
 1 

Name: ____________________          Period: ______ 
 
Date: ___________                 AP Calc BC 

 
Mr. Mellina/Ms. Lombardi 

 
 

Chapter 10 – Parametric &  
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10.2 – Plane Curves and  
Parametric Equations  

Topics	

• Sketch the graph of a curve given by a set of parametric equations. 
• Eliminate the parameter in a set of parametric equations. 
• Find a set of parametric equations to represent a curve. 

 
 
 

 
 
Warm Up! 
An	object	moves	along	a	line	in	such	a	way	that	its	x-	and	y-coordinates	at	time	t	are		
x	=	1	–	t	and	y	=	1	+	2t.		When	and	where	does	the	object	cross	the	circle	 ?	
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Example	1:	Sketching	a	Curve	
Sketch	the	curve	described	by	the	parametric	equations	
a.	 𝑥 = 𝑓 𝑡 = 𝑡% − 4		 	 	 	 b.	 𝑥 = 𝑓 𝑡 = 4𝑡% − 4	

𝑦 = 𝑔 𝑡 = *
%
	 	 	 	 	 	 𝑦 = 𝑔 𝑡 = 𝑡	

	
t	 -2	 -1	 0	 1	 2	 3	

x	 	 	 	 	 	 	

y	 	 	 	 	 	 	

	 	 	 	  
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

t	 -1	 -0.5	 0	 0.5	 1	 1.5	

x	 	 	 	 	 	 	

y	 	 	 	 	 	 	

 

According to the Vertical Line Test, both graphs above do not define y as a function of x.  This 
points out one benefit of parametric equations – they can be used to represent graphs that are 
more general than graphs of functions.  
 
If often happens that two different sets of parametric equations have the same graph (as seen 
above).  However, comparing the values of t in both graphs above, you can see the second 
graph is traced out more rapidly (considering t as time) than the first graph.  So, in 
applications, different parametric representations can be used to represent various speeds at 
which objects travel along a given path. 
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Example	2:	Using	Parametric	Equations	
Sketch	the	curve	represented	by	the	parametric	equations	(indicate	the	orientation	of	the	
curve),	and	write	the	corresponding	rectangular	equation	by	eliminating	the	parameter.	
a.	 𝑥 = +

*,+
		and		𝑦 = *

*,+
	,		𝑡 > −1	
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b.	 𝑥 = 𝑡		and		𝑦 = 𝑡 − 5	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
c.	 𝑥 = 𝑡 − 1 		and		𝑦 = 𝑡 + 2	
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Example	3:	Using	Trigonometry	to	Eliminate	a	Parameter	
It	is	not	necessary	for	the	parameter	in	a	set	of	parametric	equations	to	represent	time.		This	
example	uses	an	angle	as	the	parameter.		Sketch	the	curve	represented	by	the	following	
parametric	equations	by	eliminating	the	parameter	and	finding	the	corresponding	rectangular	
equation.	
a.	 𝑥 = 3 cos 𝜃		and			𝑦 = 4 sin 𝜃 ,			0 ≤ 𝜃 < 2𝜋	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
b.	 𝑥 = cos 𝜃		and		𝑦 = 2 sin 2𝜃	
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Example	4:	Baseball!	–	Challenge	Question	
The	center	field	fence	in	a	ballpark	is	10	feet	high	
and	400	feet	from	home	plate.		The	ball	is	hit	3	
feet	above	the	ground.		It	leaves	the	bat	at	an	
angle	of	𝜃	degrees	with	the	horizontal	at	a	speed	
of	100	miles	per	hour.	
	
a.	 Write	a	set	of	parametric	equations	for	the	

path	of	the	ball.	
	
	
	
	
	
b.	 Use	a	graphing	utility	to	graph	the	path	of	the	ball	when	𝜃 = 15°.		Is	the	hit	a	home	run?	
	
	
	
	
	
	
c.	 Use	a	graphing	utility	to	graph	the	path	of	the	ball	when	𝜃 = 23°.		Is	the	hit	a	home	run?	
	
	
	
	
	
	
d.	 Find	the	minimum	angle	at	which	the	ball	must	leave	the	bat	in	order	for	the	hit	to	be	a	

home	run.	
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10.3 – Parametric Equations and 
Calculus  

Topics	

• Find the slope of a tangent line to a curve given by a set of parametric equations.   
• Find the arc length of a curve given by a set of parametric equations. 

• Find the area of a surface of revolution (parametric form). 
 

 
 

 
 
Warm Up! 
True	or	False?	
	
a.	
	
	
b.	
	
	
	
c.	
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Example	1:	Finding	a	Derivative	
Find	@A

@B
.	

	
a.	 𝑥 = sin 𝑡 , 𝑦 = cos 𝑡	 	 	 b.	 𝑥 = 2𝑒D, 𝑦 = 𝑒ED/%	
	
	
	
	
	
	
	
	
	
	
Example	2:	Finding	Slope	and	Concavity	
Find	@A

@B
	and	@

GA
@BG

,	and	find	the	slope	and	concavity	(if	possible)	at	the	given	value	of	the	
parameter.	
	
a.	 𝑥 = 𝑡, 𝑦 = +

H
𝑡% − 4 	 at	the	point	 2,3 	
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b.	 𝑥 = 𝑡% + 5𝑡 + 4, 𝑦 = 4𝑡,				𝑎𝑡			𝑡 = 0	
	
	
	
	
	
	
	
	
	
	
	
	
	
c.	 𝑥 = 4 cos 𝜃 , 𝑦 = 4 sin 𝜃 ,			𝑎𝑡		𝜃 = J

H
	

	
	
	
	
	
	
	
	
	
	
	
Example	3:	Finding	Equations	of	Tangent	Lines	
Find	the	equation	of	the	tangent	lines	at	the	point	to	the	curves	at	each	given	point.	
a.	 𝑥 = 𝑡% − 4, 𝑦 = 𝑡% − 2𝑡, 0,0 , −3, −1 , −3,3 	
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b.	 𝑥 = 2 cot 𝜃 , 𝑦 = 2 sin% 𝜃 , − %
L
, L
%
, 0,2 , 2 3, +

%
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Example	5:	Arc	Length	
Find	the	arc	length	of	the	curve	on	the	given	interval.		Check	answer	in	the	Calculator.	
a.	 𝑥 = 3𝑡 + 5, 𝑦 = 7 − 2𝑡, 𝑜𝑛	 − 1 ≤ 𝑡 ≤ 3	
	
	
	
	
	
	
	
	
	
	
	
	
	
b.	 𝑥 = 6𝑡%, 𝑦 = 2𝑡L, 𝑜𝑛	1 ≤ 𝑡 ≤ 4	
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c.	 𝑥 = arcsin 𝑡 , 𝑦 = ln 1 − 𝑡% , 𝑜𝑛	0 ≤ 𝑡 ≤ +
%
	

	
	
	
	
	
	
	
	
	
	
	
Extra	Practice	(Calculator	Active)	
Consider	the	parametric	function	below.	

𝑥 = 𝑡% − 4
𝑦 = 3 sin 𝑡		𝑜𝑛	0 ≤ 𝑡 ≤ 𝜋	

	
a.	 Sketch	the	curve	
	
	
	
	
	
	
	
	
	
	
b.	 Find	the	highest	point	on	the	curve.	
	
	
	
	
	
	
	
	
	
c.	 Find	the	length	of	the	curve	on	the	interval.	
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12.2/12.3 – Differentiation and 
Integration of Vector Valued 

Functions/Velocity & Acceleration  
Topics	

• Differentiate a Vector-Valued Function 
• Integrate a Vector-Valued Function 

• Describe the velocity and acceleration associated with a a vector-valued function. 
• Use a vector-valued function to analyze projective motion. 

 
 
 

 
 
Warm Up! 
Calculator	Active	
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Example	1:	Multiple	Choice	Examples	
1998	BC21	(non-calculator)	

	

Vector Functions 
Vectors are quantities that have both magnitude (size) and direction.  They can be used to 
indicate motion in a two-dimensional plane.  We use the symbol 〈𝑎, 𝑏〉 to represent a vector 
that stretches from the origin to the coordinate (𝑎, 𝑏).  Because vectors indicate motion, we 
can use calculus to measure the motion of the path traveled by the tip of the vector.  The 
following relationships should be learned and memorized.  
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2003	BC84	(calculator	active)	
	
	
	
	
	
	
	
	
	
	
	
2008	BC1	(non-calculator)	
	
	
	
	
	
	
	
	
	
	
	
	
	
1998	BC10	(non-calculator)	
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Example	2:	FRQ	Questions	
2006	Form	B	BC2	(Calculator	active)	
	
	
	
	
	
																																																																														(2,	-3).	
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	 	 	 	 	 	 	 	 	 	 	 (Calculator	Active)	
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	 	 	 	 	 	 	 	 	 	 	 (Calculator	Active)	
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	 	 	 	 	 	 	 	 	 	 	 	 (Calculator	Active)	
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10.4 – Polar Coordinates & Polar 
Graphs  

Topics	

• Understand the polar coordinate system 
• Rewrite rectangular coordinates and equations in polar form and vice-versa. 

• Sketch the graph of an equation given in polar form. 
• Find the slope of a tangent line to a polar graph. 
• Identify several types of special polar graphs. 

 
 
 

 
 
Warm Up! 
a.	 Brainstorm	with	a	neighbor	everything	you	can	remember	about	polar	coordinates.	
	
	
	
	
	
	
	
	
	
b.	 Match	the	Polar	Graph	with	its	name.		 	 	 	 	 Word	Bank	
	 	 	 	 	 	 	 	 	 	 	 Limaçon	with	inner	loop	
	 	 	 	 	 	 	 	 	 	 	 Cardiod	 	
	 	 	 	 	 	 	 	 	 	 	 Dimpled	limaçon	
	 	 	 	 	 	 	 	 	 	 	 Convex	limaçon	
	 	 	 	 	 	 	 	 	 	 	 Rose	Curve	
	 	 	 	 	 	 	 	 	 	 	 Circle	
	 	 	 	 	 	 	 	 	 	 	 Lemniscate	
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 23 

Example	1:	Graphing	and	Converting	Polar	Coordinates	
The	polar	coordinates	of	a	point	are	given.		Plot	the	point	and	find	the	corresponding	
rectangular	coordinates	for	the	point.	
a.	 8, J

%
		 	 	 b.	 −2, ZJ

L
	 	 	 c.	 −4,− LJ

H
	

	
	
	
	
	
d.	 0, [J

\
	 	 	 e.	 7, ZJ

H
	 	 	 f.	 −2, ++J

\
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Example	2:	Rectangular-to-Polar	Conversion	
The	rectangular	coordinates	of	a	point	are	given.		Find	two	sets	of	polar	coordinates	for	the	
point	for	0 ≤ 𝜃 < 2𝜋.	
a.	 1, 0 		 	 	 b.	 0,−9 	 	 	 c.	 −3, 4 	
	
	
	
	
	
	
d.	 6,−2 	 	 	 e.	 −5,−5 3 		 	 f.	 3,− 3 	
	
	
	
	
	
	
	
	
Example	3:	Rectangular-to-Polar	Conversion	
Convert	the	rectangular	equation	to	polar	form	and	us	a	calculator	to	sketch	the	polar	graph.	
a.	 𝑥% + 𝑦% = 9	 	 	 	 b.	 𝑥% − 𝑦% = 9	 	
	
	
	
	
	
	
c.	 𝑦 = 8		 	 	 	 	 d.	 𝑥 = 12	
	
	
	
	
	
	
e.	 3𝑥 − 𝑦 + 2 = 0	 	 	 	 f.	 𝑥𝑦 = 4	
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Example	4:	Polar-to-Rectangular	Conversion	
Convert	the	polar	equation	to	rectangular	form.	
a.	 𝑟 = 4		 	 	 	 	 b.	 𝑟 = 3 sin 𝜃	
	
	
	
	
	
	
	
	
	
	
	
	
c.	 𝑟 = 𝜃		 	 	 	 	 d.	 𝜃 = ZJ

\
	

	
	
	
	
	
	
	
	
	
	
	
	
	
e.	 𝑟 = 3 sec 𝜃	 	 	 	 	 f.	 𝑟 = sec 𝜃 tan 𝜃	
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Example	5:	Horizontal	and	Vertical	Tangency	
Find	the	points	of	horizontal	and	vertical	tangency	to	the	polar	curve.	
a.	 𝑟 = 1 − sin 𝜃	 	 	 	 	 	 	
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10.5 – Area and Arc Length  
in Polar Coordinates  

Topics	

• Find the area of a region bounded by a polar graph. 
• Find the points of intersection of two polar graphs. 

• Find the arc length of a polar graph. 
 

	
	
	
	
Warm Up! 
Determine	whether	the	statement	is	true	or	false.		If	it	is	false,	explain	why	or	give	an	example	
that	shows	it	is	false.	
	
a.	
	
	
	
	
	
b.	
	
	
	
	
	
c.	 	
	
	
	
	
	
	
d.	
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Example	1:	Tangent	Lines	of	Polar	Curves	
Find	the	slope	of	the	curve	at	the	point	where		𝑟 = 3 sin 2𝜃		at	the	point	where	𝜃 = J

\
		and	use	

it	to	write	an	equation	for	the	line	tangent	to	the	graph.		Verify	graphically.	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
Example	2:	Investigating	Area	between	two	Polar	Curves	
Given	the	area	of	a	sector	equation	below,	write	a	definite	integral	that	would	define	the	
shaded	region	to	the	right.	
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Example	3:	Finding	the	Area	of	a	Polar	Region	
Write	an	integral	that	represents	the	area	of	the	shaded	region	of	the	figure.			
a.	 	 	 	 	 	 	 b.	 	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
c.	 	 	 	 	 	 	 d.	 	
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Example	4:	Finding	the	Area	of	a	Polar	Region	
Find	the	area	of	the	region.		Use	a	calculator	to	see	the	graph,	but	integrate	without.			
a.	 Interior	of	𝑟 = 6 sin 𝜃	
	
	
	
	
	
	
	
	
	
	
	
	
b.	 One	pedal	of	𝑟 = 2 cos 3𝜃	
	
	
	
	
	
	
	
	
	
	
	
	
c.	 Interior	of	𝑟 = 6 + 5 sin 𝜃	(below	the	polar	axis)	
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Example	4:	Finding	the	Area	of	a	Polar	Region	
Find	the	area	of	the	given	region	using	your	calculator.			
a.	 Inner	loop	of	𝑟 = 1 + 2 cos 𝜃	 	 	 b.	 Between	the	loops	of	𝑟 = 1 + 2 cos 𝜃	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
c.	 Inner	loop	of	𝑟 = 4 − 6 sin 𝜃	 	 	 d.		Between	the	loops	of	𝑟 = 2(1 + 2 sin 𝜃)	
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Example	5:	Points	of	Intersection	of	Polar	Graphs	
Find	the	points	of	intersection	of	the	graphs	of	the	equations.	
a.	 𝑟 = 1 − 2 cos 𝜃	
	 𝑟 = 1	
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Example	6:	Points	of	Intersection	of	Polar	Graphs	
Find	the	points	of	intersection	of	the	graphs	of	the	equations.	
a.	 𝑟 = 1 + cos 𝜃	 	 	 	 	 b.	 𝑟 = 3(1 + sin 𝜃)	
	 𝑟 = 1 − cos 𝜃	 	 	 	 	 	 𝑟 = 3(1 − sin 𝜃)	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
c.	 𝑟 = 1 + cos 𝜃	 	 	 	 	 d.	 𝑟 = 2 − 3 cos 𝜃	
	 𝑟 = 1 − sin 𝜃	 	 	 	 	 	 𝑟 = cos 𝜃	
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Example	7:	Finding	the	Area	of	a	Region	Between	Two	Polar	Curves	
Find	the	area	of	the	region	common	to	the	two	regions	bounded	by	the	curves	below.	
a.	 𝑟 = −6 cos 𝜃	 	 	 	 	 	
	 𝑟 = 2 − 2 cos 𝜃	
	
	
	
	
	
	
	
	
	
	
	
	
	
	
Example	8:	Finding	the	Area	of	a	Region	Between	Two	Polar	Curves	
Find	the	area	of	the	given	region.	
a.	 Common	interior	of		 	 	 	 b.	 Common	interior	of	

𝑟 = 4 cos 2𝜃	 	 	 	 	 	 𝑟 = 2 1 + cos 𝜃 	 	 	
	 𝑟 = 2		 	 	 	 	 	 	 𝑟 = 2 1 − cos 𝜃 	
	
	
	
	
	
	
	
	
	
c.	 Common	interior	of	

𝑟 = 5 − 3 sin 𝜃	 	 	 	 	 	
	 𝑟 = 5 − 3 cos 𝜃	
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Example	9:	Finding	the	Area	of	a	Region	Between	Two	Polar	Curves	
Find	the	area	of	the	given	region.	
a.	 Inside	𝑟 = 3 + 2 sin 𝜃	and	outside	𝑟 = 2	
	
	
	
	
	
	
	
	
	
	
	
	
b.	 Outside	𝑟 = 3 + 2 sin 𝜃	and	inside	𝑟 = 2	
	
	
	
	
	
	
	
	
	
	
	
	

 Area Between 2 Polar Curves 
To get the area between the polar curve 𝑟 = 𝑓(𝜃) and the polar curve 𝑟 = 𝑔(𝜃), we just 
subtract the area inside the inner curve from the area inside the outer curve.  
If 𝑓(𝜃) ≥ 𝑔(𝜃), 

1
2a

[𝑓(𝜃)% − 𝑔(𝜃)%]𝑑𝜃
e

f
 

       or 
1
2a

[(𝑟gh*ij)% − (𝑟kllij)%]𝑑𝜃
e

f
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Polar	AP	MC	Practice	
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Polar	AP	FRQ	Practice	
	
	
	 	 	 	 	 	 	 	 	 	 	 (Calculator	Active)	
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	 	 	 	 	 	 	 	 	 	 	 	 (Calculator	Active)	
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	 	 	 	 	 	 	 	 	 	 	 	 (Calculator	Active)	
	
	
	
	
	
	
	


