
CH.6 Fugacities in Liquid Mixtures: Excess Functions 

 

Calculation of fugacities from volumetric properties for condensed phases is often not practical 

because it requires volumetric data for the entire density range including the two-phase region. 

For liquid solutions, usual practice is to describe deviations from ideal behavior in terms of excess 

function, which yield the activity coefficient. 

 

The activity coefficient i has no significance unless 0

if  the fugacity at the standard state is 

specified. 

The solution ideality ( 1i ) is not complete without the choice of standard state. 

Ideal solution in the sense of Raoult’s law 

Ideal solution in the sense of Henry’s law 

 

6.1 The Ideal Solution 

 

In an ideal solution, fugacity is proportional to some suitable measure of its concentration, usually 

the mole fraction. 

 

where i  is dependent on T and P, but independent of composition. 

Ideal solution in the sense of Raoult’s law 

 

Ideal solution in the sense of Henry’s law 



If xi is near zero, it is still possible to have an ideal solution without referring to the fugacity of 

pure liquid i.  

 

For an ideal solution in the sense of Raoult’s law 

 

We use exact thermodynamic relations 

 

 

 

Substituting (6-2) into (6-3) (6-4) we have 

 for ideal sol’n 

 for ideal sol’n 

The formation of an ideal solution occurs without evolution or absorption of heat and without 

change of volume. 

 



6.2 Fundamental Relations of Excess Functions 

 

Excess functions are correction terms that relate the properties of real solutions to those of ideal 

solutions. 

Excess functions are thermodynamic properties of solutions that are in excess of those of an ideal 

(or ideal dilute) solution at the same T, P and x. 

 

The excess Gibbs energy is defined by 

 

Relations between the excess functions are the same as those between the total functions. 

  

Partial derivative of excess functions are the same as those between the total functions. 

 

Partial molar property is defined by 



 
Similarly, partial molar excess property is defined by 

 

From Euler’s theorem 

 

Similarly, the excess property is given by 

 

 

 

6.3 Activity and Activity Coefficients 

 

The activity of i is defined as the ratio of the fugacity of i to that of i in the standard state 

 

The standard state is at the same T as that of mixture, and pressure P0 and x0 at some specified 

condtion. 

The activity coefficient 

 



Relation between partial molar excess Gibbs energy and activity coefficient 

 

From definition of fugacity at constant T and P 

 

 

 

substituting (6-1a) of ideal solution 

 

  

substituting (6-24) into (6-23) 

partial molar excess Gibbs energy 

 

 molar excess Gibbs energy 



The temperature and pressure derivative of the activity coefficient 

 

Case where the excess Gibbs energy is defined relative to an ideal solution in the sense of 

Raoult’s law 
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Differentiation with respect to T gives 

 

Differentiation with respect to P gives 

 

 

Case where the excess Gibbs energy is defined relative to an ideal dilute solution in the sense of 

Henry’s law 

 

For example, consider a liquid mixture containing a gaseous solute (2).  

If the critical temperature of solute 2 is lower than the temperature of mixture, a liquid phase 

cannot exist as 12 x . (a hypothetical standard state is needed in the Raoult’s law) 

Instead, the proportionality constant is determined from the condition of infinitely dilute solution.  

For solute 2 

Henry’s constant 

For solvent 



 

The activity coefficient of solute is g 

 

The temperature derivative is 

 

but has a different meaning 

 

 

The pressure derivative 

 (6-36a) 

 

 

 

6.4 Normalization of Activity Coefficients 

 

If activity coefficients are defined in the sense of Raoult’s law, then 

  

called symmetric convention for normalization 

 



If activity coefficients are defined with reference to an ideal dilute solution, then 

 

  
called unsymmetric convention for normalization 

 

To distinguish, use * for solute 

 

 



 

Ideal behavior of NaCl solution is approached at infinitely dilution. 

 

Relation between symmetric and unsymmetric conventions 

For binary mixture, 

  

Because 

 



We have 

 

physical situation 

physically unrealistic situation 



6.5 Activity Coefficients from Excess Functions in Binary Mixtures 

 

At a fixed temperature, the molar excess Gibbs energy gE of a mixture depends on the 

composition.  

The effect of pressure is negligible away from critical conditions. 

 

For binary mixture (for which the standard state is pure liquid at the same T, P ) 

The molar excess Gibbs energy must obey the two boundary conditions 

 

 

Two-suffix Margules Equations 

The simplest expression 

  A is an empirical constant 

To get activity coefficient 

 
substituting (6-46) into (6-47) 

 



A good representation for mixtures of molecules that are similar in size and chemical nature 

 

At infinite dilution, the activity coefficients are equal. 

 
 

Over a small temperature range, A is nearly constant or a weak function of T. 

 

A usually falls with rising temperature for nonpolar solutions. 

 

In general case, 

Redlich-Kister expansion 

gives activity coefficient as 



 

where 

 

 

Even-powered term to flatten or sharpen the parabola (A, C..) 

Odd-powered term to skew the parabola (B, D..) 

 



From (6-53) and (6-54) 

 

can be used to classify different types of liquid solutions 

 

Hexane / Toluene 

 

One parameter sufficient (linear) 

Ration of molar volume (hexane/toluene) = 1.23 

 

 

 

 

 

 

 



Isooctane / Benzene  

 

Two parameters (A, B) are needed because of large size difference 

Ration of molar volume (isooctane/benzene) = 1.86  

 



Ethanol / Methylcyclohexane 

Highly complex solution requiring 4 parameters 

 

The degree of hydrogen bonding of the alcohol is strongly dependent on the composition in the 

dilute region with respect to alcohol. 

Most solutions are of intermediate complexity, requiring two or three parameters.  

 



Acetic acid / Water 

 

The excess Gibbs energy is nearly a parabola, but is due to cancellation. 

The excess enthalpy and the excess entropy show complexities. 

 

 



6.6 Activity Coefficients for One Component from Those of the Other Components 

 

The Gibbs-Duhem equation at constant temperature and pressure 

 

as this holds for ideal as well as real solutions 

 

Usage of (6-57) 

   To calculate activity coefficient of the other component 

   To check data for thermodynamic consistency 

 

(6-57) in terms of activity coefficients becomes 

 

For binary solution, 

 

Rewriting (6-59) for convenience 

 

Assuming an empirical equation of the form  

 

substituting into (6-60) 



 

Integrating 

 

Eliminating ln 1   

 

To determine I, use boundary condition that 

 

then 

 

Expression for ln 2 is 

 

 

To illustrate, suppose the four-suffix Margules equation 

 i from experimental data 

then 

 

A useful common practice: when there is a large difference in volatility. 

For example, the activity coefficient of polymer that is dissolved in benzene is calculated from the 

activity coefficient of benzene.  



 

6.7 Partial Pressures from Isothermal Total-Pressure Data 

 

Total pressures are measured as a function of composition of the liquid phase. The composition of 

the other phase is calculated by the Gibbs-Duhem equation.  (Reducing experimental work!) 

 

Barker’s Numerical Method 

The total pressure for a binary mixture is 

  

where 
'S

iP is corrected vapor pressure taking into account the second virial coefficients 

 

 

Assumptions 

 The vapor phase is described by the volume-explicit virial equation terminated after the 2nd virial 

coefficients. 

 The pure component liquid volumes are incompressible and the liquid partial molar volume is 

invariant with composition. 

 

We assume 



 

It follows from the Gibbs-Duhem equation that 

 

Iterative calculations are required. 

 

 

 

Benzene / cyclopentane 

 

It is assumed that 

 

Activity coefficients are obtained from differentiation 

 

Required data in Barker’s method 

 



Data (P, x1)  calculated results (P, y1) 

 

 

Optimum values of A’ and B’ were found such that the calculated P is as closely as possible the 

experimental P. 

 

 



Hydrocarbon / Polar solvent 

 

 

 

  



P-x measurements for14 binary systems 

 

 

 

chloroform   furan    THF   methyl acetate  

1,4-dioxane  pyridine  



 

No. 6 shows an ideal mixture behavior. 



6.8 Partial Pressures from Isobaric Boiling-Point Data 

 

Converting isobaric T-x data into y-x data is less useful because the Gibbs-Duhem equation 

contains a correction term proportional to the enthalpy of mixing. 

It is easier to measure y-x data directly that to obtain enthalpy of mixing data. 

For some practical applications, boiling-point measurement is easy. 

 

We assume  

The correction term for nonisothermal condition may be neglected. 

The gas phase is ideal. 

Two-suffix Margules equation is adequate. 

 

 

We assume that A is a constant independent of T, P, and x 

 

Total pressure is 

 

The value of A may be found by trial and error. 



diisopropyl ether / 2-propanol   

 

diisopropyl ether  

  

Good agreement!, but one should not assume that this will be always be the case. 

Without the correction for the enthalpy of mixing, the boiling-point method is necessarily an 

approximation.  



6.9 Testing Equilibrium Data for Thermodynamic Consistency 

 

Consider binary mixture for which the Gibbs-Duhem equation is 

 

A theoretically simple technique is to test data directly with (6-59),  “slope method” 

but it is of little value because experimental data inevitably show some scatter. 

It is much easier to use an integral rather than a differential (slope) test. 

 

Integral Test 

 

The molar excess Gibbs energy is 

 

Differentiating with respect to x1  

 
 

Noting that dx1 = –dx2 and using (6-59) we obtain 

 

 

Integration with respect to x1 gives 

 

 

If pure liquids are used as the standard states, 



 

and 

 

(6-89) becomes 

 

Area test of phase-equilibrium data. 

 

The thermodynamic consistency is met if the area above the x-axis is equal to that below the x-

axis. 

Drawback: The area test does not utilize the most valuable (the most accurate) measurement, 

total pressure P  



When the ratio of activity coefficients is calculated, the pressure cancels out  

 

Suggestion: Measure all P, x, y at constant T, select any two quantities and predict the third using 

the Gibbs-Duhem equation, and compare with the measured quantity. 

 

Pyridine / Tetrachloroethylene 

 

The total pressures are so low that fugacity coefficients can be set to unity. 

The standard-state fugacity is equal to vapor pressure. 

There is only solution nonideality to be considered. 



 

The coefficients depend significantly on the choice of data used. 

 

 

When x-y data are used, RMS error in P is probably larger than the experimental error. 

(One can measure pressure with high accuracy) 

When p-x data are used, RMS error in y is probably within the experimental error of y. 

 

 

 

 

 

 

 

 

 

 



6.10 Wohl’s Expansion for the Excess Gibbs Energy 

 

Wohl’s expansion of the excess Gibbs energy of a binary solution  

 

where z1 and z2 are effective volume fractions 

 

Two types of parameters: 

q’s are effective volumes of the molecules. 

  The ratio of q’s can be approximated as the ratio of the pure-component liquid molar 

volumes. 

 a’s are interaction parameters in a rough way similar to that of virial coefficients (just 

crude analogy!) 

 As gE must vanish as or becomes zero, terms of ,, 3

1

2

1 zz  and ,, 3

2

2

2 zz do not 

explicitly appear in the expansion. 

 

van Laar Equation 

 

We consider a binary solution of two components that are not strongly dissimilar but that have 

different molecular sizes. 

Example:  Benzene / Isooctane 

       Molar volume ( 89 cm3/mol at 25C / 166 cm3/mol at 25C ) 

 



Truncating Whol’s expression after the first term, 

 

that is the van Laar equation. 

The activity coefficients are 

 

  

The ratio of A and B are the ratio of q1 and q2 

It is not necessary to know q1 and q2 separately because it is only their ratio that is important. 

 



 

 

For complex mixtures, the constants must be regarded as empirical parameters. 

 

Propanol / Water 

For an isobaric system, the temperature dependence is often not negligible.  

However, the assumption of temperature-invariant constants appears to be a good approximation 

provided that the temperature range is not large. 



 

 

A general empirical procedure at constant x is 

 

When d = 0, we recover athermal solution behavior (hE=0), and when c = 0, we recover regular 

solution behavior (sE=0). 

 

 

Margules Equations 

 

We consider a binary solution of two components whose molecular sizes are not much different. 

q1 = q2 in Wohl’s equation 

We obtain 

 



 

where 

 

two-suffix Margules equations:  B = C = 0 

three-suffix Margules equations:  C = 0 

four-suffix Margules equations:  C  0 

 



Examples of three-suffix Margules equations 

 

acetone/chloroform: strong negative deviations 

acetone/methanol: strong positive deviations 

methanol /chloroform: unusual behavior at the methanol-rich side 



Scatchard-Hamer Equation 

Instead of assuming q1 = q2 , we assume that 

 

where v1 and v2 are the molar volumes of the pure liquids. 

Then, the activity coefficients are 

 

 

Behavior of two-paramter model 

 

The Scatchard-Hamer eq’n is intermediate between the van Laar eq’n and the three-suffix 

Margules eq’n. 



6.11 Wilson, NRTL, and UNIQUAC Equations 

 

Wilson Equation 

 

The excess Gibbs energy of a binary solution 

 

The activity coefficients are derived as 

 

Eq (6-104) obeys the boundary condition that gE vanishes as either x1 or x2 becomes zero. 

Two adjustable parameters 12 and 21  (NOT the SAME!) 

 

 

where vi the molar volume of pure component i and ’s are energies of interaction 

Wilson’s equation gives an estimate of the variation of the activity coefficients with temperature. 

It may provide a practical advantage in isobaric calculations where the temperature varies as 

composition changes. 



Wilson equation is in many cases better than the three-suffix Margules equation and the van Laar 

equation. 

 

Nitromethane / carbon tetrachloride 

 

The average error in the predicted vapor composition is much less with Wilson equation. 



Ethanol / Isooctane 

 

 

 

Disadvantages of Wilson equation 

 Unable to describe maxima or minima of the activity coefficients. 

 Unable to predict limited miscibility of two liquid phases. (LLE ) 

 

 



NRTL Equation  (nonrandom, two liquid) 

 

Unlike Wioson’s, NRTL equation is applicable to partially miscible as well as completely miscible 

system. 

The excess Gibbs energy is 

  

 

gij is an energy parameter characteristic of the i-j interaction 

12 indicates nonrandomness in the mixture. From experimental data reduction, 12 varies from 

0.2 to 0.47. 12 can often be set to 0.3. 

The activity coefficients are  

 



The NRTL equation is good for strongly nonideal mixtures 

 

Ethanol / Isooctane 

 

This system has a miscibility gap below 30C.  

The parameters (g12–g22) and (g21–g11) appear to be linear functions of temperature showing no 

discontinuities near the critical solution temperature. 

 

UNIQUAC Equation    (universal quasi-chemical theory from liquid theory on lattice) 

 

gE consists of two parts,  

a combinatorial part to describe the entropic contribution, and  

a residual part due to intermolecular forces that are responsible for the enthalpy of mixing. 

 

 



For a binary mixture 

 

The combinatorial part is determined by the composition, size and shape of molecules, requiring 

only pure-component data.  The coordination number z is set to 10. 

 

 
The residual part depends on intermolecular forces, and represented by two adjustable binary 

parameters, 12 and 21 

Segment fraction * and area fractions  and  are  

 

 



r, q, and q are pure-component constants (dimensionless).  

r for molecular size and q for external surface areas 

 

For fluids other than water or lower alcohols, q = q 



Two adjustable parameters 12 and 21 are 

 ( not equal to each other) 

 

 



The activity coefficients are given by 

 

where 

 

 

UNIQUAC parameters for many binary systems are given by DECHEMA. 

 



Examples of UNIQUAC 

 

Acetonitrile / benzene 

 



 

 

hexane / nitroethane 

 

 



 

 

acetone / chloroform 

 

 



 

Methanol / diethyamine 

 

 

Strong negative deviations 

UNIQUAC equation reproduces a weak minima in the activity coefficient. 

 

 



 

 

The interesting feature of these systems is that the activity coefficients show only minor 

deviations from ideal-solution behavior. 

The major contribution to nonideality occurs in the vapor phase. 



 

 



6.12 Excess Functions and Partial Miscibility 

 

A liquid mixture splits into two separate liquid phases if it can lower its Gibbs energy. 

 

mixg = gmixt – ( x1 gpure 1 + x2 gpure 2 ) 

 

Homogeneous single liquid phase 

 

Separated two liquid phase with overall composition the same as that of the homogeneous phase 

 

As gmixt (at b ) < gmixt (at a ), the liquid mixture splits into two phases each having mole fractions  




1x  and 


1x .  

The condition for instability for a binary mixture is 

 

equivalently, 

 

 

Tc the critical solution temperature (or the consolute temperature). 

T > Tc  completely miscible 

T < Tc  partially miscible 

 

Binodal curve, the boundary between the one- and two-phase region 

Spinodal curve, the boundary between unstable region and metastable region. 
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If the overall mole fraction of the mixture falls within the unstable region, spontaneous demixing 

occurs. 

 

The excess Gibbs energy of a mixture is 

 

Substituting into (6-128), the condition for instability becomes 



 

For ideal solution, gE =0, LHS is always greater than zero.  

Therefore, an ideal solution is always stable. 

 

Suppose that 

 (a large value of A will yield instability) 

Then 

 

Substituting into (6-131) 

 

 

The condition for instability becomes 

 
1/(x1x2) has the minimum value of 4 at x1= x2= 1/2 (the most unstable composition) 

The smallest value of A for instability is 

 

Therefore, instability occurs whenever 



 

 

Incipient instability: the borderline between stability and instability 

     It corresponds to a critical state. 

With the condition that 

either x1 or x2 

and 

 

 

More useful characterization of incipient instability 

 

In terms of activity 

   

Substituting into (6-138) and (6-139), we obtain for incipient instability 

use of Gibbs-Duhem eq’n 

and 



 

 

Graphical illustration of instability 

 

 

When A/RT > 2, two stable liquid phases 

When A/RT =2, incipient instability 

When A/RT <2, only one stable liquid phase 

 



 

Water / alcohol 

 

Methyl and ethyl alcohols are completely miscible with water. 

Propyl alcohol shows a point of inflection 

Butyl alcohol is partially miscible with water. 

 

 

    



6.13 Upper and Lower Consolute Temperatures   (critical solution temperatures) 

 

 

When one-parameter Margules equation is assumed 

 

 

UCST (upper critical solution temperature) is more common than 

LCST (lower critical solution temperature). 

LCST observed for mixture containing component that form hydrogen bonds  

or in polymers solutions. 

 



 

The value of A can be a function of temperature in practice. 

 

When the excess Gibbs energy is given by  

 Symmetric 

The composition corresponding to Tc is x1= x2= 1/2   

 

If the excess Gibbs energy is given by van Laar’s equation 

 

Upon substitution into (6-141) and (6-142), we obtain 



 

 

Case of the three-parameter Redlich-Kister series 

 

 

The lower region is for complete miscibility 

Values of B tend to increase the tendency for phase separation. 



 

 

 



6.14 Excess Functions for Multicomponent Mixtures 

 

Wohl’s Equation 

 

 

Two-Suffix Margules Equation 

 

Suppose that components are similar and of approximately the same size. 

We assume that all qs are the same and that all three (and higher) body terms are neglected. 

 

The activity coefficients are 

 

 

All the constants may be obtained from binary data. (A great advantage!) 

 



Van Laar Equation 

 

We assume that all three (and higher) body terms are neglected. 

But we do not assume that all qs are the same. 

 

The molar excess Gibbs energy is given by 

 

To simplify notation 

 

The activity coefficient for component 1 is  

 

For other components (see text) 

All parameters may be obtained from binary data. 

 



Three-Suffix Margules Equation 

 

The molar excess Gibbs energy is 

 

All the constants may be obtained from binary data except 123qa .  

To simplify notation 

 

containing a ternary parameter  

The activity coefficient for component 1 is  

 



 

In system III, the ternary constant Q cannot be neglect. 

 

 



6.15 Wilson, NRTL, and UNIQUAC Equations for Multicomponent Mixtures 

 

Wilson Equation 

 

 

 

The activity coefficient for component k is  

 

 
All parameters may be obtained from binary data. 

 

 



Acetone / methyl acetate / methanol 

 

 

Wilson equation gives a better prediction than van Laar equation. 

 



Acetone / methanol / chloroform  

 

  

Wilson equation gives a better prediction than van Laar equation. 

Three-suffix Margules equation requires a ternary constant. 

 



Ethanol / methylcyclopentane / benzene 

 

 



NRTL Equation 

 

 

where 

 

 

The activity coefficient for component i is  

 



 

*Whol = Three-suffix Margules equation 

NRTL shows a better prediction. 



 

UNIQUAC Equation 

The molar excess Gibbs energy is given by the sum of 

 

and 

 

where 

 

 

and z = 10 

The activity coefficient for component i is  

 

where 

 

Eqn (6-172) requires only pure-component and binary parameters. 

 



 

 



UNIQUAC can be used with confidence to predict VLE of typical multicomponent systems of 

nonelectrolytes with reliable binary parameters. 

 

However, it is often not possible for NRTL and UNIQUAC equation to predict multicomponent 

liquid-liquid equilibria using only binary data. 

 


