Chapter 6 Partial Differential Equations (PDE)

6-1 Classification of Partial Differential Equations
. . ) ou ou

The first-order linear PDE: a(X, y)a— +b(x, y)a— + f(x,y)u+g(x,y)=0
X y

2 2 2
The second-order linear PDE: a(x, y)a—l;+ b(x, y) +c(x y)a—
OX oXoy oy?

rd(x y)%w(x, y)%“+ £(x,y)u+ g(x,y) =0

hyperbolic at (X, o) : A(Xq, o) =b(Xy, Yo)? —4a(Xy, Yo)C(Xy, Vo) > O
elliptic at (X,,Y,): A(Xy,Y,) <0
parabolic at (X,,Y,): A(X,,Y,) =0
Eg. Which is the type of partial differential equation for 4— =3 —u ? [2018 &
KEHA]
(Sol) 424 3% _ o -+ A=0-4-4-(-3)=48>0, .". itis hyperbolic
) 4 52 = 0 yp :

ou  , 0 82 ou

Wave equation: =a + b—
“ ot? (6x2 6y )
2 2 2
Heat equation or Diffusion equation: 6_u: az(a l; + ou —+ 8 2) a’vau
ot ox- oy oz
2 2 2 0
Laplace’s and Poisson’s equations: Vu = 0 l: + 0 l: + 0 l: =
ox® oy® oz P

2
Schrodinger’s equation: ihaa—'i/ = Zivzw +V in quantum mechanics.
m
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6-2 Separation-of-Variable Method
0’0 00 00 00

Eg. Solve 7: e , 8(x,0)=x, 6(0,1)=0, » =0, and GX‘M =0.

(Sol.) Let O(x,t) = X ()T (), X"()T(t)=X(X)T"(t), ))(( ~((;<)) _ %(:)) _
X(0)=0, X’(1)=0= -1 = [@} X, =C, Sin{@ X}

T"(t) _ _l: (2n —1)7T} , T(O)=constant, T’(0)=0=T, =d_ COS[ 2n-)x t]
T(t) 2 >

O(xt) = ZAn COS[(Zn 21)72 } sin{wx}
j xsin[(2n —Dz x}dx o
: 2 _ 8D

(2n—1)7rx}:>A _
2

Q(X,O):x:iAnsin[ = —
) Illsin{(zngl)” X} 4 (@n-D’z

o’u 9% B B B uo
Eg. Solve PVl u(0,t)=u(1,t)=u(x,0)=0, and 8t‘t:0 = sin(zx) .
_ " _ ey X)) _T'() _
(Sol) u(x,t)=X(X)T(t), X"(X)T(t)=XX)T"(t), X0 T

X(0)=0=X(1) = A=-(nz)* and X(X)=C,sin(nzx),

% =-(nz)? and T(0)=0, T’(0)=constant = T(t)=dsin(nxt),

ou(xt) = ZAnsm(n;zx) sin(nat) au(x )

Z nzA, sin(nzx) - cos(nzat)

4 sin(zx) = nA1=1= A;=1/m but A,=0 for £l = u(x,t) = isin(7zx) -sin(zt)
T

[t=0

Eg. Solve Z—l:z(;—u u(x,0)=3sin(2xx), u(0,t)=u(1,t)=0, 0<x<1, t>0.
(Sol.) u(x,t)=X)T (), XX)T'(t) = X"(X)T(t), );T(X))z%(tt)):

X(0)=0=X(1) = A=-(nz)* and X(X)=C,sin(nzx), (( )) =-(nx)? and T(0)=constant

=T(t)=d, e u(x,t) = i A, sin(nzx) ™ and u(x,0)= i A, sin(nzx)

u(x,0)=3sin(2nx) = A,=3 but A,=0 for n£2 = u(x,t) = e -sin(27x)
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—0'2X ,O<x<£

IR
4 (1—%0.2 ,%<X<7z'

T

2

2
Eg. Solve %zé_y , Y(X,0)=f(x)= 0.1(1—

2 aXZ

and y(x,t)= ibn (t)sin(nx). (a) Find the Fourier sine series for f(x) on [0,7]. (b)

n=1
Find the ordinary differential equation and the initial condition for b,(t). (c) Find

y(x.t). [1990 th 528 HfT]
n7x

(Sol.)(a)f(X):iansinnTﬂX:iansin(nx), 2L=27, L=nx, T:nx
n=1 n=1

a, = %rﬂ f (x)sin(nx)dx = %Lﬂ f (x)sin(nx)dx

- EU%% -sin(nx)dx + r 0.2[1_ ljSin(nx)dx} _ %Sin(n—”j
Lz 7 T n°z 2

£ = 3,22 si] % | sinrg
(b) y(x.t) =2bn (t)sin(nx), y(x,0) =Z;bn (0)sin(nx) = f(x)
= Z::b({(t)sin(nx) = Z::bn (t)-n® - (=sin(nx))
—b"(t)+n%, (1) =0 is the ordinary differential equation.
= b, (t) = «, cos(nt) + 5, sin(nt)
0.8

y(x,0) = f(x):i > 2sm( j sin(nx) = Zb (0)sin(nx)

= N7

=b (0)— 08 -sin[nzﬁj «a, (the initial condition), S, =0
7Z'
© y(xt)= an (t)sin(nx) = Zw:an cos(nt) - sin(nx)

= ;sin(n—”j cos(nt) -sin(nx) .
- 27[2 2
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6-3 Laplace Transform Solutions of Partial Differential Equations

Eg. Solve 2—9 + % =y, 0(x,0)=0 for x>0, and 0(0,y)=y for y>0. [1990 & K/ETHH]
X

(Sol.) Method 1: By Laplace transform

L[O(x, y)] = f o(x,y)e™dy =0(x,s), L[y]=—=L[0(0,y)]=0(0,s)
= %+ sO(x,s) —0(x,0) = siz = O(x,8) = A(s)-e ™ +—

009 =AS 5=t A =S L s o) - TSk
S S S S

2

I VR FVIVY S IV A
:>0(x,y)—{y X 2(y X)}U(y ><)+2

y2 A
) 7,y3x .
y-x-2y-02+ L, yzx
2 2 7
> x
Method 2: Define u=x+y and v=x-y, - x:%,
y=2=Y
2 .
080 06 ou 060 ov 00 06
wehave —=— —+—. —=—"+—
OX Ou OX OV OX oOu ov
ang 00 _00 2u 20 v 00 20
gy ou oy ov 0y ou ov
_ _ 2
8¢9+89_269 y:u v, 06 _u v,._' 6?(u,v)=}(u——uv)+C(v)
ox oy ou 2 ou 4 4" 2
1" 6(x0)=0 for x>0 = ¢ UZV , u;v =0)=0, u=v and we have
1 v?
0==(—-Vv?)+C(v)=0,
4(2 )+C(v)
2 2 2 2
& C(v)=— for v>0 or x>y :9—}(—— )+V?:\—;(u—v)2:y? for x>y
2" 9(0,y)=y for y>0= (> > :O,UEV):U_V,u:-vandwehave
1v:o, 3v?
6:—(—+v )+ C(V)=-v, - C(v):—v—T for v<0 or x<y
u’ 3v? vi_y’ (x-y)’
=———uv —-V——==(u-v --———+ X)-——— for x<
& ) 3 ( )? > (y-x)- > <y

Note: ThIS partlal differential equatlon cannot be solved by separation of variables.
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2 2
Eg. Solve ou = Zt—g u(0,t)=u(1,t)=u(x,0)=0, and o

X2

= sin(zx) .
[t=0

(Sol) L[u(x,t)]= I:u(x,t)e’“dt =U(x,s)

2
AUS) _ gz x,5) - su(0) - Y = 52U (x,5) —sin(m)
dx Ot |0
5 ,
= dU—(ZX’S)— s?U(x,s) = —sin(zx) = U(x,s) = ce™ +c,e™* + %
dx S+
u(0,t)=0 U(0,s)=0 c,=0 1. :
= = = u(x,t) = —=sin(zx) - sin(xt)
uL,t)=0 U(,s)=0 c,=0 T
ou  ou

Eg. Solve rl = pvel u(x,0)=3sin(2xx), u(0,t)=u(1,t)=0, 0<x<1, t>0.
X

(Sol.) L[u(x,t)]= j: u(x, t)edt =U(x,s) = sU(x,s) —u(x,0) = :TZZU (x,8)

2

d—ZU (x,8) = sU(x,s) ==3sin(22x) = U (x,s) = cle‘ng + czeng +
dx S+4rx

L[u(0,t)] =U(0,s) =0, L[uLt)]=U(s)=0=c, =0, c,=0

5+ Sin(27x)

U(x,s) =

T4 -sin(272x) = u(x,t) = L‘l{ j : -sin(ZnX)} =3 .sin(27x)
+4rz S+4ar

~ ™56



6-4 Fourier Transform Solutions of Partial Differential Equations

2

Eg. Solve 2—? = Z—lzj u(x,O):e’X2 , -o0<x<oo, t>0. [2011 FEAER 2001 & K EHHEE
X

RE]

(Sol.) J[u(x,t)]=U(@,t), S{%} =-0°U (1)

%U (0,1) = —0?U (0,t) = U(o,t) = Ae™"
Accordingto 3[e** ]= ﬁe’ﬁ ’

(1)2

U(w,0) = A= S[u(x,0]=3[e X ]=7 - et = A= Jre &

XZ

4p?
Let b?=t+1/4 and according to 3 *[e "] = = ,
g [e™ ] N
= u(xt) = 37U (0,0)] = 3 Wr egfe-wzt]—\/Z %-1[e‘(”%’“’2]— o v
' ’ ) J1+4t
2 2
Eg. Solve 6—3 = 96—2 , u(x,0)=4e> a0 . ~o0<X <00, t>0.
ot OX ot
2
(Sol.) [u(xt)] =U (@,1), 3{9%} = 90U (,t)
X
d2 , .
dt_ZU (o,1) = 90°U (w,t) = U (w,t) = Acos(3wt) + Bsin(3wt)
%U (o,1) =-3wAsin(3wt)+3wBcos(3wt)
Accordingto S ]=— 22 | U(w,0)= A= I[u(x0)] = J[de ] =20
a‘+w 25+w
ou(x,0),_d .
JS[——*]—U(®,0) =0=83wB=B=0, .". U(w,t)= -cos(3mt
[at]dt(w) “ ()a)2+25 (3e1)

By 37[e"F(w)]=f(x+a) and [’ F(w)]=f(x-a),
40 ei?m)t +e7i3wt

u(x,H)=3U (o,1)]=3" -cos(3at)] =3 :
(x)=3"[U(a,1)] [a)2 7% (Bat)] [w2 T 5 ]
-1 20 i3t —i3at -1 2-5 i3t —i3at -5|x-3t| -5|x+3f]|
=3 [——(e" +e =23 (7 +e =2e +2e
[a)2 +25 ( ) [a)2 +25 ( )
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6-5 Miscellaneous Methods of Solving Partial Differential Equations

Error function: erf (x) = " du

2 o
ﬁ.[o
Complementary error function: erfc(x) =1—erf (x)
Q0% _ g 4(0,y)=0 and u(x,1)=x?
axdy - ,U( ’y)_ a U( ' )_ .

%u u
Eg. Solve —— + 2 37

(Sol.) Set u(x,y)=f(y+mx) and e=y+mx = m*’(e)+2mf”(e)+f()=0, m?*+2m+1=0,
m=-1, -1

" u(x,y)=f(y-x)+xg(y-x). u(0,y)=0= f(y-0)+0-g(y-0)=f(y) = f(1-x)=0 and f(y-x)=0
u(x,1)=x*=f(1-x)+xg(1-x)=xg(1-x) = g(1-x)=x, g(X)=1-x = g(y-x)=1-y+x
ou(xy)=x(1-y+x)

Eg. Solve @+ QM _U [2015 @ REFHATLE K]
OX ox oy

(Sol.) u(x,y) = X(Xx)Y(y), [X"(x)+2X"(\)]-Y(y) =X (x)-[Y'(y)+Y (V]I
X"(x)+2X"'(x) _Y'(y)+Y(y)
X(x) Y(y)

=1 = X7 (X)+2X’(X)-AX(x)=0 and Y’ (y)+(1-1)Y(y)=0

X7 (X)+2X° (X)-AX(X)=0, r?+2r-A=0, r=-1+/1+ A
17 1f 14250, Y1+ =k € R, 1=k®-1 and r=-1xk = X(x)=Ae ™ W*+Be1HX 1.3=0.
Y )HL-AY(Y)=0=> Y(y)=C'e =" e

= ufuy)=e [["Ck)e ™ Vdk + [ "D(k)e" < dk]

2" 1f 1+4=0, 1=-1 and r=-1, -1 = X(x)=Ae™+Bxe™, Y’(y)+2Y(y)=0=Y(y)=C’e¥
=u(x,y)=e % -(C+Dx)

37 If 141<0, v1+ A =tiw, r=-1xiew=> X(x)=Ae cos(wx)+Be™sin(wx),
im0, 1722402 Y () +(2+ )Y ()20, Y(y)=C"e

=u(x,y)=e % -[I:C(a))e‘”zy cos(ax)dw + J:O D(w)e ™" sin(ex)dw]
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