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Chapter 6 Partial Differential Equations (PDE) 

6-1 Classification of Partial Differential Equations 

The first-order linear PDE: 0),(),(),(),( =++
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Eg. Which is the type of partial differential equation for 𝟒 𝝏𝟐𝒖
𝝏𝒙𝟐

= 𝟑 𝝏𝟐𝒖
𝝏𝒚𝟐

 ? [2018 台

大電研] 

(Sol.) 4 𝜕2𝑢
𝜕𝑥2

− 3 𝜕2𝑢
𝜕𝑦2

= 0, ∵ ∆=0-4∙4∙(-3)=48>0, ∴ it is hyperbolic.  

 
 

Wave equation: 
2 2 2 2
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∂ ∂ ∂ ∂ ∂

= + + + +
∂ ∂ ∂ ∂ ∂

 

Heat equation or Diffusion equation: 
2 2 2
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t x y z
∂ ∂ ∂ ∂

= + + = ∇
∂ ∂ ∂ ∂

  

Laplace’s and Poisson’s equations: 
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Schrodinger’s equation: ψψψ V
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  in quantum mechanics. 
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6-2 Separation-of-Variable Method 

Eg. Solve 2

2

2

2

tx ∂
∂

=
∂
∂ θθ , θ(x,0)=x, θ(0,t)=0, 0

0

=
∂
∂

=tt
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1

=
∂
∂

=xx
θ . 
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Eg. Solve 2

2

2

2

t
u

x
u

∂
∂

=
∂
∂ , u(0,t)=u(1,t)=u(x,0)=0, and )sin(

0

x
t
u

t

π=
∂
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=

. 

(Sol.) )()(),( tTxXtxu = , )()()()( tTxXtTxX ′′=′′ , λ=
′′

=
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X(0)=0=X(1)⇒λ=-(nπ)2 and X(x)=Cnsin(nπx), 
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Eg. Solve 2

2

x
u

t
u

∂
∂

=
∂
∂ , u(x,0)=3sin(2πx), u(0,t)=u(1,t)=0, 0<x<1, t≥0. 

 (Sol.) )()(),( tTxXtxu = , )()(")(')( tTxXtTxX = , λ==
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u(x,0)=3sin(2πx)⇒A2=3 but An=0 for n≠2⇒u(x,t) )2sin(3
24 xe t ππ ⋅= −   
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Eg. Solve  2
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n
n nxtb . (a) Find the Fourier sine series for f(x) on [0,π]. (b) 

Find the ordinary differential equation and the initial condition for bn(t). (c) Find 
y(x,t). [1990 中央電研] 
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6-3 Laplace Transform Solutions of Partial Differential Equations 

Eg. Solve y
yx
=

∂
∂

+
∂
∂ θθ , θ(x,0)=0 for x≥0, and θ(0,y)=y for y≥0. [1990台大化工研] 

(Sol.)  Method 1: By Laplace transform 
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Method 2: Define u=x+y and v=x-y, ∴ x=
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 Note: This partial differential equation cannot be solved by separation of variables. 
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Eg. Solve 2
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=
∂
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6-4 Fourier Transform Solutions of Partial Differential Equations 

Eg. Solve 2
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=
∂
∂ , u(x,0)=

2xe− , -∞<x<∞, t>0. [2011 成大電研、2001 台大電研類

似題] 
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6-5 Miscellaneous Methods of Solving Partial Differential Equations 

Error function: ∫ −=
x u duexerf

0

22)(
π

 

Complementary error function: )(1)( xerfxerfc −=  

 

Eg. Solve 𝝏
𝟐𝒖
𝝏𝒙𝟐

+ 𝟐 𝝏𝟐𝒖
𝝏𝒙𝝏𝒚

+ 𝝏𝟐𝒖
𝝏𝒚𝟐

= 𝟎, u(0,y)=0 and u(x,1)=x2 . 

(Sol.) Set u(x,y)=f(y+mx) and ε≣y+mx ⇒  m2f”(ε)+2mf”(ε)+f”(ε)=0, m2+2m+1=0, 

m=-1, -1 

∴ u(x,y)=f(y-x)+xg(y-x). u(0,y)=0= f(y-0)+0∙g(y-0)=f(y) ⇒  f(1-x)=0 and f(y-x)=0 

u(x,1)=x2=f(1-x)+xg(1-x)=xg(1-x) ⇒  g(1-x)=x, g(x)=1-x ⇒  g(y-x)=1-y+x 

∴ u(x,y)=x∙(1-y+x) 

 

Eg. Solve u
y
u

x
u

x
u

+
∂
∂

=
∂
∂

+
∂
∂ 22

2

. [2015 台大電子所工數 K] 

(Sol.) )()(),( yYxXyxu = , )]()('[)()()]('2)([ yYyYxXyYxXxX +⋅=⋅+′′ , 

λ=+
=

+′′
)(

)()('
)(

)('2)(
yY

yYyY
xX

xXxX ⇒X”(x)+2X’(x)-λX(x)=0 and Y’(y)+(1-λ)Y(y)=0 

 

X”(x)+2X’(x)-λX(x)=0, r2+2r-λ=0, r=-1± λ+1  

1． If 1+λ>0, λ+1 =k ∈ R, λ=k2-1 and r=-1±k⇒X(x)=Ae(-1+k)x+Be(-1-k)x, 1-λ=2-k2, 

Y’(y)+(1-λ)Y(y)=0⇒Y(y)=C’e-(1-λ)y=C’ yke )2( 2−  

⇒u(x,y)= yxe 2−− ∙[ ∫
∞ +−

0

2

)( dkekC ykkx + ∫
∞ +

0

2

)( dkekD ykkx ] 

2． If 1+λ=0, λ=-1 and r=-1, -1⇒X(x)=Ae-x+Bxe-x, Y’(y)+2Y(y)=0⇒Y(y)=C’e-2y 
⇒u(x,y)= yxe 2−− ∙(C+Dx) 

3． If 1+λ<0, λ+1 =±iω, r=-1±iω⇒X(x)=Ae-xcos(ωx)+Be-xsin(ωx),  

λ=-ω2-1, 1-λ=2+ω2, Y’(y)+(2+ω2)Y(y)=0, Y(y)=C’ ye )2( 2−−ω  

⇒u(x,y)= yxe 2−− ∙[ ∫
∞ −

0
)cos()(

2

ωωω ω dxeC y + ∫
∞ −

0
)sin()(

2

ωωω ω dxeD y ] 
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