Chapter 8: More on Limits

Lesson 8.1.1

8-1.

a.  lim a(x)= lim 192 =0 b.
X—>00 X—>00

. lim c(x)= lim 3+7x =
xX—>o00 x—>00 X~ +1000

8-2.

a.  lim 10x2 = oo b.
X—>00

c.  lim 4Vx = lim 4(x"?) = d.
X—>00 X—>o0

8-3.

a 1. c(x)=100 b.
2.a(x)=50
3. h(x)=20
4. g(x)=1.1
5.b(x)= f(x)=1 (tie)
7.d(x)=0
8. e(x) = —988

1.
2. b(x)100'0 =1-10%°

3. h(x) =20-1003 = 20,000,000
4. ¢(x)=100-100% = 1,000,000
5. g(x)=1.1'% =13,780.61

6. d(x) =800 log 100 = 1600

7. a(x) = 50~/100 = 500

8. f(x)=100

e. At x=3127.366 a(x) passes d(x).

lim a(x)= lim x* = oo b.

X—>00 X—>00
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e(x)=1.27-10% d.

limb(x) = lim(x’ =10000x") = oo

lim (—O.Sx):—lim(%x):o

X—»o0 X—>00

Iim (5x—3)=o0

X—>o0

.b(x)=10"0

. h(x)=20000
. ¢(x)=10000
.d(x)=800
.a(x)=158
.e(x)=24

. f(x)=10
.g(x)=2.59

0 N N Bt AN

.e(x)
- 8(x)
.b(x)
. h(x)
.c(x)
- f(x)
.a(x)
.d(x)

0 N N Lt AL

lim b(x)=— lim 1000000x> = —oo

X—>o0 X—>o0
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8-5.
a.

lim d(x)= lim (x* —1000000x3) = oo
X—>o0 X—>oo

Big positive wins since x* gets larger a lot quicker than x> .

The dominant term is —2y° . b.  The dominant term is 20x° .

The dominant term is x° . d. The dominant term is x .

Review and Preview 8.1.1

lim x® = b.  lim (x® —12x° + 7x3 — 400) = oo
X—>oo X—>o0

lim (=3x7) = —oo d.  lim (-3x7 +1000x° + 48,000) = —co
X—»o0 X—»o0
All are oo

1i_r>n (50 log x — x2) = —oo . Dominant term is —x?.
xlgn (1.5 —=300x*) = oo. Dominant term is 1.5%.
;Ch_r>n (1000(2)* — 3*) = —eo. Dominant term is —3* .
xh_r)n (x— 30\/;) =oo . Dominant term is x .
S
See graph at right.

4.442-445-2.244.6=16+10+24=50
50+6-10=50+60=110

(=S T - )
=

(23)% =222-%) b. 200(1.05)* = 5000
3x=4-2x 1.05* =25
=4 log; o5 1.05% =log; o5 25

4
X== _ log25
> X = Tog 1.05
x=65974

Solution continues on next page. —
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8-12. Solution continued from previous page.

c. logi(x+5)=4 d. 20m'> = 1000
3log3(x +5) — 34 m'2 =350
x+5=8l1 (m3/2)2/3:502/3
=176
g m=13.572
8-13.
a. Add4. b.  Divide by 2. c. Addl.
8-14.

slope=% L slope=— %

2
y-5=—3x+4
2y—10=-3x+21
3x+2y=31
8-15.
a. y= 70 ; vertical asymptote at x =0 ; horizontal asymptote at y =0
b. y = 0.5%; no vertical asymptote; horizontal asymptote at y =0
y= ? ; vertical asymptote at x =—2; horizontal asymptote at y =0
d. y=2*-3; no vertical asymptote; horizontal asymptote at y = -3
8-16.
a. 3f(x)=3(L+20)=2+60 b 2f(x)=-2(L+20)=-2-40
c. Lrm=1i(t+20)=L+4 d. f(f)=15+20=1-2+20=2+20
8-17.
(sin? x + cos? x)(sin? x — cos? x) = %
sin? x — cos? x = %
1—cos? x — cos? xz%
—2cos? x=—7
cos? x = %
cosx=1x= %
x=*Z+7n
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Lesson 8.1.2

8-18.
The limits for all of the three functions are 2.

a.  Answers may vary, but students will probably find iii the easiest to evaluate since they
should remember little over big goes to zero leaving % .

243 2
3 2 = 2x _ 1 _1
2x°-x* 272 2x-1_% x:2 .
B+3x 23 x+3 31+-3
22 x X4 x2
X X X X
8-19.
) 12
- 2 x .. .
To change — nto g 7, divide the numerator and denominator by x3.
3
8-20.
3xd 10 at 2 w2
. X'+ . 4 4 ) 4
a. hm4—=hmx4—x=hm x2 =—=05
x—00 OXT —2X x>0 647 2x  x—seo 6—f3
4 x4 X
3cd 10 at 2 L2 o
. X"+ . 5 .5 . x .5
b. lim ————=lim “=——=lim —5-=—=0
x—00 OX° —2X x>0 6x2_2x  x—00 6—= 6
57,5 x4
X X
4 a2 3er 2
c limﬂ—limﬁ—lim xs—limﬁ—oo
) 3 - 3 - 2 -
x—00 OX7 —2X  x—o0 6x7_2X x> 6——2 Yoo
343 X
8-21.

a.  The limit is zero (0).
b. The limit will be e or —eo .
C. The limit will be the ratio of the coefficient of the dominant terms.

8-22.

a lim —8xH170-x3  _ 0 —x348x4170 _
X300 S0X2 41704100 x—ye0 5022 +17x+100

b lim —3x*=12x+10_ _ iy _Sxt=12x410 _ 1
X—>00 18x+15x4—3x3 X—>00 15x4—3x3+18x 3

c lim Qe (4 -280449)20-T) _ 1 8030802 56024106x498x-343 _ 8
X—>00 3x3—12x+10x2 X—>00 3)(3—12x+10x2 X—>o0 3)63—12x+10x2 3
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8-23.

a.

Limit =0 Dominant terms: numerator 2%, denominator 3* .

. x+8 . X8
lim 2— = lim 22
x—oo 3 X—>o0
lim 10x1t>gx . Limit = e Dominant terms: numerator x , denominator log x .
X—>o0

. log5* .. xlog5 log5
lim 577= lim 7= ==
X—>o00

Dominant terms: numerator x log 5, denominator 2x.

X—>o0

¥4 23041000 ' |

lim 36(23—’6;)12000 :% Dominant terms: numerator vx* = x2, denominator (2x)? = 4x2.
X—>o0 X—

Review and Preview 8.1.2

8-24.

a.

) X 2x/x 2

lim — = 1 3/ =1 —2:0
X——oo X X——oo X /x X——oo X

2.5 (x2+5)

. . . 2 .

lim x2 5 = lim so—=lim ’2‘ = lim
X—>—00 . x——oo X X—>—00 X—>—00
The lim (cos x) does not exist.

X—>—o0

E E LY )

lim == -1, lim == 1, therefore lim = does not exist.
x—0" x—0t x—0

lim log, x = —co
x—0t

It approaches zero since the dominant numerator is x and the dominant denominator is x~ .

We have a horizontal asymptote at y=0.
lim f(x)=eccand lim f(x)=-co.

x— -1 x—-17

2

There is an error at x = —1and this is reflected on the graph by a vertical asymptote.

lim f(x)=1
X—>o0
lim f(x)=oo
x—3"
lim f(x)=oo
x—3T
) (=3)2-6(=3)+10 _ 37
1 =" ==L
o ST T
The function is undefined at x = 3.
The function’s value is % .
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8-27.

a.  x=4(5)-10=10 b, y,=02—4=—4
X3 =4(10)—10=40—10 = 30 Va= (4P —4=16-4=12
X, =4(30)-10=120-10=110 V=122 4= 144— 4 =140

x5 =4(110)—10 =440 -10 = 430 ys =140 — 4 =19,596

c. =71 d. w,=3-5=15
=14y wy=5-15=175

w, =15-75=1125

ws =75-1125 = 84,375

8-28.
ty=5+20)=7,t,=T+22)=11,1, =11+2(3) =17, 15 =17 +2(4) = 25

8-29.
The end behavior of the graph.
8-30.
a. lim 3% =e0
X—>o0
b. lim (3* —6-2¥)=co. 3"is the dominant term in the function.
X—>o0
c. lim — 5% = —o0
X—>o0
d. lim (-5 +10-4%) = — . —5%is the dominant term in the function.
X—>o0
8-31.
The larger base will determine if the function goes to oo or —oo .
8-32.
cscA=—-L=_1_-1

sinA "~ 12/13 7 12
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Lesson 8.1.3

8-33.
a. Jf(x):x=-1, g(x):x=-2, these values would cause division by zero.
b.

X -5 —4 -3 -2 -1 0 2 3 4 5

fx) | -1.5 | -0.67 0 0 und 6 6.67 | 7.5 84 | 9.33

X -5 —4 -3 -2 -1 0

glx) | 2 1 0 und 2 3

~
\ N — o —

A(x) \/ "
v

T x

d. Inthe table y = error. The function is not defined. There appears to be a vertical asymptote
for one of the graphs but the other looks linear.

8-34.
They have similar form; domain is all real numbers except one point.

8-35.
f(x) has a vertical asymptote, g(x)has a hole. Common factor in numerator and
denominator creates a hole in the graph of a rational function.

8-36.
i = xx2+_24 = (Hil(;_z) Hole at x=-2.
Y2 = (X+§)_()6C -2 Jf7_x6+12 Vertical asymptotes at x=-3 and x=—4.
Horizontal asymptote at y=0.
Y3 = x; i . Horizontal asymptote at y=0.
8-37.

They simplify to the same function, but have different discontinuities. f(x)= -5 hasa
vertical asymptote at x =-2.

2 - .
glx)==% 2_24" = (xi(;)(f_)z) = —5 looks like f{x) but has a hole at x=2.
2
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8-38.
Answers will vary. Examples are given.

! 2 3

1 x2=9 X0=x
a. P b. o c. 7
x242x-24 x=2 (x+2)(x%-9)
d o S T L e
Review and Preview 8.1.3
8-40.
2 2/,2 2 2
a. lim x2+3 — lim xz/x2+3/x = lim 1+3/x :%:0.5
x>0 262 = 5X  xo—00 2x2/x2 = 5x/x%  x>-e 2-5/x
5x3+7 5633 +7x/x3 . 5+7/x?
b dim SUHTE gy SOOI ST
x—>—o0 X7 —4X x> -e X /x —4x/x x—>—oox—4/x
C6x3 182 6x3/+2 2/.2 _
C. li 6x° +8x — lim 6x3/x% +8x /x - lim 6x+8 w
i 15x2 =2 xo-w 15x2/x%2=2/x?  x5-w15-2/x2
8-41.
. 2 _ . 3_
a. lim 5";—2"3:0 b. lim 23"—7=%
x—00  x°+1 x—300 3x° +4x-5
. 3 3y_
c. lim-—2=7 - _200°7 _7
x—0 3x3+4x-5  3(03)+4(0)-5
8-42.
3 [i2
. . - . . 3-1 ..
lim g(x)= lim Bxlx _ lim = = lim Sl 3 The limit equals 3.
X—>00 x—o0 Yx2-5  x—voc0 x2/x2_5/x2 X—>o0 l—5/x2
8-43. B
X
a.  lim h(x)=2+ lim 22X =24 3=5 d k_‘
X—>o00 X—>00 \[ x4 -5
b, lim j(x)= lim log| 3= | = 10g 3
X—>o0 J x—>o00 g Vx2-5 g X
c.  See graphs at right.
J(x) by
X
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8-44.
a. m(x)=log (i—;) =1log(2*)—log(x’) = xlog 2—5log x = 0.301x — 5 log x

b. lim k(x)= lim (%) = oo ., The dominant term is 2*.
X—>o0 X—>oo \ X
lim m(x)= lim log(%)z lim log(2*)— lim log(x5)=oo
X—>oo X—>oo X X—>oo X—>oo
C.
kx| mx) |
V/
X X
8-45.

a.  Areaof aside = I?  Surface area of a cube = S = 62
b.  Length of the diagonal on the face of the cube: D2 =17 + 7.

D =217
D, =LV2
Length of the longest diagonal: p2 = 12 + (\/21)2
D*=1*+21?
D? =317
D=LV3

c. S=6I2
NS
D=[s/6-\3=[35/6 = [s/2

8-46.

a. Initial value = $1.87, multiplier = 1+0.02 =1.02, time is in months.

b. Initial value = $12,000, multiplier = 1-0.12 =0.88 , time is in years.

C. Initial value = $1,000, multiplier = 1+ 0.30 =1.30, time is in hours.

d.  Initial value = $5,000, multiplier = 1+0.01=1.01, time is in months.

8-47.

a.  y=5000-1.01'2 b.  y=5000-1.02*
y=2$5,634.13 y=2$5,412.16

c.  y=5000-1.0012 d.  y=5000-1.0002365
y=2$5,266.74 y=2$5,378.61
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Lesson 8.1.4

8-48.
a.
c.

d.

8-49.

8-53.

%0=30° b. coslS"z% = h=cos15°
sin15° =922 = 25in15°=b
Area of one triangle: A = (%) -2sin15°-cos15° =sin15° - cos 15°

Area of polygon: A=12sin15°-cos15° =3

tan 15° :@

= tanlS"z%b = 2tanl5°=b
Area of one triangle: A = (%) -2tan15°-1=tan15°

Area of polygon: A=12tan15° = 3.215

3and 3.215

e b. 1

n

cos 2472 = os (137) & 2sin(32) < 2n(12)

n f. nSin(%)cos(%):%Sin(%noo)

The smallest number of sides of a polygon is 3.
The plot shows the areas of the inscribed polygons as n increases.

360° )
n

ntan(—

T
The value of 7 gets squeezed between the two functions which act as an upper bound and
a lower bound.

lim A.(n)=7
n—>o0
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Review and Preview 8.1.4

8-54.
. 1 . . )
a. lim (1+—j=hml+hm (L)=1+0=1 b.  lim (1.01)" =0
n—>oo0 n n—oo n—»oo n n—»o0
8-55.
120 nt
20 082
a.  1050(1.0175) b. 5000 (1+452) c. P(l+id)
8-56.
a. First four terms: b. First four terms:
_ 2on _2-1_ 1 _ 2" 2 o
n=l =53 n=l —m=r=-3
_n  2=m_2-2_0_ _ 2" _ (2% _ 4
n=2 3,=55=5=0 n=2 T 2 9
- 2-n _2-3__1 )t (-2)3
n=3 5= 7% n=3 (3,1) —% — 27
_ 2-n _ 2-4 2 !
n=4 T wTT7 n=4 L_C2T_16
: 2-n _ _n _ 1 n 3" 3
HIE}}O 3n - n lim (‘Zn) =0
n—oo 3
c. First four terms:
R ) L ) L
n=l ===
N o2
2n 2 4
_ 2" _ (27 __8_
AT
_ 2" _ (2% _16 _
n= 4 on - 24 - 16 - 1
. . . (=)
There is no limit for lim ~——.
n—e 20
8-57. u £
See graph at right.
a. lim g(x)=2
X—>o00 e
lim g(x)=2 N :
X—>—c0
— 3+2x _ 2(x=4)+11 _ 11
c. g(x)= x—4x - x4 2+ x—4
8-58.
a.  Increasing b.  Decreasing c.  Decreasing

CPM Educational Program © 2012
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8-59.

8-60.

8-61.

d.
Lesson 8.2.1
8-62.
a.
since 1" =1.
b.
C. A number around 2.718...
8-63.
2718281828
8-64.
a. 63
8-65.
4
06
a.  1000(1+0%)
1000(1+006) 309
c. 365
1000¢9-06

log, |7 = llogb(R—) 5 (log, RQ —log, T) =

1 (log, R+log, Q—log, T)=2(54+12-(-14)=1(8)=4

Center of the circle: (0,0). Slope from center of 01rcle to point (3,4): m= ﬁ =3
Equation of the line y—4 =—-= (x 3) or y=—=+ (x 3)+4 1 slope = %
See graph at right below.

y=3+0.01¢

Area under the curve after 1 minute: A =(3+(3+0.01(60)))(60) =198 feet

Area under the curve after 5 minutes: A = % ( 3+(3+ 0.01(300))) (300)=1350 feet

=1(3+(3+0.017))T = 3T +0.005T">

Av 1)

£4

velocity (ft/sec)

100200/ 300
Y time (sec)

% goes to zero so the expression in the parentheses goes to 1 and the limit might be 1,

Infinity, since the number inside the parentheses is larger than 1.

12009975 = $1293 46

CPM Educational Program © 2012
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It should be surprising that this limit is neither 1 nor infinity.

0.2

1000(1 M)l2

1000(1+

1
)24-365

24-365

a. $1061.36
b.

$10061.68

c. $1061.83
d.
€.

$1061.84
more and more
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8-66.

v
y= 3)(/ y = e*
y=2"
44
X

8-67.

a. y=log, x

See graph at right below.

8-68.

a. logs (344) =log; 34 =—4

b.  log; 54 —log; 2 =log, (%) =log;27=1log; 3 =3

c. In(e?)=In,e?=12In,e=12

5In(e?) 10lne 10 _ 10
In(l/e) Ine! ~—llne

8-69.

b.

y=log, x
y
‘/ /
/ X
¢ [y

CPM Educational Program © 2012
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Review and Preview 8.2.1

8-70.

8-71.

8-72.

8-73.

8-74.

RO oP

1732 =58 ¢**3
0.299 = e*e’
2
0299 _ .
e
0.01489 =¢*
In(0.01489) =x
x=—4.209
4
Y b=l =114+ L 1 =2708333
k=0

10
i HUSESD EINS RTINS ENFINS EOIND RTINS EpFIND SIS ESFIN SUrip ST S
2 _0!+1!+2!+3!+4!+5!+6!+7!+8!+9!+10!_2'71828

k=0
n
lim 2 % =e
n—oo k=0
3 5 x> —x-6
f=)= % = % which is undefined. % = x+ 1>x3 +0x>-7x-6
See division at right. —(x7 +x%)
. 3 7, . —x2 - 7x
lim 227226 — |im (x2 —x - 6) = (1) = (-1)- 6 = —4
T )= =Eh (ox? ~ 1)
Hole at x = —1. —6x—06
y —(=6x-06)
0
\\/ x
See graph at right. \A -7
Point of intersection: (1,7)
77T\
[ WA
Dl JN,

w w o o
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8-75.
tlzl
H=1+2(1)+1=4
1;=4+22)+1=9
1, =9+23)+1=16
ts=16+2(4)+1=25

8-76.
Let a=x+3 If ax+2=0 If x2a3=0
x3a* +2x%a3 =0 (x+3)x+2=0 2 (x+33=0
x%a’(ax+2)=0 x2+3x+2=0 x=-3,0
x2a°=0 or ax+2=0 (x+2)(x+1D)=0
x=-2,-1
8-77.

x-intercepts: 0 =32t —16t2 =-16t(2—t) =1t=0,2
Vertex = avg. of x-intercepts or r = 1.

Att=1, s=32(1)-16(12)=16ft .
8-78.
_adjacent _ /3 _
coto = opposite -1 _\/g
8-79.
_ 2x243x-2 _ 2x-D(x+2) _ (2x-1)
fx)= xx;_z T -2)(xt2) . (x-2)
2(-2)-1) _ —
Holeat x=-2 = f(—2):%=:§=% = (_2’%)
Asymptotes at x =2 and y = 2.
Lesson 8.2.2
8-80.
a.  A=10000651 b.  A=100e%0652
A=$106.72 A=$113.89
c. A=100g00653 d.  A=100(206)17
A =8$320.15 A=$301.92

e. A=100(e200)
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8-81.

a.

8-82.

8-83.

8-84.

8-85.

CPM Educational Program © 2012

r=22 b.
G =1500 - ¢221

G =1500 - ¢22(1/12)

G =1500-¢'Y0

A=$1,306.52

G =9382 ZWD
|

t-value is 15
A=100-¢"953 =100¢°1
A=$116.18
600 = 300 - 2057

2 = 0051
n2=Ine"""
In2=0.05¢

t = %2 =13.863 years

. nt . 1 nt
lim P(1+1) = lim P(1+—)
n n/r

n—oo n—>oo

A=500-(1+%)"

c. A=500-¢"
A=9%1,359.14

b.  200=100- 0057

Letk=" lim P(1+1)" :Plim((l+%)k)n — pe't

k—>o0 k—>o0

C = km'

C =20(1.07)'° = $39.34
This is a matter of opinion.
y = aek = a(ek)*

If a=c and m=e* then y=c-m*.

Chapter 8: Page 16

2= 60.05~t
n2=Ine"""
In2 =0.05¢
t =42 =13.863 years
b. A=Pe"

A =20e%0710 = 40 .28
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8-86.
a.  After another 5730 years there would be 25% remaining. After another 5730 years there
would be 12.5% remaining.

_In2
b. 0.5 = k3730 C. 0.78 = ¢ 5730
_ — 1n £330k _In2
In2=lne In078 =Ine 5730"
~In2 = 5730k s
P ln0.78=—5730x
- 5730 5730
x=In0.78 - — 2~
_In2 . In 2
y=a-e 3730 ~ 2054 years old
Review and Preview 8.2.2
8-87.
a. fx)=—¢€* b. gx)=e*+2 C. h(x)=e**?
by )/ y
j
"\\ X K% X
8-88.

4
Compounded quarterly: A=10,000 (1+%%2 )" =$10,535 43

Continuously compounded: A =10,000¢%%1 =$10,512.71
The quarterly-compounding account is better.

8-89.
a a,,:6-(%)”'1 b.  a,=-2-(1.1)""
0
a1:6.(%)°:6 a=-2-(11) ==
2-1
=-2-(1.1 22
a2:6.(%)1:2 a, ( )31
) az=-2-(1.1)" =-2:121=-242
— 1 _ 1y_2
as=6-(5) =6-)=3 lim—2-(1.1)" " = —o
tim 6-(4)"" =0 T
n—yoo 3
8-90.
a; =8 a; = 4=2 as;=-1--1=05
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c.  103log4 —1ologi0 4’ = 43 =64

3
d. e3Ind — png4° _ 43 _gq

8-92.
y \
8-93.
. 2 05— . 5x2/x2+2x/x2—3/x2 . 5+2/x—3/x2

a 1 Sx“4+2x=3 _ 1 =1 —

x1_r>12<, x3+1 xl_r::o x3/x2+1/x2 xf:o )c+1/x2 0
b, lim 2= =17

x>0 3x3+4x-5 > 5
8-94.

T _sin(m/2-0) _ sin(m/2) cos 0—cos(7/2)sin@ o560

tan ( 2 9) ~ cos(m/2—0) ~ cos(/2) cos O+sin(r/2)sin@ ~ sin@ cot 6

8-95.

(@+b)*—(a-b)* =
a* +4a’b + 6a*b* + 4ab> + b* — (a* — 4a’b + 6a°b? — 4ab’ + b*) =
a* +4a’b + 6a*b* + 4ab> + b* — a* + 4a3b — 6a°b? + 4ab’ - b* =
4a’b + 4ab’ = 8ab(a® + b?)
8-96.
8ab(a® +b?)
8 cos x sin x(cos? x + sin? x) =
8 cosxsinx =

4(2 cos x sin x) = 4 sin(2x)
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Lesson 8.2.3

8-97.
a.  The adjacent terms are proportional b. §=
to each other.

8-98.
S R e 1 2¢ —1__1
a. Sn_3+9+27+....+3n b.  5$S,=3 gy
1 1,1 Ay
) gtartt ot an
11 1__1 _1__1 _
c Sp =3 S d S5 =5 5 =27 W86 0.4979
. 1 L e L1 1 _ 1 _1 S.=1__1 _1__1 (34998
e lim | 5 — = lim 5 - lim =5+0=+ 7 :
n—)oo(z n) n—oo Xx—o0 2:3" 2 2 2 23 2 e
—1__1 _1__1 _
So =75 9 =2 39366 0.49997
The sums seem to be approaching 0.5.
8-99.

S:6+4+%+E+...:6(1+%+%+%+...):6((%)0+(%)1+(%)2+(%)3+...j

n=0
S, = lim 6(11—_%?2)") _ 6(11/—30) ~18
8-100.
a.  S§,=4) b lim r" =0
8-101.
a.  S,=120(1) b. 5,=81(-2)
§=155=17=240 S=1_(§12/3)=%=%=48.6
. s=s(3)

Since r > 1, the sum goes to infinity. The formula gives a sum of —16.

8-102.
ris greater than 1. The terms get bigger. lim a, =< . Since we keep adding larger
quantities the sum will go to infinity. e
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8-103.

. 1% _ 5 : 1 h —,-1_1
a. lim (1+1)" =e b dim (14(= 1)) = =1
C lim (1+(l)(l))Z =el/5
. 700 A/
Review and Preview 8.2.3
8-104.
a. 3.33333... b. 10N =3.33333...
N =0.33333...
C. 10N =3.33333... d. ON =3
N =033333... N=1
9N = 3.00000
8-105.
a. 10N =5.55555... b. 10N =7.77777 ... C. 10N =9.99999 ...
N =0.55555... N=0777717... N =0.99999 ...
ON=5 ON =77 ON =9
_5 _7 —_ 9 _
N = 3 N = 9 N = 5= 1
8-106.
100N = 36.363636...
N= 0363636...
99N =36
_36_ 4
N=%=1
8-107.
a. 100N = 60.6060 b. 100N =12.1212 C. 1000N =123.123
N= 0.6060 N= 0.1212 N= 0123
99N =60 99N =12 999N =123
_ 60 _ 20 _ 12 _ 4 _ 123 _ 41
N=g3=% N=4=7 N =35 =335
TH_ 33, 4 _ 37
11212—@4’@—@
8-108.

A+0.D*=1*+4-1>-0.146-12-0.12+4-1-0.1 +0.1*
=1+4-0.146-0.01+4-0.001+0.0001
=1+0.4+0.06+0.004 +0.0001

=1.4641
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8-109.

y=a-b*+10 = 6=a-b*+10 8=a-b7+10 = =2=ab’ _ 1_p3 p_ L
—4=ab? 2 3
~4=a-b* —2=a-b’ 4
~4=qa-|L| =
X %)
y=—8%(?) +10 A
- oy _R3H [ L 1
y-intercept: y = 8\/5(%) +10 [%]
= y=10-832 ~-0.079
8-110.
i _ 250 _ 250 125 , 125 _ 250
Average rate = —totgiﬁltsit;réce 60 = 10+ = @+@ = 5—+? =760
50 n
125 _ 250 125 _ 500 _ 5 125 _ 1 _ 125(3) _
5T T 03032 553 @ h="35 =75
8-111.
_ _ R _In2
a. 2P =P b.  r=14 c. t=10=
— _ 06931 _ 100 _ 70
2=e =20 =0.6931- T2 =
In2=1Ine" 100
In2=rt
_In2
l—nT
d. We use 70 because it makes the mental arithmetic easier.
ﬁ
8-112.
(2x)* +12 =107 10
4x2 +12 =100
12 =100 — 4 x2 ,
[ =2+25—x2

a.  Perimeter of the rectangle: P =2x+2x+ 2\/25 - x% + 2\/25 —x% =4x+4+25 - x?

b. A= (2x)(2 25— x2 ): 4325 — x2

8-113.
a. Inx=3 b. e =200
enx = g3 In e* =1n 200
X = e3 x =1In 200
c. Shn(x+1)=20 d. D 4+20=100
In(x+1)=4 2 =80
e+l = o4 In ¢©*2) = 1n 80
x+1=¢* x+2=1In80
x:e4—] x=In80-2
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Lesson 8.2.4

(=) (=430

8-114.
Infinity
8-115.
10 )
S IS ENIS SOV SIS ANPINS IS KNI VIS IO
a. 2n_1+2+3+4+5+6+7+8+9+10_2.929
n=1
20 )
Sy [N EFIS IR I I
b. Zn_1+2+3+ + 1+ 15+ 55 = 3598
n=1
c. 5.187
d. 6.793
8-116.
b. 5— <L since n? +n>n?
n“+n n
8-117.
TSR NSRS TR KPR TR PO NS (RN PO SRR RPN B B
A Iy tgtytetetrtgtotig ittt TS
1 1 1 1 1 1 1 1 1 1 1 1 1 1
b 1+l+deleleled el Lo Ly d
d.  Itis larger than the series that adds 2 an infinite number of times. Since that series has an
infinite sum, the harmonic series (which must be larger) must also be infinite.
e. Infinity.
8-118.
First is the largest, last is the smallest.
8-119.
Infinity. If not, the harmonic series would have a finite sum.
8-120.
1,1 1,1 141 1.1 1
a. l=g+3-3+5-6 7757910 b.
—(l_L)y_(1_1)_... i =
c. 1 (2 3) (4 5) <1 d. Theexactsumis In2=0.693.

CPM Educational Program © 2012 Chapter 8: Page 22

Pre-Calculus with Trigonometry



Review and Preview 8.2 .4

8-121.
Sample graphs:
a ’ b. y
X \\ X
8-122.
— -1 _1 -1 1 _3
Tl = 5,71 2T T2 Y4 =330 =535
_ —_1 _ 1 _2
=1 x3_1/2+1_3/2_3 x5:—3/5]+1:8}—5:%
8-123.
1, 1,1 1,1
a. l+5+,+5+.. b, 16+4+1+,+7-+...
n n
o.=( —
_ 1 _ 1 _ _ 16 _ 16 _ 164 _ 64
Sum—m—l/—z—Z Sum—m—m—T—T
C. a+09a+0.81la+0.729a+... d. The sum would be «~ because r >1.
_ (9
ro=a(7y)
Sum = —1_3/10 = 1/% =10a
8-124.
x—1=1
X
x2-1=x
x2—x—-1=0
_ (DD =4
X= 2(D)
_1+5
)
8-125.
1+sin 6 1—sin 6 _ 1+sin@+1-sin@® ___ 2 __ 2
s O)(1sm8) T (rsmON—sin) — |2y — 2y 2S¢ 0
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8-126.
a. f(2)=10-2%2=6
f(4)=10-42=-6

_—=6-6 _ _ 12 _ _
m=5r=— =0

c. f(2)=10-22=6
f(25)=10-25%=375
6-375 _ 225 _ _45

m=555=""05 —

b. f(2)=10-22=6
f(3)=10-32=1

_6-1_ 5 _
m=7=3=-7=-5
d f2)=10-22=6
f2.1)=10-2.12=559
_ 6-559 _ 041 _
m="= == =4I

e.  As the two points get closer and closer, the slope of the line gets closer to -4.

8-127.
a. log(x+3)=2

1010g(x+3) — 102
x+3=100
x=97

c. In3+Inx=4
In(3x)=4

oIN(3x) — 4

3x=¢*

4
— €
X=73

8-128.

a. f(H=8-1'=7
f(4)=8-42=-8
m:—_8_7 :;;)5:—5

4-1
8-129.
y= ae®*
y =100
85 = 100e**
0.85 = ¢k
In0.85 = In e**
—0.1625 =4k
k =—0.0406

CPM Educational Program © 2012

b. In(x+3)=2
eln(x+3) — 62

x+3=¢2
x=e*-3
d. Inx+4)—Inx=2
4\ _
n(224)=2
+4
()
x+4:e2
X
1+4=¢2
X
4=¢2-1
X
__4
x_ez—l
b. f()=2'=2
f4)=24=16
_16-2 _ 14 _
m—ﬂ—?—4667

50 = 1006—0.0406)6

0.5 = ¢ 0041x

In0.5 = In ¢ 0041x
—0.6925 = -0.0406x
x=17.06 hours
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8-130.

ek = m*

In e = 1n m*

kx=xInm
k=Inm
Lesson 8.2.5
8-131.
Month | Baby rabbits | Teen rabbits | Parent rabbits | Total rabbits
1 1 0 0 1
2 0 1 0 1
3 1 0 1 2
4 1 1 1 3
5 2 1 2 5
6 3 2 3 8
7 5 3 5 13
8 8 5 8 21
9 13 8 13 34
10 21 13 21 55
11 34 21 34 89
12 55 34 55 144
8-132.
a. 3+5=8 b. a,,=a,+a,,
5+8=13
8+13=21
13+21=34
21+34=55
34+55=89
55+89=144
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8-133. 8-134.

a. Z=1- Q. A _1_4
al 1 ap 1
a3 _ 2 _ a2 _1_
E—T—Z 5—5—0.5
4 _3_13 B =2 -0.666667
az 2 aq 3
as 5 _ a4 3 _
w = 3=167 “=3=06
4% _8_16 B -3-0625
as 5 ag 8
a7 _ 13 _ a4 _ 8 _
%_§—1625 E‘E_06154
ag _ 21 _ a7 _ 13 _
5—3—1.615 %—5—0.6190
a9 34 _ as 21 _
- 3=1.619 5—5—06176
a0 _ 55 _ a9 _ 34 _
5—3—4—1.6176 E_§_0'6182
a1 _ 89 _ 40 _ 55 _
aro =55 =1.6182 a — 30 =0018
92 _ 144 _ a1 _ 89 _
m—8—9—1.618 E—m—0.6181
b. Yes, 1.618. b. Yes, 0.618.
8-135.
aj000 = 1618033989 . No, it reaches this value by the 25" term. The limit of the
calculator’s display is reached by this point so it is forced to round off.
8-136.
a. x=1 b. x=2
X =11-5)+5=-4+5=1 X, =2(2-5)+5=-6+5=-1
x3=101-5)+5=-4+5=1 x3=—1(-1-5)+5=6+5=11
x4 =101-5)+5=-4+5=1 x,=1111-5)+5=66+5="71
x5=101-5)+5=-4+5=1 x5 =T1(7T1-5)+5=4686+5=4691
8-137.

x=x(x—5)+5 . The only two values are 1 and 5.
x=x>-5x+5

0=x%>-6x+5

O0=(x-5)(x-1)

x=15
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8-138.
a. tl =2

t,=22)-1=4-1=3
t,=203)-1=6-1=5
t,=2(5)-1=10-1=9
ts=2(9)-1=18-1=17

Review and Preview 8.2

8-139.
ap =1
a, =1000
ay =1+1000 =1001
a, =1000+1001 = 2001
as =1001+ 2001 = 3002
ag = 2001+ 3002 = 5003
ay = 3002 + 5003 = 8005
ag = 5003+ 8005 = 13008
ag = 8005 +13008 = 21,013
a;o =13008 +21013 = 34,021
a;; = 21013+ 34021= 55,034

8-140.

il _ 1 618

ay

8-141.
A,y =a,+2n+1
ap =1
a, =1+2()+1=4
az=4+22)+1=9
as =9+2(3)+1=16
as =16+2(4)+1=25
CPM Educational Program © 2012

General term: a, =n

2
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a1=1

a, =1+2(1)=1+2=3

a3 =3+22)=3+4=7
a,=7+2(3)=7+6=13
as=13+2(4)=13+8=21

a _ 55,034 _ 1618
ao 34,021
do L0261
ai 55,034
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8-142.

a. 1.618 b. L=+1+L
P=1+L
I2-L-1=0
_ —(=DJ(=12 4D
L= 2(1)
_1+45
L=~
8-143.
() () (=) -
x3y7 x2y7 VA )12
8-144.
fx+h)=(x+h)?+(x+h)+1 fx+h) - f(x)=
=x24+2xh+h?>+x+h+1 2420+ +x+h+1-(2—x-1)=
2xh+ h + h?
8-145.
A& 100N = 45.454545 ... b. 100N = 81.818181...
N =0.454545 ... N=0818181...
99N =45 99N =81
_45 _ 5
N=5=1 N=3=3

99 11

66 9 _ 75
6.818181... =%+ 2 =13

c. 1000N = 675.675675675 ...
N =0.675675675 ...

999N =675

_ 675 _ 675 _ 25
N_999_999 37
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Lesson 8.2.6

8-146.

a. 1=21-1=2-1=1

b. Assume that 1+---+ 2k 1 =2k _1,

c. Ifl+---+2"1=2"_1 then 1+ .--+2" 142" =

2" 142" =

2.2"—1=2" 1
d.  Hence, we have established the truth of the statement for n = 1 and proven the induction
step, then the statement is true for all positive integers.

8-147.
This is Gauss’ method.

. _ _ 1a+D) 12
Stepl: For n=1, ===

Step 2: Assume that the statement is true for some integer k.

That is, that 1+2+ ...+ k = “&0

Step3: 1+2+...+k+(k+1)= . Thus the induction step is true.

—k(k;]) +(k+1)=

k(k+1) | 2(k+1) _
2 + 2 T

k(k+1)+2(k+1) _ (k+2)(k+1)
2 - 2

Step 4: Since we know the statement is true for n =1 and the induction step is true, we
know that the statement is true for all positive integers n.

=1, so the statement is true for n=1.

8-148.
a. 3¥Ml41=3+1=4
b.  Assume that 32471 +1 is divisible by 4 for some integer k.

RU+D=1 g2k 21 =9.32k149_ 8 =9( 4A )-_8
_ 2k 32y =9(3%141)- 8 =36A - 8
= 9.3 SHOA=2)

d. 32141
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Review and Preview 8.2.6

8-149.
.12 _ 1A+D@2e1+1) 123 _ 6 _
Step 1: 1 = 6 =g =c=1
Step 2: Assume 1% + ...+ k% = w is true for some integer k.
Step 3: 12 +..+k?>+(k+1)? =
k(kﬂ)éZkH) " (k+ 1)2 _
k(DK 6(k+1)2 _
6 6 -
(k+D[kQk+D+6(k+1)] _
: =
(k+1)(2k2+k+6k+6) _ (k+1)(k+2)(2k+3)
6 - 6

so the induction step is true.
Step 4: Since we know the statement is true for n =1 and the induction step is true, we
know that the statement is true for all positive integers n.

8-150.
This is an infinite geometric sum. Therefore S =1%-. Hence % =10 and r = %
8-151.

Step 1: 5'-1=4,
Step 2: Assume that 5¢ —1 is divisible by 4, therefore 5% —1=4A.
Step 3: Skl 1=
5-5k-1=
5-5k-5+4=
55Kk-1+4=
20A+4=4(5A+1)

so 581 —1 is a multiple of 4.

Step 4: Hence, by mathematical induction we have proven that 5" —1 is divisible by 4 for
all natural numbers.

8-152.

31=6323=8 a. 41=24>2%=16 b.  Assume that k!>2F for k>4 .
c. (k+D!=K! (k+1)

(k+D!= k! (k+1)> 2% (k+1)

25 k+1)>2F. 2 =KL

k+1)! > 25!

d.  Hence, by mathematical induction we have proven that n!>2" for n =4 .
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8-153.
Answer to Hint: \/;\/n+1 > \/;\/; = \/n72 =n

LS
Stepl.ﬁ_ﬁ

k
Step 2: Assume X % >k for some integer k.
j=tV/

Step 3: y L=
p j:l\ﬁ

S 1
-+ =
El Ji Vk+l

Vi +

k+1

ViAJk+1+1 >
VEk+1 T
k+

\Y

.

L = Jk+1
k+1

:

so the induction step is true. n
Step 4: Hence, by mathematical induction we have proven that > % >/n for any
positive integer n. j=1vd

Closure Chapter 8

8-154. '

oL Ackesess . asiri-06
A — —

3. A=2.(2-7.348)-6~58.788

g
x

L] LR

CPM Educational Program © 2012 Chapter 8: Page 31 Pre-Calculus with Trigonometry



8-155.

jj Flodx =18

See graph at right.

Too large; graph is downward sloping.
R < Area < Lg

For 12: Left =19.094 Right = 16.844. i
For 18: Left =18.574 Right=17.236 |
f.  The actual area is between the values of the Left Endpoint and Right Endpoint rectangles.
As the number of rectangles approaches infinity, the actual area is squeezed between the

°© a0 o s

two values.
CL 8-156.
a. lim f(x)=+ b. The lim f(x) does not exist.
X—oo x—0
o x2-3x—4 _ 1-3-4 _ -6 _ =Hx+D) _ g (D) _ 5
c. )1(111)1] x2x2_xgx =218 =6 d. ;Eﬁ 2x(x—4) _if}l 2x 8
CL 8-157.
a. lim 2g(x)=2 hm g(x)=2-135=27
x—5
b. lim g(2 x) — 1 lim g(x) =5 135 -6.75
x—5 x%S
c. hrn (g(x) +10) = hm gx)+1lim10=13.5+10=23.5
x—5
d. The lim g(x) is unknown as we don’t have enough information.
x—6
CL 8-158.
- 1\ _ s - V1Y 2
a. lim (1+5(1)) =e b lim (1+(§) 1) =e? = Ve
CL 8-159.
a. 5¢* =30 b. In(x+4)=3
ef =6 eln(x+4) — 63
Ine*=1In6 x+4=e3
= ln 6 xX= 63 — 4
c. e¥-6=22 d. S5lhx-7=18
e3¥ =28 5Inx=25
In 3 =1n 28 Inx=3
3x=1n28 e = e
x=128 x=e

3
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CL 8-160.

_2
a-S+5-g+. 2d=%a
anza(l—%+%—%+...) a=36
n
a,=a (— %
S =_4a ___—_a _ ; a
1-(-1/2) — 32" 3
CL 8-161.

x+sinx

a. lim ———=5
X—>oo 2x

b.  No, because b(x) approaches infinity.

. (—a)t (x=b)2 (x—¢) T4
. | =~ =1

R e A TN FOREIS S

CL 8-162.

i 2x* —2x3 +x2-9x+38 i GoD@e-8) 2003418 _ s

x—1 3x—3 x—1 3(x=1) 3 3
CL 8-163.

T, =3

T,=2T,-1=2(3)-1=5

T;=2T,-2=2(5)-2=8

T,=27T,-3=2(8)-3=13

Ts=2T,-4=2(13)-4=22

CL 8-164.

a.  P(t)=1000¢0-% b. 20,000 =1000¢°%
P(7)=1000¢%27 20 = 0%
P(7)= 4055 In 20 = In €0/

In20 _
02 =1
t =14.97
15 days from his measurement.
CL 8-165.
1 1 _
sec x+tan x = sec x—tan x

(sec x—tan x) (sec x+tan x)

(sec x+tan x)(sec x—tan x) = (sec x—tan x)(sec x+tan x)

sec x—tan x sec x+tan x

2 2

sec” x—tan“ x 2 2

sec” x—tan“ x

sec x—tan x+sec x+tan x _

sec2 x—tan2 X

2 sec x

1
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CL 8-166.

a.  See diagram at right.

b. V=30=x-2x-h
30 = 2x2h

h=1
2

SA=22x-x+2-2x-h+2-x-h
SA =4x% +4xh+2xh=4x%+6xh

SA=4x%+6xh=4x%+ 6x(%)
X

SA=4x2+6x(%)=4x2+@
X X

CL 8-167.
_7-0 _7
m=->="5=2
tan@=3.5
tan! tan® =tan"! 3.5
60="74.1°
CL 8-168.
4o<2)+6(3)§>+20(5) = 42.86 mph
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d=2-002+(7-02 =4+49=4/53
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