "MT, TN of. mtersectmg chords .
- MN ‘and- PL satisfy . (PTYTL) = (MT)TN). -Since .
" aPT = OP=OT = 1=5, and TL = OL+OT— 1 +s, thrs
equatlon takes the:form* . , )

(1—s)(1+s)—s v"i':—’s-?:'s} "

.d _s+l”v—.f'ﬁ_5— e

. d2 v—‘: -s2= (d + s)(d —s) —d+ s.—
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‘._;}78‘-'

It‘follows from thlS and tngonometnc 1dent1t1es that

-andj .

L -"Each chord of length 5 subtends an angle 36°: ‘at the center
~0, and MN of length d subtends an. angle 3 36° = 108° :
_Therefore v

s—2sm18°'and d= zsm54°(”

(1 ~ 2 18°) 2 —'sz

251n 18° = 2cos72° = 2(c05236° - 1) d2 2.

b'Addlngd 2~ 5% ands—dzr—2 we obta1nd+s

d? —s*=(d+s)d— s), sothat . d—s=1. Substltutlng

s+ 1fordind= 2 ~ 52, we find_ that s2 + s~ 1=0,
. “which has one posmve root 5= l(\/ ) Then o




_ SOLUTIONS: 1974 EXAMINATION © . = 79 - "'

iy oo R P

TR ' ' a

11974 Solutlons o R L

L (D) Multlplymg both srdes of the glven equatlon by the least*
... common denormnator 2xyyields 4y + 6x = xy-or, equiva~l.
~lently, 4y = Xy = 6x. Factormg x. fxﬁom the rlght side of the. .

-+ last-equation ‘gives 4y = x(y ~ 6). Smce y # 6 we can dl- o
v1de both }rdes of this équatlon by y —~6to obtam (D)

2 (B) i W rG0ts of the quadrattc‘equatron AR (

- 3. (A) The coeffrcnent of x7 in (l + 2 v)“-ts the coefflcnent of
.. the sum of:?four ldentlcal terms x( x2)3 whrch sum is

r : . 2

. e Toan I ,
4 (D) By the refr’tamder theorem x5+ 51 divided. by x+ 1 leaves =~

" " 4 remainder of (—1)*" 4 51.= 50. This can also be seen
) ‘quite easnly by long dwrsron i o :

'n"

5 (B) 4EBC chDC smce both angles are - supplements of ~ -
7, 4£ABC, Note the fact that £BAD = 92° 1s not needed in thcw
. ._;_,,_,'"-'-:_solutlon of the problem : C s

: Xy g oo N '.'_ !.,.:;'-'-:-__._-;_'. . = U ,‘ ~ . : .ub. ,‘
‘“*’b (D) x y, _{’_vy = SESUE Pkgenat S T T \ S :
ey ,,,xand S A

Note The result can also be denved from the 1dent1ty R AT e

. Do X*y = —x— ;. |
Commutatlvrty ‘and assocrat1v1ty of * now follows from the .
fact that’ they hold for e T ] ,:@_ ST

. R ! . L )




Solvmg for .x glves (D) ,: : -': CU s e ’,
8. (A) Smce 3” and 5'3 are both odd the1r sum is-even, ..

10 (B) Puttlng the quadratlc in 1ts standard form..' .

e "(2k'=~r ‘1)x i 8x + 6 =0, f"*‘ff"fif
'.---‘we see that the“vdlscnmmant Dis 64 = 4(2k - 1)6 =
B8 ~ 48k = 8(11 = 6k). A. quadratig,. equation_has no: real
- " roots if and only if its discriminant is ‘negative. D,is negahve
~if 11'~ 6k < 0, that_is, whenk > 11/6; the: .smallést in--
C tegral Value of k for wh1ch the equatlon has no real roots 18 5

BRI (A) Smce (a b) and (c d ) are’ on ‘the saxﬁ@«llne y= mx ¥ k
- they satlsfy the same equatlon Therefore,n R
R ' bma+k‘dmc+k
S Now the dlstance between (a,°b) and (c, d) 1s / '

\/—a—c) +(b )‘d).

From the f1rst two equatlons we obtam (
so that - :

\[(a - c) + (b~ d) \[(a = c) + mz(a - c) "
e e T
" Note we are usmg the fact that \/—— -= |x| for all real x

L Let é be the angle between the 11ne and the x-axls, then '-

'd) = m(a - é>,

. (b d) = mzl(a = C/ﬁ,@ s
S :'and the square'of‘ the desired dlstance 1s
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.,\ 1974 EXAMINATJON gl

o Slnce g(x) = 1 ft x2 f°f X * ," we have x 1 - g(x)i_'.‘_ L 2

- _for x=f=0 s0. _
T
TR TR ‘f(g("” ‘°""*°

=1 e )

13 (D) Statement (D) is’ the contraposmve of the gnvcn one and the .

only on¢ of the statements (A) through (E) equlvalent to- the'_ e
gtven statement. . S

LR

14. (A) Smce x? >0 for allx=f=0 x? >0>x is true 1f X< 0.
: Counterexamples to the other statements .are easy to.con- - .
,,struct e : ;
R TN T A tar e 1y a-when a2 0 o o0 o " o
15..(B) By definition |a = { b Gz Mr<-2then T
R l+x<0 and' |1 + x| = ~(1+ x) and- |1—|l+x|| o
o =114+ x| = |2 + x]. Aga1n1fx<——2then2+x<0"

Ao ,"».and ]2+x| ~_—2—x o . . o -
16.. djommg flgure, AABC is R
B ;u'lsosceles tnangle, with,.

=.90° and 4B = AC, /TN

| O and radius R: ‘The. line seg--_
: ment A0 has ]ength R and b1-._' A1

. and AC-are tangent to the mScnbed cnrcle wnh pomts of :
“tangency T and T rf;spectlvely Since' AATO". has angles i
, ‘--45° - 45° - 90° and O'T =z, we -have AT =rand 0’4 7
..n/—andR/r—-l+y/—"- ’
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(1+:)’° 7'( :)2° ((l+ ))
‘we have L t
| (1+z) ”(-’)“ (uY° ( ur° o
) Observethat i(l —:)=:—12= 1 +1 and 14==(~1)2=1

Thercfore s . ‘

(1+:)=v“<r—:)r<1-:)..,
; -_;;"and- o o s e 4

(1+ i)' '(rﬁx

(1+:)2° f [cos900°+:sm900°]=‘—1024

' (i ""‘1)’°' T [cos( 900°)+1sm( 900°)]= —1024'
: and the dlfference 190 ! .

C L~y e 2
E AN N L
R Y .

o 18 (D) By hypothesls we' have IR , : .
. 3=gr =P 5=3v 50 5-(231’)"-— 24

! T T

.Wé are asked to fmd log,05 = %, i:e. x.such that 10% =5: -
- * Since 5 = 2%, we have 10* = 2°79; biit: also 10* = 2% - 5%
- I ;x;-—2*»?h*~2“””® hmeWsmm o JV\-m;'T
Wl el kg e e
L oo o T‘Q\gx“ + 3P4)— 3Pq ' and x = l y 3pq
AT TR T OR T
IR .. We.recall th&hange of base formula* - *’ foL T

B = ‘_lgcb
() log,,b '180

*’and 1tscorollary logabi— log;;a\

[ i
. .1

1'l‘o venfy the change of base formula ( ) for p05mve numbcrs a, b c, a -/= l c -A l
,'weset : : R I .

s %

. TR K - : - — log,,b=!_ U. so. a =.b‘ S : ] :;“.’.__f e
O . log b=V, so .V =b, N L
Lt et el

<

L Thus' ¢ Vap =gV ,,(civ)u=,cuw and UW v, so d-= V/W as clalmed Tnkmg'
Sob=e wc“also obtam the lmportant corollary g A

L ' logab ———Lﬁ] _
T, loga
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PR - B

logsS - D
log 10 log32 + ]

,,,,,,, -

log,os

Slnce we are asked for an answer in base 10 ‘we convert all
- the given 1nformatlon to ‘that base, usmg (*).. Frond '
! log,05 L

¢

o " o '\ s _108103 S ,_/_[ ]
:(: » o '10g83 = log 8 ’ ’\;' ?— 10?3.. .

. 1og_,03_

"~ bne- obta1ns R A T

/[ logo5 = qlogu3, .

R

l’08103 P108108

,“ * -‘, ; ./ . ‘.' s : : 10
YL 108105 1”1108108 P‘Ik’gloﬂ_s')
A = }P‘I(l 108105) e

) Solvrng this for logu{S gtves ch01ce (D)

, .
LA

g '%TE'/Conversron of. ‘a]l loganthms toa: common base provrdes a
al

. systematic. (1f.no ways shortest) approach to problems like
" 18, and this approach will be used again in fater. problems,
w1th‘ a referericé back to (*). In the last solution to: ‘this
- problem, -we converted to base 10, only because ‘the: answer

' - was requested in"that base. The.traditional regson for using " .”
" . base 10— ease of doing ‘numerical computa.rons - has been )

‘made largely obsolete by computer.,
R L e I

‘d’



22 (E) We recall that asm0 + bcos0 if a

b“v : 84 S . A

‘,,,Vg., PRSI

S
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-

o

pressed in the form

.,,__‘_o o

18 (A) Let DM =&NB =¥ then AM = AN'='1 = x. Now _ '-f_
v‘,‘. ared SCAFNT=area: ABCD — area AANM
LA —area Q‘NBC area ACDM - . v
f'-;‘ '.*-.‘,',";-'.--'«_f‘ c Lo z_é__’i :'_7 l' _z
" Denote the length of each srde of the equrlateral tnangle
CMN by Y ﬁsuﬁethe Pythagorean theorem we see that j ’7 :
G ' x + 12—-y Jand (1 —-x) + (1 - x) ‘-y ””
e Subsututmg the flrst equatron mto the second we get o
= (1= xP=x+1 0 x? - dxt i=0. -
1The roots of this equatron are 2 \/— and 2+ \/— Smce
', 2+y3 >'1 we must choose x 72~ t/— and obtam area.
"ACMN 2\/——-3 SN
: M _ ”}"? i
20' (D) By ratronahz.mg the denommator of each fractron, we  see, e
R & (3+f)—(f+f)+(f+\ﬂ |
RN (J—+¢—)+(¢—+2) |
. - ',‘ o —3+2—5 e ”7 ..
T TN T S ST
21 B *The sum of the frrst five. terms of the geometrrc senes w1th :
. : ;mmal term a and ommon ratro ris 0 e
R
: ) Ss'—a+ar+ar -hvar +ar a_(l_u
Lo — . 1 -7 . ; R
SBy hypothesrs, ar®—ar’ = 576 and ‘ar — a=9. Drvrdmg ‘
"the first equatron by the last ylelds _ o
. L u,v-,v 4 3,3 — ; o : . ‘ :.‘.’
X r .‘r'1.=r'~("" ‘l’) ‘64,4 "i ) v{.__:.v.
S S S -r.-_—l’, .rr—.‘l . s Lo
N »*- .50 r3 =64, and r=4. Smc{ar —'g'= 9 and r = 4 we
o “have a = 3 and therefore I { C L
S T A § - "
-4 o
; : )i

.";-‘ ;

Va + b2 sm(0 + q)) -




'sLOL‘UYT.I'.o.‘N”_s 1974 EXAMINATION s
". . ‘b COS(P-— Sln§P= .____.“ e _‘
L, 1 \/a +. b2 RS \/a + bi SR T ‘
L and, that+ the ‘minimum “of sina is’ ——l and occurs when
= 270° *+{360m)°, m m=0,=+T, :|;2, st
Applyi‘hg thts pnncxple to the’ glven functlon where

Vsa 11 R _(_
2

L e TVes 2 \/a +0 ~'—'
< we f1nd (p—_;1—60° and wnte ,.7" LT  ‘, '. PR S S

2 =AM T e

o ‘ .-:: Zsm(-.z——60°)l o ':. S,,

2 This' expressron is, mmmuzed when 44 % 60° = 270° S

(360m)° ‘that is” when:d =660° + ¢120m)°, m = 0, . ",
£s j;l :t2 No"ne of (A) through (D)are angles of thlS form S

3. .(B) Smce TP T"P 0T = OT"*—‘r, anducPT"O = .{,PTO
©o = 99°, we have AOTP = pOT"P. Similarly AOT'Q = . =
_ ’ ,'AOT"Q .Letting x = .{TOP 2 4 POT” and y ="4T'0Q - . .} ..
- w. = £QO0T’ we obtain-2x + 2 yu 180°: But this implies that -~ o/
. 4POQ = x+jy = 90°. Therefore APOQ is a right triangle . .= [* 0
. .with altifude OT": Since" the algtude drawn to thev hype- "
tenuse .of “a right” tnangle is ‘t3he mean proportlon of'wthe
S sczgments 1t cuts, we have -_,,,;. B 4

orA n= 6v., Lo e ;

S ST N 9: SRR A
L E R . 6 v/‘_(”‘,‘-_u ;;i PR
4 (A) Lét: A be the event of rolhng least a ﬁve then the proba--.v,,,‘---;;::
“bility. of 4'is:2 = 1. In gix rolls of a die t‘he probability of
. event; 4 happ%nmg six times is. ()% The grobabrhty ofget- ~ .. .
. ting exactly five successes andson‘é failure of A in a specific” _ g 2t
*order # (1) % Since there_are; six ways to do this, the.-j’- N
-jprobabrlrty of gettm,g five successes and one farlure of A in . ‘
a)%order;s ' T -._’

. 33790 BEEES

/ “The probabrhty of gettrng all successes or, f1ve successes and -‘ - g N
' one farlure in anyorder.rs thus T L S

. .’L«A . ,_" f o ,729;+ = ARG S o

. \..,' '_ IR
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THE MAA PROBLEM BOOK rv . ';;“f-_'f*f

g ',,2_5;*(0) Since DM‘ AM; chMA DM and £ CDM = Z0AM,
e . we have AQAM = AMCD Stmtlarly ABPN ADNC

R ",v“areaAQPo area C?ABCD + ar@ADOC /'.1
L tand L . ‘ -

Y :

; ,areajA;DOCf‘é ;11-( ;area DABCD) % PR

t areaAQPO k %=

26 (C) Wntmg 30 as @ product of pnme factors, 30 = 2 3 5 we
L obtam.'r, L

P (30)‘—-24 34 54, R
S The d1v1sors of (30)4 are . exactly the numbers of the form
© 203/ 0 5K where i,4j,.k are non-negattve integers between
X . zero and. four inclusively, so there: are (5)> =125 distinct

Q D N dmsors of (30)4 excludtng L amd (30)4 there are 1235§1v150rs
S . (A) Considef |f(x) + 4] = |3x +2 % 4| 3 + 2|. Now ./
L . whenever - “|x + 2| < a/3 ‘then - |f(x)+ 4| <a. . Con-.
. sequently - whenever |x +. 2| < b and b's a/3, we - havef‘ :

< If(x)+4] <a U : ™

. . : RN A N ;-7‘

L 28 (D)".U's,in'g.t_he for'mulztl. for the sum of d'geometrie 'serie's,: we,' have'-:;'

g .-.'.flv"'v"If-a_t:'.:'.Q,v then. R FREFAP

. ) 'h, ’ . " ; : ,' '. » \. LT IR
T T CHEEI I SRS SIS IR
I o . O};_x<. 32-,;= ——1 ="-]-."" ‘

RIS bk SO Bl :

e s e 3

fasdie
o ,_{+0+ o+ s-x..<,1_. S

‘So e1ther,. 0 <X < l or’v "% X< 1 ST e




' form a|a2a3 a25 wfrere each dlglt is elther 0 or 2 Thus
we! see that erther S ‘ L :

L. L

x<(0100 )3—— or x>

ez SERRT AN

R

G*

3 .

. ~(40) p- 20 39 N j- : R
' Therefore, q S ' ~__ -_.' :
h . ‘." . ’ . ‘, : ’ ’ . “7- 5_' . '
St ): s (40)"*{ P- (10)(20)(39) S

(40) (10)(“) (10)020)(39)
—°80200 . L R

P

: 30.:(A) Consrder lme segment AB cut by a po:mt D w1th ‘AD;"'= %
. B yyy<<xand - IR ST
) 3 'T' Y. Coe iy 3 A{r B

x+y ) 4.;,’. . ‘.,n_‘l_, < u ] o L -

L

"d -
~

/ Smce y/x = R we can choose xrl and theyefore 'y = R;.

= 2 — 1=
thusR T+R dR+R.1 W4
wnteR"—R-i-l so that ‘/.’.
R R+ R"-——_—Rz.-i-vR.-i-l——i-- ,

vWe can therefore

".s"‘, bfg,',
‘ :', L CoTTmTT __RZ R—l _' LN_' o ""-'b.ﬁ

TN s s T T T

RlR‘f;’*""’*R '1+R-' -RlR’+R‘*1+R- e

TR

w -



The equatlons have a solutlon unless their graphs are parallel
lmes.Thls will be the case only if their slopes are equal i€ 1f
“m=2m=> 1 or m=1 (The lines are not comcxdent smce
they have. dlstmct y-mtercepts for all values. of m. ) S

Pl i

Q. 113)

[T

';;‘,:‘ \}

' '3 (A) Nonq of t‘h% meqﬁ'ahtles are satlsfled 1f a b C, X, y, z are o

: ST chosei'i to be 1, 1, 1 O 0, - 10 respectlvely Cs
' ;4_-‘:,. 4 (A) In the adjmmng flgure if s 1s the G |
‘ N length of a sidg of the first: square, 1
then s/ V2 1sthelengthof’a side. - S o >
. of the second. Thus the fatio-of . .+ | \|/s/V2
the areas is sz/(.s‘/\/_)z—. v v'-:!',o e
o - ) .' . ' ' R L s\ f o
U, . XP (x +y)9 =x° + 9x3y + 36xy +y oo s .
e 9p q.= 36p’q 2and p+gqg=1. ‘Dividing the. second equatlon
R -/ 'by 9p’q, we -obtain p = 4q, and substitating . 1 P for q ,
= R we: obtam —4(1 —p), s0 p, 4/5 I O P
4 ‘ "\ NG . e
SR 6. (E)'-Groupmg the ferins of the dlfference as o, .} e
N : }: , (2 - 1) + (4 3) + o (160 - 159) S
vﬂ‘\ A one obtams asum of 80 terms, each equal tol \

7 (E) L___L’fﬂ is ,_2 1f x is negatlve and 0 1f x 1s posltlve

g (D).I.I' and 1V are the ony negations ofthe givén statement. .
G : T
‘ 9. : L
e
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- ' ' N \

- - ) . . i ‘ X . ’

no k T "\ ‘ . X e - L ’ .
} *SOQUTIONS:IVH EXAMiNATION r-,gg, | _
T N i . B o
9 (C) Let d denote the. common- drfference of the progressronx
e ‘a|+b|,ra2+b2,v.. Then . . -
R 99d=(a,00+b,00)—-(a,+b)—0 //

Thus d= 0, and 100(““1 + b,) 10 000~rs the desrred sam.' ‘.

\ \ -
: P P
.l e // ' N

‘l: -

_ “II(A) Let K be any posmve 1qteger Then | C o S e

ll

The sum of the drgrts rs therefore l + 2 + l = 4

[ A
() . .‘ -

’

. and M is the mi ‘Eomt of a chord AB passing through P o
Since’ £ OMP is 90°, M lies on a circle C. having OP for its v
-+ dlameter. Conversely, if M -is’any point on the circle 'C, then .

-+ the chord of crrcle/ K passmg through P and. M (the chord
o ekl of K tangent’o-q at Prif ‘M.= P).is perpendicular to OM. -

‘ ;Hence M is the }gp)d rnt'of this chord and therefore belongs = .
: to the locus. N L Ce
v . T : P~
” ? . . \ - )
12 (B) \If a #-b, - b= l9x and a - b= X then |
L 3/ (a-—b)(a +ab+b2)—-x(a +ab+b2) AT "
3 . . K . SR )
B . =19x3. o o . : . o _%‘i
Drvrdrng the last equahty above by x and ’substrtutmg ¢
i \b a.~x, weobtarn / : e S
/ . " R 18x + 3ax!— 342 -0 - u '
ol ', —%a-kﬂa+h)~0 REC ,
r So a—3x ora¥—2x SR IS

13. (D) For x < 0, the polynormal x¢ — 3x —6x% - x + 8 is'posi- - -
e tivey snnce then all terms are posmve so-it has no negative

:t . zeros. At' x ='1, the polynomial is negatwe and hence has at*
: least one poitive zero (between 0 and l) -

R
-

14 (E) Let W H Iand S denote whatsrs, whos&dts A, s¢ respec-', SRR
tively. Then H =1 and IS = 28 imply W =Y or equiva- == -

-, lently, since §>0, H = I= ,’Zu’npllesf =89\Now if H ¥

. *=8,28 =rS*and I =2, or equrvalentlyH =8 =2,
thenW SsothatHW 4 = S}:i-S N R
s . b ‘ . e . -

.9 .
D Y ) . A
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15, (A) The frrst enght terms of. the sequence are._ 1 3 2 1 -3, —2

v _' . 1,3.. Since the seventh and eighth terins are the same as. “th

A first and second,.the ninth term will be the same as the third,

L, etc,y ie., the sequenge repeats ‘every. six, terms. Moveover; the * .

sum'of, each six term period is 0. Hence the sum:of the first. 96 e

.- terms is Zero, and the sum of the first ong hundred terms 1s R

L »‘{the sum of t{}we last four terms 1 + 3 + 2 - l ‘= 5 : L

' R ' VU SRS

( _.-l_)enote the figst ‘term of the series by a and the commogx-f ‘
_ratio’ by ,.1 /n, then the sum of the ser1es 1s :

: _—l_ — (l/n—) ’-‘: and a= 3 - (3} n) PR
Smce a and n.are posrtrve mtegers, 0 < 1/n <f1, 1= 3 and'
(r—- 2,. The sum of the first' two terms 1s 2 4 (1/3) = 8/3.

Note .The desued sum clearly Ties between 1. and 3,50 (A), (B)_-f
- 'and (E) ‘are impossible..If (D) were. the answer, the first two ..
terms would both be 1 also 1mposs1ble rI‘hrs leaves only (C) _':. 2

- . s . \ '_u' o .
e 17 (D) Smce the commuter makes two trips each work day, the total Lo
L number of trips 1s 2x, thus 2x =9+ @+ ,15) 132, and-.‘

Note The grven mformatron was dehberately redundant “If he S
comes home on the train, he toek the bus in the morning’™is "» -

- ’logically equivalent to k‘If he takes the-train in the mormng,

. he comes home by bus in the aftemoon ‘ .

\

18 (D) There are 900 three drgrt numbers, and three of them (128, =8

S S ',, C 256 and.512) have loganthms to base two- whrch are 1ntegra1
“\w e So3/%00= 1 /300 is the desm:d probabrhty : R
it “ K : . ) Do o
R '~ . (D) For any frxed posrtrve value of x dxstmct from one, let a —’_
LW 0. i logyX, b ='log,5 and ¢ = ‘log,5.. Then x =375 = xband - !
G e 3E B These last equalities imply’ 3"” = 3" or’ ab =c Note_ B
VAR f that logx5 is: not. defmed for x=1 S
A » :3; ' Converung all these logs to ‘some f1xed but arbrtrary base d .
SR (see footnote on p 82), we obtarn . Sy
s (loggx)(logXS) _ 1?5.._3 : !Pde_- f‘llpg';v,3:r IS,
forallx%l ',: SR R B
. N \. ’
s _ *b o h '
.l/‘« I ' ‘:‘ L \
© 104




\ _ -S’OLUTIONS l975 EXAM/INATION ‘  " 91-' \
PR v o S — / :
\20 (B) In the adjoining figure- let i be ‘the length of altltudé AN
. drawn to - BC let x = BM ‘and let y= = NM. Then

\. | - ¢ : o
' ,-\h+(x+m =m,'«..ﬂTw'

\ S AT R
B Dot X CE ) ) LU

\\-"' "B x-y N y M x s] C.
o Subtractmg\twwe the second eq\xatlon from the .sunr- of the

v first and third - equatlons ylelds 2x = 62, Thus x = f— .
"andBC—Zﬁlw ,

o N oR
Recall that the sum of the squares of the sides of a parallelo-
gram is equal to the sum of the squares of its diagonals.
Applying this’ to the parallelogram having AB and AC as
’ djacent sides ytelds (42 + 82) =62 + (2x)2 x = \/51—

21 (D) Lettmg a= 0 in the equ tion f(a)f(b) = f(a + b) (called a -
functiondl equatton) Qnelds 0)f(b) = f(b), or f(0) = 1; let-
ting b = —a in thefunctional equation ylelds f(a)f( a) =

- ). o (=2 = 1/f(a); and. .

f(a)f(a)f(a) f(a)f(Za) f(3a) or f(a)'-Vf(3a)

T The function f(X) = 1 satisfies the functnonal eqﬁatton, but
-2 does not satisfy cond?\on Iv. . ‘-\.‘». e :

‘22-.'(P) Since the procg;ct of the positive mtegral f‘oots is the pnme
integer ¢, g must be positive and the roots nust be 1and q.

> Smcep—-l-t-qlsalsopnme,q-—Z andp'-3 Henceall o

four statements are true

I o A\
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"9 THE MAA PROBLEM BOOK 1V
2;3.‘(('2), In the ndjoining“figurl G gpnhls D : ‘\\\; . C .
o AC and DB are drawn. Since O [T —T
.is the intersection of the medians 1 i
of AABC, the altitude of AA0B NP, ;
' - ‘from O is - 1 the altitude of -/ AN
e - AABC-from . €5 ie. } the side - v 0 | .
o length, s, of the square. Hence - Cd
. ‘ * L ) ‘ , oy
P R arca AAOB =4 (area adBC) A4 , M B .
R )=t o 0
, R "Si‘r'nillarly, area'aACOB = 452 The area of AOCD is ob-
U " tained by subtracting the areas of: triangles AOB and COB,
S L - from that of the square, s6 area AOCD = st - ; 5= sz,- :
™ Introduce coordinates with respect .to which 4B is the umt . -
o interval on the positive x-axis and~ D is the unit interval on
g the positive 'y-axis. Now ~ .~ -, e ‘
‘ . area AOCD = area AACD + area AAOC
LT ' c2 2 e T3
8 .. .- Therows of the determinant are the coordinates of O and C.
e ! Those of O are (3,'§) because-O is. the intersection of
Yool " mediagsof a4BC. . . . oo
R Note: Since the area of AABN is % ofghé'area of the square, it is -
S clear that the/desired ratio r satisfies 3 < r < 3. Only (C)
ST S _ful_fi’lls'tliis’ cq_ndit_ion. e
). . - ) ] ! : .v.. l' ' ‘ . i r_(. . .:v::.'. . d‘_
24. (E) If 0° < § < 45°, then -(see Figure 1) an applicdtion of a
. .7 theorem_on exterior angles of triangles to’a EAC yields
e C 20 = L EAC +-0. Thetefore £{EAC = 0 and AEAC is iso- -
' ~,» . sceles.Hence EC=AE=4D. = . . -, :
o ' p  180-20 7
- : ¥ -% o .
" Figurel . ? Figure 2




‘ SéLUT»lO-NSf’I975 EXAMIN‘A‘TION .93

L Ife= 45° then AABC is a 45°-45°-90° trmnglc and i

- "E = B. Then EC = BC = AB = AD.
: N4 If 45° <8 <.60°, then (sce Figure 2) _
S KEAC=180° — LAEC—xC .
’ = 180° — (180%—20) -0

| = 0.
Thus 4 EAC is isosceles and EC = EA = AD.

S , - - .
-9, . . o~ . .

N

25. (B) If the son is the worst player l}le daughter must be his twin.
. The best player must then be the brother. This is consistent
with the given information, since the brother and the son
. could be the same age. The assumption that any of the other
\:j - players is waorst leads to a contradlcuon
- If the womar is the worst player, Rer brother must be her
Awin and her ddughter must be the: best player. But the .o
- woman and her daughter cannot be the same age. -k
If the brother is the worst player, the woman must bc hlS :
twin. The best player is then the son. But the woman and her v
‘ son cannot be the same age, and hence the woman’s twm, her - .
brother, cannot be the same age as the son. IR
If the daUghter is the worst player; the son must be’ the
_ daughter’s twin. The best player must then be the woman: But . vf’
the woman and her daughter cannot be the same age. Ty

26. (C) In the adjoiqi_hg figure |
'zfp/cu' = AB/AC,

since an angle bisector of a
. triangle divides the opposite
'side into segments which are.
. ptoportional to' the two adjac-
- ent sides. Since CN = CD - ,
and BM = BD, we “have BM/CN %B/AC Wthh
1mpl|es*that MN is parallel to BC. Since only one choice is |,
correct,’it must therefore be (C). Actually, it is easy to yerify,
that (A), (B), (D) and (E) are false if x4 ='90° — 8, B =
60° and £C =30° + 8, where 8 is any sufﬁcnently small
- posmve angle '

L 107
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- 2T (B) If p, g, r arc roots, then the polyhomii\l can.hc ftyctbrcd as :
SO S followst o B g LY P
© o =xthx-2m(xsp)x-a)(E )
, T . cmx=(prgEn)xia e L

| o -+ (pg + pr+qr)x = par.
. Equating coefficients of likg powers of x, we find
I - ptqtrm=1, pq+~pr+qp;.él,'_pqr-'2.

“In looking for the sum of the cubes of the roots of a cubic : :
_equation, let us use the fact that each root satisfies the
~fequation: e T
' PP Ap=2=0
© gt atrgr2=0" L et
s . I -... ‘ ! . .

, . ' rP=rt+r-2=0 -

., " Adding these, we obtain’ R
PR O N X X e (PP +q*+r?)+fp+qtr)=6=0.

g ‘We saw that p + ¢ + r = | and shall'determine the sum of
the squares of the roots by squaring this relation: . ., - * °

- L

P =pr gt Apgtprt gy =1
N R e O R N
' R T T S
_ Sgbstituting"th,iseintd(-.), we obtain . ' o
> P agar=cl-lt6=4 \F
S R I
28, (A) Construct line CP parallel to’ EF and ihtérsect{ng,AB at, P\
., Then " . . T
., AcTuE’.
' ) ' - that is, '
AP _ AFC
16 - 24F -

\

so S A
S AP=8. " - o

& Let a, x,°y, o, B,8 and @ be as shown in the adjoining-'i;iia- -
o .- gram. The desired ratio EG/GF is the same.as y/x )which:

[T

N 108 ,
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" _~we nowdetermme By thelaw ofsmes, s ' S
a. 12 a6 16 T

—_ . » 0. g

" sina -sin'd " , smB sm(.180°'.- 0) sm(i_';i?‘ e '.

e U sHeme® s R

R

2.3
1<)
e ]
R
[
SR
P

e g “ )sma
Moreover . Sy
i smB _51;1(1809f8) -'sind

B Jom GB a d GC Tnangle ABC is - subdmded mto 'six _ .
smaller trianglés whose areas are = _ o e
ndenotedbya b,t,d, e, f, as.in- -
‘.. dicated in the/diagrd/ Triangles -

" " AEG and AFG have the com-
'—fnon vertex A, so their aréas are
_inx the ratio EG to GE. Thus

‘ and this we now calculate. . o SR
Tnangles ACM and ABM have equal areas, s0 _ a

- .d+e+f—a+b+c : .
S g Sumlarly f.=-c,and_hence.d+ e =a+ b.by . subtractlon e
- -, Let x’'be the length "AF, so that AE 2x, FB =12 — x, C S

" EC=16—2x. Then . .
b FB _12-x e EC 16-2x
- = an .

a FA x| d EA  2x

o a+b=a+ “a=a-— /'"'-"».1 -
R d—‘ﬁ AR

109
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96‘_'7_- THE MAA. PROBLEM BOOK IV o
. . RN K | T -. i : e
‘l’hus a + b d t+.e becomes

- a-1-2-=d—1-6—, or : 3a-—2d
X 2x

..“e . OR

' -Extend BC and FE untrl they R

.. intersect in a point Hj;. seethe. e
- adjoining  figure. The: ‘collinear
~.points 4,G, M lie on" 51des ‘(or
< .+ - their. extenswns) BF, FH,"HB:~ " ." .- T
© " of aFBH respectively. They also . e

. "lic. on. extensions. .of .sides .- L/

. +eCE,. EH,”HC of aECH. We.:! -

.. may. therefore apply Menelauss
. _'theorem’r and. ﬁnd =

. AR e

HG FA. BM . HG EA CM

FG BA HM ,'EGCAHM, :

. " Since CM = BM and EA'=2FA, dmsmn of the first equa-._._""_,
: '@'ﬂ-,‘_";uonbythesecondylelds o e
.. EG . BA ;T;lz‘_,s'

: T Tr’é=2’c7 162

" 29, (C) Instead of trymg to compute (f‘ 34 f‘ )6 dlrectly, w6 coms .
.~ pute something slightly larger and easier to compute, because L
- many terms cancel _namely we compute ok -

(»/—+»/—)+(»/" »/—)

When (a + b)”‘ and (a'=b)**.are. expanded by the. bn-[ y
normal theorem, their even-powered terms are-identical,:and: /"
 their odd- powered terms differ only in- sxgn, S0 theu‘ sum’ 1s Y

. 2[ 2k+ (2k) 2k- 2b2 bZk]

._nkenelauss thiorem: If pom's XY, z on the SIdeS BC, CA AB (su\tably " aded)
_ of AABC are collmear, then - S A

BXCY AZ B
cx ar BZ iy

”pomtsarecollmear A2
- For a proof, see e.g. H SM. Coxeter and S L Grenzer Geomerry emsued vol 19 p

' '66 i this NML seres.




4

Th;s pnncnple, apphed w1th a = \/— b vz, k=3 ylelds -
(\/‘+ \/‘:) +(\/‘ \/‘) —2[z7+ 15(18+ 12)+8] 970

Y Since 0 < V3 —v2 <1, 970'is thQ lsm_alles‘_t mtcger large: -

- than, (\/—+\/—)6 Lo

30 (B) Let W = COS 36° and let y = cos 72° Applymg the*ndentltles :

00526 2c0520—1 and cos20—1—25m0

w1th 0 = 36° 4in the fu'st 1dent1ty and 6= . 18° in the second ‘ -

ylelds 1

S e 2w ~1 and w'f_'f.,l-zy

5 Addmg these last two' equatwns ylelds _' ,
S S w +y= 2(w "Ly?) = 2w = y)(w +y)
and d1v151on by w +y ylelds 2(w y) - 1 so

.."

BT

. . .. Lo o T
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-

L ®) 1'—1-1—x = 1 1 x l‘x - 1=‘X=—1 Clt

. T

BN

s /az (BYIf x + 140 then —(x + D2 < 0'and Y= (x+ D7 ismot
T alif x4 1= 0 then = (x+ 1) =0 Thus x= =Lis
2+ % - . the only value of x for -which the given expression is real. ..
o -3_. (E)-The distance _toveach'.bf ‘the two closer mid Joirits.is one; the .-

R * distance to each of the other midpoints is'."/]12 ¥ 2.

A\ 1 o 4(C) Thé's:u‘m of thé,vt?mSi-nvthe‘new pfoéréésidx_i 1s

1

r

B o=l ;_ P2 '+ e +1 Y 3
+.,..+ '] = - 1 N = .Fl.,;. o
N Sl o ‘ ré— T “_rTT DR

- 4

= Note If r= 1,»t_hci1,s =n and the sum. of the reciprocal prbé o
- "gression is also n."This eliminates all choices except (C): -
e e RN SRR § i

A ‘5. (C) Let .t and u be the tens’ digit and units’ digit, respectively, of
AT a number which is- increased by .nine when its" digits-are
- reversed. Then 9 = (10u:+ 1) — (10 + #) =9(u3t) and
~u=t+1 The eight solutions are {12, 23,...,89. .

' 6. (C) Let r be a solution of x = 3x+c =0 such that —ris'a s
R solution of x?+3x —c=0. Then g~ 7
SR e e e e g 3’riv+'."_'c_"£‘0,7’?'_"'-‘£*~——- S
K . rv-2_3r'-f,c_A—'0,” I

- -which. implies 2¢ = 0. The »Solutibns' of x2=3x=0 are 0

. Note: The restriction to real ¢ was not needed. T

A

. 7. (B) The quantity (1 = [xD(} + x) is positive if and only if either .
" ""both factors are-positive or both factors® are negative. Both~ -
factors are positive if and only if -1 < x < 1, while both -

o factors are negative if and only fx<s—-1L =
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8 (A) 1‘he porrits whose coor-: .o v
Kt . dinates aremtegersthhﬁ

e v,'f.é - absolite value less than™ ~ "

o ws - or equalitgrfour: forma . "

-+ 9% 9 array, and 13°of 0 -

- .. these points are at dis- .

“"tance less than or ‘equal -

< to - two - units . from:the -

‘ongrn -See flgure

Ll

-,,__.g

9 (D) Srnce F is the rmdpornt of ’e
.+ " BC, the altitude of AAEF
oo from F to AE (extended
-l- if necessary)'is one half the
~‘altitude of aABC from -
. Cto "AB (extended if nec- o
ressary) ‘Base AE of aAEF. -~ -
"+ s, 3/4 of base AB of .
L AABC Therefore, the area
L of ‘AAEF is - - .

“ (1/2)(3/4)(96)4 36 ' wf - _—

10 (D) For the grven functlons, f( g(x)) = g( f(x)) is equrvalent to '
S . m(px+q)+n—-p(mx+n)+q,.,

: whrch reducesto - . . . : SR
N mg +n = phiig Lor 'i(l -p)- 'q('l - "'1.)’ =0. - I

o " "I this lhst equatron holds,‘then f(g(x)) = g(f(x)) is an™"
identity, i.e. true for every value of ‘x. If on' the other hand -

n(l=p)Fq( = M), then: f(g(X)) —-g(f(x)) has no solu- -
-tion-in x.

Note If the. composrtesxvi[g(x)] and glf(x)] of such functrons f -
"’ and g have the same output for some mput x, then f and g T
commute under composrtron s R
11 (B) The statements “P 1mp11es Q,” “Not Q 1mp11es ‘not P” . oo
-~ and “Not.P or Q” are’ equrvalent The given -statement,” . . .-’
- statement III and statement IV are of these forms, respec- s

' trvely e
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RN - 1.00. v{‘;,\ f ‘
S 12 (Cl The ¢ are 25 dlfferent possrblhtles for the Aumber of ; ap les a

RS Y « o crate can®contain. If thbre were no.mére ‘than five ‘crates
Cee o RT ~Ce )taining apy: grven number of. apples there could be at most, .
T T )= 175 crates., Sihice ‘there -are 128 crates, n > 6. We'
R cltlde that n'= 6 by observing that it is- qmte possible that
.-~ thbre are exactly six crates containing; k -apples in each of the
' ‘cases. k= 120 121;122, ‘and exactly | five crates contalmng k-

,ples in each of the cases k 123 124 125 144

T

Q, B b S
: ST AC " dc’ R
e ‘that. the number of cans per cow-day is always the same. o
In the precent cdse a = x,- b—x+1 c,—x+2 andA—fa-,‘ :
x+3B_—x:+5 Thus"l"_ : ’
R = ‘and.},*.C
o EC x(x vz e
' K a C Note As a part1a1 check “we venfy that L
T appropnate units:” -, -

| x(x + 2)(x' +‘5)‘ :‘ :
(x + (x + 3)

ur answer has the

xc@ws(x + 2)days(x + 5)e&ns
_.(J_c + 3)cows(x + 1jcans’

| "q_.z{ayg.

. . e -

14 (A) Let n be the number of srdes of - the pblygon 'I’he sum of L.
the intetior angles- of a convex:polygon with n_ sides s .

v (n— 2)\180° and the sum of » terms of an arithmetic pro-.

~+ gression is n/2 tunes the sum of ‘the f1rst and last terms

.. Therefore - ER :

e (n - 2)180 = —(100 + 140) J

o -

,'/ -2

'Solvmg this equatron for n yields —'6

15 (B) Slnce each of the glven numbers when d1v1ded by d, has the
same remainder, d divides the differences 2312 — 1417 =

1 895=75-179. and 1417 — 1059 = 378 = 2 - 179; and since
179 is primé, d 5 179. Now.1059 = 5- 179 + 1 r-—-164
”'andd—r—179;—164—15 T '

i ' (l"ﬂ’r'_

. ;( :
e

-
..
RS
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)
16 (E) Let G and H be the pomts at wfuch the altltudes‘from C- Coa

v ¢ rand"F iitersect sides AB and“DE, respectlvely Right trian;,. , - =

L - _gles AGC .and FHD .are congruent since\side AG and: s1dé' ST
1 ' potenuse DF have the sathe length 'I;herefore, 4GAC-— h f '“}"'v'-?n

_FH have, the 'same- length and hypoten se AC and hy- -

‘{DFH' . - ‘ v p .w'(‘l-; ‘, 5
éACG+éGAC 4ACG+4DFH 90° BRI

T SR . YA
: _so- 7 T : i O o

4ACB * chFE 24ACG+241>FH - 180°," KET é ;

A6 B”'M' H
17 (A) Usmg tngonometnc 1dent1t1es obtam o , Lo .
J/r/(sm() + cosO) = sm20 + cos?0 + 25m0cos0 B
N -'—¢+sm20 R
_]+a . . : ‘.ﬂ_.ﬁv

' Smce g is acute, sm0+cos0>-0 and sm0 cos0
=T+, o |

18, (E) In: the adjommg flgure Eis the pomt of mtersectlon of the
¢ circle and the extension of DB, and FG is the diameter pass-
" 'ing through D. Let r denote the radius of the circle. © - -
‘ Then ' : R : e
-ess(chBE)—tABr~ '
L .3(DE+6)—36 I
' DE = 6. '

- '(DE)(DC) = (DF)(DG)
6 3-—(r—2)(r+2)

18=r2-4, _
Sy '_._./'v, e i S B =

\ - R
R A
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;).’Let rl(x) be the desued remamder Smce 1ts degree g ess/
* than'the degree of the divisor (x = 1)(x = 3), r(x) 1s ,the.
'formax+b Thus ‘j,e‘., :

L = Gt ‘ZZ)q<x) taxt b

The gwen«mfoi'mauon says that p(l) = 3 and p(3) 5 Set-*‘:
tmgx-—l andthenx=3 weob(am R

p(l)—ra+b—3 p(3)—3a|+b

soa-l b 2 andr(:x) x+2

- -.‘ BN o i

20 (E) The gwen equauon may be wxi?t’.ten in the form g ’:';'-'? .

‘ 4(logd;x)' - 8(logax)(long) + 3(log,,x) = 0
- S . " (Zlogax - log,,x)(2logax - 3log,,x)fe- O

‘ ' Ibg,, ; log,,x or loga

- Letr—log x2 Then ‘ Y

T , o at=xt and b’—x ‘or a’ = %
5 L ’.=b2’ - “or, a3:_b2ru )

e -fi'; o | Sineef_'x'%'_if{\ve havc r % 0 and

v IR I a—b2 or . a'-b28 .
21"*'(B) We recall a1 + 3+ 5 +- 2n +, = ¥ 1)2 aqd
wnte the product L e ». SRR i

& -

Ty « 7

21/7 23/7 s 2(2n+l)/7 2[|+3+ +2n+l]/7 2(n+l)2(7.

l!

. \' » 6
: F ,.Smce 2‘Q —-'*‘1024 we, consnder values of n Tor whxch .
i ‘.f-_‘—“..','?""“_‘_’__"' “‘(n‘+‘1)‘2/7 is apprommately 10:———=: S a

L 2<7+'>’/g—29+<'/7><29 2'/2 (512)(‘1 41.,)

B
l" .3

- 22 (A) Let pomt P have éoordmates (x y) in the coordmate sys-:_ 'v
- ‘tem “in " which - the: -vertices of -the eqmlateral tnangle are’
(o 0), (s, 0) and. (s/2 53, /2) .Then P belongs 1o the locus
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"lfandonlylf " . --*' . ~ :
R a—x +y\w(x—s) +y +(x—s/2) +(y—sv/—/2)

or, eqmvalen if and only if -

R a—(3x —3sx)+('3??—s»/"y)+2s o B

o - —32"s = (x 5/2) + (y—st/—/6) - 5%/ p
L e T - o N ‘
kD a — S . .o
-—(x—s/z) +(y—sf/6) SR
Thus the locus 1s the empty set’ if a' < 5% the locus is asmgle S
&, pomt if a=1s%; and the locus isa cu'cle if a > 52 '
23 (A) Since all bmoxmal coefﬁcxents (Z) '-'are' integer's,the quantity .
TR n—-2k—l( ) (n+1) 2(k+1)( ) '
: L k+1 \k|- kg I k) -
T LS ' T
s “---j'(k+1 2)(k) T
Sl S\ IR A '
R k+ 1 kt(n—k)t 2( ) o
T (n+1)' ' n ‘
v . ) -2 )
. (k + 1)'(n ~ k). (k)
(41 n\ -
S (k+l) 2(k) |
is always an'integer ' : L e - .
24 (C) In the adJommg figure, MF is perellei to AB-and_interSectS
o KL at F. Let r,s(=r/2Y and t be the radii of-the circles
“with “centers K, L and .M, respectively.. Applying the
Pythagorean theorem to AFLM and AFKM ylelds T
;a2
(MF) —( +z) - (5 _—z),
(MF) =(r- )} =1r
G .Equatmg the right sides
. of these equalities yields
R r/t = 4. Therefore the  ° o
. desu'ed ratio is 16 .
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o 25 (D) For all posmve u’ltegers n, “_‘ ‘

S '(u)*—(n+1) +(n+l)—n —-n—3n +3n+)2

” 2(u)-'3(n+l) +3(n+1)+2—3n —"3‘n—2 -6n+6

oy 3(u)-‘_',;i‘j BT R

4(u )—. ST 4 / : | i

O L Note I u, is a, polynormal in, n of degreet. then Alu, isa
T polynonual of degree r — 1, A%y, is a polynormal of degree
G '~ = -+ r=2, etc. From this we see that' A"u,, is a non-zero ‘constant - -
o L sequence, and A" 'y, = 0. In the present example r= 3 so;' ..
ST ~ a’u, is a.non-zero. constant while a%u, = 0. o
oo Readers familiar with calculus will note an analogy with'the -
B ‘ " fact that if f(x) is a polynomial of degree r, then the.rth .
* .-+ . derivative D'f(x) is a_non-zero constant, while D f(x) =
0. The finite differerice operator. A is known as the forward .
. difference operator and plays an 1mportant role in numencal
: analy51s ’ : .

' 26 (C) In. the adjommg flgure,_ )
a -~ X,Y,V and W a&e : the
: e _ _', . points of tangency of the -
- external  common . tan- -
“gents; and R and S are
the points of tangency of -
the internal common tan-" - -
. gent. From the fact that- . .
" .the tangents to-a circle
from an - external point -
e .are equal we obtam '

T __'*““"".T”;"""’?‘_f;f'“ PREPX PSEPY, T
e os=oW, QR=gV- - " -

- 8o - - '
PR+ PS+ QS+ QR PX+PY+ QW+ QV o
| andthus ‘ - s B
' Lo 2PQ XY+VW

ST e Smce XY VW PQ=¢XY VW R SR

L
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B 27 (A)Adlrect calculatnon shows that a S
Fyaefs-2)_
( R =%
L 3-2/2= '2—2t/‘"+1f-(t/_' '1)2-' | e
' Srnce a radical srgn denotes the posrtrve square root, .

LECRCEIE

' 28 (B) One hundred hnes intersect at most at (1(2)0) = 100‘2' LAY o 9

4950 points. But the 25 hnes L4, Ly,..., Ly are parallel

ﬁ v . - |
o “hence (225')'—’300 1ntersectrons are lost. Also, the 25 lines
':‘.‘A . Ly, Lg,.. | ., Ly, intersect 0111)’ at. bomt 4, so that (225) 1

"= 299 more intersections: are lost. The maxrmum number of
pomts of intersection 1s 4950'- 300 - 299 4351

29 (B) The. table below shows the ages ‘of Ann and Barbara atx .
various times referred to in the problem. The first colurhn .
-indicates their present ages. The second column shows their
- ages when Barbara was half as 9*1’('! as Ann'is now—that was B
y - (x/2) years ago, hence Ann ] age was x'= (y - 2c—) or7)

-?ﬁ -y The- third. column refers to the trme when Barbara?

, was as "old as Ann had been when Barbara was half as old as -
Ann is—that was’ y - (—3—- - ) or 2y = -?ﬁ years ago,

.

_ 2
- hence Anns age «then was x — (2y = _32x) or. 2— - 2y
v | | 3x 5x B )
. 3x X ‘
r ,Ann : X . _.i—;‘ » l -5 - 2y
- - x 3x
Barbara _ y}f, 3 5 .
By the condntnons stated in the problem, x. + y = 44 Ve
- and y= STx -2 2 the srmultaneous solutron of these y1e1ds ~ o

x_24 C E . L

- _11'9_’:';. N .";.'ﬁ:"':f
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) . . ,
30. (E) We observe that we can find a system of symmetnc equations -
by the change of vanables : . =

m . x—-2u,v y—-v o z«=%w
This substltutlon ylelds the transformed system
. u+o+w—6_
@ - 'uo+ow’+uw—11 e
! o uow = 6., - ‘
‘Consider the polynormal p(t) = (t ~ u)(t = v)(t - w), A
where (u, v, w) is a solution’ of the system (2). Then .
‘ (3) - pl)=1 - 6t2+11t—-6‘ R

T and u, v, w are the solutlons of p()=0. Conversely, 1f the
o ' ‘roots of p(t) = 0 are listed as a tnple in any order, this triple

is a solution to system (2). = < .

It i is not hard to ‘see that p(t) = 0 has three dlstmct solu-

tions; " in fact, p(t)— (t— )= 2)t - 3)."So .'the’ triple

- (1,2,3) and” each of its permutatlons satisfies the system (2).
Smce the change of variables (1).is one-to-one, the. ongmal =
system has '6 distinct solutions (x »z) (2, 3, 1), (2 2, 2),' E
4,1,3),(4,3,1),(6,1,1) or (6, 2,9). ‘

Note There are methods for detgrmining all solutions of a sy%‘tem )
of linear equatlons in 2 ui howns, on. the one hand and of ‘a:

- ,\" -'f\
3 \

single n-th degree polynomial in one variable, on:the 6thet L

No such simple methods are generally applicable to hyb 51d-'
systems of the type presented in Problem 30. The preble
shows that some very spccml systems can- ‘be transformed mto :

- a system of n equations (#°= 3 in the present case) involv-

. ing the elementary symmetnc functions of »n.variables, thus .
perrmttmg solutions via a single polynormal equatlon of de- -
- gree n.in one vanable ' :
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2 3’9 S \/ So1977 Solutions' o -
' ’ ’ @&

l(D)x+y+z=x+2x+2y—x+2x+4x—7x -

‘/ 2 (D) If three equal sides of one equrlateral trrangle have length s,
Co and- those’ of another have length t, then the tnangles are
congruent 1f and only if 5= t -

3. (E) Let:n be the number of coins the man has of each type therr B
© . -total value, in cents1 is ,

1- n+5 n+10- n+25 n+50 n—9lne273
and n =3; three each of frve types of. coms is'15 coms

T4, (C) Smce the base angles of an 1sosceles trrangle are equal

J " 4B =4xC=50° |
. 4EDC=4CED =65° and ngp= 4DFB — 659,
It follows that = - R

ACFDE 1so° — 2(65°) 50°

i Note ‘The measure’ of’ zCEDF is 50° even- if AB % AC see the

Frgure below. _ o
- AEDE = 180° = (EDC — ¢BDF S
in = 1so° 4(180° — £C) ‘ ‘
T
L mee - «B)
= L(¢B + «£C e
,_z‘(x__ +£C)
=4(180° —x4) ~ - . .
T =502 - € o ~‘_~.-D‘ . B _
- 5 (A) ] If ‘P_is on line segment 4B, then AP + PB = AB “other- M_M'_;
: AP+PB>AB L o
-1 (4x+y -1 1 3"’_
6. (D) 2x+ [(2x) ) _]_(—.2 ) [2x 2
JEP U 2 4x+y_,_l_ —
: \ S = ax +y Iy o Xy —(xy) ‘
o " , -1l
“Note: The functlon f(x y)= (2x + ) [(2x) + (2) is.

homogeneous of degree -2, whrch means _ that f(tx, )— v
t- zf(x, »)- Only chorce D dlsplays a functron with this

property . o - .
oo \ . .:;-"o : W
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L ".",1+»/— T ARET o
_ 70{1—\/‘71—,/5 1492 1-‘/’,, Jf\/E
B () R

e 8 (B) If a b and c are all posntlve (negatlve), then 4 (respectwely,
—4) is férmed; otherwise 0 is formed oL

L. .

9. (B) Let AB—x andAD = y°, Then
e e 3x+y—36.0.
g o LRERVR -l(x—y)—-40 _
Solvmg this pair of equatlons for y, we obtaln y =.30°, and' o
' hence AC— 3y = 15°. . . )

3

-7 10, (E) The sum of the coeffncnents of a polynormal p(x) is equal to '
p(l) For the glven polynoﬁna&}hls is(3-1- 1)7 = 128 g

"'x:F 1.< 'n,-t; 2: Hence P

: 11 (B)Ifn x<n+1thenn : v
o " = 2.5: shows. that Il and -

[x+ 1]=[x]+ L Ch
" III are false .

. . 'Jp . ' : .
T 12 (D) Let a, b ‘and ¢ denote the agés of Al, ﬁ’ob and Carl respec- ,
S R t1ve1y Then ,
R a—16+(b+c) | 1632+(b+c) -

s0 a? = 1632 + (a - 16)2 whlch ynelds
. 1632 —2-164 + 16 =0 and .@=59.
' ‘Th'en‘b.+¢_:—59—l6. 43'and_a+br+c_-—102

" Since we are interested in the sum’ a + b + ¢, we try to write
it 1n terms of the information supplied by the problem: -

[a+b+c][a—(b+c)] a—(b+c)
: afgbfc) ' "‘.a‘—(.b.+lc) 3

a+b+

v = =t = 102,




13 (E)

- If these. terms are-in geometric progression, then the ratios of
successive” terms “must be equal: a,=a,= a,a,. Since a,

' ‘:SOLUTIONS 1977, EXAMINATION 109

The second through the frfth terms of (d’) are T

o 3
N aza al“z: a,az y @y az

~and a, are’ posrtlve it .is necessary " that a, = .a, = 1. .Con-

versely, if a, = a2 =1, then (a,) is the geometnc progres-

r,sronlll

S

Ifm+n—mn then - i . i
. m+n—mn-0 ‘~‘m+n(l—m)= ~'n—m—l’

: ..v,,for m + 1. There are no solutions" for whrch m=1. The‘-h
' solutrons (m, mrﬁ'l) are_pairs_ of 1ntegers only 1f m is: O' i
-.or2 R , Lo
| SSoR
If mn=m + n, then (m = l)(n - l) = l Hence either . - o

m-—l—n—l—lorm—»l—-n——l _-—l Thus(mn) R

»_'—(2 2) or (0 0)

'In the adjouung frgure, PB and'

- QC are radii. drawnto.common " . - v

- tangent AD of crrc,le ‘P and .. i

| '16 (D)

¥ second term is icos 135° = .—z\/_/Z and there a are 20 terms - .

L ~circle Q. Since z(PAB = 40DC
-=30°, wehave R

. Moreover BC ‘PQ = 6 and -
- -hence AD =6+ 6V3 . There-
B fore the penmeter is 18 + 18t/_

"' AB= CD—3¢'

Smce o : j-.' '- . :
"+2cos(45 + 90(n + 2))° =j i (——cos(45 + 90n) )
i"(cos(45 + 90n) ),

every other term has the same value. The first i is \/_ /2,J and v

- there are 21 terms with_this value (n'=.0, 2,4,..., 40). The

'_ w1th thrs value (h= l 3,. 39) ‘Thus the sum is &

j,"ﬁ" 0. . . ‘/—

——(21 —20)

'\{:'
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. 19 (A) The center of a-

17 (B) The- successful outcomes of the toss are the permu atnonsJ-
L *‘-‘ of (1, 2, 3) of 2,3, 4), of (3 4, 5) anq of.- 4,5, 63 yroba-
e blhty that one of these outcomes w111 occur rs ——6—— =N\ge

18 (B) Let Y be the des1red product By defimtlon of logarrthms,
‘2l823 = 3. 'Raising both’ sides of ‘this- equatlon to the log;4

- power yields 200820008:9) = 4, Contmumg in thrs fashron, one'- i

S obtams 2= 32 thus y= 5 2 : : O

- Express each loganthm in the problem ;n terms of some frxed‘. "',‘{f’:"‘
'base, say 2 (see footnote on p. 82) Then we have 'f-' w

_log,3  logd logy5 - log,31 - log232 o
log22 log23 log24'~ _'_10g230 logy31

. :whrch telescopes to

circle cnrcumscnb- "
. _ing a triangle is .
*. "the. pomt of inter- ' ..
section - of’ the
, perpendncular bi- . .
.~ sectors of the sides -~ -
- of . the: trrangle T
. _.__;::Therefore, P, Q, R
" and S'are the in- °
tersections . of .the .
. -perpendncular bi-
. sectors of line seg-
- ments AE, BE,CE
and DE. Since line.
" segmeénts . per-
. pendicular ‘to - the
. ‘-samelmeareparal—-
*" lel, PQRS is-
~parallelogram. - 1
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20 (E) All adrmssnble paths end at ‘the center,,__ ." C

“T” in the bottom row of the diagram.. = - " . 2
© Our count is easier if we go from theend ==~ -~ co -
"~ to the beginning of each path; that is, if CON' L
- we spell TSETNOC, startlng at the bot- - -
. tom center ‘and traversing .sequences of CONT :
“\ . horizontally ° and/or vertically upward CONTE

directed segments. - The count’ becomes :
P easier still if we take advantage of the CONTES
B - symmetry of the figure and distinguish CONT.E ST
- - those paths: whose horizontal segments g ' '
are directed. to the “left ‘(see - figure) .

. from those whose: horizontal ‘segments are duected to the_.
_right. These ‘two_sets _have the central vertical- ‘column in

. common and contain an equal number of paths, Starting at .. o
" _the bottom corner “T”. i’ our figure, we have at each-stage of = -

the spelling’ the' two choices of takmg the next letter from'
- above or from the left. Since there are 6 steps, this leads to 25 -

&° ' paths in this configuration. We get 2° paths also in the
v |

" symmetric configuration. Since we have counted the central .
- column twice, there are altogether 2. 2" - l =127 dlstmct
‘paths - : : :

21 (B) Subtract1ng the second gwen equatlon from the ﬁrst y1elds l S R

. 'ax+x+(l+a)—0
_-or, equivalently, :
' R }(a_+'«bl)(x.+ l-).=0 . v .
Hence, ‘a=~1or x=—11If a= —1, then the given

" equations are identical and have (two complex but) no real -
solutions; x = —1 is a common solution to the given equa-

tions if and. onl_i/ if a = 2. Therefore, 2 is the only value of a: |
for thch the gwen equatlons have a common real solutlon

22 (C) Choosmg a=b=0.yields .. *
. . 'v T 2f(0) 4f(0)
U | , f(O)
Choosmg a =0 and b =x ylelds
f(x)+f( x)—2f(0)+2f(x)
o f(=x) = f(x).

. Note: Tt can be shown that -a continuous function f: satlsfles the '
- given functional equation 1f and only if f(x) = ¢x? where c
is some constant , . !
A
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SRS T Y
»b—’

- ,(B}."Let - and—b-bethesoluﬂons—of—x—MH—n—-—O——ﬁlen—
JEEE --m==a+b —p—a +b3 et
<ab, L gs o -

Smce " g Lo :
' (a+b) =a +3a2b+3ab2+b3—-a +b3+3ab(a+b)
o — ="--p+ 3n(-—-m) p= m3—3mn 5

N n+2 n(n+2)
gwen sum in the form oL
A1 1

24 (D) We use the 1dent1ty 1 to wnte the

o + 255,..»,-._257. TR
' 'V_» whlch telescopes to 5 . , :
[1 ——] = .1__2_52 L] 128 , ' i E
2 257 2557 257’ L

_O’R. B ‘

o Use the 1dent1ty

R e T e L T e e ey e )

' : ~n(n —-»k) h(""‘k) (""k)(""‘k) g
to group successlve palrs of terms m the sum Thus letung
k 2 wnte e ‘ U ‘
. 1 77“1_ g el
: S—‘3 1 3 5 + 5 5 + 79 Hoee

15 59

S ,@ then let k 4 and. wnte A.._,’;_~ ~ i ,4,__,_#v

1 8
o 7 1
| Thxs processwrlllead t02 1 257 257

. 25 (E) Let 2"3’5"‘ be the Tactonzatlon of 1005' into powers of;l.:,“v,;

distinct pnmes, then n is the minimum-of k and m. Now: .
~.~201 of the integers, ‘between 5 and 1005 are divisible by.5;

- forty of these 201 integers are d1v1s1ble by 52, elght of these

. - forty mtegers are divisible' by 5°; ‘and one of ‘these eight: ™
s mtegers is d1v151ble by 54 Smce 502 oI the numbers between:

12b
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, | sor.,_.UTIONs

—Z_and_lﬂ()im‘aeven k > sm

n——m 201+40+8+]—250

26 (B) If MNPQ is convex, as’in Flgure L ‘then A is the sum of
-+ "areas of the triangles into whrch MNPQ is dlwded by dlago- ‘,

- nal MP, so.that . ;
o A= zabslnN + cdsan

\ Slmllarly,/)dmdlng MNPQ with dlagonal NQ ywlds o

\ 3 o i, L A'— 2ads1nM+1bcslnP

N
S \We show" below. that these two equatlons for A hold also 1f e

MNPQ is not' convex Therefore, in‘any case

4(ab+ cd+ ad+ bc) ST

The mequallty,ls an- equallty if and: only if R .
\‘_slnM—--slnN— sin P —san— 1,

A, e. if and only if MNPQ isa rectangle

I MNPQ is not- convex, for examp]e 1f interior’ angle'r Q
' of quadn]ateral MNPQ is greater than 180°, as shown in .
Flgure 2, then ‘A is the dlfference ' : - T

o area of AMNP area of AMQP p f '.‘ v T
) o —;-absln N - %CdSlIlzCPQM | )
. Lt / . o . ,4
] 1 1 :
U e = o o ._
e / : 2absmN 2cdsm(360 AMQP)
} -\v v :,}/"; P 1 1
S / ‘ (—— 2absln‘N‘+ 2cdslnrcMQP | f o
b 7To drstmgmsh mtenor angle Q of quadnlateral MNPQ from mtenor angle Qof - .

APMQ in Frgure 2, we label the angles in the counter-clockwise direction: £MQP is

. the angle through whrch line segment MQ must be rotated. counter- clockwrse about_ , .

,.:'4‘ pomt 0 to comcrde with the fine through P and Q. Note that
SRR o/ o &MQP + &PQM== 360 ‘ 1 3 "
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f. u (L) ln the corner of a room two walls meet in a: vertlcal hne, and»'.;_

) © three’ mutually- orthogonal rays as the positive axes of an..
" x, y, z-coordinate system: A. sphere with radius a; tangent to

B . 'The two solutlons of this quadratlc equatlon glve the radu of*

5 .have radu 15 and 5) T a‘.,,. L

28 (A) We shall use the. ldentnty .

. e therefore wnte L o

"When this is ’divided by g(x), the remainder is 6

each wall meets the floor in a horizontal line; Consider. these ..

all three coordlnate planes, has an equatlon of the form
: Ty (x—a)+(y—a)+(z_a) —_a
" '."...If the pomt (5,5, 10) lies on such a sphere, then ' '
| (5—a)+(5—a)+(10_a)_a,“,
SRR T —40a+ 150 = 0
a - 20a.+ 75 = 0

- ‘spheres satlsfylng the given conditions.. The sum of the solu-
" tions (the negative of the coefficient of  a) is- 20, so the sum of‘;,
. the diameters of the spheres is 40. (Since the last equation'is.

’ equlvalent to (a— 15 a - 5) = 0 we se¢- that the spheres'

g

‘ (x—l)(x +x” l+ +x-t-<l)-'x”+l l
Thus, for example, (x - l)g(x' = x6 =1 By deflmtlon of
: the functlon .8, we have o L Sl

g(x'z) = (x'z) + (x'z) N (x'z) + (x'z) + x12 + l

v = (x5)lo + (x5) +(x5) + (x6) + (x5)? + l L

S Subtractrng 1 from each term on the nght ylelds the equatlon T

s =e= [ 1] [ ] e [ )

. Bach’ expresslon on thie nght 1s d1v151b1e by x - 1L We mayﬁ_’

g(x'z) —6= (x = l)P(x)

where P(x) is a polynormal °in x6 Expressmg x ‘— lin >
'terms of g(x), we amve at e "

' g(x'z) = (x= l)g(x)P(x) + 6

“"OR

' '.'Wnte g(x'z) = g(x)Q(x) + R(x), where Q(x) is a poly-
' _nomral and R(x) is’ the remamder we are seeklng Slnce the
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.o

E ‘degree of the remarnder is less than that of the dmsor, We
_ know that the degree of R(x) is at most 4.

- —1-and the other four (complex) sixth roots of umty, so rf a

Since g(x)(x — 1) =x% =1, the five zeros of g(x) are

‘1 s azero of g(x), then af = 1 Therefore

) and thls holds for five drstlnct values of a. But the poly—l -
“nomial’ R(x) — 6 of degree less than 5 can vanish at'5 places I
"only if R(x)- 6 =0 for all X, re if R(x)- 6 for all xS S

o | 29 _(B)

‘ On the other hand

g(a'z) = [(a°) ] g(l) -6

g(a”) - (a)Q(a) + R(a)
6= R(a) '

Let a = x . b= 2 ‘and = z? Notrng that (a - b)2
rmpltes a’> +b*> 2ab we see that oy
= e
(a+b+c) = a? +b2+c +2ab+2ac+2bc LR
’ <a +b2+c +(a +b2) j |
_ ~3u +M+cﬂ T S

n Therefore ng 3. Choosrng a=b=c > 0 shows nis not R

 less than three. IR A e

0w

’3w0—mnwmmv

“and TS of the regtxlar nonagon’
" have been extended

“"and. the circumscribed ¢ _;{cle has
' .been ‘drawn. Each side

éﬂ@réﬂT fﬂ;fi

)

In the adjolmng frgure, sides PQ,
to meetat R~

of the‘
nonagon subtends an -arc of

l o - -}
,53 m 60°.

: Srnce QS||PT, rt follows that both APRT and AQRS are
“equilateral. Hence -~

d= PT= PRIPQ+QR PQ+QS—b+b }N,t;

}3n‘“ 123
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e o orR
S S .Inscnbe the nonagon in a circle of radms r. Smce the chords
oo o0 of lengths a, b, d subtend’ central angles of 40° 80° l60°
T - respectively, we have y S
. a= frsm20°~ b= 2rsm40° d= 2rsm80° R

By means of the 1dent1ty oot

: smx + smy = 25mx ;ycosx;y

RTINS L x=40° y 20° CeTT T
©we obtain sin 40° + sin20° =2 sin 30° cos 10° Since "
4 sin 3001_ _l thlS ylelds o o '. L
sin40° + sm20° co_silof? ; sin 80"‘,5 :
andthereforeb+a—d. e T

K
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" 1978 Solutions

2 (C) Let r be the radius of the cu'cle Then its dlameter, cire L o
o cumference, and area are 2r, 2mr ‘and wr?, respectrvely The. -

gtven information reads %;‘F 2r Therefore 4= 4'rrr2' o _ :
: andthearears'rrr =1 L )

L

.

3 (D)(x—?l-')(y+ De@eopwen=s-y
4 (B)(a+b+c—-d)+(a+b—c+d)+(a—~b+c+d)
IS a+b+c+d)=2(a+b+c+d)—2222.

- D‘_

5 (C) Let w, x, y and z be the amounts pard by the fu'st second, .
‘ thrrd and fourth boy, respectlvely Then since' ‘

w+x+y+z—60
"w,= ~2—-(x+y,-t-‘z)==_5(60—, w) oo ow=207. e

"-x=.1‘(iv¥y+-z)=1(6oy—”x),. x=15 0 F

.-.0

%(w+x+z)——(6o y)“ y=12.

o Any of these,equatlons now,_yrelds 7= -_13{. ) ,

. - . e

- 6 (E) If ys% 0, the second equatlon unplles x=1, , and’ the first
- -+ " equation. then 1mphes y= £ 1. If y=0, the first equation ‘
1mp11es x =0 or 1. Thus we have the Sour drstmct solutlon C

‘ parrs( ,2) G-, (0'30) Lo . L

e
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7 (E) In the accompanyrng frgur )
. .vertices 4, and 4, of- the hexa-. -7’

. gon'lie on parallel sides twelve . .
inches apart, and M is the: mid-
@ 'pomt of 4,4,. . Thus ad,A,M "/
‘ : 1sa 30° 60° 90° tnangle, and A2 -

A’Az 2 RRTEVEIE N SR
e —-'so'A‘A e=‘4‘/§'.m.;a 1

[

8 (D) In the first sequence, it takes three equal steps to get from x
~to y; in the second it takes 4. Hence the ratlo of these step
‘ snzes is ,

P L T .l (y—x)/3
TR ‘»_b‘-bl (y--x)/4
9(B)Ix—\/x— |-|x— x-1|| |x—(1ﬂ—x)|

|—1+2x|—-1-—2x

o4
3

'-‘f./

10 (B) For each ponnt A other than P, the ponnt of intersection of i
- " circle C with the ray beginning at’ P and passing through A
- is the point on circle C closest to A. Therefore the ray ‘be--
ginning at P and passmg through B is the set of all points*4 -
_such that B is the pomt on clrcle o whlch is’ closest to
'pomtA o R A

11 (C) If the lme w1th equatlon x + y=r is tangent to the cxrcle
. w1th equatlon x2+ y? = r, then the distance . between:: the

pomt of tangency (2 %) and the ongm is t/— Therefore,

133
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' 12 (E) Let x. = ABAC 4(BCA y = ACBD £CDB and 2=
. . 4DCE = ¢DEC. Applying the theoremon exterior angles to
. AABC and AACD and the theorem on the sum of the inter-

ior, angles of a trnangle to,AADE yxelds o
' y=2x, V
Z=x+y=73x,

x+4(ADE+z— 180°,
- 140° + 4x = 180°, |
Cx=10° D

- A E

- 13 (B) Smce the constant term ofa momc’r quadratnc equatnon is the
product of its roots ' :

"b=cd, d=ab. .
, Smce the coefficient of x in a monic quadratrc equatton 1s‘ :
" the negatlve of the sum of 1ts roots, -
"',—a—c+d .—c—a+b . .
" thus a+c+d=0= a+b+c,andb d. But the -

~ .equations b = cd and d = ab imply, since b =d + 0, ..
~ that 1 = a = c. Therefore, b=d = =2, and I

a+b+c+d=—2.

: 14 (C) Smcen —an+b 0 ‘and a—(18),l n+8 we have
‘b—an—n—(n+8)n—n—8n~(80) .

. ,,*OR ' . SR
Thesumoftherootsofx -ax+b 01sa-(18) Smce"

~ one root is n = (10),, the other is (18), (10) = (8), =
Hence the product b of the roots is (8), * (10),, = (80),,.

'A monic polynormal is one in whrch the coeff' c1ent of the hxg,hest power of the vanablc l'

-

V.
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" 15. (A) If sin x + cosx = —;-', then cos x = —:l.; ~ sin x and

- cos’x'=1-— sin’x = (-5-—smx);

25sin’x — Ssinx —12=0, -

~*.The solutions’ of,‘2_5.§2'-4 55—12=0 are s = >4/'5 and s =
—3/5. Since 0 < x <, sin x > 0, so sin x = 4/5 and
- cosx = (1/5) ~ sinx = -3/5. Hence tanx = —4/3. -

A, are a pair that did not shake hands with each other. .
Possibly every other pair of people shook hands, so that.only - . ».
‘A, and A, did not shake with everyone else. Therefore, at .+

*most N~ 2 people shook hands with everyoneelse.

-~ 16. (E)': Label the people 4,, A,,.. Ay m such a' way that A4, and

17. (D) Applying the gi_\"eﬁ relatiop“,with x= 3/y "yield‘s‘) St

f( G ) = f((-};) +1ﬁ) ‘ __‘kz.;v i

AT (©) We seek the' smdlé} integer n such théi Vn — i1
< Si‘nce,“for p'oSitivq a,a <cif and only if ‘-E >‘—c-',
*we must find the‘_smallest integer such that R
——————=Vn +Vn—1 > 100.
. ’\/;f\l'n—_'l"‘ o BER

(. " since V3500 + /2499 < 100 and /2501 + Y2500 > 100,
o ' the-least such integer is 2501, S

" 19, (C) Since 50p + 50(3p) = 1, p'= .005. Since there are seven per- B
: . fect squares not exceeding 50 and three greater than 50 but -
_not exceeding 100, the .probability of choosing a perfect -

~ squareis 7p + 3(3p)=.08. © R
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+20..(A) Observe that the given relatlons |mp1y o o
a+b—-c+2= ‘bf-c+'2 a+b+c+2’.
. b T a o T*
"*thatls, ' . - .
,,a+b+c ‘a+b+c" a+b+c
= = .
S : b a

- These equalltles are satlsfled fa+b+c=0, in Wthh case .

~x=~1If a+b+c#0, then dividing each member -of
the. second set of equalities by a@ + b + ¢ and mh
recnprocals of the results ylelds a=b=c In that case x = 8 .

-2A1: (A) Since log, a = T(,gl'—b, (see footnote,on,p. 82), we see-that o
: r 1
Tog,x ~ log,x * logsx

= log,3 + log,4 + log,5

o i

- 193%6'0 - 10g60x o
\.' . ' ;
= 22, (D) Smce each panr of statements on the card is contradlctory, at
R most one of them is true. The assumption that none of the,
statements is true implies the fourth statement is true. Hence,
there must be exactly one true'statement on the card. In fact -
it is easy to verify that the thxrd statement 1s true. _'

king. the S

. 23 (©) Let FG bean altltude of AAFB and let x denote the length '

_of "AG. From the ad_Jommg flgure 1} may be seen that -

-

o . R "_D o
1+f AB_x(1+f) AN |
o 1+\/_-‘x2(1+\/_) 21:;
. _fnﬁ, .
=xz(1+{_)v.'l, 7:5}5- /3N

.

4 xG x5 B
The area of AABFIS : ' ;
l(AB)(FG) = lx2(1 + ,/‘),/* = h/‘

135
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- o 24':‘I(A) Lefla = x(y— z) and observe that the identity

B | o i(y"—z,)+y(zi—x)‘+ 2(x =iy) =0 |

implies oo o S

- _ ~a'+ar+ar2'§o;‘ }
1+ r+ri=0.

25. (D)‘:l"he boundary of the set ff points satisfying the conditiofis is -

shown in the adjoining figure.

26. (B) In the first fig'ure; K is any circle tangen’t‘tbv AB and passing |
" through C. Let T be the point of tangency and NT the di-

ameter through point T. Let CH be the altitude of AABC |
from C. Then NT > CT > CH with NT = CH if and only °

L ~ if N=C, and T-= H. There is such a:circle with diameter- -
' " CH, so it is the {unique) circle P. of the problem, shown in - .
* the second figure. By the converse of the: Pythagorean theo- -
- rem, £RCQ = 90‘,3;C thus QR -is also a diameter of P. Since .
" aCBH ~ AA4BC, —6£ = T86 so QR=CH=48"~

BN. .
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. 27 (C) A pos1t1ve mteger has a remamder of 1 when d1v1ded by any

: . of the integers from 2 through 11 if and only if the integer is

~of the form rt + 1, where t is"a nonnegative integer and

. m=723.32. 5.7 11= 27,720, is the least common multi-

. ple of 2,3,..., 1L Therefore, consecutlve mtege%wnh the™
T desued property differ by 27, 720 e

e

‘ 28 (E) Trrangle A A. A4 has verteX'
angles 60°, 30° 90°, respectlvely
-~ Since £ 4,A;4; =-60°, and
A4, and'A A5 have the same’
- Iength AA;A,A; is equilateral.

‘Therefore, AA;A,As has vertex X
"angles 30°, 30° 120° _respective-

ly. Then AA4,;A A, has vertex .= / N VAR

- angles 30°, 60° 90° respectively. - Ay A A

Finally, since. z(A AsAg = 60° 10 A4 2

~and AsAg and A5A7 have the- same . Iength AA5A6A7 is .-

o © . again equilateral. The ‘next cycle. y1e1ds four tnanhles, each
"' . similar to the corresponding triangle in the previous cycle. ..
o . Therefore AA, A, 1Apir ~ AAniaAnisAnss w1th A, and .

o A,,+4 as correspondmg vertices. Thus- .
S &AMA“A“ = ch4A A3 120° '

29 (D) Smce the Iength of base AA' ef AAA'B 1s the same as the

™ "length of base AD. of AABD, and the correspondmg altitude - o
" of AAA'B’ has tw1ce the Iength of the correspbndmg alutude e

of AABD, - - . v
o areaAAA'B'—Zal:eaAADB e
' o N : A bR
see figure on next page. (Altematlvely, we could Iet 0 be’ the. s
measure of z(DAB and observe o o -

- areaAAA'B‘ = —(AD)(2AB)sm(I80° = 0) :

: = 2[2 (AD)(AB)smo] = 2areaAABD )

e

Siifarty

.ar,e’aiABBx'C" = 2area ABA C, o
areaaCC’D’ =2areaaCBD, © o< -
- areaaDD’A’ = 2areaADCA:. R

Q
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" Therefore. - L
" area A'B'C'D’.
(areaAAA’B’ + area ABB'C')
- . ¥ (area ACC'D’ + area ADD'A')
& .~ +areadBCD . .
= 2(areanABD +. area ABAC )
+2(areaACBD + arc?_lADCA)
 +areadBCD,
-— 5area ABCD = 50

- %

30 (E) Let m, 5m be the total number: of matches won by women '
and men, respectively. Now there are ‘ . ;

" ﬁn{—ll matches bgtwgen wom_en, h_enr:é.won by vrorr'ie_rr.: L
h “There are | SN . L ‘a -
3"(—2%_—1)— =."'rr'v(>2n -'—‘-l) m_atéhes- vbétween _rrlen, herrce
" _won by men“Firially, theré are SRR
_ 2n+n= - 2n? _mixed matches of whrch
d C k=Tm n—(lz:l—) arewonbywomen and
“In? - k'— 5m— n(2n - l) by men
We note for later use that k< 2n2 Then
B Im 1n(n—l)+k _____l_ (n—l)+2k o
Sm’ n(2n—l)+2n -k 2. 4n? fn—'>1§’; o
i | 5n(n- 1) + 10k = 14(4n* = n = k), o
e 51n —9n—24k—3(l7n —3n—8k)—
| - 17n? —3n—8k -
P . ' 1771 _‘__ In G ‘. .eg.
i — ':v ° | %
¢ i . 138 -:
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-‘Smcek 2n2, it~ follows that 17n2 - 3n < 16n2 +50

<
n(n - 3)< ,n*<3,Sm_cekls_an mtger, F1lor2; o
g .iThe total nun;ber of games played was . o
' " - (3,,) 3n(3n-—l)w '
: Suppose that 7m games were won by women, and 5m games,
were won by men. Then . . B

7m + 5m = l2m —3'”—(31;—)

: Smce m is an mteger, 3n(3n -1) is ‘a _multiple of 24. But '
thxsxsnot true for n —2 4 6 7. (Itxstruefor n= 3)

end 3n(~3n— l)=24mk"f‘ ‘



R
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',’Z(E) Letx-n nz OThen_ |

SR figure Its area is

\
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1979 Solutlons

(D) RectanglewDEFG has area 18 one quarter of the area ofi.*';r;‘

. L
e rectangle ABCD
S . . S
2(1)) l'=-’y“x=_fx‘vy?__'ﬂ=_1
o Y xy Xy Xy o
3 (C) Since ADAEO 90°. + 60° =150° and DA =AB = A_E,‘.,T»'-
AAED—- (,————8 - 150) g |

(E) x[x(x(2 - x) n4) + 10] + 1 ;
S = x[x2x = x —4}+10]+1—x[2x —~x—4x+10]+1-,~
.f‘—x +2x«—4x +10x+1 ‘ :

' 5 (D) ’Ihe, umts and hundreds dlglts of the ‘desired number must. -

. clearly be equal. The largest such even three digit number is - -
898 The sum of its drglts is 25 : .

,‘6 (A) Add and subtract drrectly or note that

35 65 e
ettt o
_ _ 1 1 e Y-
e ’(1*2)+(1*.4)+ +(145) -7
: _.1_+_1_++L_1—__l
R VA7 S 7

(n+1) = n? +2n+1—-x+2»/_+1

8 (C) The area of the. smallest oy

region bounded byy= .\ e
 |x|-and x? +y% =4is - °
shown in ‘the" ad]ormng S

-—y,=.;|xt*j

—(7r22) =q,

149
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T

9 (E) ﬁf— = (22)1/3(23)1/4 = 22/323/4 A 217/12 _ 2l+(5/12) PR
: =2 25/12 12\[— : _ .

10 (D) Let C be the center ‘of
._ . -the hexagon; then the .=

- area” of ©,0,0,0, is

. thessum of the areas. '

.. of the three equilateral = -

© . -triangles 4Q,0,C,

- .80,04C, -AQ 0,C, -
each of whose ~sides
have length 2. The area -

~ of an eqmlateral trian-. -

" gle of side s is. 4s2t/_
Therefore, :

area Q Q2Q3Q4

11 (B) Summmg the anthmetlc progressnons yrelds
115 ~_ 1+3+- +(2n—1)
116 -, 2.+4>+‘ “+2n
L n? = n O
(a4 1) nE 1T

',-‘. 'hence n = 115;

S (B)- Draw lme segment BO and let x. and y- denOte the mea-

sures of £EOD and £BAO, respectively. OBserve that AB

='0D = OE = 0B, and apply the theorem on exterior an- .- :

gles of triangles to AABO and AAEO to obtamc e
xEBO chEO 2 y
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Wl AT

Smce the measure of an angle formed by two secants 1s half
the dlfference of the mtercepted arcs;” Ty N
S ___ _- x ‘_ 450 -_’,' o

RS

S

"" “

13 (A) Consnder two cases

e I 1 %30 theni y—x<\/_ it and. only 1f"-f -;:f
o y—x <x, or equlvalently, y<2x.. e

- & .
Case2 If x<0 then y—x<\/-_2 if and onlyrf
: : "-y»— x < —x,.0r equlvalently, ¥y < 0.

. The’ pairs (x, ) . T e
satisfying the- condi- o yﬂ o tyEXx
o A _tions .described in - : v /[~
oo either Case 1 or Case . .
Lo "2 are exactly the pairs .
- (%,.y) such that y- < S
- 0-ory <2x (see ad- ~ | ”] “

*  joining ‘diagram for .

R 'geometnc interpreta-’ ki
v e |||

‘A .

Note l Smce \/— |x|, the glven mequahty can be wntten

forx 0 .

y<x+|x| {0 forx<0

-

' .b = R and the graph of x + |x| is the boundary of the shaded
SR regronmtheflgure » , ‘ '
S Note 2: The given mequahty holds fx=1y= 0 and also 1f -

X = y = —l Thrs ehrmnates all chorces except (A)

' 14 (C) Let a, denote the nth number in the sequence, then
‘ Lo _ aaz""a,',""-nz
A e i
for n> 52 Thus, »the fu:st f1ve numbers in thgssequenw are

9 16 25 9 25 6L
14 dthedesrredsumrs 2t 16~

el
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15 (E) If each Jar contams a total of x 11ters of solutron, then one

_Jjar contams hters ‘of . alcohol and . 11ters of _
water, and the other Jar contaxns q‘i 11ters of alcohol .and o

p + i hters of water. The ratio of the. volume of alcohol to ‘

-the volume of water in the rmxture 1s then _ T s

p+1l - q+1 '=_p('q'+.l)+q(p-+.l)
- ( 1,1 )x AgxD+(p+ )

P17 g+ |
'p+q+2pg
ptq+2

. B -
°'_-\-‘ o :

16 (E) Smce Al, Az, A, + A2 ‘are in anthmetlc progressnon '
S A, -A,—(A,+A2) Ay, 24, —_A2
If r is the radius of the smaller c1rc1e, then ) ,
97r—-A +A2—3Al—37rr 'vr‘-_—\/i_:li

17 (C) Slnce the length of any srde of a tnangle is 1ess than the sum . v - o
" of the 1engths of the other sldes, . e R DR

A ., Cx <y—=x+‘z -.y—z-|— Xy whrchrmphes | x<-§-,

'y"-‘x_<x,+-z§y, o 'whchrmphes.y{x-+,‘%i

_-.z-y<x+y-x,__ whrchrmphes y>-2-‘

. -VTherefore, only statements I and II arl true




‘
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Y

.18 (C) Smce log,,a 1 gl 5 (see footnote onp 82)
R AT W [
logye3 log,010 log,02 699;15’ 7

" (The value of log,03 was not used )

- logs 10 =

o 19 (A) Since 25632 = (2“)32 225& the glven equauon is eqmvalent
to i . .

A B x?56. " Lk
SR o
A Axhong the 256 256th roots of 1, only 1 and -1 are real
o v Thusx-20rx=—2 and22+( 2)2_8

20 (C) Letx—Arct‘ana andy Arctanb R Cox
S @ morn=2
S (tanx+ 1)(tany+ 1)—

tan x '+ tany =, 1 - tanxtany, -
SR AT 1 tanxtany e,

‘ The left hand 51de is tan(x + y) so .
x+y= Z —Arctana+ Arctanb

® -

tan(x +‘y):= i

. . -‘ OR i ) "‘ '\‘.
- Substituting'a = 3. in the equation (a + 1)(b + 1) = 2 andi -
solv1ng for b, we obtam b= 3% Then . - .‘

L 3 tanx+t§ny _ catb _ %:'+
h

' tan(x--i-.‘y) 1- tanxtany - 1 - ab =L

- o [

T -

‘ +y=—=. A
' S0 X y 7 |

N ote: x + }’ cannot be. (w/4) + nw for a non-zero mteger n be-

cause 0<x,y< 7;-/2 , B

L

21. (B) In the ad_]ommg flgure 0 is the center of the circle and x, p.
are the lengths of the legs of the’ triangle. So - O

he(y=r)+(x=r)
T —X+y_2'f’_ i
@
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The area,of AABC is the sum of the areas of triangles 4OB;
BOC and AOC;: whose altitudes have length r. Thus T

|ar_ea .AA_BC— —(xr +yr +hr) = —-(x ty+ h)
e —(h+2r+h)-r(h+r) L

‘r2- r

X . :
hr+r2 h"*"t

) “* - Thus the 'rle'Sir__ed ratio is

Note Alternatlvely, the area of AABC 1s.

R

L 1 (xHy) - (22 +y2)
LT :zxy 2 2. |
B R =z[(h+2r) —h]-hr+r P

°.
o

‘ 22, (A) The left . member of the given equatron can be factored into .
: m(m + 1)(m + 5) and rewritten in the form .

m(m + 1)(m +. 2 + 3) =m(m. + 1D(m +’2) + 3m(m‘+ 1)

- For all integers m the f1rst term, is the product of three -

consecutive integers, hence divisible by 3, and-the second -

“ 7. term is obviously d1v151b1e by 3 So for all mtegers m, ‘the left v S
S srde is divisible by 3. BN
# - The right ‘side, 3[9n* + 3n* + 3n]+1 has remamder 1.7

" when divided by 3. Therefore there are no mteger solutlons of", ;
o the glven equauon : p

~ F

]

e
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23, (C)

24, (E)

~ show this we consider
_ -eqmdlsta.nt from A A b B ' :
~and ‘B, §is the plane pe endlcular to AB through M
_ Since C and D are equidistan{ from A and ‘B, they lie in . * -
- - S, and so does the line through C and D. Now M is the =

‘ - foot of the perpendlcular to AB from any’ pomt Q on CD R ;:
A‘Therefore, 1f P is any pomt on AB S Pl ot

| tains AB. In partlcular MN LCD;: thus

‘.-»Q.;By tra.nsmvuy, MN < PQ unless P M and’ Q “N.. ThlS; e
proves the claim. ' '

' see flgure» Smce ;

- THE MAA PROBLEM Booﬁ’ v,
Let M and N be the P

midpoirits of AB and ..
CD, respectively: We. "~ .-

% claim that M and: N .~
‘are = the "~ unique -
- choiceés for P and Q -
'which minfmize the .

distance PQ. To -

the set S of all points,

: , MQ<PQ unless P= M v
Sumlarly, the pla.ne 1hrough N perpendlcular to CD co

)

‘i-.‘o::’ "MN <MQ unless Q N.

ompute * ‘the length of MN we note’ that MN 1s".y :
ude of- 1sosce1es aDMC with sides of lengths y/_ /2 S
L. The Pythagorea.n theorem now y1e1ds :

'MN \/(MC) (NC)

Let E be the mtersectxon-..of ~lines AB a.nd CD a.nd let B: :
and 6 be the: measures of 4EBC a.nd .{ECB respectlvely,

cosB = —cosB = smC— sm0

" B + 0 90°, 50 .{BEC isa nght angle,’ a.nd

BE BCsm0—3 CE BCsmB 4

,Therefore, AE =1, DE = 24 and AD, which is the hypot- S

enuse of nght tnangle ADE s \/ 7% + 242 = 25
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"‘;El.j ‘ c .20 S ‘_Dv

25 (B) Let a= Applymg the remamder theorem y1elds rI

a®, and solvmg the equahty x® (x - a)q,(x) +r for

g "ql(X) ywlds

P R
- .81 8
| X —a- 7 6 40 A7
x)= = . e e
- »q,(v) Y —a Ix +ax,.ei- :+a‘- N
"o, by factoring a difference of 'séluares three times, .

a(x) = (x* + a*)(x? + a®)(x + a)]-

Applying the remarnder theorem to determine the remaxnder

L when q,(x) is d1v1ded by x — a yields
) _1_
us, there is another

'_°
»di
a
'v
i
00
ﬁ
i

|

—

Note For solvers famiha: gl
‘way to find ¢,(a). “We W& e the 1dent1ty x°
o (x - a)q,(x) +r with’ respect‘t6 X, obtammg :

-8x = ‘h(x) + (x - a)ql(x)
Settmg x=a ylelds 8a7 = q,(a) : A

‘Substltute X, = 1 mto the functlonal equatlon and solve for
the first term on the right side to obtain

f(y +1)= () +y.+ 2.

2,3,4,.:, that f( ») > 0 for every positive -integer. There-

A the above: equatxon for f( y) yxelds :
“f(x) = f(y +1)~(y+ 2)

 _tion yields . f(0).= —1,. f(=1) = "2 f(=2) =
L f(=3)==1, f(=4)=1. Nowf—'",)>0 and, for y <— 4

A =(y:+2>0. Thus, "fo f(y) > 0

8 _

V-

Smce f(l) =!1, one sees by successlvely substltutmg y=

' -‘fore for y a positive -integer, f(y + ) >y + 2>y + 1,
and f(n) = n has no solutions for integers n > l Solvmg o

Successlvely ‘substituting y = 0, — l, =2, mto this equa-' K

-4, f(y) > 0. Therefore L
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f(n)7é n for n< —4 and the SOllltlonS n=1\—2 are the
~only ones o S ,
% ' - OR. -

We write the functlonal equatlon in the form :

AR = 10) =)+ 1 \

| Settmg x=1 and usmg the given.value f (l) 1, we fmd

f(y+1) f(y)y=y+2.
: We now set y=10,1,2,...n successwely, then y =

y =2 —m successnvely, and obtam o
.y ”f(l)_—f(O),>2_(50f(0)——l) S (T 1)=!1\ _
T f@-fm=3 (G === \

................................................

)= f(n=D=n+] f( (m = 1) = f(~ m)'=—(m 2.

. Adding the set of equattons in the left column and cancellmg ' '.

" like terms with opposnte signs yields = 1
. : n+

f(n) f(O) 2+3+ +n+1——1+ Ti
oo l—l N

Recalhng that the sum of the fu'st k posmve integers is’

lk(k +. l) and using the value fO)= -1, we obtam '

. o fm 1= ———(”*‘1)(””) 1,
B O OLE s +3n—z)
for each non—negauve integer n.' PR,

~ negative mtegers, thus (1) holds for-all integers. -
"~ _The equatlon f(m)=nis eqmvalent to .

m ¥ 3m-2=2m "‘i",";'. .
. n+n—2_(na+2)(n__l) 0
. “n=1] ) or'_‘\.} ”';"—2

0 there is only one mteger soluhon other than n= l

Note 1: The computauons involving: the equattons in the nght

‘column abové ‘can be: avoided by settmg y=—xin the

ongmal equatxon to. obtam -
S(x) +f(—x) f(0)+x —1

' .'or since f(O)—- —l ¢

v

- The same procedure applied to the column of equatmns on’ o
the nght above shows that equation (l) is' vahd also for

[

(2 - f(x) —f(—'x) +x2=2 e
for all x Let X be negatlve and substltute (l) in (2) to get

v o

i/ )

o

440
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() = —4[(=%)" + 3(=x) 2]+ x2=2= (x4 3x-2).
Thus negative integers as well as posrtrve satisfy (1) In fact, it
s easy to check that the functron ' ,

2+3x

| ] (x) = Tt
satrsfres the glven functronal equatron for -all redl x and y.

Note 2:.The techmque used in the second solution is frequently
. applred to solve many commonly occurring functional equa-
tions 1nvolv1ng the expression Af x)=f(x+1)= f(x)
Af(x) is called the “first difference” of f(x) and behaves,

in many ways, like the first’ denvatrve f (x) of f(x) For

' example

, : x2 -
,f’(x) =x+2 'implies-j f(x) = —2- + 2x + ¢
x(x 1) '
o Af(x) =x+2 1mp11es f(x) + 2% * ¢,
v P
S where cis a constant The study of functrons by means of
Af(x)is ca.lled the theory of frnrte drfferences ¥ S
. . .

'27_.'('E) These six statements are equrva.lent for irtegers b ¢ w1th
. - absolute value at most 5:

(1) the equatron x? + bx + c= 0 has positive roots,
(2) the equatron x24+'bx + ¢= 0 has real roots, the smaller
- - of which is positive;- -

(?) Vb? — 4c¢ isreal and —”b b2 4c > 0
(4)0 b2—4c<b2andb<0 :
() 0<cx 24— and b <0; _j":
" (6) b= —2and ¢=1; orb——-3andc—lor2 or- ..
. b= —4 and c—l 2 3or4 orb— —5 and c—l 2,
_3,40r5. .
The roots corresponding to the parrs (b, c) descrrbed in (6)
will be distinct unless b? = 4c. Thus, deleting (b, c) =
(-2,1) and .(—4,4) from the list:in 6. yiglds the ten parrs'
; resultrng in distinct posrtrve roots. .
oo 1o _ 11I. - :
. _The desrred probabthty is then 1 - . 112 _T2_1 . .

4

4

- o 1Some references to this theory or to the theory of more general functional equauons
are: Finite Drfferences by S. Goldberg; “Functional Equations in Secondary Mathe-
;naucs" by S. B Maure:. an artlcle in The Ma!hemancs Teacher, April 1974. .
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28 (D) Denote by A’ the analogous mtersectlon pomt of the c;rcles .
- with centers at'B and C, so that, by symmietry, A'B’C’ and
- ABC are both’ eqmlateral tnangles Again, by symmetry,
- AABC aiid A A’B"C’ have a common centroid; call it K. Let:
* M be the midpoint of the line segment BC. From the trian-
gle A'BC we see thatq the length 4’M = Vr* = 1.Since cor-,
' respondmg lengths'in. similar tnangles are. propomonal
’ - .»"‘.: C . ICI - rK .
: BC AK
Smce equllateral AABC has sides of length 2 we fmd that.- , .‘

B'C' = 2ﬁ£ and also that altitude AM has length ,/’

S AK.
L Consequently . T - T
T Ak = 3AM=’3 T, MK= ~AM = 1\/3
3 AGEI 3 A= 34 ;
: - and , o L
e :\;%_xx'. . AK=AM+ MK ( /3)
SRR : A e

ICI

2(x/_ /3)

L ) I'Th“s . ' o
. - o IJ\/ / _ u‘/ +(\/_/3) W*‘l
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) 29 (E) By observmg that [ -i-——- ,l-'¥ 'x,'6_;+7'2‘+ —L, .Q'nej s
Shothat e N RN

‘/— _ ) =x4 — =2, -wehave 2 <

Jand f(x) = 3(x +. 1) Tias aﬁminimumC.lue of 6, which is) Tl

30 (B)rLet F be the pomt on the RO
.. extension of side AB past . .
X " B for which AF=1.8ince - -
| AF = AC and £FAC =..
R j60° AACF is - equrlateral s
. .Let G be the point on line
.. .. segment BF for which::
Y ... £BCG =20° Then ABCG-."
~is. similar, to ADCE and -~
. ' IBC#2EC). Also aFGC
71 - is congruent o AABC A
Therefore

R areaAACP— (area AABC+ area AGCF) + area ABCG

T = 2 area AABC + 4 area .ACDE
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.4._"

| 1980 Solutlons &

- 1 (C) Smce -1—0—0- = 14 + = 2 the number is- 14

. 3@2 (D) The hrghest powers of xin the factors (x + 1)“ and
CER (X2 + 1) are " 8;and 9, respectrvely "Hence, the hlghest*fi'
= power of x in the product is 8 +9=17 . S

3 (E) If +y : 3,then

6x“3y 2x+2y,
‘_4x=

Ry W
‘i“-”.y
o

é{r;{

_/-7 ':j ]
‘ e

_ 4 (C) The measures of angles JCADC 4CDE and 4EDG are 90° |
s o -60% and’ 90°,' respectlvely Hence the measure of AGDA is

360° = (90° '+ 6Q° + 90°) = 120°

-

5 (B) Tnangle PQC rs a 30° 60°“ 90"b rrght trrangle Smce .
. AQ=CQ oo

o . 6 (A) Smce x is posrtlve the followmg are equlvalent

e

4

Cx <2x, qc<4x , l<ds o x<x x>:11—

7 (B) By the - Pyth agorean theorem, dragonal AC has length 5
0 %y Since 5% + 122 = 13%,'ADAC 1%a right triangle by the cons =
s U verse of the Pythagorean theorem. . The ‘area of ABCD is -

( )(3)(4)+( )(5)(12)-36

' M
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: 8 (A) The glven equatlon 1mp11es each of these equatlons

. .’ . ab. .‘-a+.'b’-'
(a+b) =='a.b,
«,]a +ab+b2 0.

, f,_‘ v a+b 1

Smce the last equatlon is satisfied- by the pairs- (a b) such-: o

that a = 4[—b + V ~3b?], and since the only real pair among
* .. these'is (0,0), there are no. pmrs of real numbers satlsfymg
the ongmal equatlon g .

9 E) As shown in the adjommg flgure there are’ two’ P0551b1 ¢ " L

startmg pomts therefore x 1s not umquely determmed

o P0551ble startmg pomts
150°\ - \/5 \ : /\/—
TR 3 \ \/ o

10 (D) Since the teeth are all the same:size, equally spaced -and’ are .
" meshed, they all: move. with the same absolute speed » (v is

- . the distance a_point ‘on "the circumference moves. per unit ofv_

©. time). Let ‘a, 'B,y be the angular speeds of 4, B, C, respec-.

o tively. If «;°b, ¢ represent the lengths of the crrcumferences of - ,: o

. A B, C respectrvely, then -

= e o2 m—— v

n' ', - o By

: a .b- ¢ _
" Thus the angular sbee'cls’.%re mthe proportion - . -
S dh :

o Smce a, b c are proportronal to x, y, z, respectlvely, the
' ,angular speeds are in-the proportnon SR

o o x. y R
e Multlplymg each term by xyz y1elds the proportlon
oo yz xz: xy

o (_ LI L Ak T L i

o SOL'UTIO'NS‘, 1980, EXA-MINATION’ el
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S 11. (D) The formula for the -sum S of n terms of an anthmetrc:f
- progressron, whose - ﬁrst term is a- and ‘whose common d1f- .
. .' ference is d 1s 2§, = n(2a + (n - l)d) Therefpre

200 = 10(2a +9d),
20 =100(2a + 99d)
2s,,0 = 110(2a + 109d)

Subtractmg the f1rst equatron from ‘the second and d1v1d1ng'

by 90 yields. 2a + 109d = ~2. Hence 2s,,0 = 110(-2), ,so"

S“o = —'110

“12 (C) In the adjmmng frgure, Ll :
- and Lj intersect -the - line .
“:x='1"at B and -4, respec--
- tively; C is the intersection - . .. :
of -the line 'x =1 with-the.

x-axis. Since OC =1, .AC:.

° _1s the slope of L, and BC
» ..=is the slope. of L. There- -
~fore, AC'= n,*BC ='m,

and ‘3n. Smce OA

'is aﬁ%rgle bxsector s

and dB;s:«’.-“

'»‘,_By the Pythagorean theorem l + (4n)2 = 9 \-1,=__€—2_
.,/Srncem 4n mn'-4n —‘2 e R

Let 6, and 02 be the angles of mclmatron of lmes L, and S

- Ly, respectrvely Then m = tan0 and n = tan 02 Smce 8, .
_‘—-20 andm 4n o S

4n—- tan0 —~tan202

2 tan 02

_A ai

l - tan20

=m0

o '-T'hl‘ls '

e 1= n?

lo&

‘ and 4n(l - nz) = 2n

Smce n + 0 2n = l and mn, _whrch equals 4n 1.,2“ "‘,’jf;‘:f:_'.'.‘
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b lr -

e
l3 (B) If the bug travels mdefrmtely, ‘the algebrarc sum of the

. horizontal components of its moves approaches i‘g the lrrmt
.of the.geometncsenes R R
T IR R
l“w'fle S ‘1_( o
Srmrlarly, the algebrarc sum of the vertrcal components of 1ts
_ . moves, approaches I ‘ . .
T
ciee o T ET2TRYRUT
;’Al’herefore,' th'e"lbugw,'r'll ge't.arbitr"arily closeto (4,%).

."'__'sequence w1th aI = l and r=i/2. Itssum is-
T 4w2i 4 2, -
Z a; = '

l—r: 2—-1, ’ 5‘ '_:§+_5_'

I'-l

In coordmate language, the lumt is the pomt ( 3 5)

Note The flgure shows that the '{ ;' R ‘{ :

- .: limiting' position (x, ) of. ST %["‘"'

' ",,"’,’f. - - the bug satisfies x > 3/4, R
Loy >3/8. “These’ mequalmes '

. alone prove that (B) is the . - - o
correct chonce RN BRI SR

Y R

;Mwmr@mﬁfeé,

R 2(-2—xT3-) +13 20x + 6x + 9 _

- which impﬁes gzc +6)% + (9 — c2) =0. Therefore, _2c +6

L —0 and 9—c __lyThus, c= -3 o
R OR

o

own mverse Thus, if . .
y 2x +3

o {:"-_1s solved for X asafunctton of y, the resultwrllbe x —f(y) L

. L e

RV N

The hne segments ma be regarded as a complex geometrtc oo -

- 7"The condmon f [f(x)] =x says that the functton f(x) is its. T

:5155:f%;%5ff??¥¥i
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3 “ Indeed we. obtam

2xy + 3y —cx = O : x,'(2y;—"c‘)' = j-.féaly,‘ Lo

. ‘_ e B . . . whlch mplles c - —.3 .l : . ., : . . | ‘
Note In order to form f[f(x)] we aSSllmed that 1f x@— 3/2 v ‘f":':j'

" then f(x)y+# — 3/2. This assumption can be justified ex post:. - "
facto now that we have found ¢= -3; mdeed 1f : T R

e then 6x = 6\3: + 9, acontradrctlon v

15 (B) Let m be the pnce of thei 1tem in cents. Then (1 O4)m = IOOn
" Thus (8)(13)ym = (100)2n s0m = (2)(5)4 13 . Thus m is an‘
mteger if and only if 13 dmdes n. N RN

- 16 (B) The edges of the tetrahedron are face dlagonals of the cube
IR Therefore, if .5 is the length of an edge of the cube the area .
of. each face. of the tetrahedron is G

(S\/— )2f

and the desrred rauo 1s ’

17 (D) Smcet —1,, . R .
' (n+t) = n* —6n +1+x(4n —4n) -
BRI -f:iThls is real if and only if 473 — 4n'= 0. Since 4n(i? —iy=
.0 if and only if n =0, 1, — 1, there are. only three values.of - .
~n.for which (n'+ t)4 is' real; (n + 1)4 is "an mteger in. a11f_ -
,_three cases. . - . :
18 (D) log,,smx =a; smx = b7} smzx = bz" cosx = (1 = b“)‘/2 . ,.v‘.f‘

log,,cosx ' log,,(l bz")

15b
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19 (D) The adJomrng ftgure is drawn and labelled accordmg to the
- given data; We'let r be the radius; x the drstance from ,the
".--" center of the. circle to the closest ehord; an .the common - S
~~ distance between the: chords The Pythagorea theorem pro- Lo e T
' v1des three equatrons in r, X, and y ' : o T
' j-— x? + 10%, '
,--(x+y)+82
| r=(x+2y)+42
' "Subtracting the ftrst equatton
_ ,ffrom the second y,elds g g
i \0 2%y +5> - 36
,' an’d‘"ﬁsubtracttng “the second
equatton from the third ytelds -
o O=2xga 32 -4
) .Thns last. pa1r of equattons y1elds 2 y '-—‘12 = 0 thus o
. o \y \/3- andx—15/\/— Flnally o EEREIE
20 (C) The number of ways of choosmg 6 coms from 12 lS ‘
P TN
. ( ¢ ) 924
o [The symbol k denotes the number of ways k thtngs may :
.. be selected from'a’ set.of n drstmct objects.] “Having at least - ’
'50 cents” w111 occur if. one of the followmg cases ocours: . .. L
(1) Six drmes are diawn. - (‘%

(2) -Five dimes and any other coin are drawn. -
(3) Four dtmes and two mckels are drawn

The numbers of ways (1), (2) and (3) can occur - are‘

(g),(g)(?) and (2)(;) respecttvely The desrred proba- S ;
'b111ty ts, therefore, s ‘ . S

T ey eV 4 . (6)(6) -7- K
e T (6)‘*(4’)(2)*(5)(1) 11
s T s 24

. . T TR .
e Lol P .
. L s
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‘ 21 (A) In the adjommg fxgure the hne segment from E to G the
s mxdponnt of DC, is drawn. Then ‘ v

"-areaAEBG : ( )(areaAEBC) o ° R

B ‘ar'ea A‘MBDI"-' = ( )(area AEBG) = ( )(area AEBC) /

(Note that since EG connects the xmdpomts of sxdes AC s
and DC in, AACD EG is parallel to AD) Therefore /

»area FDCE - A,
( )(areaAEBC)

. and o \
. o areaABDF 1 o e o
" ‘areaFDCE 5’ B S b -~ .G

The measure of 4CBA was not needed 4 I

J
v
-
!

9 . !
22 (E) In the adjmmng ftgure, the graphs of y = 4x + 1, y=x + 2
‘and y = —2x + 4 are drawn. The sohd line| represents the
., graph of the function f. Its maximum occurs at the intersec-
tlonofthehnesy*x+2 andy-— —2x+4 Thus R

23 (C) Applymg the Pythagorean theorem to ACDF and ACEG '

o B ~in the adJoxmng flgure y1elds _
R 4a® + b2* = smzx,
: E ', a® + 4b* = cos’x.
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Adding these equatlons, we. obtam B :
R S(a + bz) = smzx + coszx =1..
N Hence I ‘B S o ;' A
AB= 3\/a +o N 'g e
] 1 cmnnne -rem) “ '. L .

L \/_ 1."‘a 7 ."T'/'Eésf'f'."f . R

c

24 (D) Denote the ngen polynomlal by P(x) Since P(x) is lelSl- '. ‘ o
ble by (x - r)2 we have, for some polynomlal L(x), S i L

P( )= (x—r) L(X)

and since P(x) is °,f degree 3, L(x) is .of degree 1 say /..
L(x) = ax.+ b. So. we have the 1dent1ty : A

8x —4x -4 +45—-(x2 2rx+r2)(ax+b)

In the nght memb T the coeff1c1ent of x3 is a, and the

» constant term is br®. Hence a'= 8, ‘and br ——45 or. b—-'
45/r ) and the 1den 1ty becomes B e A

8x - 4x - 42 + 45 = (x ~ %rx + rz)(8x +£)

R Equatlng coeffxclent of x and x, we obta1n

B ——16r+ =4, 8r —-9;9_' -42
Multlplylng the first equatlon by 2r and add1ng it to the‘ | S
.~ second, we have _ ' _ o : //
: C12r2 - 4 ~21= (2r - 3)(6r + 7) : /
so that r-—3/2 br r= —7/6 Now P(3/2) o but
P(— 7/6) + 0 We conclude that r= 3/2 =15 _

N “‘du,




i s S CoR |
E For solvers famxlnar wnth calculus we 1nc ude the follow-_"‘

,: - ing; alternatnve By hypothesrs Bx3 = 4x2 = Mx + 45 =1 "
- v8(x - r) (x1 - s) anferentnatlng both sndes, we obtann E e

24x - 8x —42~ l6(x— r)(x —-s)+8(x— r)

: Settlng x = and dividing by 2, we get 12r - 4r - 21 = 0
o From here n the solutlon proceeds as above ST

25 (C) The glven formatnon 1mplnes that a > a,,_l if and only 1f g

. 'n + ¢ is a/perfect square. Since a3 > a, and ag > ay, it fol-:
. lows that 2.+ ¢ and 5 + c are both squares. . The ‘only
.-squares : dnffenng by:-3-are.l and 4 hence 2 +eo= l ‘SO
e=-—1 Now .

~3-b[,/§”+'?]+d b[t/"]+d b +d.

' 'Hen;e b fc+d=3- 1=2. (Although we only needed to
finig " b+ d here, itis easy to see by settlng n= l that d= f, 7
And hence b = = 2.) : S

Not The last member of the k-th stnng of equal terms occupnes '
the ‘position 1 +3 + 5+ <o+ 2k —. 1'="k? in "the se-
quence Its successor is akz_H = akz + 2. Therefore '

// T - WH], HE—

50 c-'—-l and b 2

26 (E) A smaller regular tetrahedron cnrcumscnbmg Just on¢ of the R
~if — balls may be formed by’ mtroducnng a plane parallel to the ..~
. horizontal face as shown in-Figure 1. Let the edge of this
“ tetrahedron be ¢. Next construct the quadrllateral C,B,B,C;;.
where C, .and C, are centers -of two0f-the ‘balls. By the:

. symmetry . of the ball tetrahedron confnguratlon the sndes'
Gy B, and Csz are. parallelande ual. It VT

B T ,Thus, s=t+2, and our problem reduces to that of de- . =‘
B e ternunnng . -

\ S »_ .’
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" less than the length b

a "'Fig:nre 1 \

In AABCl, in Frgu(r;g_)\Z AC, has a 1ength of one radrusvv

. tetrahedron; and AB Has-length %(v3./2)t, since B is the

altitudes DB and AE of the smaller '

. center” of “a face. Applymg the: Pythagorean theorem to. e

. .'AABC, ylelds. A ‘
oo ,‘1> -1 _[3.;'2;

, : an;l applylng the Pythagorean theorem to AADB y1e1ds

' Solv1ng the second equatlon for b substrtutrng this value for .

b in the first equation, and solving. the resulting equation for - o

‘the. positive value of t ytelds t= 2\/_ ‘Thus s = 2 + =
2+ 2/6. , R

" OR.

" We. first-consider the regular tetrahedron T whose vertices

- _are the centers of the four unit balls and calculate the distance = -

d from the center of T to each facépWe then magmfy T so -
 that the distance from the center to each face is increased by

1, the radius:-of the bal]s, We thus obtain the tetrahedron T

A whpse edge length ¢’ is to be determined. Since T and 7’
'aretsunrlar,‘ and since the edges of T have length 2, we have

.-

161,



: o .o e,
o Ez""d‘f}l DR
: ‘We,‘c‘ar'ry out this pfan by.pla‘cing'the ,,'cént‘é.r‘_ of T at the
‘origin of a thre¢ dimensional coordinate system‘and «denote
the vectors from the origin to the vertices by ¢i; ¢z, €3, C4» .
- and their common length by ¢. Since ¢, + ¢, +.¢; + €4 = o0,
. (2) | o "' € =‘°‘2“+,‘53 +.4‘-‘4‘-_,'-‘ L o
| ‘Taking the scalar product of both sides with ’c,_,,.yie'l'ds S
L =g G= =gy e+ e + ¢, . C4 ='_3¢9cos g,
~where 6 is the angle between é, and c;, i # j. Thus '
T S
The squére of the léngth of ah_ edge'of » T 1s ' -
ley —..c'§|2-7—-1 4 =2c? —"2(.:2cc_>50 = 02(2.+ %—) = -g-cf,
L v : o , '
(N =320 _ :
~ 'Now the line from the origin{pérpe‘x'ldilt:ulaf to a face of T
g goes through the centroid of the triangular . face. -So the

- distance d is the length of the vector 1(c; + ¢; + ¢4); by (2) -
. vyehave,_v : o e B

L el
. _‘ Supstitu ing 'for;_.,,c from (3), we obtain . - | L

R R P (VO VP RR LR '

C o Finally, from (1), . . .

| CRASSIVALRAN Y S

R | S VA (I

. " .- Some solvers may be familiar with. the fact that the alﬁtudes .

of ‘a regular tetrahedron intersect at a point 3/4 of the way .
from any vertex to the center of the opposite face." Given this -

I
{
|
i
|
f
! .
| .
|
e’ =2 J
., i
1

@k This can be proved by finding the center of mass M of four unit masses situateé at the
Vertices. Irgfinding M, the three masses on the bottom face can be replaced by a single

% mass of 3 units located at the center of the bottom face. Hence M is 3/4 of the way .
" *from the top vertex to this latter point. The result now follows by symmetry. . © |
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»

fact, it follows that the altntude DB of thc small tetrahedron |
o is 4, From AADB we fmd ' . '

23 o <

2424 2V Lo .

: t*=4 (3 1). l6+ 3 -

\ Henqé':.‘;%-tz =16, or t = ﬁ =. 2\/— - ’

J‘} Sy |

27 )Leta— 5+2f13 b= 5—2¢‘§ andx=a+b Then‘
x*=a +3a2b+3ab2+b3 '
x}=a’ +b3+3ab(a+b),

X3 =1o+3 ~77 x.

The last equatlon ‘is equlvalent ‘to x>+ 9x ~ 10 = 0,"or
(x - l)(x +x+ 10) = 0, whose only real solution is x =1,

28 (C) Let f(x) = x* +x +1 and g,,(x)- xz" + 14 (x+ 1)2"
‘Note that (x = 1)f(x) = x>~ 1, so that gie zeros of f(x)
- are the complex cube roots of 1 s

K w= ; +, -‘[2-5— cos 1207+ 151n120° = e”’/3 S
a :‘w’.=-" —% —. -‘[2—:-;—1 = c05240° + zsm240° = ’2"/3 W

L
Note that” :

o

| & = () =1,
Now g,,(x) is* dmsnble by f(x) if and only if g,,(w)

g, (w) = 0. Since w and «’ are complex conjugates, it -

sufflces to determme those n for which-
- . g,,(w)—wz"+ (o + 1)2"+ 1 ~0
o m&. that B :
1, V3, in/6,

\ ¢ w+vl='5 2t—e

"\ *The polar representation of the complex number a + ib is r'(cisg:ﬁai's'in 9), where

‘ So (wH 1) =eP=0.

' \\r'n va*+ b2 and 0.% arctan%. For brevity, we set cos@ + ifinf = e? 0 in -

: T‘:radmns Note that e/2k" = | for all integers k. This exponenual fotation is not arbi-
trary Complex powers of.e are defined as’ e"*" = ¢% (cos §+ isin 0) for all real «
: and 0. , - : -

163
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n-is-8 multiple of 3, sa)"?’ = 3k, wehave. -

(@) = o+ (0 + D%+ 1m L 1\ I3 0.
R . -~ Suppose n'is not a multiple of 3. . : ‘
v . If n=3k+1, L

LW = ;.;6"”‘ = w?, ‘ (w +' »1)2: = " =w3k+l -
-~ and o ' < o
o é&m(ﬁiﬁé? +w+l=—1+1=0,
CMm=3k+2 . N

L . -
T I

=kt sy (0 1) = @k =

S , A o gda(@)= et WA 1=0 /
- . LA e ) . ‘ , . - .
BT . Thus g,(w)+ 0 if and only if n.is -a ‘multiple of 3, and
- T g, (x) fails to be divisible by f(x) only in that case. S
ﬁA___,, PR _,,_, . -OR - BRI
A L R “ Both of the given polynomials have intgger coeffi ienfs, and
: s - x?+ x + 1 has leading coefficient: 1. Heheg if C '

) e )T = () x D),
N ) then 'Q(x)_’ has integef"c_oéffigients'.' Se.tting x'=2 in (i),'we o

‘obtain ‘
. T4 =0(2) T,
~ which shows that 7 divides 22" + 1 + 32"‘."H'oweve1.' if n is
" divisible by ‘3, both 22" and 3%" leave. remainders of 1
" upon -division by 7, since 26% = 64*>= (7.- 9 + 1), and "
- 2% = (T29)k = (T- 104 + 1)%; 5022 + | + 32" leaves a
:® .- remaindef of '3’ upon division by 7: : L

e

S S

" > Note: The second solution, unlike'the first, does not tell us what
- . happens when n is not divisiblé by .3, but it does-enable us N
. . to answer the guestion. We know that only one-listed answer * '

* . is correct, and (C) is a correct answer since 3 divides 21. . .

e . h ) Co * ‘;;:'

o]

P
L)
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L e o . . .

29 (A) If the last eguatlon is multrphed by 3 arid added to the f1rst _
R equatron we obtam . R R

Jax? +2y +23z\/_ 331 \ Ny e

;‘. . . P \‘
! Clearly 2% is odd and. less than. 25 50 22\— 1 or o, Thrs
leads toathe two' equatlons St \ L,
- B S L A
and o . ', ’ LR : N d

h 2xi+y = 62 "j,:f A ':"4'_ -

\, both of whrch are qurckly found to have no solutlons Note'

“that we/ made no’ ‘use here of the second of \the ongrnal-
equatrons Tl e [\. ‘

- Addmg the glven equatrons and rearrangmg the: terms of the
resultmg equatlon yields QI',_L W | '

(x = 2xy +y2) + (y + 6yz.+ 922)\/?,1—75 . N

)

-

Y The‘square of an even mteger is divisible by 4 the square of " o

.an odd mteger (2n + 1)%4 has remainder '1: when d1v1ded by : - .

-4, Sor the sum. of two pérfect-squares can -only havée 0,1 or 2 o
as.agemairider when divided by 4. But 175 has remainder 3

‘upg;?dmslon by- 4,

d hence the left and right, sides of ‘the’ ERR RS

--equalion above gannot be equal Thus there are ‘no mtegral Ly
; solutrons N S : x T \ -
S / Sl > -
,0 (B) /That ‘N'is squansh may be expressed algebramally as follows ' , -
¥ there are smgle drgrt mtegers A B,C, a,b,c such that e

’0. N

RS

i gh of A, B,C. exceés s»r,'}.;’ and so a and ¢ are pOSl-
“_ce' 102192 +C% < 104 e can wnte :

s ‘
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044 (107 »1o'b+c)—1o“.
= 103(2ab) + 102(b2 + 2ac) + 10(2bc) +c?

. Smce M ‘has only four dlglts, 2ab < 10, which- 1mp11es that
-,ab<4 Thus elther (1)b 0 or (u)a—4andb—~1"f.
_In case (u), . _ o

= (410 + c) 168100 + 820c + ¢? v
If ¢ = 1 or 2, tl;le rmddle two dlglts of N form a. number'

"»‘ R ex’ceedmg 81, hence not a square. If ¢ > 3, -then the Leftmost o

Vg tWo dlglIS of N are . 17 Therefore case (1) must hold, and we:
“‘have . L 4
N= (102a + c) = 10“a2 + 102(2ac) -

Thus a> 4 >4 .and 2ac is-an even two- dlglt perfect'.
‘square. It is now easy to check that either a =8, ¢ =4,
N= 646416 ora—4 c—8 N——16646“4 oA ‘

VAIEN

4 Now con-
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Y.

e 1981 Solutlons

L (E)x+2 4. (x+2)2

2. (C) The Pythagorean thsorem apphed to AEBC ylelds (BC)2 ‘

2 1 3 This is the area of the square

E
1 + 24 2_-..1.1_
X 2x  3x  6x - 6x 6x B - 6x

.4 (C) Let x be the larger number. Then x — 8 is the smaller numf B

ber and ‘3x = 4(x -~ 8), S0 that x = 32

- s, (C) In ABDC, chDC“’— 40°, Since DC is parallel to AB;
« . £DBA=40°.. = - :
Also chAD 40° since base angles of an xsosceles tnang]e

-~ are equal. Therefore AADB 100° - \\l

'
A .

: C8 ' ‘

s*_-é ) O+ 2y - Dx=(y+2p- Dx = (2 +2y -1,

| [(y +2y—-2)$-(y +2y-—l)]x==-—(y +2y-])
.o x-vy +2y-l -
o OR

Rewnte the nght member of the given qugrty as '
' (y + 2y - 1)
and note by mspectlon that x = y +2 y -1

271. (B) The least common multlple of 2, 3 4 and 5 is 60. The num- - - |

- bers drvrsrble b 2 3, 4 and 5 are mteger multrples,of 60

B 1 A T
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e

o

8. (A) The glven expressron equals S ‘

SEREEE I E RS IR R Y 1. 1 1 1»‘.5'{
'x“*”Y"f.“Zf(';~'+y i-z\)(xy +yz + zx)(xy ¥ v M ;;\) )

1 (xy+yz+zx) 1 (X+y+2)
EEIAR _'vxyZ"' xy+y2+zx xmyzo J

' T .ﬁ "

L I

Note The glven expressron is homogeneous of degree - 6 ie. 1f

x, y, z are multiplied by 1, the expression. is multrphed by *
=S, Only . chorce (A) has thrs property

, 9 (A) Let s be the length of an edge. of the' '
- cube, ‘and let R and T. be.vertices of
the cube as shown in the adj oining |
" figure. Then applying the Pythajéorean
* theorem to. APQR and APRT yields

v'a-s—-(PR) =s? +s,
. =gt -
' The surfacearears 6s 2a2'

:10 (E) If ( p, ) is mt onhne L; then by symmetry (q, p) must

be a point 6n Therefore, the pomts on' K satisfy
o - x=ay+b.
Solying fory yields '

Il‘

X
)";".

R Y

-~ f& :

"':l_n-.'

".f-ll (C) Let the sides. of the triangle have lengths 5= d 5,8+ d

Then by the Pythagorean theorem

R (s—d) + 52 (s+d) N
‘Squarmg and rearrangmg the terms ylelds R S
' : s(s — 4d) =

. ,Smee‘ s mnst be posltrve, s=4d. Thus the sides have lengths
© 3d,4d, 5d. Since the sides must have lengths divisible by 3, 4
. 'or 5 only choroe (C) could be-the length ofa slde '

4

e N R B w
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Note The familiar 3- 45 nght ‘riangle has-sides which are
. in arithmetic progression, It is perhaps farrly natural to think -
- of mult1p1y1ng the -sides by 27, thus getting 81, 108, 135

Smce there is only one correct chonce, 1t must be (C)

-4

12 (E) The number obtamed by mcreasmg M by p% and decreas- .
—— ._g_) and ex-

A

ing- the result. by ¢% is M|1 + = 100 ( 100
~ %7 hold: o .
| | 2. ,I__q_“-*‘ :

| M(” 100)( ' 100)>1‘{’__
SR Y '_'_‘l_'_ R

PR (1 + 100)( 100)>1’ Lo
' 1'+_'__> 1 100

SR S ST000
.‘p - 100

100 ~ 100—q -_-1= 100-¢"

,.100. -

13 (E) If- A denotes the value of the umt of money at a glven time,
- then .94 denotes its value a year lafer and (.9)"4 denotes its

. value n years later. We seek the smallest integer n such that- ..

n satnsfres these equrvalent mequahtres

' \ I = (.9) _.A.\.. o : ‘;--5’«‘.':." o

10) S0 e
| 1. '.'L/")/.‘ ) Y

(9.
. loglo(lo) 10810 10" ‘ - [

n(2 log,03 1) :.—,»_11;

1
1 - 2log,03

163

=217.

ceeds M if and only 1f the followmg equivalent mequalrtres- o
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14 (A) Let.a and r be the first term. and the common ratio. of
' successwe terms in &he _geometric sequence, respecnvelyk

a+ ar = 7 : S .
a(r - l) _ o ;
ar -°) . 91 .
r—-1 ..
/ The result of dmdmg the second equauon by the fust is . .
T ';_._./ R a(r -1). 91 15 o ’ )
v ' “(r- l)a(r+ l) o
The left member reduces to
E - ,
L : -a . (_r l)(r +rs l) =r +r2+l :
- (r + 4)(r = 3)
‘Thusr2—3and R :
" a+ar+ar + ard —(a+ar)(l+r2)
= 7(4) =28.
15 (B) For thls solunon wnte log for log,, The glven equauon is:
equlvalent to - . B S
, (zx)logl (3x)log3 ( :
Equatmg the loganthms of the two sides, one obtams o
log 2(log 2x) = log 3(log 3x)
, log2(log2 + log x) log 3(log3 + log x)
. (log2) + log2(logx) = (log3) + log3(logx) =
e (10g2) —(10g3) -(10g3~10g2)10gx.
. R . '—-(log2+log3) logx, T '
- o L o o

o log6 - log x ¢

R e —J‘c... e

H
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16 (E) Groupmg the base three drglts of x. ml/) yreld'»

(1 V?“)+(l 341 3'6)

u K +(2 3+2)
=@1- 3+2)(32) (1- 3+l)(32)
TR ’*'(2 3’*'2)
Therefore the frrst base nme dlglt of x 1sl 3+2—5

-. 17 (B) Replamng X by —l- in the glven cquatmn o
f(x)+2[( )'—3_;, |
. ..._'-.""yiel'ds ' e
o YR U 3 '
| f(;)-f 2(x) = 3.

- Eliminating f (;lc-) from the two _thations yields -

_ f(x .
Then f(x) f( x) if and. only 1f

2 —x? 2—(—x)
T x  —x

v -I'or'x2 =2 Thlis x =4 v/iﬁ’a,,l'e the only'solu‘t'ioxvrs.-' o

18 (C) We- have smx if: and only if X sm( x), thus, o

100 100 -

‘the given. equauon has an equal number of posmve and’

" negative solutions. Also x = 0 is a solution. Furthermore,all . »

positive solutions are less-than or: equal to 100 since
|x] = 100|sm x| <;100.

Since 15 5< 100/(27r) < 16, ‘the graphs of x/lOO and sinx .-
' .are as shown in the ‘figure on p. 158. Thus'there is one
_ _solution to- the given equauon between 0 and 7 and .two
" “solutions "in ~each- of -the: intervals from (2k ~ Drto .
CQRk+Dml<k<15 The total number of solutlons is, o
~. therefore,. - r

R S 2’(1:’-*-"2"'-“-.15) %‘63; o
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N 3 I—J-
. Q-

19 (B) In the ad]oml g figx .
ure, BN is' extgndedSyet

- past' N and meets AT
‘at E. Tnangll‘kli> ‘Ais;
congruent to A'ENA,

: . B —
ST since ¢ BAN = {EAN.. . M - C

AN = AN and XANB = éANE Therefore N is  the rmd- '
,pomt of BE, and AB = AE = 14, Thus EC = 5. Since
MN is the line Jormng the rmdpomts of srdes BC and BE of '
‘ ACBE its length is %(EC) ' e

-~ 0

20 (B) Let 4DAR, =6 and let 6, be the. (acute) angle the hghtn
-~ “beam -and the reflectmg lme form at the i** point .of reflec- -

tron Applying the theorem . on - exterior angles-of triangles -
“to AAR\ D, then successively to the triangles R; iR D
2 i<n, and finally to AR BD y1elds .

B AL T
[ ,'-49—01 +8°=0+16°
B =0+ 8°’=0+24°

6,= 6, 1+8°‘0+(8n) ;
90 —0 +8°"‘0+(8n+8)o

: B‘“ 6 must be posmve Therefore -
o0s 0~90°—(sn+s)° :

~ The maxrmum value of n; 10 occurs when 0= 2°.. ek

Y
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21(’(D) Let 0 ‘be the angle opposite the slde of length c. Now
A (a-ib+c)(a+b-—c)-—3ab »
. > g “ : . (a+ b) ~c? = 3ab, » A
,\ - i""_"‘ﬁ" - o at+ b,2 ~ab = c_ ’
- But . L A
. \ .a2+b2 2abcos0—c,

L

so that ab = 2abc050 cos0 = -;—,,and 6= 60° e

22 (D) Corrslder the smallest cube contammg all the lattlce pomts.'.
(i, j, k), 1<i,j, k<4, in a three dunenslqpal Cartesian
coordinate system. There are 4 main diagonals. There are 24 -
diagonal lines parallel to a coordinate plane: 2 in each of
. four planes parallel to each of the three coordinate planes
" ‘There are 48 lines parallel to a coordinate axis: 16 in each
of the three dlrectlons Therefore there are 4 +. 24 +48=76
lmes , . -

. L OR
Let S be the set of lattlce pomts (l J k) w1th 1<, Jy k
4, and let T be the set of lattice pomts (A k) with 0
i, j, k <'5. Every line segment- contammg four pomts of
. can be extended at both ends so as to contam six pomts of T.

< .
<
s

AN Points of S :
7. .o Pointsof T— S

g
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- (The figure on p. 159 shows two of these extended linés in- the
" “xy-plane.) Every point of the “border” T — S is contained in
* - _exactly one of these lines. Hence the number of lines is half
"' the number of points in the border, namely half the number
.. of points in 7 minus half the number of pointsin §'

~N— %%»(53 -#)=76.

Note: The séme_,r'éaéqonihg shows that the: nu’mbef of .w'ays -0l
" making tic-tac-toe on an h-dimensional “board” of 5" lattice

“ . et eepoints s %[(s’+ Pl
.23, (C) Let O and H be the .p'oin‘ts:" at

which. PQ and BC, respectively, - -

. ¢ " intersect diameter AT. Sides AB -
© .- and A4C form-a’ portion of the

equilateral triangle circumscrib-

‘ing the smaller circle and. tangent .«

" to the smaller circle ¢ -




Q

ERIC

Aruitoxt provided by Eic:
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29 -2 =2(2cos*0 - i) =2 cos“20,.‘-_
except (D). - |

rote to the Contesfs Committee to
sohlmon because for0<f<m

S 2 fof all x. This clzum--.i

the problem did it say, that - j,.
estncuon is- mtended it ist s

B e

34, o= AB, y = AD,
blsector theorem'r

.
Ley
_in the adjommg fxgure This is a consequence of the .
" law of sines applied to each subtriangle and the: fact -
+ .. that the supplcmentary angles at ‘D hawie equal,-- /
smes ST B : % . /.
1. 7 . > .‘_' L .‘ ef ',',‘; ‘ 3
T ’ ’ ,'/‘ . N
- R i .
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, A The equahty of the fu'st and th1rd expressrons 1mp11es o
o 32— 4yY= —96.

‘So]vmg these two equatrons for ¢? and y ylelds . o
| | =40, y?=54. ’
Thus the srdes of. the triangle are
AB—-c~2t/_0~63 , L
AC = b—zy—zﬁ—ef 147,
BC = 11.
. OR

Usmg the' angle bisector formul'et'r and (1)-above, vv.,v'e'-h'ave

~

y + 6=cz= %‘22, 22+ 18 =’yb'="2y2

'So]vmg these equatrons for y and z? yre]ds y 5'4;
‘= 90 Therefore -

AB-=c=§t/§6’ 2»/_' AC= b= ZN—&/—

1‘The ang]e bxsector formula states that the square of the anglc bxsector plus the product ‘
. of the segments of the opposite side is equal to the product of llée adjacent sides:
(“) e a k2+de—bc ‘

" This is a consequence of thc angle bxsector theorem

and the law of cosines:, -
W

* , ‘k g c2+k2—2ckcoso¢=d2
S b2+k2 Zbkcosm--e2

.-v‘ ' . Muluplymg the fxrst equatron by b, the second by c ‘and: subtractmg, we obtam '
R h b.—bzc—kz(c—b) dzb—ezc ' . |
- By (‘) (See footnote on p. l6l) the ng,ht member can be written dec - edb thus
by (e b)lbe - K?] = (¢~ b)de. |

o Dividing b); (c—= b i addxng k? yrelds formula (**). In the isosteles case, c—b=
"0;"but the angle-bis r is the alutude -50- that ("‘) becomes a consequence of. the
Pythagorean theorem.”




26. (D) 'lhe probablhty that the fly is tossed on the k-th toss is |

- the product

»

" probability that nevera 6 was ) ( pfohabilfty_ tha_t»a 6 is)--

tossed in the prewous k—1 tosses tossed on the k™ t 9’5 s

= (5/6)<"" /6.

s The probablhty that Carol will toss the first .6 is s the. sum of

.+ the. probabxhtles that she will toss the first 6 on her first turn
(3" toss-of the game), on her second turn (6% toss of the
game), on her third.turn, etc. This sum'is |

' A 21 5 In—1 ) , B

) . L . . . . ] »J’:‘ '.' '5 7_11"..'.:,'. .
- an infinite geometric series with first terfn/ad = 3 2. afd -

3

. o i 5 3 . ) . . "'. . .o RS
. corhmon ratio r = (‘E . Thissumis =% ~ . o

-

.. ‘A ;;- .‘. la""—:‘(.vt'-' 2/63 . —_’ 52 7 . 25 {".v - P

" REIA 1—(53/63) L6 =5 L

: P
. R R
Y . s )

, 27 © In the flgure line seg-
: ment DC is: drawn.
Smce AC 150°, AD
= AC ~:DC =-150° — ‘
" 30° = 120°. Hence 1209
. £ACD =60°.. Since AC '

—DG GA.- GD AD

L. = AC - 120° = 30°.-.

S zTherefore G = 180° -

v - 7and- xCDG = 90°, So .

i sih. ADEC s a 30°%- 60°—90° K

T triangle. o

Since we are lookmg
for the ratio of the areas,

« . _letusassume w1thoutloss
“of generahty that AC = AB DG = L Smce AC. a.nd DG
are chords of equal length in a circle, we have AE DE. Let
x be - their common 'length. Then, CE = 1 —%'="2x/ V3.

B

2. " Solving for x-yields AE = x = 2/3 — 3. Since Bd and =
» . . DG are.chords of equal length in a cirtle, we have FG = FA, - -

and sirfce AFAE is 1sosce1es, EF = FA. Thus R t

. L,EF‘“\FG = 1(1 _%x\) " ‘= _: . ,

S - S'OL‘UTIONS.' 1981 EXAMINAM "_'>"f163"" |

| Thuat
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. . N . . ) b - » .
Therefore ~ - A F

A area A_AFE'— (AE)(AF)sm30° .

x—=x2 7\/5— 12

x 1 .
k 2' 8 v,}:" i} 4 R » R

[ =

1,1
2*

~area AABC = —(AB)(AC)sm 30° =

.M-—-a

N fHence
L S , © ' area AAFE ' L
‘° - Lo & area\AABC 7‘/— o :. .

28 (D) Let g(x) =x3 + azx + a,x +-ap be an: arbltrary cubic w1th

constants of the specified form. Because x? domingtes the -
... other terms for large enough X, g(x) > 0 for all x greater
.. .. than the largest real root of g. Thus we seek a particular g in -
o e which the terms a,x2 + a,x + a, “hold "down” g(x) as
- . much as possible, so that the value of the largest real root is as

v large as possible. This suggests that the answer to the problem .

. is the largest root of f(x) -—gﬁ —2x% = 2x —.2. Call this-

- foot ry. Since f(0) = —2, ry is certamly posltnve To venfy

" this conjecture, note that for x> 0 . .

—2x? < a,xt, '--2x a,x and' 2<a

.,_Summmg these’. inequalities and addmg x3 to both sndes

~_yields f(x)<g(x) +for. all- x > 0. Thus for all - x > ros

-0 < f(x) < g(x). That 1S, mo g has a root, larger thag Tos. -

: R . S0y 1sthe:roftheproblem L

R A .sketch of f shows that it has a typncal cubic shape,,
T AR with largest root a little less than3. In fact, f(2) ='-6 and.-

L f(3) = 1.To be absolutely sure the answer is (D), not (C)

* ' compute f(3) toseeif it is negative. Lndeed A %

T T . AW ) DR - -
) ’\ . . | '( - - . '--vv l. ) f(z)- B 8 . ";':.' . ' SR

3“29 (E). Smce x is the prmcnpal square root: of some. quanuty, 0 :
P For x> 0, the g1ven equanon xs*equxvalent to RN .', :

-

~‘_,~

va'— \/ +Ax

Y‘"
.




s 3,_‘981 BXAMII&T’; X

’ Af.xtlon T/\?eb(e "'thxs Is also th“fspm of vthe x‘: aL

s Thls"’ is 2 llamc e_quatxon;_m x \and J herg"
'solve,',Butl i i nan

ERIC

Aruitoxt provided by Eic:



B "'-"30."‘(D).§incé?the coefﬁmenﬁ of x3 in”the" polynormal functlon -f(x);

a : o Y bx - 3 is zero, the sum of the roots: of f(x) 1s zero,:
Slmllarly,‘ . ’

’_a+c+d

ERIC

Aruitoxt provided by Eic:
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TIONS 1 9 8 2 Ex ﬁ«x

o x? 4+ Ox r-'2 ux + Ox + Ox =2 - e
EENE R ¥ ¢ +0x,, 2x . S s

: : radlus of the sexmqucle. The penmeter of a
' serrucucular reglon 1s wr +.2r! ”I"he area of the reglon 1s

‘-5 © Smcey—;’:- x, g »
B sma]]er number Algo:

O

ERIC

Aruitoxt provided by Eic:
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ERIC

Aruitoxt provided by Eic:

i (D) The sum of the’ angles in- _convex polygon of n srdes i
2%180? Therefore 1f x" the unknown angle :

fi‘r‘i then (n = 2)180° - 15(180°)
idller. -values. of n-would yield negative vz
values of ri WOuld yreld values of x greater than

e

g1V 4 triangle”and A'
a—rs-the divid- -
4ing ling. Since area. .
AABE = 1(1)8) -
4the two: re-
gions ~ myst ‘éach
lfiaVe ‘ared,\2: Since
the pqrti n- of




\‘je(luatloh of line BC :

sects’ BC at apo t E:

_rThen 9—- a= :};6 and a ~=15 or 3 Smce the hne x—- af
© -must mtersect AABC x = 3 L LT

J(CON zCOCB &NCO

Therefore MB =: MO
and ON-- NC Hence L

((0 2)’ "(2 0)’; ’3, 5 * A

“but (0,2) carfbe. usgdzas: the. f1rst and last d1g1t re: e_cuvely,j R

. "_ of the: requlred numberz@For ‘each’, of, the. 15, ordere/d pairs:- . i
there-are -8 -7 =56 ways to. fill the remalmng middle two - - - B
dlglts Thus thgr@-a'fe 15 56 = 840"~‘ %mbers f the requu'ed_ R
form~"- S : R TR

Hence, smce f( 7) 7 f(7




: E p(lOgb a) = logb( 6gb a" ’ Sy
logb(a”) 10g log,, a) ;

O . ,'_.' . ap

v

;»:I_’.i ’Thiis MN =5, Ap-‘f,
to . triangle MNF y1elds: ¥
F= 12 Therefore EF— i

MN Ut o !
lowstha"t aN = AP"OI'*T%‘S—'..
plymg the thagorean . :theorem.
(MF)2 (15)-:— 92— 144 50 ]

ERIC

Aruitoxt provided by Eic:



EXAMINATION '~ 7L -
18 (D) Wrthout loss of general-\ \ Coal
: O ity, et HF =1'in 'the ‘
‘" * adjoining - figure. Tlf’e'r'l T
“BH =72, BF=y3=DG .
=GH, and DH=V6.
" °Since DC = HC = {3,
. .ADCB = AHCB-.and , ™
. DB = HB = 2. Since- '
»7_ADBH is 1sosce1es, Tl

.‘0“

esbm g T
"'When2 <3, f(x)—(x—-2)—(x—4)+(2x-—6)

4+ 2x Smular algébra shows that when 3 <x < 4, f(x)*‘ o o,
=8 —2x, and . when 4<x<8 f(x)—*’O The graph of‘ R
b,.f(x) in ‘the adjoin- = . y o
“ing. figure. shows . T~
- that -the. maximum’ -
‘. and. minimum of
2 f(x) are 2 and 0 ’
vrespectrvely 0

yunctlon reaches 1ts extreme values
. interval,-and since the given, fpnctton
terval it sufflces to calcula & f(2)=

21 : (E) Since the medrans ‘of a tnang]e mtersect ata pomt two thirds
th drstaﬁée from the vertex and one third the distance from
the s1de to, whxch they are drawn, we can Iet X DN ar;d'
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| 2x = BD Rxght tnangles BCN and BDC are sumlar, 2%
- ,— BD nght tnangles BCN and BDC are smular, S0 n
: s 2x s L

l C — T —

'3x . 8

Thuss = 6x? - of x =

. , _:, s and BN—-Sx == '%'.

N 22 (E) In the adjommg flgure RX is R —r—— X
w5 ‘perpendicular to OB at X.° S U PR
S Since £QPR = 60°,aRPQ is..
* " requildteral'and RQ = a. Als
. ¥ ARP = £ QRX =.15%
- Therefore, ARXQ = ARAP

‘ '“.Thus w——h‘_._._

SR ;tw~"~

. _,:W—AP+PB—acos75°+acos45° o |
- . From the 1dent1ty : RECIREE

“
B 1t follows that , R =
= (TS0 5o
W= ‘a2

cosA+cosB——2 3 __;‘cov

23 (A) In the adjmmng»ftgure, n denotes the length of the shortest .
} -side, and 4. denotes the measure of the smallest. angle Using -
the law of smes and wntmg 2 sln 0 COs. 0 for sm 20 {ve obtain- | - *

o sm0 251n0c050

. Y [:’ Tm+ 2

: ~_":fv:.,‘ ."n+'2:”_j"
: vcosﬂy,'— TR

o

‘ 5 "i i

‘_,.Equatmg 2 to the expre551on of c050 obtamed from o

L e

55186
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\ ' o/
5 nE2” (n+1) +(n+\2) ~ n? /
2n,_‘— : 2(n+1)(n+2)
(n+1)(n+5) \' n+5 :

2(n + 1)(n+2) ﬂ(n )
4+2 : 3 ,.:ﬂ, '
4(2)

the law of cosmes y1elds e

’Thus n ==".;t_1"“and cos() =

74, (A) In the adjommg flgure let
S AH = y,BD—-a,DE=x and
" EC = b. We are given AG = 2,
. GF=13, HI=7and FC=1.
o Thus the length of the side of the =/
y equﬂateral triangle is '16.- Also, I
“using the theorem about sec- ,"";‘ —
" ants drawn; to’ a. circle -from
'an external pomt we ‘have
. y(y+ 7) 2(2 + 13), or

S e =0=(- G0

b(h +‘,x) —vl(l +13) = 14 and a(a +- x) = 6(6 + 7)
- b 16
s7of solvmg the system

"‘b2+bx—-l4
. a+b+x—-16

cod " The one glven below allows us to fmd X w1thout f1rst havmg o
w."tofmdaandb LR

Hence y =3 and BJ = 6 Usmg the same. theorem we: have~- o o
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25! (D) The probablllty that the Ll
R L student -passes through T 1
LRI R & is the sum from i =0""

to:3 of the probablhues :
_ that he enters intersec- .|| .
‘-tion C, in. the adjoining - |'|" =

‘figure and goes-east. The -
number of -paths from A
p 2 + i b e-'

L

ause. ez}éh such path has . ;
"2 “eastward- block C psegs b L
. merits a-nd*ﬂtheyegcaﬁ Qc-

““cur ‘in any “order. The i'wu.,v _
e probability of taking any :- . Lo
‘ .« 7 = one-of these paths to" G, ‘and then, gomg cast is ( )3“ be 'g'
o : ,..-cause there are %+ i intérsections 4lbng the way. (mcludmg
Wt A anqu) wherc an mdependent.clfomq wnh probablhty
B LR made So the answer 1s S
- . 241 21
;( : -5

One ‘ ay construct g vree-dlagram ot the respecuve' probabﬂ B
S btamm fhe,,values steﬁ-by-step as shown in the schem >

- also rves as a check on -
' the computatlons) '
. » = It"is’ important.
"+ cognize - that - no
“.twenty . of the thirty-five- -
oy paths leadmg fromf_"A_ to .
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= 26 (B) It = (ab3c)8, let n= (de),, Thcn ‘n?=(8d #+* e)2

Ll

% base8) of the sum of the eights digit of - ¢ (m base 8) and the

. 'units dnglt of (2de) (in“base 8). The latter is” even, so the"

former is odd. The entire table of baset8 representatlons of ¢
squares of base 8 digits appears below '

e [t 23] 4 s 6 ST
_ez 4|20 31| 4] 61

ST .The elghts dlglt of e2 is odd only if- e is3or5;in cnther case
“Uu 7 €, which i$7the: units” dlgii‘" cedds:. ) ’
. thrce choices:for n: (33)8, (
i(133])8, (6631)8 and (2531)8f A

- If nis even, n -
s+ division by81sOor4 If n.is o
“n? = 4kT +k)+ 1, and singg k2 +'k = k(k .+ lyishal- - -
ways even, n? has remamder 1.upon division: by 8.: Thus m";'i""'

" -all cdses, the.only possnble values of ¢ are 0,l'ord. If'c=0,

“ then n? = 8(8K + 3), an impos&ibility since 8 is tiot a square :
CIf o= 4, thcn n*=4@8L+ 7). anothér unpossnbnhty smce e no,
e - odd squares have the form 8L + 7. Thus =1 L

real coefflclents come in conJugate not a phca-

jﬂ’(C) Wc reoall the theorcnﬁ%twmplex totf ts oF polynomﬁl%S wuh P

conjugate both srdes of -the ongmal equatlon L

L

TR 0 :~c4z 4 tc3z3 + czz + rc,z + Cos.

_03—'c4z“.— e3z + cz.; '—-'tc,z + co

“

Lo oo ' \
=" That itz =5 a+ rb ist also a solutlon of the orlgmal :

equation, (One,may check’ ‘by example that neither ~a — bi’ ; . o

-nor.@ ~ bi nor b +- ar necd be.a solution.) Fori mstance ‘con-w
“sider.the equauon z* —iz3 =0 and the solution z =’i. Here-
a=0,b=1 Nenther —i.nor 1.is a solution. [Alternatrvely, .

" the, substitution.z =.iw into the given equation, mak€s .the

: coefflclents real and the above quoted theorcm apphcab 3, “[ _

18y - B

odd, say n =2k + 1) then'.»"' -

. “ble,to the given pok fal, that thesfem is proved| by a . ‘. o
; mque"vVEc—hﬁvTE can use to work/thns problem too. Namcly, U

64d2 + 8(2de) .+ e? . Thus, the 3 in ab3r is the first digit (m' '




A 17,6.», s THE MAA PROBLEM BOOK 1v
28 (B) Let n be thc last number on;thei board ow ‘the largest
1 T average possnble is attmned i l is erased ‘the. average 1s thqn :
. . S e
. ’;n+znpf*ﬂ
n
27
" ;‘;':i"‘ Hence ng= '69 or 70 Slnq 35 18 uthe average of (n - 1)
mtegers, (35 Ly(n = 1y must’ be an 1nteger and n is 69. If x.
o . 1s the number erased,/men .‘. P _
2(69)(70) _ sl

68 17

RETY - ET
© bt

69 35—x—(357)68

735682, .
swm,. .o B
x—-7 : B ‘ o
4‘.\ © - e ’.‘ coT e

: 29 (A) Let m = x; yoz0 be the rmn;,,mum value, and- label the num-
i . bersso thatx, L) <'2p. In fact zo = 2x0, forif zo<2xg, .
~“then by’ decreasmg xo, slightly, . i increasing 2z, by the. same
amount, .and. Keeping y, fixed, we would" get. fiew values’
which still- m th ',,c0nstralnts but ‘which: have .a smaller:.
w,product—contradxcuon' To show this contradiction forinally, .
et xy= x0 = ~z) =z +h, ‘where > 0 is”so small
i that Z; < 2xluaISO Then x,, yo, zy a]so rn&et all the ongmal_,,gf

q e - ,_.constralnts and s i L
Lo T 1}’021 = (xo’ ")YO(ZO + h) I
.'v’"J’ T e *WYOZO +}’o[h(xo = zo) h@ < x°y°z°




.:5-6;1!_‘;;;_&_”_1_;9‘\ NS l982 EXAMINATION S
_.¥'2xo, yo= 1. —;xo 2= l - 3xo, and -~
m ‘= 2XO(‘ - SXO)

Y AlSO, Xo. s I — 3xo < 2%, 01, equnvalently, } s xo s ;& oot
,.~Thus m may be vncwed as a vajue’ of the, funcuon . L

o .

T f(x) = 2x2 --3x) o SN -
S on, the domam D = (YI'} & 4) 'In fact m is the small-._‘f' RN
S est value off on 'D; because ‘minimizing f-on "D is just a .

restrlcted _version of the orrgmal problem for each xeb, . .
_setting y ="'1 = 3x and z = 2x gives x,y, z meetmg the ”, o
_ ongmal constramts, and makes f(x) = xyz ERRRIRIE ‘
2y oo 'To.. minimize f on D, figst A
o sketch f for all real x. (See Fig- ... 'y. T
; ture) Since f has a ‘relative . .|l
. - minimum at x = 0 (f(x) has
- the same sign as x2 for x < 1),
. -and.cubics have at:most one rela- -
tive minimum, the minimum of /= <"\
‘on D must be at’ one of the end- '
'-;pomts In fact l ,

(l) = 32"5 , (s')':‘ 125

30, (D) Let di=.a + »/_ 5 ‘and ‘d; = a— b, where a =15 and'b .~
R = 220 Then usmg the bmormal theorem we may obtain

dn + dz 2[an )a"‘"zb ¥ (4)an 4bz ]’

) where nis. any posmve mteger Since fractional powers of b o
have ' been- eliminated in -this way, “and since @ and b a _ T
“both divisible by 5, we may conclude that dap + dz is dnvrsr-" S
~bleby 108 - - E '

€. 10w apply the above result twnce takmg n= 19 and'
wIn this way we obtam E :

dl° + dP = 10k, and d82+d82 IOk;, S

- 'wlt"f%re k,' and k, ‘are posmve mtegers Addmg a@d rearrang
mg ihese results glves L ,

el | T+ \/2’2— L
Th’erefore d'9 + d82 < l It follows that the umts dxglt of
lOk-=-(d'9+d82) 159 ' -




. #To classify thgse.problems is riot a simple task; their contént is s6*
-varied 4nd_their.solution-possibilities so diversé that it is difficult to
jlf])'igeon‘hél'e them iinto-a few categories. Moreover; no matter. which
‘he & : Ses cross-index-.
-ing. Nevertheless, ‘the following may be helpful to ‘the seader -who .
wishes to select a particular category of problems. .~ . -f o
. .“The number preceding the semicolon refers to the last two digits of .7
the examinatjoni year, and the numbers following the semicolon refer . -,
‘to the problems in . that examiination, ‘F%. example, "82; 5 means i"

eadings are selected, there. are borderline cases that need |

Problem 5 in the 1982 examination. - . -~ Cae
.ol ' . : l ' ot v _. . ' S ..'.’; t ‘o - L s
- W : - oy - a..,r‘.
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te Value < i, 73302 743 11, 15,27 757" " -
N T I T8 913 a9 e
Add1 fon of SlgnedNumbers 78,4:79, 4. | A
‘Binary Operations - " 735 74.6 857
‘Binomial Expansions " 74Y3-75;5 7623 ~77;90.
i (coefficientsy . . ., g3 T T
Coftiplex Numbers "~ © “74;.10,17 76,2 77;°%6, 21 :
ST i eI sy e
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L © Integer - .y - R &1 31 77; '14 79; 11 82 20
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Quadratic . T 73734 .7472,10 75; 12 20
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I - 80; 8" 81,,29 L

el R .SYStems of
" Linear.

/73 10, 14,24 75,2 77: 1
Non-hhear R

/7630 7721 186 Y
+80; 19,29 " 81; 18wt ”
73317 \§1 18, %

73,19 74;8% 7510 76,20,21
%79, 19,815 13,15 823,30
'75%9 7814‘.' e
78;2,20 :79; 29 ° '8138_,~-“__
741,30 775 6 783,20
79 2 R
7322, 30. 74; 1427‘753

77,29 °78; 18" 79;'13 -80; 6
81; 12, 13' 28 82 14, 28 . =
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- Logarithms |

S e 82;19,29 : el
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CLASSIFICATION OF PROBLEMS "-118.1
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= Geometnc\\_' N Tyde 142128 755 16
o T 78 4. 17; 1,3 78; 24 80; 13
SRR S ) 31 S

Proportions Ty, '73- 8 12,39 7% 30, 80,10

_“gRadiéa_l‘_s_.“_ B 75 29 7q, 39 79; 9 .80; 2 ;
R 81,&4;;29 82,30 .-

Recnprocals R [ | 783& B8 ‘

RemamderTheorem R 74; 4-.77; 28:..79; 25_ : i

3802428 82,1

” Sequences (also seo. |~ S 75 15 79 i\4 7 SR

.. Progressions). 4 , T
~Word Problems -~ - - .. R / Lo
Age Problems 76 29 77 12 T B WIS
L Dlstance Rate, Tlme L ‘-73 27,34 R B
General - S P T5;14, 17, 25" 76; 13 78 30
“’ Ve Dy L 809 81;4 ‘82 2 S
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S R S RS
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it e e /.-.
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Circles . .= ..73 11 30 7 11,7 | s
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