
Chapter 4

The circumcircle and the incircle

4.1 The Euler line

4.1.1 Inferior and superior triangles
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The inferior triangle of ABC is the triangleDEF whose vertices are the
midpoints of the sidesBC, CA, AB.

The two triangles share the same centroidG, and are homothetic atG with
ratio−1 : 2.

Thesuperior triangleof ABC is the triangleA′B′C ′ bounded by the parallels
of the sides through the opposite vertices.

The two triangles also share the same centroidG, and are homothetic atG
with ratio2 : −1.
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4.1.2 The orthocenter and the Euler line

The three altitudes of a triangle are concurrent. This is because the line containing
an altitude of triangleABC is the perpendicular bisector of a side of its superior
triangle. The three lines therefore intersect at the circumcenter of the superior
triangle. This is theorthocenter of the given triangle.
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The circumcenter, centroid, and orthocenter of a triangle are collinear. This is
because the orthocenter, being the circumcenter of the superior triangle, is the im-
age of the circumcenter under the homothetyh(G,−2). The line containing them
is called theEuler line of the reference triangle (provided it is non-equilateral).

The orthocenter of an acute (obtuse) triangle lies in the interior (exterior) of
the triangle. The orthocenter of a right triangle is the right angle vertex.
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Proposition4.1. The reflections of the orthocenter in the sidelines lie on the cir-
cumcircle.
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Proof. It is enough to show that the reflectionHa of H in BC lies on the circum-
circle. Consider also the reflectionOa of O in BC. SinceAH andOOa are paral-
lel and have the same length (2R cos α), AOOaH is a parallelogram. On the other
hand,HOOaHa is a isosceles trapezoid. It follows thatOHa = HOa = AO, and
Ha lies on the circumcircle.
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Exercise. 1. A triangle is equilateral if and only if its circumcenter andcen-
troid coincide.

2. Let H be the orthocenter of triangleABC. Show that
(i) A is the orthocenter of triangleHBC;
(ii) the trianglesHAB, HBC, HCA andABC have the same circumra-
dius.

3. In triangleABC with circumcenterO, orthocenterH, midpointD of BC,
and perpendicular footX of A onBC, OHXD is a rectangle of dimensions
11 × 5. Calculate the length of the sideBC.
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4.2 The nine-point circle

Theorem4.1. The following nine points associated with a triangle are ona circle
whose center is the midpoint between the circumcenter and the orthocenter:
(i) the midpoints of the three sides,
(ii) the pedals (orthogonal projections) of the three vertices on their opposite
sides,
(iii) the midpoints between the orthocenter and the three vertices.
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Proof. (1) Let N be the circumcenter of the inferior triangleDEF . SinceDEF
and ABC are homothetic atG in the ratio1 : 2, N , G, O are collinear, and
NG : GO = 1 : 2. SinceHG : GO = 2 : 1, the four are collinear, and

HN : NG : GO = 3 : 1 : 2,

andN is the midpoint ofOH.
(2) LetX be the pedal ofH onBC. SinceN is the midpoint ofOH, the pedal

of N is the midpoint ofDX. Therefore,N lies on the perpendicular bisector of
DX, andNX = ND. Similarly, NE = NY , andNF = NZ for the pedals of
H on CA andAB respectively. This means that the circumcircle ofDEF also
containsX, Y , Z.

(3) Let D′, E ′, F ′ be the midpoints ofAH, BH, CH respectively. The tri-
angleD′E ′F ′ is homothetic toABC at H in the ratio1 : 2. Denote byN ′ its
circumcenter. The pointsN ′, G, O are collinear, andN ′G : GO = 1 : 2. It
follows thatN ′ = N , and the circumcircle ofDEF also containsD′, E ′, F ′.

This circle is called thenine-point circle of triangleABC. Its centerN is
called the nine-point center. Its radius is half of the circumradius ofABC.
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Exercise. 1. Let H be the orthocenter of triangleABC. Show that the Euler
lines of trianglesABC, HBC, HCA andHAB are concurrent.1

2. For what triangles is the Euler line parallel (respectivelyperpendicular) to
an angle bisector?2

3. Prove that the nine-point circle of a triangle trisects a median if and only if
the side lengths are proportional to its medians lengths in some order.
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Proof. (⇒) 1
3
m2

a = 1
4
(b2+c2−a2); 4m2

a = 3(b2+c2−a2); 2b2+2c2−a2 =
3(b2 + c2 − a2), 2a2 = b2 + c2. Therefore,ABC is a root-mean-square
triangle.

4. Let P be a point on the circumcircle. What is the locus of the midpoint of
HP? Why?

5. If the midpoints ofAP , BP , CP are all on the nine-point circle, mustP be
the orthocenter of triangleABC? 3

1Hint: find a point common to them all.
2The Euler line is parallel (respectively perpendicular) tothe bisector of angleA if and only if

α = 120◦ (respectively60◦).
3P. Yiu and J. Young, Problem 2437 and solution,Crux Math.25 (1999) 173; 26 (2000) 192.
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Excursus: Triangles with nine-point center on the circumcircle

Begin with a circle, centerO and a pointN on it, and construct a family of trian-
gles with(O) as circumcircle andN as nine-point center.

(1) Construct the nine-point circle, which has centerN , and passes through
the midpointM of ON .

(2) Animate a pointD on the minor arc of the nine-point circleinside the
circumcircle.

(3) Construct the chordBC of the circumcircle withD as midpoint. (This is
simply the perpendicular toOD atD).

(4) Let X be the point on the nine-point circle antipodal toD. Complete the
parallelogramODXA (by translating the vectorDO to X).

The pointA lies on the circumcircle and the triangleABC has nine-point
centerN on the circumcircle.

Here is a curious property of triangles constructed in this way: letA′, B′, C ′

be the reflections ofA, B, C in their own opposite sides. The reflection triangle
A′B′C ′ degenerates,i.e., the three pointsA′, B′, C ′ are collinear.4

4O. Bottema,Hoofdstukken uit de Elementaire Meetkunde, Chapter 16.
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4.3 The incircle

The internal angle bisectors of a triangle are concurrent atthe incenterof the
triangle. This is the center of theincircle, the circle tangent to the three sides of
the triangle.

Let the bisectors of anglesB andC intersect atI. Consider the pedals ofI on
the three sides. SinceI is on the bisector of angleB, IX = IZ. SinceI is also
on the bisector of angleC, IX = IY . It follows IX = IY = IZ, and the circle,
centerI, constructed throughX, also passes throughY andZ, and is tangent to
the three sides of the triangle.
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This is called the incircle of triangleABC, andI the incenter.
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Let s be the semiperimeter of triangleABC. The incircle of triangleABC
touches its sidesBC, CA, AB atX, Y , Z such that

AY =AZ = s − a,

BZ =BX = s − b,

CX =CY = s − c.

s − b s − c
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The inradius of triangleABC is the radius of its incircle. It is given by

r =
2∆

a + b + c
=

∆

s
.



410 The circumcircle and the incircle

Exercise. 1. Show that the inradius of a right triangle with hypotenusec is
r = s − c. Equivalently, if the remaining two sides have lengthsa, b, andd
is the diameter of the incircle, thena + b = c + d.
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2. A square of sidea is partitioned into 4 congruent right triangles and a small
square, all with equal inradiir. Calculater.

3. Calculate the radius of the congruent circles in terms of thesides of the right
triangle.
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4. The incenter of a right triangle is equidistant from the midpoint of the hy-
potenuse and the vertex of the right angle. Show that the triangle contains a
30◦ angle.
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C

I

5. A line parallel to hypotenuseAB of a right triangleABC passes through
the incenterI. The segments included betweenI and the sidesAC andBC
have lengths 3 and 4. Calculate the area of the triangle.

B A

C

I

6. A square and a right triangle of equal areas are inscribed in asemicircle.
Show that the linesBS andQR intersect at the incenter of triangleABC.
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7. ABC is an isosceles triangle withAB = AC = 25 andBC = 14. Y is a
point onAC such thatCY = CB, andX is the midpoint ofBY . Calculate
the inradii of the trianglesXBC, XCY , andABY .
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8. The triangle is isosceles and the three small circles have equal radii. Sup-
pose the large circle has radiusR. Find the radius of the small circles.5

5Let θ be the semi-vertical angle of the isosceles triangle. The inradius of the triangle is
2R sin θ cos2 θ

1+sin θ
= 2R sin θ(1 − sin θ). If this is equal toR

2 (1 − sin θ), then sin θ = 1
4 . From

this, the inradius is38R.
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9. The three small circles are congruent. Show that each of the ratiosOA
AB

, TX
XY

, ZT
TO

.
is equal to the golden ratio.
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10. The large circle has radiusR. The four small circles have equal radii. Cal-
culate this common radius.

11. The circleBIC intersects the sidesAC, AB atE andF respectively. Show
thatEF is tangent to the incircle of triangleABC. 6
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6Hint: Show thatIF bisects angleAFE.
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12. M is the midpoint of the sideAD of squareABCD. The linesBD and
CM intersect atX. Suppose each side of the square has lengtha. Calculate
the inradius of triangleXBC.

B C

DA M

X

13. The medianBE of triangle ABC is trisected by its incircle. Calculate
a : b : c.

E

A

B C

I

G

14. ABC is an isosceles triangle witha : b : c = 4 : 3 : 3. Show that its
orthocenter lies on the incircle.
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Example.The mediansBE andCF of triangleABC intersect at the centroid
G. If the inradii of trianglesBGF andCGE are equal, prove that the triangle is
isosceles.

A

B C

F E

GI J

P Q

Proof. The trianglesBGF andCGE have equal areas. If they have equal inradii,
then they have the same semiperimeters.

Now, if I andJ are the incenters of the triangles, andP , Q points their points
of tangency with the mediansBE andCF , then trianglesGIP andGJQ are
congruent. It follows thatGP = GQ.

SinceGP = s − c
2

andGQ = s − b
2
, it is clear thatb = c, and triangleABC

is isosceles.

Example.An equilateral triangle of side2a is partitioned symmetrically into a
quadrilateral, an isosceles triangle, and two other congruent triangles. If the in-
radii of the quadrilateral and the isosceles triangle are equal, find this inradius.7

7(
√

3 −
√

2)a.
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Suppose each side of the equilateral triangle has length 2, each of the congru-
ent circles has radiusr, and∠ACX = θ. See Figure GC8A.

(i) From triangleAXC, r = 2
cot 30◦+cot θ

.
(ii) Note that∠BCY = 1

2
(60◦− 2θ) = 30◦− θ. It follows thatr = tan(30◦−

θ) = 1
cot(30◦−θ)

= cot θ−cot 30◦

cot 30◦ cot θ+1
.

By putting cot θ = x, we have 2√
3+x

= x−
√

3√
3x+1

; x2 − 3 = 2
√

3x + 2; x2 −
2
√

3x − 5 = 0, andx =
√

3 + 2
√

2. (The negative root is rejected). From this,
r = 2√

3+x
= 1√

3+
√

2
=

√
3 −

√
2.

To construct diagram GC8, it is enough to markY on the altitude throughA
such thatAY =

√
3− r =

√
2. The construction in Figure GC8B is now evident.
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4.4 The excircles

The internal bisector of each angle and theexternalbisectors of the remaining two
angles are concurrent at anexcenterof the triangle. Anexcirclecan be constructed
with this as center, tangent to the lines containing the three sides of the triangle.
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The exradii of a triangle with sidesa, b, c are given by

ra =
∆

s − a
, rb =

∆

s − b
, rc =

∆

s − c
.

The areas of the trianglesIaBC, IaCA, andIaAB are 1
2
ara, 1

2
bra, and 1

2
cra re-

spectively. Since

∆ = −∆IaBC + ∆IaCA + ∆IaAB,

we have

∆ =
1

2
ra(−a + b + c) = ra(s − a),

from whichra = ∆
s−a

.
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4.4.1 Heron’s formula for the area of a triangle

Consider a triangleABC with area∆. Denote byr the inradius, andra the radius
of theexcircleon the sideBC of triangleABC. It is convenient to introduce the
semiperimeters = 1

2
(a + b + c).

Ia

YY ′

I

A

B

C

ra r

(1) From the similarity of trianglesAIZ andAI ′Z ′,

r

ra

=
s − a

s
.

(2) From the similarity of trianglesCIY andI ′CY ′,

r · ra = (s − b)(s − c).

(3) From these,

r =

√

(s − a)(s − b)(s − c)

s
,

ra =

√

s(s − b)(s − c)

s − a
.

Theorem4.2 (Heron’s formula).

∆ =
√

s(s − a)(s − b)(s − c).

Proof. ∆ = rs.
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Proposition4.2.

1. tan α
2

=
√

(s−b)(s−c)
s(s−a)

,

2. cos α
2

=
√

s(s−a)
bc

,

3. tan α
2

=
√

(s−b)(s−c)
bc

.
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Proof. (1) tan α
2

= r
s−a

=
√

(s−b)(s−c)
s(s−a)

.

(2) and (3) follow from (1) and

(s − b)(s − c) + s(s − a) = 2s2 − (b + c − a)s + bc = bc.
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Exercise. 1. Show that (i) the incenter is the orthocenter of the excentral trian-
gle
(ii) the circumcircle is the nine-point circle of the excentral triangle, (iii) the
circumcenter of the excentral triangle is the reflection ofI in O.
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I
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2. If the incenter is equidistant from the three excenters, show that the triangle
is equilateral.

3. Thealtitudesa triangle are12, 15 and20. What is the area of the triangle ?
8

4. Find the inradius and the exradii of the (13,14,15) triangle.

8triangle= 150. The lengths of the sides are25, 20 and15.
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5. Show that the line joining the incenter to the midpoint of a side is parallel
to the line joining the point of the tangency of the excircle on the side to its
opposite vertex.
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Ca

A

B
C
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D
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6. Show that the line joining vertexA to the point of tangency ofBC with
theA-excircle intersects the incircle at the antipode of its point of tangency
with BC.

I

Aa

Ba

Ca

A

B
C

Ia

7. If one of the ex-radii of a triangle is equal to its semiperimeter, then the
triangle contains a right angle.

8. Show that in a right triangle the twelve points of contact of the inscribed and
escribed circles form two groups of six points situated on two circles which
cut each other orthogonally at the points of intersection ofthe cirucmcircle
with the line joining the midpoints of the legs of the triangle.
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B

C A

9. ABC is an isosceles triangle withAB = AC anda : b : c = 2 : ϕ : ϕ.
Show that the circumcircle and theA-excircle are orthogonal to each other,
and find the ratiora : R.

10. The length of each side of the square is6a, and the radius of each of the top
and bottom circles isa. Calculate the radii of the other two circles.9

9a and 3
4a.
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O

A

B C

Ia

11. ABCD is a square of unit side.P is a point onBC so that the incircle
of triangleABP and the circle tangent to the linesAP , PC andCD have
equal radii. Show that the length ofBP satisfies the equation

2x3 − 2x2 + 2x − 1 = 0.

12. ABCD is a square of unit side.Q is a point onBC so that the incircle of
triangleABQ and the circle tangent toAQ, QC, CD touch each other at a
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A B

P

CD

point onAQ. Show that the radiix andy of the circles satisfy the equations

y =
x(3 − 6x + 2x2)

1 − 2x2
,

√
x +

√
y = 1.

Deduce thatx is the root of

4x3 − 12x2 + 8x − 1 = 0.

A B

Q

CD

y

x
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4.5 Feuerbach’s theorem

Excursus: Distance between the circumcenter and orthocenter
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Proposition4.3. OH2 = R2(1 − 8 cos α cos β cos γ).

Proof. In triangleAOH, AO = R, AH = 2R cos α, and∠OAH = |β − γ|. By
the law of cosines,

OH2 = R2(1 + 4 cos2 α − 4 cosα cos(β − γ))

= R2(1 − 4 cosα(cos(β + γ) + cos(β − γ))

= R2(1 − 8 cosα cos β cos γ).
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Proposition4.4.

r = 4R sin
α

2
sin

β

2
sin

γ

2
,

s = 4R cos
α

2
cos

β

2
cos

γ

2
,

I
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Ba

Ca

A
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C

Ia

Proof. (1) In triangleIAB, AB = 2R sin γ, ∠ABI = β

2
, and∠AIB = 180◦ −

α+β

2
. Applying the law of sines, we have

IA = AB · sin β

2

sin α+β

2

= 2R sin γ · sin
β

2

cos γ

2

= 4R sin
γ

2
cos

γ

2
· sin

β

2

cos γ

2

= 4R sin
β

2
sin

γ

2
.

From this,

r = IA · sin α

2
= 4R sin

α

2
sin

β

2
sin

γ

2
.

(2) Similarly, in triangleIaAB, ∠ABIa = 90◦ + β

2
, we have

IaA = 4R cos
β

2
cos

γ

2
.

It follows that

s = IaA · cos
α

2
= 4R cos

α

2
cos

β

2
cos

γ

2
.
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4.5.1 Distance between circumcenter and tritangent centers

Lemma4.3. If the bisector of angleA intersects the circumcircle atM , thenM is
the center of the circle throughB, I, C, andIa.

O

I

Ia

M

A

B
C

Proof. (1) SinceM is the midpoint of the arcBC, ∠MBC = ∠MCB =
∠MAB. Therefore,

∠MBI = ∠MBC + ∠CBI = ∠MAB + ∠IBA = ∠MIB,

andMB = MI. Similarly,MC = MI.
(2) On the other hand, since∠IBIa andICIa are both right angles, the four

pointsB, I, C, IaM are concyclic, with center at the midpoint ofIIA. This is the
pointM .
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Theorem4.4 (Euler). (a)OI2 = R2 − 2Rr.
(b) OI2

a = R2 + 2Rra.

ra

Y ′

O
I

Y

Ia

M

A

B
C

Proof. (a) Considering the power ofI in the circumcircle, we have

R2 − OI2 = AI · IM = AI · MB =
r

sin α
2

· 2R · sin α

2
= 2Rr.

(b) Consider the power ofIa in the circumcircle.
Note thatIaA = ra

sin α
2

. Also, IaM = MB = 2R sin α
2
.

OI2
a = R2 + IaA · IaM

= R2 +
ra

sin α
2

· 2R sin
α

2

= R2 + 2Rra.
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4.5.2 Distance between orthocenter and tritangent centers

Proposition4.5.

HI2 = 2r2 − 4R2 cos α cos β cos γ,

HI2
a = 2r2

a − 4R2 cos α cos β cos γ.

H

X

I

A

B C

Proof. In triangle AIH, we haveAH = 2R cos α, AI = 4R sin β

2
sin γ

2
and

∠HAI = |β−γ|
2

. By the law of cosines,

HI2 = AH2 + AI2 − 2AI · AH · cos
β − γ

2

= 4R2

(

cos2 α + 4 sin2 β

2
sin2 γ

2
− 4 cosα sin

β

2
sin

γ

2
cos

β − γ

2

)

= 4R2

(

cos2 α + 4 sin2 β

2
sin2 γ

2
− 4 cosα sin

β

2
sin

γ

2
cos

β

2
cos

γ

2
− 4 cosα sin2 β

2
sin2 γ

2

)

= 4R2

(

cos2 α + 4 sin2 β

2
sin2 γ

2
− cosα sin β sinγ − 4

(

1 − 2 sin2 α

2

)

sin2 β

2
sin2 γ

2

)

= 4R2

(

cosα(cos α − sinβ sin γ) + 8 sin2 α

2
sin2 β

2
sin2 γ

2

)

= 4R2

(

− cosα cosβ cos γ + 8 sin2 α

2
sin2 β

2
sin2 γ

2

)

= 2r2 − 4R2 cosα cosβ cos γ.
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(2) In triangleAHIa, AIa = 4R cos β

2
cos γ

2
.

I
H

Aa

Ba

Ca

A

B
C

Ia

By the law of cosines, we have

HI2
a = AH2 + AI2

a − 2AIa · AH · cos
β − γ

2

= 4R2

(

cos2 α + 4 cos2
β

2
cos2

γ

2
− 4 cosα cos

β

2
cos

γ

2
cos

β − γ

2

)

= 4R2

(

cos2 α + 4 cos2
β

2
cos2

γ

2
− 4 cosα cos2

β

2
cos2

γ

2
− 4 cosα cos

β

2
cos

γ

2
sin

β

2
sin

γ

2

)

= 4R2

(

cos2 α + 4 cos2
β

2
cos2

γ

2
− 4

(

1 − 2 sin2 α

2

)

cos2
β

2
cos2

γ

2
− cosα sin β sin γ

)

= 4R2

(

cosα(cosα − sin β sin γ) + 8 sin2 α

2
cos2

β

2
cos2

γ

2

)

= 4R2

(

− cosα cosβ cos γ + 8 sin2 α

2
cos2

β

2
cos2

γ

2

)

= 2r2
a − 4R2 cosα cosβ cos γ.
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Theorem4.5 (Feuerbach). The nine-point circle is tangent internally to the incircle
and externally to each of the excircles.

H
N

I

Ia

O

Proof. (1) SinceN is the midpoint ofOH, IN is a median of triangleIOH. By
Apollonius’ theorem,

NI2 =
1

2
(IH2 + OI2) − 1

4
OH2

=
1

4
R2 − Rr + r2

=

(

R

2
− r

)2

.

Therefore,NI is the difference between the radii of the nine-point circleand
the incircle. This shows that the two circles are tangent to each other internally.

(2) Similarly, in triangleIaOH,

NI2
a =

1

2
(HI2

a + OI2
a) − 1

4
OH2

=
1

4
R2 + Rra + r2

a

=

(

R

2
+ ra

)2

.

This shows that the distance between the centers of the nine-point and an ex-
circle is the sum of their radii. The two circles are tangent externally.
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Exercise. 1. Suppose there is a circle, centerI, tangent externally to all three
excircles. Show that triangleABC is equilateral.

2. Find the dimensions of an isosceles (but non-equilateral) triangle for which
there is a circle, centerI, tangent to all three excircles.

I

Ia

A

B C

IbIc
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Excursus: Steiner’s porism

Construct the circumcircle(O) and the incircle(I) of triangleABC. Animate a
point A′ on the circumcircle, and construct the tangents fromA′ to the incircle
(I). Extend these tangents to intersect the circumcircle againat B′ andC ′. The
linesB′C ′ is always tangent to the incircle. This is the famous theoremon Steiner
porism: if two given circles are the circumcircle and incircle of one triangle, then
they are the circumcircle and incircle of a continuous family of poristic triangles.

O
I

A

B CX

Y

Z

B′

A′

C′
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Exercise. 1. r ≤ 1
2
R. When does equality hold?

2. SupposeOI = d. Show that there is a right-angled triangle whose sides are
d, r andR − r. Which one of these is the hypotenuse?

3. Given a pointI inside a circleO(R), construct a circleI(r) so thatO(R)
and I(r) are the circumcircle and incircle of a (family of poristic) trian-
gle(s).

4. Given the circumcenter, incenter, and one vertex of a triangle, construct the
triangle.

5. Construct an animation picture of a triangle whose circumcenter lies on the
incircle.10

6. What is the locus of the centroids of the poristic triangles with the same
circumcircle and incircle of triangleABC? How about the orthocenter?

7. Let A′B′C ′ be a poristic triangle with the same circumcircle and incircle of
triangleABC, and let the sides ofB′C ′, C ′A′, A′B′ touch the incircle atX,
Y , Z.

(i) What is the locus of the centroid ofXY Z?

(ii) What is the locus of the orthocenter ofXY Z?

(iii) What can you say about the Euler line of the triangleXY Z?

10Hint: OI = r.


