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CHAPTER 3
Applications of Differentiation

Section 3.1 Extrema on an Interval

1. A: neither 2. A: absolute minimum
B: absolute maximum (and relative maximum) B: relative maximum
C: neither C: neither
D: neither D: relative minimum
E: relative maximum E: relative maximum
F: relative minimum F: relative minimum
G: neither G: neither
3. f(x) = X 4, f(x) = cos™*
' X+ 4 ' T2
s R+ 42— A2 8 f(x) = _ T ™
PO ="""0erae  ~e+ar 22
f(0) =0 f(0) = 0
f(2) =0
27 27
5. f(x):x+ﬁ=x+3x*2 6. f(x) = —3xs/x+ 1
27 f(x) = —3X|:1(X + 1)1/2] + VUx+ 1(-3)
) =1-23=1-"% 2
. = S+ 1+ 2000+ 1]
f’(3)=1—§=1—1=0
= S+ v+
{_2) _
i ( 3) ~0
7. f(x) = (x + 2)%3 8. Using the limit definition of the derivative,
F(0) = 2+ 2) 13 i (R =10 _ A=) -4,
3 X0 X—0 X0 X
f/(—2) is undefined. ) f(X) _ f(O) ) (4 _ |X|) —4
lim —— = |im ————= -1
X 0" Xx—0 X— 0" X—0
f/(0) does not exist, since the one-sided derivatives are
not equal.
9. Critical number: x = 2 10. Critical number: x = 0 11. Critical numbers; x =1,2,3
X = 2: absolute maximum x = 0: neither x = 1, 3: absolute maximum

X = 2: absolute minimum

191



192  Chapter 3  Applications of Differentiation

12. Critical numbers: x = 2,5 13. f(x) = x3(x — 3) = x3 — 3x2
X = 2. neither fi(x) = 3x% — 6x = 3X(X — 2)
x = 5: absolute maximum Critical numbers; x = 0,x = 2
14. g(x) = X2 — 4) = x* — 4% 15, gt)=tv/4 -1t t<3

M) — A3 _ 2 _
g’(x) = A& — 8x = 4x(x® — 2) g't) = t[%(‘l _ t)—1/2(_1)] + (4 - t)v2
Critica numbers; x = 0, x = +/2

= 2@ -9t + 24 - 0]

8 — 3t
2J4 -t

Critical number: t =

w oo

16. f(x) = x24-|)-( 1 17. h(x) = si®x + cosx,0 < X < 27
) = 02+ D(4) — (4)(2x) 41— ) h’(x) = 2sinxcosx — sinx = sinx(2cosx — 1)
- (x®+ 1)2 @+ 1)2 c
" e T _ 27
Critical numbers: X = +1 On (0, 27), critical numbers: x = g X=mX="7

18. f() =2sechH+tan 6,0 < 6 < 27w 19. f(x) = 2(3 - x),[—1, 2]
£/(6) = 2 sec Otan 6 + sec? 0 f/(x) = —2 O No critical numbers
= sec (2 tan 0 + sec 6) Left endpoint: (—1, 8) Maximum
sin 6 1 Right endpoint: (2, 2) Minimum
{232
cosf) cos6
=sec?f(2sinh + 1)
On (0, 2), critical numbers. 6 = %T 0= %ﬂ
mf@:”;?mﬂ 21, f(x) = —x2 + 3% [0, 3]

5 f(x) = —2x+ 3
f(x) = = O No critical numbers ) o

3 Left endpoint: (0, 0) Minimum
Left endpoint: <O, g) Minimum Critical number: (2, 7) Maximum
Right endpoint: (3, 0) Minimum
Right endpoint: (5, 5) Maximum

22, f(x) =2 + 2x — 4,[—1,1]
f(x) =2x+2=2(x+ 1)
Left endpoint: (—1, —5) Minimum

Right endpoint: (1, —1) Maximum
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23.

25.

27.

28.

(0 =% - 3¢, [~1,2]
f(x) = 3% — 3x = 3x(x— 1)
. 5\ ...
Left endpoint: <*1, *E) Minimum

Right endpoint: (2, 2) Maximum
Critical number: (0, 0)

Critical number: (1, —%)

f(x) = 3x%/3 — 2x,[—1, 1]

, B 2(1 - ¥x
f(X)=2X 1/372:T)
Left endpoint: (—1,5) Maximum
Critical number: (0, 0) Minimum

Right endpoint: (1, 1)

t2
t2+ 3

) 6t
gt = @+ 32

gt) = [-1,1]

Left endpoint: <71, %) Maximum
Critical number: (0, 0) Minimum

Right endpoint: (1, %) Maximum

2X

f(x) = 2T [-2 2]

s+ 1)2-2x(2x)  2—2x?

0=""Ter1z ~er1e
2(1 — x2

f1(x) = w -0

x=-11 Critical numbers

24. f(x) = x3 — 12x, [0, 4]
f(x) =3 - 12=3(x* — 4)
Left endpoint: (0, 0)
Critical number: (2, —16) Minimum
Right endpoint: (4, 16) Maximum

Note: x = —2isnot intheinterval.

26. gx) = ¥/x[-11]

g1
g(X)—W

Left endpoint: (—1, —1) Minimum
Critical number: (0, 0)

Right endpoint: (1, 1) Maximum

Left endpoint Critical number | Critical number | Right endpoint
f(=2)=—-4/5| f(-1) = -1 f)=1 f(2) = 4/5
Minimum Maximum




194  Chapter 3 Applications of Differentiation
29. h(s) = 1 [0, 1] 30. h(t) = L [3, 5]
’ Ts—2 ' T2
_1 7, — 72
(8) = —— h'(t) =
"= s 2p O =2p

31.

33.

35.

Left endpoint: <0, —%) Maximum

Right endpoint: (1, —1) Minimum

y=3-[t—3[[-15]

From the graph, you see that t = 3 isacritica number.

4

-1 5

-4

Left endpoint: (—1, —1) Minimum
Right endpoint: (5, 1)

Critical number: (3, 3) Maximum

f(x) = cos mX, [0, %]

f(x) = —asinmx

Left endpoint: (0, 1) Maximum

Right endpoint: (é ‘f) Minimum

y = ‘;" n tan<%x>, [1,2]

A T oK
y—X2+839028 0

i ZLX:4

8 8 X2

Ontheinterval [1, 2], this equation has no solutions.
Thus, there are no critical numbers.

Left endpoint: (1, /2 + 3) = (1, 4.4142) Maximum

Right endpoint: (2, 3) Minimum

32.

36.

Left endpoint: (3, 3) Maximum

Right endpoint: (5, g) Minimum

f(x) =[x,

From the graph of f, we see that the maximum value
of fis2for x = 2, and the minimum valueis — 2 for
-2<x< -1

[-22]

2+ °
1 [ )
t t <> t X
-2 -1 1 2
*~—
*—o0 -2

. g(X) = secx, [—%7—37]

g’(x) = sec xtan x

(LT 2 (LT
Leftendpomt.( 6 \@) ( 6'1'1547)

3’
Critical number: (0,1) Minimum

Right endpoint: (E 2> Maximum

y=x2—2-cosx [—1,3]

y’ = 2x — sinx

Left endpoint: (—1, —1.5403)
Right endpoint: (3, 7.99) Maximum
Critical number: (0, —3) Minimum
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37.

39.

41.

43.

45.

(@ Minimum: (0, —3)
Maximum: (2, 1)

(b) Minimum: (0, —3)

(c) Maximum: (2, 1)

(d) No extrema

f(x) = x2 — 2x

(@ Minimum: (1, —1)
Maximum: (—1, 3)

(b) Maximum: (3, 3)

(¢) Minimum: (1, —1)

(d) Minimum: (1, —1)

f(x) = 2xX+2 0<sx<1
4x2, 1<x<3

Left endpoint: (0, 2) Minimum

INIA

Right endpoint: (3, 36) Maximum

36

f0 = >, (1,4]

Right endpoint: (4, 1) Minimum

.

4

fx) =x*—2x3+x+1, [—13]

32

-4

) =43 — 62+ 1=(2x—- 122 -2x—-1)=0

w1 1+3
2 2

Maximum: f(3) = 31

=~ 0.5, —0.366, 1.366

oo (1 /3) 3
Mlnlmum.f< > >—4

38. (@) Minimum: (4, 1)
Maximum: (1, 4)

(b) Maximum: (1, 4)

() Minimum: (4, 1)

(d) No extrema

40. (@) Minima: (—2,0) and (2, 0)
Maximum: (0, 2)
(b) Minimum: (—2,0)
(¢) Maximum: (0, 2)
(d) Maximum: (1, /3)

2—-x%2, 1<x<3
42'f(x)_{2—3x, 3<x<5

Left endpoint: (1, 1) Maximum

ININ

Right endpoint: (5, —13) Minimum

3

o@D

@-7

(5,-13)

-15

44, F(x) = Z%X [0,2)

Left endpoint: (0, 1) Minimum

3

/

(0, 1)

46. f(x) = /X + cosg, [0, 2]

—

1 1g0x
2J/x 272
Maximum: (1.729, 1.964)
Minimum: f(0) = 1

f(x) =
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47. (@ s o 48. () s Maximum: <2, g)
/ 29 Minimum: (0, 0), (3, 0)
D it 1 0 s
Maximum: (1, 4.7) (endpoint) () f(x) = gx V3= x,[0,3]
Minimum: (0.4398, —1.0613)
(b) f(x) = 3.2¢ + 53 — 35x [0, 1] P69 = g[x(%)(s TNTAED G- X)l/z(l)]

f/(x) = 16x* + 15x2 — 3.5 4 1
= §(3 - x)*l/z(é)[—x +2(3 = x)]
16x* + 15x2 — 35=0

,  —15+ /(157 — 4(16)(—35) _26-30_62-x _22-x
= 2(16) 3/3-x 3/3-x J3-x
_ —15+ /449 Critical number: x = 2
32 f(0) =0 Minimum
—15 + /449
X = — ~ 0.4398 f(3) =0 Minimum
f(0) =0 f(2) = 2
f(1) = 4.7 Maximum (endpoint)
Maximum: (2, g)
f —15 + V449 ~ —1.0613
32
Minimum: (0.4398, —1.0613)
49. 100 = (1432 [0, 2] 50. () = 52— [1 3]
: i 2+ 1|2
f(x) = gxz(l + x3)71/2 ) = —2x
T ey
P00 = 20 + 40(1+ 59 92 0 - =21 30)
VT et 1y
P = — 206 + 206 — B(1 + X352 20x — 240
8 f///(x) =7 ™
(2 + 14
Setting 7 = 0, we have X6 + 20x3 — 8 = 0.
,_ ~20+ /400 - A1(-9) Setting 7= 0, wehavex = 0, +1.

X
[f1(1)| = % is the maximum value.

2
x=3-10+ J108 = /3 -1

Inthe interval [0, 2], choose

x= 3/—10 + /108 = /3 — 1~ 0.732.

f(3/-10 + \/108)‘ ~ 1.47 is the maximum value.
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51.

53.

55.

59.

F(x) = (x + 1)%3.[0, 2]
2 )
P00 = 20+ 1)72
FA(x) = —2(x + 1)~4/3
9
10 = = (x + 1) 772
27
56
(4 - = —10/3
f 4(x) 8l (x+1)
560

PO = 2 (x+ 1)

[f@(0)] = % is the maximum value.

(@ Yes 56. (a) No
(b) No (b) Yes
P=VI-RI?2=121 - 05120< | £ 15

P =0whenl = 0.
P = 67.5when| = 15.
P =12-1=0

Critical number: | = 12 amps

When | = 12 amps, P = 72, the maximum output.

No, a 20-amp fuse would not increase the power output.

P isdecreasing for | > 12.

1

52.  f(x) = 1

[—1,1]
24x — 24x3
(X2 + 1)*

£(x) =

24(5x* — 10x2 + 1)

f@(x) = (2@ + 1)5

—240x(3x* — 10x2 + 3)
(x2 + 1)8

f (5)()() =

| f@(0)| = 24 isthe maximum value.

57. (8 No 58. (a) No
(b) Yes (b) Yes
60. C=2x+%xom,15x5300
C(1) = 300,002
C(300) = 1600
Cr—o_ SOO,SOO -0
X
2x? = 300,000
x? = 150,000

X = 100./15 = 387 > 300 (outside of interval)

C isminimized when x = 300 units.

Yes, if 1 < x < 400, then x = 387 would minimize C.
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vZs§n2g o 37 B 32 ( /3 — cosh
61. 0 ,4SBS 2 62. S=6hs + 5 Sno
de . das 3%
—— is constant. 2o 95 2
ot 9 2( V/3esc 6 cot 6 + csc 6)
dx dxdo } 3s?
4 do dt (by the Chain Rule) =5 0(— J3cot§ + csc ) =0
_ v2cos20dg csc 6 = /3cot 6
16 dt sec = /3
Intheinterval [7/4, 3w/4], 6 = w/4, 3m/4 indicate § = arcsec/3 ~ 0.9553 radians
minimums for dx/dt and 6 = 7r/2 indicates a maximum )
for dx/dt. Thisimplies that the sprinkler waters longest S<E> = 6hs + ﬁ( J/3)
when 6 = 7/4 and 37/4. Thus, the lawn farthest from 6 2
the sprinkler gets the most water.
s(g) ~ ons+ 3(3)

63.

66.

68.

Ylarcsec./3) = 6hs + 3752

Sisminimum when 6 = arcsec+/3 ~ 0.9553 radians.

True. See Exercise 27. 64. True. Thisis stated in the Extreme 65. True
Value Theorem.
False. Let f(x) = x2. x = Oisacritical number of f.

gx) = f(x = k) aminimum value at x = c.
— (x - K2

x = kisacritical number of g.

fx) =ax®+bx2+cx+d, a#0
f/(x) = 3ax? + 2bx + ¢
The quadratic polynomia can have zero, one, or two zeros.

_—2b+ V4b? — 12ac _—b= Vvb? — 3ac
6a 3a

Zero critical numbers: b? < 3ac.

Example: (@a=b=c=1,d = 0) f(x) = x3 + x? + x has no critical numbers.
One critical number: b2 = 3ac.

Example: (a= 1,b=c = d = 0) f(x) = x3 has one critical number, x = 0.
Two critical numbers: b?> > 3ac.

Example: (@=c=1b=2d=0) f(x) =x3+ 2x? + x hastwo critical numbers; x =

(v2)

-1,

67. If f hasamaximum value at x = c, then f(c) > f(x) for all
xinl. Hence, —f(c) < —f(x) for al xin . Thus, —f has

3
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69. (@) y=ax? +bx+c
y'=2ax+ b

The coordinates of B are (500, 30), and those of A are (—500, 45).

From the slopes at A and B,
—1000a + b = —0.09
1000a + b = 0.06.

Solving these two equations, you obtain a = 3/40,000and b = —3/200. From the points (500, 30) and (— 500, 45),

you obtain
__3 2 ;3
30 = 40,000 500% + 500(20()) +c
__3 2 _ -3
45 = 40,000 500 500(20()) +c.

In both cases, ¢ = 18.75 = ? Thus,

3, 3 T
Y= 20000° " 200" " 4

O [T —500 | =400 | =300 | =200 | =100 | 0 | 100 | 200 | 300 | 400 | 500
d 0 0.75 3 675 | 12 |1875| 12 | 675 | 3 | 075| o0

For —500 < x < 0,d = (ax?2 + bx + ¢) — (—0.09x).

For 0 < x < 500,d = (ax?2 + bx + c¢) — (0.06x).

(c) Thelowest point on the highway is (100, 18), which is not directly over the point where the two hillsides come together.

Section 3.2

1. Rolle’'s Theorem does not apply to f(x) = 1 — |x — 1]
over [0, 2] since f is not differentiable at x = 1.

3. f(x) = H

f(—1) = f(1) = 1. But, fisnot continuouson [—1, 1].

5 fx)=x—x—2=x—-2)(x+1)
x-intercepts: (—1,0), (2, 0)

f’(x)=2x—1=0atx=%.

Rolle’'s Theorem and the Mean Value Theorem

2. Rolle’'s Theorem does not apply to f(x) = cot(x/2) over
[7r, 37] since f is not continuous at X = 27r.

4. f(x) = V(2 - x2B3)3
f(—1) = f(1) = 1
-J(2-x)

f/(x) = /3

fisnot differentiable at x = 0.
6. f(x) = x(x — 3)
x-intercepts: (0, 0), (3, 0)

f’(x):2x—3:Oatx:g.
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7. f(X) =xJ/x+ 4 8. f(x) = —3x/x+1
x-intercepts: (—4, 0), (0, 0) x-intercepts: (—1, 0), (0, 0)
F(x) = x%(x + 42 4 (x + 4)2 f(x) = —3x%(x + )2 3k + 1V2
- (x+ 4)*1/2@ +(x+ 4)) - —3(x + 1)—1/2@ +(x+ 1))
) 3 - 8 (3 2
f(x) = <§x+ 4>(x +4)"Y2=0atx= -3 f(x) = —3(x + 1) 1/2<§x+ 1) =0ax= -3
9. f(x) =x2+3x— 4 10. f(x) = sin2x
f(-4)=f1) =0 f(O)=f<7§T>=O
f(x) =2x + 3= Oforx:_73
f/(x) = 2cos2x = O for x = z
-3 -3 4
c=—andf’(—> =0
2 2 c:ﬂandf(E):O
4 4
11 f(x) = 2 — 2x,[0, 2] 12. f(x) = X2 — 5x + 4, [1, 4]
f0=f2 =0 f(1)=f(4) =0
fis continuous on [0, 2]. f is differentiable on (0, 2). fis continuous on [1, 4]. f is differentiable on (1, 4).
Rolle’s Theorem applies. Rolle's Theorem applies.
f(x) = 2x — 2 f(x) =2x—5
2Xx—2=00 x=1 2Xx—-5=010 ng
c-value: 1 .
c-value: >
13. f(x) = (x — 1)(x — 2)(x — 3),[1, 3] 14. f(x) =(x—3)(x+ 1% [—1,3]
f(1)=f(8 =0 f(-1)=f3) =0
fis continuous on [1, 3]. f is differentiable on (1, 3). fis continuous on [—1, 3]. f is differentiable on (—1, 3).
Rolle’'s Theorem applies. Rolle’'s Theorem applies.
fx) =x3—6x2+ 11x— 6 fxX) =(x—3)2(x+ 1) + (x+ 1)?
f(x) = 3% — 12x + 11 =X+ D[2x—6+ x+ 1]
=(x+ 1)Bx—5)
3 —12x+11=00 x=613\/§ 5
c-value: 3
8- V3 8 J3
3 7 3
15. f(x) = x¥/3 — 1,[-8, 8] 16. f(x) = 3 — |x — 3|, [0, 6]
f(—8) =1(8) =3 f(0)=f(6) =0
f is continuous on [— 8, 8]. f is not differentiable on fis continuous on [0, 6]. f is not differentiable on (0, 6)
(—8, 8) since f(0) does not exist. Rolle’s Theorem does since f(3) does not exist. Rolle’s Theorem does not apply.

not apply.
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2X

17. f(x) = u, [-1,3]

X+ 2
f(-1)=f(3 =0

fiscontinuous on [—1, 3]. (Note: The discontinuity, x = —2, isnot in theinterval.) f is differentiable on (— 1, 3). Rolle's
Theorem applies.

X+ 2)(2x—2) — (¥ —2x— 3)(1)

Fed = X + 22 =0
X+ 4x—1 0
(x+22
X = _4122‘@— -2+ .5
cvaue —2+./5
XZ -1 .
18. f(x) = , [—1,1] 19. f(x) = sinx, [0, 27|
f-1)=f(1)=0 f(0)=f(2m =0
fis not continuous on [— 1, 1] since f (0) does not exist. fis continuous on [0, _277]. f is differentiable on (0, 27).
Rolle's Theorem does not apply. Rolle’s Theorem applies.
f/(x) = cosx
7 3m
c-values: 2
6x . T
20. f(x) = cosx, [0, 27| 21. f(x) = - 4s8n?x, [0, 6]
f0)=f@2m =1 -
. o f(o>=f(—):o
fis continuous on [0, 277]. f is differentiable on (0, 2). 6
Rolle's Theorem gpplies. f is continuous on [0, 7r/6]. f is differentiable on (0, 77/6).
f(x) = —sinx Rolle’s Theorem applies.

c-value: 6 .
f(x) = o 8sinxcosx =0

§= 8 sin X cos X

a

3 1.

i 2S|n2x

3 .

Z— sin 2x
1arcsin(i> =X
2 2

x = 0.2489

c-value: 0.2489
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22. f(x) = cos 2x, [—1—7; %}
(5)-2

12/ 2

Rolle’'s Theorem does not apply.

]

24, f(x) = secx, [—%

o o
(5)-1)-
fis continuous on [— /4, w/4]. f is differentiable on
(— /4, w/4). Rolle's Theorem applies.

INK

f/(x) = secxtanx
secxtanx = 0
x=0

c-vaue: 0

26. f(x) = x — x1/3, [0, 1]
fO=f1)=0

fis continuous on [0, 1]. f is differentiable on (0, 1).

(Note: fisnot differentiable at x = 0.) Rolle’'s Theorem

applies.

/| — 1 —
f(x)—l—33x2—0

@

c-value —— = 0.1925

©

23. f(x) = tanx, [0, 7]
f(O)=f(m) =0

fisnot continuous on [0, 7] since f (7/2) does not exist.
Rolle’s Theorem does not apply.

25 fx) =[x -1 [-11]
f(-1) =f1) =0

fis continuous on [—1, 1]. f is not differentiable on
(—1, 1) since f/(0) does not exist. Rolle’s Theorem does

not apply.

-1

27. f(x) = 4x — tan mx,

1 1
i(-3)=1(3) =0
fis continuous on [—1/4, 1/4]. f is differentiable on
(—1/4, 1/4). Rolle's Theorem applies.

1

1 1]
44

f(x) =4— rsec?mx=0
Sl-2'0271'x=ﬂ
T

2
SEC TX = *—=

3

X = 11 arcsec 2 = 11 arccosﬁ
T T 2

T
~ +0.1533 radian
c-values. +0.1533 radian

0.5

-0.25 0.25

-0.5
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28. f(x)=g—sin%x, [—1,0] 20, f(t) = — 16t + 48t + 32
f(-1)=f0) =0 (@ f(1) =f(2 =64
f is continuous on [—1, 0]. f is differentiable on (-1, 0). (b) v =f"(t) must be 0 at some timein (1, 2).
Rolle’'s Theorem applies. f(t) = —32t + 48 = 0
, 1 = X
fx) =3 —goos =0 t:gseconds
cos X = 3
6 T
6 3 .
X = ——arccos— [Valueneededin(—1,0).]
T a
~ —0.5756 radian
c-value: —0.5756
0.02
-1 0
-0.01
30. C(x) = 10(1 + = > 3L v
X x+3 Tangent line
(CRICW)
@ Cd) = ce) = 2 U
; Secant |;
, 1 3 ' e | (b, f(b))
(b) C'(x) = 10(—? + X+ 3)2) =0 1ey e L
Tangent line
3 1
XX+6x+9 X
22 —-6x—9=0
6 + /108
X=—"-—
4
_6+6J/3_3+3/3
4 2
. +
Intheinterval (3,6): ¢ = %&/5 ~ 4,098
32. y 33. fisnot continuous on the interval [0, 6]. (f is not continu-
ousat x = 2.)
f |
a b
34. fisnot differentiable at x = 2. The graph of f is not 35. f(x) = Xflg [0, 6]

smooth at x = 2.
f has a discontinuity at x = 3.
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36. f(x) = |x — 3|, [0, 6]

fisnot differentiable at x = 3.

37. f(x) =x2+ 1 38 f(x) = —x2—x+6
5-2 4-0
@ slope—m—l €) slope—_2_2——1
secant linet y — 2= 1(x + 1) secant line y — 0= —1(x — 2)
y=x+3 y=-x+2
1 (b) f(X) =—2x—1=—-10 c=0andf(c) =6

b) f'x)=2x=1 01 c=3
() Tangentline y — 6= —1(x — 0)

(1) 1\ 5
f(i)_l' f(§>—z y=-x+6
. 5 1 (d) 7
(c) Tangentline: y — — = 1<x - 7)
4 2 tangent
=X + § secant
’ 4 - :, =
(d) 7 -
f
Secant Tangent
-6 6
-1
39. f(x) = x2iscontinuous on [—2, 1] and differentiable on 40. f(x) = x(x2 — x — 2) iscontinuous on [— 1, 1] and
(=2,1). differentiable on (-1, 1).
f() —f(-2 1-4 f(1) —f(=1) _ _
-5 1 1-(-1 ¢

1-(-2 3
1 f(x) =3 —-2x—2= -1
f(x) =2x= —1whenx = 5 Therefore,
Bx+1Dx—1) =0

_ 1 1
c=-5 c=-3
41. f(x) = x2/3is continuous on [0, 1] and differentiable on 42. f(x) = (x + 1)/xiscontinuouson[1/2, 2] and
0, 1). differentiable on (1/2, 2).
fW-10 _, fQ-fW/2 _@2-3_
1-0 2 - (1/2) 3/2
7, 2 — ’ 71
f(X)=§X1/3=1 f(X):?:—l
2\3 8 x2 =1
X = § = E
c=1
8
c=2
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43. f(x) = /2 — xiscontinuous on [—7, 2] and
differentiable on (-7, 2).
fQ-f(=7) _0-3_ 1
2—(-7) 9 3
1
3

2—X=

N

45. f(x) = sinx iscontinuous on [0, 7r] and differentiable on

(0, m).

f(m) —f(0) _0-0

44. f(x) = x®iscontinuous on [0, 1] and differentiable on

0, 2).
f(l)—f(O)_l—O_1
1-0 1
f(x)=32=1
_ V3
X =+
In theinterval (0, 1): c=§.

46. f(x) = 2sinx + sin 2x is continuous on [0, 7] and differ-
entiable on (0, 7).

e f(m —10) _0-0_,
m—0 T
f(x) = cosx =0 f(x) = 2cosx + 2cos2x = 0
c=7—27 2[cosx + 2cox — 1] =0
2(2cosx — 1)(cosx + 1) = 0
cosx = =
2
cosx = —1
3373
Intheinterval (0, w): ¢ = igT
X 1
47100 = =, [—5,2]
/| p— 1 _g
@ L © 9 =17~ 3
Tangent f 3
: CERIES
Secant
- Xx=-1= g=—11§
(b) Secant line: Intheinterval [-1/2,2],c = —1 + (/6/2).
dope— (D~ 1(-1/2) 23— (-1) _2 e p—— O =‘2}Jé=‘72+1
2-(-1/2) 3 [-1+(V6/2)] +1 6 6
2 2 e v 14 2 2 /6
y_§_§(x_2) Tangent line: y 1+\/§_3<X 5 +1
—2=92x—4 _ @=g _@ 2
3y y-1+73 =3x—"3 *3
y— X+ 2=

3y—-2x-5+2./6=0
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48. f(x) = x — 2sinxon[—, 7]

€) 20 () f(x)=1—-2cosx=1
N tangajt{% N cosx =0
A o c-+3  1(F)-7-2
-2
f(—3>:—3+2
(b) Secant line: 2 2
_ @ —ftm _a—-(=m _ Tangentlines:y—(ql—z)zl(x—ﬂ>
e = R 2 2
y—m=1x— m) y=x-2
_ B - m
y =X y ( 2+2) 1<x+2)
y=x+2
49. f(x) = VX, [1, 9]
(1,1),(9,3
1
f/ —
© ) N
f(9 —f(1) _1
9-1 4
11
1 2/c 4
(b) Secantline:y—lzz(x—l) Jc=2
y:1x+§ c=4
4 4 (c,f(c) = (4,2
0=x-4y+3
Y m= () =+
4
. 1
Tangent line: y — ZZZ(X_A')

y=%x+1

O=x—-4y+4
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50. f(x) = —x* + 4x3 + 82 + 5, (0, 5), (5, 80)
80 — 5
m: =

15

(b) Secantlinely — 5 = 15(x — 0)
0=1x—-y+5
f(x) = —4x3 + 12x2 4+ 16X

f(6) ~ (1) _
51 =15
— 4¢3 + 12¢2 + 16¢c = 15
0 = 4c¢® — 12¢2 — 16¢ + 15

c= 0670rc= 379

51. s(t) = —4.9t2 + 500

(@ Vo = 5(3;) - 3(0) _ 455.93— 500

= —14.7m/sec

(c) First tangent line:y — f(c) = m(x — ¢)
y — 9.59 = 15(x — 0.67)
0=15x — y — 0.46
Second tangent linet y — f(c) = m(x — ¢)
y — 131.35 = 15(x — 3.79)
0=15x — y + 745

(b) s(t) iscontinuous on [0, 3] and differentiable on (0, 3). Therefore, the Mean Value Theorem applies.

v(t) = s(t) = —9.8t = —14.7 m/sec

t= %9487 = 1.5 seconds
9
S(12) — S0) _ 200[5 — (9/14)] — 200[5 — (9/2)]
@~p—g = 12
_ 450
7
/| p— 9 —_ @
) St = 200((2 - t)2> ==
1 1
2+12 28
2+t=2J7

t = 2./7 — 2 = 3.2915 months
S(t) is equa to the average value in April.

53. No. Letf(x) = x2on[—1, 2].
f(x) = 2x
f/(0) = 0 and zeroisin theinterval (—1, 2) but f(—1) # f(2).
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54. f(a) = f(b) and f(c) = Owherecisintheinterval (a, b).

@ gx) =f(x +k (b) g = f(x — k) (© g =f(kx)
=g(b) = f(a) + k K =gb+k =f
g(@) = gb) = f(a) + ga+k =gb+k =fa) Q(E) _ Q(E) _fa
9'(x) =f(x) 0 glc)=0 g'(x) = f(x — k)
Interval: [a, b] glc+k=1f()=0 909 = kf'(kx)
Critical number of g: ¢ Interval: [a + k, b + k] Q(E) = kf(c) =0
Critical number of g: ¢ + k
Interval: [% E]

Critical number of g: E

0, x=0

56. No. If such afunction existed, then the Mean Vaue
1-%x, O<x<1

Theorem would say that there exists ¢ € (—2, 2) such that
s f@—-f(-2) 6+2
f(c) = 2-(-2 ~ a4 =2

But, f(x) < 1 for al x.

55. f(x) = {

No, this does not contradict Rolle's Theorem. f is not con-
tinuous on [0, 1].

57. Let S(t) be the position function of the plane. If t = O corresponds to 2 pm., S(0) = 0, §(5.5) = 2500 and the Mean Value
Theorem says that there existsatimet,, 0 < t, < 5.5, such that

2500 — 0
S/(to) = V(to) = E5_0 =~ 454.54.

Applying the Intermediate Value Theorem to the velocity function on the intervals [0, t,] and [t,, 5.5], you see that there are at
least two times during the flight when the speed was 400 miles per hour. (0 < 400 < 454.54)

58. Let T(t) be the temperature of the object. Then T(0) = 1500° and T(5) = 390°. The average temperature over the
interval [0, 5] is

390 — 1500 .
=, = 22F/m.

By the Mean Vaue Theorem, there exists atimeto, 0 < t, < 5, such that T'(ty) = —222°F/hr.

59. Let S(t) be the difference in the positions of the 2 bicyclists,
SH = S0 — S0,
Since S(0) = S2.25) = 0, there must exist atimet, € (0, 2.25) such that
S(ty) = v(ty) = 0.
At thistime, v,(t,) = v,(ty).

60. Lett = O correspond to 9:13 A.m. By the Mean Value Theorem, There exists t,, in (O, 3%) such that

85 — 35
1/30

V(ty) = alty) = = 1500 miles per hour?.
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61. (a) fiscontinuouson[— 10, 4] and changes sign,

(f(=8) > 0, f(3) < 0). By the Intermediate Value
Theorem, there exists at |east one value of x in
[— 10, 4] satisfying f(x) = 0.

(© !

() No, f’ did not have to be continuous on [— 10, 4].

- oeof 3)-sn(7)(3

62. f(x) = SCOSZ(%X), (%)

@

bt
Y

-7

—2m 27

VY

(c) Sincef(—1) = f(1) = 0, Rolle's Theorem applies on
[—1,1]. Sincef(1) = 0andf(2) = 3, Ralle’s
Theorem does not apply on [1, 2].

63. fiscontinuouson[—5, 5] and does not satisfy the

conditions of the Mean Value Theorem. [ f isnot
differentiable on (=5, 5). Example: f(x) = |x]

=

(b) There exist real numbers a and b such that
—10 < a< b < 4andf(a) = f(b) = 2. Therefore,
by Rolle's Theorem there exists at least one number ¢
in (—10, 4) such that f/(c) = 0. Thisis called a criti-
cal number.

(d) [

X
€ 4
—44

(b) fand f’are both continuous on the entire real line.

@ lim 00 =0
lim 9 =0

64. fisnot continuouson[—5, 5].

1/x,
0,

x#0
x=0

Example: f(x) = {
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65.

67.

69.

71.

73.

75.

7.

fx)=x>+x3+x+1
fis differentiable for al x.

f(—1) = —2and f(0) = 1, so the Intermediate Value
Theorem impliesthat f has at least one zero cin[—1, 0],
f(c) = 0.

Suppose f had 2 zeros, f(c,) = f(c,) = 0. Then Ralle's
Theorem would guarantee the existence of a number a
such that

f(@) = f(cy) = f(cy) = 0.

But, f/(x) = 5x* + 3x2 + 1 > O for al x. Hence, f has
exactly one real zero.

fcontinuousatx=0:. 1=Db
fcontinuousatx =1 a+1=5+¢
f differentiableat x = 1: a= 2 + 4 = 6Hence, ¢c = 2.

1, x=0
f(x) = ¢6x + 1, O0<x<1
X2+4x+ 2, 1<x<3
_ 6x + 1, O0sx<1
X2+4x+2, 1<x<3
f(x) =0
flx) =c
f(2 =5
Hence, f(x) = 5.
f(x) = 2x
flx) =x2+c

f)=00 0=1+c O c=-1

Hence, f(x) = x2 — 1.

False. f(x) = 1/x has adiscontinuity at x = 0.

True. A polynomial is continuous and differentiable
everywhere.

Suppose that p(x) = x*"*1 + ax + b hastwo real roots x,
and x,. Then by Rolle’'s Theorem, since p(x;) = p(x,) = 0,
there exists ¢ in (x,, X,) such that p’(c) = 0. But

p'(x) = (2n + 1)x*" + a # 0, sincen > 0,a > 0.
Therefore, p(x) cannot have two real roots.

66.

68.

70.

72.

74.

76.

78.

f(x) = 2x — 2 — cosx

f0) =-3f(m=2r—2+1=2r—1>0.
By the Intermediate Value Theorem, f has at least one
zero.

Suppose f had 2 zeros, f(c;) = f(c,) = 0. Then Rolle's
Theorem would guarantee the existence of a number a
such that

f(a) = f(c,) — f(c) = 0.

But, f(x) = 2 + sinx = 1 for al x. Hence, f has exactly
one real zero.

fcontinuousat x = —1: a= 2

fcontinuousatx = 0: 2=—c

fcontinuousatx =1 b+2=d+4 0 b=d+ 2
f differentiableatx = 0: 0 =0

f differentiableatx = 1: 2b =d

Thus, b= —2andd = —4.

f(x) =4
f(x) =4x+ ¢
fO)=10 c=1

Hence, f(x) = 4x + 1.

f(x) =2x+ 3
flx) =x2+3x+c
fl)=00 0=1+3+c c=—-4

Hence, f(x) = x> + 3x — 4.

False. f must also be continuous and differentiable on each
interval. Let
X3 — 4x
f(x) = 1

True

Suppose f(x) is not constant on (a, b). Then there exists x;
and x, in (a, b) such that f(x;) # f(x,). Then by the Mean
Value Theorem, there exists c in (a, b) such that

f(xy) — f(x)
X=X

f(c) = # 0.

This contradicts the fact that f/(x) = 0 for al xin (a, b).
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79. If p(x) = AX2 + Bx + C, then
f(b) —f(a@ _(A* +Bb+ C) — (A2’ + Ba + C)

P = 2Ax + B = b—-a b—-a
_Al?—a + B(b - a)
a b-a
(b —a)Ab + a) + B]
- b—a
= Ab + a) + B.

Thus, 2Ax = A(b + a) and x = (b + a)/2 which is the midpoint of [a, b].

80. () f(x) =x%,9g(Xx) = —x3+ x>+ 3x + 2

f(=1) =9(-1) =112 =92 =4

Let h(x) = f(x) — g(x). Then, h(=1) = h(2) = 0. Thus, by Rolle's Theorem these exists ¢ € (—1, 2) such that
h(c) = f(c) — g’(c) = 0.

Thus, at x = ¢, the tangent line to f is parallel to the tangent line to g.
h(x) =x2—3x—-2, h(x)=3x?-3=00 x=c=1

(b) Let h(x) = f(x) — g(x). Then h(a) = h(b) = 0 by Rolle’'s Theorem, there exists c in (a, b) such that

h’(c) = f(c) — g(c) = 0.

Thus, at x = ¢, the tangent line to f is parallel to the tangent line to g.

81. Suppose f(x) has two fixed points ¢, and c,. Then, by the Mean Value Theorem, there exists ¢ such that

f(c) — f(cy) GG
C—C C—C

f(c) =

This contradicts the fact that f(x) < 1 for all x.

82. f(x) = 3 cosx differentiable on (— oo, o0).
f(x) = —3sinx
~1<f(x) <30 f(x) < 1 forall real numbers.

Thus, from Exercise 60, f has, at most, one fixed point. (x =~ 0.4502)

83. Let f(x) = cosx. f is continuous and differentiable for all 84. Let f(x) = sinx. fis continuous and differentiable for all
real numbers. By the Mean Value Theorem, for any inter- real numbers. By the Mean Value Theorem, for any inter-
val [a, b], there exists c in (a, b) such that val [a, b], there exists cin (a, b) such that

f(b) —f(a) ., flo) - f@ _ .,
b—-a = f1© b-a F©)
coshb —cosa sin(b) — sin(a) = (b — a) cos(c)
—p_a _ Snc

jsin(b) — sin(a)| = |b — 4] |cos(0)
cosb — cosa = (—sinc)(b — a) . .

|sina —sinb| < |a— b
|cosb — cosa| = |—sinc||b — a

|cosb — cosa| < |b — al since|—sinc| < 1.
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85. Let0 < a < b. f(x) = /x satisfies the hypotheses of the Mean Value Theorem on [a, b]. Hence, there exists ¢ in (a, b) such that
1 _th)-f@_Jb- Ja

f(c) =

2./c b-a b-a
Thus\/Bf\/5=(bfa)i<b_a.
2/c  2Ja

Section 3.3  Increasing and Decreasing Functions and the First Derivative Test

1. (@) Increasing: (0, 6) and (8, 9). Largest: (O, 6)
(b) Decreasing: (6, 8) and (9, 10). Largest: (6, 8)

2. (a) Increasing: (4,5), (6, 7). Largest: (4,5), (6,7)
(b) Decreasing: (—3,1), (1, 4), (5,6). Largest: (—3,1)

3. f(x) =x>—6x+8 4, y=—(x+1)?

Increasing on: (3, co) Increasing on: (—oo, —1)

Decreasing on: (—oo, 3) Decreasing on: (—1, oo)

— — 3X

5.y=4

6. f(x) = x* — 22
Increasing on: (— oo, —2), (2, o0) Increasing on: (—1, 0), (1, o)

Decreasing on: (—2,2) Decreasing on: (—oo, —1), (0, 1)

Critical numbers: none

h(x) < 0for 0 < x < 27

h decreasingon 0 < X < 27

7. fx) =snx+2, 0<Xx<27w
f/(x) = cosx
Critical numbers: x = — 37
2" 2
Testintervals | 0 < x < = iT<x<3—7-r 3—W<x<2
' 2|2 2 | 2 &
Sign of f/(x): f’>0 f’<0 f’>0
Conclusion: Increasing Decreasing Increasing
Increasing on: <0 E) <3—W 2 )
gon: |0, AR
Decreasing on: (7—7 3—”)
gomn
X
h(x) = cos 2, 0< X< 2w
0 = —LgnX
h'(x) S sin5
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1
9. f(X) = ? =x2
, -2
0 =ra
Discontinuity: x =0
Testintervals, | —oo < x <0 0<x<oo
Sign of f/(x): f7>0 f’<0
Conclusion: Increasing Decreasing
Increasing on (— oo, 0)
Decreasing on (0, co)
2
10. y= X
y x+1
,_Xx+2)
Y= x+ 12
Critical numbers: x = 0, —2 Discontinuity: X = —1
Testintervals,| —co < x< =2 | —2<X<—-1| -1<x<0| 0<Xx< oo
Sign of f(x): y' >0 y' <0 y' <0 y' >0
Conclusion: Increasing Decreasing Decreasing Increasing
Increasing on (— oo, —2), (0, oo)
Decreasingon (—2, —1), (—1, 0)
11, 9X) =x* —2x— 8
g'(x) =2x—2
Critical number: x = 1
Testintervals. | —co < x< 1| 1< X< oo
Sign of g'(x): g’'<0 g >0
Conclusion: Decreasing Increasing
Increasing on: (1, o)
Decreasing on: (—oo, 1)
12. h(x) = 27x — x®
h'(x) =27 — 3x* = 3(3 — X)(3 + x)
h(x) =0
Critical numbers: x = +3
Testintervals:| —co < X< =3 | =3 <Xx<3| 3<Xx<oo
Sign of h'(x): h"<0 h’>0 h"<0
Conclusion: Decreasing Increasing Decreasing

Increasing on (— 3, 3)

Decreasing on (— oo, —3), (3, o0)
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13. y=xJ/16 — x?

Domain: [—4, 4]

—2(x> — 8) -2
f= = x—2/2)\x+ 22
16 — x2 16 — x2° V2 v2)
Critical numbers; x = +2./2
Testintervals: | —4 < x< —2J/2 | —2J/2<x<2J/2|2/2<x<4
Signof y”: y' <0 y'>0 y' <0
Conclusion: Decreasing Increasing Decreasing
Increasing on (—2./2, 2./2)
Decreasing on (—4, —2/2), (2./2, 4)
4
LYy =X+ -
14. y=x X
, (x—=2(x+2
="
Critical numbers: x = +2 Discontinuity: 0
Testintervals.| —co < X< —2 | —2<Xx<0| 0<x<2|2<X<o0
Signof y”: y' >0 y' <0 y' <0 y’'>0
Conclusion: Increasing Decreasing | Decreasing | Increasing
Increasing: (—oo, —2), (2, o)
Decreasing: (—2,0), (0, 2)
15. y=x—2cosx, 0<x< 27
y =1+ 2snx
Y . q e 71
y'=0: sinx = >
Critical numbers: x = 7—77, m
6’ 6
rvals T [ 7w _ 1w [ 1w
Testintervals: | 0 < x < 6 6 < 6 6 < X< 2w
Sign of y’ y >0 y <0 y' >0
Conclusion: Increasing Decreasing Increasing

Increasing on: <O,

Decreasing on: (

e 117
6 )( 6 '2”>

T 1im)
6’ 6
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16. f(x) = cos?x — cosx, 0 < X < 27
fi(x) = —2cosxsinx + sinx = sinx(1 — 2 cosx)
snx=00 x=mx
1 7 5w
1—-2cosx=0 [ cosx—2D x—3, 3
Critical numbers; x = E, T, Sm
3 3
Testintervals | 0 < x< 2 | T o x < <X<@ @<X<2
3 3 3 T o 3 3 T
Sign of f/(x) f7<0 f7>0 f7<0 >0
Conclusion: Decreasing | Increasing Decreasing Increasing
Increasing on: (7—7 ) <5—7T 2 )
gon: |5 7|, |50 27
Decreasing on: <O E) ( @>
g on: '3) T, 3
17. f(x) = X2 — 6X 18. f(x) = x>+ 8x + 10
f(x) =2x—6=0 f(x) =2x+8=0
Critical number: x = 3 Critical number: x = —4
Testintervals: | —oo < x < 3 3<X< oo Testintervals. | —oo < X < —4|—4 < X< o0
Sign of f/(x): f7<0 f?>0 Sign of f/(x): f”<0 f7>0
Conclusion: Decreasing Increasing Conclusion: Decreasing Increasing
Increasing on: (3, co) Increasing on: (—4, oo)
Decreasing on: (—oo, 3) Decreasing on: (—oo, —4)
Relative minimum: (3, —9) Relative minimum: (—4, —6)
19. f(x) = -2+ 4x + 3 20. f(x) = —(x2 + 8x + 12)
f(x) = —4x+4=0 f(x)=-2x-8=0
Critical number: x = 1 Critical number: x = —4
Test intervals: —o<x <1 1< X< oo Testintervals.| —co < X< —4 | —4< X< o©
Sign of f/(x): f7>0 f’<0 Sign of f/(x): f’>0 f’<0
Conclusion: Increasing Decreasing Conclusion: Increasing Decreasing

Increasing on: (—oo, 1)

Decreasing on: (1, co)

Relative maximum: (1, 5)

Increasing on: (—oo, —4)
Decreasing on: (—4, oo)

Relative maximum: (—4, 4)



216

Chapter 3

Applications of Differentiation

21 f(x) = 23 + 3 — 12x

22.

23.

fix) =6x2+6x—12=6(x+2)(x—1) =0

Critical numbers; x = —2,1

Test intervals: -0 < X< =2 —-2<x<1 1<x< o
Sign of f(x): f7>0 f?<0 f?>0
Conclusion: Increasing Decreasing Increasing

Increasing on: (—oo, —2), (1, o0)

Decreasing on: (—2,1)

Relative maximum: (—2, 20)

Relative minimum: (1, —7)

f(x) =x3—6x2+ 15

f/(x) = 3x2 — 12x = 3x(x — 4)

Critical numbers: x = 0, 4
Testintervals,| —oo < x<0| 0<Xx<4|4d<Xx<o0
Sign of f'(x): f’>0 f"<0 f’>0
Conclusion: Increasing Decreasing | Increasing

Increasing on (— oo, 0), (4, o)

Decreasing on (0, 4)

Relative maximum: (0, 15)

Relative minimum: (4, —17)

f(x) =x3(3—x) =32 —-x3

f/(x) = 6x — 3x% = 3x(2 — %)

Critical numbers: x = 0, 2
Testintervals, | —oco < X< 0| 0<X<2 | 2<X< o0
Sign of f(x): f7<0 >0 f7<0
Conclusion: Decreasing Increasing | Decreasing

Increasing on: (0, 2)

Decreasing on: (—oo, 0), (2, o0)

Relative maximum: (2, 4)

Relative minimum: (0, 0)
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24. f(x) = (x+ 23x— 1)
f(x) = 3x(x + 2)
Critical numbers; x = —2,0
Testintervals:| —co < X< =2 | =2<x<0] 0<Xx< oo
Sign of f(x): f’>0 f’<0 f’>0
Conclusion: Increasing Decreasing Increasing
Increasing on: (—oo, —2), (0, co)
Decreasing on: (—2, 0)
Relative maximum: (—2, 0)
Relative minimum: (0, —4)
x5 — Bx
25. f(x) = 5
fx) =x*—1
Critical numbers; x = —1,1
Test intervals: —oo < x< —1 —l<x<1 1<x< oo
Sign of f/(x): f?>0 f’<0 f?>0
Conclusion: Increasing Decreasing Increasing
Increasing on: (—oo, —1), (1, c0)
Decreasing on: (—1,1)
Relative maximum: (-1, %)
Relative minimum: (1, —2)
26. f(x) =x*—32x+ 4 27. f(x) =x/3 +1
, — Av3 _ 3 _
f(x) = 43 — 32 = 4(x® — 8) Fx) = %X‘Z/a _ 3;/3
Critical number: x = 2
Critical number: x =0
Test intervals: —oo < X< 2 2< X< o0
Sign of f/(x): f"<0 >0 Testintervals, | —oo < x < 0 0< X< oo
Conclusion: Decreasing Increasing Sign of f(x): f”>0 f”>0
Conclusion: Increasing Increasing

Increasing on: (2, oo)

Decreasing on: (—oo, 2)

Relative minimum: (2, —44)

Increasing on: (—oo, oo)

No relative extrema
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28. f(x) =x¥3 -4 29. f(x) = (x — 1)3
/ — g —1/3 — 2 q = 72
) = X T 3an ) 3(x — 13

30.

32.

Critical number: x =0

Testintervals, | —co<x <0 | 0 < X< oo
Sign of f(x): f?<0 f?>0
Conclusion: Decreasing Increasing

Increasing on: (0, co)

Decreasing on: (—oo, 0)

Relative minimum: (0, —4)

f(x) = (x — 1)/3

o 1

P = 3= pe

Critical number: x =1
Testintervals, | —oo < X <1 | 1< X< oo
Sign of f/(x): f?>0 f?>0
Conclusion: Increasing Increasing

Increasing on: (— oo, co)

No relative extrema

fx) =[x+ 3 -1

X+ 3 1, x> -3
f(x) = =
|x + 3| -1, x< -3
Critical number: x = —3
Testintervals, | —co < X< =3 | =3 < X < o©
Sign of f/(x): f"<0 f">0
Conclusion: Decreasing Increasing

Increasing on: (—3, co)
Decreasing on: (—oo, —3)

Relative minimum: (—3, —1)

31

Critical number: x =1

Testintervals. | —co < X <1 |[1< X< o0
Sign of f/(x): f"<0 f?>0
Conclusion: Decreasing Increasing
Increasing on: (1, o)
Decreasing on: (—oo, 1)
Relative minimum: (1, 0)
f(x) =5—|x— 5|
— 1, Xx<5
o = — X5 _ {
x=5] (-1, x>5
Critical number: x =5
Testintervals: | —co < X <5 | 5 <X < oo
Sign of f/(x): f">0 f"<0
Conclusion: Increasing Decreasing

Increasing on: (—oo, 5)
Decreasing on: (5, co)

Relative maximum: (5, 5)
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1
33. f(x) —x+;

35.

1

f'(X)=l—?=

21
X2

Critical numbers; x = —1,1

Discontinuity: x = 0

Test intervals: —oo <x< —1 -1<x<0 0<x<1 l<Xx< o
Sign of f/(x): f?>0 f?<0 f?<0 f?>0
Conclusion: Increasing Decreasing Decreasing Increasing
Increasing on: (—oo, —1), (1, o)
Decreasing on: (—1,0), (0,1)
Relative maximum: (—1, —2)
Relative minimum: (1, 2)
X
- ) = x+1
oo = X DW= M) _ 1
(x + 1)2 (x + 1)2
Discontinuity: x = —1
Test intervals: —co<Xx<-1| -1<x<o
Sign of f/(x): f?>0 f?>0
Conclusion: Increasing Increasing
Increasing on: (—oo, —1), (—1, o0)
No relative extrema
X2
f(x) = Z—9
Fx) = (€ —-9(2) — ()29 _ —18x
0¢ — o7 0¢ — o7
Critical number: x = 0
Discontinuities: x = —3,3
Test intervals: —oo < X< —3 -3<x<0 0<x<3 3<x< oo
Sign of f/(x): >0 f7?>0 f’<0 f?<0
Conclusion: Increasing Increasing Decreasing Decreasing

Increasing on: (—oo, —3),(—3,0)

Decreasing on: (0, 3), (3, co)

Relative maximum: (0, 0)
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x+3 1 3
36. f(X)— 2 _X+?
, 1 6 —(x+6)
M= %™ "%

37.

38.

Critical number: x = —6

Discontinuity: x = 0

Testintervals: | —oo < x < —6 -6<x<0 0<x<oo
Sign of f/(x): f?<0 f?>0 f?<0
Conclusion: Decreasing Increasing Decreasing

Increasing on: (—6, 0)

Decreasing on: (—oo, —6), (0, c0)

o 1
Relatlvemlnlmum.( 6, 12)

2
£(x) _X Xix1+ 1
Fx) — X+Dx=-2) - =2x+1I) _ *¥+2x-3_ x+3(x—-1
(x + 1)? (x + 1)? (x + 1)?
Critical numbers; x = —3,1
Discontinuity: x = —1
Test intervals: —00 < X< —-3| -3<x<-1|]-1<x<1l|1l<Xx<oo
Sign of f/(x): f?>0 f?<0 f?<0 f?>0
Conclusion: Increasing Decreasing Decreasing Increasing

Increasing on: (—oo, —3), (1, c0)
Decreasing on: (—3, —1), (-1, 1)
Relative maximum: (—3, —8)

Relative minimum: (1, 0)

X2 —3x—4
f(x) = TR
Fx) = (X=2)(2x=3 = (¥ =3Xx—-4(1) _x*—4x+ 10
(x = 2)? (x — 2)?

Discontinuity: x = 2

Test intervals: —o0 < X< 2 2 < X< oo

Sign of f/(x): f">0 f">0

Conclusion: Increasing Increasing

Increasing on: (—oo, 2), (2, o0)

No relative extrema
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39. () f(x) = g +cosx 0 < x < 27

f’(x)zé—sinx:o

2
Critical numbers: x = — om
' 6’ 6
Test intervals: 0<x< T E<x<5—7 5—77'<x<2
' 6 6 6 6 m
Sign of f/(x): f?>0 f?<0 f?>0
Conclusion: Increasing Decreasing Increasing
Increasing on: <0 E) <5—Tr 2 )
g on. ' 6) 647
Decreasing on: (7—7 @>
9o {66
. . +
(b) Relative maximum: 7—7,7776\/5
6 12
(57 57— 63
Relative minimum: < 6 P >
. 1.
40. (@) f(x) = sinxcosx = Esm2x,0 < X< 27w
f(x) = cos2x = 0
it .y @ 3m 5w Im
Critical numbers. x = 24 42
Test intervals: O<x<§ g<x<377T 3777<x<57? 57?7<x<7777 777T<x<271-
Sign of f/(x): f?>0 f?<0 f?>0 f?<0 f?>0
Conclusion: Increasing Decreasing Increasing Decreasing Increasing

Increasing on: <O,

Decreasing on: (7—7, 3—”) (i ﬁ)
4’ 4 4
(b) Relative maxima: (7—7 1>, (57?7

(3w 1
Relative minima: (4, 2)(

D)

4'2
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41. (@) f(x) = sinx + cosx,

42. (@ f(x) = x+ 2sinx,

0<Xx<2m

f(x) = cosx —sinx =0 [0 sinx = cosX

it = T 5T
Critical numbers; x = 22
Test intervals: O<x<E —<x<5—w @<x<2
4 | 4 4 4 7
Sign of f(x) f’>0 f"<0 f’>0
Conclusion: Increasing Decreasing Increasing

Increasing on: <O,

i) (e

Decreasing on: (7—7 5—”)
9o 132

(b) Relative maximum: (

/)

Relative minimum: <577T - ﬁ)

3

Ogvﬁzﬂ

-3

0< X< 27

f(x) =1+ 2cosx=0 [0 cosx = —%

27 4
Critical numbers: 3' 3
. ] 2 2 4 A7
Test intervals: 0<x<3 3<x<3 3<x<277
Sign of f(x) f’>0 f’<0 f’>0
Conclusion: Increasing Decreasing Increasing

Increasing on: (O —) (ﬂT 277)

3

. (277' 477)
Decreasingon: | —-, —

(b) Relative maximum:

Relative minimum: (

3'3

(222
3
A

Am Am _
3’3

—~

5 ) (S

3) = (5 27)
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43. (@) f(x) = cos?(2x), 0<x<2mw
f(x) = —2cos2xsin2x =0 [0 cos2x =0 or sin2x =0

Critical numbers, X = —, —, —, —, =, 7,

4' 4’ 4’ 4’2 2
Testintervas | 0 < x < = Tex< X £<x<ﬁ 3iT<X<
4 | 4 2 | 2 4 4 7
Sign of f(x) f’<0 f’>0 f’<0 f’>0
Conclusion: Decreasing Increasing Decreasing Increasing
o 57 [ 5m _ 3w [ 3w __ T | Im

Test intervals: 71-<X<4 4<X<2 2<X<4 4<X<27T
Sign of f(x) f’<0 f’>0 f’<0 f >0

Conclusion: Decreasing Increasing Decreasing Increasing
Increasing on: <7—T E) <3—77 > (5—7T ﬁ) <7—77 2 )

g . 41 2 [l 4 y Ty 41 2 il 4 , &7
Decreasing on: (0 E) (E 3—”) ( 5—”) (ﬁ 7—”)
gon \O. 4 )\ 2 )\ ™2 )\
(b) Relative maxima (127 1), (1), (37” 1)
veminma [T o) (37 o) (57 o) (7=
Relative minima: <4,0>,( 2 0)( 4,0),< 2 ,0)
(© :
-1
44. (@ f(x) = V/3sinx + cosx (© s
f(x) = V/3cosx —snx=0 O tanx= /3
0 27

i =T AT N

Critical numbers, x = 33
-3
Testintervals, | 0 < x < — E<x<4—77 4—7T<x<2
3 3 3 3 m
Sign of f(x) f’>0 f"<0 f’>0
Conclusion: Increasing Decreasing Increasing
ingon: [0 7) (47
Increasing on: <0, 3), < 3 ,277')
Decreasing on: (E 4—77>
gon {373

9

Relative minimum: (4—77 —2)

(b) Relative maximum: <

wly

w
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45. (@ f(x) =dn?x+sinx, 0<x< 27

f/(x) = 2sinxcosx + cosx = cosx(2sinx + 1) = 0

" 7 Im 37 U
Critical numbers. x = 26" 2" 6
Test intervals: 0<x<g 7—27<x<7—g 7g<x<3—277 3777<x<1277 %77<x<277
Sign of f/(x): f?>0 f’<0 f?>0 fr<0 f?>0
Conclusion: Increasing Decreasing Increasing Decreasing Increasing
Increasing on: <0 7—7) <7—Tr @) (ﬁ 2 >
g on. S\ 2 ) 6,77
Decreasing on: (E 7—”) (ﬁ &)
9o 126 )\ 2776
veminima (77 1) (Lir 1
(b) Relative minima: (6’ 4>( 6 4>
. . T 37
Relative maxima: (7, 2), (* O)
2 2
sin x
46. (a) f(X) = TCOSZX, 0<x< 27
oy COSX(2 + sin?x)
P00 ="+ comxz ~©
Critical numbers, x = — 3m
' 2’2
Testintervals | 0<x< = | Zox < 3—7T<x<2
2 | 2 2 | 2 m
Sign of f/(x): >0 f7 <0 >0
Conclusion: Increasing Decreasing Increasing

aon [0.7) (37
Increasing on: <O, 2)( > ,277)

z3j>
2' 2
N

Relative minimum: (377, — 1)

Decreasing on: (

(b) Relative maximum: (

N[y

N
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47. f(x) = 2x/9 — %, [-3, 3]
209 — 22
9—x?

(@ () =
(b) y

(d) Intervals:
<3 3\@) <3ﬁ 3\@) <3ﬁ 3>
' 2 2 2 2’
f(x) <0 f(x) >0 f(x) <0
Decreasing Increasing Decreasing

fisincreasing when f” is positive and decreasing
when f”is negative.

49. f(t) = t?sint, [0, 2m]
(@ f(t) = t?cost + 2tsint
= t(tcost + 2sint)

b

(c) t(tcost + 2sint) = 0
t=0ort=—2tant
tecott=—2
t = 2.2889, 5.0870 (graphing utility)
Critical numbers: t = 2.2889,t = 5.0870

(d) Intervals:
(0, 2.2889) (2.2889, 5.0870)  (5.0870, 27)
f(t) >0 ft) <0 f(t) >0
Increasing Decreasing Increasing

fisincreasing when f’ is positive and decreasing when
f’is negative.

48. f(x) = 10(5 — /X2 — 3x + 16),[0, 5]

vy 5(2x—=73)
@ = e+ 16
®

15+

t = ——
-1 1 3 4
3t

-——2&-9 _,
U —3x+16

Critical number: x = g

(d) Intervals:
3 3
(03] >3)
f(x) >0 f(x) < 0
Increasing Decreasing

fisincreasing when f’ is positive and decreasing
when f’is negative.

50. f(x) = g + cosg, [0, 4]

_ 1
2

N

(@ f(x) =

N X

(b)

Critical number: x = 7

(d) Intervals:
(0, m) (m, 4m)
f(x) >0 f(x) >0
Increasing Increasing

fisincreasing when f’ is positive.
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51. (a) f(x) = —3sin§, [0, 67]

52. (a) f(x) = 2sin3x + 4cos3x, [0, 7]
f/(X) = 6 cos3x — 12sin 3x

(b vy
121 £
583 f(x) = x> — 4x3 + 3x _ (X2 — 1)(x® — 3x) _

x2—1 X2 —1
f(x) = g(x) = x® — 3xforal x # 1.

f(x) =3 —-3=3x—-1,x#+x1 0O f(x)+#0

f symmetric about origin
zeros of f: (0,0), (£./3,0)

No relative extrema

f(t) = —4sintcost = —2sin2t

f symmetric with respect to y-axis
LT
zerosof f: + 2
Relative maximum: (0, 1)
Relative minimum: <—7—27 - 1), (z, — 1)

2

ANVA.NYD.!
\>/_/

X3 —3x X # %1

. f(t) = cos?t — sint = 1-2sinft=g(t), 2 <t < 2

(c) Critical numbers: x = %%ﬂ

(d) Intervals:
05) %) (S
f"<0 f'>0 <0
Decreasing Increasing Decreasing

fisincreasing when f’ is positive and decreasing when f”
is negative.

() (0 =00 tan3x = % 00 x = 0.1545,1.2017, 2.2489

(d) f’is positive on (0, 0.1545), (1.2017, 2.2489)
f’is negative on (0.1545, 1.2017), (2.2489, )

fisincreasing when f’is positive and decreasing when
f’is negative.

Holesat (—1, 2) and (1, —2)

55. f(x) = cisconstant (1 f/(x) = O.
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56. f(x)isalineof slope = 20 f(x) = 2. 57. fisquadratic (0 f’isaline.
6 y
ol
2: f!
6 6 I
-2 ol
58. fisa4" degree polynomia 1 f’ 59. f has positive, but decreasing slope 60. f has positive slope
is a cubic polynomial. y y
b N
ol
L 3
T N
a2 L2 a ‘ ‘
27 EREE T AN
-4 4 B
I ol
61. (a) fincreasing on (2, oo) because f* > 0 on (2, o) 62. (a) fincreasing on (—oo, —1) because f’ > 0 on (—oo, —1)
f decreasing on (— oo, 2) because f” < 0 on (—co, 2) f decreasing on (— 1, oo) because f” < 0 on (— 1, co0)
(b) f has arelative minimum at x = 2. (b) f hasarelative maximumat x = —1.

63. (a) fincreasing on (—oo, 0) and (1, co) because f’ > 0 there
f decreasing on (0, 1) because f’ < 0 there

(b) fhasarelative maximum at x = 0, and arelative minimum at x = 1.

64. (a) fincreasing on (—oo, —1) and (0, 1) because f’ > 0 there
f decreasing on (—1, 0) and (1, oo) because f’ < O there
(b) fhasarelative maximumatx = —1and x = 1.

f has arelative minimum at x = 0.

In Exercises 65—70, f(x) > 0on (—oo, —4), f(X) < 0on (-4, 6) and f(x) > 0on (6, o0).

65 gx) =f(x) +5 66. g(x) =3f(x) —3 67. gx) = —f(x
g'(x) = f'(x) 9'(x) = 3f"(x) g'(x) = -1 (%
g'(0)=f(0) <0 g(=5 =3f(-5 >0 g(—6)=—-f(-6) <0
68. g(x) = —f(x) 69. g(x) = f(x — 10) 70. g(x) = f(x — 10)
g'(x) = —f'(x) g'(x) = f'(x — 10) g'(x) = f'(x — 10)

g(0) = —-f(0) >0 g(0) =f(-10) > 0 g8 =f(-2 <0
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> 0, X < 40 fisincreasing on (—oo, 4).
71. f/(X)s undefined, x = 4
< 0, X > 4 [ fisdecreasingon (4, o).

Two possibilities for f (x) are given below.

@ ¢
ol |
1
1
44 1
1
1
2+ 1
1
1
= x
2 1 6 8
2t 1
1
b) |
PR
T /\
AN
_1i
7
_3l

73. Thecritical numbers are in intervals (— 0.50, —0.25) and
(0.25, 0.50) since the sign of f’ changes in these intervals.
f is decreasing on approximately (—1, —0.40), (0.48, 1),
and increasing on (—0.40, 0.48).

Relative minimum when x = —0.40.

Relative maximum when x = 0.48.

75. S(t) = 4.9(sin O)2
@ s(t) = 49(sin 6)(2t) = 9.8(sin O)t
speed = [s'(t)] = |9.8(sin o)

72. Critical number: x =5
f(4) = —25 [ fisdecreasing at x = 4.
f/(6) = 30 fisincreasingat x = 6.

(5, (5)) is arelative minimum.

BRAVARV,

-2+

Answers will vary.

© o ol T ks z 2m 3m
4 3 2 3 4 7
IS0 | 0| 492t | 493t | 98t | 493t | 492t | O

The speed is maximum for 6 = 7—27
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3t
76.C=-" 5120

@ t 0| 05 1 15 2 25 3

C(t) | 0| 0.055 | 0107 | 0.148 | 0.171 | 0.176 | 0.167

The concentration seems greater near t = 2.5 hours.
(27 + t3)(3) — (3)(3t?)

(b) 0.25 (C) C'= (27 + t3)2
_3(27 — 29
(27 + 132
Ve C’=O0whent = 3/ %2 ~ 2.38 hours.
The concentration is greatest when t ~ 2.38 hours. By the First Derivative Test, this is a maximum.
77. f(x) = x,gX) =sinx,0 < x < 7
@ X 0.5 1 15 2 25 3
fx) | 05 1 15 2 25 3
g(x) | 0479 | 0.841 | 0.997 | 0.909 | 0.598 | 0.141
f(x) seems greater than g(x) on (0, ).
(b) s () Leth(x) = f(x) — g(x) = x — sinx

//4 h(x) =1 — cosx > 0on (0, m).
0 = Therefore, h(x) isincreasing on (0, 7). Since

h(0) = 0, h(x) > 0on (0, 7). Thus,

-2
X—snx >0
x > sinxon (0, m) X > sinx

f(x) > g(x) on (0, m).

78. f(x) = x, g(x) = tanx
@

X 0.25 0.5 0.75 10 1.25 15

f(x) 0.25 0.5 0.75 10 1.25 15

g(x) | 0.2553 | 0.5463 | 0.9316 | 1.5574 | 3.0096 |14.1014

o

On (0, 5

>,tanx > X
(b) s (c) Leth(x) = tanx — x.

h(x) = sec?x — 1 > Oon (O, g)

Because h(0) = 0 and h’(x) > Oon <O, 127)

[NIE}

h(x) >0 O tanx > xon <07—27)
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79.

80.

81.

83.

v=kR—r)r2=kRr2-r3

v’ = k(2Rr — 3r?)

=kr(2R—-3r)=0
r= Oor%R

Maximum whenr = £R.

2

X
P = 244x — 20,000 — 5000,0 < x < 35,000
7 _ X —
P’ =244 10,000 0
X = 24,400

Increasing when 0 < x < 24,400 hamburgers.

Decreasing when 24,400 < x < 35,000 hamburgers.

__VRR
P= R, + R vand R, are constant
daP _ (R, + R)A(VR) — VRIR[2(R, + Ry)(1)]
drR, (R, + Ry)*
_VRR -R) _ _
TTRARp CHRTR

Maximumwhen R, = R,.

(a) Using agraphing utility, (t = 5 represents 1995)
M = 5.267t2 — 71.19t + 356.9.

N

(b) 250

. (8) Using a graphing utility, (t = 8 represents 1988)

Test intervals: 0 < x < 24,400

24,400 < x < 35,000

Signof P": P">0

P'<0

82. R= /0.001T* — 4T + 100
0.004T 2 — 4

(@ R =

T = 10°, R = 8.3666()
(b) 125

-100 100

-25

T 2/0001T% — 4T + 100

The minimum resistance is approximately

R=837QaT= 10"

(c) M(t) = 10534t — 71.19=0 O t~ 6.8
By the First Derivative Test, t = 6.8 isaminimum.

M(6.8) =~ 116.3

The minimum of the actual datais115.6att = 7.

B = —0.33772t* + 19.2641t3 — 398.081t2 + 3585.41t — 11138.1.

(b) 1500

[o) N E———] )}

(c) Analyticaly,

B’ = —1.35088t% + 57.7923t2 — 796.162t + 3585.41 = O whent ~ 19.7

The maximum value of the datais 1429.5at t = 18 (1998).
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85.

86.

87.

88.

90.

91.

(@ sty =6t —t2t=0
v(t) =6 — 2t
(b) v(t) = Owhent = 3.

Moving in positive direction for 0 < t < 3 becausev(t) > Oon0 <t < 3.

(c) Moving in negative direction whent > 3.

(d) The particle changes directionatt = 3.

(@ st)=t>—7t+10,t = 0
vt)=2t—-7
(b) v(t) = Owhen't = %

Particle moving in positive direction or t > 3 because v/(t) > 0 on (3, oo).

(c) Particle moving in negative direction on (0, %)
(d) The particle changes direction at t = Z.

(@ st) =t3—5t2+4t,t >0
v(t) = 3t2 — 10t + 4

(b) v(t) = Ofort =

10+ v100-48 5=+ /13

6 3

Particle is moving in a positive direction on <O,

v > 0 ontheseintervals.

(c) Particleis moving in a negative direction on (
(d) The particle changes directionat t = %

(@) s(t) = t3 — 20t2 + 128t — 280
v(t) = 3t — 40t + 128

by vi) =Bt —16)t-8 =00 t=238
v(t) > 0for (0,%) and (8, co)

(c) v(t) < Ofor (¥, 8)

(d) The particle changes direction at t = % and 8.

Answers will vary.
(@) Use acubic polynomial

f(x) = agx3 + a,x? + ax + a,.

(b) f(x) = 3azx2 + 2a,x + a;

(0, 0): 0= a, (f(0) =0
0=a, (/0) = 0)
(2, 2): 2=8a,+4a, (f(2=2)

0=12a, + 4a, (f(2)=0)

5- /13 5+ V13

3

89. Answerswill vary.

(c) Thesolutionisa, =a, = 0,a, = -

(d)

) ~ (0, 0.4648) and (

f(x):—;

4

) ~ (0.4648, 2.8685)

L?)ls, oo) ~ (2.8685, oo) because

NI

=x3 + ox2

(2,2

(0,0
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92. (a) Use acubic polynomial (c) Thesolutionisa, =a, = 0,a, = % a, = %
f(x) = ag® + ay@ + ax + &g,
(b) f(x) = 3a;x? + 2a,x + a, f(x) = _125)(3 + %xz.
(0,0): 0=a, (f(0) = 0) (@
(4, 1000)

0=2a (f1(0) = 0)

(4,1000): 1000 = 64a, + 16a, (f(4) = 1000) i .
) ©0
0= 48a, + 8a, ((4) = 0) |

-400

93. (a) Useafourth degree polynomial f(x) = a,x* + azx® + a,x? + a;x + a,.
(b) f(x) = 4a,x® + 38 + 2a,x + a;
(0,0: 0=a, (f(0) =0
0=a (f(0) = 0)
(4,0: 0= 2563, + 64a; + 16a, (f(4) =0)
0= 2563, + 48a, + 8a,  (f/(4) = 0)
(2,4): 4= 16a, + 8a; + 4a, (f@ =4
0 = 32a, + 12a, + 4a, (f(2) = 0)

(c) Thesolutionisay=a, =0,a,=4,a;= —2,8, = %
1
f(x) = Zx“ — 23 + 4

(d) 5

(2.4

0,0 (4,0

94. (a) Useafourth degree polynomial f(x) = a,x* + a;x@ + a,x2 + a;x + a,,

(b) (%) = 48,3 + 3a,%% + 2a,x + a;

1, 2): 2=g,ta;+a,+a +a, (f(1) =2
0=4a,+ 38, +2a, + a (f(1) =0
(-1,4): 4=a,—a;+a,—a+a (f(-1) =4
0=—4a,+3a;— 2a, + (f(-1)=0
(3,4): 4=28la,+ 27a;+ 9, + 33, +a, (f(3) =4
0 = 108a, + 27a, + 6a, + a, (f(3) = 0)
(c) Thesolutionisa, = %3, a, = —g, a, = 711, a; = % a, = —%
f) = —gx*+ ¢+ 02— X+ 2
(d) >
(1.9 @4

WA
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95.

97.

99.

101.

102.

103.

104.

105.

True. 96. False.

Let h(x) = f(x) + g(x) wheref and g are increasing. Then Let h(x) = f(x)g(x) wheref(x) = g(x) = x. Then
h'(x) = f(x) + g’(x) > Osincef (x) > Oandg’(x) > 0. h(x) = X2 is decreasing on (—co, 0).

False. 98. True.

Let f(x) = x5, then f(x) = 3x? and f only has one If f(x) is an nth-degree polynomial, then the degree of
critical number. Or, let f(x) = x® + 3x + 1, then f(x)isn — 1.

f/(x) = 3(x2 + 1) has no critical numbers.

False. For example, f(x) = x® does not have arelative 100. False.

extrema at the critical number x = 0. . . .
The function might not be continuous.

Assumethat f/(x) < 0 for al xintheinterval (a, b) and let x, < x, be any two pointsin the interval. By the Mean Value
Theorem, we know there exists anumber ¢ such that x; < ¢ < Xx,, and

fx) — f(x)
Xo =X

f(c) =

Sincef(c) < Oandx, — x; > 0, thenf(x,) — f(x;) < O, whichimpliesthat f(x,) < f(x,). Thus, f is decreasing on the
interval.

Suppose f(x) changes from positive to negative at ¢. Then there existsa and b in | such that f/(x) > 0 for al xin (a, ¢) and
f/(x) < Ofor al xin (c, b). By Theorem 3.5, f isincreasing on (a, ¢) and decreasing on (c, b). Therefore, f(c) is a maximum
of f on (a, b) and thus, a relative maximum of f.

Letf(x) = (1 + x)" — nx — 1. Then

f(x)=n1+x""1t—n

n(1+x""1—1] > 0sincex > Oandn > 1.
Thus, f(x) isincreasing on (0, oo). Sincef(0) = 0 f(x) > 0on (0, o)
@A+x"—nx—1>00 A+x">1+nx

Let x, and x, be two real numbers, X, < X,. Then x2 < x; [0 f(x;) < f(x,). Thusfisincreasing on (— oo, o).

Let x, and x, be two positive real numbers, 0 < X; < X,. Then
1 1
-
X X%
f(xy) > f(x,)

Thus, f is decreasing on (0, oo).
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Section 3.4  Concavity and the Second Derivative Test

Ly=x-x-2y"=2

Concave upward: (— oo, co)

24 , 144(4 — x?)
3 1 = e+ 12Y T e+ 128

Concave upward: (—oo, —2), (2, o)
Concave downward: (-2, 2)
+1 4(3%2 + 1)

f X2 4
5 (X)fxzfl’ y'= (@ — 1)3

Concave upward: (—oo, —1), (1, co)

Concave downward: (—1, 1)

7. gx) =32 — X3
g(x) = 6x — 3x?
g’(x) = 6 — 6X
Concave upward: (—oo, 1)
Concave downward: (1, co)
9. y=2x—tanx, (—gg)
y' =2 — sec?x
y’ = —2sec?xtan x

Concave upward: (— 7—27 0)

m
0.7)

11, f(x) = 3 — 6x2 + 12x
f(x) = 3x% — 12x + 12

Concave downward:

//

f7(x) = 6(x — 2) = Owhenx = 2.

The concavity changes at x = 2. (2, 8) is a point of

inflection.
Concave upward: (2, co)

Concave downward: (—oo, 2)

2.y=-X+3% -2y’ =-6x+6

Concave upward: (—oo, 1)

Concave downward: (1, oo)

2
4 f=X"1

—6

”

x+1Y " (2x + 1)

Concave upward: (— o0, —%)

Concave downward: ( -1, oo)

1

6. —(—3x° + 40x3 + 135x),y” = %zx(x —2)(x+ 2

Y=2%0

Concave upward: (—oo, —2), (0, 2)

Concave downward: (—2, 0), (2, c0)

8. h(x) =x>—5x+2

h’(x) = 5x* —
h(x) = 20x3

5

Concave upward: (0, co)

Concave downward: (—oo, 0)

10. y=x+2cscx, (—m

y’=1— 2cscxcotx

Yy’ = —2cse x(—csc?x) — 2 cot X(—Csc X cot X)

= 2(csc3x + €sc x cot? x)

Concave upward: (0, )

Concave downward: (— ar, 0)

12 f(x) =23 -3 —12x+ 5
f/(x) = 6x%2 — 6x — 12
f7(x) = 12x — 6
f7(x) = 12x — 6 = Owhenx = %
Test interval ~o <X<1% J<x<oo
Sign of f”(x) f7(x) < 0 f7(x) > 0
Conclusion Concave downward Concave upward

1 13

Point of inflection: (5, —5)
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1
13 f(x) = le4 — 2%
f(x) = x® — 4x
f7(x) = 32 — 4
2
f’(x) = 32 — 4 =0whenx = +——,
() NG
Test interval: —oo<x<—i —i<x<i —= < X< oo
' /3 /3 /3 /3
Sign of f”(x): f7(x) > 0 f7(x) < 0 f7(x) > 0
Conclusion: Concave upward Concave downward Concave upward
. . . 2 20
Points of inflection: (i—, ——)
J3 9
14. f(x) = 2x* — 8x + 3
f(x) =8x3—8
f7(x) = 24x2 = Owhenx = 0.
However, (0, 3) is not a point of inflection since f”(x) > 0 for all x.
Concave upward on (— oo, 00)
15. f(x) = x(x — 4)3
f(x) = 3(x — 4?3 + (x — 4)8
= (X — 4)%(4x — 4)
f7(x) = 4(x — D[2(x — 4)] + 4(x — 4)?
=4(x —420x— 1) + (x — 4]
=4(x — 4)(3x — 6) = 12(x — 4)(x — 2)
f7(x) = 12(x — 4)(x — 2) = Owhenx = 2, 4.
Test interval: —co < X< 2 2<x<4 4 < X< oo
Sign of f”(x): f7(x) > 0 f’(x) < 0 f7(x) > 0
Conclusion: Concave upward Concave downward Concave upward

Points of inflection: (2, —16), (4, 0)

16. f(x) = x3(x — 4)

f(x) = x3 + 3X%(x — 4)

=xIx + 3(x — 4)] = 4x — 3

f7(x) = 4x2 + 8x(x — 3) = 4X[x + 2(x — 3)] = 12x(x — 2)

f7(x) = 12x(x — 2) = Owhenx = 0, 2.

Test interval -0 <Xx<0 0<x<2 2<x< oo
Sign of f”(x) f7(x) > 0 f7(x) < 0 f7(x) > 0
Conclusion Concave upward Concave downward Concave upward

Points of inflection:

(0,0), (2, —16)
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17. f(x) = Xx</X + 3, Domain: [—3, c0)

18.

19.

20.

100 = x(3)oc+ 322+ i3

_6Ux+3-3x+2x+3) Y2 30x+4)

3(x + 2)

2Vx+ 3

f7(x)

4(x + 3)

T+ 3

f”(x) > 0 on the entire domain of f (except for x = — 3, for which f ”(x) is undefined). There are no points of inflection.

Concave upward on (— 3, oo)

f(x) = x/x + 1, Domain: [—1, co)

) = (2 (x +

1)—1/2+\/XT:23X7+2

f(x) =

2 VX+1
6v/x+1—- (X+2)(x+1Y2  3x+4
4x+ 1) 4(x + 1)¥2

f”(x) > 0 on the entire domain of f (except for x = — 1, for which f”(x) is undefined).
There are no points of inflection.

Concave upward on (— 1, oo)

X

=1

yon . 1—x2

9 = (@ + 1)2

sy = 2XOP = 3) _

f(x) = T Owhenx = 0,+./3.
Testintervals. | —oo < x< —/3 | —=/3<x<0 0<x< 3 V3 <x< oo
Sign of f/(x): f7<0 f7>0 f7<0 f7>0
Conclusion: Concave downward | Concave upward | Concave downward | Concave upward

Points of inflection: <— V3, —\f) (0,0, <\/§ f)

o x+1
VX

s X—1
f(x)—TXS/2

f(x)

3—X

f ”(X) = 4x5/2

Point of inflection

, Domain: x > 0

6365

Test intervals 0<x<3 3<Xx< oo
Sign of f”(x) f7>0 f”<0
Conclusion Concave upward | Concave downward

21, f(x) = sin2,0 < x < 4x

f(x) = 1co

2

{3

F(x) = —ls'n@)

4

f7(x) = Owhenx = 0, 27, 4.

Point of inflection: (27, 0)

Test interval: 0<x< 27w 27 < X < 4m
Sign of f”(x): f7<0 f”>0
Conclusion: Concave downward | Concave upward
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X

22. f(x) =2csc—,0 < x < 27

2

3x 3x

f/(x) = —3 csc—-cot —

2 2
3X

f7(x) = g(@% + csc—cotz%> # 0 for any x in the domain of f.

2

Concave upward: <O, @) (ﬂT 277)

Concave downward: (

3 3

Lﬂ)
3'3

No points of inflection

23. f(x) = sec(x -

g)‘O<X<47T

fi(x) = sec(x - 7—27) tan(x - 7—;)

f7(x) = sec3(

X — 7—27> + sec<x - 7—;) tan2<x - E) # 0for any x in the domain of f.

Concave upward: (0, ), (27, 3m)

Concave downward: (m, 27), (3, 4m)

No points of inflection

24. f(x) =snx+ cosx,0 < X < 27

f/(x) = cosx — sinx

f”(x) = sinx — cosx

2

, _— —_— 37 L
f”(x) = Owhenx = 21
. . 37 37 T T
Test interval: O<x<4 4<x<4 4<x<27r
Sign of f”(x): f’(x) < 0 f7(x) > 0 f7(x) < 0
Conclusion: Concave downward Concave upward | Concave downward
Points of inflection: <3—W 0), (7—77 0)
4 4
25. f(x) = 2sinx+sin2x,0 < x < 27
f/(x) = 2cosx + 2 cos 2x
f7(x) = —2snx — 4sin2x = —2sinx(1 + 4 cosX)
f”(x) = Owhenx = 0, 1.823, m, 4.460.
Test interval: 0 <x< 1823 1823 < x< 7 T < X < 4460 4460 < x < 27
Sign of f”(x): f7<0 f7>0 f7<0 f7>0
Conclusion: Concave downward Concave upward Concave downward | Concave upward

Points of inflection: (1.823, 1.452), (, 0), (4.46, —1.452)
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26. f(x) = x + 2cosx, [0, 27]
f(x) =1— 2sinx

27.

29.

31.

f7(x) = —2cosx
") — _m3m
f/(x) = Owhenx = > 5
Test intervals: 0O<x<~o 7—T<x<ﬁ ﬁ<x<2
' 2 2 2 2 ”
Sign of f"(x): f”<0 f”>0 f”<0
Conclusion: Concave downward | Concave upward | Concave downward
. . . fm w\ (37 37w
Points of inflection: (2, 2), ( > 2)
f(x) =x*— 43+ 2 28. f(x) =x2+3x—8
f(x) = 43 — 122 = 4x3(x — 3) f(x) =2x+ 3
f7(x) = 12x? — 24x = 12xX(x — 2) f/(x) = 2
Critical numbers: x = 0,x = 3 Critical number: x = —3
However, f7(0) = 0, so we must use the First Derivative f”(_g) >0

Test. f(x) < 0 on theintervals (—oo, 0) and (0, 3); hence,
(0, 2) isnot an extremum. f”(3) > 0s0 (3, —25) isa
relative minimum.

f(x) = (x — 5)?
f/(x) = 2(x — 5)
f7(x) =2

Critical number: x =5
f7(5) > 0

Therefore, (5, 0) is arelative minimum.

f(x) =x®—-32+3

fi(x) = 3x%2 — 6x = 3X(X — 2)

f’(x) = 6x — 6 = 6(x — 1)

Critical numbers: x = 0,x = 2
f(0)=-6<0

Therefore, (0, 3) is arelative maximum.
f(20=6>0

Therefore, (2, —1) is arelative minimum.

30.

32.

Therefore, (—g —%) is arelative minimum.

f(x) = —(x — 5)?

f(x) = —2(x — 5)

f/(x) = =2

Critical number: x = 5
f”(5) <0

Therefore, (5, 0) is arelative maximum.

f(x) = x3 — 9x2 + 27x

f/(x) = 3x2 — 18x + 27 = 3(x — 3)?
f/(x) = 6(x — 3)

Critical number: x = 3

However, f”(3) = 0, so we must use the First Derivative
Test. f(x) = Ofor al x and, therefore, there are no
relative extrema.
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33.

35.

37.

39.

g(x) = x*(6 — x)°

g’(x) = x(x — 6)%(12 — 5x%)

g”(x) = 4(6 — x)(5x% — 24x + 18)

Critical numbers; x = 0, %2 6
g’(0) = 432 > 0

Therefore, (0, 0) is arelative minimum.
9/(%) = -15552 < 0

Therefore, (%2 268.7) is arelative maximum.
9(6) =0

Test fails. By the First Derivative Test, (6, 0) is not
an extremum.

f(x) = x2/° -3
2
3X1/3
—2
9x4/3

f(x) =

f7(x) =

Critical number: x =0

However, f”(0) is undefined, so we must use the First
Derivative Test. Since f(x) < 0on (—oo, 0) and
f/(x) > 0on (0, o), (0, —3) isarelative minimum.

4
= +—

f(x) = x »

, 4 x2—-4
=1-2="%
V4 8

0 =S

Critical numbers: x = +2
f(-2) <0

Therefore, (—2, —4) is arelative maximum.
f7(2) >0

Therefore, (2, 4) is arelative minimum.

f(x) =cosx —x, 0 < X < 47

f(x) = —sinx—1<0

34.

36.

38.

Therefore, f is non-increasing and there are no relative extrema.

000 = — 0+ 2(x — 42

xX—4Hx— DX+ 2
2

g'x) = —
3
g’(x) = 3+ 3x — EXZ

Critical numbers; x = —2,1,4
g(-2)=-9<0

(—2, 0) is arelative maximum.
g(1)=9/2>0

(1, —10.125) is arelative minimum.
g4 =-9<0

(4, 0) is arelative maximum.

flx) =+ 1
X

f'(X) = —F———=

09 IX2+1
Critical number: x =0
1
(X2 + 1)%/2
f0)=1>0

f7(x) =

Therefore, (0, 1) is arelative minimum.

¥ = xf 1
0 = :11)2

There are no critical numbersand x = 1isnot in the
domain. There are no relative extrema.
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40. f(x) = 2sinx + cos2x,0 < X < 27

57 3

f(x) = 2cosx — 2sin2x = 2cosX — 4sinxcosx = 2cosx(1 — 2sinx) = Owhenx=7—67,7—27,€,7.

f”(x) = —2sinx — 4 cos 2x

f//(ig) < 0
f”(%) > O

I/@
f(6)<0
//@
f(2)>0
- ima (7 3) (57 3
Relative maxima: (6’ 2), ( X 2)

Relative minima: (g 1>, (ﬁ —3)

41. f(x) = 0.2(x — 3)3,[—1, 4]

@ f(x) = 0.2x(5x — 6)(x — 3)?

f7(x) = (x — 3)(4x2 — 9.6x + 3.6)
= 0.4(x — 3)(10x2 — 24x + 9)

(b) £7(0) < 0 (0, 0) is arelative maximum.
7(8) > 00 (1.2, —1.6796) is arelative minimum.
Points of inflection:
(3, 0), (0.4652, —0.7049), (1.9348, —0.9049)

fisincreasing when f” > 0 and decreasing when
f” < 0. fis concave upward when f” > 0 and con-
cave downward when f” < 0.

42. £(x) = x2/6 — X2, [— /6, /6]
_ X4 -
6 — X2
f(x) = Owhenx = 0, x = =2,

6(x* — 92 + 12)
(6 _ X2)3/2

@

f7(x) =

f(x) = Owhenx = + 9_72\/@
(b) f7(0) > 0 (0, 0) isarelative minimum.
f7(+2) < 00 (£2,4./2) arerelative maxima.

Points of inflection: (+1.2758, 3.4035)

The graph of fisincreasing when f* > 0 and
decreasing when f” < 0. f is concave upward when
f” > 0 and concave downward when f” < 0.
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. 1. 1. .
43, f(x) = sinx — 38N 3x + ¢sinbx, [0, 7] 44. f(x) = /2xsinx, [0, 27]
(@ f(x) = cosx — cos3x + cos5x (@ f(x) = V/2xcosx + Snx
V'2X
f/(x) = Owhenx = isT X = 7—27 X = %T Critical numbers: x = 1.84, 4.82
f/(x) = —sinx + 3sin 3x — 5sin 5x £/ = — Joxsinx + SOSX | COSX _ sinx
0= S U /s
re) — T 0T -
f”(x) = Owhenx = 6,x =% X =~ 1.1731, x =~ 1.9685  2005X (4 + D snx
NG 2x/2x
(b) f”<127> <0O (7—27 1.53333) is arelative maximum.
_ xcosx — (4x? + 1) sinx
Points of inflection: (g 0.2667), (1.1731, 0.9638), 2/
(b) Relative maximum: (1.84, 1.85)
5
(1.9685, 0.9637), (%T 0-2657) Relative minimum: (4.82, —3.09)
Note: (0, 0) and (s, 0) are not points of inflection Points of inflection: (0.75, 0.83), (3.42, —0.72)
since they are endpoints. (© v
©
4 II\\ ’l\\
2 ’l L f 1 ‘\
TH \i‘ | ,‘ ;T[ *
A ‘Zlf\vl
_4 (]
R
¢
8 \\ll
The graph of fisincreasing when f* > 0 and decreas- fjs increa_\si ng whenf” > 0 and dec/r,easi ng when
ing when f” < 0. f is concave upward whenf” > 0 f* < 0.fis concave upwar(/j, whenf” > 0 and
and concave dowrward when 7 < 0. concave downward when f” < 0.
45. (8 ¥ f” < 0 meansf decreasing 46. (a) v f’ < Omeansf
sl S . o decreasing
f” increasing means
3t concave upward 3 f’ decreasing means
21 o concave downward
1+ 1+
L s s T A
by ¥ f” > 0 meansf increasing (b)y v f* > 0 meansf increasing
4T f” increasing means 4T f” decreasing means
3t concave upward 3t concave downward
2+ 2L
14+ 1+
1 2 ; 4 i 1 2 g‘ 4 *
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47. Letf(x) = x4,
f7(x) = 12x2
£7(0) = 0, but (0, 0) is not a point of inflection.

48.

/]

(8) Therate of change of salesisincreasing.
S/I > 0

(b) Therate of change of salesis decreasing.
S>095<0

(c) Therate of change of sales is constant.
S'=C,S=0

(d) Salesare steady.
S=C,S=05=0

(e) Saesare declining, but at a lower rate.
$<0,9>0

(f) Sales have bottomed out and have started to rise.
S>0

51. y

£ f

"
f

un ]

4 /

1
1
1

//.. -

1
1
1
218
1
1
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57. y 58. (@

} t
10

f”islinear. ) . . .
(b) Since the depth d is always increasing, there are no
f’is quadratic. relative extrema. f/(x) > 0
fiscubic. (c) Therate of change of d is decreasing until you reach
f concave upwards on (— oo, 3), downward on (3, o). the_W|d<5t point of the jug, then the rate increases
until you reach the narrowest part of the jug's neck,
then the rate decreases until you reach the top of
the jug.
59. @ n=1: n=2 n=3 n=4
fx) =x—2 f(x) = (x — 2)2 f(x) = (x — 2)3 f(x) = (x — 2)*
fx) =1 () = 2(x — 2) 9 = 3(x — 2 (0 = 4(x - 2)°
f(x) =0 f7(x) = 2 f(x) = 6(x — 2) (x) = 12(x — 2)?
No inflection points No inflection points Inflection point: (2, 0) No inflection points:
6 Relative minimum: 6 Relative minimum:
(2,0 (2,0
-9 9 6 -9 {-\ 9 6
Point of
/ inflection \ /
-6 -9 9 -6 -9 9
"6 -6

Conclusion: If n = 3 and nisodd, then (2, 0) is aninflection point. If n > 2 and nis even, then (2, 0) is arelative minimum.

(b) Let f(x) = (x—=2)", f(x) =n(x—2""1 f(x) =nn— 1)(x —2""2
Forn = 3 and odd, n — 2 isalso odd and the concavity changes at x = 2.
Forn = 4 and even, n — 2 isalso even and the concavity does not change at x = 2.

Thus, x = 2 isaninflection point if and only if n > 3isodd.

60. (8 f(x = ¥x
f(x) = 5x 22

f7(x) = —2x~5/3

Inflection point: (0, 0)

(b) f”(x) does not exist at x = 0.
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61. f(x) =ax®+ bx2+cx+d
Relative maximum: (3, 3)
Relative minimum: (5, 1)
Point of inflection: (4, 2)
f/(x) = 3ax2 + 2bx + ¢, f”(x) = 6ax + 2b

fQ)=27a+9% +3c+d=3
f(5) = 125a+ 25b + 5c + d = 1

f3)=27a+6b+c=0, (4 =24a+2b=0
49 +8 +c= -1 24da+2b= 0
27a+6b+c= 0 2a+2b=-1
22a+ 2b =-1 2a = 1

a=3b=-6c=%d=-24

f(x) = 3% — 6x2+ Dx — 24

62. f(x) =ax®+ bx2+cx+d
Relative maximum: (2, 4)
Relative minimum: (4, 2)
Point of inflection: (3, 3)
f/(x) = 3ax2 + 2bx + ¢, f”(x) = 6ax + 2b

f2Q)=8a+4b+2c+d=4
f(4) =64a+ 16b+ 4c+d=2

}98a+ 16b+2c=-20 49a+8+c=-1

}56a+12b+20=—2D 28a+6b+c=-1

f(20=12a+4b+c=0, f(4)=48a+8b+c=0, f"(3) =18a+2b=0

28a+6b+c=-1 18a+2b= 0
12a+4b+c= 0 16a+2b= -1
16a + 2b =-1 2a = 1

63. f(x) =a+ bx2+ cx+d
Maximum: (—4,1)
Minimum: (0, 0)
@ f(x) =3ax® + 2bx + ¢, f’(x) = 6ax + 2b
f0)=00 d=0
f(-4) =10 -64a+16b—4c=1
f(-4) =00 48— 8+ c=0
f(0)=00 c=0

Solving this system yields a = ;12 andb = 6a = %

1 3
f(x) = 303 + 16%2

(b) The plane would be descending at the greatest rate at the

point of inflection.

ng) — _3,.3_ _
f(x)—6ax+2b—16x+8—0D X=—2.

Two miles from touchdown.
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64. (a) line OA: y = —0.06x slope: —0.06

65.

66.

line CB: y = 0.04x + 50 slope: 0.04
fx) =ax®+bx?+cx+d

f(x) = 3ax® + 2bx + ¢

(—1000, 60): 60 = (—1000)%a + (1000)%b — 1000c + d

—0.06 = (1000)23a — 2000b + c
(1000, 90): 90 = (1000)%a + (1000)%b + 1000c + d
0.04 = (1000)23a + 2000b + ¢

(~1000, 60)
A

150+
100k (1000, 90)
B

C.
(0.50)

U
-1000

L
t
[¢] 1000

The solution to this system of 4 equationsisa = —1.25 x 1078 b = 0.000025, c = 0.0275, and d = 50.

(b) y = —1.25 x 1078 + 0.000025x? + 0.0275x + 50

L/

-1100 1100

-10

(d) The steepest part of the road is 6% at the point A.

D = 2x* — 5Lx3® + 3L2x?
D’ = 8x3 — 15Lx% + 6L2x = x(8x? — 15Lx + 6L%) =0

15L + V33L _ (15+ /33 L
16 16

By the Second Derivative Test, the deflection is
maximum when

x=0o0rx=

x= (=3B ) _ o578,
16
3 2
g BTSST® _BS2T2 0654T o oooer o 1 o5

108 108 10*
(@ The maximum occurswhen T = 4° and S = 0.999999.
b s

| 5 10 15 20 25

(©) S(20°) ~ 0.9982

(©

-1100

0.1

L——

1100
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67. C = 0.5x2 + 15x + 5000 68. C=2x+ w
~ C 5000
=—-=05x+15+——
C=y=0x+15+7 C’zZ—%:Owhenx:lOO\/Bz%?
C = average cost per unit i L o
- By the First Derivative Test, C is minimized when
i—g = 05— 220 = owhenx = 100 X = 387 units.

5000t
69. S= o 5 0st<3
@
t| 05 | 1 15 2 25 3
S| 1515 | 555.6 | 1097.6 | 1666.7 | 2193.0 | 2647.1

70. S

By the First Derivative Test, C is minimized when
X = 100 units.

Increasing at greatest rate whent =~ 1.5.
(b) =000

0

Increasing at greatest rate whent =~ 1.5.

5000t2
© S=% e
80,000t
SO =%+ ep
. 80,000(8 — 3t?)
SO ="g+ 0

S(t) =0fort = = \/% Hence, t = 2—\3/6 ~ 1.633yrs.

~100t2
T 65 + t2

t>0

(a) 100

13,000t
(65 + t?)2

13,000(65 — 3t2)
(65 + 1)

(b) S =

S(t) = =00 t=465

Sis concave upwards on (0, 4.65), concave
downwards on (4.65, 30).
(c) S(t) > Ofort > 0.

Ast increases, the speed increases,
but at a slower rate.
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71 f(x) = 2(sinx + cosx), f(%) =22 4
K b o)
f/(x) = 2(cosx — sinx), f’<%> =0 em \ / \ [ 2
f7(x) = 2(—sinX — cosX), f”(%) =-2J2 -

P,(X) = 2/2 + O(x - 77:) =22

P,(x) =0

PR S [T VA

4

P, (x) = —Zﬁ(x - 77:)

Py"(x) = -22

The values of f, P;, P,, and their first derivatives are equal at x = /4. The values of the second derivatives of f and P, are

equa at x = /4. The approximations worsen as you move away from x = /4.

72.  f(x) = 2(sinx + cosx), f(0) =2
f/(x) = 2(cosx — sinx), f/(0) = 2
f(x) = 2(—sinx — cosX), f7(0) = —2

P(X)=2+2(x—-0) =21+x

P, (x) =2

PX) =2+ 2(x — 0) + 3(—2)(x — 0)2= 2 + 2x — X2
P,/(X) = 2 — 2x

P,(x) = —2

The values of f, P,, P,, and their first derivatives are equal at x = 0. The values of the second derivatives of f and P, are equal

at x = 0. The approximations worsen as you move away from x = 0.

73 £ = JI—x, £0) = 1

(%) = —ﬁ\/lfx, £10) = —%

F(x) = —W, 0 = -2

P = 1+ (—%)(x ~0-1-3
PO = —3

P =1+ (—%)(x —0+ %(—%)(x —or=1-
S
P00 = —

X
2

LS
8

3

The values of f, P, P,, and their first derivatives are equal at x = 0. The values of the second derivatives of f and P, are equal

at x = 0. The approximations worsen as you move away from x = 0.
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7 f(x)=£, (@ - /3 3
0= V2 (2L o= 25
P,() = _3Tﬁ
PZ(X)_ﬂJr(_?’f)( ST 2<23f>(x_2)2 ﬂ—g( —2)+23§2f - 2
P = - 22+ B42 o)
P, = 22

The values of f, P,, P, and their first derivatives are equal at x = 2. The values of the second derivatives of f and P, are equal
at x = 2. The approximations worsen as you move away from x = 2.

75. f(x) = xsin(%) 1
f(x) = x[—% cos(i)] + sin(%) = —%cos(%) + sin(%) o \U*’ U'g !
f/(x) = f%[% sin(%)] + % cos(%) - % cos@) = f% sin<%> =0 o
1
=t

Point of inflection: (717 0)

When x > 1/, f” < 0, so the graph is concave downward.

76. f(X) = x(x — 6)%2 = X3 — 12x% + 36x
f(X) =3 —24x+36=3x—2)(x—6) =0
f/(x) =6x—24=6(x—4) =0
Relative extrema: (2, 32) and (6, 0)
Point of inflection (4, 16) is midway between the relative extrema of f.

77. Assume the zeros of f are al real. Then express the function asf (x) = a(x — ry)(x — r,)(x — ry) wherer,, r,, and r; are the
distinct zeros of f. From the Product Rule for a function involving three factors, we have

) =al(x — r)x —ry) + (x = r)x —ry) + (x = r)(x — ry)]
700 =al(x —r) + (x = 1) + (X —r1) + (X =15 + (X =1y + (X —r3)]
=a6x — 2(ry + r, + ry)]

Consequently, f”(x) = O if

_2(r1+r2+r) ry+r,+rg

6 3 = (Averageof ry, r,, andry).
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78.

79.

80.

81.

82.

83.

Section 3.4
px) =ax + bx2+cx +d
p’(x) = 3ax? + 2bx + ¢
p’(x) = 6ax + 2b
6ax + 2b =0
__b
3a

The sign of p”(x) changes at x = —b/3a. Therefore, (—b/3a, p(—b/3a)) is a point of inflection.

b b3 b2 b 2b3 bc
p(‘aé) = (_27a3) i b(a) * C(‘%) A= 5a2 Tz "

Whenp(x) = x¥ - 3% +2,a=1,b=—-3,c=0,andd = 2.

_—(=3 _
%="3q 1!

_2(=3°_ (=300
Yo= 2702 T 30

+2=-2-0+2=0

The point of inflection of p(x) = x® — 3x2 + 2is (X, Yo) = (1, 0).

d

True. Lety = ax® + bx?2 + cx + d,a # 0. Theny” = 6ax + 2b = Owhen x = —(b/3a),

and the concavity changes at this point.

False. f(x) = 1/x has adiscontinuity at x = 0.

False. Concavity is determined by f”. For example, let f(x) = x and ¢ = 2. f(c) = f/(2) > 0, but f is not concave upward

ac=2

False. For example, let f(x) = (x — 2)*

f and g are concave upward on (a, b) impliesthat f” and g’ are increasing on (a, b), and hence f” > 0 and g” > 0. Thus,

(f+9g)”>0 0O f+ gisconcave upward on (a, b) by Theorem 3.7.

g”(x) > 0on(a, b). For x € (a, b),
(fg)'(®) = f(xgx) + f(x)g'(X)
(fg)" () = f(x)g(x) + 2f (g’ (x) + f(x)g"(x) > 0

Thus, fg is concave upward on (a, b).

. f, g are positive, increasing, and concave upward on (a,b) [ f(x) > 0, f(x) = 0and f(x) > 0, and g(x) > 0, g'(x) = 0 and
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1. lim f(x) = 4 meansthat f(x)
X— oo

approaches 4 as x becomes large.

2X
IR+ 2

No vertical asymptotes

4. f(x) =

Horizontal asymptotes: y = +2
Matches ()

No vertical asymptotes
Horizontal asymptote: y = 0
f(1) > 1

Matches (b)

Limits at Infinity

2. lim f(x) = 2 means that f(x)
X— —oo

approaches 2 as x becomes very

large (in absolute value) and No vertical asymptotes

negative. Horizontal asymptote: y = 3
Matches (f)
5. 19 = 6. 100 =2+ %
) =212 ' - x*+1

No vertical asymptotes No vertical asymptotes

Horizontal asymptote: y = 0 Horizontal asymptote: y = 2
f(l) <1

Matches (d)

Matches (@)

22 —3x+5
810 =01

No vertical asymptotes
Horizontal asymptote: y = 2
Matches (e)

10t 102

10° 104 10°

108 ~10 | 10

2.26 2.025

2.0025 | 2.0003 | 2 | 2

10. f(x) =

-10

20

10t 10?

103 104 10° 10°

f(x) | 1 |18.18 | 198.02

1998.02 | 19,998 | 199,998 | 1,999,998

lim f(x) = oo

—6x

10" s

(Limit does not exist)

10

X 100 10t

102

103 104 10°

106 -10 10

f(x) -2 —2.98

—2.9998

-10

lim f(x) = -3
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8x
12. f(X) = — 0
) e
X 10t 102 | 10° | 10* | 10° | 10° | 107
f(x) | 812 | 8001 | 8 8 8 8 8 o 1
limf(x) =8
X— oo
1
13. f(X) =5- m 6
ey
X 100 10t 102 108 104 | 10° | 106
f(x) 4.5 4.99 4.9999 4.999999 5 5 5 ke 8
limf(x) =5
X— oo
3
14. f(x):4+x2+2 10
x | 100|120t | 1202 | 20° | 20% | 10° | 107 —
f(x) 5 403 | 40003 | 40| 40| 4 4 ol 15
lim f(x) = 4
X— oo
_f) _ 5 —-3x*+10_ _ 10 _fQ _ 5 —-3x+7__ 7
15. (@ h(x) = e - 2 - 5x — 3 + 2 16. (@) h(x) = < - x - 5x — 3 + ™
lim h(x) = oo (Limit does not exist) lim h(x) = co (Limit does not exist)
X— o0 X — 0o
_fx)_5—-3x@+10__ 3 10 _fQ _5-3x+7 _ 3 7
(b) h(x) = e 5 ~ + @ (b) h(x) = e - e - 5 ~ + @
lim h(x) =5 lim h(x) =5
X— oo X — oo
_f(0_5-3x*+10_5 3 10 _f0_5-3x+7_5 3 7
(© h(x) = @ @ =X et (€) h(x) = e x3 x o3
lim h(x) = 0 lim h(x) =0
X— oo X— oo
LoXe+2 L 3=2x
17, @ fim (7 = 0 8@ fim g5 =0
Lox+2 L 3-2x_ 2
®) fime—3=1 ® fim 17 73
X2+ 2 - . . -2 _ - .
(©) ><|Lr23 1% (Limit does not exist) () JLTO w—1_ > (Limit does not exist)
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3/2
19. @ lim ﬁ—
~ 2
5—2¢2 2
b Jim 3ez— 4~ 73
_ 3/2
© lim % = —co  (Limit does not exist)
X - oo -
x-1_ . 2-(1/x) _2-0_2

2 M 2= M3 20 340 3

. X _Ux_0_
28 im e = M e ~1 0
2
25. lim o lim L S — o0

X - — ooX+3 Xa*:)c1+(3/x)

Limit does not exist

: X :
27.qu|r7nmﬁ=xlﬁ|rpoo —— (forx < Owehave x = —/52)
_/e
= lim _71_,1
x-—oe /1 = (1/x)
28, lim —X— = lim (forx < 0,x = — /@)
xmoo X1 xoee (X F1
-V

241
2x + 1 X
29. lim —== lim ———— (forx < 0,x = — /X2
LR —x et (/= x (for x < /)
-
Enb
= |lim = -2
X— —oo
L1
X
o =3+ 1 =3+ (1/%
30. lim —m= = = % (forx < Owehave — /X2 = X
M ey im Vi€ =)
— R
3- (/%

AN N T

_5
4

oo

3

"9

(Limit does not exist)

_1
3

+§>:4+0:4
X

4 . .
X — —2> = —oo (Limit does not exist)
X
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31. Since (—1/x) < (sn2x)/x < (1/x) for al x # 0, we . X — COosSX . COS X
32. lim ————= |lim (1 - ——
have by the Squeeze Theorem, X ~oo X X oo X
lim —% < fim 3% < im 1 =1-0=1
X -co X X -0 X X »oo X
ino Note:
0< lim % <o cosx
xooee X lim - 0 by the Squeeze Theorem since
X - oo
. sin2x
Therefore, XI'IEO =0. 1 cosx 1
X X X
33. lim $=O 34 Imcos(l)—coso—
" X—o0 2X + SiNX gral x) -
+
35. f(x) = X|i|1 ] 36. £ = 1= 22| 5
= | B2 . N
. |X| 6 AR y = 3isahorizontal
lim =1 - 6 . ~10 10
x—oo X+ 1 —ﬂ. asymptote (to the right). \II
x| '_4 y = —3isahorizonta -
. llmoo xrl -1 asymptote (to the left).

37.

39.

41.

42.

Therefore,y = 1andy = —1 are both
horizontal asymptotes.

f(x)fi .
Ut 2

lim f(x) = 3 9

X— oo

lim f(x) = -3

-6

Therefore, y = 3andy = —3 are both
horizontal asymptotes.

38.

X2 — 2

f =1

y= % is a horizontal
asymptote (to the right).

y = —3 isahorizontal
asymptote (to the left).

=M@ =1

lim xsinlz Iims—nt=l 40. lim xtan= = lim tent
X - o0 X t-o* t X - 00 t-ot t
(Letx = 1/t.)
(Letx = 1/t.)

. . X— VX2 + 3 . -3

Iim (x+ Vx¥+3)= lim |[(x+ VY¥¥+3): ————|= |lim ——— = =
XH_OC( ) xﬁ—oo|:( ) X—-/X2+3:| X-—oy — /y2+ 3

. . X+ VA + 1 . -1

lim(2x — V42 +1)= lim |[(2x— V4 + 1) - —————=|= lm ———F———=0
xm( ) ch[( ) 2x+\/4x2+1] x-o0 2X + 42+ 1
lim (x — x2+x)—lim[(x— x2—|rx)-xJr }

X oo X~ X +

. —X
= lim
X ~oo X +

-1
—— = |lim ———————= -
X+ x x-ol+ 1+ (1/x) 2

1
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— /Ox2 —
44, lim (3x+ Vo9& —x) = lim |(3x+ /9 — x) - N VI X
X - —00 X - —o0 33X — X2 — x

. X
= lim ———WF——
x—-o00 3X — /OX2 — X
. 1
= |lim ————
XmT VI — X
o~

(forx < Owehavex = — /2)

1

1

= lim ———F———==
x--03+ /9—-(1/x) 6
. ax + /16x2 — X . 16x2 — (16x2 — X)
45, |lim (4x — V16x2 — X)————— = |lIm ——————=
Xaoo( )4X + 16x2 — X x—o0 4X + ‘/(16X2 — X)

. X
lim —————
x=o0 4x + /16X% — X

. 1
= lim —————
x-oo 4+ /16 — 1/x

2
<X _ EXZ + X) Xi _ (EXZ + X)
. X 1 2 4 ] 4 4
46. lim -+ =x2 4+ X = lim ————————
Xo—oo \ 2 4

= |lim
X— —0o0o
X =)
2
= |lim
AR S
2 4 X
1
RS
2 2
Note: You must use —1/x because x < 0.
471 x 10° 10 102 103 100 105 106

f(x) 1 0.513 0.501 0.500 0.500 0.500 0.500

. X — U —X X+ X=X
lim (x = Vx(x = 1 lim .
xﬁoo( ( )) X 00 1 X+ JX2 — X

lim

X
X0 X + /X2 — X

. 1
= m oy J1 - (1/%)

NI
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8. | x 10° | 10t | 102 | 108 10¢ 105 106 e
f(x) 1.0 | 51 | 50.1 | 500.1 | 5000.1 | 50,000.1 | 500,000.1
Iimx2—x\/x2—x_x2+x x2—x:Iim X3 - o ©
X =00 1 X2+ XX — X x-o00 X2 + XX — X 0
Limit does not exist.
49. | x 10° 10t 102 103 104 105 106 -
f(x) | 0479 | 0500 | 0500 | 0.500 | 0.500 | 0.500 | 0.500 Ll )
Letx = 1/t.
-1
. (1N sin(t/2) 1sint/2) _ 1
XIerO\cXSH(ZX> 7tILrQ+ t ) t/2 2
50. 3
X 100 10t 102 103 10* 10° 108
f(x) 2.000 0.348 0.101 0.032 0.010 0.003 0.001 p
+ 1 0 25
X
lim =0
X - oo X\/;( -1
51. () y 52. x = 2isacritical number.

53.

44
3

f

f(x) < Oforx < 2.
f(x) > Oforx > 2.

21
i fr
b+ F——F=> X

f
-4 | 1 2 3 4

-3+
—4—+

() limf =3  lim () =0

(c) Since lim f(x) = 3, the graph approaches that of a

horizontal line, lim f’(x) = 0.

6]x — 2|
Jx-22+1"

Yes. For example, let f(x) =

erp f(x) = lem f(x) =6

For example, let f(x) =

54. (a) The functioniseven:

—6

0lx—22+1 " ©

lim f(x) =5

X— —oo

(b) Thefunctionisodd: lim f(x) = —5
X— —oo
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2+ X X—3
1-x 56'y_x—2

Intercepts: (—2,0), (0, 2)

55. y=

Intercepts: (3, 0), (O, g)
Symmetry: none
Symmetry: none

Horizontal asymptote: y = —1 since

Horizontal asymptote: y = 1 since
X—3 .. X—3

—T _: ______
P
-4-3-2-1 1 1 1f3 456
o !
Sl
—at
=l
X 2X
Y=g BY=9-%
Intercept: (0, 0) Intercept: (0, 0)
Symmetry: origin Symmetry: origin
Horizontal asymptote: y = 0 Horizontal asymptote: y = 0
Vertical asymptote: x = £2 Vertical asymptote: x = +3
y y

X
X2+ 9

50. y=

Intercept: (0, 0) 3+
Symmetry: y-axis [R SE

Horizontal asymptote: y = 1 since 3 2 -1 12 3

2 2 -2+
lim —0——=1= lim -——.
Xﬂ*OOX2+9 xaooX2+9

Relative minimum: (0, 0)
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60. y =

61.

63.

X2
X2 —9

Intercept: (0, 0)
Symmetry: y-axis
Horizontal asymptote: y = 1 since

2 2
. X

=1= Ilim .
Xﬂooxzfg

lim
X - X2 — 9

Discontinuities: x = +3 (Vertical asymptotes)

Relative maximum: (0, 0)

2X2
Y= -4

Intercept: (0, 0)

Symmetry: y-axis
Horizontal asymptote: y = 2
Vertical asymptotes: x = +2

Relative maximum: (0, 0)

_____ (P
-4 —2?,,§2 4 6 *
xXyc =4

Domain: x > 0
Intercepts: none
Symmetry: x-axis
Horizontal asymptote: y = 0 since
2 2
lim —==0= lim ——~=.
X -0 \/)2 X - o0 \/)2

Discontinuity: x = 0 (Vertical asymptote)

62.

2
Y=+
Intercept: (0, 0)

Symmetry: y-axis
Horizontal asymptote: y = 2

Relative minimum: (0, 0)

Xy =4

Intercepts: none
Symmetry: y-axis

Horizontal asymptote: y = 0 since
AM e 07 I

Discontinuity: x = 0 (Vertical asymptote)

5-4-3-2-1 112345
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65.

67.

69.

y:1—x

Intercept: (0, 0)
Symmetry: none
Horizontal asymptote: y = —2 since

lim —2 = —2— jim =2~
Xxo-ool — X Xﬂoo:l.*X.

Discontinuity: x = 1 (Vertical asymptote)

I

3
y=2-%5
Intercepts: (./3/2,0)
Symmetry: y-axis

Horizontal asymptote: y = 2 since

. 3 . 3
Jm (2= 3] =2 = im (2- 2).

Discontinuity: x = O (Vertical asymptote)

y=3+_

2

Intercept: y=0=3+§D ;:—SD X= -2

Symmetry: none
Horizontal asymptote: y = 3
Vertical asymptote: x = 0

2
3

66.

68.

2X
1-—x2

Intercept: (0, 0)

y:

Symmetry: origin
Horizontal asymptote: y = 0 since

lim —2_ — 0= |im —2_
xﬂ*ool_xz xaool_xz.

Discontinuities: x = =1 (Vertical asymptotes)

y

@
P

x

1
y—1+;

Intercept: (—1, 0)
Symmetry: none

Horizontal asymptote: y = 1 since

lim <1+1>=1= lim <1+1).
X - —oco X X - o0 X

Discontinuity: x = 0 (Vertical asymptote)
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70.

72.

74.

1
y:4(1—?>

Intercepts: (=1, 0)

Symmetry: y-axis

Horizontal asymptote: y = 4

Vertical

asymptote: x = 0

- X
Y= /-2
Domain: (—oo, —2), (2, o0)

Intercepts. none

Symmetry: origin

Horizontal asymptotes: y = +1 since

lim

X — oo

X

——=-1
X2 — 4

=1, lim
X2 — 4 X~ —o0

Vertical asymptotes: x = +2 (discontinuities)

71.

73.

X3
Yo
Domain: (—oo, —2), (2, o0)
Intercepts: none
Symmetry: origin
Horizontal asymptote: none

Vertical asymptotes: x = +2 (discontinuities)

o
»
F——

!
o
|
~
|
W
|
--n
|
[N
[

A
NoE e
il
F———+—

1 52-1
f(X):S—?: 2

Domain: (—oo, 0), (0, c0)

2 .
f(x) = NG 0 No relative extrema

_8 [0 No points of inflection

f(x) = @

Vertical asymptote: x = 0
Horizontal asymptote: y = 5

L

IS
>
1
[N

=== -k -

Since f”(0) < O, then (0, 0) is arelative maximum. Since f”(x) # O, nor isit undefined in the domain of f, there are no points

X2
fod = X —-1
2 — 1)(2x) — x3(2x —2X
g = X ()25 f)l)zx( ) _ o~ 1 = Owhenx = 0.
f7(x) = 02— D=2 + Q) — D(2x) _ 23 + 1)
0 0@ —1)* -1
of inflection.
Vertical asymptotes: x = +1

Horizontal asymptote: y = 1
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75. f(x) =

X
_ z(;_—44) = x(2x) . \A L .
X=2

E(sz +4)2) # 0 for any xin the domain of f. [x=-2] 3
F7(x) = (¢ — 4*(=2x) J(FXZ(XE Z)f)(z)(xz — 49()
2X(x + 12
= H = Owhenx = 0.

Sincef”(x) > 0on(—2,0) andf”(x) < 0on (0, 2), then (0, 0) is apoint of inflection.
Vertical asymptotes: x = +2
Horizontal asymptote: y = 0

1 1

76. f(x):xz—x—Z_(x+l)(x—2) x=-1], |x=2
( 1)

14
, —(2x — 1
f(x):m:Owhenx:E. _3_jj

¢ R=x—2A-2+ (X - DX —x—2)(2x—-1)
f7(x) = (@ —x—2)4 2
B —-x+1
(R -x—-2p3

Sincef”(%) < 0, then (% —%’) is arelative maximum. Since f”(x) # 0, nor is it undefined in the domain of f, there are no
points of inflection.

Vertical asymptotes: x = —1,x = 2
Horizontal asymptote: y = 0

7. f0) = x2+ 3 (x fxl)_(xzf 3) 2
f,()7(x274x+3)7(x72)(2x74)7fx2+4x75¢0 . @ks
X = (% — 4x + 3)2 T (@ — 4x + 3)2 — \ =9
£7(y) — (% — 44X+ 3(—2x+ 4) — (—x% + 4x — 5)((x® — 4x + 3)(2x — 4) \'El E
(x) = 2
(X2 — 4x + 3)*

20 —6x2+15x—14) 2x—2)(—4x+7)
B @—4x+3°3 (@ —4x+ 33

Sincef”(x) > 0on(1,2) andf”(x) < 0on (2, 3), then (2, 0) isapoaint of inflection.

= Owhenx = 2.

Vertical asymptotes: x = 1, x = 3

Horizontal asymptote: y = 0
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78.

79.

80.

X+ 1

f(X) = m (-0.6527, 0.4491; (05321, 0.8440)
—X(x + 2
) = Gy g~ OWhenx = 0,2 S s
=
3 2 _ -2,
frx) = 2843 =D henx ~ 05321, —0.6527, — 2.8794. \
X2+ x+1)83 T =
(-2.8794, -0.2931)
£/0) < 0

Therefore, (0, 1) is arelative maximum.
f/(-2) >0
Therefore,

(=

is arelative minimum.
Points of inflection: (0.5321, 0.8440), (—0.6527, 0.4491) and (—2.8794, —0.2931)
Horizontal asymptote: y = 0

3x

f(X) = \/m ----------- 2 —
3 | ]
f(x) = @ 1 177 0 No relative extrema 3_’«_/ 3
, —36x -
f(x)=m:0whenx:o. :
Point of inflection: (0, 0)
Horizontal asymptotes: y = ig
No vertical asymptotes
_ 2X .
0= 5er1 =%
, 2 I —
00 = ze s 1 I — ’
—18x ik

g (X) = (3X2 + 1)5/2
No relative extrema. Point of inflection: (0, 0).

2
Horizontal mptotes, y = +——
asymp y 73

No vertical asymptotes
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. X
8L g(x) = sm(x_ 2), 3<Xx< oo
X
o —2cos<x — 2)
T
Horizontal asymptote: y = sin(1)
. . . X 27
Relative maximum: -2 2 O x= p—
No vertical asymptotes
82, f(x) = 29: 2 Hole at (0, 4)

_ 4x cos2x — 2sin 2x

(%) 2

There are an infinite number of relative extrema. In the interval

(— 27, 27), you obtain the following.

Relative minima: (£2.25, —0.869), (+5.45, —0.365)
Relative maxima: (+3.87, 0.513)

Horizontal asymptote: y = 0

No vertical asymptotes

-3 +2
83. f(X) = W

@ ;
T

-2

2
,g(X)=X+X(X_3)

X2 — 32+ 2

®) £00 =" 7

_X(x—3) 2
S x(x—3)  x(x— 3

X + ) =g(x)

© L

-80 80

=70

The graph appears as the dant asymptotey = x.

~ 5.5039

12 (nzfz'l)

'% Y 2
-2
X3 — 22+ 2 1 1
84. f(x) = RV R gx) = —§x+ 1- 2
(a) f=g 4
-6 ]{\6
-4
X3 — 22+ 2
() () = — "=
_ ,[XL,LXZL]
T 2e¢ 2@ 2@
1 1
Z—EX+1—?=Q(X)
© L

-80 80

=70

The graph appears as the dlant asymptote

y=—3x+1



Section 3.5 Limits at Infinity 263

. C=05x + .
85. € = 0.5+ 500 86. lim 100[1 - } = 100[1 — 0] = 100%
B c V,/V, - oo (Vl/VZ)
c=-=2
X
C=05+ 500
X
lim (O.S + @) =05
X - o0 X
87. lim N(t) = oo 88. () lim T = 425°
lim Et) = ¢ This s the temperature of the oven.
t- oo
(b) tIim T = 72°, the temperature of the room.
3.351t2 + 42.461t — 543.730 100t?
89. y = z 0. S= ozt t>0
@ o (@
20 . 100 5 . 30
0 0
(b) Yes. imy = 3351 (b) Yes lim S= 1%0 = 100

91. (a) T,(t) = —0.003t2 + 0.677t + 26.564 92. () Using agraphing utility,

b o C, = —0.00800x2 + 0.0865x + 0.252.
P ®
1 Cl
-10 130 Ff__——
-10
0 4
© o °
/E/—' oo 5+
(© ~27 20+ ax
-10 L 120 C2
. [
1451 + 86t Y | —

27 B8+t
(d) limC, = —o0
(d) T,(0) =~ 26.6 X oo

lim C, =
T,(0) = 25.0 xooo T4
86 Model C, isunrealistic as x — co. Model C, is better.
© [imT, = 7 -8 (e) Thelimiting concentration is 3/4 = 75%.
(f) No. The limiting temperature is 86.
T, has no horizontal asymptote.
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93. line Mx—y+4=0 % liney+2=mx—00 mMx—-y—2=0

X

L L L L L L
t + + t + t
-2 -1 1 2 3 4

|A% + By, + C| _ |m(4) — 1(2) — 2|

Ax, + By, + C ~1(1) + 4 d= =
@a=- R 2o Cl I3 ) 4 @d=" e N
_ |3m+ 3| _ [4m -4
N me + 1
o 7 () 0
]

—. . Pount

-3

@ lim dm)=3=lim_dm © fim_dm) = 4_tim_ d(m) = 4

The line approaches the vertical line x = 0. Hence. As the line becomes closer to the y-axis, the distance

the distance approaches 3. approaches 4.
2 6X
95. f(x) = 2+ 96. f(x) = e

€) )(ILm fx)=2=1L

€) Jirycf(x) =6=1L

2x2 lim f(x = -6 =K
(b fx) + o= 22 +g=2 Jim f9
X2+ 2 6x
b fx)+e=—t—+e=6
22+ ex? + 26 = 2X2 + 4 ®) R
X% =4 — 2¢ 6x, = (6 — &)V*x2 + 2

= 4 — 2¢ 36x,2 = (%2 + 2)(6 — &)?
= /4= 2
& 36x,2 — (6 — £)2x,2 = 2(6 — &)?

X, = —X; by symmetry
4 — 2¢
&

(c) LM = > 0. Forx > M:

4 — 2¢
&

X >

X2 > 4 — 2¢

22+ X2 +2e > 22+ 4

2x?

m+8>2

2x2
X2+2_2 >|—¢|l=¢
f) — L| > &

4 — 2¢

(d) Similarly, N = — .

%436 — 36 + 128 — £2] = 2(6 — &)?

26— 8

x.2
1 12 — &2

2
S AV rp

X, = —X; by symmetry

OM=x=6- /55>
@ N=%=(-8/5
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. 3X . 3X
lim ———=3 98. lim —(———= -3
Xaoo,/)(z—i-s >(”700\/)(2 3
(a) For e = 0.5, weneed M > 0 such that (8 Fore = 0.5, weneed N < 0 such that
[f(x) — L| = ‘i — 3| < & = 0.5 whenever [fx) — L| = ‘i + 3| < & = 0.5 whenever
VX + 3 VX + 3
3X x < N.
MO 25 <——< 35.
x> R 2
-05<—F——=+3<05
. 3X /XZ + 3
By graphin =——V,=25andy; = 35
ygap I gyl \/m y2 YB 3x
-35<——=< -25
S U3

5

oiw

0

you see that the inequality is satisfied for x > 2.7, so
let M = 3.
(b) For & = 0.1, the inequality becomes

3x
29 < —— < 3.1
VX + 3

From the corresponding graph you obtain M = 7.

99. lim % =0.Lete > Obegiven.Weneed M > 0
X— oo

such that
1 1
[fx) — L| = ;—O =;<swheneverx> M.
1 1 1
¥>=X>—legaM=——
€ Je Je

Hence, for x > M, we have

1 1 1
= 25 T[] = —
X>\/§DX>sDx2<8D|f(X) L| < e

100.

. 3Xx
By graphingy, = ﬁ y, = —25and

y; = — 3.5,

-20 0

-6

you see that the inequality is satisfied for x < —2.7,
soletN = —3.

(b) For & = 0.1, the inequality becomes

3x
-31l<—F——< -29
S UEvs
From the corresponding graph you obtain N = —7.

lim 2 _ 0. Let e > 0 be given. We need to find

Xaoc\/);(

M > 0 such that

[f(x) — L| = ‘i—o‘ :i< & whenever x > M.
N Vx

%< e [ §>*D x>£2

Let M = 4/&2,

For x > M = 4/¢?, we have

Vx> 2/e0] %qm [f(x) — L| < e.
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101. lim 1. 0.Let e > 0. We need to find N < 0 such that 102. lim EENN 0.Lete > Obegiven. Weneed N < O
X— —oo

X3 Xﬂ*oox_z
such that
|f(x)—L|=1—0‘=_—1<ewheneverx<N. 1 -1
X X2 |f(x)—L|=‘—— ‘= <e
X—2 X—2
;—31<8D7x3>%Dx<;7§. whenever x < N.
1 e x—2<tox<2-1t
LetN =2 x—2 e e
==
v LetN:2—1
Hence,forx<N<_—1, g
e L
1 Hence,forx<N<27g,
I
X—2<;1
1. :
" —1 < &
_£<8 X—2
3
X|() I O 1f60 — L] <.
O |f(x) = L| < e.
. @:. X"+t ax+ g
108. xltrgcq(x) xltrgcbmxm+---+b1x+ b,
Divide p(x) and q(x) by x™.
i+...+i @

Case1: 1fn < m lim P® — jjm X" XML xm_0+ 4040 _0_,
' ) xee b, . by b,+ - +0+0 b,
bm+"'+ﬁ+ﬁ

a )
+ -+ + —
Case2 Ifm=n: |imﬁ:|imaﬂ xmtoxm gt F0+0 3
: 'xﬁooq(x) X — o0 bl bO bm++0+0 bm.
bm+”'+xm—1 o
n—-m 1 @
X o pX) 8 X T ot 40
Case3: Ifn>m lim —— = lim = = +oo0.
e gx) e by bo bp+---+0
bm+---+F+Xm

104. lim x3 = co. Let M > 0 be given. We need to find N > 0 such that f(x) = x> > M whenever x > N.

X— oo

2> MO x> MY, Let N = MY3 Hence, forx > N=MY3 x > MB [0 x3> MO f(x) > M.

105. False. Let f(x) = % (See Exercise 2.)
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106. False. Lety, = /X + 1, theny,(0) = 1. Thus,y,” = 1/(2/x + 1) andy, (0) = 1/2. Finally,

1

andy,(0) = .

" _ __ 1
T Tax v )2

Letp = ax® + bx + 1, thenp(0) = 1. Thus, p’ = 2ax + bandp’(0) =3 [ b = 3.

Findly, p” = 2aand p(0) = —:11 0 a= —%. Therefore,
F) = (—=1/8)x2 + (1/2)x+1, x<0
00 = {\/x 1, x=20
00 = [(1/2) - (1/4)x, x<0
YTlyleixTi), x>0

(-1/4), x<0
—1/(4x + 13?3, x>0

andf(0) = 1,
1
and f(0) = > and

1
() = { andf70) = —:

f7(x) < Ofor al real x, but f(x) increases without bound.

Section 3.6

1. f has constant negative slope. Matches (d)

3. Thedlopeis periodic, and zero at x = 0. Matches (a)

5. (a) f(x) =0forx=—2andx = 2

f’isnegativefor —2 < x < 2 (decreasing function).

f’ispositivefor x > 2andx < —2
(increasing function).

(b) f”(x) = Oatx = 0 (Inflection point).
f”is positive for x > 0 (Concave upwards).

f”is negative for x < 0 (Concave downward).

6. (A Xo X X4
(© %

(€) Xa %3

A Summary of Curve Sketching

2. The dope of f approaches oo asx — 0~, and approaches
—oo asX — 07. Matches (¢)

4. The slope is positive up to approximately x = 1.5.
Matches (b)

(c) f’isincreasingon (0, o0). (f” > 0)

(d) f/(x) isminimum at x = 0. The rate of change of f at
x = Oisless than the rate of change of f for all other
values of x.

(b) X %3
(@ x
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X2
" Y=et3
, 6X
Yy :m:OWhenx:O.
,_ 181 =) _ _
=@+ 3P = Owhenx = +1.

Horizontal asymptote: y = 1

y y |y Conclusion
—o<x< -1 - — Decreasing, concave down
x=-1 ;l, - 0 Point of inflection
-1<x<0 - + Decreasing, concave up
=0 0 0 + Relative minimum
0<x<l1 + | + Increasing, concave up
x=1 3 | + | 0| Pointofinflection
l1<x< + — Increasing, concave down
X
S |

, _1-x (1-xx+1 B
y' = @102 @+ 1) = Owhenx = +1.
s 2B =) _
V= "o

Owhenx = 0, + /3.

Horizontal asymptote: y = 0

y y |y Conclusion
—oo < x< -3 — - Decreasing, concave down
X=—3 —? -1 0 Point of inflection
-J/3<x< -1 - | + Decreasing, concave up
1 . .
Xx=-1 5 0 + Relative minimum
-1<x<0 + | + Increasing, concave up
x=0 0 + 0 Point of inflection
0<x<l1 + | - Increasing, concave down
1 . .
X=1 > 0 - Relative maximum
1<x< V3 — - Decreasing, concave down
x= V3 ? -1 0 Point of inflection
Y3 < X< oo - | + Decreasing, concave up
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9.

11.

1
y_x—2_3
/—7#<Owhenx¢2
Y= Tk 2p '
//: 2
V= x-28

No relative extrema, no points of inflection

(7 _r
Intercepts: ( 3 0), (0, 2)
Vertical asymptote: x = 2
Horizontal asymptote: y = —3

_ 2x
Y= 1
@41
:W<Olfx¢i’l.
L, X+ 3)
= e—1° =0ifx=0.

Inflection point: (0, 0)

Intercept: (0, 0)

Vertical asymptotes: x = +1
Horizontal asymptote: y = 0
Symmetry with respect to the origin

==

1
-2

10. y=

12.

X2+ 1

x> =9

, —20x
y =m=0 when x = 0.

2 +
”=%<Owhenx=0.

Therefore, (0, —%) is arelative maximum.

Intercept: <0, —é)

Vertical asymptotes: x = +3
Horizontal asymptote: y = 1

Symmetric about y-axis

f(x) = ;—22 < Owhenx # 0.

V4 4
f(X):g:#O

Intercept: (—2, 0)
Vertical asymptote: x = 0
Horizontal asymptote: y = 1

y
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4
Bog =x+ 35— (01292, 4.064)
g X2+ 1 © 4)\y / <? 3577)
, 8x X+ 22— 8x+ 1 PN .
gx) =1- @t @ 1 12 = Owhen x = 0.1292, 1.6085 (7?3 2423> : /
" 83 — 1) J3 1 eoes, 2724)
g"(x) = W = 0whenx = i? (-1.3788,0)

14.

16.

g7(0.1292) < 0, therefore, (0.1292, 4.064) is relative maximum.

07(1.6085) > 0, therefore, (1.6085, 2.724) is a relative minimum.

Points of inflection: (—‘f 2.423), ( V3

Intercepts: (0, 4), (—1.3788, 0)
Slant asymptote: y = x

32
f(x) =x+ 2
64 (x— 4)(x2+ 4x + 16
o = 1 - 8 - b= A0 )
f(x) = % > 0ifx# 0.
Therefore, (4, 6) is arelative minimum.
Intercept; (—2 /4, 0)
Vertical asymptote: x = 0
Slant asymptote: y = X
y
(-294,0) Il W
i
x3 4x
f(x)—)(2_4—x+xz_4
o X —12) _
f(x) = e aE - Owhenx = 0,+2./3.
2
f7(x) = 8 + 12) = O0whenx = 0.

Intercept: (0, 0)
Relative maximum: (—2./3, —3./3)
Relative minimum: (2./3, 3./3)
Inflection point: (0, 0)

Vertical asymptotes: x = +2

Slant asymptote: y = x

3 3.577

15. f(x) =

= Owhenx = 4.

, 1
f(x)=1—?=0whenx=i1.

2

f”(X) = g #0

Relative maximum: (—1, —2)
Relative minimum: (1, 2)
Vertical asymptote: x = 0

Slant asymptote: y = x




Section 3.6

A Summary of Curve Sketching

17.

19.

X —6x+12 _2X2—-5B5x+5 3
y="%_—2 X 2+X_4 18.y—7_2 =2x—-1+ —>
/ 4 3 22— 8x+5
y' =1- ‘=2- = = =
(x — 4)2 y'=2 x— 27 x— 27 0 when x
(x = 2)(x - 6) 8
=W=Owhenx=2,6. y (X—Z)S#:O
y’ = ()(_784)3 Relative maximum: (4 72\/6, - 1.8990)
y” < Owhenx = 2. Relative minimum: (4+2\/é 7.8990)
Therefore, (2, —2) is arelative maximum.
Intercept: (0, —5/2
y” > Owhenx = 6. ept: ( /2)
Therefore, (6, 6) is a relative minimum. Vertical asymptote: x = 2
Vertical asymptote: x = 4 Slant asymptote: y = 2x — 1
Slant asymptote: y = x — 2 y (4+2¢éy 7.899)
12+ :
y v
6+ A o N X
ol b (6,6) 8 -4 far 4 8 12
o, L3) ///‘ i é é fO *
Pl
y=XJ4 - X y
N (§ M)
Domain: (—oo, 4] BRERE
, 8- 3 8 . i
N/ Owhenx = gand undefined when x = 4. ©,0] @«
-2 | 2 4
,_ 316 _ _16 . 3 i
= 44— 0 0 when x 3 and undefined when x = 4. i

Note: x = % is not in the domain.

y y’ y” Conclusion
8 .

—oo < X < 3 + - Increasing, concave down

8 16
X=_ — 0 - Relative maximum

3 3.3
g <x<4 — - Decreasing, concave down
X=4 0 | Undefined | Undefined Endpoint

=
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20. g(x) = x~/9 — x Domain: x < 9

g'(x) = S(GT/%XL =0 whenx = 6.
3(x — 12)

9"(x) = X9 — 7 < 0 whenx = 6.

Relative maximum: (6, 6./3)
Intercepts: (0, 0), (9, 0)

Concave downward on (— oo, 9)

22. y=x/16 — x2 Doman: —4<x< 4
,_28-x3)

y—ﬁ=OWhenx=12ﬂ.
,_ 22X = 24)
=m=0 when x = 0.

Relative maximum: (2./2, 8)
Relative minimum: (—2./2, —8)
Intercepts: (0, 0), (x4, 0)
Symmetric with respect to the origin
Point of inflection: (0, 0)

23. y=3x¥3 - 2

21— X3

y' =23 -2 X173

= Owhen x = 1 and undefined when x = 0.

21. h(x) =x/9—x2 Domain; —3<x< 3

h'(x) = % =0 whenx = 1% = iLf-
h"(x) = % = 0 whenx = 0.
Relative maximum: <3\/é 9)
2’2
Relative minimum: (—3‘26 —g>

Intercepts: (0, 0), (£3, 0)

Symmetric with respect to the origin
Point of inflection: (0, 0)

y’ = % < Owhenx # 0.
y y’ y” Conclusion
-0 <Xx<0 - - Decreasing, concave down
x=0 0 | Undefined | Undefined Relative minimum
0<x<1 + — Increasing, concave down
X = 1 0 - Relative maximum
l1<x< o . — Decreasing, concave down
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24, y=3(x— 123 — (x — 1)?

, 2 B L2 2x—1AE _
Y = %= D 2x—1) = oD 0 whenx = 0,2
(y’ undefined for x = 1).
-2

VT3 — 1)

— 2 <0 fordl x # 1.

Concave downward on (— oo, 1) and (1, co)

Relative maximum: (0, 2), (2, 2)
Relative minimum: (1, 0)

Intercepts: (0, 2), (1, 0), (—1.280, 0), (3.280, 0)

25. y=x2—-3x%+ 3

y' =3 —6x=3xX(x—2) =0whenx =0,x = 2.
y'=6x—6=6(x—1) =0whenx = 1.

y y oy Conclusion
-0 <x<0 + - Increasing, concave down
x=0 3 | 0 | — | Relativemaximum
0O<x<1 — — Decreasing, concave down
X = 1 - 0 Point of inflection
l<x<2 — + Decreasing, concave up
X = -1 0 + Relative minimum
2<X<oo + Increasing, concave up
26. y=—30¢—3x+2)
y'=-x*+1=0whenx= =1
y”= —2x= 0whenx = 0.
y y |y Conclusion
—o0 < X< —1 - + Decreasing, concave up
x=-1 —% 0 | + Relative minimum
-1<x<0 + + Increasing, concave up
x=0 -2 | + | 0 | Pointof inflection
O0<x<1 + — Increasing, concave down
x=1 0 0 - Relative maximum
l1<x<oo - - Decreasing, concave down
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27. y=2-x—-x3
y'=-1-3x
No critical numbers

y”= —6x = Owhenx = 0.

y y |y Conclusion
-0 <Xx<0 - + Decreasing, concave up
x=0 2 0 Point of inflection

0< X< o0 - Decreasing, concave down

28. f(x) =3(x— 1)+ 2
f(x) = (x — 1) =0whenx = 1.
f7(x) = 2(x — 1) = Owhenx = 1.

f(x) | f(x) | f7(x) Conclusion
—o<x<1 + - Increasing, concave down
x=1 2 0 0 Point of inflection
l<x<oo + Increasing, concave up

29. y=3x*+ 46
y' =12x3 + 12x% = 12x3(x + 1) = Owhenx = 0,x = — 1.

Yy’ =36x2 + 24x = 12x(3x + 2) = Owhenx = 0, x = —%.

y y oy Conclusion
—o <x< -1 - + Decreasing, concave up
x=-1 -1 0 + Relative minimum
-1<x< —§ + + Increasing, concave up
X = % 7%3 + | 0 Point of inflection
—% <x<0 + - Increasing, concave down
x=0 0 0 0 Point of inflection
0<Xx<oo + + Increasing, concave up

(-0.817,0)

1

2

t
3

X
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30. y=3x4—6x2+§

y = 12x® — 12x = 12x(x* — 1) = Owhenx = 0, x = +1.

y’ = 36x2 — 12 = 12(3x2 — 1) = Owhenx = i?.
y y ol y” Conclusion
—co <x< -1 — | + | Decreasing, concave up
x=-1 —4/3| 0 | + | Relative minimum
—-1<x< —? + | + | Increasing, concave up
= —? 0 |+ | 0| Pointof inflection
,? <x<0 + | — | Increasing, concave down
x=0 5/3 | 0 | — | Relative maximum
0<x< ? - — | Decreasing, concave down
X = ? 0 |- | o | Pointofinflection
? <x<1 — | + | Decreasing, concave up
x=1 —4/3| 0 | + | Relative minimum
l1<x< oo + | + | Increasing, concave up
31l y=x>—5x

y' =56x*—-5=5x*—-1) = 0whenx = 1.
y” = 20x® = Owhenx = 0.

y y |y Conclusion
—oo <x< -1 + - Increasing, concave down
X= - 4 0 - Relative maximum
-1<x<0 - Decreasing, concave down
x=0 0 - 0 Point of inflection
0<x<1 - + Decreasing, concave up
=1 -41 0 + Relative minimum
l1<x<oo + + Increasing, concave up
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32, y=(x—1>°
y’=5(x— 1)*=0whenx = 1.
y”=20(x — 1)% = Owhenx = 1.

y y |y Conclusion
—oo <x<1 + - Increasing, concave down
X = 0 0 0 Point of inflection
l1<x< oo + Increasing, concave up
3. y=|2x— 3
. 2(2x-13) . 3
y = mundefmedatx = E
y// = 0
y y’ Conclusion
—0 < X<3 - Decreasing
X=3 0 | Undefined | Relative minimum
3<x<oo + Increasing

34. y= |- 6x+5

, _ 2x—=3(—6x+5 2x—3x-5Kx-1)
Y = e —ex+5 | |[x-5x-1)

= Owhen x = 3and undefinedwhenx = 1, x = 5.

, 20 —6x+5 2(x—5(kx-1)

 p@—6x+5  |x—5x- 1)

undefined whenx = 1, x = 5.

35. f(x) =

x = 0 vertical asymptote

TX+1 x xR+ 1)

y y’ y” Conclusion
—o<x<1 - + Decreasing, concave up
x=1 0 Undefined | Undefined Relative minimum, point of inflection
l<x<3 + - Increasing, concave down
x=3 4 0 - Relative maximum
3<x<5 — - Decreasing, concave down
x=5 0 | Undefined | Undefined Relative minimum, point of inflection
5<x< oo + + Increasing, concave up
20x 1 19¢ -1

10

-15

y = 0 horizontal asymptote
Minimum: (—1.10, —9.05)

Maximum: (1.10, 9.05)
Points of inflection: (—1.84, —7.86), (1.84, 7.86)

-10

15
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1 1 X 4x
36. f(x) = 5 - 7. y=—F—— 38 f(x) = —F—=
) <x s 2) Y= fex7 ®) U+ 15
6 2 6
IEARN) ) 4 )

39.

s D s

-6

X = —2,4vertical asymptote (0, 0) point of inflection

y = 0 horizontal asymptote y = +1 horizontal asymptotes

(1, —%) relative maximum

y=sinx—1—185in3x,0$xs 2

, 1
y’ = COSX — écos3x

1 . .
= COSX — E[COSZX cosx — sin2xsinx]

= COSX — %[(l — 2s8in®X) cosX — 2 sSin? X cos X]

cosx[l - %(1 — 28X — 25in2x)]

[5 2 2]
COSX| = + zSIn“X

6 3
y' =0 cosx =00 x= /2, 37/2
5 2. . . .
6 + ésnzx =00 sinPx = —5/4, impossible

y” = —sinx+%sin3x: 00O 2sinx = sin 3x

= SiN2XCOoSX + coS2Xsin X

= 2sinxco’ X + (2cos?x — 1) sinx

= sinx(2cos2x + 2cos2x — 1)
=snx(4co?x — 1)
snx=00 x=0, w27

S7 7w 11w

T
2=4co?x — 10 cosx = +/3/20 X= 556" &

2
85 o (5

y = 4 horizontal asymptotes
(0, 0) point of inflection

INEES
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40. y=cosx—%c032x,0$xs2w y
2l
y’=—sinx+sin2x=—sinx(1—2cosx)=0Whenx=0,w,g,%T. 1——/\ /\
y’ = —COSX + 2C0S2X = —COSX + 2(2CO? X — 1) \n/ on
i
— 400 X — COSX — 2 = Owhen coSX = liT V33 _ 0.8431, —0,593L. 2]

Therefore, X = 0.5678 or 5.7154, x = 2.2057 or 4.0775.

57.9)
3'4

i ima: (73
Relative maxima: <3,4>,<

Relative minimum: (w, —g)
Inflection points: (0.5678, 0.6323), (2.2057, —0.4449), (5.7154, 0.6323), (4.0775, —0.4449)
aa a
= - -y ~ y
41. y = 2x — tanx, 2<x<2

y’:2—seczx:0whenx:¢%.

y’= —2sec?xtanx = Owhenx = 0.

e T E

. . N AU
Relative maximum: (4, > 1)

; i N I
Relatlvemlnlmum.< 4,1 2)

Inflection point: (0, 0)

Vertical asymptotes: x = 1127-
42, y=2x—2)+cotx, 0<x<m y
5]
f_ o _ 2y _ :ﬂi 47
y 2 — csc?x = 0 when x a4 2:

y”=2csc?xcotx = 0 whenx =

Relative maximum: (37? 3?77 — 5)

Ny

- N —m———— -

; . N A
Relative minimum: <4, > 3)
Point of inflection: (127 7 — 4)
Vertical asymptotes: x = 0, 7

m

43. y=2(cscx + secx), 0 < X <
2 16+

Yy’ = 2(secxtanx — cscxcotx) = 0 O x:g ol

Relative minimum: (% 4\@)

HE

N

Vertical asymptotes: x = 0, x = 7—27
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44, y:w:Z(%X)—ztan(%x)—l, ~3<x<3 y
1
M
<)o 3e) e 0 o
y 23ec<8>tan<8 8 2 sec s )\ 00O x 21 ‘
Relative minimum: (2, —1) s-a32-1 N/3 4 5
2+ 2-1
et
o1
i
3 37 _
45. g(x) = xtanx, — <X<5 46. g(x) = xcotx, —27 < X < 27
X + sinx cosx g’(x)—w
=" "= = ~ dn?x
g'(x 0P x 0 whenx = 0.
2(cosx + xsinx) g’(0) does not exist. But lim x cot x = lim—— = 1.
g"(x) = x-0 x-0 tan x
cos® X
Vertical asymptotes: x = +2, 7
Vertical asymptotes: x = 3w _mom3m
s Caa Intercepts:(f%r, 0), <77—27 O>, (7—27 O>, (3—277 O>
Intercepts: (—, 0), (0, 0), (, 0)
mmetric with respect to y-axis.
Symmetric with respect to y-axis. > =P 4
Decreasing on (0, 7) and (1, 27)
Increasing on (0, = ) and (= 3m
9 ) 2' 2 Points of inflection: (+4.49, 1)
Points of inflection: (+2.80, —1) y
y
47. fiscubic. 48. f”is constant.
f’is quadratic. 7 is linear.
f7islinear. f is quadratic.

y

f

\ /.

\// ..
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F————>x
2 4

(any vertical trandate of f will do)

51. y y
4 : 4:
N f o1 .
-4 8 * -8 —; 4 4 5 *
j P o1
L 4]
(any vertical trandate of f will do)
52. y y
21+ Om——p—0

(any vertical trandate of the 3 segments of f will do)

53. Since the slope is negative, the function is decreasing on
(2, 8), and hencef(3) > f(5).

L Nff(x) = 2in[—5,5], thenf(x) = 2x + 3andf(2) = 7
isthe least possible value of f(2). If f(x) = 4in[—5, 5],
then f(x) = 4x + 3 and f(2) = 11 isthe greatest possible
value of f(2).
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55.

57.

59.

61.

_ Ax - 12
0= ax+5

Vertical asymptote: none
Horizontal asymptote: y = 4

9

B

-1

The graph crosses the horizontal asymptotey = 4. If a
function has a vertical asymptote at x = c, the graph
would not cross it since f(c) is undefined.

_sSin2x
X

h(x)

Vertical asymptote: none
Horizontal asymptote: y = 0

3

—2m 7 = 27

-1

Yes, it is possible for a graph to cross its horizontal
asymptote.

It is not possible to cross a vertical asymptote because the
function is not continuous there.

6 — 2x

h(x) = 3~ x
_2B8-x |2 ifx#3
" 3-—x  |Undefined, ifx =3

The rational function is not reduced to lowest terms.

3

-1

hole at (3, 2)

X —-—3x—-1 3
S x4+ 1+

X = - X—2 X—2

3

NN
\

The graph appears to approach the slant asymptote
y=-x+1

-3

3x* - 5x+ 3
5690 ="y T
Vertical asymptote: none

Horizontal asymptote: y = 3

7

N

-1

The graph crosses the horizontal asymptotey = 3. If a
function has a vertical asymptote at x = c, the graph
would not cross it since f (c) is undefined.

COoS 3x
4x

Vertical asymptote: x = 0
Horizontal asymptote: y = 0

58. f(x) =

2

-2 - 2

-2

Yes, it is possible for a graph to cross its horizontal
asymptote.

It is not possible to cross a vertical asymptote because the

function is not continuous there.

X4+ x—2

60. 90 =~
X+ 2x—1)  |x+2 ifx#1
B x—1 "~ |Undefined, ifx =1

The rational function is not reduced to lowest terms.

4

-8 4
-4
holeat (1, 3)
2x2 —8x— 15 5
62. g(X) —fs—ZX-i-Z—ﬁ

The graph appears to approach the slant asymptote
y=2x+ 2.
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x3 X

o X+ X+4 4
X+ 1 X+ 1

64. h(y = —— 5= —x+1+;

63. f(x) = 2

2 10

N o
/ .

) -10

The graph appears to approach the slant asymptotey = x. The graph appears to approach the slant asymptote
y=-x+1
cos? X
65. f(x) = ———, (0,4
®= e 09

, —cos wx(x cos wx + 27w(x2 + 1) sin 7X)
(@ 1s (b) f(x) = (x2 + 1)3/2 =0

Critical numbers = 1, 0.97, §, 1.98, 5, 2.98, z.

0/\!\;\4 2 2 2 2

The critical numbers where maxima occur appear to
be integersin part (&), but approximating them using
On (0, 4) there seem to be 7 critical numbers: f” shows that they are not integers.

05,10,15,20,25,3.0,35

-0.5

66. f(x) = tan(sin 7x)

(@ 3 (b) f(—x) = tan(sin(— mx)) = tan(—sin mx)
LA RAR = —tan(sn m) = —f(x
! I"."I I".I'I 1'-J'r ]\J'[ ]'u'r Symmetry with respect to the origin
S (d) On(—1,1), thereis arelative maximum at (% tan 1)

and a relative minimum at (—% —tan 1).
(c) Periodic with period 2
(e) On (0, 1), the graph of f is concave downward.

67. Vertical asymptote: x = 5 68. Vertical asymptote: x = —3
Horizontal asymptote: y = 0 Horizontal asymptote: none
_ 1 _ X2
y Xx—5 y X+ 3
69. Vertical asymptote: x = 5 70. Vertical asymptote: x = 0
Slant asymptote: y = 3x + 2 Slant asymptote: y = —x
3424 1 _3¥-1x-9 :_X+1:17x2
y x—5 x—5 y X X
ax
71. f(x) = X — b2
(@) Thegraph hasavertical asymptote at x = b. If (b) Asb varies, the position of the vertical asymptote
a > 0, the graph approachesco asx - b. If a < 0, changes: x = b. Also, the coordinates of the
the graph approaches —co asx — b. The graph minimum (a > 0) or maximum (a < 0) are changed.

approaches its vertical asymptote faster as |a| - O.
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72, f(x) = %(ax)z ~ (a0 = %(ax)(ax —2,a%0

f(x) =ax —a=alax — 1) = Owhenx = %.
f”(x) = a2 > Oforal x.

2
(@ Intercepts: (0, 0), (5, 0)

Relative minimum: (1, —1>
a 2

Points of inflection: none

3x"
xt+1

73. f(x) =
(@) For neven, fissymmetric about the y-axis. For n odd,
f is symmetric about the origin.

(b) The x-axiswill be the horizontal asymptote if the
degree of the numerator islessthan 4. That is,
n=0,123.

() n = 4givesy = 3 asthe horizontal asymptote.

74. Tangentlineat P: y — y, = /(X)) (X — %)
(@) Lety =0 =y, = F(x)(X — %)
F(x)x = % f'(%) = Yo

_ Yo _ f(x)
X=% "t T T Tl

x-intercept: (xo - ff,(();';)) 0)

(c) Normal line: y — y, = —ﬁ(x = Xo)
_ 1
f(%0)
Yo f (%) = =X + X,
X =%+ Yo' (%) = X + fx) (%)
x-intercept: (x, + f(xy) f/(%), 0)

o) ‘ _ )
(%) (%)

(@) [AB] =[x, — (% + T(x) F(x))| = |f(xo) F'(%0)|

Lety = 0: —y, = (X = %)

CIC R

(d) Thereisaslant asymptotey = 3xif n = 5:

3 ~ 3y 3x
X +1 X4+ 1

@nTol1]2]3]a]s

M 1] 2 3 2 1]0

N 2| 3 4| 5] 2 3

(b) Letx =0:y — y, = f(%)(— %)
Y= Yo~ X f0%)
y =) = %1%
y-intercept: (0, (%) — %,f (X))

(@) Letx=o:y—yo=%(—xo)
y:yo"'%

y-intercept: <0, Yo + %)
f(Xo)) _ T F (%) + (%)
(%) f/(%o)?
f(x)v/1 + [F(x0) ]
(%) |
(h) |AP|? = f(x0)*f"(%))* + Yo
|AP| = |f(x0)| V1 + [(x)]?

) IPci2 =yt + (

=N
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75. (a) 2750 76. y = J4 + 16x2
: ASX - 00,y - 4X. ASX - —00, Y - —4X.

Slant asymptotes. y = +4x

(b) Whent = 10, N = 2434 bacteria
(c) Nisgreatest (=2518) att = 7.2.
(d) N'(t) isgreatest whent = 3.2.

(Find the t-value of the point of inflection.)

_ 13,250
7

@) tIim N(t) ~ 1893bacteria

77.y= U +6x=J(x+32-9

y-X+3asxXx-o0,andy - —X— 3asX - —oo.

fx) —f@@ fb) — (@
78 Letr = ——2 b-a _x<b
X—Db
_f®—f@ fb) 1@
T x—a b-a

AX — b)
Ao b)x — @) = 109 — f(a) - O I@ g

00 = f(a) + (01

Let ht) = (1) - {f(a) + O =Ty 4 - a - b)}.

(x—a) + Ax—Db)(x — a)

h(@) = 0, h(b) = 0, h(x) = 0

By Rolle's Theorem, there exist numbers o; and a, suchthat a < «; < X < a, < band h(e;) = h”(a,) = 0. By Rolle's
Theorem, there exists 8 in (a, b) such that h”(8) = 0. Finaly,

0= () = (8 — (2} 0 A = 21().
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Section 3.7  Optimization Problems
1@ First Number, x | Second Number Product, P
10 110 — 10 10(110 — 10) = 1000
20 110 — 20 20(110 — 20) = 1800
30 110 — 30 30(110 — 30) = 2400
40 110 — 40 40(110 — 40) = 2800
50 110 — 50 50(110 — 50) = 3000
60 110 — 60 60(110 — 60) = 3000
(b) | First Number, x | Second Number Product, P

10 110 — 10 10(110 — 10) = 1000
20 110 — 20 20(110 — 20) = 1800
30 110 — 30 30(110 — 30) = 2400
40 110 — 40 40(110 — 40) = 2800
50 110 - 50 50(110 — 50) = 3000
60 110 — 60 60(110 — 60) = 3000
70 110 — 70 70(110 — 70) = 2800
80 110 — 80 80(110 — 80) = 2400
%2 110 — 90 90(110 — 90) = 1800
100 110 — 100 [100(110 — 100) = 1000

The maximum is attained near x = 50 and 60.

(©) P=x(110 — x) = 110x — x?

(d) 3500

0

(55, 3025)

0

120

The solution appears to be x = 55.

(e c;—z: 110 — 2x = Owhen x = 55.

2
P_ L,

dx?

P isamaximum when x = 110 — x = 55.
The two numbers are 55 and 55.
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= — 2
2@ Height, x | Length & Width Volume (B) V= x(24=29%0 < x < 12
1 24 — 2(1) 1[24 — 2(1)]2 = 484 (d) o
2 24 — 2(2) 2[24 — 2(2)]> = 800
3 24 — 2(3) 3[24 — 2(3))? = 972
4 24— 2(4) | 424 - 24)] = 1024 °5 *
5 24 — 2(5) 5[24 — 2(5)]2 = 980 The maximum volume seems to be 1024.
6 24 — 2(6) 6[24 — 2(6)]> = 864
dav
© = 2X(24 — 2x)(—2) + (24 — 2x)? = (24 — 2xX)(24 — 6X)
= 12(12 — x)(4 — x) = Owhen x = 12, 4 (12 isnot in the domain).
dav
v 12(2x — 16)
dav
5 < Owhenx = 4.
When x = 4,V = 1024 is maximum.
3. Let x and y be two positive numberssuchthat x + y = S 4. Let x and y be two positive numbers such that xy = 192.
= = — = — y2
P=xy=x(S—x = X— X S:x+y:x+%
dP S
— =S—-2x=0whenx = _.
dx 2 g—izl—%=0whenx=\/ﬁ.
ap _ 2 < Owhenx = S
2~ — 5 2
dx 2 2—5:%> Owhenx = /192.

Pisamaximumwhenx =y = S/2.
Sisaminimumwhenx =y = /192.

5. Let x and y be two positive numbers such that xy = 192. 6. Let x be a positive number.
192 41
S=x+3y=7+3y S—x+x
ds 192 as_,_1_ _
diyz — =2 =0wheny = 8. dx_l Xz—Owhenx—l.
d’s 384 as_ 2 _
@=F>0Whmy:8. dx27x3>OWhenXil'
Sisminimum wheny = 8 and x = 24. Thesumisaminimumwhenx = 1and 1/x = 1.
7. Let x and y be two positive numbers such that 8. Let x and y be two positive numbers such that
X + 2y = 100. X2 +y=27.
P = xy = y(100 — 2y) = 100y — 2y? P=xy=x(27 —x) =27x— X
dP
dy ~ 100~ 4y = Owheny =25 $:27—3x2:0whenx:3.
d2pP
—— = 