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Chapter 0: Introduction

The object of this course is to present Brownian motion, develop the infinitesimal calculus
attached to Brownian motion, and discuss various applications to diffusion processes.

The name “Brownian motion” comes from Robert Brown, who in 1827, director at the
time of the British botanical museum, observed the disordered motion of “pollen grains
suspended in water performing a continual swarming motion”. Louis Bachelier in his
thesis in 1900 used Brownian motion as a model of the stock market, and Albert Einstein
considered it in 1905 when discussing the motion of small particles in suspension in a
fluid, under the influence of shocks due to thermal agitation of molecules in the fluid. The
mathematical theory of Brownian motion was then put on a firm basis by Norbert Wiener
in 1923.

There are several ways to mathematically construct Brownian motion. One can for
instance construct Brownian motion as the limit of rescaled polygonal interpolations of a
simple random walk, choosing time units of order n? and space units of order n:

Si: the polygonal interpolation Bt(n): the rescaled trajectory
of the simple random walk

X1, X,y are iid. with P[X; = 1] = P[X; = —1] =,

Sm:X1++me mZ 1, 50:05
0.1
(0-1) St, t > 0, is the polygonal interpolation of S,,, m > 0, and

Bt(n) = % Sinz, t >0, is the rescaled (in time and space) trajectory.
From the central limit theorem, one knows that B%n) converges in law to a N(0,1)-
distribution, that is:

(n) L A
P[B; _a]njo \/%/_Ooe 2 dx, fora € R.

In fact, much more is true, and the law of B.(™ viewed as a random continuous trajectory
converges in a suitable sense to the law of Brownian motion (this is a special case of the
so-called “invariance principle” of Donsker).



An important advantage of continuous models versus discrete models is the presence
of the whole apparatus of “infinitesimal calculus”. However, in the case of a typical
realization of Brownian motion, the trajectory t > 0 — By(w) € R, is continuous, but
very rough (in particular nowhere differentiable, and of infinite variation on any proper
interval).

The basic formula of calculus:
d
(0.2) pr fb(@) = £ (b(t) V' (t), for f and b two C-functions,

can still be given a meaning when b is continuous of finite variation, and f is C', namely:

(0.3) f(b(t)) = £ (b(0)) +/0 f'(b(s)) db(s), for t >0,

where db(s) stands for the Stieltjes measure on [0, c0), such that f[o ] db(s) = b(a) — b(0),
for 0 < a < oo.

However, this extension is of little help in the case of Brownian motion since ¢t — By
is of infinite variation on any proper interval.

Nonetheless, we will develop an infinitesimal calculus based on a formula (Ito’s for-
mula), which brings into play an “extra term”:

t t

04) B = 1B+ [ FBIaB+ L [ 1B, for f e CC®). 120
0 0

or in differential notation:

df (By) = ['(By) dBy + 5 ["(By) dt.

Of course, part of the work has to do with defining what is meant by “fg 1 (Bs)dBys”,
since, as explained above, this expression has no meaning as a Stieltjes integral. This task
will correspond to the construction of stochastic integrals.

Once this infinitesimal calculus is at our disposal, we will be able to solve certain dif-
ferential equations with random perturbations, the so-called “stochastic differential equa-
tions” (SDEs):

———

random perturbation

There turns out to be a deep connection between solutions of such stochastic differential
equations and certain partial differential equations (PDEs).

For instance, when B; = (B},...,B{), where the B.' are independent real-valued
Brownian motions, and D C R? is a smooth bounded domain, e.g. a ball, one can consider
the



Dirichlet problem: given f € C(9D), find u such that

(0.6) {%Au:Oin D,
ulop = f,

or the

Poisson equation: for g € C%(D), find u such that

1 .
0.7) {§Au:gm D,
u]aD:0.

The two problems have solutions, which can be expressed in terms of Brownian motion:

x+ B,
)
Setting for x € D,
(0.8) Ty = inf{s > 0; z + B; € 0D},
one has
(0.9) Upirichlet (2) = E[f(z + Br,)]
and
(010) UPoisson (1') = _E|:/ g(ﬂc + Bs)ds] .
0

With stochastic differential equations, one is able to handle more general partial differential
equations with %A replaced by:

(0.11) L= Z (0(x) to(x));; 02; + Z b(); 0;

and, during this course, we will describe a number of applications of these ideas and
concepts.






Chapter 1: Brownian Motion: Definition and Construction

We will see that Brownian motion plays a prominent role as a canonical example of three
different notions:

- a continuous Gaussian process,
- a continuous Markov process,

- a continuous martingale.

In this chapter, we will mainly deal with the first of these three notions.

Definition 1.1. Let (2, A, P) be a probability space. A d-dimensional Brownian motion
on (R, A, P) is an R%-valued stochastic process (i.e. for each t > 0, By(-) is an R¥-valued
random variable defined on (2, A, P)), such that:

i) By =0, P-a.s.,

ll) fOT any 0 = to < tl < e K tn; Btl — BtoaBtQ — Bt17 e ,Bt" — Btn71 are
independent random variables (“independent increments”),
A1) i) fort>0, >0, Ae BRY),
P[Biys — Bs € A] = / (2mt)~
A

d
2

2|2
67% dz, (“Byys — Bs is
N(0,tI)-distributed”),

iv) P-a.s., t >0 — By(w) € R? is continuous.

In the above definition (2,4, P) is “arbitrary”. As we will see, there is a way to
construct a “canonical Brownian motion”, once we know that at least one Brownian motion
in the sense of the above definition exists.

We take as a model the “canonical” space
(1.2) C = C(R;,R%) = {continuous functions R, — R?}.
On C we have the canonical coordinates:
(1.3) X,: C = R4 4 >0, such that X, (w) = w(u), for w € C,
and the o-algebra generated by these coordinates:
F =0(Xy,u > 0), (i.e. the smallest o-algebra on C for which all

(1.4)
Xy, u > 0, are measurable).

Lemma 1.2. (3: a map Q@ — C)

(Q,A) N (C, F) is measurable if and only if

(1.5) Xuot) g .
(Q,A) — (R% B(R%)) is measurable for each u > 0.



Proof. =>: immediate (the composition of two measurable maps is measurable).

<=: the collection S of B C C such that ¥~ 1(B) € A is a o-algebra, which contains
X YD) for D € B(R?), and v > 0. Hence, S contains F, the smallest o-algebra for

u

which all X,,,u > 0, are measurable. As a result for all F € F, v }(F) € A, and ¥ is
measurable. O

We will later see that on a suitable (2, A, P) we can construct a Brownian motion. For
such a Brownian motion we can pick by (1.1) iv), a negligible set N € A (i.e. P(N) =0),
and define

(QN, AN (Q\N)) 25 (O, F)
—_———
the notation means the collection of sets AN (Q\N), with A € A.
The above map is measurable, indeed:
for u > 0, X, 0 B.(w) = By(w) is measurable (Q\N, AN (Q\N)) — (R, B(RY))

and we can apply (1.5).

We can consider the image under B. of the probability measure P restricted to Q\N
(ie. P: ANQ\N — [0,1]). We denote by W this image probability.

Proposition 1.3.

(1.6) The law W on (C,F) is uniquely determined,

(it is the so-called d-dimensional Wiener measure).

(1.7) For0=tyg<t; <---<t, and h € bB((RY)"*1) (i.e. bounded measurable

on (Rd)"'H)
EV Xy, Xy, Xp,)] =

_ |xl - xi71|2

i d
h R 2m(t; —t;_1)]” 2 ———tdxy...dx, .
/(\Rd)n (07‘T15 y L )H[ 7T( 1)] 2 exp{ 2(t@ — tifl) } T X

i=1

(1.8) Xi(w),t >0, is a Brownian motion on (C,F, W),

(it is the canonical d-dimensional Brownian motion).

Proof.
e (1.6): For h € bB((RH)"*1) and 0 =ty < t; < --- < t,, we have

def
a = EW (X, Xy, -, Xs,)] = EC[R(Bo, By, .., B,)]
(1.9) = EP[W(By, By + By, — By, ..., Bo+ By, — By, + By,
— By + -+ B, — By, )] -

6



By (1.1), the By, — By, ,, 1 < i < n, are independent, respectively N(O, (t; — t;—1)I)-
distributed, and By = 0, P-a.s.. Hence we find

n

a:/( Y h(O,y1,91 + 92,y + ) [] 27t — )]
Re)m i=1

[SIioH

(1.10)
S 71

vi
e 2ti~ti-U dyy ... dy, .

Picking h = 1p, where D € B((R%)"*1), we see that (1.9), (1.10) determine
W({(Xo, Xp,,...,Xs.) € D}).

The class of sets of the form {(Xo, X4,,...,Xs,) €D}, n>1,0=1ty <t <--- <ty and
D € B((RY)"*1) arbitrary, is a m-system (i.e. is stable under intersection), which generates
F. From Dynkin’s lemma, W is completely determined on F, and in particular does not
depend on the specific (2, A, P, B) and N we used.

e (1.7): We perform the change of variables in (1.10)

(1.11) T1 =Y, T2=Y1+t¥Y2,-,Tn=Y1+Y2+ -+ Yn.

Note that Jac(yi,...,yn|T1,-..,25) = 1, so that

n

(1-10)/ _
a = h(0,z1,...,2, 2 (t; — t;—
i (0,21 ) [ ] 12 ( 1)]

i=1

|xi - xi71|2

exp{—m}dxl...dxn,

ol

and this proves (1.7).
e (1.8): We pick A in (1.9), (1.10) of the form

h(zo,z1,...,2n) = g(x0, 21 — X0, T2 — T1,...,Ty — Tp_1), SO that

R0, y1,y1 + Y2, y1 + -+ n) = 9(0, Y1, Y2, ., Yn) -

It then follows that X;,¢t > 0, fulfills (1.1), i), ii), iii). Since for all w € C, t > 0 —
X;(w) € R? is continuous, (1.1) iv) holds as well, and X;,¢ > 0, is a Brownian motion on
(C,F,W). O

Definition 1.4.

o An Re-valued process, X;, t € T, (T is some arbitrary non-empty set), defined on
(Q, A, P) is a centered Gaussian process (when T is finite, one also speaks of a centered
Gaussian vector), if for anyn > 1, t1,...,t, €T, A,..., A, € RY, SomyAi- Xy, is a real-
valued centered Gaussian variable (possibly = 0). 4

scalar product when d > 2



e The d x d-matriz valued function on T?:

(1.12) [(u,v) = E[X, 'X,] = (E[X}
(note that T'(v,u) = T(u,v)),

XiD<ijed, w,v €T

is the covariance function of the process (note that E[X;| =0, for eacht € T).

Lemma 1.5. ((X¢)wer a centered Gaussian process with covariance function I")

The function T'(u,v),u,v € T, completely determines all
(1.13) finite distributions Xy, , ..., X, on (RO)", for anyn > 1,
and ti,...,t, €T.

Proof. For £ = (A\1,..., ) € (RH™, we set

o) B exp {i jZn;Aj-th } =ew{ -3 E[(jZn;%'th)Q]}

N——
real-valued centered Gaussian variable

119 —ew{ -1 Y B X0, X))

1,j=1

row vector column vector

n

n
1 1.12 1
= exp{ -5 Z I\i E[Xy, tth] )\j} (112 exp{ -3 Z I\ D(t,t) )\j}.
ij=1 S ij=1
’ d X d matrix ’

But the characteristic function ¢(-) completely determines the law of (X,,..., Xy, ) on
(RH™. O

We will now provide a characterization of Brownian motion as a continuous centered
Gaussian process.

Proposition 1.6. Let By, t > 0, be an R-valued process defined on (2, A, P) with P-a.s.
continuous trajectories:

By, t > 0 is a Brownian motion <= By, t > 0 is a centered Gaussian process

(1.15) with I'(s,t) = (s A't) Lgxa -

identity matrix



Proof.
e —:Forn>1,0<t; <ty <-<tp, A,..., \n € R? P-as.,

i

S 0B LS (B, B, ) =Y (X N) B, - B
i=1 i=1 ' b

Jj=1 Jj=

(denoting tg = 0). By (1.1), the (B;, — By;_;), 1 < j < n, are independent respectively
N(0, (t; —tj—1)Iixa)-distributed. Therefore, a is a real valued centered Gaussian variable
(use the characteristic function), and we have shown that By, t > 0, is a centered Gaussian
process. Moreover for 0 < s < t, we have

I'(s,t) = E[Bs'By| = E[Bs'Bs| + E[B,*(B; — B,
(ag 0T BB = BB+ BB (5 - )

= slaxa = (s A1) laxa- 8 independent and centered

)2

Then, for t < s, I'(s,t) = T'(¢, s tAs) Hgxag = (s A t) Iyxa.

o &—: If0 <t <.+ <t, are given, and on some auxiliary probability space Y;,
1 < j < n,areindependent N (0, (tj—t;j—1) Iaxaq)-distributed, we can define X; = 37 | V.

A repetition of the argument above shows that X;,1 < j < n, is a centered Gaussian
process, and we can calculate its covariance as follows. For 1 < i < j <n, one has:

(i, j) € E[X;'X;] = E[X;'Xi] + E[X; (X, — X,)]

: g o independent
(1.17) = E[( Z Yk> t(z Ykﬂ and centered
1 1
indep. ¢
= BY, Yy =ti Lixa -
centered

1<k<i

As below (1.16), we thus see that:

(1.18) T(i,5) = (t; Atj) Lyxa, for 1 <i,j <mn.

By (1.13), we thus see that (X1,...,X,) has the same law as (By,,...,B,). Therefore,
(Bty, Bty — By, ..., By, — By, ,) has the same law as (X1, X2 — X1,..., X, — Xpo1) =
(Y1,...,Y,). Hence (1.1) ii), iii) follow. Moreover (1.1) iv) holds by assumption and
E[BytBy] = 0 implies by looking at the diagonal coefficients of this matrix that P-a.s.,
By = 0. This proves that By, t > 0, is a Brownian motion. U

The above characterization is very helpful.



Examples:
1) Invariance by scaling:

Consider By,t > 0, an R%valued Brownian motion, A > 0, then

(1.19) ABy/y2, t >0, is also an R%-valued Brownian motion .
Indeed:
Bf‘ def ABy/y2, t > 0, is also a continuous centered Gaussian process, and for s > 0, t > 0:
s t
E[B}'B}] = N E[By2 "By ye] = N (ﬁ A ﬁ) Tixa = (s A1) Iaxa s

and (1.19) follows from (1.15).

2) Invariance by time inversion:

Consider By,t > 0, an R%valued Brownian motion, and define
(1.20) fo =0, and Bs = s By, for s > 0.

Then one has:

(1.21) Bs,s > 0, is an R%valued Brownian motion .
Indeed:
Bs,s > 0, is a centered Gaussian process, and for 0 < s, t:
1 1 st
B[8,'8) = st E[B 'By] = st (< A5 ) Lixa = — 1
(1.22) [Bs "] = st B[BL"B1] = st (- A5 | laxa = 7 laxd

= (8 /\t)IdXda

and this formula immediately extends to the case 0 < s, t.

There only remains to see that P-a.s., s > 0 — [, is continuous to conclude (1.21).
To this end, we note that by (1.22) and (1.13),

the laws of 5,5 > 0, and By, t > 0, on C((0,00), R?) are identical.

(1.23)
open at 0!

We let Xy, u > 0, denote the canonical process on C((0,00),R%), and G = (Xy,u > 0)
the canonical o-algebra. If Q stands for the common law on (C((0,00),R%),G) of Bs,s > 0,
or B, t > 0, then

(1.24) {zlg%) X,=0}€g (itisan “event”).

Indeed one has

(mx.=0j= U N {xi<;}eo.

n>1 m>1 4eQn(o,L)

10



As a result we find

(1.1) 4),iv)

Q(lim X, =0) = P[lim B, =0] " "=""1
n(1.23)
P[}}_)Hb Pu = O]a
and hence S5, s > 0, fulfills (1.1) iv) as well. O

Construction of Brownian motion:

We are now going to construct a Brownian motion on some (2, A, P). It suffices to consider
the case d = 1, since by taking d independent copies of a real-valued Brownian motion,
we obtain a d-dimensional Brownian motion.

We follow a method of Paul Lévy (1948), later simplified by Z. Ciesielski (1961).

We recall the Haar functions on R :

@e(t) = 1jg441)(t), £ € N (the set of non-negative integers),

Omk(t) =22 1[ L )(t)—22 1[L+ . k+1)(t) with m,k € N.
2m

ko _k
25 3 T gmT

Fact:
(1.26) The ¢, > 0, @mk, m,k > 0, form a complete orthonormal basis of L?(R.,dt).

Indeed:

- The functions ¢z, om r have unit L*(R, dt)-norms.
- They are pairwise orthogonal in L?(R,dt).

- The L?-closure of the span of the ¢y, Om, k18 L?(R,,dt), because one sees by induction
on m > 0, that all 1[L M),j > 0, belong to the space generated by
2m K 2m

0,0 >0, and Py g, 0<m' <m, 0<k,

and the above claim follows.

Heuristic (non-rigorous) description of the construction of Brownian motion

The idea is to use the formal development of B (the derivative of Brownian motion !!) in
the above Haar basis. Formally we have:

B() “=" Z W(')(/Ooondt) + Z (Pm,k(')(/oooBtpmk dt).

>0 m,k>0

11



We then write

“_» / B du « nZ/ pr du / nggdt

>0

Z /apmk du / B(pmkdt).

m,k>0

(1.27)

We now define

oo | 41
(1.28) & = / Bopdt “=" / Bdt “="B(f + 1) — B(¢),
0 l

0 . t T . ke .
(1.29) & :/ Bppdt =" 2% (/ Bdt—/ Bdt>
0 _k_ k41

2m 2m+2m+1
o k 1 k m k+1 k 1
= 2% (B(gr + 5m) - B(37)) - 22 (B(5) - B+ )

Now, if a Brownian motion exists, then the right-hand sides of (1.28) and (1.29) make
sense, and the above &, &, , are N (0, 1)-variables, and form a centered Gaussian family
(since they are linear combinations of B(t),t > 0). Moreover, the variables &, £ > 0, &, 1,
m, k > 0, are pairwise orthogonal:

El&ép] =0, for £ £ 0 >0, E[& Emi) =0, for £ >0, m,k >0,
El&mk & ] =0, for (m,k) # (m', k).

This orthogonality follows from (1.1) ii), iii) (for instance E[¢;&p] = 0, for £ # ¢ is
immediate to check, likewise E[&y &, 1] = 0, if [2%, %) N[¢, ¢+ 1) =0 is immediate, and

on the other hand when the intersection is not empty, then [2%, %) C[l,f+1), and one

)- ( )

—E[&&n,k]:?%E{( (€+1) - {< <
B

- (B Wl) G

and writing

m 2m+1

B(t+1)-B(0) =B +1) - B(5) + B(5E) = B(4s + 5 ) +

we can use (1.1), ii), iii) to conclude that E[{ &y, k] = 0 as well, the last equality
E&mi & i) = 0 for (m, k) # (m/, k) is shown with analogous considerations).

12



Since the &, &y 1 form a centered Gaussian family, are N(0,1)-distributed, and are
pairwise uncorrelated, they are in fact independent (cf. (1.13)). Hence, the formal formulas
(1.27), (1.28), (1.29) tell us where we should “look for a Brownian motion”. We will now
see how the above non-rigorous considerations can be transformed into a real proof.

Mathematical construction:

We consider on some suitable probability space (£2,.A, P) a (countable) family of i.i.d.
N (0, 1)-distributed variables &y, &pmi, £ > 0, m,k > 0 (for instance Q@ = (0,1), A =
B((0,1)), P = Lebesgue measure on (0, 1), will do the job).

We then define for n > 1 and ¢ > 0:

(1.30) Xa® = > @®e+ Y (D Pwl®éns),

0<i<n 0<m<n 0<k<n2m
where
t t
G(t) = u)du and @, ;(t) = u)du
" (0 = [ utw) i) = [ omatw
(these are called Schauder functions) .
“tent function”
1 Dy Pk
o—(F+1)
t t
0 Y /41 0 E o 2kl kt1

2_m 21’n+1 am
Lemma 1.7.

P-a.s., X,(-,w) converges uniformly on compact intervals of

(1.32) R to a finite limit X (-,w).

Proof. Tt suffices to prove that for any ng > 1, P-a.s., X,,(-,w) converges uniformly on
[0,n0] to a finite limit (because we can then find N € A, with P[N] = 0, so that on N¢,
Xn(+,w) converges uniformly on any [0, ng], and then define

X(t,w) =lim X,(t,w), we N t>0,
n
=0, whenw € N, t > 0).
For t € [0, ng], we have for n > ng:

no—1

(1.33) %)= Y e+ > (X ).

=0 0<m<n  0<k<ng2™

13



and for each ¢ € [0,n¢], and each m > 0, there is at most one k& > 0, such that ®,, ;,(t) # 0.
We then define:

(134) am(w) = Ssup Z (I)m,k(t) fm,k‘ S 27(%+1) sup ‘gm,k‘ .
t€[0,n0] k<ng2™ k<ng2™

We will control this supremum. To this end, we note that for £ N (0, 1)-distributed:

2 1 a?
. < - — -
(1.35) P[[§\>a]_\/;aexp{ 2}, fora >0,

2

(indeed [* exp{—%}du < I exp{—aQ—2 —au}du = L exp{—<}).
It follows that

2 n02m _
Z Pl sup |&npl > V2m] < Z — e < o00.

™
— 0<k<ng2™ i V2m

Thus, Borel Cantelli’s lemma implies that for P-almost every w, there exists mg(w) such
that for m > mo(w), supgcp om [Emi(w)| < vV2m. As a result:

(1.36) P-as., Z am(w) < Z 275D Vom < oo
m2>mo(w) m=>mo(w)
It follows that P-a.s., X,,(-,w) converges uniformly on [0, ng] to a finite limit. O

We will now see that the above defined X (t,w), t > 0, is a Brownian motion. First, we
observe that each X,,(t), t > 0, is a centered Gaussian process (the X, () are finite linear
combinations of the i.i.d. N(0,1)-distributed &, £ > 0, &, %, m, k > 0). Note also that

L2(Q,A,P)
N

(1.37) fort >0, X, (t,w) X(t,w).

Indeed the &, &,  are orthogonal in L?(P) so that, cf. (1.30), X, (t) and X1y (t) — X (t)
are orthogonal. So, for 1 < m < £, E[(X,(t) — Xim(t))?] = 3 ,nc e El( Xk (t) — Xi—1(¢))?],
and to prove that X, (¢), n > 1 is a Cauchy sequence in LZ(Q,:él, P), it suffices to show
that >, E[(Xg(t)— Xk—1(t))?] < oo (with Xo(¢) = 0, by convention). Since F[X,,(t)?] =
S enen El(Xk(t) — Xp_1(t))?], we only need to check that sup,, E[X2(t)] < oo, that is:

(1.38) DTt + D Blt)® < oo
>0 m,k>0
To check this last point, we observe that the above sum equals:

3 </0t<pg(u)du)2+ 3 (/0

(1.39) (20 mk>0

! (1.26)

<pm7k(u)du) ?

Parseval relation
”1[0715]“%2(R+,du) =t<o0.

14



In a very similar vein, we calculate E[X,,(s) X, (t)] for 0 < s,t, as follows:

1.30
EXo(s) Xa®)] "2 3T @) els) + S Dpilt) Dpi(s)
(1.40) 0<t<n p2men
= <7Tn(1[0,t})= Wn(l[o,s])>L2(R+,du),

with 7, the orthogonal projection in L?(R,,du) on the space spanned by ¢y, 0 < £ < n,
Omi, 0 <m < n, 0<k<n2™ Combining (1.37) and (1.40), we find that

E[X,(5) Xu(t)] = (ma(lj,q); Wn(l[ovt})>L2(R+,du)

\l/ n—oo \L n—o0

E[X(S) X(t)] = <1[0,s}’ 1[07t]>L2(R+,du) =sAt.

Note that weak limits of centered Gaussian distributions are centered Gaussian (use char-
acteristic functions). It follows that linear combinations of X (t), which are limit, in L?(P)
by (1.37), and thus in distribution, of linear combinations of X,,(t), are centered Gaussian
variables.

So X (t,w), t > 0, is a centered Gaussian process. From the above calculation I'(s,t) =
s At, and due to (1.32) P-a.s., t > 0 — X(f,w) is continuous.

We have thus proved that X (¢,w) is a Brownian motion on the probability space
(Q, A, P) selected above (1.30).
Complement:

We will now discuss another construction of Brownian motion By, 0 <t < 1, on the time
interval [0, 1], which gives a proof of a result of Paley and Wiener (1934). This approach
will bring into play some important methods on how to control the modulus
of continuity of a stochastic process.

In place of the complete orthonormal basis of L?(R,dt) given by the Haar functions,
cf. (1.25), (1.26), we consider

(1.41) ¢r(t), 0 <t <1, k>0, an orthonormal basis of L2([0, 1], dt),

as well as the sequence

t
(1.42) Pr(t) = / or(u)du, 0 <t <1, k>0.
0

Example: (Paley and Wiener)
The concrete choice of Paley and Wiener (1934) corresponds to:
o =1, pr(t) = V2 cos(knrt), k > 1,0 <t < 1, so that

1.43 2
(1.43) o (t) = ¢, and By (t) = ;:L sin(kmt), 0<t<1,k>1.
T
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In the spirit of (1.30), we consider on some probability space (€2,.4, P) (for instance 2 =
(0,1), A = B((0,1)), P = Lebesgue measure on (0,1)), a sequence &, k > 0, of ii.d.
N(0, 1)-distributed variables.

Similarly to (1.30), we define for n > 0,0 <t <1,

(L.44) X =3 o).

0<k<n

(So, in the situation corresponding to the choice (1.43) of Paley and Wiener:

V2
1.45 X, (t) = t&o + — sin(knt)é, for 0<t <1, n>0).
(1.45) (t) = 1 gkjgn 1 sin(kmt)g, )

We will see that P-a.s., X, (t,w) converges uniformly on [0, 1] to X (¢,w) distributed as the
time restriction to [0, 1] of a Brownian motion. Here again, the most delicate point has to
do with the fact that the convergence is P-a.s. uniform on [0,1]. However, unlike for the
proof of (1.32), we cannot make use of the special properties of the orthonormal basis (see
for instance (1.34)). This will bring into play interesting considerations. We begin with a
lemma concerning functions.

Lemma 1.8. (7' > 0)
For v,y >0, and f € C([0,T],R%), define

(1.46) I:%}(E@lﬂﬂY@ﬁ.
0,772

|t = sl

Assume I < oco. Then for 0 < s <t <T, one has

s 4Ny L
(1.47) F() — F(s)| < 8 / (&Y 5wt
0 u
and hence, for % < 7, one has
(1.47") 1F(t) = £(5)] <8 —1 (AD)T |t — |7, for0<s<t<T.

Proof. We only need to prove (1.47) when
2
(1.48) t=1=T,s=0, and - <.
r

The restriction % < 7 is clear (otherwise the right-hand side is infinite) and note that
given f and 0 < s <t < 7T, as in Lemma 1.8, we can define

fr)=fls+{t—s)7), 0<7 <1,

16



so that if we know that (1.47) holds under (1.48), we find that:

70 = £(5) = [71) = F(O)] <8 5 (&), with

(1.49) _ _ change of
— — T iabl
]:/ (M) du dv Varg ¢ (t_5)72+r'q
0,1]2 lu — o[

and inserting in (1.49) we find (1.47) (and (1.47) as well).
We thus assume (1.48). We define for 0 < u <1,

(1.50) J(u) = /01 (M)Qm

lu—o|
Since fol J(u)du = I, there is a ty € (0,1) s.t. J(tp) < I. We will show that
There are t,, n > 0, in (0,1) such that with d, = % tn,
(1‘51) tnt1 € (07dn)7

21
J(thrl) < a, and <

|f (tns1) — f(tn)‘y < 2J (tn) .

|tn+1 - tnr{

Indeed given t,,, define d,, as indicated, and note that

Hu € (0,dy); J(u) > %}T‘ < d2—n, since /01 J(u)du =1
Lebesgue measure
and
Hu € (0,dy); ('f(f;)__tﬁj””y > 2'];2") H < %",
since / (W)Tdu = J(tn).

Hence we must be able to find ¢,4+1 in (0,d,,), for which the last line of (1.51) holds. This
proves (1.51). We now have

(1.52) 1>tg>dp>t1>dy > >ty >dy > ...,

and since d) | < 2, dy — 0, as n — .

Note also that:

(1.53) [t = tna[ < ) = 23 = 4(dy = 5 ) < A(dy — ).

17



From the last line of (1.51), with the convention d_; = 1, we find for n > 0:

(151) ,927 tn % (1.51) 4] %
’f(tn) - f(tn—i—l)’ < <L) ‘tn - tn-HP < < > ’tn - tn-i-ln
dn dn dnfl
(159) s .

i) @< [ ()

Summing over n, we find:

1

(1.55) I (t0) — F(0)] < 4/(:0 <i_£> " .

If we introduce the function f() = f(1—"), for which the corresponding I of course equals
I, we can pick tg = 1 — g, and obtain with (1.55) that

F1—t0) = FO) = 15(t0) = FO <4 [ (35)" 7,

and combining with (1.55) deduce that

(156) -1 <s [ () w0 ta,

thus concluding the proof of Lemma 1.8. U

Remark 1.9. The above lemma is a special case of a more general result (see [12], p. 170).
The interest of the lemma is that it permits to control the modulus of continuity of f
in terms of an integral of f(-) corresponding to I. This will be handy when proving
Kolmogorov’s criterion below. The quantity I is also related to certain Besov norms (see
for instance [1], p. 214). O

As an application of Lemma 1.8 we have

Theorem 1.10. (Kolmogorov’s criterion)

If X,,(t,w), 0 <t <T,n >1, are d-dimensional stochastic processes on (Q, A, P) with
continuous trajectories such that for r >0, a > 0,

. sup | Xn(t) — Xp(s < t—s s fjor 0< s <t < T,
1.57 E X X.(s)1<C Ita 0 T

n>1

then for each B € (0, %) there is a K(r,a, 3, T) > 0, such that:

(1.58) P|: sup |Xn(t) _Xn(8)|

KC
=z R} < — HR>0.
n>1,0<s<t<T (t— 3)5 S R for a >

(Note that the processes X, (-) may very well all coincide with X;(-).)
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Proof. Consider 8 € (0, %) and set

2 2
(1.59) fydéf;+5< ta.

Then, observe that (1.57) and Fubini’s theorem imply that

E|:/ sup |Xn(t) - Xn(5)| dtd8:| < / C‘t _ S‘ 14+a—ry ds dt
0,772

0,712 n>1 |t —s|™
(160) Il def T
Iw) > 1 by (1.59)

def CKi(r,a,8,T) < .

By Lemma 1.8, we know that for 0 < s <t < T,

(147) )

(1.61) sup | X, (t,w) — Xp(s,w)] < 8 5 (4T (W) (t—s)P.

n>1
It thus follows that for R > 0

Xn(t - X, s (1.61) r Markov

n>1 |t - S|B B inequality
L < LT L
+o(3) T < 4+vE) T

and (1.58) follows. O

Kolmogorov’s criterion provides a powerful tool to estimate the modulus of continuity
of stochastic processes.

The next result in the special case of (1.43), (1.45), recovers a famous result of Paley

and Wiener (1934).
Theorem 1.11. (under (1.41), (1.42))

P-a.s., Xp(t) = > g<p<n Pr(t) Sk, 0 <t <1, converges uniformly on
(1.62) [0,1] to X(t,w), 0 <t <1, which has the same law on C([0,1]),R)
as By, 0 <t <1, if By, t >0, is a Brownian motion.

Proof. We introduce the filtration

(163) fn:U(§07§17"'7§n)7 n207

and note that for each ¢t € [0, 1], and p > 1:

(1.64) X, (t) is an F,-martingale, with finite LP-norm.
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It then follows from Doob’s inequality (with p = 4), that for 0 < s <t < 1:

(1.65) E[ig% (Xn(t) — Xn(s))4] < (§>4 ZL;}; E[(X,(t) — Xn(s))4] .

Note that X, () — X,,(s) is a centered Gaussian variable with variance

B[00 - %)) 2 5 ([atn) <3 ([ )’

(1.66) 0<k<n 9§ k>0 §

Parseval

2 — —
identity Lslzego.an =t =5

Now for Z an N(0,1) variable we have

E[Z%] =3,

22

. _a? dx integration e 2 0 a2 dx
indeed: [ zte 2 = [3:3 < — >] + / 322 e 2 = 3) ,
< /]R \/2m by parts 2 —00 R /2

and hence, by scaling we find that for Z, N(0,0?) distributed,

(1.67) E[Z% = 30%.

Combining this identity with (1.65), (1.66), we see that

(168)  E[sup (X, (t) = Xu(5))*] <C(t—5)% for0< s <t <1, (with C = 3(§>4) -
n>0

We can then apply Kolmogorov’s criterion, with @ = 1,7 = 4, in (1.57) and choosing
B=3i(<i=2), wededuce from (1.58) that

| Xn(t) = Xu(s)]
1.69 P-a.s., sup < 0.
(1.69) n>1,0<s<t<1 (t —s)L/8

Since X,,(0) = 0, for each n, it follows from Ascoli-Arzela’s theorem that

(1.70) P-as., X,(-,w), n >0, is a relatively compact sequence in C([0,1],R)
endowed with the topology of uniform convergence .

By (1.68) with s =0, (1.64) and the martingale convergence theorem we also see that
(1.71) P-as., forallt € QN (0,1), X, (f,w) has a finite limit .

Combining (1.70) and (1.71), we have thus shown that

(1.72) P-as., X,,(t,w) converges uniformly on [0, 1]

(this plays the role of (1.32)).
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We can thus define a stochastic process X (t,w), 0 < ¢ < 1, such that

t €10,1] - X(t,w) is continuous for each w € Q, and

(1.73) P-as., lim sup [X,(t,w)— X(t,w)]=0.
™ tel0,1)

For each t € [0,1] the (F,)-martingale X,,(¢) also converges in L?(P), due to (1.66), with
s = 0, see also below (1.37). Proceeding as in (1.40) (see also (1.66)), we find that for
0<s,t<1:

E[Xn(s) Xn(t)] 7) <1[0,s}7 1[07t}>L2([071},du) =sNAt
(1.74) I n—o0
E[X(s) X(t)] = s At.

Moreover X (t), 0 < t < 1, by the same arguments as on page 15 is also a centered
Gaussian process. Applying (1.13), we thus find that X (¢), 0 < ¢ < 1, has the same law
on C([0,1],R) as By, 0 <t <1, if By, t > 0, is a Brownian motion. O
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Chapter 2: Brownian Motion and Markov Property

We are going to successively discuss the “simple Markov property” and the “strong Markov
property”, and this chapter will revolve around the fact that Brownian motion is a canon-
ical example of a continuous Markov process.

Heuristically the simple Markov property states that if one “knows” the trajectory of
a Brownian motion X until time s, then the trajectory after time s : X 4, given this
information behaves like a Brownian motion starting from the random initial position X.
In particular, only the knowledge of X matters, in this prediction of the future after time
s given the past up to time s. The strong Markov property will extend this to stopping
times in place of the fixed time s.

Notation: (as in Chapter 1)
C = C(R,,RY),
X;:C — R t >0 (“the canonical coordinates”),
F =0(Xy,u>0),

W = Wiener measure on (2, F).

For z € RY, “Brownian motion starting from z” is described by the probability:

(2.1) W, = the image of W under the map w(-) € C - w(-) +z € C,
(we write E, for the corresponding expectation).

In particular, for h(xg,...,z,) € BB(RH"1), 0=ty < t; < -+ < ty,

B [M Xy, Xtys -5 X1,)] = EWh(z + Xo, 2+ X4y, ..o+ Xy,

(L7) . A TT ot 1 -
(2.2) = /(Rd)nh( 21, an) ] 27t — tioa)]

i=1

(M]IoH

T — :
exp{ Z | Zt _;Z 11| }dwl...dxn (with zg = x).

On C we have the time-shift operators:

for s > 0, (C]-") % (C,F), Os(w)(-) =w(s+-).
(2.3) 0
measurable by (1.5)

23



> 1

new origin of time

Note that:
f(Xigy ooy Xt,) 005(w) = f(w(s+to), w(s+t1),...,w(s+1t,)).

"\ concerns the trajectory after time s

(2.4)

The information contained in the part of the trajectory up to time s is described by:

(2.5) Fs = 0(Xy,u < s), and
(2.6) Fh= Fore @ Fo),
e>0

so that “F} peeks infinitesimally into the future after time s”. For instance the
event “the trajectory immediately leaves its starting point”:

A:ﬂ( U {XT#X0}>isin]:gbutnotin]:o.

n>1 TEQF‘I[O,%}

Theorem 2.1. (simple Markov property)
Y €bF, s >0, z €R?, then

(2.7) E.[Y 00s| Ff] = Ex.[Y], Wy-a.s..
(2.8) Under Wy, (Xs+u — Xs)u>0 s a Brownian motion independent of F; .
Proof.

e (2.7): Note that

(2.9) y € R — E,[Y]is in bB(R?) for Y € bF.

Indeed this is true when ¥ = 14, 0 Xy, ...14, 0 Xy, with tp < t; < --- < ¢, and
Ag, ..., A, € B(RY), thanks to (2.2). We can then use Dynkin’s lemma to conclude that
this is also true when Y = 1p, with F' € F, and then approximate a general Y € bF by
step-functions of the form /", \; 15, to obtain (2.9).
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Then, note that for ug = 0 < --- < uy = s, tp =0 < -+ < tg, with f,g bounded
measurable one has

E:B[f(Xuo’ cee ,Xun)g(Xerto’ cee 7X5+tk)] =
/ f(xaxh s 7'%'71) g(xna s 7xn+k‘) H [27T(ul - ui—l)]i
(Reyn-+k

i1

. d 1 v |z — 2 ?
H 27 (t; — tj—1)]"2 exp { -3 Z T —wg
i=1

Nl

~

7j=1

k |,I . . |2

_% n+j n+j—1 }dml ‘ --d$n+k
. t] - tj*l
(2.10) = N ‘2
= _lgn ezl
2 /(Rd)n J@r, ) B oK. Xy exp | — 1 Z: o }

H 27 (u; — Uz’ﬂ)]*% dry...dx, (22)
i=1
E[f(Xo(w), ..., Xu, (@) Ex,w)9(Xeg, -, Xe,)]]

/]\

this is the function: w — Ex (w)[9(Xt,,- .-, Xt,)] -

Using Dynkin’s lemma, we see that for s > 0, and A € F,:

(2.11) Er[lag(Xsttgy > Xovey)] = Ee[la Ex [9(Xeg, - -+, Xi,)]] -

If we now pick g continuous and bounded, clearly
(2.12) yeR = B lg( Xy, ..., Xe,)] = Eolg(Xeg + s Xp, +y)] €R

is a continuous bounded function thanks to dominated convergence. We can apply (2.11)
with s+e¢ in place of s, A € Ff C Fsic, and letting € — 0, see, by dominated convergence,
that (2.11) holds for s > 0, A € F;', and g bounded continuous. Then, by approximation,
it holds for g of the form

k
g(xoy ... x) = H g, (2;), with K;,i =0,...,k, closed in R?.
=0

Using Dynkin’s lemma once more we see that for s >0, A€ Ff, A/ € F, Y = 14
(2.13) E.[14Y ob,] = E.[14 Ex,[Y]].

Then, using a uniform approximation by step functions, we see that (2.13) holds for
Y € bF. This proves (2.7).

25



® (2.8): (Xstu — Xs)u>0 has continuous trajectories, and for f € bB((R%)"*1), 0 = ¢5 <
t <o < tp, We-a.s.,
Eolf (Xstto — Xoy o KXot — Xs) | F] =

2.7
(2.14) Eolf (Xiy — Xov.. . Xo, — Xo) 00, FF] 2

Ex.[f(Xig — Xoy-- s Xo, — Xo)] 2 Bolf (X, -, X0,)].

It now readily follows that (Xsi, — Xs)u>o0 fulfills (1.1), and is a Brownian motion on
(C,F,W5). Moreover it is straightforward from (2.14) (with Dynkin’s lemma) to see that
for any F(-) : C — R, bounded measurable F(Xs; — X;) is independent of F, . This
proves (2.8). O

Corollary 2.2. (Blumenthal’s 0 — 1 law)
(2.15) For any x € RY, W,(A) € {0,1}, when A € Fy .
Proof. 14 060y =14, since 6 is the identity map. Therefore, we find that

E. 14| F] =14, Wy-as. (since A € Fy),

and

Em[lA |‘7:(;r] = E:v[lA oty |]:(;r] (2:7) Ex, [1A] = Wm(A)a Wy-a.s., since Wm(XO = :C) =1.

As a result, Wy-a.s., 14 = W,(A), and the claim (2.15) follows. O

As we now see, the o-algebra .7-"; contains some interesting events and this explains
the interest of Blumenthal’s 0 — 1 law.

Examples:

1) d=1,let Hy & inf{s > 0; X, > 0}, H_ & inf{s > 0; Xs; < 0} denote the respective

hitting times of (0, 00) and (—o0,0).

Proposition 2.3.

(2.16) Wo-a.s., Hy = H_ =0.
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Proof.
== ( U Xeoo))er

n>1 T‘E(O,%}ﬂ@
and for ¢ > 0,
Wo(Hy < 1) > Wo(X; > 0) =

/ decreases for t — 0

Wo(Hy =0) > %

Thus by (2.15), we find that Wy(H, = 0) = 1.
Of course, in the same way Wy(H_ = 0) = 1.

2) d > 2, C some open cone with tip 0 in R?
(i.e. C is open, and for z € R, 2 € C <= Az € C, for all A > 0).

Define the hitting time of C:
(2.17) He = inf{s > 0; X, € C}.
Proposition 2.4.

(2.18) Wo-a.s., Ho =0.

Proof. The argument is similar to the proof of (2.16).
We use the fact that {Ho = 0} € F and

WolHe < 1) > Wo(X; € C) *“B8 1V X, € C)

C is a cone

WO(Xl S C) >0.
with tip 0

One then concludes as for (2.16).
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3)d=1,t,>0,n>1, with limt, = 0.

Proposition 2.5.

— X
(2.19) Wo-a.s., Im =2 = oo
n

o

Proof. For ¢ > 0, note that A 4 im sup{Xy, > cv/t,} € Fy . Indeed
n

AL (M A= () Anwith 4, = |J {Xs, > Vi),
n>1 n>ng m>n
so A e F.,if t,, <e, for m > ng. But € > 0 can be chosen arbitrary.
By (2.15), Wp(A) =0 or 1, moreover A,, decreases with n, so that:
Wo(A) =lim Wy(A,) > lim Wo(Xe, > cv/tn)
n

(2.20) i "
Scalin,
= gWo(Xl > C) >0.

As a result Wy(A) = 1, for arbitrary ¢ > 0.

In particular, Wy-a.s., lim,, % > ¢, and choosing ¢ = k, k > 1, we obtain (2.19). O

Exercise 2.6. Show that:
Under Wy, the asymptotic o-field A =

weoo 0(Xy, v > u) is trivial, that is

Wo(A) € {0,1}, for any A € A.
In fact more is true:

A€ A= W,(A) =0, for all z € R% or W,(A) = 1, for all z € RY.

(Hint: use (1.21), Blumenthal’s 0 — 1 law and the Markov property). O

We continue our discussion of the simple Markov property, and will in the spirit of
(1.15) (in the case of Gaussian processes), provide a Markovian characterization of Brow-
nian motion. For this purpose, we introduce the Brownian transition semigroup:

R; f(z) = E,[f(X})], z € R4t >0, f € bB(RY)

(2.21) 9

= (27Tt)_% f(y) exp{ — M} dy, when t > 0.
R4 2t
R;, t > 0, satisfies the semigroup property:
(222) Rt+5 = Rt o RS, t, s> 0.
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Indeed, one has with the help of the simple Markov property:

Riyo f(2) = Blf(Xuss)] = Elf(X.) 00 2 B, [Ex, [£(X,)]

P2V B[R, £(X0)) "2 Ru(R, ().

One then has the following Markovian characterization of Brownian motion (compare with
(1.15) for Gaussian processes):

Proposition 2.7. Let By, t > 0, be an R%-valued process defined on (Q, A, P), with P-a.s.,
continuous trajectories, and Gy = o(By,u < s). Then

B, t > 0, is a Brownian motion <= By =0, P-a.s., and

(2.23) E[f(Bi1s)|Gs] = Ry f(Bs), P-a.s., for f € bB(RY) and t,s > 0.

Proof.

e —: Using (1.7) and (2.21), if By, t > 0, is a Brownian motion, for 0 =ty < --- <
th=s5,t>0,and fo,..., fn, [ € bB(R?):

Elfo(By) - fa(Bi,) fBuss)] = Elfo(Bug) ... fu(Bu,_,) Ri f(By)]

and using Dynkin’s lemma, for any G € Gj:
Ellg f(Biys)] = Ell Ry f(Bs)],

from which we deduce that P-a.s., E[f(Biys)|Gs] = R: f(Bs). The fact that By = 0,
P-a.s., is automatic.

e <—: By induction we see that for to =0 < --- < tp, fo,-..,fn € bB(Rd):
E[fO(Bto) s fn(Btn)] -

n 1 z": ‘zzizi'—l‘
/(d) fO(O)fl(xl)...fn(xn)H[Qw(ti—ti,l)]_ge ST gy day,
]R n

=1

As a result By, t > 0, has the same finite marginal distributions as X, ¢ > 0, under
W (= Wiener measure), cf. (1.7), and it thus satisfies (1.1). Our claim follows.

O
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Strong Markov property

In order to discuss the strong Markov property we need to introduce the notion of stop-
ping times.

In the case of a discrete filtration (2, G, (G, )n>0) (i-e. the o-algebras G,,n > 0, G satisfy
GhCG C---C G, .- CQ), astopping time is defined as a map T : Q2 — NU {co}
(recall N ={0,1,2,...}), such that {T'=n} € G,, for each n > 0.

In other words “the decision to stop at a certain time n is a function of the information
known by time n”.

In the case when time varies in Ry = [0, 00) in place of N, the “right way” to interpret
the above sentence comes in the next:

Definition 2.8. (Q,G,(Gt)i>0) where (Gi)i>0 s assumed to be a filtration (i.e. the o-
algebras G, t > 0, satisfy Gs € G C G, for 0 < s < t), then T : Q — [0,00] is a
(Gt)-stopping time if:

(2.24) {T' <t} €Gi, forallt >0.
The “o-algebra of the past of T” is defined as:

Gr={Aec G, An{T <t} € G, for eacht > 0}

(2.25)
(this is indeed a o-algebra!).

Remark 2.9. Note that when T is a (G;)-stopping time, then for any ¢ > 0,

{T'<t}= U {T < s} belongs to G, and
s€QNI0,t)
{T =t} ={T < t}\{T < t} belongs to G;. 0
Examples:
1) Entrance time in a closed set:

Consider the canonical space (C, F) and F, t > 0, as in (2.5), as well as A a closed subset
of R, The entrance time of X in A is

. 4 =inf{s > 0; X, € y convention, H4 = oo when {...} =10).
2.26 H inf 0; X, € A} (b i H h 0
We will now see that
(2.27) H, is an (F;)-stopping time.

/ closed

Indeed, for w € C, {s > 0, Xs(w) € A} is a closed subset of Ry, which thus contains
H 4(w) when it is finite. N\ continuous

Hence for ¢t > 0:

Ha(w) >t <= Vs e [0,t], dist(Xs(w),A) >0 <= Eglf} dist(Xs(w), A) > 0.
t
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Therefore we see that

== N {dist(X,w),4) > er,

n>1 seQnlo0,t]
and (2.27) follows.
2) Entrance time in an open set:
We now replace A with O an open subset of R?, and of course set
(2.28) Hop =inf{s > 0; X; € O}.

Observe that in general {Hp = t} is not Fy-measurable (and hence Hp is not an (F)-
stopping time by Remark 2.9).

two possible trajectories which
agree up to time t, one of which
has Hp =t and the other not.

One needs to “peek a little bit into the future” to decide whether Hp = t or not. This
motivates the use of the filtration ;" (= Neso Fiie), t > 0.

Proposition 2.10.
(2.29) If O is an open set of RY, Ho is an (F;")-stopping time.
Proof.

{Hop < s} = U {X, €0} e Fg, for s >0,
ueQNI0,s)

and hence

{Hogs}:ﬂ{Ho<s+6}E]::, for s > 0.
e>0

Remark 2.11. By the above argument we also see that:

when (2,7, (Gt)i>0) is such that the filtration (G;);>o is
(2.30) right continuous (i.e. G; = Ne> Giye, for all ¢ > 0), then
T is a (G¢)-stopping time <= {T' <t} € G;, for all ¢t > 0.

(Indeed “==" immediate and for “=" : {T' < s} =, 5, { T < s+ 1} which belongs
to Ne>o gs-i—e = gs) O

decreasing in n
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Here are now some simple useful properties:
Proposition 2.12. (Q,G, (Gt)t>0)
(2.31) T stopping time = T is Gp-measurable.
(2.32) S, T stopping times, then T NS (= min(T,S)) and
TV S (=max(T,S)) are stopping times.
(2.33) In the case of (C,F), if T,S are (F;")-stopping times, then
T+ Sofr=T(w)+ S(Orw)(w)), whenT(w) < oo,
= 00, when T'(w) = o0,
is also an (F;")-stopping time.
Proof.
e (2.31):
It suffices to show that {T' < u} € Gr, for u > 0, and indeed
{T<u}n{T <t} ={T <uAt}€Gurn CG, forallt >0,
and by (2.25), {T < u} € Gp, for all u > 0.
o (2.32):

{TANS<t}={T <t}U{S <t} e€q, forall t >0. Hence, T A S is a (G;)-stopping time.
{TvS<t}={T <t}n{S <t} G, forall t >0. Hence, TV S is a (G;)-stopping time.

e (2.33):

(F; )i>0 is a right-continuous filtration (check it!), and by (2.30) we only need to show
that for ¢ > 0:

(2.34) {T+Sobp<tyeF.
To this effect, note that

(2.35) {T+Sobr<tt= |J {T<wuSobr<u}.
u,vegﬂ(é)t,oo)

We will use the following claim:

Assume {T < u} # 0, then

(2.36) 07 : ({T < u}, Fopu N {T < u}) = (C,F,) is measurable.

Indeed, for 0 < s < w, X, o007, is measurable as a map:

(T < u}, Foru N{T < u}) = (RY, B(RY)),
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as follows from the equality valid for w € {T' < u}:

_ _ T (k—1) k
Xs00r(w) = Xgpr(w)(w) —nll)rrgo X8+%u(w) 1{ —u<T < Jug .
1<k<n
measurable eFFn{T<u}
-Fs+1tﬂ{T<U} CFytuM{T<u}
CFpyun{T<u}

The claim (2.36) now follows from a similar argument as (1.5). On the other hand,
{S < v} = U <pregno,e){S <7} € Fu, and we see that the event in the union in the
right-hand side of (2.35) satisfies:

{T <u,Sofbr <v}= €F (even Fu)
(2.36) ——
{we{T <u}, Op(w) € {S<v}} € FuroN {T<u} CFuto.

Thus, coming back to (2.35) we have shown that {7+ Sofr <t} € F; C F,;", and (2.34)
is proved, whence (2.33). O

Complement:

Special characterization of Fp, when T is an (F;)-stopping time on the canonical
space C'. We have the identity:

(2.37) Fr = 0(Xrps, s >0)

(in other words Fr describes the information of the trajectory X stopped at time T').
Proof.

e “D7:

This is the easier direction. We need to show that

(2.38) Xras is Fr-measurable for each s > 0.

For this purpose we write

o
. k k41
(2.39) Xrps = lim ;—0: Xpp g sT< -}

Observe now that for A € Fx , , and u >0,
2n

Am{QﬁngT<%}ﬂ{T§u}

is empty if u < 2%, and when 2% < u < B it coincides with AN{T < £} nN{T <u} €

Fu, and when u > %, it equals AN {2% <T< %} € Fu.
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It thus follows that A N {2% <T < %} € Fr. Then, using an approximation of

k<< %} is Fr-measurable, and

X s by step functions we conclude that X £ s s

(2.38) follows from (2.39).
° Ltg”:

This step is more involved. We introduce the notation

(2.40) we () o w(-At)(e C), for any t > 0, and w € C'.
We will use the following

Claim:

(2.41) f(w) = f(wpy)), for any f € bFr and w € C'.

To see that the claim holds note that it is obviously true when T'(w) = oo, since wr,) = w
in this case, and we only need to check that

(2.42) fw) {T(w) =t} = f(w) {T(w) =t}, for all t >0, and f € bFr.
To see this last point we argue as follows: Using Dynkin’s lemma we find that for ¢t > 0,

(2.43) Y(w) =Y (wy), for any Y € bF;, and w € C'.
and since T' is an (F;)-stopping time, {T' =t} € F;, and hence with (2.43):
H{T(w) =t} = 1{T(w) =t}, for t >0, we C.

Similarly, when f(-) is bFr, using (2.25), (2.31), we see that
f(w) HT'(w) =t} = f(w) T (w) =t} {T(w) <t} €bF;.

ebFr

As a result, by (2.43) and the identity below (2.43), we find that for w € C, t > 0,
fw) T (w) =t} = fwe) T (wy) =t} = f(we) YT (w) = t},

and this proves (2.42) and completes the proof of (2.41).

Now, from Dynkin’s lemma we see that for any f € bF, there exists F bounded
measurable on (RN and a sequence (t;)x>0 in [0, 00) such that:

(2.44) flw) = F(w(ty),w(ty),...,w(tg),...).
Applying the claim (2.41) we thus find that for f € bFr
(2.44)
f(w) = f(wT(w)) = F(wT(w) (t0)7 wT(w) (t1)7 cee 7wT(w) (tk)7 cee )
(2.40)

F(w(T(w) Aty), w(T(w) Aty),...,w(T(w) Atg),...)
= F(Xraty(w), Xoag (W), ..., Xoag, (w),...)

and this proves that Fr C o(Xpps, s > 0). O
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Exercise 2.13.
1) Show that Fr is generated by a countable collection of events (hint: use (2.37)).
2) Given (Q,G, (Gt)t>0) and S, T two (G;)-stopping times, show that

a) if S<T,Gs CGr,

b) {S < T} and {S < T} belong to Gs N Gr

(hint: write {S < T} N{T < t} = Usegnpg{S < st N{T > s} N{T < ¢}, and
{S<Tin{S <t} ={5<t}n{T >t} U{S < T}nN{T < t}, and use that
{5 <T}edr}),

c) for Ae Gg, AN{S < T} and AN{S < T} belong to Gsar.

O

We continue with the discussion of the strong Markov property. We consider
(C,F). We recall that (F;")¢>0 is a right-continuous filtration, see (2.30) and above (2.34).
We further observe that:

for T an (F;")-stopping time, F' (2ﬁ5){A € F; An{T <t} € F;, vt > 0}

(2.45)
= {AcF;, An{T <t} e F", vt >0}

Indeed “C” is immediate and for “2” when AN{T <t} € f;r , for all t > 0, then

Am{Tgt}:ﬂAm{T<t+%}eﬂJ§j€:J-“j, fort > 0.
e>0

n>1

Theorem 2.14. (strong Markov property)
Let T be an (F;")-stopping time, Y € bF, x € R?, then

(2.46) E,lY o0 | Ff] = Ex,[Y], on{T < 0o}, Wy-a.s.

(in other words, Or: ({T' < oo}, FNA{T < oo}) — (C,F) is measurable, and the random
variable Ex,[Y] defined on {T < oo} is Ff N {T < oc}-measurable and for any A €

FiE N {T < oo}, EL[Y 00r14] = E[Ex,[Y]14]).

T
well-defined since A C {T < oo}

Rather than discussing the proof right away we first give an application.
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The reflection principle:

a>0,b<a

reflection of the path after time H,

H, =inf{s > 0, X, = a},

“entrance time in {a}”.

0 H, t

Theorem 2.15. (d=1,a>0,b<a)

(2.47) Wo(X: <b, sup X > a) = Wy(X; > 2a—b), fort >0, and
s<t
(2.48) Wo(sup X, > a) =2Wy(X; > a)
s<t

(in particular sups<; Xs under Wy has same law as | Xy|).

Proof.
e (2.47):

WO(Xt < b7 sup XS > a) = WO(Ha <t, Xt < b) =
(249) s<t
Wo[{w € C; Ho(w) <t, X(t—n,(w)), (O, w)(w)) <b}].
We will use the following
Lemma 2.16. (T an (F;")-stopping time)
If h(wy,wy) is bF @ Ff, then for any x € RY, Wy-a.s. on {T < oo},

(2.50) Bulh(Oru(w).w) | 7] = [ ) Wy (11)

variable of integration

Proof. For h = 14,(w1)1a,(ws), Ay € F, Ay € Ff, (2.46) implies that for any B €
F N {T < oo}, one has:

(2.51) B [h(Or() (w), w) 18] = B, [13 /

h(wr, w) AWy, (wl)] .
C
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Then using Dynkin’s lemma and approximation, (2.51) holds for any h € bF ® ]:; , and
Jo kw1, w) dWx, (w;) (defined on {T < oo}) is Ff N {T < oo} measurable. Our claim
follows. O

We now apply the above lemma with T'= H,, and
h(wi, w2) = X (4 —H, (wy)),. (w1) < b},

which is F ® f;@—measurable, because

(w,t) = Xi(w) = lim X x (w) L @)(t) is F ® B(R4)-measurable
n 2n PICEEDIO
k>0

and one can realize h(wi,ws) in the following steps:

(w1, we) € C' x C = (wy, (t — Hy(wz))y) € C X Ry
— X(tfHa(wg))+(w1) eER— h(wl,wg) eR,,

and each step is induced by a measurable transformation relative to the natural o-algebra.

We can thus apply (2.50) to the last line of (2.49) and find:

WolH, < t, Xy < b = Ey[H, <, WXH (X (t—Ha), < b]] (note Xp, = a on {H, <t})
ymmeny g [H, <t, WXHa [X(t_ Ha)s = 2a —b]] and going backward
G20 WolH, < t, X, > 2a— b = Wo[X, > 2a — 1]
We have thus shown that:
(2.52) Wo(He <t, Xt <b) = Wo(Xt >2a—0),

and together with (2.49) this proves (2.47).

e (2.48):
WO[Ha < t] = WO[Ha <t Xy > a] + WO[Ha <t Xy < a]
(2.53) = Wo[Xi > a] + Wo[H, < t, X; <
(2.52)
oy WolXe > a] + Wol Xy 2 o] = 2Wo[X; 2 d],
and this proves (2.48). O

Corollary 2.17. For a € R, H, is Wy-a.s. finite and has distribution:

a a2

(2.54) Wo(H, € ds) = \/—_ ‘—g { ~ 2_3} 1(0.00)(8) s .
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The joint law of Xy and sups<; X, for t >0, is given by:

Wo(X: € db, sup X € da) =

s<t

(259 2\2;2;—;; eXp{—@} 1{a>0,b<a}dadb.
Proof.
o (2.54):
a >0, then Wo[Hq < 5] "2 Wo[|X,| > a) 2 Wo[[X1| > a/V5] — 1,

and hence Wy[H, < oo] = 1. Moreover we have:

(2.48) a 2 /°° _u?
2.56)  WylH, < s] =W, X, >d = 2| Xy > —=| = — e du.
(2.56) 0[Hq < 5 o[ig) ] o[ 1 \/g} N

Differentiating in s we find (2.54).

e (2.55): Consider 0 < a,b < a, we have

) 1 o0 z2
Wo[Xe < b, sup X > d] (2é7) Wo[Xe > 2a —b] = / e 2t dx
2

s<t 2t a—b
setting z=2u—b derivating in b
\ 1
2 & u—b)?
(2.57) = / o5 du = / f(u,v) dudv, if
V2rt Ja [a,00) % (—o0,]
2u—v (2u —v)?
f(u,v) = == exp{—T}l{u>O,v<u},

is the probability density that appears in the right-hand side of (2.55). This probability
density is concentrated on the open set:

A={(z,y) €ER* >0,y <z}.

Note that the same holds true for the joint law of (sup,<; Xs, Xy) under Wp. Indeed
observe that

(2.58) B, ¥ x, ,-Xx,0<s<t,

is a Brownian motion with time parameter [0, ¢] (because it is a centered Gaussian process
with continuous trajectories and covariance Ey[Bs By] = s As’, 0 < 5,8’ <t). We know
from (2.16) that the hitting time of (0,00) by B, or by X is a.s. equal to 0 (one can also
see this from (2.47)). Therefore we have:

(2.59) Wo-a.s., sup Xs > Xy, and sup X5 > 0.
s<t s<t
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As aresult the joint law of (sup,<; X5, X¢) under Wy is supported by A. Now the collection
of subsets of A of the form [a,00) x (—00,b], with @ > 0, b < a, is a 7-system, which
generates B(A) (the Borel subsets of A). By (2.57) and Dynkin’s lemma we can conclude
that (2.55) holds. O

Remark 2.18. The collection of subsets [a,00) X (—00,b], of A = {(z,y) € R% 2 > 0,
y <z}, with a > 0, b < a, is not rich enough to generate B(A) (their trace on {(z, y) € R?
x =1y > 0} C OA consists at most of a point). This is why we work with A and not A. [J

As a preparation for the proof of the strong Markov property, we introduce the following

Definition 2.19. Given (©,G,(Gi)i>0), an R¥-valued process Z,(w), u > 0, w € €, is
called progressively measurable if the restriction of Z to Q x [0,t] is G, ® B(]0,t])-
measurable for each t > 0.

Example:

A process Z,(w) right-continuous in u, adapted, (i.e. Z,(-) is G,-measurable for each
u > 0), is progressively measurable because on [0, ¢] x Q:

k
(2.60) = lim Z Zs, {— t<s<?™ t} + Z(w) Ly -

n

/

B([0,t]))®G: —measurable

O

The interest of this notion in our context comes from the next

Lemma 2.20. Given (2,G,(Gt)i>0), Z a progressively measurable process, and T a (Gy)-
stopping time one has

(2.61) Zr (i.e. w e {T < 00} = Zpy(w) € RY) is Gp N{T < oco}-measurable.

Proof. 1t suffices to show that for any ¢ > 0,

(2.62) {T <t}, G n{T < t}) L (RY, B(RY)) is measurable .
But the above map is the composition of the measurable maps:

we{T <t} — (w,T(w)) € A x[0,¢] 3 (w,u) — Zy(w) € RY.
G {T <t} G @ B([0, 1]) B(RY)

The first map is measurable because both maps

Id

(T <t}, Gn{T <t}) 2% (Q,G,) and

z, ([0,t], B([0,t]) are measurable,

and the second map is measurable because Z is progressively measurable. U
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We now turn to the proof of the strong Markov property:

Proof. We will prove Theorem 2.14 in a number of steps. The first step is to show that:

(2.63) Or: ({T < o0}, FN{T < o0}) — (C, F) is measurable.

Due to (1.5) we only need to show that for s > 0,
(2.64) X 007 : ({T < o0}, FN{T < o0}) — (R?, B(R?)) is measurable,

and in the spirit of the proof in (2.36), we write for w € {T' < oo}

k—1 k
X, 0 0p(w) = Xoyry@w) = lim S X, i (w) 1{( ) <7< £y
TS —— D .
meas. FN{T'<oo} eFN{T <o}

whence (2.64) and therefore (2.63).
The second step is then to show that:

(2.65) X7 : ({T < 00}, Ff N{T < o0}) = (R%, B(RY)) is measurable.

To this effect we note that X;(w) is a progressively measurable process due to (2.60) and
the claim (2.65) now follows from (2.61).

Note that y € RY — E,[Y] is measurable for any Y € bF, as shown in (2.9) (or in
other words y € RY, A € F — W,(A) € [0,1], is a probability kernel). Combining this
observation with (2.63) and (2.65), the statement in (2.46) now makes sense.

The third step is to show that:

when 7" takes an at most denumerable set of values in Ry U {00},

(2.66) then (2.46) is true.

This step will follow from a direct application of the simple Markov property. We write
an, 0 <n < N(< 00) for the set of values of T in [0, 00).

Then for A € Ff N{T < oo}, 0=ty < -+ < tg, f € bB((RY)*H1) we find:

E:v[f(Xto, - ,th) © HT 1A] = Em[f(XTtho’ s ’XTJFtk) 1A] =

(2.7)
Z Em |:f(Xan+t0, e 7Xan+tk) 1A M {T = an}] =
n ~——

eFs,
(2.67)
and by the simple Markov property (2.7):

Z Ea: [EXan [f(Xtm s 7th)] 1Aﬂ{T=an}] =

n

B [Ex, [f(Xtgs -5 Xy,,)] 14],
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where the summation runs over the set 0 < n < N (such that a, € [0,00)) in lines two
and four of (2.67). We can now use Dynkin’s lemma and approximation to deduce that
for Y € bF, one has

E,[Y 001 14] = Ez[Ex,[Y] 14],

and obtain (2.66).
The last step of the proof will be:

(2.68) the claim (2.46) holds for T a general (F,")-stopping time.

For this purpose, we use the discrete skeleton approximation of 7T

k+1 (k k41
2. T, = 1{— <T —} T = oo
(2.69) ;O o Wagn ST < 5 j +00l{T = o0}

The key observation is that:

(2.70) for each n, T}, is an (F,")-stopping time, and T}, | T as n — co.
Indeed the fact that 7,, > T and T;, | T" as n — oo is obvious from (2.69). In addition, for

k,n >0,
1 . 1
(ni e it ey,
2n

and for t € [£, 5E) we have

k
ﬂ;gﬂ:{ﬂﬁgﬁ}ef;gfj,

so that T, is an (F,")-stopping time.
Since T' < T, it follows, cf. Exercise 2.13 2) a), that
(2.71) Ff CFf, forn>0.

Consider A € F N{T < oc}. Since {T' < oo} = {T,, < o}, we also have A € }':,fn {7, <
oo}, and applying (2.66) we see that for Y € bF:

E,[Y 007, 14] = E.[Ex,, [Y]14].

Specializing to the case where 0 =ty < --- <ty and Y = f(Xy,..., Xy, ), with f bounded
continuous on (R?)*+1 we obtain that for n > 0:

(2.72) Eulf (Xt tt0s- > Xn ) 14] = Eu[Bx, [ (KXo - > X3)] 14].

We also know from (2.12) that:

y € RY — E,[f(X4y, - .-, Xt,)] is a bounded continuous function .
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Therefore, letting n tend to infinity in (2.72) we find that

(2.73) Bulf (Xrtg - s Xrsa,) 1a] = B[ Ex, [f(Xigs -+ X0,)] 1a].

By the same argument as below (2.12), we then find that (2.73) holds for f(zg,...,zx) =
Hf:o g, (z;), with K;, i = 0,...,k, closed subsets of R%, and then by Dynkin’s lemma
and approximation we obtain that

Ey [Y ofr 1A] =E; [EXT [Y] 1A] )

for Y € bF and A € Ff N{T < oco}. This identity, recall (2.65), (2.9), now completes the
proof of (2.46). O

Complement:

What can go wrong when going from the simple to the strong Markov property:

A typical example is given by the following process:

e ——>»> ——» —— state space is R, .
0

The process waits an exponential time of parameter 1 in 0, and afterwards moves with
unit speed to the right. If it starts in z > 0, it simply moves to the right with unit speed.

We denote by P,, x > 0, the law on (C(R,R;),F) of the process starting at = > 0,
with F the canonical o-algebra on C(Ry,Ry).

For t > 0, one defines the operator R; : bB(R;) — bB(R;) in analogy with (2.21), via:
def .
Ry f(z) = Eu[f(Xy)] = f(z+1), if x>0,

2.74
( ) :e_tf(O)—i—/t e f(t—u)du, ifxz=0.
0

Note that R, t > 0, has the semigroup property:

(2.75) Rirs = R o Ry, for s,t > 0.

Indeed, when f € bB(R4) and x > 0,

Ri(Rs f)(x) = (Rs f)(x + 1) = f(x + 1+ 8) = Reys f (),
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and when x = 0,
¢
Ri(Rs f)(0) = e~ ' R, f(0) +/ e “Rs f(t —u)du
0
s t
— o l—s —t —v _ d —Uu _ d
e f(0)+e /Oe f(s—v) v—l—/oe flt+s—u)du

s t

— —(t+s) 0 —(t+v) _ d —u _ d

e f()—i—/o e f(s v)v—l—/oe ft+s—u)du
¢

setting t+v=u _ (¢ bts _ _
i e(+s)f(0)+/ e“f(t—l—s—u)du—i—/ e ft+s—u)du
t 0

= Ryt f(0), whence (2.75) .

Moreover, one has the regularity:

R; f(x) — f(x), for £ > 0, when f is continuous bounded
(2.76) =0
(by direct inspection of (2.74)).

One checks that E,[f(Xiys)|Fs) = Ref(Xs), Pr-as., fort, s >0, f € bB(R4), and 2 > 0
(one looks separately at the events {X; > 0} and {X; = 0}). From this identity one can
deduce that X has the simple Markov property with respect to (F¢)¢>0. One can further
check that:

(2.77) X has the simple Markov property with respect to (F;");>0 -

In essence as below (2.12) one uses the fact that for g continuous bounded, x > 0,

0
Ex., [9(Xtgs- - Xt,)] =2 Ex,[9(Xtg,- -, Xu,,)], Pr-as.

and this is done by looking separately at the events {X; > 0} and {X; = 0}.

However, the process is not strong Markov! For instance, H g ) the entrance time
in (0,00) is an (F;")-stopping time, cf. (2.29), and Fy-a.s. H( o) > 0, but on the other
hand, H (g o) © HH(O’OO) =0, Py-a.s., so that:
0=Ep [1{H(O,oo) > 0} © HH((),oo)] #E[EXH(()’OO) [1{H(0,oo) > O}H =1

(2.78) ]
(since Xp, ., =0, Pyp-a.s.).

Roughly speaking the problem is that Py does not describe the motion of XHg oo 4> 1€
of X after time H g ). Note that even when f is smooth one can have for ¢ > 0,

(2.79) lim R f(z)= f(t) # R: f(0) : Ry f is not continuous!

1’*)0+
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So, the crucial property (2.12) in the Brownian case, which was used below (2.72), is not
satisfied in the present example. Indeed, if H ZB 00) denotes the discrete skeleton of H g ),
cf. (2.69), for bounded continuous g,

Ex,n [9(X4,-.., Xy, )] need not Py-a.s., converge for n — oo, to

2.80 (0.0
(2.80) By 10X X)) = Folg(Xey,. . Xe,)].

This point should be contrasted with (2.77). O
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Chapter 3: Some Properties of the Brownian Sample Path

We will now discuss some typical properties of the Brownian sample paths. From this
discussion the “roughness” of the typical sample path will be apparent. We begin with
the quadratic variation and the variation of the sample path.

Theorem 3.1. (d =1, on the canonical space (C,F,Wy))
For t >0, Wy-a.s., and in L*(Wy),

(3.1) lim > X - X | =t
k>0,E8L <¢

(3.2) Wo-a.s., the map t > 0 — X;(w) € R, has infinite variation
on any [a,b], 0 <a<b.

Proof.
e (3.1): We set

def

(3.3) Apn C | X — X 5 |?, for kyn > 0.
on an

For fixed n, by (1.1), the Ay, k > 0, are i.i.d. under Wy, with mean 27". Moreover, we
find that

B( 5 s = B[ X - (- 2D}

k+1 1
kel oy kQ-’;L <t
=0an,

(3.4) a2 — 2a, By [ ST (A - 2—")} +Eq [( > (Agn— 2‘"))2] .

k+1 k+1
L i<t

Since we have to do with the variance of a sum of i.i.d. centered variables, we find:

B[ X Bun—2")"] = 2 Bol( B0 - 27

(3.5) o and since Ay, is distributed as 27" X7 under W,
[2"1]

We have thus found that

(3.6) Ey [( Z Apn — t> 2] = a2+ [zznt] Eo[(X? — 1)?] is summable in 7.

k+1
<t

From this we deduce that (3" k1., Ak, —t) converges a.s. and in L?(Wj) to 0 as n — oo.
2n. —

The claim (3.1) now follows.
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e (3.2):

The set of w € C for which there exists 0 < a < b < oo, such that ¢ — X;(w) has finite
variation on [a, b] equals the event

(3.7) U {weC: Vii(w) <oo},

r<s in QN[0,00)

where V, ;(w) denotes the random variable:

k
(3-8) Vis(w) = sup Y[ X (w) = Xy (w)].
ot =1

If (3.2) did not hold, then for some 0 <179 < sg € QN [0, 00) one would have

(3.9) Wo[Vig,so < 00] > 0.

However on the event {V,, s, < oo},

2
Z | Xin — X |7< sup | Xy — Xy Z | Xir1 — X &
2" 2n u—v|<271
ro< s Bl < s ro<4, Bt <sp
< sup |Xy— Xy| Vigso — 0, thanks to the continuity of the
[u—v|<2—7 n—oo . t X
w,v<sg trajectory t — X, .

On the other hand by (3.1) and the continuity of the trajectory, we find that Wy-a.s.,

(3.11) Z | Xner — X & ‘2 — 89 — 19 > 0, thus contradicting (3.10) .
2n 2n n—oo

k k41
TOSQTHQ%SSO

This proves (3.2). O

Remark 3.2. Using Dini’s second theorem (i.e. a sequence of non-decreasing functions
on a compact interval I C R, converging to a continuous function, converges uniformly on
I to this function), we deduce from (3.1) that

(3.12) Wo-a.s., for any N > 1, lim  sup Z !X@ — XL|2 — t‘ =0.
n—o0 OStSN 0< k+1<t 2n 2n
SSn S

Exercise 3.3. Consider for 0 < r < s and w € C, the function theoretic quadratic
variation of w on [r, s]

VZJGS(w) = sup § : ‘Xti (w) — Xt (w)’2 :
r<tg<-<tp<s *
rationals i=1
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Show that (in spite of (3.1)):

Wo-a.s., Vo, s =00 forall 0 <r < s <ooinQNI0,00).
(Hint: Take advantage of (2.19) to construct partitions of [r, s] for which | Xy, — X3, || >
K\/t; — t;—1 occurs often. See also [5], Exercise 2.4, p. 345).

O
Our next objective is the law of the iterated logarithm.

Theorem 3.4. (A. Khinchin, 1933).

i) Wo-a.s., lim Xt/<\/2t log log 1) =1, “small time behavior”
t—0 t

(3.13)
.. . 1
ii) Woy-a.s., lim Xt/<w/2tlog log _> =-1,
t—0 t
and
i) Wop-a.s., tﬁ Xt/( 2t log log t) =1, “large time behavior”
— 00
(3.14)

ii) Wy-a.s., lim Xt/(\/Ztloglogt> =-1.

t—o00

Proof. Under Wy, (—X¢)i>0 is also a Brownian motion, so that we only need to prove
(3.13) i) and (3.14) i).

Moreover, we know from (1.20), (1.21), that

(3.15)

is a Brownian motion. Thus, if we can prove (3.13) i), it follows that Wpy-a.s.

1 = lim le/S/ 2510glog§ :lijn(l)Xl/s/ gloglogé.

s—0

Setting t = 1, we then find (3.14) i).

s?

As a result, we only need to prove (3.13) i).

First step: “the upper bound”.

We set o(t) def 1/ 2tlog log %, our goal is to prove that

X
(3.16) Wo-as., im —= < 1.
t=0 (t)
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The idea is to use Borel-Cantelli’s lemma, and to produce some decoupling, we look at
geometrically decreasing times. Indeed, we choose 6 > 0 and ¢ € (0,1) (§ will be small
and ¢ close to 1), so that

(3.17) (1+6)*¢>1, and define
(3.18) tn =¢", n >0, (note that ¢, | 0),
(3.19) Ay, ={w € C; for some t € [tyy1,tn], X¢e > (140)(t)}, n>0.

Note that ¢ is non-decreasing on [0, 7], when T is small and positive, because

= tloglog %, so that

Y (t) = log log% + X —% = log log% — > 0, for t small.

log % og %

As a result, we see that for large enough n

Wo(An) < Wo( sup Xg> (1+68)@(tns1)) (recall tyiq < ty)

0<s<tpn
2.48
(3.20) P2 oW, > (1+6) (tas))
(1.35) 2 1 2 def
< 4/ 2= —n i = .
< \/; . exp{ 5 }, with z, = (14 9) <p(tn+1)/\/zn

Note that

Tn = (149) \/2q"+1_" loglog g—"—1

= (1+490) [2(] log <(n + 1) log é)] 3

= [2log{(c(n + 1)) }*/? with o =log(1/q)

(3.17)
A=q(1+6)?* >"1.
Coming back to the last line of (3.20), we find that
2 1 1
(321) WO(An) S ; J m for large n.
Since A > 1, by (3.17), it follows that:
(3.22) > Wo(An) < oo,

and by the first lemma of Borel-Cantelli, we see that

(3.23) Woy-a.s., A, occurs only finitely many times .
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As a result we obtain Wy-a.s., limy_,0 X¢/¢(t) < 1+ 6. Letting 6 — 0 (this is possible,
cf. (3.17)), we obtain (3.16).

Second step: “the lower bound”

— X
(3.24) Wo-a.s., Im —= > 1.
t=0 (t)

To this end we choose ¢ € (0,1), € € (0, %), and define t,, n > 0, as in (3.18). Here both
¢ and ¢ will be chosen small, see (3.29) below.

We will use the lower bound (in the spirit of (1.35)):

2

(3.25) P[¢ > x] { - %}, where z > 0 and ¢ is N (0, 1)-distributed

S x 1
—— —— X
—22+1 2r P

M

z

z? 22
(indeed 2t e™% = [T (1+272)e T dz < (1+272) [ e~ 7 dz, whence (3.25)).

As a result, setting now z, = (1 —€) @(t,)(tn — tas1)” /2, we find for large n that:
WolXe,, = Xt > (1 =€) p(tn)] =" WolXy > zn] >
(3.26) : :
xn n

Var (1 +22)7 ! exp{ - } > Var ! (2z,) 71 exp{ - %} .

2

Moreover, we have

1—c¢ 1 .
(3.27) Ty = e 2log (n log 5) = +/fBlog(an), with a = log% and
(1-¢)?
.2 =2 .
(3.25) p=2t—

We assume that ¢ is small enough so that

2
(3.29) q< % (and in particular, as a result f < 2).
Then the variables Xy, — Xy, ,,, n > 0, are independent and

C

- B2
(log )12 n , for large n.

(3.30) Wo(Xe, — Xty > (L =€) p(tn)] =
The above expression is the general term of a divergent series. Hence, the second lemma
of Borel-Cantelli yields that

(3.31) Wo-a.s., for infinitely many n, Xy, — Xy, > (1 —¢) o(t,) .
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From the upper bound (3.16) applied to (—X¢):>0, we see that Wy-a.s., for large n, X;, >
—(1+¢) p(tn), and therefore

Wo-a.s., for infinitely many n
= p(tn)[l —e = (1 + &) (tns1)/e(tn)] -

Note that by (3.29):

. (3.29) ¢
(3.33) lim p(tn1)/e(ta) =va < 3,
and it follows from (3.32) that
(3.34) Wo-a.s., for infinitely many n, X;, > ¢(t,)(1 — 2¢),

so that Wy-a.s., limy o X;/p(t) > 1 — 2¢. Letting ¢ tend to zero along some sequence, we
deduce (3.24). O

Remark 3.5. (further extensions and related results)

1) There is a “functional” extension of the law of the iterated logarithm due to V. Strassen
(1964). Given w € C, one considers the subset of C'([0, 1]; R) (endowed with the sup-norm):

X t(w)
F:{ e C([0,1];R), f t>10, flu) = —=2 o< <1}.
o= {FeC.R). for some > 10, f(u) = Ll o< u <
Theorem 3.6.
(3.35) Wo-a.s., Fy, is relatively compact, and the set of limit points of

(Xut/+/2tloglogt)o<u<i, as t — 0o, coincides with:

(3.36) K = {f € C([0,1;R); f(u) = /Ou g(s)ds for some g € L*([0,1],ds)

1
with / g*(s)ds < 1} (of course K is compact) .
0

For the proof see [2], p. 21. Note that when f runs over K, f(1) runs over [—1,1]
(indeed |f(1)] < ( 01 g*(s)ds)Y/?) < 1, and f(u) = au, with |a| < 1 belongs to K). From
this one recovers that:

Xy

V2tloglogt’

(3.37) Wo-a.s., the set of limit points of as t — 0o, equals [—1,1],

which in essence is a restatement of (3.14).

Exercise 3.7. Given T > 0, what is the Wy-a.s. set of limit points as ¢ — oo, of
(Xut/v/2tloglog t)o<u<r in C([0,T];R) endowed with the sup-norm? O
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2) Another related result is Lévy’s modulus of continuity for Brownian motion.

Theorem 3.8. (P. Lévy, 1937)

— 1
(3.38) Wh-a.s., im ——— sup |X; — X, =1.

u—0 1 o0<s<t<1
\/2ulog & "ETET

For the proof, which has a similar flavour as the proof of the law of the iterated
logarithm, see for instance [§8], p. 114.

Note that in (3.38), {/2tlog log% in (3.13) is replaced with the “bigger” function

\/2tlog % This has to do with the fact that in (3.38) one also takes the supremum over
‘Xs-ku*Xs‘ — 1

the “starting point X", whereas for fixed s, Wy-a.s., lim,_,q
v/ 2uloglog %

3) A further law of the iterated logarithm was proved by K.L. Chung (1948). It governs
the small values of supg< < | Xs|.

Theorem 3.9.

loglogt
t

1
3 T
sup |Xs| =—.
) 0<s<t X! NG

This shows that supy<g<; |Xs| cannot grow too slowly. On the other hand it follows
from (3.35), (3.36) that it cannot grow too fast and

(3.39) Wo-a.s., lim (

t—o00

_ 1 3
3.40 Wo-a.s., [i <7> Xof=1.
( ) 0-8-5- 1, 2t log logt osgggt Xl

0

We will now conclude this short chapter with a discussion of the Holder property of
the Brownian path.

Proposition 3.10. For vy € (0, 3),

X — X
(3.41) Wo-a.s., for any T >0, sup [Xe — X5 < 00,
o<s<t<T (t—8)7
and if v > 3,
X — X
(3.42) Wo-a.s., for any 0 < a < b< oo, sup M _

a<s<t<b (t - 5)7

(so, the Brownian path is Hélder continuous with exponent ~y for v < %, but not for larger

)
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Proof.
o (3.41):
We use Kolmogorov’s criterion, cf. (1.57), (1.58). Indeed for 0 < s < t, m > 1:

scaling
= (

Eo[(X: — X)*™] t—s)™ Eo[X{™].

It now follows from (1.57), with the choices r = 2m, a = m — 1, 8 € (0, ”;—;Ll), that for
N>1, R>0,

K(m,B,N)

WO[ sup X = X > R] < Tom

EolXi™
0<s<t<N (t—s)8 — o[ X1™],

so that for 8 € (0,1 — 5--) one finds

| X — X
3.43 Wy-a.s., sup —_
( ) ° o<s<t<n  (t—35)P

< oo, forall N >1.
Picking m large enough, (3.41) follows.

o (3.42):

From (3.13), we see that

X — X
Wo-a.s., for all s € QN [0,00), lim Xou — X —

L,
pes 1/ 2ulog log%
. 1
so that for v > 3

Wo-a.s., for all s € QN [0, 00),

1
T Do =Xl _ gy Dot = oI V208108
w0 u w0 v/ 2ulog 10g% u

The claim (3.42) immediately follows. O

(3.44)

= 0.

Remark 3.11. Of course the above proposition offers a weaker result than the aforemen-
tioned Lévy’s modulus of continuity (3.38):

1
Wo-a.s., lim sup | Xy —Xs|=1.

u—0 / 1 o0<s<t<T
2u log u t—s<u
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Chapter 4: Stochastic Integrals

The fact that Brownian motion is a continuous martingale will now play a major role
in this chapter. We know from (3.2) that Wp-a.s., t — X;(w) has infinite variation on any
non-trivial interval of R, . As explained in the introduction, this precludes the definition
of a Stieltjes-type integral “dX,(w)”, because “dX4(w) is not a signed measure”. The
next proposition will play a key role.

Proposition 4.1. (d =1, on the canonical space (C, F,Wy))
(4.1) X, is an (F;")-martingale,

(4.2) X2 —t is an (F;")-martingale.
Proof. For 0 < s < t:

EQ[Xt—XS‘]:;L]:EO[(Xt—s_XO)OHS‘f;F]

(4.3) o

EXS [Xt—s — Xo] = O, VV()—Z-L.S.7
an likewise:

Eo[ X7 — X2 — (t—s)| Ff] = Eo[2(X: — Xo) Xs + (Xy — X5)2 — (t—s) | FS] =

(44)  2X, Bo[X;, — X, | F] + Eol(Xi—s — Xo)2 0 0, | Fit] — (1 — ) E;‘:j:
Ex,[(Xi—s — X0)?] = (t —5) = 0, Wo-as..
The claims (4.1), (4.2) now follow since X; and X? — t are (F;")-adapted. O

We will later see that the above two continuous martingales characterize Brow-
nian motion! (a fact due to Paul Lévy). The increasing process ¢ that appears in (4.2)
coincides with the limit of the quadratic variation of the Brownian path as discussed in
(3.12).

Before discussing the construction of stochastic integrals, we introduce the following

Definition 4.2. We say that a filtered probability space (2,G,(Gi)i>0, P) satisfies the
usual conditions if:

(4.5) Go contains all sets N € G with P(N) =0, and
(4.6) (Gt)i>0 is right-continuous (i.e. Gy = (\osg Gite, fort >0).
Example:

We consider the canonical space (C,F, W) for the d-dimensional Brownian motion and
define for ¢t > 0 the o-algebra:

(4.7) Y {A e F; 3B € F; with 14 = 1, Wp-a.s.}.
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Proposition 4.3.

(4.8) F,m CF, fort>0,

(4.9) (F})e>0, 1s right-continuous,

(4.10) (C, F, (Fy)i>0, W) satisfies the usual conditions.
Proof.

e (4.8): Observe that for t > 0,
(4.11)  for any A € F, there exists a Y € bFy, such that Eg[la | F,T] =Y, Wp-as..
Indeed, when A is of the form, tg =0 < --- <tp =1, 0< 81 < -+ < 5, D; € B(RY), for
0<i<k+m,

A={Xy, € Dy,..., Xy, € Dy, Xt 451 € Dit15-- -, Xty 45 € Ditm} s
it follows from (2.7) that

Wo:a.s.

Eolla | F] {Xy, € Dy,...,Xt, € Dy} Wx, [Xs; € Dis1,y -+, Xs,, € Dyl

which is F;-measurable.
The claim (4.11) now follows from Dynkin’s lemma.

As a result of (4.11), we see that for A € F;",

(4.12) 1a = Eo[la| F ] =Y, Wp-as., for some Y € bF;.

It follows that Wy(Y ¢ {0,1}) = 0, and hence ¥ =y {Y =1} =Y, Wy-a.s.. Therefore,
we have

(413) 1q4 = 1{y21}, Wo-a.s., with {Y = 1} e F,
and (4.8) follows in view of (4.7).

e (4.9):

Let A € F;r(déf o> Fite), then for each n > 1, by (4.7) we can find B,, € F,

+1 with
(414) 1A = 1Bn7 Wo—a.s. .
We now define B € ]__t+ via:

(4.15) 1p =limsup 1p,

n

(B is indeed F, -measurable because it belongs to F; . for each e > 0). By (4.14) we find
that

(416) 1B = 1,4, Wo—a.S.,
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and by (4.8) since B € F;", we can find C € F; such that
lg=1p =14, Wyh-a.s..

This proves that A € F, and hence (4.9) holds.

o (4.10):
From (4.7) we see that N € F with Wy(N) = 0, belongs to Fy, so (4.5) holds. With (4.9)
it follows that (C, F, (F})i>0, Wo) satisfies the usual conditions. O

Remark 4.4.

1) Note that (4.8) can be seen as a generalization of Blumenthal’s 0—1 law (2.15). Indeed,
when t = 0, (4.8) implies that for any A € .7-"0+ one can find a B € Fy such that 14 = 15,
Wo-a.s.. Moreover, B € Fq is of the form B = {Xy € C}, for some C € B(R). Hence,
Wo(B) =1,if 0 € C, and Wy(B) = 0, if 0 ¢ C. This shows that Wy(A) = Wy(B) € {0, 1},

and we recover (2.15).

2) From (4.1), (4.2) it naturally follows that

(4.17) X is an (F})s>o-martingale,
(4.18) X? —tis an (F})i>0 martingale,
when one considers (C, F, (F})t>0, Wo), (d =1). O

We will now begin the discussion of stochastic integrals. We assume that

(4.19) (2,3, (Gt)e>0, P) is a filtered probability space satisfying
the usual conditions (4.5), (4.6),

(4.20) X¢, t >0, is a continuous square integrable (G;)-martingale,

(4.21) X2 —t,t>0,is a (G;)-martingale.

A concrete example of this situation occurs for instance in (4.10), (4.17), (4.18), when
considering (C, F, (F})t>0, Wo) and the canonical process (X)¢>o.

Remark 4.5. We will later see, cf. Theorem 5.2 in Chapter 5, that when (M;):>0 is a
continuous square integrable martingale on (€2, G, (Gt)¢>0, P), as in (4.19) (i.e. for each
t >0, E[M?] < 00), one can construct a process (M), t > 0, such that

(4.22) t — (M)¢(w) is non-decreasing continuous, for each w € €2,
(4.23) (M)o =0,

(4.24) ((M)¢)t>0, is (G¢)-adapted, integrable,

(4.25) M2 — (M), t >0 is a (G;)-martingale.
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Moreover, ((M):)¢>0 is essentially unique (i.e. two such processes agree for all ¢ > 0,
except maybe on a negligible set of w € ), and it is called the “quadratic variation
process’. The terminology stems from the fact that for ¢ > 0,

2
3 (MM - ML) — (M), in P-probability,
on on

n—oo
ALt
on =
see [8], Section 1.5. O

We are going to define the integral f(f HydX, for some suitable basic integrands, for
which the definition is “natural”, and then we will use an isometry property to extend the
class of processes we integrate. Later, we will further extend the class of integrands by a
so-called “localization argument”.

Our building blocks are the basic processes:
(4.26) Hi(w)=C(w) {a<s<b}, s>0, weQ, withC €bG,, 0<a<b.
For such an H as in (4.26), we define:

(4.27) / HydX, ¥ C(w)(Xp(w) — Xa(w)) € L*(P).

The restriction C(w) € bG, is not a priori natural. It is motivated by the fact that if we
define

(4.28) (H.X def/ Hq 1y 4(s) dX
N

also denoted fo H,dX,

(4 20 C(w) (Xb/\t(w) - XaAt(W))

we have the

Proposition 4.6.
(4.29) M, = (H.X); is a continuous square integrable (G;)-martingale .

Proof.
(H.X); = C(w)(Xonr —Xant)

=0, if 0<t<a,

=C(Xy—X,), if a<t<b,

=C(Xp—X,), if b<t<oo,
clearly defines a continuous adapted process which is square integrable. Considering the
case a < s < t < b (the other cases are simpler), we see that

1/ bgagbgs
P—as.
E[M; — M| G] = E[C(X; — X,)|Gs] =" CE[X; — X, |Gy
=0.

Our claim follows. O
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The next step is the following
Proposition 4.7. If H, K are basic processes, then

¢
(4.30) Bl(H.X), (K.X)] = E[ / Hy(w) Ks(w)ds], for0<t < .
0
Proof. 1t suffices to consider the case t = oo, because
(H.X): = (H1j94.-X)oo

It also suffices to check (4.30) when (a,b] = (¢, d] or (a,b] “<” (¢,d] (ie. a <b<c<d),
and H =C 1(a,b}7 K=D 1(c,d]-

Indeed, one makes repeated use of identities such as

for 0<o¢<,8<’y, H=Cl, H' =Clug, H =Clgy,
(4.31) 1 2
H dX, H dXs + H dXs.

We will thus only need to check (4.30) in two cases:
e Case (a,b] = (c,d]:

€bG,
=
(4.32) El(H.X)oo (K.X)oo] = E[CD (X, — X,)*] =
E[CDE[(X, — Xa)*| Gal] -
Note that:
E[(Xy — Xa)?|Gal = B[X? — 22X}, Xo + X2 | Ga] =
(4.33) EIX2|G] — 2X, E[X, | 0] + X2 "2 B[X2|G,] - X2 =

E[X2 —b|Ga] +b— x2 "2V

X24+b-X2=b—a.
Thus coming back to (4.32) we have shown that
E[(H.X)o (K.X)oo] = E[CD(b / H( )ds] ,
i.e. (4.30) holds.
o Case (a,b] “<” (c,d]:
E[(H.X)o (K.X)oo] = E[(H.X)oo E[(K.X)oo | Gyl

——
Gomens “2) Bl(HX)w (KX)y]=0.
=0
Analogously we have
/ H( )ds] =0, and (4.30) holds.
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Remark 4.8. If one replaces (X;);>0 satisfying (4.20), (4.21), with (M})¢>0, a continuous
square integrable martingale, and defines for basic processes Hy(w) = C(w) 1{a < s < b},
with C € bG,,

o] t [e%¢)
(4.34) / HydMs = C(My — M,), and / Hdes:/ Hsl[ovt}(s)dMs, 0<t<o0,
0 0 0

then (4.30) is replaced by

t
E[(H.M), (K.M),] :E[ /0 H,(w) Ky(w) d<M>8(w)},

(4.35) with (M) the quadratic variation of M, and (H.M).
defined as in (4.28) with M replacing X .

We now define the class A; of simple processes:

(4.36) Ay = {H,(w) = H (w) +--- + H*(w), H" are basic} .

Proposition and definition:

def

(4.37) For H € Ay, / HydX, < )~ / H!dX,, is well defined.
0 . 0

Proof The only point to check is that when H', ..., HP are basic processes such that
H'+ ...+ HP =0, then -7 | [7° HidX,=0.

Making repeated use of (4.31) and
H=Clp, K =D1,g basic processes, then

(4.38) / HydX, + / K, dX, / L, dX,, with

(C + D) 14, basic process,

we can assume that H' = C; 15, 1 < i < p, with I N IV = (), when i # j. In this case
H'+ ...+ H? = 0 implies H! = H? = --- = H? = 0, and hence .7, [[¥ HldX, = 0.
Our claim is thus proved. O

As a consequence of (4.29) and (4.37) we see that for H, K € Ay,

t [e%¢)
/ H, dXS< def / H, 1[0,t](5) dXs> is a continuous square
0 0

(4.39) integrable martingale, and

/HdX/KdX /Hde.
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Remark 4.9. In the case of a general continuous square integrable (G;)-martingale (M;);>0,
in place of (X¢)¢>0, we can use the same construction as above. The role of ds is simply
replaced by d(M)s(w) so that for H, K € A; one has

(4.40) E[/OOO H, dM, /OOO K, dMS] - E[/OOO Hy(w) Ks(w)d(M>S(w)] .

As a result of (4.39), we see that

[e.e]
KeA — / K,dX, € L*(Q,G, P) is an isometry,
(4.41) 0

if Ay is viewed as a subspace of L?(2 x R, G ® B(R,),dP ® ds) .

Note that A; is in general not dense in L2(Q2 x Ry, G ® B(R,),dP ® ds) since all K in Ay
are progressively measurable processes. We hence consider

P = the g-algebra of progressively measurable sets in 2 x R,
(4.42) (i.e. of A € G ® B(R4) such that for all ¢ > 0,

Remark 4.10. A process Z,(w) on (2,G, (Gt)i>0, P) is progressively measurable in the
sense of the definition below (2.61) exactly when

(4.43) (Q xRy, P) =, (R, B(R?)) is measurable .

We then define:
(4.44) Ay =L*(Q xRy, P, dP ®ds),

the set of progressively measurable processes Hy(w) for which E[[° H2(w)ds] < co. The
interest of this definition comes from the next

Proposition 4.11.

(4.45) Ay is a dense subset of Ay for the L?(2 x Ry, P,dP ® ds)-distance,

oo
(4.46) H — / H,dX, extends uniquely into an isometry from Ag into L?(Q, G, P).
0

(we will also write fg HgdX, for [[° Hg1py(s) dXs, for 0 <t < o0).

Proof. In view of (4.41) we see that (4.46) immediately follows from (4.45).

The proof of (4.45) will in fact rely on a lemma, which is more general than what
is needed to prove (4.45), but applies as well to the subsequent discussion of stochastic
integrals with respect to continuous square integrable martingales. The non-decreasing
process t — A;(w) in the next lemma plays the role of t — (M);(w), cf. (4.22).
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Lemma 4.12. Suppose that Ay, t > 0, is a continuous (Gy)-adapted process, non-decreasing
in t, with Ay = 0, and E[A{] < oo, for every t > 0, then

(4.47) Aq is a dense subset of L*(2 x Ry, P,dP x dAy) for the L*(dP x dAj)-distance.

(The o-finite measure dy = dP x dAs is defined via
u(B) :/ (/ Lp(w,u) dAy (@) ) dP(w), for B € G @ B(EL) SP).
Q “Jo

With the above lemma, (4.45) clearly follows.

We have thus reduced the proof of the important Proposition 4.11, to the

Proof of Lemma 4.12: Since F[A;] < oo, for each t > 0, it follows that indeed A; C

Ay ©L2(Q xR, P,dP x dA,).

We further observe that B
At :t+At, tZO’

satisfies the same assumptions as Ay, ¢ > 0, and proving (4.47) for A;, t > 0, implies (4.47)
for A;, t > 0. We thus assume that for w € Q:

(4.48) t €10,00) — A(w) € [0,00) is an increasing bijection,
' and for 0 < s <t,t—s < Ay(w) — As(w).
We define for H € A,

(449) H" = 1[0,,1] X {(—n) V (H A\ n)} € Ao,

and we find that by dominated convergence:

(4.50) |H — H"||12(apxdaa)y — 0.
n—oo

We then introduce the inverse function of A.

(4.51) Tu = inf{t > 0; Ay > u}, foru>0

(we will sometimes write 7(u) in place of 7).

Note that for f > 0, B(Ry)-measurable and w € €:

(4.52) / fit)dA, = / f(1y)du  “change of variable formula”.
0 0

(Indeed this identity holds when f = 1,4 with a < b, since 7, € [a,b] is equivalent to
u € [Aq, Ap]. Then, by Dynkin’s lemma, (4.52) holds for any f = 1¢, with C' € B([0,T]),
T > 0, arbitrary, and the general case follows by approximation).
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We then define forn > 1, £ > 0,

t
Hf’g(w) = 2¢ / H}(w)dAg(w), fort >0, w € Q,

(4.53) T(Ai—2-0)

where by convention A; =0, for ¢t <0, 7(u) =0, for u <0.

Clearly H.™! is bounded in absolute value by ||H"||s. It is a continuous function of ¢,
(4.48)
and it vanishes when ¢ > n +27¢ (indeed 4,9« > A, +27¢ so that for t > n+27¢,

A, — 27t > A, and hence T(Ay — 24) > n, which in turns implies that the integral in
(4.53) vanishes in view of (4.49). Moreover

(4.54) H™* is (G)-adapted.

Indeed 7(A; — 27¢) = inf{s > 0; A, > A; — 27} is Gi-measurable (simply observe that
for u < t, {T(A; —27%) < u} = {for some v € QN [0,u), A, > Ay — 2%} € G;, and
it equals Q € G;, when u > t). Moreover for any F' € bG; ® B([0,1]), fg Fy(w)dAs(w)
is Gi-measurable, as follows from Dynkin’s lemma, approximation, and consideration of
functions of the form F' = 1p(44), with D € Gi, 0 < a < b < t. Coming back to (4.53),
the claim (4.54) follows.

Now, as a result of (4.52) we find that:

(4.55) | ) — ) aa = [ ) - W) du
0 0
and for u > 0,
(W) U2 o / ' H"(w) dA, = 2 / " H'(w)dA,
(Az, —279) r(u—2-%)
—~

I
u

(4.56) =2 /Ooo Hr(u—27% <s <7} H'(w)dA,

(4.52) zf/ Hr(u—2" <7, <7} HE (w)dv
0

= 24/ HY (w)dv.
(u—27%)4

Note that for any g € L?(R,du)

o0 2 ”
gelu) = 2 / Hu—2" <v<ugw)do 2% gu)
0

£—00

(this follows directly from the continuity of translations in L?(R, du)).
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Thus, combining (4.55) and (4.56), it follows by dominated convergence that

I1H" —

)12
H" ”L%dpdi)

(4.57) o it
E[ (H}'(w) = H"'(@))? dAs(w)| — 0, for amy n > 1.
0 — 00

We can now define for n > 1, £, m > 0:

(4.58) HP M w) =Y HY (w) Lk sey(t), fort >0, we Q.
k>0 2"

Clearly H™*™ € A; are uniformly bounded in m, and for t > 0, w € €, thanks to the
continuity of H."!(w), H"*™(w) — H"*(w). Since dA; does not give positive mass to
m—0o0

{0}, we find that:

(4.59) |H™ — Hn’g’mH%?(ddeA) — 0, forn>1,£>0.

Combining (4.50), (4.57), (4.59) we have proved (4.45). O
This concludes the proof of the Proposition 4.11. ]

Remark 4.13.

1) Reconstructing some trajectorial character to the stochastic integral.

Note that when H and K belong to As, and G € G are such that
(4.60) Hy(w) = Kq(w) for all s >0, and w € G,

then we see from (4.49) that a similar identity holds for H™ and K", from (4.53), that the
same holds for H™* and K™, and finally from (4.58), that the same holds for H™%™ and
K™6m - As a result we can find H® and K® in Ay, i > 1, with the property:

H® — Hin L*(dP ®ds), K% — K in L?>(dP ® ds), and for all 4 > 1,

4.61 ; ;
(4.61) Hgl)(w):Kgl)(w), forall s >0and w € G.

On the other hand when H, K € A; are such that H.(w) = K.(w) for w € G, one checks
from (4.27), (4.28), (4.37), (4.39) that

(4.62) (HX)(w) = (K.X)i(w), for 0 <t < o0, andw € G.
Combining this observation with (4.61) and (4.46), we see that:
o0 oo
(4.63) when H, K € Ay satisfy (4.60), then / H,dXs = / K,dXs, P-as. on G.
0 0
This somehow reconstructs some trajectorial character to the stochastic integral.

62



2) The class of processes we can integrate has severe limitations.

If we consider the canonical space (C, F, (Fy)i>0, Wo) with (X¢)¢>0, the canonical pro-
cess, we can now consider

1 o0
/ eo‘Xsts( = / Lio11(s) eo‘Xsts>, fora e R
0 0 ’

because e*Xs is progressively measurable and
00 1 1 )
Ey [/ Lio,y(s) eQaXSds} = / Ey[e?*Xs]ds = / e* " ds < 00,
0 0 0

so that 1 1(s) e®Xs belongs to Ao, for all a € R.

On the other hand, if we consider o € R and

1
(4.64) / XX,
0

then, we observe that

0 1
E[ . 20X2 }:/ / 1 (2a-)a? _
0/0 o,1](s) e ds A Norria 2/ dx ds
1 1 1
/(1—4as)+2d5<oo Whena<z,
0

= o0 when o > i .
1
Thus, at the present state of the construction of stochastic integrals, fol e10 X3 dX, is
meaningful, but fol X dx s is not!

We will later extend the definition of stochastic integrals so that fol X dX, (or even
fol e dx s!) are well-defined. However, in the theory we develop

1
(4.65) / X1dX, will not be defined because 1jp ;X1 is not P-measurable .
0

0

Observe that given H € Ag and [|H" — H||12(apgdsy — 0, with H" € Ay for each n,
n—oo
we know that for each t > 0, (H".X); — (H.X); in L*(Q,G, P) and in fact (H.X); €
n—oo

L?(, Gy, P). We are now going to select a nice version of the process (H.X);, t > 0, so
that it defines a continuous square integrable (G;)-martingale. We recall Doob’s inequality
in the discrete setting:
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Proposition 4.14. Consider a filtered probability space (2, F, (Fp)m>0, P) and (Xn)m>0,
an (Fy,)-submartingale (i.e. X, is F,-measurable and integrable, and E[X 11| Fn] >
Xm, form >0). Then for X >0, n >0, A= {w € Q; supy<,,<, Xm(w) > A}, one has

(4.66) AP[A] < E[X,, 14] < E[X]
(see [5], p. 215).

In the continuous time set-up we obtain:

Proposition 4.15. Consider a filtered probability space (2, G, (Gt)i>0, P) and (X¢)i>0, a
continuous (G;)-submartingale. Then for A >0, t >0, and A = {supg<,<; Xu > A} one
has

(4.67) AP[ sup X, > A| < E[X,14] < E[X/"].
0<u<t

Proof. 1t suffices to prove that for A > 0:

(4.68) AP[ sup X, > A < E[X;1{ sup X, > A}].
0<u<t 0<u<t

One then applies (4.68) to A\, T A and obtains (4.67). By the same argument with A, | A,
we deduce from (4.66) that for A > 0, one has:

)\P[ sup  Xme > )\] §E[Xt1{ sup  Xmet >)\}].
o<m<2t 2 o<m<2t  2°

Letting ¢ 1 oo, since {supg<,,<ar X%t > A} 1 {supgey<: Xu > A}, as £ T 0o, we obtain
<m< . <u<
(4.68), and our claim is proved. O

Doob’s inequality will be a key tool for the construction of a good version of fg H;dX;,
when H € As.

We now proceed to the construction of a good version of the stochastic integral
fg H,dXs, for H € Ay, cf. (4.44). We recall our standing assumptions (4.19), (4.20), (4.21).

Theorem 4.16. For Hy(w) € Ag, there is a process (It)o<t<oco, €ssentially unique (i.e. two
such processes, except on a P-negligible set, agree for allt > 0), continuous, (G;)-adapted,
such that:

t
(4.69) for each 0 <t < oo, I} = / H,dX,, P-a.s.,
0

(4.70) (It)o<t<oo 1S a continuous square integrable (Gi)-martingale,

5y (4.46) g
(and of course E[I7] = E[ H: (w)ds} , for 0 <t <o0).
0
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Proof. When H € Ay, our definition of fg H, dX, satisfies the above properties, see (4.37),
(4.28), (4.29). When H € Az, we pick H" € Ay, n > 0, with limy, [[H — H"(|2(apgas) = 0
As a result of (4.46), for 0 < s <t, A€ Gs,

E[/OtHZ}qulA] :E[/Ongquu}

n — 0o In— o0

E[/OtHuqulA] :E[/OSHuquu]

and by the discussion below (4.65), we thus find that:
(4.71) E[(HX):|Gs) = (H.X)s, P-as.,

so the martingale property comes for free. We thus only need to find I;(w) a continuous
(Gi)-adapted process for which (4.69) holds. We choose nj — oo such that

(4.72) Z KUH™ — H™ 220 gpoas) < 00
k

Then for each k > 0, ((H™ — H™+1).X)? is a continuous submartingale and by Doob’s
inequality (4.67), for A > 0:

(4.73) AQP[igIgI(H”'“-X)u — (H™+1.X),| > A] < E[(/Om(Hgk — ) dXsﬂ

2
= ||H™ — an+1HL2('P,dP®d5) .
Choosing A = k2, we obtain

P[ig% |(H™ . X)y — (H™+.X), | > k—2] < k4Han _ an+l“%2(P,dP®ds) )

Applying Borel-Cantelli’s lemma, we can find N € G with P(N) = 0, such that for w ¢ N,
we have ko(w) < oo, such that

(4.74) sup [(H™ X ) (w) — (1. X ) ()] < ~

—, for k> ky(w).
sup 2 o(w)

As a result for w ¢ N, (H™.X),(w) converges uniformly on [0, c0]. We thus define:

I,(w) = lilgn(H"’f.X)u(w), forw ¢ N,

(4.75)
=0 , forwe N,

so that u € [0, 00] — I,,(w) is continuous for all w € Q, and I, () is G,-measurable (we use
here the fact that G, contains all negligible sets of G, see (4.5)).

2
Observe that (H™.X), Y (H.X),, for 0 <u < oo, and P-as., (H™.X), — [,. As

P-a.s.

aresult [, =" (H.X)y, and (4.69) holds. The theorem is proved. O
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From now on (H.X); will denote the essentially unique regular version I;. We will use
the following inequality:

Proposition 4.17. If (X¢)i>0 is a continuous non-negative submartingale on a filtered
probability space, then for 0 <t < 0o, p € (1,00)

(4.76) E[sup x7]V/r < L pixp/r.
s<t pb—= 1

Proof. We apply the discrete time inequality to X &, 0 < k < 2", and let n — oo (see for
271
instance [5], p. 216 for the discrete time inequality). O

As an immediate application we have:
(4.77) E[iglg(H.X)?]l/ ? < 2| H|\12(p.apsas)s for H € M.

We now proceed to the next

Proposition 4.18. For H, K € As, the essentially uniquely defined process

t
(4.78) Ny Y (HX)(K.X), — / Hy(w) Ky(w)ds, 0<t< o0,
0
is a continuous (Gy)-martingale and
(4.79) sup |NVy| € LY(Q,G, P).
>0

Proof. Note that by the Cauchy-Schwarz inequality E[[)*|Hs(w)||Kg(w)|ds] <
| H || 12 (apgds) | K[| L2(@peds) < 00, so that (4.78) is well-defined for all 0 < ¢t < oo, and
w outside the negligible set N where [ |Hy(w)| |Ks(w)|ds = oo. It also defines a process

with continuous trajectories outside N, and setting for instance fot Hy(w) Kg(w)ds = 0,
for w € N, the property (4.79) is an immediate consequence of (4.77), and the above
inequality. We thus only need to check that IV; is a (G;)-martingale.

e 15 case: H, K are basic (similar to (4.30)):

We only need to treat the case of H = C'1(,3), K = D1 g, with either (a,b] = (c,d] or
“(a,b] < (¢, d]”.

If (a,b] = (c,d], then for ¢t > 0,
(4.80) Ny = CD{(Xipp — Xtna)2 — (tAb—t Aa)}  ((Gi)-measurable)
is a martingale because it is adapted, and when for instance a < s <t < b:
E[N¢|Gs] = E[(X; — Xa)* — (t — )| G| CD
= E[X} —2X; Xo+ X2 — (t —a)|Gs]CD

(4.20),(4.21) (X2 —5—2X, X, + X2 +4a)CD

= {(X, - X, = (s—a)}CD = N,

(4.81)

and the other cases are easier to check.
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If “(a,b] < (c,d]”:
(4.82) Ny = (Xtnp — Xina)(Xina — Xine) CD, 1 >0,
is a martingale because it is adapted, and when for instance ¢ < s <t < d:

(4.83)  E[N:|Gy] = CD(Xy — Xa) E[X: — X. |G "2 OD(Xy — Xa)(Xs — Xo) = Ny |

and the other cases are simpler to check.

e 2 cage: H, K € Ay:

Immediate from the previous case by bilinearity.

e General case: H, K € As:

We choose H™, K™, n > 0, in Ay, respectively converging to H and K in L*(P,dP ® ds).
By (4.77) we see that

(4.84) E[iglg (H".X); — (HX):"] <4||H" - HH%%P,dP@dS) — 0,

and a similar inequality for K. Note also that
t t 00 00
(/ HSKSds—/ H K2 ds| g/ |H, — H?| ]Ks\der/ 2| |K, — K| ds,
0 0 0 0

so taking expectations and using Cauchy-Schwarz’s inequality, we find that

t t
Blsp| [ Hrids = [ 22 as]) < 1H = B aip apoas 1Kl o aroa

(4.85) 20
+IH"||L2(p,apwds) 1K — K™ L2(p.apods) — 0

As a result, we find that

(4.86) sup|N™ — Ny| = 0 in LY(Q,G, P),
t>0

if Nt(n) denotes the martingale attached to H", K" via (4.78). This is more than enough

to conclude that Ny, t > 0, satisfies the martingale property, and this concludes the proof
of the Proposition. O

Remark 4.19. Note that the above proposition shows that for H € Ao,
t
(H.X)? — / H?(w)ds is a continuous (G;)-martingale
0
and the non-decreasing adapted process:

t
t20—>/ H%(w)ds
0
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fulfills the properties (4.22) - (4.25) relative to M; = (H.X);. We have thus constructed
by “bare hands”

(4.87) (H.X)) = /Ot H%(w)ds, t >0

(as mentioned below (4.25), the process satisfying (4.22) - (4.25) is essentially unique). [J

The good version of the stochastic integral, which we have produced, is, in essence,
based on an isometry. We will now reconstruct some trajectorial property of the
integral.

When T is a (G;)-stopping time, the process
(4.88) (w,5) = Lozy(w, s) = 1{s < T(w)}

is progressively measurable (it is adapted, left-continuous in s, and a simple variant of

(2.60) yields the claim). For such a T" we have two “natural ways” to define “fOT H,dX,”,
when H € As:

e We can for instance use the continuous version (H.X);(w) and replace ¢ by T'(w).

Observe that the essential uniqueness of the continuous version of (H.X):(w) ensures
that two different continuous versions of the stochastic integral give rise to resulting ran-
dom variables which differ on an at most negligible set. In other words:

(4.89) (H.X)7()(w) is uniquely defined up to a negligible set.
e Alternatively we can use the definition

(4.90) /0 (10,21 H)s dXs

once we note that 1jg mH € As.

As we now explain both definitions coincide.

Proposition 4.20. (stopping theorem for stochastic integrals)
Let T be a (Gi)-stopping time, and H € Ag, then P-a.s.,

tAT t
(4.91) / H,dX, = / (1o H)s dXs, for 0 <t < oo.
0 0
Proof. We consider (H.X);, t > 0, and (H1jg 7. X)i>0. For a given u > 0,
(H1jgu)s(@) = (H1jo.1 Tjg.u)s(w), for all s >0, on G % {u < T}.

It now follows from (4.63) that for v > 0, P-a.s. on {u < T},

(4.92) (HX)u = (Hljgu-X)oo = (H1jo.1) Lou]-X)oo = (H1jo.7)-X)u -
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As a result we see that
P-as., for allu € QN [0,00), u < T(w) = (H.X)u(w) = (H1ljg 7). X)u(w),
and using continuity that
(4.93) P-as. forall0 <t <T(w), (H.X)i(w) = (Hlp7-X)t(w)-
Analogously for u > 0:
H1j771j0,u) = H1jg) on G={T<u},
so that for u > 0, P-a.s., on {T < u}
(Hljo7)-X)u = (Hlj1)-X)oc -

From this we deduce that

P-as., for allu € QN [0,00), T(w) <u= (Hljg 7. X)u(w) = (H1j7]-X)oo(w)-
Using continuity as above, we thus find that
(4.94) P-as., for all t > T(w), (H1lp1)-X)i(w) = (H1l7)-X)oo(w) -
Combining (4.93) and (4.94), we see that

P-as., for allt > 0, (H.X)ia7) (W) = (H1jg7-X)iar(w) (W) = (H1gm-X)i(w),
and this proves (4.91). O

We then have the following

Corollary 4.21. Given H, K € Ao, T a (G;)-stopping time such that “H = K on the
random interval [0,T]” (i.e. Hljg ) = K1ljo1)), then one has

¢ ¢
(4.95) P-a.s., / H,dX, = / KsdXs, for0 <t <T(w).

0 0
Proof.

tAT (wor) [ ¢

P—a.s., for t > 0, Hs dXs = / (1[0,T}H)s dXs = / (1[0,T}K)s dXs
0 0 0
tAT
A W
0

and the claim follows. O
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The above corollary provides some “pathwise feeling” to the stochastic integral and
also has important consequences.

Our next item of discussion is the “localization of stochastic integrals”. We are
going to relax the integrability condition H € Ay (i.e. H € L*(Q x Ry, P,dP ® ds))

in the definition of stochastic integrals. As mentioned previously, cf. (4.64), presently

fol e*XdX, has no meaning when o > % (for the sake of definiteness we consider the

canonical space (C,F, (F})t>0, Wo) and the canonical process X;,t > 0). We are going to
remedy this feature and fol e X3 dX s will become well-defined for any o € R, as a result
of the construction below (together with many other stochastic integrals!).

We introduce
(4.96) As = {K : P-measurable functions on Q x [0, 00), such that
t
P-as., for all t > 0, / K%(w)ds < oo} .
0

Remark 4.22.

1) Note that when K(w) is (Gs)-adapted, for each s > 0, and continuous in s, for each w,
then automatically K € As. In particular exp{a X2}, or exp{exp{X2}} belong to A3!

2) In the case where we consider a continuous square integrable martingale M in place
of X, the relevant condition will be that outside a P-negligible set of w, one has
Jy K2(w) d{M)s(w) < oo, for all t > 0. O

Lemma 4.23. When H € As, there exists a non-decreasing sequence of (Gy)-stopping
times Sp,n > 0, which is P-a.s. tending to +00, such that for each n > 0:

(497) Hl[O,Sn} € As.

Proof. Note that (w,t) — fg H2(w)ds € [0,00] is a continuous, non-decreasing, (G;)-
adapted stochastic process. As a result

t
(4.98) S, inf{t > 0; / H%(w)ds > n} < oo
0

is a (G¢)-stopping time (cf. (2.26), (2.27), in fact the proof is simpler here because
{Sp >t} = {fét H?(w)ds < n} € G, for each ¢ > 0). In addition we have:

E[/O (H15,))s(w) ds} <n<oo,

and (4.97) holds. Moreover since H € Ag, it follows that S, (w) 1 co for P-a.e. w. This
proves our claim. O

We are now ready to extend the definition of the stochastic integral to all integrands
in A3.
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Definition and Theorem 4.24. Let H € A3 and S,,, n > 0, be any sequence of (Gt)-
stopping times, non-decreasing in n, P-a.s. tending to 400, and such that (4.97) holds.
Then the event

N=|]J {we® HteQy, (Hlgg,) X)ns, # (Hlps,,X)s, }
(4.99) n>0
U{w € Q; lim S, (w) < oo} is P-negligible,

and the process

(H.X)(w) et (H1j5,1-X)t(w), forw ¢ N, and t < Sp(w),

©fy ifueN,

(4.100)

is well-defined, continuous, adapted. Two such processes arising from two possible choices
of sequences of Sp, n > 0, and versions of (H1jyg,1.X)t(w), agree for all t > 0, except
maybe on a negligible set (i.e. (4.100) defines (H.X) in an essentially unique fashion).

Proof. Note that H1jy g, and H1jy g, .| agree on [0, Sy,]. As a result of (4.95), the event
N in (4.99) is P-negligible. Note that
for w < ]\[c7 (Hl[&sn}X)t(W) = (Hl[o’sn,}.X)t(W),

(4.101)
for n,n’ >0, and for 0 < ¢ < S, (w) A Sy (w) -

Hence (H.X):(w) in (4.100) is well-defined. Moreover for ¢ > 0,

(H.X)i(w) =1lim (Hljpg,. X)¢(w), ifw & N, =0, ifweN.

Since (2,6, (Gt)t>0, P) satisfies the usual conditions, cf. (4.5), (4.6), (H.X)¢, t > 0, is
(Gi)-adapted. Further ¢t — (H.X)(w) is continuous, for each w € .

If S, S, n > 0, are two sequences satisfying the assumptions of the theorem, the

same holds for T, % S, A S!. From (4.95) we thus find that

P-as., for 0 <t <T,(w), (Hlpg,)]-X)t(w) = (H1j g 1. X)e(w),

(4.102)
= (Hl[O,Tn]X)t(W) .

The claim about the essential uniqueness in the claim (4.100) easily follows. O

Remark 4.25. Of course Ay C Az, and for H € Ay, we can choose S,, = oo, for all
n > 0, so that (4.97) holds. Noting that (H1jgs).X):, t > 0, and (H.X)¢, t > 0, are
indistinguishable, we see that the definition (4.100) is consistent when H € Ay C Asz. O

We now have given a meaning to expressions like fg exp{exp{X2}}dX,, and of course
we should not expect that we still keep the martingale property for H € A3 (an indication
of this feature appeared below (4.64)). The adequate notion comes in the next Definition.
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Definition 4.26. A process (My);>0, such that there exists an increasing sequence of (G)-
stopping times Sy, P-a.s. tending to oo, such that for each n, (Mips, )i>0 is a continuous
square integrable martingale, is called a continuous (G;)-local martingale.

Remark 4.27. When Mj is bounded, one can replace “continuous square integrable”
with “continuous bounded”. Indeed for such an (M;):>o as above, with My bounded, one
defines the sequence of (G;)-stopping times:

(4.103) Ty = inf{s > 0; | M| > m} < o0,

so that T, T oo, as m — oo. Then, for fixed m > || My|loo, we have |Miar,, | < m, for all
t > 0. Hence, when 0 < s < t, A € G, we have

(4.104) E[Mynr,, 14] 400 lim E[Minz,, s, 14]

By the stopping theorem, ]\AJMTm is a continuous martingale if ]\/Zt is a continuous martin-

gale, and applying this to M, def Mips,,, we find that the last term of (4.104) equals

dom -conv. E [

liyflﬂ E[Ms/\Tm/\Sn 1A] Ms/\Tm 1A] .

In other words (Mat,, )i>0 is a (G¢)-martingale, which is bounded and continuous, and
our claim follows. O

Exercise 4.28.

1) Deduce the continuous time stopping theorem we used above from the discrete time
version (see also [8], p. 19).

2) Show that a bounded continuous local martingale is a martingale. O
Continuous local martingales naturally arise in our context as shown by the next

Proposition 4.29.
(4.105) For H € A3, (H.X), t > 0, is a continuous (G¢)-local martingale.

Proof. Consider an increasing sequence of stopping times S, 1 oo, P-a.s., such that for
each n, Hl g, € Ag, then

P-as., for t >0, (H.X)ins, "= (H1ps,.X)ins,

4.91

/]\

continuous square integrable martingale

Our claim follows. O
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5 Stochastic Integrals for Continuous Local Martingales

In this chapter we are going to define the stochastic integral fg H, dM, when the integrator
M is a continuous local martingale, and H is progressively measurable and such that
fg H2(w)d{M)s(w) < oo, where (M) is the so-called “quadratic variation of the local
martingale M”. As in the previous chapter the filtered probability space (2,3, (Gt)i>0, P)
satisfies the “usual conditions”, see (4.5), (4.6). Our first task will be the construction of
(M). We begin with the

Lemma 5.1. Suppose Ay, t > 0, By, t > 0, are continuous, (Gi)-adapted, non-decreasing
processes such that Ag = By =0, and

(5.1) Ay — By is a (Gi)-local martingale,
then
(5.2) P-a.s.(w), for allt >0, Ay(w) = By(w) .

Proof. Introduce the non-decreasing sequence of (G;)-stopping times

(5.3) Sp = inf{s >0, As or Bs > n},

and note that S, T 0o as n — oco. As in (4.103) we see that

(5.4) Aipns,, — Bins,, t > 0, is a bounded martingale, for each n > 0.

It thus suffices to prove the theorem in the case where A;, t > 0, and By, t > 0, are
uniformly bounded, and

(5.5) M; = Ay — By, t > 0, is a bounded continuous martingale.

We now observe that for ¢ > 0:
om_1 9
2 — —
E[M?] _EK ];0 My, — M. t) ]

and expanding the square, the cross terms disappear by the martingale property. So we

find

2m

9 2
o= 5 el ]~ 5 (1)
M) = D B|(Myy =My, ) | =E| 3, (Mg, =My,
k=0 0<k<2m
dom. conv.
<B| swp My, =My | x Y [Mgy, - My || 25" 0.
0<k<2m om 2m 21 2am m—00
< 0<k<2m
by continuity % m—00 < Aoo—f—BooEConst <oo
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We have thus shown that for ¢ > 0:

(5.6) E[M?] =0,

and hence P-a.s., for all t € Q4, M; = Ay — By = 0. But by continuity we have P-a.s.(w),
for all t > 0, Ay(w) = By(w). This completes the proof of the lemma. O

We now proceed with the construction of (M), when M is a continuous square inte-
grable martingale. The result is a special case of the so-called Doob-Meyer decomposition
(see for instance [8], p. 24).

Theorem 5.2. Let My, t > 0, be a continuous square integrable (G;)-martingale. Then
there exists a continuous, non-decreasing, (G¢)-adapted process Ay, t > 0, such that

(5.7) Ay =0,
(5.8) Ay is integrable for each t >0,
(5.9) M? — Ay is a (Gy)-martingale

and A¢,t > 0 is essentially unique.

Proof. The essential uniqueness follows from (5.2). We only need to prove the existence
of Ay, t > 0. Without loss of generality we assume that My = 0 (otherwise we replace M

with Mt = Mt — Mo)

We are going to construct A, as a suitable limit of discrete quadratic variations of M,
along certain random grids with mesh tending to 0. For this purpose we define, for each
n > 0 (n controls the mesh of the discrete grid), a sequence 7;', k > 0, of stopping times
as follows:

(5.10) ) =k, for k>0,
and for n > 1, by induction:
(5.11) 79 = 0, and for ¢ > 0, on the event {T;‘_l <1< T]?J:ll}, k>0,

1 1
T = inf{t > 75 [My — Mep| > E} A <7’? + E) /\TI?J:II.

Using the continuity of M, we see that for w € €,

(T (w) < T,?H(w), for n,k >0,

{5 (@), (@)} S {gtH (w), (W), ),
N e
(5.12) subsets of R

T (w) — 00, as k — 00,

S

| [Mep, () (W) = Mep oy (W) <
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We then choose Ky < K7 < -+ < K,, < ... in N so that

(5.13) P(tg, <n) < % , forn>0,
and define
Kn—1
(5.14) Ly(t) = Y Mep (Mg nt — Mypp)
k=0
as well as
Kn—1
(5.15) Ap(t) = Z (Mrgﬂ/\t - ]\47,3/\15)2 .
k=0

Note that 1,,(0) = 0, A,(0) = 0, that I,,(-), A,(-) are continuous and adapted (for instance
in the case of (5.14), the generic term vanishes on {7}’ > t} and one has

Wy < t}MT]? ( MTI?HM - Mppt ) is G;-measurable,
T T 1
Gt—measurable g7£+lAtggt—meas. gq—g/\tggt*meas.

and the case of (5.15) is easier). In fact one has
(5.16) I,(t), t >0, is a continuous (G;)-martingale, bounded for each ¢.
Here we only need to check that for s < ¢:

(517) E[MT" (MT,?_H/\t - MT"/\t) |gs] = M;:» (MT,?_H/\S - MT,?/\S) .

k k k

But using the stopping theorem and the observation above (5.16), we have

E[{r < s} Myp (Mzp, at — Mrnae) | Gs] = right-hand side of (5.17)
—— ——
€0s

(note that the right-hand side of (5.17) equals 0 on {7}" > s}).
On the other hand 1{s < 7 <t} M;» is Grn-measurable and for A € G, 14 1{s < 7'}
is also QTg—measurable and on this set 7' < T,?H A t. Hence,
E[lA 1{8 < 7']? < t} MT]? (MTI?-I»I/\t — MT]?/\t)] =
E[lA 1{8 < ’T]? S t} MTI? (MTI?V(TI?Jfl/\t) — MTn)] = 0,

k

using the stopping theorem, cf. [8], p. 19, for the last equality.

As a result, E[l{s < 7/ < t} Myp (Myp, nt — Mrppe) [Gs] = 0, and (5.17) now easily
follows since 1{7’ > t} (Mzp, nt — Mrzpae) = 0. This proves (5.16).
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By direct inspection of (5.15) and (5.11) we see that

1

Moreover, for n > 1, on {ri > n}, My =3 oo, (Mrp, at — Mrppg), for 0 < ¢ <n, so

that expanding the square and regrouping terms, we see that, cf. (5.14), (5.15):

(5.19) M? = 2I,(t) + A,(t), for 0 <t <n, on {rE, >n}.

The next step is to prove the P-a.s. uniform convergence on compact intervals of I,,,(-)
for a suitably chosen subsequence ny. To this end we will use the next

Lemma 5.3. (T > 0, > 0)

(5.20) lim sup P[sup [I,(t)— L,(t)] >¢]=0.

m=o0 pn>m  0<t<T

Proof. Choose n > m > T, and define S = T A7l A7 . By Doob’s inequality, cf. (4.67),
we find that

P[ sup |I,(t) — I, (t)] > 6] < P[T}?m <morTg < n| +

0<t<T
(5.21) (467 9 1 )
P[ sup |[L(tAS)=In(tAS)| >e] < —+ = E[(I(S) — Im(5))?] .
0<t<T (5.13) m 9

where we have used (5.16) and the stopping theorem.
If we now define for k,¢ > 0,

(5.22) pe =T NS, or=T1 NS,
it follows from the second line of (5.12) that

{00@)s -, k(@) -} € {00(@), 1 (@), 00(w), . }
and from (5.14) that

In(S) - Im(S) = ZMO'Z(MUZ+1 - Moz) - Z Mpk (Mpk+1 - Mp ) =

>0 k>0
Z 1{Pk S oy < Pk+1}Ma¢(Ma¢+1 - MO’[) -
k,£>0
(5.23)
> Ypw < 00 < pryr} My, (Mo, — M,,) =
k€0
def
Y Uon S o0 < prst} (Mo, = Mp ) (Mo, — My,) S Y aelw)
k>0 k>0
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Note that

(5.24) the ag ¢, k, ¢ > 0, are pairwise orthogonal in L?(P).

Indeed for £ < ¢', cf. Exercise 2.13 2)
are = Hpr < o0 < prg1} (Mo, — My, )(My,,, — My,) is Gs,,, € Go,,-measurable

and:
Hpw < op < prry1} (Mo, — M,,,) is Gy,,-measurable as well.

Since E[My,,,, |Go,] = My, (see for instance [8], p. 19), it follows that Efajap ¢] =0,
for £ < . To obtain (5.24), one simply notes that for £ > 0, k < k', ay, ¢(w) ag ¢(w) = 0.

Coming back to (5.23), we conclude by (5.24) that

(5.11)
El(In(8) — In(8)2) = 3 Bla,] <
k>0
% E[ Z 1{,0k <o < Pk+1}( Op41 T MU@)Q] = % E[Z(Mozﬂ - MU@)Z]
k>0 >0

(5.25)

and since the above increments are pairwise orthogonal
1 2 1 2
= —5 B[Mg] < — B[Mj],

since M?, t > 0, is a continuous submartingale, and S < T..

Inserting this inequality in (5.21) yields that

2 1 )
(5.26) P[oililgT I, (t) — I ()| > €] < e 5 E[MZ].
In particular (5.20) follows, and the lemma is proved. O

We can now extract ny > £2, such that

1 1
su P[su I,(t) — ]<—7
nzi)z Ogtlg)é ‘ N( ) W( )’ =2 =9

so that

1 1

(5.27) Plsup e ®) = ()] = ] < 57

By (5.13) and Borel-Cantelli’s lemma we can choose N € G with P(N) = 0, so that

1
(5.28) sup I, () — In, (t)] < 7 TK > (%, for £ > fy(w), whenw ¢ N .
0<t<t
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Thus I, (-,w) converges uniformly on compact intervals when w ¢ N, and we define

I(t,w) = li?lne(t,w), for w ¢ N,

(5.29) 1
=3 M?(w), for we N.

Therefore t € Ry — I(t,w) is continuous for w € Q, and I(¢,w) is (G;)-measurable for
each t > 0 (we use the fact that Gy contains all negligible sets of G).

By (5.19) and the fact that T;?;L[ — 00, when w ¢ N, we see that whenw ¢ N, A, (-,w)
converges uniformly on compact intervals of R to

def

(5.30) Aj(w) = ME(w) - 2I(t,w), weN.

Thus Ai(w) is (G¢)-measurable, for all ¢ > 0, continuous in ¢ for all w € Q. Note that
Ap =0, and due to (5.18) when w ¢ N, and to (5.29), (5.30) when w € N, t — A;(w) is
non-decreasing in ¢ for all w € Q.

We will now prove that for ng > 1, kg > 1, t > 0,

(5.31) L, (T A T) = (Th° At) in L'(P).

—00

We already know the P-a.s. convergence, cf. (5.29). It thus suffices to prove that I, (1;:” A
t), £ > 0, are uniformly integrable. However writing for m > ny,

Ve =T NEATLEY
we see as in (5.23) that

(5.32) In(Tj0 At) = My, (M, — M,,).
k>0

Since we have the bound

(5.11) K,
< 5 < —
k — i
|M,, | sup |MU| )
ogugﬁ? no

a similar (but easier) calculation as in (5.25) yields that for m > ng:

ko

2
) ED7).

633 Bl A7) < (22) Y BlM, - M) <
k>0

This proves the asserted uniform integrability and (5.31) follows.
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By the stopping theorem, I, (7’,?00 At), t > 0, are martingales, and by (5.31) we deduce
that I(m,;0 At), t >0, is a (continuous) martingale. By (5.30) we now find that

E[A(m A1) = E[MQ(T,?O“ At)]
——— —_—
monotone lko oo dominated lko oo
convergence convergence (476)
(recall E[sup |M|*] < 4E[M?])
s<t
E[A(#)] = E[M?(t)].
This proves (5.8), and it also follows that
20 1m0 A 1\2 no LY(P) 5o
(5.34) M= Nt — A(T0 At) —" M=(t) — A(t), for t > 0.
0 0 koﬁoo
The claim (5.9) follows and the theorem is proved. O

Notation:

When M, is a continuous square integrable martingale, the essentially unique process
A, constructed in the above theorem is denoted by (M), it is the so-called “quadratic
variation” of M (in some sense (5.15) explains the terminology).

When (Z;)>0, is a stochastic process and T' a random time, one introduces:
(5.35) zr def Zinr, t > 0, the so-called stopped process.

Corollary 5.4. Let (M;)i>0, be a continuous local martingale. Then, there exists an
essentially unique, continuous, non-decreasing, (Gi)-adapted process (M), t > 0, such
that

(5.36) (M) =0,

(5.37) MZ — M3 — (M), t >0, is a continuous local martingale.

Moreover, when T is a (Gi)-stopping time, one has
(5.38) P-a.s., for allt >0, (MT)y = (M)rp (= (M)T).

Proof. The uniqueness part of the statement follows from (5.2). As for the existence part,
choose stopping times 7}, T oo, P-a.s., so that M™» is a continuous square integrable
martingale. Note that by the stopping theorem,

Tpiay2
(M,1)" = (M 07, = Mg, — (M )iar,, >0,

is a (G;)-martingale. From (5.2) it follows that

(5.39) P-as., for all t > 0, (MTn+1),\q, = (M),
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As a result we can find N in G with P(N) = 0, so that
(5.40) when w ¢ N, forallm >n>0,0 <t < T,(w), (MTm)(w) = (M) (w).
We thus define

(M) (w) = (M™"),(w), for any n >0, with Tj,(w) > t, if w ¢ N,

(5.41) )
=0,ifweN.

Note that (M), ¢ > 0, is continuous, non-decreasing, (G;)-adapted, and (5.36) holds.
Moreover (M) and (M*")  are indistinguishable so that M2, — Mg — (M), is a
continuous martingale with value 0 at time 0. The argument below (4.104) shows that
(5.37) holds. As for (5.38) it directly follows from the previous existence and uniqueness
result, and the fact that M2, — M3 — (M)¢ar is a continuous local martingale. O

Notation:

When M, N are continuous local martingales one writes:
(5.42) (M,N); = i((M + N) — (M — N);), t >0 (Polarization identity) .

Corollary 5.5. When M, N are continuous local martingales, (M, N);, t > 0, is a con-
tinuous adapted process with bounded variation on finite intervals, essentially unique such
that

(5.43) (M, N)o =0,
(5.44) My Ny — My No — (M,N), t >0, is a continuous local martingale.

Proof. We only have to prove the uniqueness, the other properties being immediate. To
this end observe that when C}, t > 0, is a continuous adapted process with finite variation
on finite intervals, then

(5.45) V= lim > |C%—CQ% ,t>0,
rl<y
2n i

is a continuous, non-decreasing, adapted process, and

(5.46) Vi — Cy, t > 0, is non-decreasing as well.

We apply this observation to the difference of (M, N); with D;, some other continuous
adapted process, with finite variation on finite intervals, satisfying similar conditions as in
(5.43), (5.44). By (5.2) we conclude that

(5.47) P-as., forall t >0, (M,N); = D;.
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We now turn to the construction of the stochastic integrals with respect to
continuous local martingales. This construction involves several steps, which often
are very similar to what has been done in the previous chapter (such steps will be merely
briefly discussed below).

For Hi(w) a basic process (i.e. Hs(w) = C(w) 1{a < s < b}, with C € bG,, cf. (4.26)),
and My, s > 0, a continuous square integrable martingale one defines in the spirit
of (4.27):

o0
(5.48) / HydM,  C(w)(My(w) — M,(w)),
0

and for 0 <t < oco:

¢ of [ 5.48
(5.49) /0 H,dM, /0 (H1jg.)s dMy "2 C(0) (Mg (@) — Mapp(w))

One immediately extends the definition to H € Ay, i.e. H = H'+...+ H", with H? basic
processes, for 1 < ¢ < n, cf. (4.36), by the formula

0 def n oo
(5.50) / HydM, <) / H!dM,,
0 =1 Jo
and one checks that this is well-defined and that, as in (4.39), one has
(5.51) / HdM/ KdM / Hy( (w)d(M)s(w)|, for H/ K € Ay .

With the help of (4.47) one extends the definition of [;° Hy dM, to H in

(5.52) Ay(M) = L*(Q x R, P,dP x d(M),),
so that
(5.53) HeA(M)— / H,dM, € L*(P) is an isometry .

One chooses a “good version” of fo HydMs, t > 0, with similar arguments as in the proof

of (4.69), (4.70), denoted by (H - M), t > 0, such that

(5.54) (H.M), t >0, is a continuous, square integrable (G;)-martingale

with value 0 at time O,

t
(5.55) for each ¢t > 0, P-a.s., (H.M); = / HydMy,
0

¢
(5.56) Ny = (H.M)? — / H2d(M),, t >0, is a continuous martingale,
0

with sup |N;| € L'(P) (and value 0 at time 0) .
>0
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In particular, cf. (5.9), (5.2), (5.56),
¢

(5.57) (H.M), :/ HZ2d(M),, t>0.
0

The above defined stochastic integral has the following property (with a similar argument
as for the proof of (4.62)): when H, K € Ay(M), G € G are such that

(5.58) H(w) = K¢(w), for all s >0, whenw € G,
then
(5.59) P-as., for 0 <t < oo, (HM)(w) = (K.M)(w), for w € G.

Then, one has (in the notation of (5.35)):

Theorem 5.6. (stopping theorem for stochastic integrals)
Let T be a (Gy)-stopping time and H € Ao(M), then

P-a.s., for 0 <t < oo,

(5.60) (Yo H)- M) = (HM)onr = (HMT); = (111 H).MT); .

Proof. Note that MtT = M7, t > 0, is also a continuous square integrable martingale
and, cf. (5.38), (MT) = (M)T so that H € Ay(M7) as well. Then we find just as in
(4.91) that

(5.61) P-as., for 0 <t < oo, ((LjoH) M)y = (H.M)inr -

Moreover since (M) = (M)T, we see that

(5.62) H =1y H in L*(Q x Ry, P,dP x d(M™)),
so that
(5.63) P-a.s., for 0 <t < oo, (H.MT), = ((1;gmH).MT),.

Then, observe by coming back to (5.49) that for K basic process, and then K in Aj, one
has

(5.64) for 0 <t < oo, (K.M)nr = (K.MT),.

Then by approximation of H € Ay(M) (and hence in A(M7)) one finds that
(5.65) P-as., for 0 <t < oo, (H-M)inr = (HMT);.

Combining (5.61), (5.63), (5.65), we obtain (5.60). O

82



With the help of the stopping theorem for stochastic integrals, cf. (5.60), we will now
extend the definition of stochastic integrals.

For M a continuous local martingale with value 0 at time 0, we define

As(M) = {H : P-measurable functions on Q x Ry such that

(5.66) o
P-as., Vt >0, /0 Hi(w)d{M)s(w) < oo}.

One then considers a non-decreasing sequence of stopping times 7;,, n > 0, P-a.s. tending
to 0o, such that

(5.67) M7 is a continuous square integrable martingale for each n > 0,

(5.68) Lo H € Ay(M™).

One such sequence is for instance obtained by setting:

(5.69) To(w) = inf {5 > 0, |M,(w)| > nor / H2(w) d(M)o(w) = n}.
0

Definition and Theorem 5.7. If T, 1 oo, P-a.s., is a sequence of stopping times satis-
fying (5.67), (5.68), then, the event

(570) N = U {w € Q, dt S Q+, ((H1[07Tn+1}).MT"+I)t/\Tn ?é ((H1[07Tn]).MTn)t/\Tn}
n>0

U{w € Q; lim T, (w) < oo} is P-negligible, and

(5.71) (HM)i(w) & (Hlpg,))-MT)i(w), for 0 <t < Ty(w), ifw ¢ N,

=0, ifweN,

is a continuous local martingale. It is defined in an essentially unique way if one uses
different choices of Ty,, n > 0, and of ((H1[07Tn]).MT")t.

Proof. By (5.60), letting M7T»+1 play the role of M, and Hlyr, ., of H, we find that
P-a.s., for 0 <t < o0,

(5.72) (Hljog,, )-M™ g, = (Hl1,)-M™) = (Hljg 1,)-M™ )i, |

where the last equality follows from (5.60), with M replaced by M™» and H by H Lo,7]-
We thus find that P(N) = 0, and it is immediate from (5.71) that (H.M); defines a
continuous local martingale. Now, when T,,,T), n > 0, are two sequences of stopping
times satisfying the assumptions of the theorem, setting S, = T, AT}, 1 0o, P-a.s., we find
that P-a.s., for 0 <t < S, (w):

(5.60) (5.60) /

(5.73) ((Hl[o,Tn])-MT")t(w) ((Hl[o,sn})-MS")t(w) ((Hl[o,T,g})-MT")t(w)7

and the claim about the essential uniqueness follows. ]
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Remark 5.8. When M is a continuous square integrable martingale, with My = 0, and
H € Ay(M), we can take T,, = oo in the previous definition, so that (5.71) agrees with
our previous definition of the stochastic integral. O

We will now give an alternative characterization of (H.M). , by means of its bracket
((H.M), N) with other continuous local martingales. The following will be helpful.

Proposition 5.9. (Kunita- Watanabe’s inequality, 1967)

If H, K are progressively measurable, M, N are continuous local martingales, and

6 Pas, [T HAOD.0) <o [T R AN) < o,

then

619 Pas, [ H@ KAL) < ([ Hd0n)
([T m@am.@)’

(with |(M, N)|s denoting the total variation process of (M, N)s, cf. (5.45)).
Proof. From (5.43), (5.44), we see that

(5.76)  P-as., forall A\ € Q, all t >0, (M + AN); = (M) + 2A\ (M, N); + A2(N); .

Hence, P-a.s., for s <t, A € Q (with ( >g def Oy = ()

(5.77) (M), 4 2MM,N), + N*(N), >0,
and thus, looking at the discriminant (in \), we find that

Pas., for 0< s < t, [(M, N)}(w)] < ((M)4(w))(N):(w)?
(5.78)

This shows that on the above set of full P-measure

def

(5.79) d|(M,N)|s < 5 d{M), + 5 d(N), = d,(s)

N =

and we can then introduce fM(w), f¥(w), f2"(w) the respective densities of d(M),(w),
d(N)s(w) and d(M, N)s(w) with respect to du,(s).
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Coming back to (5.76), and expressing the density of d(M + AN),(w) with respect to
dv,(s), we see that P-a.s., for y,-a.e. s,

(5.80) M) 42X FEN (W) + A2 fN¥(w) > 0, for A € Q, and hence A € R.

We first assume, H, K > 0, bounded and compactly supported in s. Setting sign(z) =
1{z > 0} — 1{z < 0}, H, = H,sign(f2"), and A = yK, H; ' 1{H, # 0}, we see multi-
plying (5.80) by HZ and considering the set of s where Hy = 0 separately that,

P-a.s., for y,-a.e. s, for ally € R,
H2(w) fM (W) + 2y Hy(w) Ko@) £ (@) + 7 K2(w) [N (w) 2 0

Integrating over s, with respect to du,(s), we find that P-a.s. for all v € R,
oo

1) [ H@ AN + 2 [T K@ 0N+ [T R ). >0,
0

and looking at the discriminant in v we find that P-a.s.,

/HKd\MN]S_ / H2(w >S)%</OOOKSd(NS%

The case of non-negative H, K satisfying (5.74) follows by truncation and monotone con-
vergence, and then the general case is immediate. U

We now have the following characterization of (H.M) for H € Az(M):

Theorem 5.10. Let M be a continuous local martingale with My = 0, H € As(M),
then (H.M) is the unique continuous local martingale vanishing in 0, such that for all
continuous local martingales N, P-a.s.

(5.82) (HM),N); = /OtHs(w) d(M,N)s, for allt >0

(note that (5.75) implies that P-a.s. the right-hand side is well-defined).
Proof.

e Uniqueness:

If I, 1 are continuous local martingales vanishing at time 0 such that (I, N) = (I, N) for
all continuous local martingales N, we have (I — I ) = 0. Hence, we can find stopping
times T,, 1 0o, P-a.s., such that (I — I )?ATn, t > 0, are bounded continuous martingales,
cf. Remark 4.27. Hence, we see that

(5.83) E((I-1)2y]=0, t>0,n>0,
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so that P-a.s., for t € QN [0,00), n > 0, Liry, = E,\Tn. Since P-a.s., T,, T oo, using
continuity, we find that

(5.84) P-as., forallt >0, I, = I, .

o (5.82):

When H = Clqy), with 0 <a < b, C € bG,, is a basic process and M, N are continuous
square integrable martingales,

sy = HMN- /O H, d(M,N), =

C{(Myre — Mans) Ny — (M, N)?\t } is a continuous martingale.

For instance, when a < s <b, s < t:

(5.86) E[J;|Gs] = CE[E[(Myn — Ma) Ne — (M, N Gone | Gl
= CE[(Mynt — Ma) None — (M, N)3" |G|

since Nipp, t > 0, and Mpar Npar — (M, N)pa are martingales

= C{(Myps — My) Nyps — (M, NY¥} = Jg

and the other cases are easier to check. We then find that (5.82) holds for H € A, M, N
continuous square integrable martingales. Then, keeping M, N as above, for H € Ay(M)

2
we can choose H™ in Ay, approximating H in Ay(M), so that (H™.M), gy (H.M)y, for
t > 0. Then, as a result of (5.75), for ¢t > 0,

B[ [ 1) - @l alon vl <

L gaﬁlchy—
5.87 o0 n 5 17 Schwarz
(587) B[( [ = ) don @) 0] TS
n 1
1H = H"||L2(@pxaqany) ELN)e]2 — 0.
As a result, we see that for ¢t > 0,
n o L(P) '
(5.88) (H" M)y Ny — | HYd(M,N)s — (HM)yNy— | Hsd(M,N)g,
0 o 0

and the limit is a martingale as well.
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Thus we have proved that (5.82) holds when M, N are continuous square integrable
martingales, and H € Ag(M).

Now, in the general case of the theorem, when H € Az(M), we choose stopping times
T, 1 oo, P-as., so that M™» NTn are continuous square integrable martingales, and
Hlyr, € Ay(M™), for each n > 0. Then we find from (5.71) that P-a.s., for all ¢ > 0,

tATy
(H.M)ipz, Nont, — / H,(w)d(M,N), =
0

! 5.38
(5.89) (H1o,m,)- M)y Ni™ — /0 (H1p,1,))s d(M, N)spr, E5:42;

t
(Hlggp,) M), N™ —/0 (Hlpg,))s d(M™, NT"),

which is a continuous martingale.

This proves that (H.M); Ny — fg Hyd(M,N)s, t >0, is a continuous local martingale,
and by (5.43), (5.44) (recall that (H.M)p = 0), the claim (5.82) follows in the general
case. O

Corollary 5.11. For M, N continuous local martingales, vanishing at time 0, H € A3(M),
K e Ag(N),

(5.90) P-a.s., (HM), (K.N)), :/0 Hy(w) Kg(w)d(M,N)s, fort>0.

Proof. By (5.82) we find that P-a.s.

d((H.M),(K.N)) = Hd(M,(K.N)) = HKd{(M,N).

We have the following very useful consequence of this result:

Corollary 5.12. For M continuous local martingale with My = 0, H € As(M), K €
As((H.M)) one has

(5.91) HK € A3(M) and

(5.92) P-a.s., fort >0, (K.(HM)); = (K -H).M);.
Proof.

e (5.91):

By (5.90), we have P-a.s., d((H.M)) = H?d(M), so that K € A3((H.M)) means that K
is P measurable and P-a.s., fot K2 H2d({M), < oo, and therefore HK € A3(M).
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e (5.92):

By (5.82), for N continuous local martingale, P-a.s.
d(K.(H.M)),N) =Kd((HM),N)=KHd(M,N)

and (5.92) now follows from the uniqueness part of (5.82).
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6 Ito’s formula and first applications

In this chapter we will prove Ito’s formula, which is a fundamental “change of variable
formula” for stochastic integrals, and the source of many explicit calculations. We will
discuss some of its applications. Throughout this chapter (2,3, (G¢)i>0, P) will denote a
filtered probability space, which satisfies the “usual conditions”, cf. (4.5), (4.6).

Definition 6.1. A continuous semimartingale (Y;);>0 on (2,G, (Gt)i>0, P) is a con-
tinuous adapted process, which admits the decomposition

(6.1) Y, =Yoo+ M+ A, t>0,

where My, t > 0, is a continuous local martingale such that Mg = 0, and A¢, t > 0, is a
continuous adapted process with bounded variation on finite intervals, such that Ag = 0.

Remark 6.2. The same argument used in the proof of (5.43), (5.44) shows that when
(Y2)¢>0 is a continuous semimartingale,

(6.2) the decomposition (6.1) is essentially unique.

Notation:

For (Y;)i>0 a continuous semimartingale we will write
AY) = {H : P-measurable on €2 x R, such that P-a.s., for ¢t > 0,

(6.3) : :
/ H2 d(M), < o0 and / [H,] d|A], < oo}
0 0

where M and A are as in (6.1) and |A|, denotes the total variation process of A. Then,
for H € A(Y'), we will use the notation

t t t
(6.4) /HSdYS:/ HSdMS+/HSdAS,t20,
0 0 0

so that (6.4) defines fot H,dYs, t > 0, in an essentially unique fashion (with respect to the
various versions and decompositions in (6.1)).

Example:

Any continuous adapted process Hg(w) is automatically in A(Y"). In particular an expres-
sion such as fg exp{exp(Y2 + s2)} dY; (for instance) is well defined. O

An important first step towards Ito’s formula will be the next

Proposition 6.3. (Integration by parts formula)

If Yy, t >0, and Z;, t > 0, are continuous semimartingales on (2,3, (Gt)i>0, P), then
P-a.s., for allt >0,

t t
(6.5) Y;thYoZo+/Y;dZs+/stYs+<Y,Z>t,

0 0
where (Y, Z)¢, t > 0, denotes the bracket of the local martingale parts of Y and Z.
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We begin with several reductions.

It is enough to prove for Y as above, that P-a.s.,
¢
(6.6) Yt2=Yo2+2/ YodY, + (Y, for t >0
0

(i.e. prove (6.5) when Y = Z). Indeed one then applies (6.6) to (Y + Z)? and (Y — Z)?
and recovers (6.5).

Moreover, we can also replace Y by Y = 1{T},, > 0} YT where Y» = YAz, n > 1,
and T}, T oo is the sequence of stopping times

(6.7) T, =inf{s >0, |Yy| > n, |Ms| >n, |Als >n or (M)s>n}, n>1,

and, in this fashion, we can assume that Y., M, |A|., (Y). are continuous bounded pro-
cesses (so M. is in fact a martingale). Since all processes, which appear in (6.6) are
continuous, it is also sufficient to prove (6.6) for fixed t¢.

Proof. We thus pick a fixed ¢t > 0, and define for m > 1,

(6.8) P

1t )
—, 0<1<m.
m

)

We then write:
m—1 9

(6'9) Y? = <Y0 + Z(Y;fiﬂ - Y;tz)> = YO2 + Z(Y;fiﬂ - }/;51)2 +2 Z }/ti(}/ti-ﬁ—l - Y;fz) :
=0 <m <m

We now analyze the convergence of the last two terms in the right-hand side of (6.9), as
m — oo. We have:

Z Ki(}/ti-o—l - }/tz) = Z Kﬁi(Mti-H - Mti) + Z Y;fz (Ati+1 - Ati)

<m <m <m

(6.10) ) :
:/ YsmdMs—i—/ Y dAs,
0 0
where
(6.11) YMw) = > Vi (@) L) (5) -

0<i<m

Clearly, using dominated convergence, we find that:

m—o0

E[/t(YS —nm)2d<Y>s} — 4 0, and
0

t
B [ -vraan) =0
O m—ro0
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It thus follows that

¢ 2(P) L(P)
(6.12) /YmdM S / Y, dM, and / Y™ dA, /YdAS.
This shows that
Lt (P)
(6.13) > Vi Vi — i) 8 /0 Y, dY,.

i<m
We now come back to the second term of the right-hand side of (6.9). We write for
0<is<m,

m, def
(6'14) Ai = (Mti+1 - Mti)Q - (<Y>ti+1 - <Y>tz) .
The calculation below resembles what we did in (3.4). For m > 1,
def 2 ) 2
A 2 B( 00, - 12 - )] = E[(Sar)] =
i<m i<m
Y E[AT)+2 > E[ATAT.

<m <j<m

(6.15)

As we now explain, the A", 1 <14 < m, are pairwise orthogonal.
Indeed, by (5.9), we have for j < m
E[Am ’gtj] = [M2 2Mtj+1 Mtj + Mtz] - (<Y>tj+1 - <Y>tj) ‘ gtj] =

tit1
(5.9)
(6'16) E[M2 - <M>tj+1 ’gtj] - 2Mtj E[Mtj+1 ’gtj] + Mt2j + <Y>tj =

tj+1
M7 = (M)y; — 2M7, + M +(Y)y; = 0.
Thus, the last term of (6.15) vanishes (A" is G;,-measurable for i < j). One has

=D EIA)) < Y 2E((Mey, — M)+ 2E[((YV )ty — (V)1,)’)

<m <m
< 2E[sup | My, — My, |2 ‘ }
<m
+ 2E[( Sup ‘Mti+l - Mti ‘2 + Sup ’ <Y>ti+1 - <Y>tz ’) <Y>t] .
<m <m
m—00 \/

0 dominated convergence
Further, note that 2ab < 2a® + %, for a,b in R. So,

(6.15) 4 Am
E[Sup|Mt i ] < E[Sup|Mt¢+1 _Mt¢| ] + 4
i<m i<m

141

- Mti|2 ‘

m—roo
0 dominated convergence
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Thus, coming back to the line above, we have shown that

(6.18) Am =) E[(A])?] — 0.

By (6.15), it means that

_ 2 L2(P)
<m
To prove an analogous statement for ). (Y;_ , — Y;,)?, which is our main object of

interest in view of (6.9), we write:

S s = V)2 = (M, — M )2 <

<m <m
(6.20) Z (2|Ati+1 - At¢| |Mt¢+1 - Mt¢| + |At¢+1 - At¢|2) <
<m
1
2( Z ‘Ati+l - Ati’2> * % <Z(Mti+1 Mtz ) + Z Atz+1 Atz
<m <m <m

and observe that by dominated convergence and continuity,

L2 2(P)
Z(At¢+1 - At¢)2 < sup |At¢+1 At | |A|t 0.
<m i<m meree

Thus, coming back to the last line of (6.20), we see using Cauchy-Schwarz’s inequality for
the first term and (6.19) that all terms converge to 0 in L?(P). We have shown that

L2(P)
(6.21) > (i =Yi)* =5 (V).
<<m

Together with (6.13) this concludes the proof of (6.6) for fixed ¢, and thus our general
claim (6.5) has been established. O

We now turn to the main result.

Theorem 6.4. (Ito’s formula)

Let F be a C%-function on R¢, and Yl,...,Yd be continuous semimartingales on
(,G,(Gi)i>0, P). Then, writing Y. = (Y',...,Y%), the real-valued process F(Y;), t > 0,
is a continuous semimartingale and P-a.s., for all t > 0,

/ (Yt Y7,

(6.22)  F(Y;) = F(Yp) +Z / 9; F(Y,)dY! +

1,j=1
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Proof. The formula (6.22) shows that F'(X;), t > 0, is a continuous semimartingale. We
use several reductions to prove (6.22).

e First reduction:

Using “localization”, similarly as explained above (6.7), we can assume that Y}, [(Y?, Y7)|,
and the total variation of the bounded variation processes entering the decomposition (6.1)
of the Y, t > 0, are uniformly bounded processes.

e Second reduction:

We can assume that F(-) is C? with compact support.

e Third reduction:
We can assume that F'(-) is a polynomial.

Indeed note that it suffices now to prove (6.22) for F € C°(R% R), since any F €
C?(R%,R) is approximated, for instance by convolution, in C2-topology by such functions,
and (6.22) remains true in the limit. But F' € C°(R%, R) is approximated in C2-topology
on any compact set by linear combinations of €%, with ¢ € R? (for instance using Fourier

L L

series, when L is large enough so that support(f) C (—%,%)?, one has:

F(z) = Z ag 622”%”3, for xz € <— %,%) , with az, = %/ ] F(2) e*l2ﬂ%-zdzl
kezd (-£.%)

, which shows that e’¢® is approxi-

ol

Now, we have the expansion e = Y~ L (i€ - z)"

mated in C2-topology on compact sets by polynomials and the third reduction follows.

We are thus reduced to proving (6.22) for F'(-) a polynomial in the coordinate variables.
We will now prove that:

the validity of (6.22) for the polynomial F' implies the validity of (6.22) for

(6.23) the polynomials G(z1,...,xq4) = xi, F(x1,...24), for any 1 <ig <d.

Indeed, we apply (6.5) to Y and F(Y), and find that
t . t . .
G(Y) =G + [ Yiodr(v).+ [ F(Yavi + v, Fv)),
0 0

and since (6.22) holds true for F(Y')

d t . t .
GV = GO + Y / Yi0 0, F(Y,)dYi + / F(Y,)dYo
i=1 0 0

d t
1 i P .
= /0 Y0 02, F(Ye) d(Y1, Y7, + (Y, F(Y)),
i,j=1
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Now by (5.82) and (6.22) we also have
(Yo F(Y / O F(Yy)d(Y™ Y%, .
Inserting this identity in the last term of the previous formula, we find that:
G, YO+Z/8G )y + 1 Z/ Ay Y9,

5,j=1

and (6.23) is proved.

Since (6.22) clearly holds when F' = constant, it follows by (6.23), that (6.22) holds
for all polynomials F'. This, as explained above, yields the general claim. O

Example: (Canonical d-dimensional Brownian motion)

We can apply the above theorem in the special case when Y. = X (= (X1,...,X%)
is the canonical d-dimensional Brownian motion, and (C,F, (F})i>0, Wo), cf. (4.7), is the
filtered probability space (which as we have seen satisfies the usual conditions). In this
example each X}, t > 0, are (F})-martingales, and

(6.24) X! X} - dijt, t >0, are (Fy)-martingales, for 1 <1i,j < d,
/]\

Kronecker’s symbol

(when i = j, see (4.2), (4.18), the case i # j simply uses a simple modification of (4.4)).
In view of (5.43), (5.44), this means that

(6.25) (XU, X7y =68 ;t, t>0, for 1 <i,j<d.

In particular, in the rightmost term of Ito’s formula, only the terms with ¢ = j are present,
and hence for F' € CZ(]Rd,]R), Wo-a.s., for all ¢t > 0,

(6.26) F(X, +Z / 9; F(X,)dX! + /OtAF(XS)ds,

where AF(z) = o S 4 92 F(x) is the Laplacian of F. O

i=1"1

We will now describe some first applications of Ito’s formula. We recall that (€2, G, (G)¢>0, P)
is a filtered probability space satisfying the “usual conditions”, cf. (4.5), (4.6).
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Exponential Martingales:

Theorem 6.5. Let My, t > 0, be a continuous (Gy)-local martingale, with My = 0.
(6.27) Z; = exp {Mt — % <M>t}, t >0, is a continuous (G¢)-local martingale,
which satisfies the “stochastic differential equation”:

t
(6.28) P-a.s., forallt >0, Z; =1 —i—/ ZsdMs, .

0

Moreover, if for some e >0 and 0 < T < o0,

1
(6.29) E[exp {(7;8) <M>T}] < 00, then
(6.30) Zy, t <T, is a continuous (Gy)-martingale.

Remark 6.6.

1) We will later see that (6.30) is still valid when (6.29) holds with e = 0. This is the
so-called Novikov condition, cf. [8], [9]. For the time being we discuss this simpler result
which has an elementary proof and can be helpful in a number of situations.

2) If (6.29) holds with 7" = oo, then the proof below will show that Z,, = lim;_,~ Z; exists
P-a.s., and for small > 0,

(6.30") Zs, 0 <t < o0, is a continuous (G;)-martingale bounded in L'*7.

0

Exercise 6.7. Show that when E[(M)r] < oo, (M,t > 0, as above), then M, t < T, is
a continuous square integrable martingale.

Proof of Theorem 6.5.
e (6.28): We introduce the function

(6.31) f(m,t):exp{x— t}, x,t eR.

N | =

This function satisfies the equation:

of 1 0%f _
(632) E (x,t)+§ W (.%',t) =0.
We will now apply Ito’s formula (6.22) to Y = (Y1, Y2) = (M, (M)). We first note that

(YLY?) =0=(Y?, and (Y') = (M).



We thus find that P-a.s., for ¢ > 0:

t t

f (M, (M)y) =f(0,0)+/0 O f(Ms,(M>s)dMs+/0 O f(Ms, (M)s) d(M)s
t
(6.33) +% / 97 f(Ms, (M)) d(M)s
0
t
it [ ron.ong i, @.f = 1),

Since Z; = f(My, (M)¢), this proves (6.28), as well as the fact that Z;, ¢ > 0, is a continuous
local martingale.

e (6.30):
We consider a sequence of finite stopping times T, T oo, P-a.s., such that

(6.34) Mint,, 0 <t <T,is a bounded martingale for each n.

Observe that Zia7, is a bounded continuous local martingale and hence, cf. (4.104),
(6.35) Zint,, 0 <t <T,is a bounded martingale for each n.
We will now see that

(6.36) for some ¢ > 1, sup E[Zjpp ] <00.
n_

From Doob’s inequality (4.76), it will then follow that:

. — q q
©37)  El(sup 2)°] = lim B[ sup 7] <lim (57) Bl < oo

Together with (6.35), this will imply by dominated convergence that:

(6.38) Zy, 0 <t <T,is a continuous martingale bounded in L9 .

This will prove (6.30) (and also (6.30%) in the case T' = oo; in this case Z, exists as a
P-a.s. limit, by the martingale convergence theorem, see Theorem 3.15, p. 17 of [8], and in
addition Z, = limy_,o Z; in LY(P) as well, by dominated convergence, thanks to (6.37)).

There remains to prove (6.36). We pick ¢, > 1, and write:

B2, = E| exp {a Mraz, — & (M)rar, | =

2
r 1 9 1 Holder
E|exp {qMT/\Tn — 5 aq (M)rpt, + 5 qlag — 1)<M>T/\Tn}] <
(6.39) : 1
E|exp {Oéq My, — % a2q2<M>T/\Tn} :
- a—1
E_exp{% ailq(aq—1)<M>T,\TnH ..
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Note that exp{agMint, — 2 a?¢*(M)iar, } is a bounded martingale just as in (6.35), and
the first term in the last line of (6.39) equals 1. So we see that for any n > 0,

a—1

ElZ3g,] < Blesp {5 2~ alag ~1)(M)r}] ©

Note that

lim lim

—1)=1
lim - ling a_lq(aq )=1,

and hence we can choose ¢, > 1, so that

[0
= —1)<1l4e.
o dlag—1) <lde

The combination of (6.29) and the above inequality yields (6.36). This concludes the proof
of (6.30). O

Example:

(X¢)t>0, Brownian motion on R. Then for A € R,
A2 . .
(6.40) exp {)\Xt -5 t} is a martingale.
Consider a > 0 and the entrance time of X in {a}:
H, =inf{s > 0; X5 = a}, (the distribution of H, under W, appears in (2.54)).

Then, using the stopping theorem, we see that when A > 0,
)\2
(6.41) exp {)‘Xt/\Ha ) (tA Ha)} is a martingale, which is bounded by e*®.

As a result we obtain that

)\2
1=Fy {exp {)‘Xt/\Ha ) (t A HG)H, and since H, < oo, Wy-a.s.,

dominated
t — o0
convergence

2 A2
o [exp {)\XHa -5 Ha}] = e He],

Setting u = A\?/2, we obtain (by symmetry when a is negative):

(6.42) Eplexp{—uH,}] = exp{—|a| V2u}, fora e R, u > 0.

97



As an application of exponential martingales, we will prove Paul Lévy’s character-
ization of Brownian motion. We introduce the following

Definition 6.8. A continuous adapted R%-valued process (Xt)t>0, with Xo = 0, is called
(Gt)-Brownian motion if for 0 < s < t,

(6.43) X — X is independent of Gs and N (0, (t — s)I)-distributed.

Remark 6.9. A (G;)-Brownian motion is then of course in particular a d-dimensional
Brownian motion in the sense of the definition (1.1). However, the independence assump-
tion (6.43) is a (possibly) more stringent requirement (Gs may be strictly bigger than
o(Xy,u < 3)).

Theorem 6.10. (P. Lévy’s characterization of Brownian motion)

If (Xt)t>0, is a d-dimensional continuous (Gi)-local martingale, such that Xo = 0, and

(6.44) (X', XYy = 6;5t, for 1 <i,j <d,
then

. t, t >0, 18 a d-dimensional (G¢)-Brownian motion.
(6.45) X 0, is a d-di onal (Gt)-B ) )

Proof. The same calculation as in (6.33) shows that for £ € RY,
(6.46) Z; = exp {2’5 X+ § yg\%}, £>0,

is a complex-valued, continuous (G;)-local martingale, which is bounded when ¢ remains
bounded. Hence it is a continuous martingale and for 0 < s < ¢:

E[Z;|Gq] P-as. Zs, so that (since |Zs| > 0)

P-as.

2
) €
2

E[Z 27V G = E[exp {i{ (X — X))+ 2 s)} ( gs] .
As a result, for 0 < s < t, £ € R?,

(6.47) Blexp {ic- (X - X }|0.] P2 en { - S 6P -5}
This implies that for 0 < s <t
X: — X; is independent of G5 and N (0, (¢ — s)I)-distributed.
The claim (6.45) now readily follows. O

Remark 6.11. If we now look again at the assumptions (4.20), (4.21), when we began the
discussion of stochastic integrals, we see that they are equivalent to the fact that X; — Xg
is a (G;)-Brownian motion and Xo € L%(Q, Gy, dP). This link with Brownian motion was
not clear at the time we introduced (4.20), (4.21). O
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We will now give a further application of exponential martingales.

Proposition 6.12. (Bernstein’s inequality)
If My, t >0, is a continuous local martingale with My =0, and (M), < ct, fort >0,

then My, t > 0, is a martingale and

2
(6.48) Psup M; >a| <exp{— 2a_

T}’ for all a,T >0,
t<T c

(and hence P[sup,<p|M;| > a] < 2exp{—%}, for all a,T > 0).
Proof. For A\ € R, by (6.27), (6.30), we know that

is a continuous martingale. We can pick A > 0, and we have by Doob’s inequality, cf (4.67):

2
P[sup M > a} < P[sup Zy > exp{)\a— % CT}]

t<T t<T
(6.49) (4.67) 22
< exp{ —Aa+ — cT} E[Z7] .
2 ~——
E[Z‘(‘)]:l
We can optimize over A > 0, and choose A = 5, so that —Aa + )‘—22 cl' = —%. As a result

we find that )

a
Plsup M, >a| < {__}
[sup My 2 a] Sexpq =57

that is, (6.48) holds. Applying this inequality to —M, we thus see that (M;)¢>o, is a
continuous local martingale, which is square integrable. It is therefore a martingale,
cf. (4.104) (alternatively use the exercise below (6.30’)). O

We continue our discussion of some first applications of Ito’s formula.

Harmonic functions and Brownian motion

When U C R? is non-empty open set, a C*>-function on U is said harmonic (in U) when
Af(z)(= 3102 f(x)) = 0, € U. In fact no regularity requirement on f is necessary in
the sense that the equation Af = 0 on U in the distribution sense implies that f is C*°
on U and satisfies Af(x) = 0, x € U, in the classical sense, cf. [3], p. 127. Harmonic
functions play a very important role in the study of Brownian motion. Here is an example.

Proposition 6.13. When d > 2 and = # 0 is a point of R%, then

(6.50) Wy-a.s., X¢ #0, for allt > 0.

(in other words, “Brownian motion does not hit points when d > 27).
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Proof. When g is a C?-function on (0, 00), one can define the radial function

F(@) = gllal) = g(y/a3 + - +23), » € RU{0},

and one has the identity (exercise!)

d—1
(6.51) Af(x)=g¢"(r)+ — g (r), with r = |z|, for z € R4\{0}.
When d > 3, we choose
(6.52) g(r) =r2"2,

so that g1
g"(r)+ % Jr)=2-d)1-d)ri+d-1)2-d)r ?=0,

and therefore

1 . .
(6.53) f(z) = = x # 0, is harmonic in R\ {0} .

If x # 0, and a < |z| < b, we choose f,, a smooth radial function, equal to f(x) on
{y € R%; |y| > a}, so that applying Ito’s formula, cf. (6.26), one finds that:
Ws-a.s., for all ¢ > 0:

¢ t

(6.54) £al0) = )+ [ VX -dXo+ ) [ AR ds.
0 0

We then introduce the stopping time

(6.55) T =inf{u > 0; | Xy| <aor|X,| > b},

and see that W-a.s., for all ¢ > 0,

tAT

(g 6.54 (g
Xinr| "0 = fu(Xons) 2V 276D 1+ [ V(X,) - dX,
0

tAT
1

+ Afa(Xs)ds,
2 0

and the last term vanishes, since Af,(X;) =0, for 0 < s < 7. As a result |X;\.| (42,
t > 0, is a local martingale, which is bounded, and hence:

(6.56) |Xiar|?7%, t >0, is a martingale.

As a result, we find

(6.57) E | Xinr 27 = |z*79, for t > 0.

Note that 7 is Wy-a.s. finite, cf. Corollary 2.17. Letting ¢ — 0o, and using dominated
convergence, we find that

2>~ = B[ X P = a® I Wa(|Xr | = a) + 0° I Wa(| X, | = 1)
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An illustration of

‘ X,,0 < s <7, under W,.

Since W, (| X;| = a) + W5 (| X;| = b) = 1, we obtain for a < |z| < b

|x|2—d _ b2—d az-d _ |$|2—d
(6.58) WollXe|=a) =5 WallXe =0) = 57
Letting a — 0, with b fixed, we see that
(659) Wx(H{O} < TB(O,b)) = 07 for 0 < b,

with the notation Ty = inf{s > 0; X ¢ U}, the “exit time from U”. It now follows that

Wy (Hipy < 00) = Wy (Xy = 0, for some ¢t > 0) =

6.60 .
o Ji Wit < Toun) =0,

and this proves (6.50) when d > 3.

When d = 2, we choose instead

(6.61) g(r) =log %
so that d-1 1 1
'+ g =L - =0,
and
1
(6.62) f(z) =log ek x # 0, is harmonic in R?\{0}.
x

The repetition of the above proof now yields that for a < |z| < b,

log % log J2]
(6.63) WallXe| = a) = —5- . WallX,| =) = —%
log a lOg 2
and one concludes as above, by letting a — 0, with b fixed, and then b — co. U
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As an application of the same circle of ideas we will discuss recurrence and tran-
sience properties of Brownian motion in R¢, when d > 2.

Theorem 6.14. (transience of Brownian motion in R?, d > 3)

When d > 3, then for x € RY,

(6.64) Wy-a.s., im |X;| = 0.
t—o0

Proof. Since under Wy, (X; + 2)¢>0 is a Brownian motion starting from z + z, it suffices
to prove (6.64) for some x # 0. By (6.54) we know that, letting Hp( q) stand for the

entrance time of X in B(0,a),

(6.65) ‘Xt/\HE(o » =4 is a continuous bounded martingale under W, .

Using Fatou’s lemma for conditional expectations, we find that for s < ¢, W-a.s.,

E[|X.[2 | F)) (6.50) E, [nmnmf | Xin Hgon) 24 7] Fa%ou
lim inf Ep[| X o) 24| 1] (6.65) liminf [ Xonrr, 2= 620 | 2.
In other words we have proved that
(6.66) |X;|>~?, ¢ >0, is a continuous supermartingale under W, .

Since this supermartingale is non-negative, it follows from the convergence theorem, see
[8], p. 17, that

(6.67) W,-a.s., | X¢|*>~? has a finite limit as t — co.
On the other hand, looking at one of the components of X, we already know that

Wy-a.s., limsup |Xy| = 0.
t

This observation combined with (6.67) implies that the finite limit in (6.67) is 0. O

Exercise 6.15. Show that a non-negative continuous local martingale is a supermartin-
gale. O

‘We now turn to the two-dimensional situation.

Theorem 6.16. (recurrence of Brownian motion in R?)

When d = 2, for any x € R?,

(6.68)  Wiy-a.s., for any non-empty open set O C R?, {t > 0; X; € O} is unbounded.
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Proof. By (6.63), we see, letting b — oo, that when a < |x|, W;-a.s., HE(O Q) < 00 of
course this remains true when |z| < a, so that

(6.69) for any x € R?, a > 0, Wy-a.s., Hpg,q) <00

One can then define the sequence of (F;")-stopping times, cf. (2.33),

S = HE(O a)’ So = S100g,11+ 51+ 1, and by induction for ¢ > 1:
Sit1 =5100g5,41+S; + 1, so that S; T co.

Using the strong Markov property, cf. (2.46), we see that for any y € R?, for i > 1,
Wy [Sit1 < oo] = Wy [S; < oo and 0§i1+1 (S1 < 00)]
(2.46)

= Ey [Sz < 00, WXSiJrl[Sl < OOH = Wy[SZ < OO]
(6.70) -

I
1 by (6.69)

indlgtion Wy [Sl < OO] —1.

Note also that by construction, for ¢ > 1,
Wy-a.s., on {S; < oo}, Xg, € B(0,a).

It thus follows from (6.70) and S; 1 oo, that for any y € R? Wy-a.s., for any a = %,
{t > 0; X, € B(0,1)} is unbounded.

Since W), is the law of (X; +y)¢>0, under Wy, the above property implies that (setting
z=—y):

(6.71) Wo-a.s., forall z € Q% n > 1, {t > 0; X; € P(z, %)} is unbounded .

This proves (6.68) when x = 0. The case of a general z follows since (X;);>¢ under W
has the law of (X} + x)¢>¢ under Wy, as was already used in the proof. ]
Exercise 6.17. Give a proof of (6.68) using (6.69) and (6.50) (without the introduction
of the stopping times S;,7 > 1).

Complement

We will now present Nivokov’s criterion, which refines the condition we gave in (6.29)
to ensure that Z; is a martingale (and not merely a continuous local martingale).

Theorem 6.18. (Novikov’s criterion)

Let (My)>0, be a continuous local martingale with My = 0, such that
(6.72) E[exp {% <M>OOH < 00.
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Then,
(6.73) E{exp{% sup |Mt|}] < o0,
t>0
and
(6.74) Z; = exp {Mt — % <M>t}, t >0, is a uniformly integrable continuous martingale

(and of course, (My)i>0, is a continuous martingale as well).

Remark 6.19. If instead of (6.72) we assume that for some 7' > 0,

(6.75) E[exp {% <M>TH <0,
the above theorem can be applied to Myar, t > 0, and we find that

6.76 Zy = expq My — Lo t¢, t < T, is a continuous martingale.
2

Proof. We first observe that E[(M).] < oo implies that

(6.77) (My)¢>0, is a continuous martingale bounded in L?.

Indeed (this is just as in the exercise below (6.30’)), one chooses a sequence T,, T co of
stopping times so that (M1, )t>0, are bounded martingales. Then, one has

(5.36)

E[MZr ] E[(M)in1,] < E[(M)s], and by Fatou’s lemma

E[M?) < liminf E[Mpy,] < E[(M)w].

It now also follows with similar considerations as in (4.104) and Doob’s inequality (4.76)

. . . . P-a.s.
that (M;)¢>0, is a continuous martingale, with E[sup,sq |M;|?] < co and that M =2°

limy_, oo My is well-defined, by the martingale convergence theorem, cf. [8], p. 17.

e (6.73): Note that for 0 <t < o0,

E{exp{% MtH :E[exp{% Mt—i (M>t} exp{i (M>tH

Cauchy-Schwarz 1

< Blew{M -5 o] ew{] <M>oo}]é-

Since (Z¢)t>0, is a non-negative local martingale, it is also a supermartingale (see also
exercise below (6.67)). Indeed, for 0 < s <,

(6.78)

Fatou
E(Z,|G) = Ellim Zur, |G, < liminf E[Zr, |Gy]

= liminf Z; 7, = Z, thus proving the claim.
n
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As a result, F[Z;] < E[Zp] = 1, and coming back to (6.78),
(6.79) E[exp{% Mt}] §E[exp{%(M>oo}]é, 0<t<oo.

The same argument applied to —M yields that

sup E[cosh (% Mt>] < E[exp{% (M>OOH ? | so that

(6.80) £20 )
E[cosh(cMy)] < E[exp{% (M>OOH *for0<ce< %, 0<t<c.
In particular, since cosh xz > % e’
(6.81) sup EleMt] < o0, for 0 < ¢ < L
0<t<oo 2

Jensen’s inequality implies that e“M¢, ¢t > 0, is a non-negative sub-martingale. It then
follows from Doob’s inequality (4.76) with p = &, and 0 < ¢ < %, that

2¢?

Elsup o5 Mi}] = El(gup ewieh)’

(6.82) (426) <ﬁ>p sup Elexp{pcM;}]
= (50 g e {3 )] T

Of course, a similar bound holds for —M in place of M. Note also that
1 1
suptzo(cosh(% M) < % SUP;> ea Me % SUP;> e 2 Mt and hence

(6.83) Ehg}o) cosh <% Mtﬂ < 0.

This implies that E[exp{3 sup,>q |M;|}] < 0o, and (6.73) holds.

o (6.74):

We will use the next

Lemma 6.20.

(6.84) If E[Zx) =1, then Z;, 0 < t < 00, is a uniformly integrable martingale.

Proof. By the supermartingale property of (Z;)¢>0, it follows that 1 = E[Z,] < E[Z;] <
E[Zy) =1, for 0 <t < o0, so that E[Z;] =1, for 0 <t < 0.

Note that P-a.s., Zinr, — Zi, and E[Zia7,] = E[Z] = 1 and these variables are
non-negative.
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It now follows that they are uniformly integrable and

1
(6.85) Zinr, > Zy, for 0 <t < oo,
n—oo
see for instance [5], p. 224. This now implies that Z;, t > 0, is a martingale. Moreover,

since P-a.s., Zy — Zso, as t — oo, and E[Z;] = E[Z] = 1, the same argument shows that

(6.86) Z Bz ast oo,

so that

(6.87) Zy = FE[Zs |Gt], fort>0,

and the conclusion of the lemma follows, cf. [5], p. 223. O
We will now show that

(6.88) ElZx] > 1.

Since we already know that E[Z] < 1, the claim (6.74) will now follow from the lemma.
By (6.29), (6.30), with 7" = oo, we know from (6.72) that

2

E[exp{aMoo - % <M>OOH =1, forae0,1).

Note that the following equality holds:

2

2 2 l1—a
Moo} .

exp {(ZMOO - % (M}Oo} = exp {Moo —% (M}oo}a exp{

1+a

Using Holder’s inequality with p = a=2 and ¢ = (1 — )™}, we find:

(6.89) 1< E[Z.0]%" E[exp {1;% MOOH e

Using (6.73), we can use dominated convergence to argue that

i e {2 0} = e {1 0. }] < 029

As a result we obtain that

a 1-a
. li E[ {— M, H —1,
(6.90) lim B) exp 3 Moo

and the claim (6.88) now follows from (6.89) and (6.90). This concludes the proof of
(6.74). O
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7 Stochastic differential equations and Martingale problems

We begin with some heuristic considerations.

In this chapter we want to construct processes, which locally, near each point z in R,
move like

x +th(z) + o(x) By,

where b(z) € R, o(z) is a (d x n)-matrix and B; is an n-dimensional Brownian motion.
We want that “infinitesimally”, the increment of the process we construct behaves as a
Gaussian variable with

mean: b(x)dt, and

covariance matrix:  a(z)dt,

where for £ € R?

‘ea(x)&dt “ =" E[('¢ - o(x) - (Berar — Br))’]
= E[(t(ta(w)f) “(Biydt — Bt))Q] = ‘t0($)§’2dt
= ‘Co(x)'o(r)&dt,

in other words a(z) = o(z)to(z) (d x d-matrix).

We will consider two approaches to build such processes. The first approach will
rely on solving stochastic differential equations (SDE):

X! = X0+/ ds+2/0” dBJ, i=1,....d,

or in vector notation:
t t
(7.1) Xi=x +/ b(Xs)ds +/ o(X,)-dBs, z € RY,
0 0

The second approach will be based on a martingale problem, i.c. finding on (C(R,R%), F)
a probability P,, such that
t
Mtf et F(X3) — f(Xo) —/ Lf(Xs)ds, t >0, is an (F;)-martingale under P,
0

(7.2) oy def 1 d d
when f € CZ(R) with Lf(y) = 5 Z:? i ()0} 3T+ 2 biy)9i fy)y € RY,

This latter approach shares the same spirit as Lévy’s characterization of Brownian motion,

of. (6.44), (6.45).
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Notation:

d 1
o ForbeRY, [b] = (Z 53)2.
=1

NI
=

1/2
o For 0 € Myxy, |o| = < Z Jij) = {Trace (oto) } = {Trace (too) } .
llg;éi €EMaxa EMnxn

o (9,6, (Gt)t>0, P) a probability space satisfying the usual conditions, cf. (4.5), (4.6).

e By, t >0, an n-dimensional (G;)-Brownian motion, or equivalently in view of (6.44),
(6.45) for all 1 <4,5 <mn, By, t > 0, are continuous local martingales with Bj = 0,
and B! B} — 0i;t, t > 0, are continuous local martingales.

We now begin with the discussion of stochastic differential equations. The next
theorem provides a basic result.

Theorem 7.1. (Picard’s iteration method)
Assume that b(-) : R* = RY, and o(-): R — Mgy, satisfy the Lipschitz condition
(7.3) b(y) = b(2)| + lo(y) —o(2)] < K|y — 2|, fory,z € RY.

Then, for any (2,G, (Gt)t>0, P) and By, t > 0, as above, and any x in R?, there exists an
essentially unique continuous (G;)-adapted (X;)i>o with values in RY, such that P-a.s., for
t>0,

(7.4) Xt:x—l—/ot b(Xs)ds—i—/Ot o(Xs) - dBs.

Proof.

e Uniqueness:

Consider X Y. two solutions. For M > |z|, we define

(7.5) T =inf{u > 0; |X,|or |Y,| > M},

so that P-a.s., for all ¢t > 0,

tAT tAT
Xoprr — Yoy = /0 (b(Xa) — b(Y.)))du + /O (0(X.) — o(Y,)) - dBy.

As a result, we see that for ¢y > 0:

2
E[sup |Xiar — YtAT|2] < 2E{SUP }
t<to t<to

tAT
/0 (0(Xy) —o(Yy)) - dBy

+ 2t E[/OMT Ib(X,) — b(Y,)|? du} .
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Using Doob’s inequality (4.76), with p = 2, for each component of the R%valued stochastic
integral we find that
]

toNT
Blsup [Xinr —Yinel?] <8E[| [ (0(X,) = o(1)) - B
0

t<to

(7.6) AT
+2tOE[/O Ib(X.,) —b(Yu)|2du].

On the other hand one has

.

S £[(S5 [ outna oo -

i=1 j=1 J0

5| [ " o(X,) — o(v,)) - dB,

toNT ) toNT
| e — oV Bl [ (eialX) - oia(v) dBY]
0 0

(7.7) S B [

i=1 1<j,k<n
(5.90) AT A
DS S B[ [ i) - o) eia(Xa) - oin(Va) d (B BY), | =
i=11<j,k<n 0 N——
85 pdu

i 5| /0 M s (X) ~ 0y(¥))du] = B /O ) — o(Y)du]

Inserting (7.7) in the right-hand side of (7.6), and taking (7.3) into account we find that
for any tg > 0:

to
(7.8) E[Sgp | X a1 — Yorr|?] < (8K? + 2t0K?) / E[| Xunt — Yurr|?] du.
s<to 0

The next result will be helpful.

Lemma 7.2. (Gronwall’s lemma)

Let f be a non-negative integrable function on [0,t] such that for some a,b > 0, and all
0<u<t:

f a + b f(s ds
then

(7.9) fw) <ae™, forall 0<u<t.
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Proof. Tterating the inequality satisfied by f, we see that for 0 < wu <,

f(u)§a+b/uf(s)ds§a+bau+b2/0uds1 /O f(s2)dsa < ...

<a+bau+ L 32002 + - +1' b"au™ +

bn+1 / d81 / dSQ / f(Sn_H) d3n+1
gaebu+b"+1/ uf(s)dsgaebu—i—bwrlu—' / f(s)ds
0 n: n: 0

Letting n — oo, we find (7.9). O

We will now apply the above lemma with the choice f(u) = E[sup,<, |Xsar — Yonr|?]
(> E[|Xurt — Yurr|?]), 0 <u < t, t>0,a=0,b= K?@8+2t), and find that (with ¢
some positive number)

(7.10) f(u)=0, for0<u<t.
Letting M in (7.5) tend to infinity, and then ¢t — oo,
(7.11) P-as., X, =Y, forall u > 0.

Such a statement is called a strong uniqueness result (sometimes it is also called path-
wise uniqueness).

o Existence:

We iteratively define for m > 0, t > 0,

Xto =,
t t
(7.12) X = x+/0 b(XY) ds +/O o(Xy) - dB;
t t
Xmtl =g +/ b(X™)ds + (X™) . dB;
0 0

Then, for m > 1:
t t

(7.13) Xt -xm :/ (b(XIM) —b(X 1)) d5+/ (0(X™)—a(X™1))-dB;, for t > 0.
0 0

If we now pick M > |z|, and define
Ty = inf{u > 0; |X™| or | X" > M},

the same calculation as for (7.8) yields that for 0 < ¢y <,

to
(7.14) E[ sup |XIT XM%< (8+2t)K? E(| X7, — Xing 1P du.
s<toNT'pr 0
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Now sup,<; [X] = [a], sup,<, | X1] € L2(P), by (7.12).

We now see from (7.14), with m = 1, letting M — oo, that sup,<; |XZ| € L*(P), and
repeating the argument that

(7.15) sup |X™| € L*(P), for any m >0, and t > 0.
s<t

Coming back to (7.14) we can thus let M — oo and find that for 0 <ty < t:

to
E[SEF | Xt — X712 < K2(8 4 2t) i E[IX™ — X™ 2] du, and iterating
(7.16) s<to

to t1 tm—1
< {K2(8+2t)}m/ dt, / dtg.../ dtm E[| X} — X 7.
0 0 0
With (7.12) we also have:
BlX;, — X3, [Pl < 21b(2)* 17, + 2E[lo(2) - By, |
(7.17)
< KYz,t)ty,, for 0<t, <t.

Hence with (7.16) we obtain that

8K2 o K2 mthrl
(7.18)  E[sup [ X — X"P] < Kl(x,t)( * )

fort >0, m>0.
s<to - (m+1)'

We have thus proved that for ¢ > 0,

1
(7.19) E{ Z sup | X™+ — Xsmq < Z E[sup [ X — XI"?]2 < 0.
t

m>0 5= m>0 s<t

As a consequence of the finiteness of the expectation on the left-hand side, P-a.s., X™
converges uniformly on bounded time intervals to X°°, which can be chosen (G;)-adapted
continuous (see for instance (4.75)), and

Fat
E[sup | X2 — xm2]"? "< liminf E[sup | X2 — X722 <

(7 20) s<t p—ro0 s<t
. o
Z E[sup ]XfH—Xf\z]% — 0, fort>0.
h—m s<t m—0o0

Hence, by (7.20) and (7.3), we see that for ¢ > 0, P-a.s.,

t t
Xt =g+ /Ob(X;”)du + /OU(X;”)-dBu

L2lm%oo m%oolL2 m%oolL2
t t

XX =z + /b(Xgo)du + /J(X;jo)-dBu,
0 0
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and in view of the continuity of X, we see that P-a.s.,
t t
(7.21) X° :x—i-/ b(Xgo)du—i—/ o(X°)-dB,, forallt>0.
0 0

Therefore, X*° is a solution of (7.4). O

Remark 7.3. From the definition of the X™ in (7.12), and the fact that P-a.s., X™
converges uniformly to X° on compact time intervals, we see that for each ¢ > 0:

FtXf>o L the smallest o-algebra containing all negligible sets of

(7.22) G and making X$° measurable for s <t
C FP-, defined analogously (with B, in place of X>).

Due to (7.22), X*° is called a strong solution of (7.4) (intuitively X is a function
of the “noise” B,). The above theorem shows that for any (2, G, (Gt)t>0, P), (Bt)i>0, we
have a strong solution of (7.4), which is strongly unique, cf. (7.11). O

We will now see that solutions of stochastic differential equations (SDE’s) can be
used to represent solutions of certain partial differential equations (PDE’s).

We begin with a result which will also be helpful in the subsequent discussion of
martingale problems.

Proposition 7.4. Assume that b(-): R = R?, o(-): R = My, are measurable, locally
bounded functions, x € R, and on some (Q, G, (Gt)i>0, P), endowed with an n-dimensional
(Gi)-Brownian motion (By)i>0, a continuous adapted R¥*-valued, (X;)i>0, satisfies P-a.s.,
fort>0:

¢ ¢
(7.23) X, =+ / b(X,) ds + / o(X,) - dB,,
0 0
then for any f € C*(R%,R),
¢
(7.24) M/ ey f(Xy) — f(Xo) — / Lf(Xs)ds, t >0, is a continuous local martingale
0

where we used the notation

Liw) =5 Y. ai;) + > biy) 0 f(y), and

1<4,j<d 1<i<d

a(y) =o(y)'oly), foryeR?.
EMgxa

(7.25)

Proof. We apply Ito’s formula and find that P-a.s., for ¢ > O:

(7.26)  f(Xy) = f(Xo) +Z/af dXZ+ Z /a (X, X7, .

1,7=1
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Note that by (5.90) and (7.23), it follows that

n t

(X4 X7, = Z/ oik(Xu)dBE, > / Uj7g(Xu)-dBﬁ>
¢=1 70
t
—Z/ Uzk O'JkX )dUZ/ ai,j(Xu)du.
0

Hence, coming back to (7.26), we find that P-a.s., for all ¢ > 0,

d ¢
f(Xt>:f<Xo>+Z/ 0 F(X.)b ds+§j§j/af )os(X,) dB
i=1 “0

i=1 k=1

% Z /aw i [(Xs)ds

(7.28) 1<i,j<d

(7.27)

— F(Xo) + /O LF(X.)ds + /O VF(X) - o(X,) - dB,
0

scalar product

d-vector

The claim (7.24) now follows. O

We will now see that the solutions of stochastic differential equations can be used
to provide probabilistic representation formulas for the solutions of certain second order
partial differential equations.

We consider the following Dirichlet-Poisson problem:

U # () is a bounded open subset of RY, f € Cy(U), g € C(9U),

and we look for u € C?(U) N C(U) such that, see (7.25) for the notation:

u(z) = —f(x), forxeU,
(7.29) { () = g(), | forz ol
g € C(0U)
e
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The Dirichlet problem corresponds to f = 0, and the Poisson equation to g = 0 in (7.29).

In addition to the local boundedness and measurability of b(-), o(-), we assume the
following elliptic condition:

(7.30) there is ¢ > 0, so that *¢a(z) € > c[¢]?, foré eRY, 2 €U .

It is known that when o(-), b() in addition satisfy (7.3) (in fact a Hoélder condition is good
enough), when f is bounded Hoélder continuous in U, and U satisfies an exterior sphere
condition:

Vz € OU, there is an open ball B, with BNU = {z},

the problem (7.29) has a solution, cf. [6], p. 106.

Theorem 7.5. (b(-),0(-), measurable, locally bounded, and (7.30))

If w is a solution of (7.29), and (Xi)i>o satisfies (7.23), for some x € U, then the exit
time of X. from U

(7.31) Ty =inf{s > 0; X ¢ U} is P-integrable,
and

Ty
(7.32) u(z) = E[g(XTU) s ds} :
Proof.
o (7.31):

Pick ¢(y) = C(e*® — e1), where y = (y1,...,yq) € U, then

Lo(y) = —C e (% ara(y) + abi(y))

(7.30) a?
< _Ceayl(TC—OéM)7 WlthM:Sup ‘bl()’
U

Choosing «, R large and then C' large enough, we can make sure that
(7.33) Ly < -1, on U,

(7.34) ©>0, onU.

By (7.24) we find that under P,

tA\Tyr
o(Xinty) — () — / Lo(X,)ds, t>0,
0

is a local martingale, which is bounded. Hence it is a martingale. Taking expectation, we
find that

Bl - o)~ B [ Le(x) ] 0.
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and keeping in mind (7.33), (7.34), we thus find that
tATy
(7.35) wp ¢ 2 Elp(Xo) ~ B[ [ Lp(Xu)du] 2 Bt £ o).
U 0

Letting t — oo, we obtain (7.31) and in fact the more precise estimate

(7.36) E[Ty] <sup ¢p.
U

o (7.32):
Recall that x € U by assumption. For m > 1 large enough so that % < d(z,U®), we define

)

T = inf{s > 0; d(X,,U°) <

3=

and construct u,, € C?(R% R) such that

c 1
(7.37) U = Uy, ON {ZEU; d(z,U)ZE}.

By (7.24), we see that under P,

tAT tAT
(7.38) i (Xonrs.) — () — /0 Lt (Xs) ds = u(Xonz,.) — u(z) + /O F(Xs)ds

is a bounded continuous local martingale, and hence a martingale. Taking expectation we
conclude that

Blu(Xing,,)] - u(x) + B /O e ds| = 0.

Since P-a.s., T), T Ty < oo, and Ty is integrable, we can let ¢ — oo, and then m — oo,
and conclude that

Ty
u(e) = Blu(Xn)| + B| | f(X,) ds]

(7.39) .

"ZVB[g(Xr,) + ) ds| .

whence our claim (7.32). O
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We will now discuss some features of the martingale problem (7.2), and its link with
SDE’s.

Assumptions and notation:

b(-) : RT = R?, o(-): R? — My, are measurable, locally bounded, a(-) = (o t0)(-), and
for f € C?

d d

(7.40) LI) =5 > aij(u) 02 Fy)+ Y biy) 9 f(y), y € RY.

i,j=1 i=1

Theorem 7.6. If on some (2, G, (Gt)i>0, P) endowed with an n-dimensional (G;)-Brownian
motion By, t > 0, a continuous adapted process (Yi)i>o satisfies P-a.s., for allt > 0:

t t
(7.41) Yi=2+ / b(Ys) ds +/ o(Ys) - dBs,
0 0

then

the law Py of (Yi)i>0, on (C(Ry,RY), F) is a solution

(7.42) of the martingale problem (7.2).

Conversely, if P, is a solution of the martingale problem (7.2), then there exists an
(2,G,(Gt)t>0, P) endowed with an n-dimensional Brownian motion (B¢)>0, and a con-
tinuous adapted process (Zi)i>0, such that P-a.s.,

t t
(7.43) Zy = +/ b(Zs) ds +/ o0(Zs)dps, forallt>0,
0 0

and the law of Z (on (C(R4,R%), F)) is P,.

Remark 7.7. One should not expect Z (or Y.) to be strong solutions of the SDE, as in
(7.22). An example of this feature comes for instance when considering d =1 = n,

o(x) =sign(z) =1, whenx >0

(7.44)
= —1, when z <0,

and Y, = X the canonical Brownian motion on (C(Ry,R), F, (F})t>0, Wo). Then, in this
case

t
(7.45) B, = / sign(Xs)dXs, t >0,
0

is thanks to Lévy’s characterization (6.44), (6.45) a Brownian motion. Moreover one has
the identity: P-a.s., for all ¢ > 0,

t t
X; = / sign(X,)? dXx, *2) / sign(X,) dBs,
0 0
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In other words Y, = X solves (7.41), but one can prove, see [8], p. 302, or (7.144) below,
that, in the notation of (7.22), for all ¢t > 0,

FP=FX cFX=F.

As a matter of fact, one can show that whenever Y, satisfies (7.41) with o as in (7.44),
then FP C FY, for t > 0. O

Proof.
o (7.42):
We know from (7.24) that for f € C2(R¢,R), under P

(7.46) fYy) — f(Yo) — /0 Lf(Ys)ds is a (G;)-martingale.

Hence, for 0 < sg < --- < 8., < 5 < t, go,--.,9m € bB(R?), denoting by P, the law on
C(Ry,RY) of Y under P, we see that:
ical
1/ canonica. procetss
B (£(X0) = F(X) - / (LF)(Xu) dut) g0(Xeg) -+ Gn( X
S
t
S

B[(100) - 100 = [ @) du) () - gm(,)] 0.

)} Pz:lag of Y.

Using Dynkin’s lemma, it follows that under P,

M g0 - f0x0) - [ "Li(X.) du
0

is an (F;)-martingale for any f € C?(R% R). Moreover since Yy = x, P-a.s., we see that
P,[Xo = z] = 1. Hence P, is a solution of the martingale problem (7.2).

o (7.43):
We will only prove (7.43) in a special case, namely when

n = d, and a(z) is locally elliptic (i.e. for U # () a bounded open subset of

(4D Rt Se(U) > 0, such that €a(y)€ > c(U) [¢]%, for all € € B, and y in U).

For a proof in the general case we refer to [11], p. 91.

Note that due to (7.47) and a(-) = o(-)*o(-), o(-) is invertible and for y € U, & € R?
one has

(7.48) € =" €07 ) aly) "o (W) € = (U)o () €1,
so that (using the explicit formula for o=1(-)):

(7.49) o~1(-) is locally bounded measurable.
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On (C(R,,R%), F, P,), we introduce for ¢t > 0, the o-algebra H; generated by F; and the
negligible sets of P, and G; = 7-[; , t > 0 (satisfying the usual conditions). We define

t
(7.50) M;:le—xg—/ bi(Xs)ds, i=1,....d.
0

If we apply (7.2) and stopping we see (since for f(y) = v, Lf(y) = b;(y)) that the M} are
continuous (G;)-local martingales (See‘exercise below). Analogously, choosing f(y) = vy,
so that Lf(y) = a; ;(y) +y" bj(y) + v’ bi(y), we see that

t

(7.51) XiX] - X5 X5 - / (a15(Xs) + Xibj(X,) + X7 b;(X,)) ds,

is a continuous (G;)-local martingale under P, .
From Ito’s formula we know that P,-a.s.,
X; X] = X4 X} +/ Xtdx} +/ X]dXy + (X", X7),
0 0
(7.52) v [ . o
_X0X0+ (XS J(XS)+XS Z(XS)) d5+<M ’M >t
0
+ continuous local martingale.

Comparing (7.51) and (7.52), we conclude that P-a.s.,
. . t
(7.53) (M, MY, = / 0, (Xs)ds, fort > 0.
0

We now define

t
ﬁt:/ a’l(X)-dMs, t>0
0

(7.54)
(that is B} = Z / dM])
so that
(7.55) B, t >0, is an R%valued continuous (G;)-local martingale
and
d .
8= (X /0 o7 (X)) M, Z [t -
d t (7.53)
X,)d(M*, M*
s | et eienyant ar,
d t t
/O‘ s)ago(Xs) o M( )ds—/ (07 HXs) a(Xs) foH(X5))i s ds
ko=1 70 0
= 52‘7j t.
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It thus follows from Paul Lévy’s characterization, cf. (6.44), (6.45), that
(7.57) (Bt)t>0 is d-dimensional (G;)-Brownian motion under P, .

Now, from (7.54) we deduce that P,-a.s., for t > 0,

t (5.92) [* 1
(7.58) / o(Xs)-dps = / o(Xs) o7 (Xs) - dMs = M,
0 0
and therefore Py-a.s., for t > 0,
t t

(7.59) Xi=x+ / b(Xs)ds —|—/ o(Xs) - dfs.

0 0
This yields the representation (7.43). O

Exercise 7.8. Show that when P, is a solution of the martingale problem (7.2) on
(C(Ry,RY), F), then for any f € C*(R?)

F(X0) — f(Xo) = /0 LF(X)ds, £ 20,

is a (Gy)-local martingale, where (Gy)i>o is the filtration Gy = Hf (= (Nosg Hite), where
Hi = o(Fy, N), where N is the collection of Py-negligible sets of F (so that (C(R,,R?), F,
(Gt)t>0, Pr) satisfies the usual conditions). O

We further discuss the martingale problem (7.2) and its link with the SDE (7.1). As
an application of Theorems 7.1 and 7.6 we have the following

Corollary 7.9. Assume that b(-): R = R? and o(-): R? — My, satisfy the Lipschitz
condition (7.3). Then, for x € R?,

there is a unique solution of the martingale problem (7.2) attached to

d d
(7.60) I - % Z aij(-) 025 + Zbi(.)ai, with a(-) = o(-)to (")
i,5=1 =1

(one says that the martingale problem attached to L is well-posed).
Proof.
e Existence:

We consider some filtered probability space (€2, G, (Gt)t>0, P) endowed with an n-dimensional
(G¢)-Brownian motion (B;);>0. One can for instance pick the canonical space (C(R,R%), F,
(F})i=0, Wh), and B, = X, the canonical process). By (7.4), we know that we can con-
struct a “solution”, i.e. a continuous adapted (Y3)¢>0, such that P-a.s., for t > 0,

(7.61) Kg:ﬂ:+/tb(Y's)ds+/tJ(Y's)-st.
0 0
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It then follows from (7.42) that

the law of (Y;);>0 on (C(Ry,R%), F) is a solution of the

(7.62) martingale problem attached to L and x.

e Uniqueness:

Assume that P, is a solution of the martingale problem (7.2) attached to L and z. By (7.43)
we know that we can find some (Q,G, (G¢)i>0, P) and (B¢)r>0, which is an n-dimensional

Brownian motion, and a continuous (G;)-adapted R%-valued process (Z;)i>0, such that
P-a.s., for t > 0:

t t

Zi— x+ / b(Z.) ds + / 0(Zs) - dBs, and
0 0

P, = law of (Z;);>0 on (C(Ry,R%), F).

(7.63)

From (7.11), (7.21), we see that P-a.s., for all t > 0,
(7.64) Zy = X7,

where X7° is, see below (7.19), defined as the P-a.s. uniform limit on compact intervals
of X", t >0, where

t t
X? = z, th =z +/ b(XS) ds +/ O'(Xg) -dfBs, and for m > 1,
(7.65) t v ’
Xt = g —i—/ b(X")ds —i—/ o(X)-dps, form>1.
0 0

By inspection of (7.65) we see that the law of (X]");>p or of (X;°);>¢ are unchanged
if instead of 3. one uses the canonical n-dimensional Brownian motion. Combining this
observation with (7.64), we see that the law of Z, (i.e. P;) is uniquely determined. O

Remark 7.10. A not very satisfactory feature of the above theorem has to do with the
fact that the assumptions are made on the coefficients o(-) and b(-), that appear in (7.3),
but the conclusion concerns the martingale problem where only a(-) and b(-) are involved.

It is clear that it does not suffice to assume a(-) Lipschitz continuous, in order to find
a Lipschitz continuous o(-) such that oo = a (for instance when d = 1, a(x) = |z| yields
such an example).

However, one can show that when a(-) : R? — My, 4 satisfy a global ellipticity condi-
tion, i.e. for some € > 0,

(7.66) tea(x) € > el€?, for all z,& in RY,
and a Lipschitz condition

(7.67) la(y) —a(z)| < K|y — z|, fory,z € R?,
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then a'/2(.) satisfies a Lipschitz condition as well., cf. [11], p. 97. Of course a'/?(-) can
then play the role of o(-) in the Corollary 7.9.

A similar Lipschitz property of a'/?(-) can be proved when instead of (7.66), (7.67)
one assumes that

(7.68) sup |a(z)| < C < oo, and
z€RY
(7.69) r € R? = a(x) € Mgyg is a C?-function and

sup sup |62~2j a(z)] < C < .
1<ij<d geR?

In this last case, a(-) need not be uniformly elliptic. As direct application of the Corollary
7.9, one now has:

if b(-) satisfies a global Lipschitz condition, and a(-) either satisfies
(7.70) (7.66), (7.67), or (7.68), (7.69), then the martingale problem attached
to L is well-posed.

Girsanov transformations and applications to martingale problems

We will now bring into play certain exponential martingales, and use them as a tool to
solve various martingales problems. An important role is played by a theorem due in
various forms to Cameron-Martin (1944), Girsanov (1960), Maruyama (1954, 1955).
Setting:

(2,3, (Gt)t>0, P) is a filtered probability space satisfying the usual conditions, cf. (4.5),
(4.6).

(M¢)¢>0, is a continuous local martingale such that

(7.71) Zy = exp {Mt — % <M>t}, t >0, is a martingale.

As we know from Novikov’s criterion, cf. (6.72), (6.74), this is for instance the case when
Elexp{% (M);}] < oo, for each ¢t > 0.

We pick a fixed T' > 0, and since E[Z7] = 1 (= E[Zy]), we introduce the new proba-
bility @ on (£2,G) defined by
(7.72) Q¥ z.p.
Of course when A € G; with ¢t < T, one has

Q(A) =E[1a Zr]| = E[14 Z], so that
(7.73) dQ

=7,0<t<T,
dP lg, bE=r=

in other words Z;, for t < T, represents the density of the restriction of @) to G; with
respect to the restriction of P to G;. Note that P and () have the same null sets.
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Theorem 7.11. (Cameron-Martin, Girsanov, Maruyama)

If (Ni)o<t<t 15 a continuous local martingale under P, the “Girsanov transform of N”

defined as
(7.74) Ny =N; — (N, M);, 0<t < T, is a continuous local martingale under Q .

Moreover, if N*, N% are continuous local martingales under P, then P-a.s. (or equivalently

Q-a.s.),

(7.75) (N, N%@ = (N' NP, foro<t<T.

Proof. Without loss of generality we assume Ny = 0. We first claim that:
(7.76) N; Z;, 0<t<T, is alocal martingale under P.

Indeed, it follows by Ito’s formula (6.22) and by (6.28) that P-a.s., for ¢t > 0,
N, Z; :/ Z, dNS+/ N,dZ, + (N, Z), and
0 0
t ~
Z =1 +/ ZydMs, so (N, Z) = (N — (N, M), Z); = (N, Z);
0

t
(5.90) / Zyd (N, M), .
0

As a result,

» t t t t
NtZt:/ ZSdNS—/ st<N,M>S—|—/ NSdZS—i—/ Zyd(N, M),
(7.77) 0 0 0 0

t t
:/ ZsdNg +/ NsdZg, and (7.76) follows.
0 0
We will now see that Nt, 0 <t<T,is alocal martingale under ). We define:

T, = inf{u > 0; \Nul >n} (1 oo, asn — 00),

7.78
(7.78) S = inf{u > 0; | M| > mor (M), >m} (T oo, as m — 00) .
The calculation (7.77) applied to Mias,, s Zins,, s NtAT,AS,s Nt/\Tn/\Sm shows that:

Nt/\T AS,. Zins,, 1s a continuous local martingale, which
(7.79) i n/om m .
is bounded, and hence a martingale.

As a result, we see that for 0 < s <t <T, and A € G,, we have:

EFP[14 NATuASw. ZTASm, | =E"] 14 NiATu S ZrpSm | =
—— N — ~— - Y

G¢-meas. martingale Gs-meas. martingale

(7.80)
EP[14 Noptuns, Zonsm | = EP1a NoaTunSy ZTAS) -
—_———— ——

Gs-meas. martingale
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H(P)

L
Letting m — oo, and observing that Zr,s,, —' Zr by uniform integrability and a.s.
m—0o0

convergence, and keeping in mind that |N AT, | < m, we find that

EP[1a Ninry, Zr) = EP[1a Noar, Z1]
(7.81) | |

E9aNiur,) = E9LaNor]
Since T;, T 00, P and @-a.s., this proves that

(7.82) N;, 0 <t <T,is a continuous local martingale under Q.

We then turn to the proof of (7.75). We introduce
L% NP~ (N), =2 / N, dN,

using Ito’s formula (6.22) and the notation { ) = { ). By (7.82) we find that

(7.74)

t
I, I, — (I, M)y = N2 — (N); — 2/ N, d(N, M),

(7.83)

is a continuous local martingale under @ .

As a result

N2 — (V) TEY N2 ZaN(N, M), + (N, MY — (N,
(7.84) o -
T + (N, M)? +2/ Ny d(N, M), — 2N,(N, M), .

It follows from Ito’s formula that:

t ¢
Jy =2Ny(N, M), — 2/ Ngd(N,M)s = 2/ (N,M)sdNg =
0 0
continuous local martingale under P,

and

(7.74)

(7.85) Jy Jp—2 / t(N, M)sd(N,M)s = J; — (N, M)?.
0

We can then come back to (7.84) to conclude that

(7.86) N2—(NYy =1, —J, 72 continuous local martingale under Q.

This shows that

(7.87) (N =N, o<t<T,

and the claim (7.75) now follows by polarization. O

123



We will now apply the above theorem in order to construct the solution of certain
martingale problems.

Theorem 7.12. Assume that b(-),c(:) : RY — R? and a(") : RY — M , (i.e. the set
of d x d non-negative matrices) are measurable locally bounded functions, with b,a, tcac
bounded. Then, there is a bijective correspondence between the solutions of the martingale
problem attached to

(7.88) L= - Z azja”Jeral, zeR?,
t,j=1
and
¥ 1
(7.89) L= Z a,ja”JrZ b + (ac);) 9;, xeR?.
t,j=1

This bijective correspondence is the following. To each P solution of the martingale
problem attached to (L, z), one associates the law P on (C(R,R?), F), which is specified
by the fact that

aP
(7.90) dpP

t t
:exp{/c(Xs)-dYs—% / tcac(Xs)ds}, fort >0,
Fi 0 0 0

R%-scalar product
where X; = fo s)ds, t > 0.

Proof. Note that under P, the process X is a continuous local martingale and

(7.91) x' x%, 12 / aij(X,)ds, fort>0.
0
Hence, fo -dX is a continuous local martingale and P-a.s.:
. t
(7.92) </ o(Xs) - dXs), :/ tcac(Xs)ds, fort > 0.
0 0

As a result, the expression in (7.90) is the stochastic exponential of fo c(Xs) - dXs. By
Novikov’s criterion (6.72) or by (6.29), we know that:

t t
___ 1 ¢
Zy = exp /c(XS)-dXS——/ cac(Xs)dsyp, t >0,
(7.93) ! { 0 2 /o }

is a continuous martingale.

We will now use the following

124



Lemma 7.13.
There is a unique probability Q on (C(R,,R?), F) such that

Proof. Uniqueness follows from Dynkin’s lemma.
We now prove the existence. Consider for n > 2 the laws 7, on
(n—1) copies
S, E (0,1, RY) x Co([0,1],RY) x -+ x Co([0, 1], RY), of
(X o<<1, (Xi4. = Xi)o<o<ty -5 (Xn—14. — Xn1)o<.<1) under Z, P

(here Co([0,1],RY) % {w e ([0, 1], RY); w(0) = 0}).

The laws m,,n > 2, are consistent, i.e. the image of 7,11 on X, under the “projection”
from ¥,41 — ) _,,, which drops the last component is equal to 7, for all n > 2, thanks to
the martingale property of Z;, t > 0, under P.

By Kolmogorov’s extension theorem (see for instance [12], p. 129), there is a (unique)
probability 7 on ¥ = C([0,1],R?) x [[* Co([0,1],R?), such that for each n > 2, the
image of m under the natural “projection” ¥ — ¥, is m,. If one now defines the map (:
¥ — C(Ry,RY) via

o((w1,ws,...)) =w such that
w(t) =wi(t), for0 <t <1,
oy MO=m0
w(t) = wy (1) + wo(t — 1), for 1<t <2,
w(t) =wi (1) +wa(1) + - +wp(1) + wpp1(t —n), forn <t <n+1,
then, the image @ of m under ¢ satisfies (by definition of 7,):
d
(7.96) d_g - Ly, for any n > 2.
The martingale property (7.93) now implies the property (7.94). 0

We will now see that the unique @ constructed by the above lemma satisfies:
(7.97) Q solves the martingale problem L,z .
To this end, we first note by (7.74) that under Z,, P

t d i
X' / CdX ) = X! — /Obi(Xs)ds—Z ¢;(Xs)d(X7, X"

is a local martingale.
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If we now define T}, = inf{u > 0; | Xy, — [;'(b+ ac)(Xs) ds| > m}, so that T, 1 oo, as
m — 0o (ac = a'/?(a'/?¢) is bounded, since a and *cac are bounded),

tATm
Xint,, — / (b+ac)(Xs)ds, 0 <t <n, is a martingale
(7.98) 0

under Z,, P (and also under Q).

As a result, we see that for each m, the R%valued
t
(7.99) M, = Xy — / (b+ ac)(Xs) ds is a local martingale under @ .
0
By (7.75) and (7.91) we see that Q-a.s.,
(7100) (MZ,M]>15 == / aij(Xs) dS, t Z 0.
0

The application of Ito’s formula yields that for any f in C?(RY), Q-a.s., for t > 0:

F(X X0+Z/8f )dX! + 2 Z/ d(X?, X7),

i,j=1
t
S /Vf (b + ac)( s)ds+/ V(X
(7100) 0
(7.101)
+3 Z / s) ij(Xs) ds
i,5=1

t ~
= f(Xo) —i—/ L f(Xs)ds + continuous local martingale under @ .
0

This completes the proof of (7.97).

Since Q coincides with P in (7.90), we see that for any z € R?

(7.102) P — P sends solutions of the martingale problem (L, z) into solutions
. of the martingale problem (L, x).

There now remains to see that the correspondence is bijective. We first show that

(7.103) the correspondence P — P is injective.

Assume that P, — P and Py — P. Then fort >0, P ~ Py ~ P on Fi, and the integral
Jy e(Xy) dX,, 0 < s < t,is identical Py, Py, P-as. (this feature goes back to (4.50), (4.57),
(4. 59) and the explicit approximating sequences used to construct stochastic integrals, see
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exercise 2) below). Now the equalities pP= Zy P = Z; P, on F;, imply that P, = P, on
Fi, for t > 0, and (7.103) follows, by Dynkin’s lemma.

(7.104) The correspondence P — P is surjective.

Indeed, consider @ a solution of the martingale problem (z,m) The above shows that
there is a unique P on (C(R,R%), F) such that for any ¢ > 0

dp
(7.105) dQ

and P is a solution of the martingale problem (L, z) (this is an application of (7.102) with
@ playing the role of P).

Note that for ¢t > 0,

_ t . t
Z = eXp{ —/ e(X,) X+ / (tcac)(Xu)du} =770,
0 0

so that for ¢t > 0,

dP | dQ
dP |7~ 7' 4P I
and hence P = @, thus completing the proof of (7.104). O

Example:

We know by (7.60) that the martingale problem attached to L = %A is well-posed (this
is the case b = 0, o = Identity matrix (d x d)). The solution to the martingale problem
attached to (L,z) is Wy, the “Wiener measure starting from x”.

Consider now b(-): RY — R?, bounded measurable.

When L = 1 A+b-V, we see by (7.90) that the martingale problem attached to (L, z)
has a unique solution, which is a probability W, on (C(R,R%), F) such that
AW,
dw,

(7.106)

t t
— : 1 2
. —exp{/o b(Xs) - dXs + 5 /0 |b(Xs)] ds}, for any t > 0.

Note that Wx—a.s.,
t
(7.107) Xe=x+ / b(Xs)ds+ By, fort >0,
0

where (B;)i>0, is an (F;)-Brownian motion under W, (thanks to (7.75) and Paul Lévy’s
characterization Theorem 6.10).

In particular this yields a (weak) solution to the stochastic differential equation at-
tached to b(-) (which is only bounded measurable!) and o(-) = Id.

127



Exercise 7.14.
1) Show that all solutions to (7.107) have the same law (hint: use Theorem 7.12).

2) Consider P a solution of the martingale problem (L, z), where L is as in (7.88) and P
such that (7.90) holds (with the same assumptions on a(-),b(+),c(-)).

a) Show that when H is a bounded progressively measurable process, fot H,dX, is well-
defined regardless of whether one uses that under P, X . is a continuous martingale or that

under P, X _is a continuous semimartingale (hint: we use the approximating sequences
from (4.57), with A5 = s, and (4.59), alternatively use (5.82), (7.75)).

b) Show that fo - dX 4 is well-defined regardless of whether one works with P or P
to interpret the stochastlc integral.

3) When b = 1, in (7.106), show that although the restrictions of W, and Wx to F; are
equivalent, for each ¢t > 0, one has W, L W, (i.e. there is A € F with W,(A) =1 =
W, (A9)).

O

Explosions of solutions of stochastic differential equations: an application of
Girsanov transformations.

We consider ¢(-) : R — R? a locally Lipschitz function:

(7.108) VM >0, 3K > 0, such that |c(z) — c(y)| < Kyplx — vy, for |z|, |y| < M.

If we now consider (X;)¢>0, the canonical process on (C(R,,RY), F, (F})i>0, We), i.e. the
canonical Brownian motion starting from z, we know from (6.27) that

(7.109) Zt—exp{/ o(X,)-dX, — < /\ ]2ds t>0,

is a continuous local martingale.

However when ¢(-) “grows too fast at infinity”, it need not be a martingale. The key
quantity, cf. (6.84), is

since we know, from (6.84), that e; = 0 implies that Z,,0 < s < ¢, is a martingale.

We will now provide an interpretation of e;, ¢ > 0, in terms of the possible “explosions”
of the SDE:

dY; = ¢(Y;) dt + dB;,
(7.111) { e=c¥) ‘

Yo==.

For this purpose we choose a sequence of bounded, Lipschitz functions ¢y () on R%, such
that

(7.112) en() =¢(-)on By = {z € R% |2| < N}.
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Using the canonical Brownian motion X, as “driving noise”, we have (7.3), (7.4) a unique
solution (Y;N);>o of

t
(7.113) vN =X, +/ en(YN) ds
0

(since o(+) = Id, YV is even (F;)-adapted and actually a continuous function of X, when

C(R4,R%) is endowed with the topology of uniform convergence on compact time intervals,
cf. (7.21)).

We then define the (F;)-stopping time:

(7.114) Ty =inf{fu>0: [YN| > N}.
Lemma 7.15. (N,k > 0)
(7.115) Forall t >0, Y\[* =Y\r .

Proof. Define T¥ = inf{u > 0; [Y,N**| > N}. As below (7.5) we find that

N+k N (7.111) INTN AT N4k N
Yorynry ~ Yovownty = | (enu(YTT) —en(¥5Y)) ds

and since |[YVHF| YN < N for 0 < s < Tw ATY, and en1(-) = en(-) = ¢(-) on By, we
see that for ty > 0,

(7.108) to
. N+k  _yN N+k  _ N
(7.116) o |Y1t/\TN/\T]kV Yisryari! = Ex /0 |Y;ATN/\T}§ Yonrynrs | ds-
By Gronwall’s lemma, cf. (7.9), we see that
N+k N —
(7.117) for all tg > 0, sup Y;ATNAT}@ — Y;ATNAT]@] =0.

t<to

This last equality immediately implies that Ty = T%, for all k > 0, and the claim (7.115)
follows. O

By (7.115), we see that for N’ > N, YV and YV coincide up to time Ty, and in
particular,

(7.118) Ty is a non-decreasing sequence of (F;)-stopping times.
We can now define the explosion time of the SDE
t
Y; :Xt—i—/ c(Ys)ds, t >0,
0

as the (F;)-stopping time:
(7.119) T = lim Ty € (0,00].
N—o0

The relation between the explosion time and e; in (7.110) comes in the following:
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Theorem 7.16.
(7.120) Fort >0, e, = Wy[T <t].

Proof. The case t = 0 is obvious and we thus assume ¢t > 0.

By (7.106), (7.107), we know that if we define the probability

(7.121) QN —exp{/ N(Xs) - dXs — = / len (Xs))? ds Wa,
under Qy,
(7.122) stx—{—ﬁs—l-/ en(Xy) du, for 0 < s <t,

0

where (Bs)o<s<¢ is a d-dimensional Brownian motion, and the law (on C([0,t],R%)) of
(Xs)o<s<t under Qn is that of the restriction to time [0,¢] of the unique solution of the
martingale problem attached to L = 3 A+cy -V, and z. By (7.42) the law of (Y]¥)o<s<i,
under W, with Y as in (7.113), coincides with the law of (X;)o<s<; under Qun. As a
result, we find that setting

Sn =Ty (€ inf{s > 0; |X,| > N}),

we have

Wx[TN > t] = QN[SN > t] =
t

(7.123) Bl >t o] [[entx) ax, - [evoxas)]

Note that W, -a.s. on {Sy > t},

tASN (5 60) tASN t
/ X, / LdX, / o(Xy) - dX, = / o(X,) - dX,
(7. 112) 0 0

and therefore:
(7.124) W, [TN > t] =F, [SN > 1, Zt] .
Now W,-a.s. Sy T oo, and thus letting N — oo, we find

Wo[T > 1] = lim W,[Ty > t] = E,[Z]

and in view of (7.110) the claim (7.120) follows. O
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Complement: An example of SDE with no strong solution, which is weakly
well-posed

We resume here the discussion (cf. Remark 7.7) of the stochastic differential equation on
R:

t
(7.125) Y; :/ sign(Ys) dBs ,
0

where B is a one-dimensional Brownian motion and, cf. (7.44),

sign(z) =1, whenz >0,
= —1, when z <0.

We have explained below (7.45) that we can always find a solution (in a weak sense)
of this equation: if we have on some (€2,G, (Gt)i>0, P) satisfying the usual conditions a
(G¢)-Brownian motion Y., we define

t
(7.126) B = / sign(Ys) dYs, t > 0.
0

By Lévy’s characterization, (6.44), (6.45), we know that
(7.127) (Bt)i>0 is a (G¢)-Brownian motion.
In addition, P-a.s.,

¢ (5.92) [*
Y; = / signQ(Ys) dY, = / sign(Ys) dBg, for t > 0.
0 (7.126) Jo

In other words, with (Y, B) as above, we have a solution of the SDE (7.125), in the weak
sense. We will now explain that the above structure is “typical” and necessarily, for all
t >0, FP C FY, in the notation of (7.22).

By a weak solution of (7.125), we mean an (£2,G, (G¢)i>0, P) satisfying the usual
conditions, endowed with a (G;)-Brownian motion (B;):>0, and a continuous adapted
process (Y;)i>0, such that (7.125) holds.

Theorem 7.17. Given a weak solution of (7.125), then'Y. is a (G;)-Brownian motion and
P-a.s.,

t
(7.128) B :/ sign(Ys) dYs, fort > 0.
0

Moreover, one has the identity:

(7.129) |Yi| = B: + Ly, fort >0, “Tanaka’s formula”,
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where (Lt)e>0, the “local time of Y at 07, is a continuous, adapted, non-decreasing process,
with Ly = 0, characterized by the fact that P-a.s.,

¢
(7.130) L= / 1{Ys; =0}dLs, for allt>0.
0

In addition, P-a.s.,

(7.131) Ly =sup (Bs)” =— Hg Bs, fort>0 (where z~ = max(—z,0)),
s<

s<t
and for all t > 0,
Y
(7.132) FY = FB.
Proof.

o (7.128):

From (7.125) and P. Lévy’s characterization, it follows that Y is a (G;)-Brownian motion

and

¢ (5.92) [* 5
/ sign(Ys) dYs = / sign“(Y;) dBs = By, P-a.s., for all t > 0,
0 0

whence our claim.
o (7.129):

We consider a decreasing sequence of C?, symmetric, convex functions ¢,, on R, such that

1 1\c¢
) =l (- &5 )

(7.133)
on(x) 11, forx >0, ¢ (z) ] -1, 2<0.

“n

~1/n? 0 1/n?

Note that ¢, (z) | |z| for all z € R, and in fact 0 < ¢, (z) — |z| < #, 80, ¢n(+) converges
uniformly to |- | on R. Also, by convexity and (7.133),

(7.134) 1< () <1, forxeR,n>1.

132



Applying Ito’s formula we find that:
t

(7.135) e = a0+ [ v+ ] [l

0

We already know that |¢,(Y;) — |Yi|| < 2, and |¢,(Yo) — Yol < 2, and in addition, by
(7.128) and Doob’s inequality,

up | / duvave— 1" ag| / (A(Y2) - sign(v)? ds] <

0<s<t
1 Y isa
(7.136) c/ [|Ys|§ Q}d <
0 n B.M.

1
toraz dsdu c
c < = \/_ + convergent series in n .
0 _ V

L 2mrs n?
n

It now follows from (7.136) and (7.135) that

t
P-as., / ¢! (Yy) dYs converges to By, uniformly on bounded
0

time intervals, and

(7.137)

L} def / % ¢l (Ys) ds converges uniformly to a continuous
0

non-decreasing process L;, on bounded time intervals.

Moreover, we have P-a.s., for all ¢ > 0,

By (7.137) we also see that P-a.s.,

t t
/ P(s)dLY — 1/)( )dLs, for all t > 0, and continuous bounded #(-) on [0, c0) .
0 n—oo

Applying this fact to ¥(s) = h(Ys), where h is a continuous bounded function on R,
vanishing on some open interval containing 0, yields

/ h(Ys) dLs —hm/ dL"—hm/ (Ys)ds
0

(7.133)

It now follows that

t
(7.139) P-as., L = / 1{Y; =0} dLs, for all ¢t > 0,
0
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i.e. (7.130) holds. In addition, note that ¢! (-) is symmetric so L} = f(f 2" (|Ys|) ds, and
(7.137) together with (7.138) imply that

(7.140) FEc FY and FP c FY1, forall t > 0.
There only remains to prove that L necessarily satisfies (7.131), then the claim F;” D th
will follow from (7.129), (7.131). For this purpose we will use a deterministic lemma:

Lemma 7.18. (Skorohod)

Let b(-) a continuous real-valued function on [0,00) such that b(0) > 0. There exists a
unique pair of continuous functions z(-) and £(-) on [0,00) such that

i) 2() =0() +£(),
(7.141) i) 2() 20,
iii) £(-) is non-decreasing, £(0) = 0, and dl(s) is supported by
{s > 0; z(s) =0}.

The function £(-) is moreover given by

£(t) = sup (b(s))~ (where x~ = (—z) V 0)

(7.142) st
(in addition when b(0) =0, ((t) = — Hg b(s)).
def def

Proof. Note first that z(t) = b(t) + sups<; (b(s)) ™, £(t) = sups<; (b(s))”, t > 0, satisfy
(7.141), 1), ii), iii), for iii) note that ¢ such that z(¢) > 0 does not belong to the support of
dl (note also that the right-hand side of (7.142) equals max(—infs<; b(s),0)).

To prove uniqueness, we consider an other pair 2/(-), ¢/(-) of continuous functions on
[0, 00) satisfying (7.141). In particular z — 2’ = £ — ¢ is continuous with bounded variation
and vanishes at time 0. So,

0< ((t) - #(1)° =2 /0 (2(s) — 2/(s)) d(£(s) — £(s))

(7.141)

wiii) /Ot /' (s)dl(s) — 2 /Otz(s) ' (s)

Hence, z(t) = 2/(t) and £(t) = ¢'(t), for all t > 0. O

(7.141) i) i
<

Skorohod’s lemma immediately yields (7.131), and as noted above, this concludes the
proof of the theorem. O

Corollary 7.19. For any weak solution of (7.125),

7.143 the law of (Y, B) on C(R4,R)? is uniquely determined
+

and

(7.144) for any t >0, FF = th C FY.
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Proof.

o (7.143):

This follows from the fact Y, is a (G;)-Brownian motion and (7.128).
o (7.144):

We note that for ¢ > 0:

(7.145) sign(Y;) is equidistributed on {—1,1}, and independent of |Y|.

Indeed, since —Y has same distribution as Y, we see that for any B in F (the canonical
o-algebra on C'(R4,R)), one has:

Yi£0

Plsign(¥) = 1, Y| € B] = Plsign(-Yi) = 1, - V| € B] "2’

Plsign(Y;) = -1, |Y| € B] = 5 P[[Y| € B],

and (7.145) follows.

By (7.132), the claim (7.144) now readily follows (if F}lyl = F} was true, we would

have P[sign(Y;) = 1| Ft|Y|] Pas. 1{sign(¥;) = 1} (7.245) 1. a contradiction). O

Remark 7.20.

1) We have thus shown that (7.125) is weakly well-posed in the sense that there are
weak solutions for (7.125) and the law of (Y, B) for any such weak solution is uniquely
determined.

However, there are no strong solutions of (7.125) due to (7.144). Note for instance that if we
choose B to be the canonical Brownian motion (i.e. By = X, t > 0, and (Q, G, (Gt)1>0, P) =
(C(R4,R), F, (Fi)t=0,Wp)), we cannot find an adapted stochastic process Y. such that
(7.125) holds.

2) We have in fact shown in (7.129) that given any (G;)-Brownian motion Y, one has the
identity, P-a.s., for all t > 0:

t
(7.146) il = [ sign(v)av. + L

0
where Ly = 0, and L; is a continuous, non-decreasing stochastic process such that

Ly = [} 1{Y; = 0} dLs.

This is the so-called Tanaka Formula for the local time of Brownian motion. We refer
to Chapter 3 §6 of [8] for more on this matter. O
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continuous square integrable, 55, 58, 59,
70, 72, 86
local, 89, 100, 104
martingales
continuous, 86
Maruyama, 121, 122
modulus of continuity, 15, 18, 19

Nivokov’s criterion, 103
Novikov condition, 95
Novikov’s criterion, 103, 124

quadratic variation, 45, 46

Skorohod, 134
stochastic differential equations, 2, 3, 95,
107, 108, 112, 113, 127, 128, 131
strong solution, 131
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stochastic integral, 53, 55, 59, 62—64, 68, 70
73, 81-84, 89, 98

stochastic process, 5, 15, 21, 135

strong solution, 112, 116, 135

strong uniqueness, 110

supermartingale, 102, 104

Tanaka formula, 131, 135

usual conditions, 53-55, 71, 73, 89, 94, 108
118, 119, 121, 131

weak solution, 127, 131, 134, 135
Wiener measure, 23, 29, 127
d-dimensional, 6

)

)
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