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We propose nonparametric estimators of the occupation measure
and its density of the diffusion coefficient (stochastic volatility) of
a discretely observed It6 semimartingale on a fixed interval when
the mesh of the observation grid shrinks to zero asymptotically. In a
first step we estimate the volatility locally over blocks of shrinking
length and then in a second step we use these estimates to construct a
sample analogue of the volatility occupation time and a kernel-based
estimator of its density. We prove the consistency of our estimators
and further derive bounds for their rates of convergence. We use these
results to estimate nonparametrically the quantiles associated with
the volatility occupation measure. Annals of Statistics: forthcoming.

1. Introduction. Continuous-time Itd semimartingales are used widely
to model stochastic processes in various areas such as finance. The general
It6 semimartingale process is given by

t t
(11) Xt = X[) + / bSdS + / O'SdWS + Jt,
0 0

where b, and o, are processes with cadlag paths, Wy is a Brownian motion
and J; is a jump process; formal conditions are given in the next section.
Inference for the model (1.1) in the general case (either in a parametric or
a nonparametric context) is quite complicated because of the many “layers
of latency”, e.g., as typical in financial applications, o, and J; can have
randomness not captured by Xj.

When X is sampled at discrete times but with the mesh of the observa-
tion grid shrinking to zero, i.e., high-frequency data of X are available, the
distinct pathwise behavior of the components in (1.1) can be used to non-
parametrically separate them. Indeed, various techniques have been already
proposed to estimate nonparametrically the integrated variance fOT o2ds over
a specific interval [0, T], see e.g., [3] and [13], and more generally integrated
variance measures of the form fOT g(0?)ds, where g(-) is a continuous func-
tion with polynomial growth (and there are more smoothness requirements
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on g(-) for determining the rate of convergence); see Theorems 3.4.1 and
9.4.1 in [10] and the recent work of [12].

This paper extends the existing literature on high-frequency nonparamet-
ric volatility estimation by developing a nonparametric jump-robust estima-
tor of the occupation time of the latent volatility process (V;)i>0 = (02)i>0
where the volatility occupation time is defined by

t
(12) Ft([L‘) = / 1{V3Sm}ds, Vo > 0, t e [O,T] .
0

Evidently, the right-hand side of (1.2) is of the form f(f 9(Vs)ds with g(v) =
l{y<qy, which unlike earlier work is a discontinuous function.

If F; (+) is absolutely continuous with respect to the Lebesgue measure, its
derivative f; (-), i.e. the volatility occupation density, is well-defined. By the
Lebesgue differentiation theorem, the occupation density can be equivalently
defined as

(1.3) fi(2) = lim — (Fu(z + €) — Fi(z — ©)).

el0 2¢
In addition to estimating Fi(x), in this paper we also develop a consistent
estimator for the volatility occupation density f;(z) using the high-frequency
record of X.

The occupation measure of the volatility process “summarizes” in a con-
venient way the information regarding the volatility behavior over the given
time interval. Indeed, for any bounded (or non-negative) Borel function g(-),
see e.g., Theorem 6.4 of [3], we have

(14) [avaas= [ stodeyio = [ awant)

R4

Thus, the occupation time and its density can be considered as the pathwise
analogues of the cumulative distribution function and its density.

Our interest in occupation times stems from the fact that they are natural
measures of risk, particularly in nonstationary settings where invariant dis-
tributions do not exist, see e.g., the discussion in [1]. Indeed, there has been
a significant interest (both theoretically and in practice) in pricing options
based on the occupation times of an underlying asset, see e.g., [1] and [19]
and references therein. Here, we show how to measure nonparametrically
occupation times associated with the volatility risk of the price process. As
a by-product, we also estimate the corresponding quantiles of the actual
path of the volatility process over the fixed time interval. Since the pathwise
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volatility quantiles are preserved under monotone transformations, they pro-
vide a convenient way of studying the variability of the volatility and the
relationship of the latter with the volatility process itself.

We summarize our estimation procedure as follows. We first split the
fixed time interval into blocks of decreasing length and form local estimates
of the unobserved stochastic variance over each of the blocks. The volatility
estimates over the blocks are truncated variations (see e.g., [13] and [10]) and
we further allow for adaptive choice of the truncation level that makes use of
some preliminary estimate of the stochastic variance. Then, our estimator of
the volatility occupation time is simply the empirical cumulative distribution
function of the local volatility estimates over the blocks. Analogously, we
estimate the volatility occupation density from the local volatility estimates
using kernel smoothing.

Our estimation problem can be compared with the recent work of [12].
[12] show that an estimator of fOT g(a?)ds, for g(-) a C3 function, formed by
plugging in local variance estimates formed over blocks of decreasing length,
can achieve the efficient A, 2 vate of convergence (for A, being the length
of the high-frequency intervals). Similar to [12], our estimator here is formed
by plugging local variance estimates in our function of interest.

The main difference between the current work and [12] is that in our
case the function g(-) in (1.4) is discontinuous. As a result, the precision
of estimating the volatility occupation time depends on the uniform rate of
recovering the volatility process outside of the times of the “big” volatility
jumps (with the size of the “big” jumps shrinking asymptotically to zero).
Therefore, in the basic case when X and V are continuous, the rate of conver-
gence of the volatility occupation time estimator is (almost) A,, 14 which, as
we show in the paper, is the optimal uniform rate for recovering the volatil-
ity trajectory from high-frequency observations. By contrast, [12] derive a
central limit theorem for the convergence of their estimator to fOT g(c?)ds
by making use of the assumed smoothness of g and applying second-order
Taylor expansion of the function g evaluated at the local volatility estimator
in their bias-correction and asymptotic negligibility arguments.

Finally, our inference for the volatility occupation time and its density
can be compared with the estimation of occupation time and density of a
recurrent Markov diffusion process from discrete observations of the pro-
cess, see e.g., [7] and [1]. The main difference is that here the state vector,
and therefore the stochastic volatility, is not fully observed. Hence, we first
need to recover nonparametrically the unobserved volatility trajectory, and
the error associated with recovering the volatility trajectory determines the
asymptotic behavior of our estimators.
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The paper is organized as follows. In Section 2 we introduce the formal
setup and state our assumptions. In Section 3 we develop our estimator of
the volatility occupation measure and prove its consistency. In Section 4
we derive bounds for the rate of convergence of the volatility occupation
time estimator. Section 5 derives a consistent estimator for the volatility
occupation density. Section 6 reports results from a Monte Carlo study of
our estimation technique. Section 7 concludes. Section 8 contains all proofs.

2. Setup and assumptions. We start with introducing the formal
setup and stating our assumptions about X . The process X in (1.1) is defined
on a filtered space (9, F, (F)t>0,P) with b; and oy being adapted to the
filtration. Further, the jump component J; is defined as

Ji = / /5 $,2) 1i5(s,2)1<1y (0 — v) (ds, dz)

A 6 (8, 2) L{j5(s,2))>13 4 (ds, dz)

(2.1)

0

where p is a Poisson measure on R; x R with compensator v of the form
v (dt,dz) = dt®X (dz) for some o-finite measure A on R and § : QxR xR —
R is a predictable function. Regularity conditions on X; are collected below.

Assumption A. Let r € [0,2] be a constant. The process X is an It6
semimartingale given by (1.1) and (2.1), with b; locally bounded and oy
cadlag. Moreover [§ (w,t,2)| A1 < Ty, (2) for all (w,t,z) with ¢t < 7, (w),
where (7,,,) is a localizing sequence of stopping times and each function I';,
on R satisfies [p Ty (2)" A (dz) < o0

Assumption A can be viewed as a regularity type condition. The coeffi-
cient r in Assumption A controls the degree of activity of the jump com-
ponent J and will play an important role in the rate of convergence of our
estimator. We note that r provides an upper bound for the (generalized)
Blumenthal-Getoor index of J;, see e.g., Lemma 3.2.1 in [10]. We next state
our assumption for the volatility occupation time.

Assumption B. Fix x > 0. We have Fr (-) a.s. differentiable with derivative
fr (-) in a neighborhood N, containing x. Moreover, sup,¢ ., E[fr (2)] < oo

Assumption B is mainly concerned with the pathwise smoothness of the
occupation time. The differentiability condition amounts to the existence of
occupation density fr(-), which is not a strong requirement (see e.g., [¥]
and [14]). The condition sup ¢, E[fr (2)] < oo only requires the temporal
average (over [0,7]) of the probability density of V; uniformly bounded in
the neighborhood N, which is satisfied by most stochastic volatility models.
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This condition is of course much weaker than requiring E[sup,cp,, fr (2)] <
00, as the latter would demand more on the pathwise regularity of the oc-
cupation density.

Example. Let V; solve the following stochastic differential equation

dVy = a) dt + s(Vi)dWY + dJY,

where ay is a locally bounded process, WtV is a Brownian motion, Jtv is a

finite-variational jump process and s (-) has twice continuously differentiable
reciprocal. Assume further that V has an invariant distribution which is
C' in a neighborhood of x. Then Assumption B holds. This follows from
an application of It6’s formula and Theorem IV.75 in [I4]. This example
includes many parametric models of interest like the square-root diffusion
model and the more general constant elasticity of variance model.

For some of the results we will need a stronger condition on the volatility
occupation density, mainly its continuity which we state formally in the next
assumption.

Assumption B’. Fr () is a.s. continuously differentiable on R with deriva-
tive fr ().

Assumption B’ is harder to verify than Assumption B. Necessary and
sufficient conditions for the continuity of the occupation density (local time)
of a Borel right Markov process are discussed in [0].

We finally state a slightly stronger condition on the volatility process that
we will need for deriving the rate of convergence of our estimator.

Assumption C. The process oy is an [t0 semimartingale with the form

¢ t t t oo
ot = 0o+ / bsds + / sdWs + / GLdW! + / / d(s,2) (n—v)(ds,dz),
0 0 0 0o JR

where the processes b, &, &' are locally bounded and adapted, W’ is a Brow-
nian motion orthogonal to W, and & () is a predictable function. Moreover
10 (w,t,2)| A1 < Ty (2) for all (w,t,2) with t < 7, (w), where (7,) is a
localizing sequence of stopping times and for some 7 € (0, 2], each function
T, on R satisfies [, T (2)" A (dz) < oc.

Assumption C assumes that o; is an It6 semimartingale, an assumption
that is satisfied by most stochastic volatility models. We impose no restric-
tion on the activity of the volatility jumps as well as the dependence between
oy and Xy, a generality that is important in practical applications (particu-
larly in finance).



6 JIA LI, VIKTOR TODOROV AND GEORGE TAUCHEN

3. The estimator and its consistency. We next introduce our esti-
mator of the volatility occupation time and derive its consistency. We sup-
pose that the process X; is observed at discrete times iA,, i = 0,1,.... on
[0,T] for a fixed T' > 0 with the time lag A,, — 0 when n — co. The assump-
tion for equidistant observations is merely for simplicity and the theoretical
results that follow (except Theorem 3) will continue to hold in the case of
irregular (but non-random) sampling with A,, replaced by the mesh of the
irregular observation grid. In what follows the high-frequency increment of
any process Y is denoted as AT'Y = Yia, — Y(;_1)a,-

Our strategy of estimating Frp (-) is to first form an approximation of the
volatility trajectory and then use the latter to form a sample analogue of
Fr (+). To recover the volatility trajectory we construct local approximations
for the spot variance process V' over blocks of shrinking length. To this end,
let k, be a sequence of integers with k,, — oo and k,A, — 0. Henceforth
we use the shorthand notation u,, = k,A,,. We also set a truncation process
vp,¢ verifying the following assumption, which is maintained throughout the
paper without further mention.

Assumption D. We have v, ; = oy, ;A% , where w € (0, 1/2) is constant and
oyt is a strictly positive real-valued process such that for some localizing
sequence of stopping times (7,,), (SUPte[o,T] (o tarm V oa,ﬁwm))nzl is tight
for each m > 1.

With these notations, for each i =0,..., |T/A,| — ky, we set

2
7% _ 1 kn n
Vin, = wy 22521 (AmX ) )

(3.1) R A . 9
Viow = 1ty 521 (A%X) Ljan, X|<unia )

Here, VA is a local approximation of V;a, when X is continuous, while

~

Via, serves the same purpose but is robust to the presence of jumps in
X. As a generalization to the standard truncation-based methods, see e.g.,
chapter 9 of [10], we allow explicitly the truncation parameter a,: to be
time-varying and depend on {X;a,}i—1,. |7/a, |- For example, one conve-
nient and commonly used choice is to set a,; = co,, where c is a con-
stant (typically in the range (3,5)) and @, is a preliminary estimate of
the average volatility over [0,7]. Assumption D is verified as soon as 7,
and @, ! are tight. Another possibility is to make apt adaptive by setting
ant = co; for t € [(i — 1)up,iuy,), where 6; is a preliminary estimate for
the volatility in the local window [(i — 1)uy,iu,). For example, one may
take &; to be a localized version of the Bipower Variation estimator of [2]:

6; = ((m/2)u,t Z;‘Ql \A?JFJ»XHA?HHXDUQ. The tightness requirement in
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Assumption D can be easily fulfilled by replacing &; with (6;V (1/C))AC for
some pre-specified regularization constant C' > 1. Finally, in the above two
examples for o, ¢, we can further replace the constant ¢ with a deterministic
sequence ¢, increasing at a logarithmic rate as A, — 0.

We will use ‘Z*An and ‘A/mn to approximate for the volatility trajectory
within the block. That is for 0 <i < |T/u,| — 1,

(3.2) ‘7{“ = ‘Z’Zn and ‘A/t = ‘Z’un, t € [iup, (i+ 1) uy),
Y = Ve vu, 20 Ve = Vizju) -ty 1 T/un]un <t <T.

REMARK 3.1. We can alternatively define local estimators of volatility
foreachi=1,....|T/A,]| by averaging the k,, past squared increments below
the threshold. All the results in the paper, except for Theorem 3 below, will
hold for this alternative way of recovering the spot volatility.

Using V;* and V;, our proposed estimators of Fy (-) are defined as

~

T T
Fir@) = [ Lpecqds, Fur@ = [ 1(ogds veR
0 - 0 =

We first consider the pointwise consistency of ﬁ;T (z) and ﬁn,T (). As
a matter of fact, it is not much harder to prove a more general result as
follows.

LEMMA 1. Let g : Ry + [0,1] be a measurable function and Dy be the
collection of discontinuity points of g. Suppose

(i) Assumption A holds for r = 2;

(i) for Lebesgue a.e. t € [0,T], P(V; € Dy) = 0.

Then we have

(a)

T T
(3.3) /0 g(V)ds 5 /0 g (Va) ds;

__(b) if, in addition, X is continuous, then (3.3) also holds when replacing
V with V*.

Lemma 1 extends Theorem 9.4.1 in [10] by allowing for discontinuities in
the test function g (-). For fixed > 0, the pointwise consistency of ﬁmT (z),
and ﬁ;T (z) if X is continuous, follows immediately (with g(-) = 1;.<;)
provided that P (V; = z) = 0 for Lebesgue a.e. t € [0,7]. The uniform con-
sistency of I?;T (+) and ﬁn,T () is available if the occupation time Frp (-) is
a.s. Continuoué, as shown below.
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THEOREM 1. Suppose Assumption A holds for r = 2 and Fr (-) is a.s.
continuous. We have

(a) sup,ep | Fr () — Fr (z) | = 0;

(b) if, in addition, X is continuous, then (a) still holds when replacing
For with FY .

Analogous to the classical notion of quantile for cumulative distribution
functions, the quantile of the occupation time Frp (-) is naturally defined
as the left-continuous functional inverse of Fr (-): for a € (0,T), we set
Qr (o) = inf{x € R : Fr(xz) > a}. A natural estimator for Qr («) is
@n,T (o) = inf{z € R : ﬁmT () > a} and @;‘LT (a) can be defined analo-
gously for ﬁ;T (-). The consistency of the quantile estimators is given by
the next corollary.

COROLLARY 1. Suppose Assumption A holds for r =2 and Fr () is a.s.
continuous. Let Q ={a € (0,T) : Qr (-) is continuous at o a.s.}. We have
for each o € Q,

~ P
(@) Qur (o) — Qr (@);

(b) if, in addition, X is continuous, then @:7T () N Qr (o).

4. Rate of convergence of ﬁn,T. We next study the rate of conver-
gence of ﬁn,T (x). We first consider in Section 4.1 the case when V is continu-
ous and then the general case with discontinuous V is studied in Section 4.2,
where the uniform rate of convergence of ﬁnT() is also considered.

4.1. The continuous volatility case and the uniform approrimation of V.
In the continuous volatility case we can link the rate of convergence of our
volatility occupation time estimators with the rate of convergence of V,* and
V; towards V; on the space of cadlag functions equipped with the uniform
norm. We denote the latter as

Ty, = sup ‘V;t*_‘/;t‘a h = Sup ‘Vt_vt‘
t€[0,T] t€[0,T]
The rate of convergence of ﬁn,T and @n,T is then related with 7, through

Lemma 2 below; an analogous result holds for ﬁ;,% @;’;T and 7, but is
omitted here for brevity.

LEMMA 2. (a) For any x > 0 and o € (0,T), we have |F\nT (x) —

Fr ()| < Fr(@+na) = Fr(z = n,) and |Qnr(a) = Qr(a)| < 1p.
(b) Suppose Assumption B and n, = O, (ay) for some non-random se-
quence a, — 0. Then F,, 1 (x) — Fr(xz) = Op (ay).
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In view of Lemma 2, bounding the rate of convergence of the occupation
time estimators boils down to establishing the asymptotic order of magni-
tude of 7,, and 7;;. Our main result concerning the uniform approximation
of the V process is given by the following theorem.

THEOREM 2. Suppose Assumptions A and C with AVs =0 for s € [0,T].
Let ky, < Ay for some v € (rm+ (1Vr)(l -2w),1l), we (1Vr-—
1)/(2(1Vr)—r),1/2) and v > 0 be arbitrarily small but fired. We have

(a) n, = Op (ay), where

A;ylflJr(er)wVA2/27L\/A§L177)/27L ’Lf r<1

(4.1) ap = AYTO@mey ATy ALN2e e g

AY2 oy A2 if X is continuous;

(b) if X is continuous, we also have 1}, = O) (ay).

When X is continuous, the terms A%/ 2t and A7(11—7)/ 2 capture respec-
tively the sampling variability and the discretization bias in the approxima-
tion of the spot variance. When X is discontinuous, a,, contains an additional
term arising from the elimination of jumps, which of course depends on the
concentration of “small” jumps through r (recall Assumption A). The con-
ditions on w and v imply a,, — 0. In particular, when 7 is close to 2, w and
~ need to be chosen close to 1/2 and 1 respectively to ensure that a,, — 0,
rendering the rate of convergence arbitrarily slow. Nonetheless, if X is dis-
continuous, 7, still has the same rate of convergence as in the continuous
case, l.e., A,l/élﬂ, provided r € (0,1/2). This rate can be achieved by setting
we (3/(8—4r),1/2) and v =1/2.

Of course Theorem 2 provides only a bound for the rate of convergence of
nn, and 7). The following theorem however establishes the exact asymptotic
distributions of 7, and 7} in a simple model with constant volatility.

THEOREM 3. Suppose

(i) Assumption A holds with V; constant and by =0 on [0,T];
(i1) r < 1/2 and w € (3/(8 — 4r),1/2).

Then

(4.2) VIa(TTu]) (Vo — V3V, 5V x A,

provided k,, < Aglﬂ and where A is a random variable with cdf exp(—2exp(—x)),
and

43) = /2R - R ),
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If we further assume (iii) Xy is continuous, then (4.2) still holds with ny,
replaced by ;.

REMARK 4.1.  Theorem 3 shows that the rates given in (4.1) are almost
optimal when the jumps of X; are not very active (r < 1/2). To be precise,
we observe that (4.1) suggests n, = Op(A}LM_L) for v >0 fized but arbitrarily
small, while the optimal rate in Theorem 3 provides a slightly sharper bound
M = Op(A! " og(|TA,2))1/2).

The rate of convergence of our volatility occupation time estimators and
their quantiles is a direct corollary of Lemma 2 and Theorem 2; the proof is
omitted for brevity.

COROLLARY 2. Letx > 0 and o GA(O, T). Suppose Assumption B and the
same setting as in Theorem 2. Then Fy, 1 (x) — Fr (z) and Q1 (o) — Q7 (o)

are Op (an). If X is continuous and k, = ALY then F,7(z) — Fp(z),

Fig (@) = Fr (@), Qur(a) = Qr (@) and @} 7() — Qr (a) are Op(A)"™)
for v > 0 arbitrary small but fized.

We should point out that in the trivial cases when z < inf,co 7 Vi or
T > SuPyeio,7) Vi on a given path, the error in recovering the occupation
time will become identically zero for n sufficiently high (up to taking a
subsequence).

REMARK 4.2. More generally, we can use Theorem 2 to show in the
setting of the theorem that if £ : D([0,T]) — R, where D([0,T]) is the space
of cadlag functions on the interval [0, T equipped with the uniform topology,

is a continuous function, we have L(V) N L(V). If further |L(f)—L(g)| <
K supgejo 11 |fs — gs| for any elements f, g € D([0,T]) and some positive

constant K, then the rate of convergence of 6(17) to L(V') is bounded by the
order of magnitude of n, (under the conditions of Theorem 2). An example
of such a function is L(f) = supycjo,r) fs-

4.2. The discontinuous volatility case. We now turn to the general case
when the volatility process contains jumps. When V' is discontinuous, bound-
ing the rate of convergence of the volatility occupation time estimators is
much less straightforward. Lemma 2 is still valid, however, the uniform ap-
proximation error 7, no longer vanishes asymptotically, due to the disconti-
nuity in V. This is true even if we consider the ideal case where X/}lun = Viu,»
i.e. perfect pointwise approximation is available. Indeed, the lack of uniform
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approximation for a discontinuous process with its discretized version is well
known in the study of convergence of processes.

Our strategy of bounding the rate of convergence of ﬁn,T (z) and ﬁ; 7 ()
is to pick out the “big” jumps in the V process and then consider the uniform
rate of approximation to the “remainder” process. The idea is best illustrated
in the basic case where the jumps in V is finitely active. In this case, the
volatility jumps only occur within finitely many time blocks with the form
[itn, (i + 1) up) and hence their total effect on the estimation is O, (uy). On
time blocks not containing the jumps of V', V is continuous, so Theorem 2
can be used to provide uniform bound. The situation becomes considerably
more complicated when V' has infinitely active, or even infinite variational,
jumps. In this case, one needs to compute the trade-off between picking out
a smaller number of big jumps with less accurate uniform approximation to
the remainder process, and picking out a larger number of big jumps with
more accurate uniform approximation to the remainder process. The end
result of this calculation is Theorem 4 below.

THEOREM 4. Suppose Assumptions A, B and C. Let k,, < A,,” for some
ve€ (rmw+(1Vvr)(l1-2w),1),we ((1Vr—1)/(2(1Vr)—r),1/2) andt >0
be arbitrarily small but fired. We have

(a) ﬁn,T (x) — Fr(xz) = Oy (dy), where dy, = apn V ALV i ay,
is given by (4.1);

(b) if X is continuous, we also have ﬁ:{T (x) — Fr(z) = Oy (dy).

Theorem 4 establishes an upper bound for the pointwise rate of conver-
gence of the occupation time estimators. We remind the reader that the
rate d,, depends on r through a,; recall (4.1) and the discussion following
Theorem 2. Whether the rate is optimal or not is an open question. The
rate optimality for jump-robust estimation of the integrated variance, i.e.
fOT Vids = [° xFp(dz), is studied by [11].

In order to establish a uniform bound, we invoke the stronger Assumption
B’ which assumes continuity of the volatility occupation density.

THEOREM 5. Consider the same setting as in Theorem J except with
Assumption B’ replacing Assumption B. Then (a) and (b) in Theorem
hold uniformly in x € R. Moreover, for a € (0,T) with fr(Qr(a)) >0 a.s.,

we have |C§n7T(a) — Qr(a)| = Op(dy) and, if X is continuous, |Q;, r(a) —
Qr(a)| = Op (dn).

Theorem 5 establishes a bound for the uniform rate of convergence of the
occupation time estimators; the rate of convergence of the quantiles follows
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as a consequence.

5. Estimation of the volatility occupation density. We now turn
to estimating the volatility occupation density fr(z). Clearly, the uniform
convergence of the occupation time (Theorem 1) does not directly lead to
valid estimation for the occupation density. While the focus of the cur-
rent paper is on the occupation time, we consider the estimation of fp(-)
theoretically complementary and empirically relevant. Our occupation den-
sity estimator is based on the local volatility estimates Vt and Vt and ker-
nel smoothing. In particular, we propose the following kernel estimator of

Nadaraya-Watson type:
T N
1 Vs —x
— d
/0 hon ”( on ) %

where h, — 0 is a bandwidth sequence and the kernel function k : R — R4
is bounded C! with bounded derivative and fR x)dx = 1. We can define
n,T( x) similarly but with V* replacing V.
Below, we consider a weight function w : R — Ry with [p w (z) dz < oc.
For generic real-valued functions g; and g2 on R, we denote

Fur ()

Hm—wuzémum—muwmwm.

THEOREM 6. Suppose

(i) Assumptions A, B’ and C;

(i) r € (0,2) andw € (LVr—1)/2(QVr)—r),1/2);

(iii) kn < AR" for some v € (0,1);

(i) V; 7 is locally bounded;

(v) for some B € (0,1] and any compact K C (0,00), there erxists a con-
stant Cic > 0 such that for all x,y € K, E|fr(z) — fr(y)| < Cxlz —y|?;

(vi) [z k( 2)|2|% dz < oo.

We set

l1—rw—0 1—2
a = A2y ALTI2 G =ar v A, YT (1-2w)

)

where @ = 0 when r <1 and 0 > 0 is arbitrarily fixed when r > 1. Then for
each © > 0, we have

() far () = fr (@) and || foz = frllw are Op(hy?an V hi);
(b) if X is continuous, fnT( )— fu () cdefnT frllw are Op(hy 2@k v
hi) and moreover, the results still hold with fnT( ) replaced by f*7 ().
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REMARK 5.1.  Condition (v) in Theorem 6 requires the occupation den-
sity of Vi to be Hélder continuous on compacta with exponent 8 under the
Li-norm. We preclude the analysis for cases in which fp(-) is differentiable,
or in a Holder class of higher order, because occupation densities of semi-
martingales in general do mot enjoy such higher-order smoothness; recall
from Assumption C that V; is a semimartingale. For example, the occupa-
tion density of a one-dimensional Brownian motion is Hélder continuous in
Ly with exponent B = 1/2; see Exercise VI.1.32 in [15]. That being said,
occupation densities of other processes, such as certain Gaussian processes
(see, e.g. Table 2 in [5]), may enjoy higher-order smoothness. Such models
have rarely been studied in the analysis of high-frequency financial data and
are not directly compatible with Assumption C, so we do mot pursue fur-
ther results here. Notice that the rate a, is optimized by setting v = 1/2,
resulting in a) = Arl/ 4 Furthermore, when X is continuous, the estimation

(A§/4(2+B)), which is achieved by set-

error of the occupation density is O,
ting hy, =< A}/ 4248 Not surprisingly, the smoother the occupation density

(larger B), the faster the rate of convergence.

REMARK 5.2.  Theorem 6(a) implies ﬁuT (x) — fr (z) 240 and anT -
Irllw 55 0, provided that h, — 0 and h%a, — 0. These results can be

shown directly without conditions (iv)-(vi) using a very similar proof; the
details are omitted for brevity. A similar comment applies to Theorem 6(b).

6. Monte Carlo. We test the performance of our nonparametric proce-
dures on two popular stochastic volatility models. The first is the square-root
diffusion volatility model, given by

(6.1) dX; = \/VidWy, dV; = 0.03(1.0 — V;)dt + 0.2/ V;d By,

Wy and By are two independent Brownian motions. Our second model is a
jump-diffusion volatility model in which the log-volatility is a Lévy-driven
Ornstein-Uhlenbeck (OU) process, i.e.,

(6.2) dX; ="' 1dw;, dV; = —0.03Vidt + d L,

where L; is a Lévy martingale uniquely defined by the marginal law of
Vi which in turn has a selfdecomposable distribution (see Theorem 17.4
of [16]) with characteristic triplet (Definition 8.2 of [16]) of (0,1,v) for
v(dr) = %wa}dx with respect to the identity truncation function.
The mean and persistence of both volatility specifications are calibrated real-
istically to observed financial data and the two models differ in the presence
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of volatility jumps as well as in the modeling of the volatility of volatility:
for model (6.1), the transformation /V; is with constant diffusion coefficient
while for (6.2) this is the case for the transformation log V;.

In the Monte Carlo we fix the time span to 7' = 22 days (our unit of
time is a day), equivalent to one calendar month, and we consider n = 80
and n = 400, which correspond to 5-minute and 1-minute, respectively,
of intraday observations of X in a 6.5-hour trading day. We set k, = 20
for n = 80 and we increase it to k, = 40 when n = 400, which respec-
tively correspond to 4 and 10 blocks per unit of time. We finally set the
truncation process at v,; = 3\/BV]-A2'49 for t € [j — 1,7) and where

BV; = %Zi@@l)mnm |A? | X||A?X]| is the Bipower Variation on the
unit interval [j — 1, 7). For each realization we compute the 25-th, 50-th and
75-th volatility qunatiles over the interval [0, T']. The results from the Monte
Carlo are summarized in Table 1. Overall, the performance of our volatility
quantile estimator is satisfactory. The highest bias arises for the square-root
diffusion volatility model when volatility was started from a high value (the
75-th quantile of its invariant distribution). Intuitively, in this case volatility
drifts towards its unconditional mean and this results in its larger variation
over [0,7], which in turn is more difficult to accurately disentangle from
the Gaussian noise in the price process, i.e., the Brownian motion W; in
X;. Consistent with our asymptotic results, the biases and the mean abso-
lute deviations of all volatility quantiles shrink as we increase the sampling
frequency from n = 80 to n = 400 in all considered scenarios.

7. Conclusion. In this paper we propose nonparametric estimators of
the volatility occupation time and its density from discrete observations of
the process over a fixed time interval with asymptotically shrinking mesh of
the observation grid. We derive the asymptotic properties of our volatility
occupation time estimator and further invert it to estimate the correspond-
ing quantiles of the volatility path over the fixed time interval. Monte Carlo
shows satisfactory performance of the proposed estimation techniques.

8. Proofs. This section contains all proofs. Throughout the proof, we
denote by K a generic constant that may change from line to line. We
sometimes emphasize its dependence on some parameter p by writing K,.
As is typical in this kind of problems, by a standard localization procedure,
Assumptions A, C and D can be strengthened into the following stronger
versions without loss of generality.

Assumption SA. We have Assumption A. The processes b; and o; are
bounded, and for some bounded nonnegative function I' on R, |§(w, t, 2)| <
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['(z) and [T (2)" A(dz) < oo.

Assumption SC. We have Assumption C. The processes Bt, ot and g, are
bounded, and for some bounded nonnegative function I'; on R, [0(w, t, z)| <
[y(2) and [pTo (2)" A (dz) < oo.

Assumption SD. We have Assumption D. Moreover, a,; and a;é are
uniformly bounded for all n,t.

8.1. Proofs in Section 3. Proof of Lemma 1. (a) We set ‘Aft+ = Vi,
for t € [(i — 1) up, tuy,). Denote the left-hand side of (3.3) by S,, and T, =
|T/un | uy,. We have

(Tfun) =D . o
s — / o(V:H)ds + / o(V)ds + / o(V)ds.
0 0 n

Since ¢ is bounded,

T (IT/un]|—1)un .
s B|s,— [ g0as < Ku,+ [ E|g(V.') — g(Vi)] ds.

Observe that for each s € [0, (|T/un]| — 1) up), Vi 4 V.. To see this,
we recall from Assumption SD that a,; € [a, @] for some constant & >
o > 0. Let V;"(@) and V;"(a) be defined as V" except with ay,; replaced
respectively by @ and a. By Theorem 9.3.2 in [10], the right continuity of
V and u, — 0, V;F (@) and V" (a) converge in probability to Vs. The claim
then follows V. (o) < V' < V;H(a).

Hence, by condition (ii) and bounded convergence, for Lebesgue a.e. s €
[0, 7], Elg(V;H)—g(Vs)| = El(9(Vs")—9(Vs)) 1vi¢p,}| — 0. Applying bounded
convergence on (8.1), we readily obtain (3.3). Part (b) can be shown simi-
larly. a

Proof of Theorem 1. (a) For each x > 0, Fr (z) = Fr(z—) a.s. by the
continuity of Frp (-). Hence,

T
/O P(V, = 2)ds = E [Py (z) — Fr (z—)] = 0.

Therefore, P (Vs = x) = 0 for Lebesgue a.e. s € [0,7]. By Lemma 1 with

9() =11 <a} ﬁn,T (x) 2 Py (z). Since fmT (-) and Fr (-) are increasing,
and Fr(-) is continuous, this convergence also holds locally uniformly. Since
V is cadlag, V' = supcjor) Vi = Op (1). For any 1 > 0, there exists some
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M > 0, such that P (V > M) < n, yielding P (T # Fp (M)) < n. Hence, for
any € > 0,

limsup P <sup ﬁn,T () — Fp (l‘)’ > 5>

n—oo zER

< limsupP ( sup ﬁn,T (x) — Fp (a:)‘ > 5)
n—00 0<z<M
+limsup P (sup ﬁn,T (x) — Fr (x)) > 5)
n—00 z>M
< limsupP ( For (M) — Fr (M)‘ > 5/2) YP(T - Fr (M) > £/2)
n—oo
< .

Sending 7 — 0, we readily derive the assertion in part (a). Part (b) can be
proved similarly. O

Proof of Corollary 1. By Theorem 1, ﬁn,T (+) = Fr () uniformly. By
a subsequence argument, we can then assume F\n,T () X% Fr () uniformly
without loss. The assertion in part (a) then follows Lemma 21.2 of [18]. The
proof of part (b) is similar. O

8.2. Proofs in Section 4.1. Proof of Lemma 2. (a) Observe

T
Fr(z—n) = /0 Ly, <oy ds

(8.2) " T
< Fn,T (x) < /0 1{VsS$+nn}d‘9 = Fr (fL‘ + 77n) .
Since Fr(z —nn) < Fr(z) < Fr(x+n,), the first assertion in part (a)
readily follows. Now consider the quantiles. By definition, ﬁn,T(@n,T(a)) >
a. By (8.2), FT(anT(a) + 1) > a. Therefore, Qr(a) < @n,T(Oé) + . For
any € > 0, by (8.2), we have FT(QWT(Q) —np—¢) < fn7T(@n7T(a) —e) <.
Hence, Q\MT(Q) —n, — € < Qr(a). Since € > 0 is arbitrary, @n,T(a) —np <
Q7 (). The second assertion of part (a) is then obvious.

(b) Fix some € > 0. There exists M > 0 such that P (n, > Ma,) < ¢/2
for n sufficiently large. Since a, — 0, [x — Ny, + 1] is contained in N
with probability approaching one (w.p.a.1) and by part (a),

Pur (2) — Fr (2)] < / () de.

—Mn
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Let M’ = 4M sup,cpr, E[fr (2)] /e. We have for n sufficiently large,

P </;::n fr(z)dz> M'an>

z+Man
gP(/ fT(z)dz>M’an>+IP’(nn2Man)
x—Man

2M sup,epn, E[fr (2)]
< iV

+¢e/2
<e.

Hence, ffjn"n” fr(z)dz = Oy (ayn). The assertion in part (b) then readily
follows. O

We now prove Theorem 2, starting with two lemmas. Below, || - ||, denotes
the L, norm.

LEMMA 3. Letp > 1 be a constant and k, < Ay, for some v € (0,1).

Suppose Assumption SA holds with X continuous and Assumption SD. Then
for each 0 <i < |T/up] —1,

V
~1/2

where the variable &, ; satisfies ||&nillp < Kpkn /. If we further have As-

sumption SC with AVy = 0 for s € [0,T], then the majorant side of the

above can be bounded by Kp(k:;l/2 + u711/2) in Ly.

(8'3) ‘Zzn - an ‘/}lun - Vlun < gn,i + sup “/s - an| 5

S$E€[1Un,(1+1)un)

Proof. By Ito’s formula, ‘/}Zzn —Viu, = .+ (., where

n,0 %)

) (i+1)un
CI = (Xs - Xn,s) dX

n,t
Un, 1Un

" 1 (z+1)un
nig / (Vs - V;un)dsa
Un Jiuy,
and X, s is the discretized process given by X, s = Xj,,4+(j—1)a, When

s € [iup + (j — 1) Ap,tuy, + jA,). By classical estimates (note that X is
continuous),

9 s P
E|-—= / (Xs — Xpo)bods| < K,AP/2,
o plt+un p
E|= / (X5 — Xpo) oudWs| < Kk P2
Up, TUn
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Since k, = 0 (A,1), we have [|¢, ;[l, < K e /2 by Minkowski’s inequality.

We also observe |C;L’Z| < SUDgeiun, (i41)un) |V Viun |-
> 7 _ 1—15kn 1/2
Now note that Vi —Vju, =k, ijl(A?anX/An )2 1{|Am X b
Under Assumption SD, a, s > a for some constant o > 0. Hence, vy, ; > v,, =
aA7. Since X is continuous, for any ¢ > 0,

’Azk +]X/A / ‘
)

< KpgAgl(l/?—W)/p_

IN

noX/AL?
H(Azkn-l—JX/An ) 1{|Amn+gX|>”“W"}

Since w € (0,1/2), when ¢ is taken sufficiently large, terms in the above dis-
play can be further bounded by kaﬁl/z. Hence, [V — Viu, Hp <K, ke 2.

~

The first assertion then readily follows by setting &, ; = |, ;| + Vi v~ Viun |-
Now, suppose Assumption SC together with V' being continuous. By stan-
dard estimates, for each p > 1, the second term on the right-hand side of

(8.3) can be bounded by Kpu}/ in L,. The second assertion of the lemma
is then obvious. O

Under Assumption SA, we set
X, = X;— Xg’
X// — fo fR dS dZ) lf T S 1
' fo Jrd(s,2) (n—v)(ds,dz) if r>1.

We define V/ as V* in (3.1) but with X’ in place of X; in particular, X//\;Ln =
_1 Z ( zknJrjX/)Q'

LEMMA 4. Suppose that Assumption SA holds with some r € (0,2) and

Assumption SD. Let p > rV 1 and w € (21;—1”2) Let 0 € (0,00) be

arbitrarily fived if r > 1 and 0 =0 if r < 1. We have for each i,

Proof. Under Assumption SD, o, € [a, @] for constants @ > o > 0. We set
Uy, = @AY and v, = aAY. By applying Lemma 13.2.6 in [10] (with s = 1,

~

!
‘/iun - ‘/z'un

1—T;”—9—(1—2w)

| < KA,
p
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=2, m=p,p =1 k=1, F(z) = 2?), we have

E‘ (A?kmth/Akp)Q 1{|A" X|<o,}

ikn+j

2
n 1/2
~ (Bl X)Ly, e

ikn+Jj

p

2-r_g
< KpAnz + KpA}%—Tw—p(l—Zw)—O
< KPA}I—rw—p(l—Zw)—Q.
By a similar argument as in the proof of Lemma 3,

< K, A1/

n

H( ?kn+jX//A7lz/2)21{|Aﬂ X'|>p}

ikn+j )p

for any ¢ > 0. Taking ¢ sufficiently large, we then derive

(00X 8) g iy = (Bl 8)°

ikn+i
L= (1-2w) -4

< KA, 7

(8.4) P

By a similar argument, we can derive (8.4) when @, is replaced with v,,.
Since v, < Uy iu, < Up, (8.4) also holds when vy, is replaced with vy, ;,,. The
assertion of the lemma then follows from Minkowski’s inequality. O

Proof of Theorem 2. Step 1. We first suppose X is continuous. Observe
that

~

V;un - V;un

+2 sup sup Vs = Vi, | -
0<i<|T /un | s€[itun, (i+1)un)

Mn < sup
0<i< | T /un]—1

Since V' is continuous, ||Supsejiu, (i+1)un) Vs = Viunl lp < Kpu}/2 for any
p > 1 by standard estimates. By Lemma 3 and the maximal inequality (e.g.
Lemma 2.2.2 in [17]), for any p > 1, [[n,]|, < K'pfu;l/p(kﬁl/2 + u,ll/Q). Since

kn =< A7 by assumption, we derive ||n,|, < KAGNI=0)/2 by taking p

sufficiently large. The same argument yields ||n;; ||, < KANIZIM/270 i
finishes the proof of part (a) with X continuous, as well as part (b). R
Step 2. We now consider part (a) allowing X to be discontinuous. Let V'

be defined as in Lemma 4. Observe that

~

N < sup Viu, — "/\;/un + 77;w where
0<i<| T /un] -1
77;1 = sup VZ’W — Viu, | +2 sup sup |Vs - Vzun\ .

0<i<|T/un|—1 0<i<| T /tn | SE[ittn,(i+1)us)
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A similar argument as in part (a) yields 7], = OP(ASA(I_”)/Q—L). By the

maximal inequality and Lemma 4 for p =1V 7,

~

!

l—rw—0 _ 1—92
sup < Ku;l/pAn P (1~2=)

0<i<[T/un]—1

I=rw=0_ (1_9g)

KA, 7
KA == (=2=) e o
KAL=O/r=(==) 4 o,

IN

<

Taking 0 sufficiently small in the > 1 case, we readily derive the assertion
in part (a). O

Proof of Theorem 3. Step 1. We first prove the assertion on 7, so con-
dition (iii) is in force. In the constant volatility setting of the theorem, we
have vknn;, = V2V x M,,, where we denote

(8.5)
VEn (o .
M,=  sup |2, Z'= (%Zﬂ—V), i =0,y | T/un] — 1.
i=0,...,| T /un]—1 V2V

Under our constant volatility assumption {Z]'}; are independent and iden-
tically distributed with distribution which is approximately standard nor-
mal. Therefore, we can use Edgeworth expansion of the cdf together with
extreme value theory to pin down the limit distribution of M,,. To this end,
we set

(8.6) { cn = (21og(bp)) V2, my, = \/21log(b,) — log(log(bn)) +log(4r)

\/2log(bn)
n(x) = chx +my, by = |T/uy], ze€R4.

Note that 7,(z) < /2log(b,) and hence increases to infinity as the number
of blocks increases to infinity for every fixed x.

Using second-order Edgeworth expansion and denoting with ®(-) the cdf
of standard normal random variable, see Theorem 2.2 and Lemma 5.4 of [9],
we have

n _ (log(bn))* 1
(8.7) P(|Z]'| < n(2)) = @(Tn(m))—@(—Tn(x))JrWK(x)Jro <kn> :

for any = where K (z) is a polynomial of x. Then we have

[ P(Z < (@) .
(8.8) nl_wo O (1(z)) — ®(—7n(2))

=1,
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provided k, < A, 2 This assumption on the rate of growth of k,, guaran-
tees that the distribution of Z7* is “sufficiently close” to standard normal.
Now we can use (8.8) to get

(8.9)

P(c, ' (My —my) < &) = [P(|Z7] < (@) ~ [@(70(2)) — @(—7n(2))]",

as n — 0o0. From here, using the results for the maximum domain of attrac-
tion of the Gumbel distribution (see e.g., Example 1.1.7 of [5]), we have
(8.10)

(®(1(2)) — ®(—70(2))]" = [20(70(x)) — 11> — exp(—2exp(—z)), Vz,

and hence

(8.11) N (M, —myn) -5 A,

n

for A being a random variable with cdf exp(—2exp(—=x)). From here the
result in (4.2) (with 7, replaced by n}) follows.

Step 2. We now prove (4.2) with condition (iii) relaxed. Let 1} be defined
as 17, but with V;* replaced by V/. By step 1, (4.2) holds with 7, replaced
by n/¥. It remains to show that

(8.12) log ([T /un) )2 A5 (1 = mfy) = 0p(1)-

* s i 2— —-1/2
Note that [ — 1| < SWPocic(7/u,) 1 |Vinn = Vi | = Op(ART772),

where the stochastic order is shown in step 2 of the proof of Theorem 2.
(8.12) then follows condition (ii). This finishes the proof. O

8.3. Proofs in Section /.2. Under Assumption C, by Itd’s formula, we
can represent V as

t t t
Vi = W +/ by,sds + / ov,sdWs + / 5’{/,5dW5,
0 0 0
t ~
[ 32 v s,da),
0o JR
where, by localization, we can assume without loss that the coefficients I;V,

v, &}, are bounded, and |0y (w, s, 2)| < T (z) for any (w, s, z), where r(-)
is bounded and deterministic, and satisfies [ I (2)" \(dz) < oo.
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We consider the following decomposition: for ¢ > 0,
Vi=V/ () +V{(a). where
t t t
Vi = Vo—i—/ bvsds—i—/ ov,sdW +/ avde'

=Vi+ / /zr Z)<q} (s,2) (p—v)(ds,dz)

_ /0 t /{ T Sy (s,2) u(ds, dz).

Denote I (n,i) = [iun, (i + 1) uy). We alsoset Z,, (¢) = {0 <i < |T/u,|—1:

(I (n,4) x {2 : T'(2) > q}) = 0} and Ty (g ) = Uiez, (g I (n,9). Here, T, (q)
collects indices of intervals not containing “big” jumps. We can decompose

FnT( ) = FnT(JU q) +RnT(1‘ q) where
F\mT (x;Q) = Un 1o 2L En,T (.il:‘;q) _/ 1is . ds.
2 M) 0T\ L=

1€Zn(q)

Analogously, we have Fr(z) = F,, 7(z;q) + Ry7(2;q), where

Fn,T (37; Q) = / 1{VS§m}d57 Rn,T (35; Q) = / 1{Vs§z}d‘9'
n(q) [0,7\Tn(q)

Finally, we set

ﬁn (q) = Sup ‘ZU7L - ‘/:iun
1€Zn(q)
m(q) = sup sup  |Vi(q) = Vi, (q)]

0<i<|T /un] s€liun,(i+1)un)
M (q) = 7n(q)+n,(q).

We now generalize Lemma 2 as follows.

LEMMA 5.  Suppose 1, (gn) = Op (wy) for some nonrandom sequences
gn — 0 and w, — 0 and Assumption SA with r = 2. Then (a) under
Assumption B, ﬁmT (z) = Fr(z) = Op(wn) + Op (ung,"); (b) under As-
sumption B’, the assertion in (a) holds uniformly in x € R and moreover
(c) |Qunr(a) —Qr(a)| < &nsup,er |Funr(z) — Fr(x)| for some tight sequence
of variables &, provided fr(Qr(a)) >0 a.s..
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Proof. (a) Observe that ]E[f[o TN\ (gn) ds] < Kuynq,", yielding

(8.13)  sup R, 7 (x;qn) = Op (unqg’:) , sup f{n,T (;qn) = Op (unq;f) )
z€R x€ER

By definition, ﬁmT (x;qn) = an(qn) 1{\73§x}d5' Note that over 7y, (g,), the

process V}" (gn) is identically zero. Hence, sup,c7. (4. IV, — Vi| < (qn). By
a similar argument as in (8.2), we deduce

‘F\n,T (l‘; Qn) - Fn,T (:L'; Qn)‘
(8.14) < Bt (@410 (0n) 1 n) — For (= 0 (qn) 5 Gn)
< Fr(z+nn(qn) — Pr(z — . (gn)) -

By an argument similar to part (b) of Lemma 2, we derive Fr (z + n, (¢n)) —
Fr (z — 1y (gn)) = Op (wy,). The assertion of part (a) then follows (8.13) and
(8.14).

(b) By localization, we can suppose that V' is bounded and thus fr (-) is
compactly supported. Since fr (+) is continuous, sup,cg fr (z) = O, (1). By
(8.14),

(8.15) sup | Fo 1 (%3 qn) — For (25.qn) | < 200 (qn) sup fr (2) .-
z€R z€R
The assertion then readily follows (8.13) and (8.15).
(c) Observe that ﬁmT(@n,T(a)) > a = Fr(Qr(«)), where the inequality
follows the definition of quantiles and the equality is due to the continuity
of Fp(-). Hence,

Fr(Qr()) — Fr(Qnr(a)) < Fur(Qur(a)) — Fr(Qur(a))
(8.16) < sup|Bur(z) —FT(x)‘.
x€ER

For any € > 0, ﬁn,T(@nyT(a) —¢) < a= Fr(Qr(a)), yielding

~

FT(Qn,T(a) - 5) - FT<QT(O‘)) < FT(@n,T(a) - €) - ﬁn,T(Q\n,T(a) - 5)

< sup ﬁnyT(x) — Fr(z)|.
zeR

Since Fr (-) is continuous, by sending € | 0 we deduce

(8.17) Fr(Qur(a)) = Pr(Qr(a)) < sup

For(z) - FT(;L«)‘ .
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Let K, 7 () be the closed interval with end points Q7(c) and @mT(a). Set
§n = SUDPzek, 1 (a) f7! (). By a mean-value expansion,

(8.18) |Pr(Qnr(e) = Fr(Qr(e)| > _inf  fr(z)|Qnr(a) = Qr(e)|.

el ()
Since fr(Qr(a)) > 0 a.s., @an(a) N Qr(a) by Corollary 1. Since fr (-)
is continuous, infiex, 1(a) fr (2) x, fr(Qr(a)) > 0; hence &, is tight. The
assertion then follows (8.16), (8.17) and (8.18). O
Proof of Theorem 4. Step 1. We first consider 7/, (¢,,). For each 1,

sup | Vi (gn) = Vi, (@n)| < Gui + Gy + Coys Where
SE[tun,(i+1)un)

Cni = sup i Sy (s,z)v(ds,dz)
SE[iun,(i+1)un) z:I Z)>qn}

N
Go= s / / v (5,2) (- v) (ds, dz)

S$E[tun,(1+1)un) z: F z)<qn}
= sup
se[iun,(i-l—l)un)

"
n,i

wn

For (., observe that
(8.19)

sup  Gni
0<i<|T/un]

(i4+1)un
S sup / / (dS dZ)
0<i<| T /un | Jiup {Z F(Z >Qn}

S Kunq(l 7) /\0

Now turn to ¢j, ;. Let p > 2. For each i > 0, by Lemma 2.1.5 in [10],

ElC [ < Kpun /{Zf T

p/2
+K, uP/? / / 2)% X (dz)
Un (n,) zl" <Qn}

< Kpung?™ T—|—Kup/2 (2—-7)p/2

Hence, [}, ;llp < prl/pq1 K u}/Qq}l "2 By the maximal inequality
(Lemma 2.2.2 in [17]),
(8.20) sup Gl < Kpay P+ Ky 2T rg T,

0<i<|T/un] »
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Since V¢ is continuous, by a standard estimate for C;L’J- and the maximal
inequality,

"
n,.

(8.21) < Kpul/2=1p,

P

sup
0<i<|T/un]

Combining (8.19), (8.20) and (8.21), we derive for p > 2, |0, (qn)|l, <
Kyay, ,, where

a’n’p = 1an£L14)/\0 Vv q,lff/p Vv u}@/zfl/p.

Step 2. Observe that

~

=~ ~,
‘/iun - V;un V;un

(8.22) fin (qn) < sup
ieIn(qn)

+ sup — Vi |-

1€Ln(qn)

By Lemma 3, for i € Z,, (¢5), for some &, ; with ||&, ||, < ka;1/2,

Vi = Vi | < &ni + sup (Vi (an) — Vi, (an)] -

SE[tun,(i+1)un)

Therefore, by a similar argument as in step 1,

7
[0,
1€Zn(gn)

(8.23) = Viu,

< Kpu, Pk V2 4+ Kpal, .

p

Similarly as in step 2 of the proof of Theorem 2, (recall that § = 0 if r <1
and 6 € (0,00) can be arbitrarily fixed when r > 1)

o (o),

(8.24) sup TA/wn — XZ’un

ieZn(Qn)

Combining (8.22)-(8.24), we derive 1, (¢n) = Op (wp,p) for p > 2, where

'Y_TW_H,(]_,QW)
Wnp = Ap V"

Vo PE-t2y U -

By step 1, we further derive 1y, (¢,) = Op (wyp).
By Lemma 5(a), we have

Fr(x) — Fr(z) )
= Op (Wnp) + Op (“nqgr)

'y—rm—e_ 1-2 - -
=0, (An v~ (172) vV u;l/pk,;l/Q Vv q}l_’"/” Vv ui/Q_l/p Vv unqgr> )
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1/(1+7—7/p)

Taking ¢, = uy and recalling k,, < A,,”, we have

F,r(z) — Fr ()
_o, (A;{ﬁ"_(l_gw) VAR AUGD) vA“Jl“J,f”)

and by taking p sufficiently large,
For (¢) = Fr (2)

y—rw—0

= Op <An v —(1-2w) V. A’TYL/ZfL v/ A1(1177)/27L V. A%l’y)/(lJrF)L) .

The discontinuous case in part (a) then readily follows the definitions of
0, ap, (see (4.1)) and d,,. The continuous case in part (a), as well as part (b),
can be proved in a similar (but simpler) way. O

Proof of Theorem 5. We first show that sup,cp |ﬁnT(x) — Fr(z)| =
Op(dy). The proof is similar as that of Theorem 4, except in step 2 of the
proof, we use Lemma 5(b) instead of Lemma 5(a). The result for ﬁ;T can be
proved similarly. The assertion concerning @n,T(a) then follows from Lemma,
5(c). The assertion on @;‘;}T(a) can be proved in a similar (but simpler) way;
the details are omitted for brevity. a

8.4. Proofs in Section 5. Proof of Theorem 6. (a) By localization
and condition (iv), we can assume that V; takes value in some compact K cC

(0,00), and thus fr (-) is supported on K. We set f,, r(x fo hioti(h,t(Vi—
x))ds. For each x € R,
oo
Vi—x Vs —x
-1 s _ s
h”/o “( B ) ”( hn)dsl

T
Kh;QEU s — s].
0

By Lemmas 3 and 4, Eﬂf/\; — Vi| < Ka,,. Hence,

@%)Eﬁjw—njmkgmf%,EMﬁm—mﬂ4§Km%m

IN

E|fur (@) = fur (@) < E

IN

where K does not depend on x. Now observe that fn T fR hotk(ht(y—
x)) fr(y)dy. By a change of variable, f, 7(z) = [g & ( fT (x+hpz)dz. Hence,
E|furle) ~ fr ()] < /M@Mﬁ@+m@—hmwk
R
<

Khﬁ//@(z) 2|7 dz < Kh?,
R
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which further implies E[|| f, 7 — frl|lw] < K h3. Combining these estimates
with (8.25) concludes the proof of part (a). Part (b) can be proved in a
similar way. a
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