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Chapter 15: Quantum Information Theory Z_J

In this lecture you will learn:

 Classical Information Theory and Entropy

e Classical Information Compression and Information Communication
* Von Neumann Entropy and Quantum Information Theory

* Holevo’s Theorem and Accessible Information

e HSW Theorem and Quantum Communication

» Classical Communication with Quantum States of Light

* Entanglement and Entropy




Classical Coding Theory

Consider the following possible values of a random variable X that is to be measured
and the corresponding a-priori probabilities:

Value of X | Probability | Coding #1

- 1/32 000 Su!opose you make the measurement
N times

b 132 001
After you are done, you wish to tell

c 1/8 010 your friend about ALL the

d 1/4 011 measurement results

= 1/8 100 How many bits do you need to do

f 1/8 101 this?

g 1/16 110

h 1/4 111

Coding Scheme #1:

There are 8 possible outcomes of every measurement, so we need 3 bits to encode
all the outcomes of a single measurement, and all N outcomes can be encoded
using 3N bits



Classical Coding Theory and Information Compression

The coding scheme #1 does not take into account that some measurement outcomes
are very unlikely and some are much more likely

Value of X | Probability Codlng #1 | Coding #2

a 1/32 00000
b 1/32 001 00001 Assign shorter codes to
C 1/8 010 011 more likely outcomes and

longer codes to less likely
d 1/4 011 10 outcomes
e 1/8 100 001

.....but such that any chain
f 1/8 101 010 of bits representing the N
g 1/16 110 0001 outcomes is uniquely

!

H 1/4 111 11 decodable!

Average number of bits required per outcome
= 2x(1/32)x5 + 1x(1/16)x4 + 3x(1/8)x3 + 2x(1/4)x2 = 2.69 bits !

Bits required to transmit the results of N measurements is 2.69N < 3N bits !



0.3

Entropy and Information
Consider a random variable X with the following probability distribution:

(Question: If you were to find )
out the outcome of the random
variable (say after making a
measurement) then how much

anormation did you acquire? y

( Hint: How many bits do you R
need, on average, to convey the
result of the measurement to

Answer should
be zero!

. your friend? y

[ be NOT be
8l zero!

Answer should




Information and Asymptotic Equipartition Property
Consider a random variable X with the probability distribution P(x)
X ={a,b,c,d,e,f,g,h}
Suppose we measure X exactly N times (N is very large) and we plan to send the results
to a friend

1
:_N|092P(x1,x2,x3, ....... XN):_N_Z |092P(Xi)

As N—~ then:
Limit 1 N Asymptotic
N "N |°92P(Xi)=—z P(X)|°92 P(X)=H(X) Equipartition
—© Ni=t x Property (AEP)

This means that as N—« ,
~NH(X)

eThis means that as N—~ there can only be 2VNH(X) different result sequences that are
probabilistically likely (and each one of them has the same a-priori probability)
eTherefore, we only need NH(X) bits to encode any result sequence that is likely to occur
oLhis means on average we need only H(X) bits per result to encode it



Entropy and Information
Entropy:

The amount of information (in bits) that is gained by learning about the outcome of a
measurement of a random variable is given by the entropy function:

H(X)=~%p(x)log;| p(x)]

Equivalently, entropy is the minimum number of bits required on average to transmit
reliably the outcome of a measurement of the random variable

1.2

Case 1: 1 | Completely deterministic scenario!
0.8

plx) o5 - H(X)=0
04r¢ 1

0.2
R Case 2;

1.2

1F

0.8f

Completely random scenario! p(x)os;

1
P(X)=§
H(X)=log, 8 = 3 bits




Entropy and Information

Value of X | Probability Codlng #1 | Coding #2

a 1/32 00000
b 1/32 001 00001
C 1/8 010 011

d 1/4 011 10

e 1/8 100 001

f 1/8 101 010

g 1/16 110 0001
h 1/4 111 11

H(X)=-Zp(x)log;[p()]
=2.69 bits! 9/

It



Entropy and Data Compression

A classical message M consists of a very long sequence of letters y; :

M = {y1!y2!.V3!

In the message, each letter a; occurs with an a-priori probability p;

The entropy of the message is then:

K
H(C)= —_; p;log, (p;)

(sh

annon’s Source Coding Theorem:

A classical message of N letters, as described above, can be reliably compressed to
just NH(C) bits and recovered with an error probability that approaches zero as the
message length N becomes large

\

N

J

C. Shannon, “A Mathematical Theory of Communication”, Bell System Technical
Journal, vol. 27, pp. 379-423 and 623-656, July and October 1948




Entropy Maximizing Distributions
Continuous random variable:

What probability distribution maximizes H(X) subject to the constrains:

<(x—xc,)2>=o-2 {—00 < X < oo}

Answer: A Gaussian (or Normal) distribution
(x—xo)2
1 _

P(x)= ~e 20 =N(xo,0'2) I:> H(X)=%Iogz(27zeo—2)

270

Discrete random variable:

What probability distribution maximizes H(N) subject to the constrains:
(n)=n,

Answer: A Thermal (or Bose-Einstein) distribution




Conditional Entropy

How much information can be obtained on average from learning about the outcome of
a measurement of a random variable Y if the outcome of the measurement of another
random variable X is known?

H(Y1X)=-Zp(x)Zp(y | x)logz[P(y | X)]

=§p(x)H(Y|X=x)

--% p(x,y)log,[p(y | x)]

Cases:

H(Y|X)=H(Y) Iff Xand Y are independent random variables

H(Y | X) =0 iff X completely determines Y




Mutual Information

Difference between the information obtained on average from learning about the
outcome of a measurement of a random variable Y and the information obtained on
average from learning about the outcome of a measurement of a random variable Y if
the outcome of the measurement of another random variable X is known

I(Y:X)=H(Y)-H(Y|X)=I(X:Y)=H(X)-H(X]Y)

{ p(x.y) }

p(x)p(y)

= Y p(x,y)log,
X,y

Mutual information quantifies how much information one random variable conveys
about another random variable

Cases:

I(Y:X)=H(Y)-H(Y|X)=H(Y) iff Xcompletely determines Y

I(Y:X)=H(Y)-H(Y|X)=0 Iff X and Y are independent random
variables



Classical Signals and Degrees of Freedom
How many degrees of freedom do bandwidth-limited real classical signals have?

(0 #(o)

»
»

AN AA/.‘W!\VA oo Av/\ﬂ!\, ,
VVNM\MVU \“}VU ¢ o8

Answer: 2B real degrees of freedom per second (Nyquist Theorem) where B is the
single-sided signal bandwidth in Hertz (not radians)

Recall from Chapter 5 that real narrowband signals can always be written as:

x(t)=Re{a(t)e '] - a(t)= xq(t)+ ixy ()
x(t) = x4(t)cos(wot)+ x5 (t)sin(w,t)

So each time-domain sample of the signal carries information on two real degrees
of freedom

And by Nyquist theorem, a band-limited signal can have at max B independent
samples per second (where B is the single-sided bandwidth in Hertz)



Classical Signals and Degrees of Freedom

x(t)

One can sample the signal as follows and
then reconstruct the signal with these
samples

2cos w,t

1
i

2sinw,t

x(t) |

(t) = x4 (t)cos(wot)+ X3 (t) sin(w,t)




Classical Signals and Degrees of Freedom

xalnl= X{t__) T — P i LB B)]

t tt t ot [ [ ] foe 7 BE-nE)

7B o sin| zB(t-n/B)]| _

[ 1] [ B( 1/5)]

7B(t+1/B)

) 4

— 0 sin| zB(t - n/B)
9 X(t)znzoo xi[n] 7EB(t n/B) ]

o0 sin| zB(t-n/B)]|
= x2[n] zB(t—n/B)

cos(wot)

sin(w,t




Time Domain Basis
Note that the signal can be expended in an orthogonal time-domain basis set:
s sin| zB(t-n/B
x(O)- 5 xn P2 n5)]
N=—oo ”B(t_n/B)

& sin| zB(t-n/B) ]
* 2z, xeln] zB(t - n/B)

cos (w,t)

sin(w,t)

The time-domain and time-localized functions,

sin| zB(t-n/B)]|

cos(ayt) S‘“E;‘z(_’ ;/’Z )B)]sin(wot)

zB(t-n/B)

form a complete orthogonal set that can be used to expand any band-limited signal
centered at frequencies @,




Classical Signals and Degrees of Freedom

x(t)=Re{a(t)e_i“’°t} > a(t)=xq(t)+ixy(t)

x(t) = x4(t)cos(wot) + x5 (t) sin(w,t)
Power of a narrowband signal:
1 5 1 -5 1 2
P(t) =2 x3 (t)+5 x3(t) = [a(t)
Total energy of a narrowband signal:

) = %_Of dt x12(t)+%_ojo dt x5 (t)

X 1 X 1
=E{nzwx12[n]§+ > xg[n]E}

n=-—co

Total energy is just half the energy of all the orthogonal sinc pulses in the signal:

x(t)= ngw xq[n] Sini:;(Bt(_t ;/’Z)B)] cos(wot)+ ngw x5 [n] sinfE;z(Bt(_t ;/'Z)B)] sin(w,t)




Classical Communication and Channel Capacity: AWGN Channe

Decoder

Encoder || Transmitter || Channel |‘ Receiver ‘

Suppose one needs to send a message over a narrowband communication channel
e One can map the message to the amplitudes of the two quadratures

e Note that one can send only 2B different quadrature values per second

sin| zB(t-n/B)]| sin(ot)

x(t)zngOo x4[n] Si"£;Z(j;/’Zf)]cos(wot)+ngw x5 [n] 7B (t—n/B)




Classical Communication and Channel Capacity: AWGN Channe

Encoder || Transmitter || Channel |‘ Receiver ‘ Decoder

Suppose one sends N different quadratures through the channel in time N/2B:

y[1.y[2].y[3].¥[4]

The data to be transmitted and the mapping process will impart an a-priori probability
distribution P(y) for the quadrature amplitudes

-

We assume there is also an energy/power constrain on the input:
1

N 00
21 y? [n]=~ | y2pin (y) dy < BE = P = average power

n=




Classical Communication and Channel Capacity: AWGN Channe

Encoder || Transmitter || Channel |‘ Receiver ‘ Decoder

1

AWGN Noise

The channel adds noise so that the received quadrature is:
z[n]=y[n]+ Af[n]

Where fln] represents zero-mean white Gaussian noise:
M = Spfar (a)o)B
(Af[n])=0 (Af[n)AF[m])=MS, ,,

P(Af)=N(0,M)

—

Question: how much information (in bits) can be communicated over this channel
using these N quadratures?




Classical Communication and Ch

annel Capacity: AWGN Channe

Encoder || Transmitter || Channel Il Receiver Decoder

z[n]=y[n]+ Af[n]
= <zz[n:> = <y2 [n]> + <Af2 [n]>

:><z2[nj>sp+M

Represent each possible value of the received
quadrature as a point in an N-dimensional
space of radius:

(P +m)"?

The noise is represented by an error region of

radius:
(M)1/2

around each quadrature value that can be
received

Now consider an N-dimensional space




Classical Communication and Channel Capacity: AWGN Channel

Encoder Transmitter

| Channel |‘ Receiver ‘ Decoder

The number of distinct quadratures that can be
received and distinguished from each other in the
presence of noise is equal to the number of non-
overlapping N-spheres of radius\/ﬁ that can be
packed in a N-sphere of radius P + M

Which equals =

(o)

M
So the information in bits that can be transferred
using N-quadratures is:

o (1+£)”/2_ﬁ.o (1+£)
J- [y =2 d- Y



Classical Communication and Channel Capacity: AWGN Channel

Encoder || Transmitter

| Channel |‘ Receiver ‘ Decoder

e So the information in bits that can be transferred
using N-quadratures is:

o (1+£)”“_ﬂ.o (1+£)
J- Iy =9 Jd2 Y

e Then the information in bits that can be transferred
using one quadrature is:

—1Io (1+£)
—2 0% Ty

e Since we can send 2B quadratures per second
through the channel, the information in bits that can
be transferred per second is:

C. Shannon, “A Mathematical Theory of

4 P
C=8B |ng 1+ — Communication”, Bell System Technical
M Journal, vol. 27, pp. 379-423 and 623-656,

July and October 1948

[C is called the capacity of the classical AWGN channel ]




Mutual Information and Channel Capacity

Encoder Transmitter

| Channel |‘ Receiver ‘ Decoder

Y Z

The channel capacity (per usage) with input Y and output Z is defined as the maximal of
the mutual information over all possible input distributions taking into account all
realistic constrains (such as the power/energy constrain):

C= " HZ:Y)= X H(Z)-H(Z]Y)
Pin (Y) . Pin (Y)
(Shannon’s Noisy Channel Coding Theorem h

Any amount of information (in bits) less than or equal to C can be reliably transmitted
and recovered per usage of a noisy channel with an error probability that approaches
\zero as the number of uses of the channel becomes large )

C. Shannon, “A Mathematical Theory of Communication”, Bell System
Technical Journal, vol. 27, pp. 379-423 and 623-656, July and October 1948



Mutual Information and Channel Capacity: AWGN Channel

Encoder Transmitter

| Channel |‘ Receiver ‘ Decoder

The channel capacity (per usage) is more formally defined as the maximal of the mutual

information over all possible input distributions taking into account the power/energy
constrain:

c= " HZ:Y)= o H(Z)-H(ZlY) ! y*Pin(y)dy <P

Pin(¥) Pin(¥)
ror AER zrll::l?lnj:,[n]_*_Af[n] _ <Af[n]> =
— (Af[n]Af[m]) = MS,
AWGN -
C- p’i:a(";) H(Z)—j;dy pin(Y)H(Z|Y = y) = p:?’; ) H(2)- I092 (27eM)

Mutual information will be maximized if the output Z is Gaussian, and Z will be Gaussian
if the input Y is Gaussian




Mutual Information and Channel Capacity: AWGN Channel

Encoder || Transmitter || Channel |‘ Receiver ‘ Decoder

B max
Pin (.V)

Mutual information will be maximized if the output Z is Gaussian, and Z will be Gaussian
if the input Y is Gaussian

z[n]=y[n]+Af[n]

C H(Z)—%Iogz (2zeM)

p(Af)=N(0,M)
Then:

pout(ZIY)=N(YaM)
And then if:

Pout (¥) =N(0,P)
Then:

pout(z) = _OIO dy pout(z I Y)pin(y) = N(O’P+M)




Mutual Information and Channel Capacity: AWGN Channel

Encoder

Transmitter |

Channel

For AWGN Channel:

C

B max
Pin (y)

H(Z)- %Iogz (2zeM)

| ‘ Receiver ‘

Decoder

So if we assume for input Y the a-priori probability distribution:

pin(Y) =

y2

N2z P

e 2P =N(0,P)

Then the output Z will have the probability distribution:

pout(z) =

1

J27(P+ M)

22

e 2PM) _N(0,P + M)

And the channel capacity (per quadrature) becomes:

Satisfies the constrain:

| ¥?pin(y)dy <P

1 1 1 P
C= EIogz (Zzze(P + M)) - §|°92 (2zeM) = E|c,g2 (1 n M)

Same as before!!




Quantum Information: The Basics
The unit of quantum information is a “qubit” (not a bit):
w)=a|0)+B[1)

Unlike the classical bit, a qubit can be in a superposition of the two logical states at
the same time

The density operator:

The state of a quantum system is represented by a density operator p

Density operator for a pure state: P =|¢)(4|

Density operator for a mixed state (i.e. an ensemble of pure states): P = p; |¢,-><¢,- |
i

Density operator for an ensemble of mixed states: p =3 p;p;
i




Quantum Information: Von Neumann Entropy

The “information” content of a quantum state is related to the Von Neumann entropy:

S(p)=-Tr[plog, ()]

The Von Neumann entropy plays three roles (that we know of so far):

1) It quantifies the quantum information content in qubits of a quantum state (i.e. the
minimum number of qubits needed to reliably encode the quantum state)

2) It also quantifies the classical information in bits that can be gained about the
quantum state by making the best possible measurement

3) It also quantifies the amount of entanglement in bipartite pure states

As you will see, the Von Neumann entropy will not always give the answer to the
question we will ask!




Von Neumann Entropy: Some Properties

S(p)=-Tr[plog,(p)]
1) Suppose:

~n

p=|¢><¢| —— A pure state

= S(p)=0
2) Suppose:

p = 2 Pj |¢i><¢i| —— An ensemble of pure ORTHOGONAL states
]

= S(,&) = —Z_‘, p;log, [p,-:|= H = Shannon entropy of the ensemble
I

If the states in the ensemble were not all completely orthogonal then: S(,Zi) <H

3) Suppose:

p =Y Ppipi — An ensemble of mixed states but the mixed states in
i the ensemble have support on ORTHOGONAL
spaces




Von Neumann Entropy: Some Properties

An ensemble of mixed states but the mixed states in
the ensemble have support on ORTHOGONAL
spaces

= S(p)=-Tr[ plog, (p)] = ‘Tr[@ p"ﬁ"jlogz (%piﬁjﬂ

=-Tr <r§ [(pibi)10gy (p,-[?,-)]}

=-Tr JZ_ [ (Pidi)1092 (Pi) +(Pii ) log, ("A")]}

C [
= - pilogy [ p; |+% piS(hi)=H+X p;iS(5i)
1 I 1
4) Change of basis:

Entropy is invariant under a unitary transformation (or change of basis)

s(uput)=5s(p)




Quantum Messages

A quantum message M consists of a very long sequence of Jetters (or quantum
states) g; :

in which each letter belongs to an alphabet A of k letters:

A={ﬁ1!f‘52,ﬁ3! """" ﬁk}

In the message, each letter Pi occurs with an a-priori probability p;

The density operator for each letter in the message is then:
~ k ~
o= 2 PjPi
i=1
The density operator for the entire message of N letters is then:

N=-60606%.......... Yea

Question: is it possible to compress this long message to a smaller Hilbert space
requiring fewer qubits without comprising the fidelity of the message?




Quantum Fidelity

How can we tell if two quantum states are identical, similar, not so similar, etc?

Example: in classical information theory we can judge the similarity or difference
between random variables Y and X by the mean square difference:

<(X — y)2> - [dx dy (x 3 y)2 P(x,y) {This is not the only

measure used

Quantum Fidelity:

Given two quantum states, Yo, and &, the fidelity F, a measure of the closeness
between them, is generally defined as the quantity:

A A This is not the only
F(p,a - (Tr{\/\/; o \/_}) ) {measure used

Example: Suppose,

=[4)(¢]

=) {v|
F(5,6)=|(g|v)]




Quantum Messages and Quantum Data Compression
k

o = _Z1pi Pi A= {:51’:52!:53!
1=

A quantum message M consisting of a very long sequence of /etters (or quantum
states) g :

can be compressed to NC qubits, in the limit of large N, without loss of fidelity,
where:

$(6)2C21(6)=S(6)- ép,.s(,s,.)

The lower limit is achievable if the alphabet C represents pure states (not necessarily
orthogonal), or if the different letters in the alphabet commute

B. Schumacher, Phys. Rev. A 51, 2738 (1995)
M. Horodecki, Phys. Rev. A 57, 3364 (1998)




Classical Information from Quantum Messages

Question: How much classical information in bits can be obtained from a quantum
message by making the best possible measurement?

Generalized quantum measurements and POVMs:

The most general measurements to obtain classical information from quantum states

can be described in terms of a complete set of positive Hermitian operators Fj which
provide a resolution of the identity operator,

>F; =1
J
These generalized measurements constitute a positive operator valued measure

(POVM). The probability p, that the outcome of a measurement on a quantum
state p will be k is given as,

Pk =T"{,5’Ek}

Example: For a photon number measurement on a quantum state of light in a

cavity, the POVM is formed by the operators |n> <n| and the probabilities are
given as:

p(n)=Tr{p|n)(n]



Classical Information from Quantum Messages

Suppose a quantum message is made up of qubits:

lv)=al0)+B[1)

The quantum state is specified by two complex humbers and each can take an value

But the classical information that can be extracted from the above qubit is just one bit!!

Suppose the sender send the following two states with a-priori probability 1/2 each:

0) 1) 5{1/2 °}

0 12

One can use the following POVM:

Fo =[0)(0 Fy=|1(1 >Fj=1
j

S(6)=1 bit ~_

Accessible information is only 1 bit!




Quantum Cryptography: The BB84 Protocol

Classical channel

Single photon Telescope Telescope
sources

oot

Channel control
Channel control




The Holevo Bound: Case of Separate Measurements

A theorem, stated by Jim Gordon (without proof in 1964), and proved by Holevo (1973),
gives an upper bound on the amount of classical information (in bits) that can be

gained from a quantum message of N letters by making the best possible measurement
on each letter individually:

k
M = {0'1,0'2,0'3, ........ O'N} O = .Z1p,- Pi A= {p1,p2,p3, ........ ,Ok}
1=
N -606®6%......... ® 6
| J
|
N terms

/For the above quantum message, the obtained classical information I(M : P) per Ietteﬁ
about the preparation of the message, using the optimal measurement scheme, is
bounded as follows: 9

max k

. I(M:P)<I(6)=S(5)- X p;iS(5i)
\_ F i=1 -
The upper limit in Holevo’s theorem can be achieved if and only if the quantum states

of all the letters in the alphabet C commute, i.e. [ §;, f |=0

J. P. Gordon, in Quantum Electronics and Coherent Light, edited by P. A. Miles,
Academic Press (1964).

A. S. Kholevo, Probl. Peredachi Inf. 9, 177 (1973).



Proof of the Holevo Bound: Case of Separate Measurements

If all the letters in the alphabet commute then they can all be diagonalized using a
common orthonormal basis {|¢a >} , and:

pi=>f, |¢a><¢a | What this means is that even if the
a quantum letter or state is known,
there is still entropy related to the
S(,Zi,-) = -2 f; ,109; (f,-,a) ——— 7| outcome of measurements
a performed on it since it is not a

So if we choose the POVM to be: pure state

ﬁa=|¢a><¢a|

Then the probability p , of measuring « is:

pe=Tr{o F,} = Tr{[;p,-ﬁ,j|¢a><¢a I} = Tr{[gﬂ pifi 5| 85) (95 \]I¢a><¢a I} =2 pifiq

The entropy comes out to be:

$(6) = ~ZPalogz (p,) = H(M)




The Holevo Bound: Case of Separate Measurements

The maximum classical information is the mutual information between the measurement
result and the preparation of the quantum state of each letter in the message:

m;xl(M:P)=H(M)—H(M|P)

2,100 (P2)~ZPi| 010 1|

K
=5(6)- X piS(5)
i=1 ®




The Holevo Bound: Case of Block Measurements

A ={p1;p2: P35

If instead of separate measurements on each letter of the message, if one is allowed to
make optimal measurements on all N letters of the message at the same time then the
upper limit in Holevo’s theorem can be achieved even if the letters in the alphabet C do

not commute, i.e. [ﬁi,ﬁk];t 0 o




Classical Information Over Quantum Channel

s — | Channel | — E(é‘-): Zéj&é;f
J

The channel is described by a trace preserving linear quantum operation E such that
the density operator of each letter at the output of the channel is related to the density
operator at the input of the channel by the relation:

6 — E(6)=XE;GE;} { %E}Ejﬂ
j

What is really happening is the following:

Initial state of the channel input and the bath —— Piitial =0 ® | Bo><Bo |

H
After propagation through the —— Pfinal = U[o'" ® | Bo><Bo |]UJr ‘|:U =e 7
channel; unitary time evolution

After trace over all bath degrees the —— :boutput = TrBath {
channel output is: N
E

(6 ®|By)(By[]0*)

_ -
_%E!G J



Classical Information Over Quantum Channel

s — | Channel | — E(é‘-): Zéj&é;f
J

The channel is described by a trace preserving linear quantum operation E such that
the density operator of each letter at the output of the channel is related to the density
operator at the input of the channel by the relation:

6 —E(6)=XE;GE] { %E}Ej=1
j

Classical information over the channel is encoded in a quantum message M consists
of a very long sequence of letters (or quantum states) O :

A:{:b1’1525153’ ........ pk}
In the message, each letter p; occurs with an a-priori probability p;

The density operators for each letter in the message and of the full message are then:

k
0'=_Z1p,-p,- N=606069.......... =¥o
1=

Question: How much classical information in bits can be communicated over the
channel per letter?




Classical Information Over Quantum Channel: Channel Capacity

s — | Channel | — E(é‘-): ZEAJ&ET
J

The Holevo-Schumacher-Westmoreland (HSW) Theorem:

The classical capacity of this quantum channel per letter is:

max
C=
Pij

S(E())- £ piS(E())

The classical capacity of the quantum channel is achievable (even for non-commuting
letters in the message) if the receiver is allowed to make block measurements on all
received letters

Note:

This capacity is also called the fixed-alphabet product-state capacity, since 1) the
optimization is not performed over the choice of input letters 6',- , and 2) the input
letters are not assumed to be entangled over multiple uses of the channel and
therefore the input density operator is in a tensor product form




Classical Information Over a Photonic Channel: Photon Number
States and Photon Number Detection

Channel

e The channel is bandlimited

e Optical pulses are used and the classical
information is encoded in the number of
photons in each optical pulse

From previous discussion, at max B such
pulses can be sent per second

~

Power Constrain:

Y. Pin(n) nBhay = P
n=0 )




Classical Information Over a Photonic Channel: Photon Number
States and Photon Number Detection

o= oﬁojop,-n(n)|n><n|—> | Channel | ——o = OZO: p,-n(n)|n><n
n= n=0

The maximum classical information transmitted over the channel per letter is then:

— 51 PiS(E(5:))

The ideal POVM is:

max _, _ i
= S(6)-X pS(5)
Pj i=1

max

[ o 0
™ pin (m) S 5o Pm (171 )= i () S (I )

max ([
b (m) S| 5P (L :

n
The entropy is maximized for a thermal distribution of Pin ( n) _ 1 ne
photons in every pulse! 1+ n,

=3

P © P
C=log,| 1+ + o > pin(n)n=n, =




Classical Information Over a Photonic Channel: Photon Number
States and Photon Number Detection

o= oﬁolop,-n (n)|n><n|_> | Channel |—— 0= OZO: Pin (n)|n><n
n= n=0

The capacity in bits per letter is:

C =log,| 1+ P + P Iogz(1+Bhw°)
Bho, ) Bho, P

-
o
N

-
o
o

m
=
L0
~
| S
(Y]
e
e
(]
—
| .
(]
o
o

-_—
<
N

The capacity in bits per second is: log, (1 " Bho

0
C=Blog,| 1+ P + P o 10 _
Bio, ) ho, P n =P/Bhw_




Classical Information Over a Photonic Channel: Photon Number
States and Photon Number Detection

o= o2:)‘,0p,-,.,(n)|n><n|—> | Channel | ——o = OZO: p,-n(n)|n><n

n=0

The High Power Limit:

In the limit P >> Bhiw, the capacity (bits/s) becomes:

P
C =Blo 1+
92[ B/ ]

Do

Compare the above to the classical AWGN channel result:

P
C =Blog,| 1+
gz[ BStar (%)J

In the limit P >> Bhw, , the quantum channel result is as if it were a classical AWGN
channel with added white noise with a noise power spectral density of 7@,

WHY???




Classical Information Over a Photonic Channel: Photon Number
States and Photon Number Detection

The Low Power Limit: 15

In the limit P << Bhiw, the capacity
(bits/s) becomes:

P
C= lo
5 92(

@Dg

-
o

C Per Photon
(S, ]

How do we understand the above result? 0

107 10°

For small signal powers P, choose a transmission time n_=P/Bhw_
T long enough such that one photon gets transmitted

in time T. Then: ha,

T
If the channel bandwidth is B then the transmission time T can be divided into BT
time slots.

The transmitted photon can occupy any one of these time slots. The information in
bits transmitted per second by that one photon, and therefore the channel capacity,

becomes: | BT
C- og, ( )= P Iogz(Bh%)
T hao, P




Classical Information Over a Photonic Channel: Coherent States
and Photon Number Detection

Channel

| — 6 = [d?%a pjp(a)|a){a

e The channel is bandlimited

e Optical pulses are used and the classical
information is encoded in the amplitude
quadrature of each optical pulse

From previous discussion, at max B such
pulses can be sent per second

\

Power Constrain:
Bhwo.[dza Pin (@) |a|2 =P
J

N terms




Classical Information Over a Photonic Channel: Coherent States
and Photon Number Detection

= [d%a pjp (@) |a){a|—| Channel | — 6 = [d?a pj, (@) |e)(a

The chosen POVM, given below, for detection is (possibly) not the optimal POVM
for the coherent state alphabet (as we will see later)

~

F, =|n){n| >F, =1
n

Since channel capacity definition includes use of the optimal POVM, which we are
(possibly) not using, we just calculate the mutual information between channel input
and the detector output

The conditional probability of detectlng n photons, given the input |a> is:

Pout (110 = T ) (1) = %7 " oy () =Te{ £} = % i (a) 1 21

n!

The optimal mutual information between the channel input / and the detector

output O is:

I1(O:1])= H(O)-H(O|I

(0:1)= " ) H(0)-H(1)
max

p (a) Z Pout (n)|092 [pout (n)]+Id2a Pin (a) Z Pout (n|az)|og2 [pout (nl 0




Classical Information Over a Photonic Channel: Coherent States
and Photon Number Detection

= [d%a pjp (@) |a){a|— | Channel | — 6 = [d?a pj, (@) |e)(a

max

(O I)— Pi (a) Z pout(n)IOQZ [pout(n)]'*'jdza Pin (a) Z pout(nla)logz [pout(nla)

The above needs to be maximized over p(a) under the power constrain:
2 2
Bhao[d“a piy()|e|” =

The maximizing procedure turns out to be analytically cumbersome, but results in
the low power and high power limits are known
The Low Power Limit: P << Bha,

Same as in the case of using
P lo Z(Br;:w°) » photon number states

The High Power Limit: P >> Bha,,
One half of the result in the case,
B P ;

I(O:I)zzlogz[ J

I(O:I)zh

o

, of using photon number states

Bha, WHY?1?




Classical Information Over a Photonic Channel: Coherent States
and Balanced Heterodyne Detection

Channel |—>

"~ POVM
A 1
F, -1

ﬂ T

N terms
e The channel is bandlimited

e Optical pulses are used and the classical
information is encoded in the two
quadratures of each optical pulse

From previous discussion, at max B such
pulses can be sent per second

\

Power Constrain:
Bhwo.[dza Pin (@) |a|2 =P
J




Classical Information Over a Photonic Channel: Coherent States
and Balanced Heterodyne Detection

[d%a pin (@) |@)(al— | Channel |— 6 =[d?a pjn()|a)(a

POVM:

- 1 P -
Fﬂ=;|ﬂ><ﬂ| fd°B Fgz=1
The chosen POVM implies that both the field quadratures are measured simultaneously!

Since channel capacity definition includes use of the optimal POVM, which we are
(possibly) not using, we just calculate the mutual information between channel input

and the detector output

The conditional probability of detecting | #), given the input |@), is:
~ 1 2 oA
Pout (B 1) =Tr{|a)(al s} = —|(B|a)f" map Pour (8)=Tr{6 Fs} = [d?a pin(@) Pout (81 2)

The optimal mutual information between the channel input / and the heterodyne detector

output O is:

max
Pin (a)
= pr:?);) _Idzﬂ Pout (ﬂ)IOQZ [pout (ﬂ)] +Id2a Pin (a) Idzﬂ Pout (ﬂ | a)I092 [pout (ﬂ | @

1(0:1)= H(0)-H(0|1)




Classical Information Over a Photonic Channel: Coherent States
and Balanced Heterodyne Detection

= [d%a pjp (@) |a){a|— | Channel | — 6 = [d?a pi, (@) |e)(«|

p—

Gaussian!!

With added noise
having a variance
of 1/2 in each
quadrature!!

—

To maximize /(O:I), we need p_ {(/f) to be
2 out
Pout (B) = [d“@ Pin (@) Pout (B @)  Gaussian as well, and this is possible if p,.(a) is

Gaussian and satisfies the power constrain:

2 2__ P
.[d @ Pip (a) |a| = Bho
The maximizing yields (just like in the case of AWGN) the capacity per letter

(consisting of two quadratures):

<
¢ = 2x Nog, [ P/2Bh@o+12)_\ o (1 P
2 1/2 Bha,




Classical Information Over a Photonic Channel: Coherent States
and Balanced Heterodyne Detection

= [d%a pjp (@) |a){a|— | Channel | — 6 = [d?a pj, (@) |e)(a

The max information per letter (consisting of two quadratures) is:

P
C=Ilo 1+
92( B ]

Do

And since one can send B letters per second, the capacity in bits/s is:

P
C =Blo 1+
92[ B# ]

WDg

The result, although identical to the one obtained using photon number states and
photon number detection (in the high power limit), has more similarities with the
classical AWGN result if:

1) each quadrature of the input coherent state is assumed to be a classical
variable and,

2) the channel adds white Gaussian noise to each quadrature and, ) 4
3) the power spectral density of the added white Gaussian noise is
assumed to be 1/2(hw,)




Classical Information Over a Lossy Photonic Channel: Number
States and Photon Number Detection

6 — | Channel | — E((‘;‘-) = ZEAJ&éj

6= 3 pin(n)|m)(n] E(8) = % Pout (n)|n)(n

4 ) -
Input Power Constrain: POVM
o0 P A
> Pin(n) nBhaw, = P, ‘Z Pin (M) N =i = = _J Fa=[n)(n|
\ n=0 ) hwo

How do we model photon loss in the channel?
J
Channel Power Transmissivity: T Channel Power Loss: 1-T

We know how a photon number state behaves in the presence of loss

|n>®|o>3_>m§=oJ nt (V)" (VA=T)"" |m)|n-m),

m!(n-m)!

Binomial distribution of photons

—

T (AT m) (m|




Classical Information Over a Lossy Photonic Channel: Number
States and Photon Number Detection

Channel | — E((‘;‘-) = zéj&é;f
J

5= Pin (n)|n){n| E(&)=n§0pout(")|"><"|

n=0

The conditional probability of detecting m photons at the output, given the input | n> , IS:

!
Pout (M| n) = — (:_ ) T"(1-T)"™" (m<n, 0 otherwise)

= Pout (m) = 02:):0 Pout (m I n)pin (n)

Output photon number and power:
© P, T Pyt
= Y Poyt(N)n=nyy =n;,T=—""2—=—24
o out ( ) out in Bha)o Bha)o
Input and output states:

6= 5 pin(m)n)(n] > E[ £ pi(m)n)(n]

o0 n n! m _ n-m
- B paln) £ T (=T m)

= n%::O Pout (n)‘n> <n‘



Classical Information Over a Lossy Photonic Channel: Number
States and Photon Number Detection

G — | Channel | — E(&) = Z_)Enjé"é}r

6= 3 pin(n)|m)(n] E(8) = % Pout (n)|n)(n

The channel capacity is (the POVM is optimal):
max

C= S(E(6))- ; piS(E(4i))

pi
S[ £ pauc(n) ) (0] ) £ pia(n)[ e (m 1 m)]m)(m |

max
p,,, (n)
It is not difficult to evaluate:

S( % pous (m )| m)(m|| =~ £ paue (m | m)ioga [p(m | m)] = 3 1oga 1+ 2senT (1-T)]

m=0

The channel capacity becomes:

max

Pm (n) § Pout (N)log, [pout (n)] Z Pin (n) log, [1 +2zenT (1- T)]




Classical Information Over a Lossy Photonic Channel: Number
States and Photon Number Detection

G — | Channel | — E(é') = Z}Eﬁjé"l;';-r
J

G = EO pin (n)|n){n| E(5)= n%:lo Pout ()| n)(n|

max °° 1
C= P (n) - ’Eo Pout (n)IOQZ [pout (n)] B nz=:o Pin (n)EIOQZ [1 + ZEenT(1 B T)]

We want to maximize the capacity s==s) we want output distribution to be thermal

The output distribution can be thermal if the input distribution is also thermal

1 n. \ 1 nT )
Pin(n) = — p°"f(")=1+n- T
n

1+ n;, \ 1+ n;, 1+ n;, T




Classical Information Over a Lossy Photonic Channel: Number
States and Photon Number Detection

6 — | Channel | — E(é‘-) = ZEAJé"éj

6= 3 pin(n)|m)(n] E(8) = % Pout (n)|n)(n

The optimal mutual information (bits per use) between the input / and the output O is:
max

1(0:1)= - (n)

1
Z Pout (n)IOQZ pout(n)]_EIOQZ [1+ﬂ”eninT(1_T):|

1

( 1
=log, (1+ n;,T) + n;, T log, \1 + ninTJ - E|°92 [ 1+ pren;, T (1-T) ]

P, Bho 1 P
=log, | 1+ —0ut |, _out 1+ ° (__log,| 1+ ure—24t (1-T
92[ 7 2[ P j 2 92[ a Bh(oo( )

Bho

out

Here, 1 is a number with values between 1 and 2 and depends on the value of T

The Low Power Limit: P, ,; << Bha, The High Power Limit: P, , >> Bhw, (T <<1)

B P
1(0:1)~ Fout Iogz( 1(0:1)=~ EIogz (_B;Z)t j
o

: a
(Now bits/s) o (Now bits/s)

WHY?!?




Classical Information Over a Lossy Photonic Channel: Capacity

~n

k
G = _Z1Pi pi — | Channel | — E(6
=

The capacity of this quantum channel per letter is:

c="""s(E(5))- é piS(E(5:))

Pi

Channel Power Transmissivity: T Channel Power Loss: 1-T

4 )
Input Power Constrain:

Tr{6 A} Bho, = P,, == P, =P,T




Classical Information Over a Lossy Photonic Channel: Capacity
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The classical capacity of the lossy bosonic channel is calculated exactly. It is shown that its Holevo
information is not superadditive, and that a coherent-state encoding achieves capacity. The capacity of
far-field, free-space optical communications is given as an example.




Quantum Information: Von Neumann Entropy

The “information” content of a quantum state is related to the Von Neumann entropy:

S(p)=-Tr[plog,(5)]

The Von Neumann entropy plays three roles (that we know of so far):

1) It quantifies the quantum information content in qubits of a quantum state (i.e. the
minimum number of qubits needed to reliably encode the quantum state)

2) It also quantifies the classical information in bits that can be gained about the
quantum state by making the best possible measurement

3) It also quantifies the amount of entanglement in bipartite states

As you will see, the Von Neumann entropy will not always give the answer to the
question we will ask!




Quantifying Entanglement of Bipartite Pure States

Consider the following two states of two 2-level systems:
1
|¢a> = ﬁl] 0>A | 1>B + | 1>A |0>B:|
1
|8p) = 5[\/§|0>A 0) +| 14 |1>B:|

They are both entangled

But which one is more entangled??

How can we quantify the level of entanglement of states?

The answer for at least pure states of bipartite systems seems to be available




Entanglement as a Resource

9a) = 5100415 +11)10)g]

Entanglement between qubits possessed by Alice and Bob cannot be generated by
any local operations or measurements or performed by Alice or Bob on their
respective qubit or by classical communications between Alice and Bob (LOCC)
Entanglement can only be generated by a joint operation on both the qubits

Entanglement is a resource

Bell States:

#a) = o) |:|O>A|O>B +|1>A|1>B:|
dp) = by) = [|0>A|O>B_|1>A|1>B:|




Quantifying Entanglement of Bipartite Pure States

Suppose Alice and Bob would like to prepare n copies of an entangled state:

|l//>=a|0>A|0>B+,B|0>A|1>B+}/|1>A|0>B+5|1>A|1>B

But what they already have in their possession are multiple copies of a Bell state
(doesn’t matter which one)

Suppose Alice and Bob use a minimum of k,;, Bell states in their possession, and lots
of local operations on their respective qubits and classical communication between
each other (LOCC), and are able to generate n copies of the desired state| y/>

Then can we use the ratio k. ; /n as a measure of entanglement in the state |y/> ??

2. how many Bell states does one need to use to generate one copy?




Quantifying Entanglement of Bipartite Pure States

Suppose Alice and Bob have n copies of an entangled state:

) =a|0),]0)5+B|0) 1) +71)4]0)5+5[1al1)g

But what they want are multiple copies of a Bell state (doesn’t matter which one)

Suppose Alice and Bob are able to prepare a maximum of k,__, Bell states from the n
copies of the state |y/ in their possession, with only local operations on their
respective qubits and classical communication between each other (LOCC)

Then can we use the ratio k. /n as a measure of entanglement in the state | y/> ??

2. how many Bell states does one generate per one copy?




Quantifying Entanglement of Bipartite Pure States
)= a|0>A|O>B +'B|0>A|1>B +7|1>A|0>B +5|1>A|1>B

It can be shown that in the limit n—,

limit K Kmi o n This many Bell states
n— o n';ax - T«,m =S(a)=S(bs) = E(|V/>) — 4 go into or come out

of the above state
Where:

pa=Trg{lw) v}
pe =Tra{lw) (v}

The above expression for bipartite entanglement works even when the qubits
involved are not 2-level systems but any arbitrary multilevel systems




Quantifying Entanglement of Bipartite Pure States

Consider the following two states of two 2-level systems:
1
|¢a> = ﬁl] 0>A | 1>B + | 1>A |0>B:|
1
|8p) = 5[\/5|0>A 0)g +[1), |1>B:|

They are both entangled

But which one is more entangled??

Answer:

All four Bell states are
maximally entangled




Quantifying Entanglement of Bipartite Mixed States

What is Alice and Bob share a mixed entangled state?
PAB
What is the entanglement of this state?

How many Bell states can Alice and Bob distill from pag ?

How many Bell states are needed to prepare p AB

We don’t know the general answers to the above questions!!!







