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Chapter 3: Rigid Bodies; Equivalent Systems of forces

3.1 -3.3 Introduction, Internal & External Forces

¢ Rigid Bodies: Bodies in which the relative position of any two points does not change.
Note:
= In real life no body is perfectly rigid. We can approximate the behavior of most
structures with rigid bodies because the deformations are usually small and negligible.
® Even in cases when the deformations are not negligible, we can still apply the principles
of equilibrium and statics to the deformed or the current configuration of the body to find
out what forces the body is carrying.

|

e External and Internal forces:
= External forces on a rigid body are due to causes that are external to the body. They can cause the
body to move or remain at rest as a whole.
For example: force of gravity, applied external force on an object.

» Internal forces develop in any body (not just rigid bodies) that keep all the particles of a body
together.
For example: Internal TENSION or COMPRESSION in a bar, bending moment in a beam.

Tension:
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Similarly compression.
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3.4 -3.8 Moment of a force: Vector CROSS Product

¢ Any force that is applied to a rigid body causes the body to translate or ROTATE or both.
¢ The tendency to ROTATE is caused by MOMENTS generated by the force.

A e

¢ In general, a force F generates a moment about any point O which is offset by some distance
from the line of action of F.
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Note:
= Moment of F about O.

= Moment is a VECTOR.

© Sheve Hooatty i,
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Vector Cross Product:

* Vector product oftwo vectors P and Q is defined
as the vector V which satisfies the following
conditions:

1. Line of action of Vis perpendicularto plane
containing P and Q.
2.Magnitudeof Vis V' = PQsin 0

3. Direction of V'is obtained from the right-hand @
rule.
V
* Vector products: t
- are not commutative, @ x P = —(Px Q) -
- are distributive, Px(Q,+0,)=PxQ,+PxQ, -
- arenotassociative, (PxQ)xS = Px(Qx.S) (b)

» Vector products of Cartesian unit vectors,

ixi =0 jxi=—k kxi=]
ixj=k jxj=0 kxj=-
ixk=-] jxk=i kxk=0 /’ﬂj

» Vector productsin terms of rectangular
coordinates

v =(P7 +Py7+PZ/€)>< (0,7 + 0,J+ 0.k)

=(P0.-PQ,)i +(PO,-PO.)j +(PO,-PO,)k

Thus Moment of F about O can be obtained as:

Mo:ffoAXE
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Varignon's Theorem \ /

Fx(Fy+ By 4 )= F X +F x Fy +--- / ‘ ~
nJ/ i

¢ Follows from the Distributive property of the vector cross product /

e Varigon’s Theorem makes it possible to replace the direct determination of the
moment of a force F by the moments of two or more component forces of F.

Equivalent forces

Two forces are said to be equivalent if they have the same magnitude and direction (i.e. they are equal)
and produce the same moment about any point O (i.e. same line of action).

Note:
e Principle of transmissibility follows from this. Two forces that have the same line of action produce
the same external effect (i.e.translation or rotation) on the body because they have the same net force
and moment about any point.

o Later in Chapter 4 we will see that the equations for equilibrium for a rigid body

are given by: é E i Q w

=M== (1% F)=0 Y

Applications of Cross product: \/ /[\
¢ Finding the direction perpendicular to two vectors. - Q‘

¢ Calculation of Area of a Parallelogram.
¢ Finding the distance of a point from a line.

Examples: V = E X Q

— —

V= PQ a4 © y7///%‘*

~—
o P
A= Q i © __Q”_Q_/ &
:Q//&/"’W@/ L8 o

- @11 /4/1/\/\1 9// A
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- Read Examples 3.2, 3.3, 3.4.

Example 3.1

A 100-1b vertical force is applied to the end of a lever which is attached to a shaft at O.
Determine:

a) moment about O,

b) horizontal force at 4 which creates the same moment,

c) smallest force at A which produces the same moment,

d) location for a 240-1b vertical force to produce the same moment,

e) whether any of the forces from b, ¢, and d is equivalent to the original force.

(W M.= Fd = wobbx %ﬂ\afm\ﬂ?

17
= 1200 Loim  ( chockwriar)

(T
N

\e~-

24 avn 60
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A
4
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N

1243 _ 208

Fo{/l = M
2 Fe M (577 Wb
da

v

©) d, = 24w 5044
E- 1200 _ [50 /b
24
@ 1200 = (240) x obg
5 L-_5 -
Gos (o 2u0db

CE297-FA09-Ch3 Page 5



Friday, September 11, 2009 Copyright © The McGraw-Hill Companies, Inc. Permission required for reproduction or display
9:37 AM

Exercise 3.25 & 3.31

Given tension in each cable is 810N.

e Determine the moment at A due to the force at D.
¢ Find the distance of point A from the "line" DE.

Recall Moment of F about A can be obtained as:

Mp = Yap X E

Tpp = TOLLA DR m SO

0.6 m /q

-

F = E 3lo N
[og

T - O'é_[i +3'3J’"315hm

Ve
7192 Vot 23" 437 = H4'5m

= F = 108 +594 ) ~51°k N

> Mp=|Lv U K b <5Ho—37<5‘?‘1)
06 '_/-l— 3 = + J C%f[b@«-()éxgwb)
1°% 594 -S40 t o Qo-éx5‘?H+ )0@)

ﬁA_—.—)?_HZ ..[i +Od —zl’lg'l'{ _)S NV)’)

\@\\; |F2e) (Fz i © = 12664 Nim

e My= F  Tapoin®

= = Ma _ 12666 _[1.56m
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3.9 Scalar Product of two Vectors Q

e The scalar product or dot product between two vectors P 6
and @ is defined as

PeQ=PQcos# (scalar result)

e Scalar products: PeQ=0eP
e are commutative,

e are distributive, Pe (al +0, ) =Pe(, +Pe(,
e are not associative, -\ =
(P e ()e S =undefined

¢ Scalar products with Cartesian unit components,

PeQ= (Pj +P,j +le€)o (QXT +0,7+ QZE)

Applications of Dot Product

e Work done by a force

¢ Angle between two vectors:

PeQ=PQcosd=P0, +P0, +P.Q.
PO, +P0O, +PO,
PQ

cosd =

E
Z% 4.
W =Fed=F dcosb /’ ZI
Q
e
P

¢ Projection of a vector on a given axis:

P,, = Pcos@ =projection of Palong OL

Pe0=PQcosf
Pe(
QQ =Pcosd=F,

e Component in a given direction (unit vector):
P, =Pe]

=P, cos6 +P, cost, + P cost,
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3.10 Mixed TRIPLE Product of 3 Vectors PXQ
¢ Mixed triple product of three vectors, &/7 ﬁ
. (= = i R
Se (P X Q) = scalar result W

P

¢ The six mixed triple products formed from §, P, and Q
have equal magnitudes but not the same sign,

Copyrint

$4(Px0)=Po(0x5)= 0o (5 < P) V|
= —5¢(0xP)=—Pe(5x0)=-00(PxS) / Ve
¢ Evaluating the mixed triple product, y -
> 4
Vg

Se(Px0)=5,(P,0.-P.0,)+S,(P.O, - P0.)
+Sz(Pny _Pny)

S, S, S.
=P, P, P
Oy 0, 0.

3.11 Moment of a force about an Axis

Mo= o x F

Mo, = _/} - Mo = _A_'(fﬂ’xf}

Note: Moy, is the projection of Mo along OL.
Mo M oL e
M
Application: 0 Ll
Finding the perpendicular distance between - .7 _ o
-

two non-intersecting lines in 3D space.

Read Example 3.5 in the book.

A cube is acted on by a force P as shown. Determine the moment of P

a) about 4

b) about the edge AB and

¢) about the diagonal AG of the cube.

d) Determine the perpendicular distance between AG and FC.

E
Mp= Tae <P Z/
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3.12-3.13 Force Couples

e Two forces F and -F having the same magnitude, parallel
lines of action, and opposite sense are said to form a couple.

/
e Moment of the couple,

M AXF+73X(—F)
P, =Py )X F
FxF

M =rFsinf@ = Fd

|

Il
—

Note: Moment of a "couple" is always the same about any point.

Equivalent Couples

Copyright © The McGraw-Hill Companies, Inc. Permission required for reproduction o display
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Two or more couples are equivalent iff they produce the same moment. \\\ : e
- Fd, =Fd,

¢ the two couples lie in parallel planes, and

¢ the two couples have the same sense or the tendency to cause rotation in the
same direction.

3.14-3.15 Couples (and Moments) are Vectors

“:t; M=rd) d

_ <> g _

' )
. I Sle—
- M, 5

E:
2
n
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Addition of Couples

Moment due to the resultant of the forces:

M=FxR=7x(F+F,)

Moment due to the individual couples:

M, =7 xF, in plane P,

M, =7 xF, in plane P,
VECTOR sum of the two moments:
M :17><F1 +F><F2

=M +M,

Example 3.6

M = Box 1%)Gg)+(z\m&) )+ (20%9) )
M=-540 01240 4180k fbin
: d K

—

)

Mhrradirtlo,
M= x 30 K) + 1 % (-200)
(—l%(/‘) X (305) + (Q\/ —1215) ><642.05)

~5H0 | +240 §j +180K Join,
| B - 1

1)

{

3.16 Equivalent Force and Moment

Il

'

Il
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3.17-3.18 Equivalent Systems of Forces & Moments

¢ Any system of forces can be reduced to ONE resultant force and ONE resultant moment.

£
j‘
F
f’b g

M = T, * 5
Mz = o, % &

M3 = 3%

\ t
1 1
I ) )

|

1

I

Al

MD = ’}_’l) + ‘:_/ly_‘}‘___sz -—=-

¢ Once a resultant force & moment has been found about O, a new resultant
force & moment about a different point 0' can be found as follows:

Mo
;Y:)fo ‘f

M

R
Y

R

|

Ma': MO 1 Jo'o x &

e Two or more systems of forces & Moments are said to be equivalent iff they have
the same resultant force and the resultant moment about any (and all) points O.

|
—_—
—

F
le/ +
f3 ,
\b

S

Mo = é(’IXE) = f(’flx E/)

R==f==F
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3.20 Special Case: Reduction to a SINGLE force

In general, a system of forces and moments cannot be reduced to just a single force.
However, if the resultant moment is perpendicular to the resultant force, one can
reduce the system to just ONE force and NO moment.

F
Particular cases:

e Concurrent forces: Forces acting at the same point. F,—

\

R
p
N
m

(F.‘Z E,

¢ Coplanar forces: Forces contained in the same plane (with non-concurrent lines of action)

) 53

€

e Parallel forces in 3D space.

Y /

I\

MD;M ’Qd';,r\_{t—b-

1=
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Example 3.8 7,

Copyright © The McGraw-Hill Companies, Inc. Permission required for reproduction or display

Reduce the forces to an equivalent force & moment

= atA 150 N 600 N 100 N 250 N
= atB ;
Reduce them to SINGLE force and find where it acts. Al | B—>

e R M
(@) Od: A'- 1.6 m —=< 1.2 m > 2m |
R=2F = (150 - soo+ oo-?.So)J N

= ’EO'OJ'[\{
My = @50xo ~ 600X/ 6 +1o0X 2.8 ~250xH4€) K N
= '—1%%0 Kk Nm ]
= 1%80 N3 L
2 ot B 600N
R =| — k0O J N
bl — [
=| 1000 k. Nwv i
600N
© 55"\@[}/ bra:
M=0 —;—,Goox(Hv€~7L)+mo ot =7
L 2 ]
W l
M=0 = LObX A —1@%D 600N
= D\
= [ =313]
Exercise 3.88
I-7120 1111114—‘(.\'-»
The shearing forces exerted on the cross section of a steel channel A _— B
can be represented as 900N vertical and two 250 N horizontal forces. 950 N
¢ Replace these forces with a SINGLE force at C. 90 mm
(C is called the shear center) §
e Determi C
etermine x.
. . 900 N
R = ﬁp = 2’50_2 ’ZSOE "?OO\/ N 90 mm
ey . | —
= =00, 0 E™ 950N D

Mc = ~250%180) + 900 x % k N
(:O ,Dbrr G T/DW—/{?"\EWW)

= = 250x1%30 _ |50mnv
Qoo

CE297-FA09-Ch3 Page 13



"—wwmfm @ not
Thvefove th La Ok that b
ok a/ba,)p@/’vnﬁ wlwdv 300N
ol WMW%&&.

Reaudlprn

Ce~tor of]ﬁ Mase

V\):Mg

CE297-FA09-Ch3 Page 14



