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Outline 

•  Buckling failure of curved members  
•  Bending of a thin curved bar with a circular axis 
•  Condition of inextensional deformation of curved members 
•  Buckling of a circular ring under uniform pressure 
•  Arch action and types of arches 
•  Buckling of a uniformly loaded circular arch 

–  Fixed-ended 
–  Two-hinged  
–  Three-hinged 

•  Buckling of a uniformly loaded parabolic arch 
•  Buckling of a uniformly loaded catenary/hyperbolic arch 
•  Summary 
•  References 
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Rings, Curved Bars, and Arches 

•  Buckling failure of curved members 

Buckling of an aluminum tube (Source: University of Bath, UK)  



4 

Rings, Curved Bars, and Arches 

•  Buckling failure of tubes 

Simulated buckled tube (Source: NASA)  
Local yielding at the bottom of a steel column, Public Works 
Research Institute (PWRI), Tsukuba, Japan (Source: T. Yu)  
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Rings, Curved Bars, and Arches 

Torsional buckling of a tube  
(Source: Wierzbicki, MIT)  

Failure of a wind turbine tower  
(Source: Greenward Technologies, Inc.)  
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Rings, Curved Bars, and Arches 

•  Bending of a thin curved bar with a circular axis 

(Source: Timoshenko and Gere 1961)  
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Rings, Curved Bars, and Arches 

•  Bending of a thin curved bar with a 
circular axis 
–  Governing equation 

–  Solution of the radial displacement, w 

(Source: Timoshenko and Gere 1961)  



•  Condition of inextensional deformation of curved members  
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Rings, Curved Bars, and Arches 



•  Buckling of a circular ring under uniform pressure 
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Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  



•  Buckling of a circular ring under uniform pressure 
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Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  



•  Buckling of a circular ring under uniform pressure 

11 

Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  
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Rings, Curved Bars, and Arches 

•  Arch action  

(Source: Sturgis Russell 1896) (Source: Asparis.Net) 
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Rings, Curved Bars, and Arches 

•  Types of arches 

(Source: Catholicliturgy.com) 
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Rings, Curved Bars, and Arches 

•  Buckling of a circular arch subjected to two point loads 
•  Fixed-ended 

(Source: Timoshenko and Gere 1961)  
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Rings, Curved Bars, and Arches 

•  Buckling of a circular arch subjected to two point loads 
•  Fixed-ended 
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Rings, Curved Bars, and Arches 

•  Buckling of a uniformly loaded circular arch 
•  Two-hinged 

(Source: Timoshenko and Gere 1961)  
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Rings, Curved Bars, and Arches 

•  Buckling of a uniformly loaded circular arch 
•  Three-hinged 

(Source: Timoshenko and Gere 1961)  
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Rings, Curved Bars, and Arches 

•  Buckling of a uniformly loaded circular arch 
•  Three-hinged 
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Rings, Curved Bars, and Arches 

•  Buckling of circular arches – Comparison  
 



•  Buckling of a uniformly loaded parabolic arch 
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Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  



•  Buckling of a uniformly loaded parabolic arch 
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Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  



•  Buckling of a uniformly loaded parabolic arch 
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Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  



•  Buckling of a uniformly 
loaded parabolic arch 
–  Effect of boundary condition 
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Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  



•  Buckling of a uniformly loaded catenary/hyperbolic arch 
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Rings, Curved Bars, and Arches 

The St. Louis Gateway Arch, Missouri 

à Varying cross section; no internal bending moments 



•  Buckling of a uniformly loaded catenary/hyperbolic arch 
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Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  



•  Buckling of a uniformly loaded catenary/hyperbolic arch 
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Rings, Curved Bars, and Arches 

(Source: Timoshenko and Gere 1961)  
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Summary 

•  The critical load of arches depends on i) arch shape (geometry and the 
aspect ratio), ii) cross-sectional properties, iii) boundary conditions, and iv) 
types of loading.  

•  For fixed-ended parabolic arches, the critical load reaches its maximum 
value when an optimal aspect ratio is found.  

•  For fixed-ended catenary arches, the critical load reaches its maximum value 
when the aspect ratio equals unity.  
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Summary 

•  In the analysis of curved members, the radial displacement in curved 
members is usually assumed to be small.  

•  The boundary condition of rings (plane stress) is different from the one of 
tubes (plane strain); this leads to the use of different expressions of Young’s 
modulus.  

•  The critical load of arches depends on i) arch shape (geometry and the 
aspect ratio), ii) cross-sectional properties, iii) boundary conditions, and iv) 
types of loading.  

•  For fixed-ended parabolic arches, the critical load reaches its maximum 
value when an optimal aspect ratio is found.  

•  For fixed-ended catenary arches, the critical load reaches its maximum value 
when the aspect ratio equals unity.  
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