Camera Projection Matrix



Camera Model




Camera Model (1st Person Coordinate)

Camera if

Ground plane




Camera Model (1st Person Coordinate)

Camera

Recall camera projection matrix:

Ground plane

Camera intrinsic parameter
. metric space to pixel space




Camera Model (1st Person Coordinate)

Camera

Recall camera projection matrix:

Ground plane

Camera intrinsic parameter
. metric space to pixel space




Camera Model (1st Person Coordinate)

Camera

Ground plane

Recall camera projection matrix:

u
AlV
1

2D image (pix)

f

0o X
Kop Y
4

3D world (metric)



Camera Model (1st Person Coordinate)

Camera

Recall camera projection matrix:

Origin at camera ul| o[ X
AV |= Kooy
1 1L

2D image (pix) 3D world (metric)

—> K v [=]Y |=X




Camera Model (1st Person Coordinate)

Camera . .
Recall camera projection matrix:
Origin at camera u X |
AV | = K Y
XCi 1 VA
X, Where is origin? Bl =
2D image (pix) 3D world (metric)
_ul_ _Xl_
— JK*| v, [=] Y, :XCl
1] 4]
_uz_ _ 2_
AKH v, |=1Y, =X,
1 2




Camera I\/Iodel (3rd Person Coord. = World Coord.)

Camera
Recall camera projection matrix:
mn
AV | = K X

kBD world _ 1-

Origin at world coordinate 2D image (pix) 3D world (metric)

Ground plane



Point Rotation

2D rotation




Point Rotation

2D rotation

77777777777777777777777 o X,| | cos@ —sind | x
, y.| [sin@ cosé |y




Coordinate Transform (Rotation)

2D coordinate transform:

A




Coordinate Transform (Rotation)

2D coordinate transform:

A

Pt

s N

- [N

- [N

e I \

L ' N
- '
g ] P

- 1
e ]
Pis |
s '
-7 1
- '
s 1
e 1
'
'
]
1
1
'
'




Coordinate Transform (Rotation)

2D coordinate transform:

A

Xe | | cos@ sin@ || x
Ye —sing cosé || y

Coordinate transformation: Inverse of point rotation




Coordinate Transform (Rotation)

2D coordinate transform:

A
= (X,
2 X -
ARC crlc Xc | _| cos@ sing || x
" Camera {yj {—sin@ cos@}{y}

> cosd siné
World det| | =cos’°@+sin" =1
—singd cosd




Coordinate Transform (Rotation)

2D coordinate transform:

A

X=(x%Y)
S Xe = (ke H ) { ; }N
~ Camera Yo | [—sin@ cosd |y
e X;

>

World I, :xaxis of camera seen from the world




Coordinate Transform (Rotation)

2D coordinate transform:

I, :xaxis of camera seen from the world

I, .y axis of camera seen from the world



Coordinate Transform (Rotation)

2D coordinate transform:

I, :xaxis of world seen from the camera

I, .y axis of world seen from the camera



Coordinate Transform (Rotation)

Camera

Coordinate transformation from world to camera;

Origin at world coordinate

Ground plane

World



Coordinate Transform (Rotation)

Camera

Coordinate transformation from world to camera;

Origin at world coordinate

Ground plane

At gm A=)
Iy Ko =(XerYerZc)

----------

Camera



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera:
R _ _
! ! I’xl I’x2 Irx3
» .. —_ _C
G Xe=1Ty T Ts [X= RyX
T e r, r, T
X N kBD world Ll ez s

Origin at world coordinate

Ground plane

afgm A= Xy)
Iy Xe =(XerYerZe)

----------

Camera



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera:
R _ _
! ! I’xl I’x2 Irx3
» .. —_ _C
G Xe=1Ty T Ts [X= RyX
T e r, r, T
X N kBD world Ll ez s

. . Degree of freedom?
Origin at world coordinate |

Ground plane

At gm A=)
Iy Ko =(XerYerZc)

----------

Camera



Coordinate Transform (Rotation)

Camera

Origin at world coordinate

Ground plane

A AN AR z ] X:(X1y1z)

.
y \
£ Peeseosas LN
/ =9 i
/ 4 / —
. .
‘ L C cr/C'=C
/ ’ /
/ £ /
/ /
/ 4 /
‘ /
g /

/ § .

/ .

. 7 /

‘ /
- - /- - / 4
—————— /
N
N
N
\

Camera

World

Coordinate transformation from world to camera;

r
Xe =11,

r

x1

z1

r

r

X2

72

r

r

X3

23

Degree of freedom?

°R, €S0(@3)

* Orthogonal matrix — (CRW)T(CRW)

X =°R, X

l,, det(‘R,)=1



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;
Cy L _ _
Ry, | r
X
W X, = r, X="R,X
X‘ D - k3D world ) .

Origin at world coordinate

‘R, €S0(3
Ground plane w € 503)

« Orthogonal matrix —> (°R,) (‘R,)=1l; det(R,)=1
v — o X=(x,y,2) « Right hand rule

\
’
y \
K e F X
4 Tt —
. K / —
. .
/ L C crJCc'=C
’ J /
’ 2 /
’ ’
. g ’
! .
. 4 i
/ g .
/ .
. g ’
! /
(- |- /= - / 4
—————— /
N
N
i
\

Camera

World




Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;

Oc. _ I,
X kBD world

Origin at world coordinate

X =°R, X

‘R, €S0(3
Ground plane w €303)

« Orthogonal matrix —> (°R,) (‘R,)=1l; det(R,)=1

A * Right hand rule
T
r, :camera X axis seen from |
the world coord "
~.j Camera
O

World



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;

Oc. _ I,
X kBD world

Origin at world coordinate

X =°R, X

‘R, €S0(3
Ground plane w € 503)

| « Orthogonal matrix — (°R,) (°R,)=1,. det(‘R,)=1
Iy rcameray axis seen from + Right hand rule

A
I, the world coord. ,
X
r, :camera x axis seen from , T
Y
the world coord. <
Camera
P

World



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;

X.=|h G I [X="R,X

Origin at world coordinate

‘R, €S0(3
Ground plane w €303)

« Orthogonal matrix —> (°R,) (‘R,)=1l; det(R,)=1
* Right hand rule

Th

r2
<
Camera
r. - world X axis seen from P
World *

the camera coord. r, =1 xI,



Coordinate Transform (Rotation)

Camera Coordinate transformation from world to camera;

Xc=| M L [ X=CR,X

Origin at world coordinate

‘R, €S0(3
Ground plane w € 503)

£ « Orthogonal matrix — (°R,) (°R,)=1,. det(‘R,)=1
* Right hand rule

1, world y axis seen from T {
--------------- 5 the camera coord. r '

Camera

World " :world x axis seen from P
or the camera coord. r, =1 xI,



Camera Projection (Pure Rotation)

Camera Coordinate transformation from world to camera;

Xc=| M L [ X=CR,X

Origin at world coordinate  Camera projection of world point:

u X
Ground plane ¢
r ALV | = K Y,
A 1 Z
_ I, - world y axis seen from
--------------- 5 the camera coord.
Camera
r, - world x axis seen from
World

the camera coord.



Camera Projection (Pure Rotation)

Camera Coordinate transformation from world to camera;

Xc=| M L [ X=CR,X

Origin at world coordinate  Camera projection of world point:

4 X
Ground plane C
. AV |= K Ye
. 1 Ze
I ;r:/vorld y axis sezn from o Te T
€ camera coora. =
= K P PR
mer
Camera _rzl If22 I‘23 L

World r world x axis seen from
gl the camera coord.



Fuclidean Transform=Rotation+Translation

Camera

Origin at world coordinate

Ground plane

X=(xy,2)
/




Fuclidean Transform=Rotation+Translation

Camera

Origin at world coordinate

Ground plane




Fuclidean Transform=Rotation+Translation

2D coordinate transform:

A

Xe | | cos@ sin@ || x
Ye —sing cosé || y

Coordinate transformation: Inverse of point rotation




Fuclidean Transform=Rotation+Translation

2D coordinate transform:

A
X=(x,y)
777777777777777777777777 o Xc | | cos@ sin@ || x
Ve —sin@ cosd ||y
6
World
® X.=(XeY,)
Translation

Camera



Fuclidean Transform=Rotation+Translation

2D coordinate transform:

A

ffffffffffffffffffffffff ® e = (xe¥e) Xo _{0056’ Sin@}{x}r L
\\ V.| |-sing cos@]|y t
.
N\

t : the location of world coordinate
seen from camera coord.

Ly } Camera



Fuclidean Transform=Rotation+Translation

Camera

Origin at world coordinate

Ground plane




Fuclidean Transform=Rotation+Translation

Camera

Coordinate transformation from world to camera;

X, =CR, X+t

Origin at world coordinate where °t is the world orgin seen from camera.

Ground plane
xC = (XC’yC’ZC)

World



Fuclidean Transform=Rotation+Translation

Camera

Coordinate transformation from world to camera;

rx1 rx2 rx3 1:x X
Xc =" R X+"t={r, 1, Iy t L}

for. r. t
X. <k3D world SR

Origin at world coordinate where °t is the world orgin seen from camera.

Ground plane
xC = (XC’yC’ZC)

World



Geometric Interpretation

Camera Coordinate transformation from world to camera;

rx1 rx2 rx3 X X
—C C4 —
Xe = Ry X+ t=r, 1, s t L}

for. r. t
X‘ "kBD world SR

Origin at world coordinate where °t is the world orgin seen from camera.

Ground plane
Rotate and then, translate.

World



Geometric Interpretation

Camera

Coordinate transformation from world to camera;

- . 1 rx1 rx2 rx3 1:x
X.="R X+‘t= .
c—  ‘w + 1= ry1 ry2 ry3 y 1
r, r, r, t
.< kg,[) world |21 z2 3tz
X
Origin at world coordinate where °t is the world orgin seen from camera.

Ground plane
Rotate and then, translate.

cf) Translate and then, rotate.

_rxl rx2 rx3 I 1 -Cx | X
\ X. =" Ry (X-C)=|r, r, T, 1 -C, L}
_rzl r22 rzS_ | 1 _Cz_

World where C Is the camera location seen from world.



Camera Projection Matrix

Camera

Coordinate transformation from world to camera;

rx1 rx2 rx3 X X
—C —
Xc =" R X+"t={r, 1, Iy t L}

for. r. t
X‘ "kBD world SR

Origin at world coordinate  Camera projection of world point:

Ground plane u Ke
AV = K Yo
1 | Z |
[ 1*
x1 . X2 X3 . X Y
= K B T L 7
\ _rzl r22 rzS tz_ 1

World



Image Projection

T 1
O O

o o .

1
|OHO|




Image Projection

| 1
O O

o o .

1
|O'_‘o|




Image Projection

-r 0 -1 0]
C=|0 R=|0 0 -1
0 10 0
1 cosd | [ -sind  cosd 0
C=|rsing R=| 0 0 -1
0 -cos¢ -sind 0




RotateCamera.m
. . K =[200 0 100;
Image Projection
radius = 5;
theta = 0:0.02:2*pi;
fori=1:length(theta)

camera_offset = [radius*cos(theta(i)); radius*sin(theta(i)); 0];
camera_center = camera_offset + center_of mass';

rz = [-cos(theta(i)); -sin(theta(i)); 0];
ry=[00-1]}

rx = [-sin(theta(i)); cos(theta(i)); 0];
R=1[rx'; ry'; rz'];

C = camera_center;
P=K*R™*[eye(3)-C];

proj = [;
forj=1:size(sqaure_point,1)
u =P * [sqaure_point(j,:)";1];
proj(j,:) = u'/u(3);
end
end



CRW,tC

Geometric Interpretation

Camera

‘ kBD world

Ground plane

Camera projection of world point:

u f px rx1 rx2 rx3 1:x
AV |= K Py | e C'R%N "y Ctty
_1_ | 1 _ _rzl rzz r.23 tz _
_X_
u Piu Pz Pz Py Y
> AV | = Py P Pz Py 7
1 Psi Pz Pss Pay 1

What does each number mean?

— N < X




Geometric Interpretation

Camera

-

CRW,tC

Camera projection of world point:

- - 4/ X ]
u f px rx1 rx2 rx3 tx Y
AVi= Ko SRy T St , :P{
_1_ | 1 _ _rzl rzz r.23 tz _ 1

u Py Py P Py
AV | = Py Py Py Py
1] [Ps Pm Py Py

What is point at infinity in world x direction?

| |
R O O 8
| |




Geometric Interpretation

Camera /

CRW,tC

Ground plane

Camera projection of world point:

o . X
u f px rx1 rx2 rx3 tx Y
AVi= Ko SRy T St , =P
_1_ | 1__rzl r22 r23 tz_ 1
-
u Piu Pz Pz Py 0
AV | = Py Py Py Py 0
1 Ps; P3Pz Py 1

What is point at infinity in world x direction?
This point is at infinite but finite in image.



CRW,tC

Geometrlc Interpretation

Camera

Ground plane

Camera projection of world point:

u f px rx1 rx2 rx3
AV |= K o, By Tz Y
_1_ | 1 _ _rzl r22 r.23

Ee

u P Pz Pus 0
AV = P Poz Py 0
1 P Pss Pa]l

pllx +p14 — p11

u=Ilim
= p31X + p34 p31
—_—
V = ||m p21x +p24 — p21

o p3lx + p34 p31

— N < X




Geometrlc Interpretation

Camera

CR tC

W?

/wxoo =| Py
P31

Ground plane

Camera projection of world point:

o . X
u f px rx1 rx2 rx3 tx Y X
AVi= Ko SRy T St , =P .
_1_ | 1__rzl r22 r23 tz_ 1
-
u P Pz Pus 0
AV = P Poz Py 0
1 P Pss Pa]l
U= lim p11X * Py _ P1y u »

o p31X + p34 p31

V = ||m p21x +p24 — p21
Ko p31x + p34 p31




CR tC

W?

Geometric Interpretation

Camera

Ground plane

Camera projection of world point:

u f px x1 X2
AV |= K Py | e C'R%N "y Ctty
_1_ | 1 _ rzl r22
p11 p13 p14
> AV | = Pay Pz Py
p31 p33 p34
u = lim plzY +p14 — p12
Koo p32Y + p34 p32
V = ||m p22Y +p24 — p22
Ko p32Y + p34 p32

— N < X
I
O
1



Geometric Interpretation

Camera

Ground plane

kBD world

Camera projection of world point:

X
u f px rx1 rx2 rx3 tx Y X
Alv | = KD, |5 Ry s % . :P{J
_1_ | 1 _ _rzl rzz rz3 1:z _ 1
0
u Py P P14 0
AV =Py Py P24 o
1 Ps; Pa P34 1
u = lim PisZ +Pus _ Pis U 0
X —o0 p33Z + Py Pa ’ . p13
— —> K =K =
V = “m p23Z +p24 _ p23 £ 1 pz:

K22 Pogl + Py, B Pss



w
f=f = 0,00153—090_ _ 1294 pix
W, 0.0048

- ccd
Practice We 0 M, 260
= = =1920pix == =1080pix
== pix  py=—r=— p
PredictVanishingPoint.m
0.0070 -0.8496 0.0498 0.5731

C=| 0.7520 R=|-0.3216 -0.8203 -0.4067
-0.2738 0.4180 -0.5299 0.6835




W
f=f 2 — 000153020 _ 1294 pix
0.0048

"W

P raCtl Ce _Wim:d_ 3840 Hing _ 2160

p, = > —T=1920pix p, = > T=1080pix
PredictVanishingPoint.m
0.0070 -0.8496 0.0498 0.5731
C=| 0.7520 R=[-0.3216 -0.8203 -0.4067
-0.2738 0.4180 -0.5299 0.6835

-0.2374 -0.9565 2.0138 1.2723
P=KR[l, —C|=|0.0578 -15763 0.2404 1.2508
0.0004 -0.0005 0.0007 0.0006




Practice

PredictVanishingPoint.m

W
f=f 2 — 000153020 _ 1294 pix
0.0048

chcd
W,y _ 3840 . Hing _ 2160 .
= —% = —— =1920pix =—% =—— =1080pix
=== pc p, === p
0.0070 -0.8496 0.0498 0.5731
C=| 07520 | R=|-0.3216 -0.8203 -0.4067
-0.2738 0.4180 -0.5299 0.6835
-0.2374 -0.9565 | 2.0138 |1.2723
P=KR[l, —C]=|0.0578 -1.5763|0.2404 [1.2508
0.0004 -0.0005 | 0.0007 |0.0006

R=[-0.8496 0.0498 0.5731
-0.3216 -0.8203 -0.4067
0.4180 -0.5299 0.6835];

C =[0.0070
0.7520
-0.2738];

P=K*R*[eye(3)-C]
u x="P(1:2,1)/P(3,1)
u_y="P(1:2,2)/P(3,2)
u_z="P(1:2,3)/P(3,3)

U x=
-567.8239
138.2813

uys=
1.0e+03 *
1.8050
2.9748

uzs=
1.0e+03 *
2.9463
0.3517




w
f=f = 0,00153—090_ _ 1294 pix
W, 0.0048

- ced
P raCtl ce W,,, _ 3840 . Hung _ 2160 .
= ="" " —1920pix = =""""—1080pix
P, 5 > P P, > 5 p
0.0070 -0.8496 0.0498 0.5731
C=1| 0.7520 R=|-0.3216 -0.8203 -0.4067
-0.2738 0.4180 -0.5299 0.6835

-0.2374 £0.9565 2.0138 1.2723
P=KR[l, —C|=|{0.0578 15763 0.2404 1.2508
0.0004 0.0005 0.0007 0.0006

R=[-0.8496 0.0498 0.5731 L15)2,7_8239
-0.3216 -0.8203 -0.4067 138.2813
0.4180 -0.5299 0.6835];

uys=

C = [0.0070 1.0e+03 *
0.7520 1.8050
-0.2738]; 2.9748

P=K*R*[eye(3)-C] uzs=

u_x = P(1:2,1)/P(3,1) 1.0e+03 *

u_y = P(1:2,2)/P(3,2) 2.9463

u_z=P(1:2,3)/P(3,3)

0.3517



Practice

PredictVanishingPoint.m

W
f=f 2 — 000153020 _ 1294 pix
0.0048

chcd
W 3840 . H 2160 .
= ="" " —1920pix = =""""—1080pix
P, 5 > P P, > 5 p
0.0070 -0.8496 0.0498 0.5731
C=1| 0.7520 R=|-0.3216 -0.8203 -0.4067
-0.2738 0.4180 -0.5299 0.6835

-0.2374 | -0.9565 | 2.0138 1.2723
P=KR[l, —C|=|0.0578 | -15763 | 0.2404 1.2508
0.0004 | -0.0005 | 0.0007 0.0006

R=[-0.8496 0.0498 0.5731
-0.3216 -0.8203 -0.4067
0.4180 -0.5299 0.6835];

C =[0.0070
0.7520
-0.2738];

P=K*R*[eye(3)-C]
u x="P(1:2,1)/P(3,1)
u_y="P(1:2,2)/P(3,2)
u_z="P(1:2,3)/P(3,3)

U x=
-567.8239
138.2813

uys=
1.0e+03 *
1.8050
2.9748

uzs=
1.0e+03 *
2.9463
0.3517




Inverse of Camera Projection Matrix

Camera

““‘“4 =~ e ““*““‘*‘x~“~““ ‘*‘*“*“*‘ k W |

Ground plane



Inverse of Camera Projection Matrix

Camera

=
AV | =KX,
A(KR, ) u+C 1
. ~ k
., kK 3D world
X =K°(R,X+°t)=KR,,(X~C)

Ground plane



Inverse of Camera Projection Matrix

Camera

C :
‘ AlV | = KXc
. - -1 R
\.' ~j~“““““““ﬂ (KC W ) u + | 1_
\m..\.m.“m k
N 3D world
X :KC( WX C'[):KC W(X_ )
G dl _U |
p E— X = /I(KC W) | V
1

3D ray direction 3D ray origin



Chelrallty

Camera

n
AV | =KX,
_1_
e,k 3D world

k —K© (wa +© t) =KR,,(X-C)

Ground pl v
round plane -
P — X=A(KR, ) |v [+C
1

3D ray direction 3D ray origin

where A >0



Perspective Camera

Perspective camera model:
World o

Ul iy [Pa Pe Po Pu
AV :P{ }: Py P Pz Py

1
| Ps1 Pz Py Py |

A

Strong perspectiveness



Affine Camera

A

Strong perspectiveness

Perspective camera model:

_U_ X _pll
Alv |=P s P,
1 pSl

Affine camera model:

U | X _p11
v ::Fk =1 Py

0

— [
_
V] [Py

p12
p22
p32

p12
p22

P
p22

p13
p23
p33

Pis
Pas

P13
Pas

p14 X
p24 1

Pas_

P4 X
Pas 1
1
o
Pas || 1




Affine Camera

Camera Perspective camera model:

U ryq [Pa P P Pl
Alv =P 1 =Py Py Py Py
1 Psi Pz Pz Pay

Affine camera model:

A

Ul [P P P Pl
v :PA =1 Py Py Pz Py

o 0 0 1

A

=

Weak perspectiveness Strong perspectiveness



Orthographic Camera

Affine camera:
H:{pn P Py pu}m
v Por P Pz Pyl

Orthographic camera:
f=1 p,=p,=0

|:U}_ ST EPR PP |:X:|
v Ly T Tn b1




Camera Anatomy

Lens configuration (internal parameter)

|l \ﬁ--

Spatial relationship between sensor and pinhole  Camera body configuration
(internal parameter) (extrinsic parameter)




.




Radial Distortion Model

Assumption: Lens distortion is a function of distance from the principal point.




Radial Distortion Model

Assumption: Lens distortion is a function of distance from the principal point.

distorted — L(,O ) uun distorted

c

where 0= H Usistorted H

L(p)=1+k,0° +k,0" +---




Radial Distortion Model

udistorted = L(p )Uundistorted
L(p) =1+k,0° +k,0" +---







