
                        Chapter 9
 
 

                        Chapter 9
 
 

Center of Mass and 
Linear Momentum



9 Center of Mass and Linear MomentumEnergy

April 25, 2022 2PHY101 Physics I © Dr.Cem Özdoğan

& Rigid Bodies

J (Ns) since mass is conserved → 
velocities are changed
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9.2 The Center of Mass: System of Particles
 The motion of rotating objects can be complicated 

(imagine flipping a baseball bat into the air).
•But there is a special point on the object for 
which the motion is simple. 
•The center of mass (black dot) of a baseball bat 
flipped into the air follows a parabolic path, but 
all other points of the bat follow more 
complicated curved paths.

 The center of mass (COM) of a system of 
particles is the point that moves as though 

1.All of the system’s mass were concentrated there.
2.All external forces were applied there.

For two particles separated by a 
distance d, where the origin is chosen 
at the position of particle 1:

object → a point like particle
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• For many particles, we can generalize the equation. Consider 
a situation in which n particles are strung out along the x axis.

 For two particles, for an arbitrary choice of origin:
9.2 The Center of Mass: System of Particles

 Then if the total mass is M = m1+m2+...+mn, then the location of the 
center of mass, xcom, is

 Let the mass of the particles are m1, m2,….mn, and let them be 
located at x1, x2,…xn respectively.
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The position of the center of mass can be expressed in vector notation as:

 The center of mass is in the same location regardless of the coordinate 
system used.

•It is a property of the particles, not the coordinates. 
 In three dimensions, we find the center of mass along each axis 

separately:

9.2 The Center of Mass: System of Particles
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9.2 The Center of Mass: Solid Body
• For solid bodies, we take the limit of an infinite sum of infinitely small 

particles → integration! (m → Δm → dm)

   where M is the mass of the object. If the object has uniform density, ρ, 
defined as:   

where V is the volume of the object. You can bypass one or more of 
these integrals if the object has symmetry.

 We limit ourselves to objects of uniform density, ρ, for the sake of 
simplicity, then
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9.2 The Center of Mass: System of Particles
Sample problem: COM of 3 particles

We are given the following data:

The total mass M of the system is 7.1 kg. 

The coordinates of the center of mass are 
therefore:

Note that the zcom  = 0.
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9.3 Newton’s 2nd Law for a System of Particles
• Center of mass motion continues unaffected by forces internal to a 

system (collisions between billiard balls).

Note that:
1. Fnet is the net force of all external 

forces that act on the system. Forces 
on one part of the system from 
another part of the system (internal 
forces) are not included.

2. M is the total mass of the system. M 
remains constant, and the system is 
said to be closed.

3. acom is the acceleration of the center 
of mass of the system. 

The vector equation that governs the motion of the center of mass of such 
a system of particles is:
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9.3 Newton’s 2nd Law for a System of Particles: Proof of Final Result

• For a system of n particles,

     where  M is the total mass, and ri are the position vectors of the masses mi.

• Differentiating, 

where the v vectors are velocity vectors.

• This leads to 

• Finally, 

    What remains on the right hand side is the vector sum of all the external forces that act on 
the system, while the internal forces cancel out by Newton’s 3rd Law.

=F
net
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9.3 Newton’s 2nd Law for a System of Particles
Sample problem: Motion of the COM of 3 Particles

Calculations: 
Applying 
Newton’s second 
law to the center 
of mass,
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9.4 Linear Momentum
DEFINITION:

in which m is the mass of the particle and v is its velocity.

•The time rate of change of the momentum of a particle is equal to the 
net force acting on the particle and is in the direction of that force.

   Manipulating this equation:

                          (Newton’s 2nd Law)

linear: since not rotation
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9.5 Linear Momentum of a System of Particles
• The linear momentum of a system of particles is equal to the product 

of the total mass M of the system and the velocity of the center of 
mass.

The time rate of change of the momentum of a particle is equal to the 
net force acting on the particle and is in the direction of that force.

 The net external force on a system changes linear momentum.
 Without a net external force, the total linear momentum of a system 

of particles cannot change.
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9.6 Collision and Impulse

• In this case, the collision is brief, and the ball 
experiences a force that is great enough to 
slow, stop, or even reverse its motion.

• The figure depicts the collision at one instant.
• The ball experiences a force F(t) that varies 

during the collision and changes the linear 
momentum of the ball. 
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•In a collision, momentum of a particle can change.
•The change in linear momentum  is related to the force by Newton’s 
second law written in the form

•The right side of the equation is a measure of both the magnitude and 
the duration of the collision force, and is called the impulse of the 
collision, J (Unit: Ns). 

•This means that the applied impulse is equal to the change in 
momentum of the object during the collision:

9.6 Collision and Impulse
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•Instead of the ball, one can focus on the bat.
•At any instant, Newton’s third law says that the 
force on the bat has the same magnitude but the 
opposite direction as the force on the ball. 

•That means that the impulse on the bat has the 
same magnitude but the opposite direction as the 
impulse on the ball.

 We are integrating: 
we only need to 
know the area 
under the force 
curve!

9.6 Collision and Impulse



April 25, 2022 16PHY101 Physics I © Dr.Cem Özdoğan

Sample problem: 2-D Impulse

9.6 Collision and Impulse
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Sample problem: 2-D Impulse 
contd.

9.6 Collision and Impulse



April 25, 2022 18PHY101 Physics I © Dr.Cem Özdoğan

9.7 Conservation of Linear Momentum
• If no net external force acts on a system of particles, the total linear 

momentum, P, of the system cannot change. (an impulse of zero )

If the component of the net external force on a closed system is zero 
along an axis, then the component of the linear momentum of the system 

along that axis cannot change.

 This is called the law of conservation of linear momentum. 
 Internal forces can change momenta of parts of the system, but cannot 

change the linear momentum of the entire system.
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Sample problem: 2-D Explosion
9.7 Conservation of Linear Momentum
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9.8 Momentum and Kinetic Energy in Collisions
1. In a closed and isolated system, if there are two colliding bodies, and 

total kinetic energy is unchanged (conserved) by the collision.
• Such a collision is called an elastic collision.

• A useful approximation for common situations.

• In real collisions, some energy is always transferred.

2. If during the collision, some energy is always transferred from kinetic 
energy to other forms of energy, such as thermal energy or energy of 
sound, then the kinetic energy of the system is not conserved. 

 Such a collision is called an inelastic collision.
• Some energy is transferred.

3. Completely inelastic collisions:
• The objects stick together
• Greatest loss of kinetic energy.
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9.9 Inelastic collisions in 1-D
Completely inelastic collision, for 

target at rest:
Inelastic collision:

in x-direction

+m
2
v

2i
=0 & v

1f
=v

2f
=V



April 25, 2022 23PHY101 Physics I © Dr.Cem Özdoğan

Fig. 9-16 Some freeze frames
of a two-body system, which undergoes a 
completely inelastic collision. The system’s 
center of mass is shown in each freeze-frame. 
 The velocity vcom of the center of 

mass is unaffected by the 
collision.

 Because the bodies stick together 
after the collision, their common 
velocity V must be equal to vcom.

The center of 
mass velocity 
remains 
unchanged:

9.9 Inelastic collisions in 1-D
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The collision within the bullet– block system is 
so brief. Therefore: 
(1)During the collision, the gravitational force on 
the block and the force on the block from the 
cords are still balanced. Thus, during the 
collision, the net external impulse on the bullet-
block system is zero. Therefore, the system is 
isolated and its total linear momentum is 
conserved. 
(2) The collision is one-dimensional in the sense 
that the direction of the bullet and block just after 
the collision is in the bullet’s original direction of 
motion.

As the bullet and block now swing up
together, the mechanical energy of the bullet– 
block–Earth system is conserved:

Combining steps:

Sample problem: conservation of 
momentum

9.9 Inelastic collisions in 1-D
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9.10 Elastic collisions in 1-D: Stationary Target
In an elastic collision, the kinetic energy of each colliding body may 
change, but the total kinetic energy of the system does not change.

With some algebra we get:

 Results:
o Equal masses, v

1f
 = 0, v

2f
 = v

1i
: the first object stops.

o Massive target, m
2
 >> m

1
: the first object just bounces back, speed mostly unchanged.

o Massive projectile, v
1f
 ≈ v

1i
, v

2f
 ≈ 2v

1i
: the first object keeps going, the target flies 

forward at about twice its speed.
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9.10 Elastic collisions in 1-D: Moving Target

For a target that is also moving, 

With some algebra we get:
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9.10 Elastic collisions in 1-D
Sample problem: Two Pendulums
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9.11 Collisions in 2-D

If elastic,

Also, apply conservation of energy for 
elastic collisions:

Apply the conservation of momentum 
along each axis:

x:

y:

known(s) →  unknown(s) !
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9 Solved Problems
1. A shell is shot with an initial velocity of v0 =20 m/s, at an angle of θ=60o with the 

horizontal. At the top of the trajectory, the shell explodes into two fragments of 
equal mass (see Figure). One fragment, whose speed immediately after the 
explosion is zero, falls vertically. How far from the gun does the other fragment 
land, assuming that the terrain is level and that air drag is negligible? 

as max height
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9 Solved Problems
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9 Solved Problems
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9 Solved Problems
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9 Solved Problems
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9 Solved Problems
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9 Solved Problems
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9 Solved Problems



Collision and Impulse
 Defined as:

 Impulse causes changes in 
linear momentum
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Linear Momentum & Newton's 2nd 
Law

 Linear momentum defined as:

 Write Newton's 2nd law:

 

9 Summary

Eq. (9-25)

Eq. (9-42)

Eq. (9-51)

Conservation of Linear Momentum

 

Inelastic Collision in 1D
 Momentum conserved along that 

dimension

Eq. (9-27)

Eq. (9-30)

Motion of the Center of Mass
Unaffected by collisions/internal forces

Collisions in Two Dimensions
Apply conservation of momentum 
along each axis individually
Conserve K if elastic

Elastic Collisions in One Dimension
K is also conserved

Eq. (9-67)

Eq. (9-87)

Variable-Mass Systems

Eq. (9-68)

Eq. (9-88)
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Additional Materials

9 Center of Mass and Linear MomentumEnergy
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Sample problem: COM Calculations:
•  First, put the stamped-out disk (call it disk S) back into place to 

form the original composite plate (call it plate C). 
• Because of its circular symmetry, the center of mass comS for 

disk S is at the center of S, at x =-R. 
• Similarly, the center of mass comC for composite plate C is at 

the center of C, at the origin.
• Assume that mass mS of disk S is concentrated in a particle at xS 

=-R, and mass mP is concentrated in a particle at xP.
•  Next treat these two particles as a two particle system, and find 

their center of mass xS+P.

• Next note that the combination of disk S and plate P is 
composite plate C. Thus, the position xS+P of comS+P must 
coincide with the position xC of comC, which is at the origin; so 
xS+P =xC = 0. 

But,

                                                                and xS=-R

9.2 The Center of Mass: Solid Body
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9.6 Collision and Impulse: Series of Collisions
• Let n be the number of projectiles that collide in a 
time interval Δt.

• Each projectile has initial momentum mv and 
undergoes a change Δ p in linear momentum 
because of the collision. 

• The total change in linear momentum for n 
projectiles during interval Δ t is n Δ p.

• The resulting impulse on the target during Δ t is 
along the x axis and has the same magnitude of 
nΔp but is in the opposite direction. 

• In time interval Δt, an amount of mass Δ m =nm 
collides with the target.

 If the particles stop:

 If the particles bounce back with equal 
speed
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9.12 Systems with Varying Mass: A Rocket

•The system here consists of the rocket and the exhaust products released during interval dt. The 
system is closed and isolated, so the linear momentum of the system must be conserved during 
dt, where the subscripts i and f indicate the values at the beginning and end of time interval dt.

Rocket and exhaust products 
form an isolated system.

Conserve 
momentum.
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9.12 Systems with Varying Mass: Finding the 
velocity

in which Mi is the initial mass of the rocket and Mf its final mass. 
Evaluating the integrals then gives

for the increase in the speed of the rocket during the change in mass 
from Mi to Mf .
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Sample problem: Rocket Engine, Thrust, Acceleration

9.12 Systems with Varying Mass
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