Chapter 6: Normal Probability Distributions

Section 6.1: The Standard Normal Distribution

CONTINUOUS PROBABILITY DISTRIBUTIONS
Def A density curve is the graph of a continuous probability distribution.
REQUIREMENTS

1. The total area under the curve must equal 1. ie. 2LP(x)=1

2. Every point on the curve must have a vertical height that is 0 or greater.

UNIFORM PROBABILITY DISTRIBUTION
EX: The bus to Union Station leaves every 30 minutes and is uniformly

T distributed. Find the probability that a randomly chosen person arriving at
1 a random time will wait between 10 and 15 minutes?
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NORMAL DISTRIBUTIONS

Def A continuous random variable has a normal distribution if its density curve is symmetric and bell-shaped.
1 2
Specifically, the curve is given by: )= 1 27 5 7H) (Don’t worry, we’ll never use it.)
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EX: The weights of all firefighters are normally distributed with a mean of 200 Ibs and a standard deviation of 7 Ibs. What’s the
probability that a randomly chosen firefighter weighs between 185 and 195 Ibs?

STANDARD NORMAL DISTRIBUTION

Def  The standard normal distribution is a normal probability distribution with ¢z =0 and o =1.

99.7% of the data are within
3 standard deviations of the mean
95% within
2 standard deviations
68% within
<— 1 standard —|
deviation
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IMPORTANT NOTES
1. The z-score is used on the horizontal axis.

2. The area of the region under the curve is equal to the associated probability of occurrence.
Two WAYS TO FIND AREA
1. Use Table A-2. 2. Use Graphing Calculator (TI-84 Plus)

nd
Look up the area under the curve ()2 = VARS = DISTR

that lies to the left of z-score (may first
need to convert data to z-score).

Two WAYs 1O FIND Z-SCORE’

(b) normalcdf ( lower , upper, u, O')

1. Use Table A-2. 2. Use Graphing Calculator (T1-84 Plus)
Look up the z-score associated (a) 2™ = VARS = DISTR

with the area that lies to left.
(b) invNorm ( area, ., o, Tail )

EX: Find the probability given the following z-scores for a standard normal distribution.

@  P(z<135)

b  P(z>0.68)

(©) P(-2.43<2z<0.88)




EX: Find the z-score associated with the 15" percentile.

EX: Find the probability given the following z-scores for a standard normal distribution.

@  P(z<-0.55)

(b) Would P(z < —0.55) differ from (a)?

EX: Find the z-scores that separate the top 10% and bottom 10% of all values.

*Specific Notation: z, is the critical value that denotes a z-score with an area of « to its

Q Find Z0.05




Section 6.2: |Real Applications of Normal Distributions
—_—— —
Z SCORES

Def A% score i}; the number of standard deviations that a given value x is above or below the mean.
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Round-Off Rule: Round z scores to two decimal places. X = ,’)‘0 + 2 q
EX: Consider your height in inches. Calculate the standardized value((z-score) /for your height given that in the United
States the average height for women is(63.7 inches]with a standard deviation of|2.7 inches and for men is 69.1 inches fvith

a standard deviation 0@ Would you be considered tall for your gender?
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What is thethat someone of your gender is taller than you?
P> t8) = P(bgeneéa1)+R(x>621)
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EX: The average for the statistics exam was @and the standard deviation wag §./Andrey was told by the instructor that he
scored 1.5 standard deviations below the mean, and the scores were normally distributed.
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EX: The li_fgm of a brand of automobile tires are normally distributed with a mean Tife span of| 35,000 miles|and a

standard deviation of 2250 miles:. "lg_le life span ofﬂagandomly selected tire is 34,000 miles.| Find the z-score of this tire.

Can you find the probability that ajrandomly selected automobile tire has a life-span less than or equal to 34,000 miles?
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[or 2~ 5 come)
When to use Normaledf? — £ o) Q™ V When to use InvNorm? —~, ~ TV IRN¢ )
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To find a probability when the 53 [ é; G (u,0,x) | When the percent or area or probability is given and we
are given. ). | are trying to find the c\\ & ~\ o\
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EX: The cg;ﬁfletion times to run a road race are normally distributed with a mean of-il90 minute§ and a standard

S

5.

deviation of|21 minute
(a) What is th that a randomly selected runner will finish the race in less than 150 minutes?
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(b) Whatmg/e\Ff runners will finish the race between 205 and 245 minutes? ] B
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EX: A construction zone on a highway has a posted speed limit of 40 miles per hour. The speeds of vehicles passing
through this construction zone are normally distributed with a mean of 46 mph and a standard deviation of 4 mph.

(a) Whai percentage Qf vehicles exceed the speed limit? M—
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(b) If the police wish to&k%nly those drivers whose speed falls in the upper 20" percentile, what is th@

of a driver that will be ticketed? L) N
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SAMPLING DISTRIBUTION g
[@ef The Fampling distribution‘)é'f a statistic is the distribution of@ralues of the statistic when|allpossible samples of

the same size n are taken from the same population.

Section 6.3/ Sampling Distributions f’((nd Estimators
St - it

& Wrepresqntec{ as a probability distribution in the format of a table, histogram, or formula)
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EX: Given three pool balls we will select two of the balls (with replacement) and find the average of their numbers.
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(a) Fill in the table to find X = the average wle of size two. (b) Fill in the table below using the data from (a).

Outcome Ball 1 Ball 2 Mean _  Mean Frequency Relative

; 1 '\L X__ Frequefcy
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(c) Draw the relative frequency distribution.
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As the number of samples approaches infinity, the relative frequency distribution will approach the sampling distribution.
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Def  Thesampling distribution of the meal_ll is the distribution of sample means, with all samples having the same

size n taken from the same population.
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IMPORTANT NOTES /
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@ The sample means target the value of the population mean @D I
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(i.e. the mean of the sample means is equal to the population mean)

@ The distribution of the sample means tends to be a normal distribution.

(The distribution tends to become closer to a normal distribution as the sample size increases.)

" ®@ef  An unbiased estimator is a statistic that targets the value of the corresponding population parameter in the se se?q ‘/{ 1

that the sampling distribution of the statistic has a nfan that is equal to the corresponding population parameter. —}—5
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Biased estimators:
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Section 6.4: The Central Limit Theorem /\f\/\/‘\/\
CENTRAL LIMIT THEOREM X

Given X -

1.\The random variable x has a distribution with mean #/ and standard deviation o .
— N ——

(the distribution may or may not be normal)

Simple random samples of size 7 are selected from the population.

Conc[usiom

1.) The distribution of sample means X will approacha __yof ™ “\ 0(\ \+~ as the sample size increases.
2.\ The mean o@ample means is the population mean( {\J\)
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3. The standard deviation of all sampie means is given by @V
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Animation: http://onlinestatbook.com/stat_sim/sampling_dist/ ( A\ v.\\,\ r,:l)ﬁav\ eU‘Q\
Notes About Distributions

1 /If the original distribution is normally distributed, then for any sample size 7, the sample means will be normally
distributed.

2} If the original population is not normally distributed then for samples of size 7 >/ 3 O /_, the distribution

of sample means can be approximated by a normal distribution.
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(b) Given a distribution with g = 77, 6 = 14 and n = 49.
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STEPS to Use Sampling Distribution for x
15: Check if % is Normal (orisn = 30?) ( ¢~ elC M%UJ\C\H\A\{ )
2": Find pg and o5 ( ww()lrl—ﬂ ’
3": Use normalcdf for the rest...just don’t forget to use information from step 2 WV (f ]\\O{ 6 A ) 6- —L)
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EX: Finc@n o for the given distributions. SG""’WP ”"?

(a) Given a normal distribution where 4 = 10, 0 = 3 andn = 9.

7
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EX: The GPAs of all students enrolled at a large university have a normal distribution with a mean of {‘1)\2 and a standard

deviation of 0.29. 7 o 5%\«/\( W“?/ S&- &6
(a) Find the probability thatl one randomly selected student will have a GPA greater than 3.20.
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(b) Find the probability thaf 25 randomly selected studenty will have a mean GPA greater than 3.20.
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(c) Find the probability thatth randomly selected student$ will have a mean GPA between 2.90 and 3.10.
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EX: Let x = CEO salaries (in thousands) where x is skewed right with u = 139, o = 45.

A\
(a) @possible random samplers] 0|40 CEO salaries (in thousands) are taken, how would you describe the
distribution of sample means? What would the standard deviation\of the sample distribution be?
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(b) What is the probability a sample of{40 CEOs \;nake between 137 and 145 thousand dollars?
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(c) Given a sample ofi40 CEO’s salariesl at what salary does the top 10% of CEO salaries begin at?
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(d) What is the probability a sample of 40 CEO’s makes less than 120 thousand dollars? Is this unusual?




