
 

 

 

CHAPTER FOUR 

 

PARTIAL DIFFERENTIAL EQUATIONS (PDE) 

 

After completing these tutorials, students should be able to: 

 

 determine whether the given partial differential equations are separable 

 separate the PDE into appropriate ODE and solve the PDE by using the method of  

separation of variables 

 solve the given initial value problem of  heat equation 

 separate the PDE into appropriate ODE and solve the PDE by using the method of  

separation of variables 

 solve the given initial value problem of  wave equation 
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Question 1 
 

Determine if the following PDE’s are separable. If so, separate the PDEs into appropriate 

ODEs: 

(a) 2

2

( , ) ( , )
( , )

u x t u x t
k u x t

t x

 
 

 
 

 

Solution: 

 
 )()(),( tGxtxuLet   
 

 )()()()(")()( ' tGxtGxktGx    

       )]()()[( " xxktG    

 
)(

)()(

)(

)(
"'

x

xxk

tG

tG



 


      (Separable)
 

 
(b) 2

2

( , ) ( , )
( , )

u x t u x t
m k u x t

t x

 
 

   
Solution: 

 

           )()(),( tGxtxuLet   
 

          
'

( ) ( ) "( ) ( ) ( ) ( )m x G t k x G t x G ty y y   

                           "
( )[ ( ) ( )]G t k x xy y   

 

 
' "
( ) ( ) ( )

( ) ( )

G t k x x

G t x

y y

y




   (Separable) 

 
 

(c) 2( , ) ( , )
( )

u x t u x t
k x

t x x

   
  

   
 

 

Solution: 

 

           
),(]

),(
)([

),(
txu

x

txu
xk

xt

txu














 

 ),(
),()(),(),(

2

2

txu
x

txu
k

x

xktxu

t

txu
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           )()(),( tGxtxuLet   
 

 )()())()(")()()()()()( ''' tGxtGxxkxktGxtGx    

       )]()()()()()[( "'' xxxkxkxtG    

 
)(

)()()()()(

)(

)(
''"'

x

xxkxxxk

tG

tG



 


     (Separable)
 

 

(d) 2 2
2

2 2

( , ) ( , )
( , )

u x t u x t
c u x t

t x

 
 

 
 

 

Solution: 

            
),(

),(),(
2

2
2

2

2

txu
x

txu
c

t

txu











 
 

           )()(),( tGxtxuLet   

 )()()()(")()( 2" tGxtGxctGx    

       )]()()[( "2 xxctG    

 
)(

)()(

)(

)(
"2"

x

xxc

tG

tG



 


    (Separable)
 

 

(e) 2 2
2

2 2

( , ) ( , ) ( , )
( , )

u x t u x t u x t
c u x t

t t x

  
  

  
 

 

Solution: 

           
),(

),(),(),(
2

2
2

2

2

txu
t

txu
m

x

txu
c

t

txu
















 
 

           )()(),( tGxtxuLet   

 )()()()()()(")()( '2" tGxtGxmtGxctGx    

       )]()()()[( '"2 xxmxctG    

 
)(

)()()(

)(

)(
'"2'

x

xxmxc

tG

tG



 


    (Separable)
 

 

 

 

(f) 2

2 2

( , ) ( , ) ( , )
( ) ( )

u x t u x t u x t
x c x

t x x x


    
      

 

 

Solution: 
2

2 2

( , ) ( , ) ( , )
( ) ( )

u x t u x t u x t
x c x

t x x x
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)()(),( tGxtxuLet   

 

 " ' ' '
( ) ( ) ( ) ( ) ( ) ( ) ( ) "( ) ( )) ( ) ( )x x G t c x x G t c x x G t x G tr y y y y    

            ' ' " '
( )[ ( ) ( ) ( ) ( ) ( ) ]G t c x x c x x xy y y    

 

 
" ' ' " '
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

G t c x x c x x x

G t x x

y y y

r y

 


   
                                                                          (Separable)

 

 

 

Question 2 
 

Consider the PDE: 
2

2

( , ) ( , )
4

u x t u x t

t x

 


 
 for each set of BCs and ICs and solve the initial value problem. 

 

(a) ( , )
: (0, ) 0; 0

u t
BCs u t

x


 


 and : ( ,0)IC u x x  

 

Solution: 

2

2 ),(
4

),(

x

txu

t

txu









 

 )()(4)()( "' xtGxtG    

 
)(

)(

)(4

)( "'

x

x

tG

tG






 
First solve the spatial equation to determine the valid value of   

 Case 1: 02   

 )()( 2" xx    

 22 m  

m  

 
xx eCeCx   21)(  

BC: )1()0( 21 CC   

BC: )2(0)2( 2

2

2

1   xx eCeC   

Compare (1) and (2) gives 021 CC  

No eigenvalue for 02   

 

Case 2: 02   

0)(" x  

3

' )( Cx   

43)( CxCx 
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BCs: 0)0( 4 C  

         02)2( 3  C  

          03 C  

No eigenvalue for 02   
 

Case 3: 02   

)()( 2" xx    
22 m  

im   

xCxCx  sincos)( 65 
 

 

BCs: 0)0( 5  C  

02sin)2( 6   C  

,.......3,2,,02sin    

Eigenvalue, ,.......3,2,1,0
2

 n
n

n  

 

Eigenfunction,    x
n

Cx nn
2

sin)(    

For time equations 02   

)(4)( 2' tGtG   

t

nn
neDtG

2
4

)(



 

 

There are an infinite number of separated solutions of Q2 (a), one for each n. 

There are 

)()(),( xtGtxu nnn   

nnn

t

n CDbandnx
n

eb n 





,......4,3,2,1;
2

)12(
sin

2
4

 
 

The sum of the solutions is again a solution, so 

x
n

ebtxu
t

n

n

n
n

2

12
sin),(

2
4

1












 
 

Determine nb using initial condition and apply orthogonality  

x
n

bxxxu n

n

n
2

12
sin2)0,(

1

2 
 





  

Note that L  

dxx
n

xxbn
2

12
sin)2(

2 2

0


  





 

   dxx
n

x
n

n
xx

n 2

12
cos)22(

12

2

2

12
cos)2(

12

22

0
0

2 
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   dxx
n

x
n

n
xx

n 2

12
cos)22(

12

2

2

12
cos)2(

12

22

0
0

2 









  





 

dxx
n

x
n 2

12
cos)(

)12(

8

0





  




 

   dxx
n

n
x

n
x

nn 2

12
sin

12

2

2

12
sin)(

12

2

)12(

8

00










 





 

 dxx
n

n 2

12
sin

)12(

16

02




 




 

  


02 2

12
cos

12

2

)12(

16
x

n

nn




  

 10
)12(

32
3





n

 

3)12(

32




n  
 

x
n

e
n

txu
t

n

n
n

2

12
sin

)12(

32
),(

2
4

3
1















 

 

(b) : (0, ) 0; (2, ) 0BCs u t u t   and : ( ,0) sinIC u x x  

 

Solution: 

           
2

2 ),(
4

),(

x

txu

t

txu









 

 )()(4)()( "' xtGxtG    

 
)(

)(

)(4

)( "'

x

x

tG

tG






 
 

 First solve the spatial equation to determine the valid value of   

 Case 1: 02   

 )()( 2" xx    

 22 m  

m  
xx eCeCx   21)(  

 

BC: )1()0( 21 CC   

BC: )2(0)2( 2

2

2

1   xx eCeC   

Compare (1) and (2) gives 021 CC  

No eigenvalue for 02   
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Case 2: 02   

0)(" x  

3

' )( Cx   

43)( CxCx   

BCs: 0)0( 4 C  

         02)2( 3  C  

          03 C  

No eigenvalue for 02   
 

Case 3: 02   

)()( 2" xx    
22 m  

im   

xCxCx  sincos)( 65   

BCs: 0)0( 5  C  

02sin)2( 6   C  

,.......3,2,,02sin    

Eigenvalue, ,.......3,2,1,0
2

 n
n

n  

Eigenfunction,    x
n

Cx nn
2

sin)(    

For time equations 02   

)(4)( 2' tGtG   

t

nn
neDtG

2
4

)(


  

There are an infinite number of separated solutions, one of each n. there  

 are 

)()(),( xtGtxu nnn   

nnn

t

n CDbandnx
n

eb n 


,......4,3,2,1;
2

sin
2

4
 

The sum of the solutions is again a solution, so 

x
n

ebtxu
t

n

n

n
n

2
sin),(

2
4

1







 

 

Determine nb using initial condition and apply orthogonality  

x
n

bxxu n

n

n
2

sinsin)0,(
1






  

Note that 2L  
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dxx
n

xbn
2

sinsin
2

2 2

0



 

   dxx
n

x
n

x
n

x
n 2

coscos
2

2
cossin

21 2

0

2

0 



 

dxx
n

x
n 2

coscos
2 2

0



 

   dxx
n

x
n

x
n

x
nn 2

sinsin
2

2
sincos

22 2

0

2

0 



 

 dxx
n

x
n 2

sinsin
4 2

02 



 

nb
n2

4
  

Will give 0nb except when 2n  

dxxxb sinsin
2

2 2

0
2 




 

dxx2
2

0
sin

1





 

dxx)cos1(
2

1 2
2

0
 




 

 dxxdx 2cos1
2

1 2

0

2

0  



 

   



2

0
2sin

2

1

2

1
xx   

 


2
2

1
  

1  

From the argument above, the solution for u(x,t) exist when n=2, i.e.,  

xetxu t

n sin),( 4  
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Question 3 
 

Consider the PDE: 

                                            
2

2

( , ) ( , )u x t u x t

t x

 


 
     

Solve the initial value problem subject to: 

( , ) ( , )

: ( , ) ( , )

u t u t

BCs u t u t

x x

 

 

 

  


 

  and  2: ( ,0)IC u x x  

 

 

2

2 ),(),(

x

txu

t

txu









 

 )()()()( "' xtGxtG    

 
)(

)(

)(

)( "'

x

x

tG

tG






 
 

 First solve the spatial equation to determine the valid value of   

 Case 1: 02   

 )()( 2" xx    

 22 m  

m  
xx eCeCx   21)(  

 

BC: ),(),( tutu    

)()(    
xxxx eCeCeCeC 

2121    

)1()()( 2121

 eCCeCC    
xx eCeCx    21

' )(  

BC: 
x

txu

t

tu








 ),(),( 
 

)()( ''    
xxxx eCeCeCeC   2121    

)2()()( 2121

 eCCeCC    

Compare (1) and (2) gives 021 CC  

No eigenvalue for 02   
 

Case 2: 02   

0)(" x  

3

' )( Cx   

43)( CxCx 
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BCs: )()(    

         4343 CCCC    

          03 C  

No eigenvalue for 02   
 

Case 3: 02   

)()( 2" xx    
22 m  

im   

xCxCx  sincos)( 65 
 

 

BC: )()(    

)sin()cos()sin()cos( 6565  CCCC   

)sin()cos()sin()cos( 6565  CCCC   

0)sin(2 6 C  

xCxCx  cossin)( 65

' 
 

 

BC:
xx 






 )()( 
 

)cos()sin()cos()sin( 6565  CCCC   

)cos()sin()cos()sin( 6565  CCCC   

0)sin(2 5 C  

,......3,2,,00)sin(    

Eigenvalue, ,.......3,2,1,0 nnn  

Eigenfunction,    nxDnxCx nnn sincos)(    

For time equations 02   

)()( 2' tGtG   

tn

n

t

nn eHeHtG n
22

)( 




 
 

There are an infinite number of separated solutions, one of each n. there are 

)()(),( xtGtxu nnn   

nnnnnnnn

t
DHBCHAandnnxBnxAe n 


,,......4,3,2,1;)sincos(

2


 

The sum of the solutions is again a solution, so 

)sincos(),(
2

1

nxBnxAetxu nn

t

n

n
n 
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Determine nb using initial condition and apply orthogonality  

)sincos()0,(
1

2 nxBnxAxxxu nn

n

n  




 

Note that L  

dxnxxxAn cos)(
1 2  




 

   dxnxx
n

nxxx
n

sin)12(
1

sin)(
11 2  










 

dxnxx
n

sin)1(
1

 



 

   dxnx
n

nxx
nn

cos
2

cos)12(
11













 

   






 dxnx

n
nnxx

n
sin

2
)cos()12(cos)12(

1
2

 

 


4
1
2


n

 

2

)1(4

n

n
  

dxnxxxBn sin)(
1 2  




 

   dxnxx
n

nxxx
n

cos)12(
1

cos)(
11 2  










 

   dxnxxnnx
n

cos)12()cos()(cos)(
1 22  







 

   dxnx
n

nxx
nn

n sin
2

sin)12(
1

2)1(
1














 

 dxnx
nn

n sin
2

02)1(
1








 

   







 nx
nn

n cos
2

2)1(
1

2
 

 ))cos((cos
2

2)1(
1

2



nnx

nn

n   

n

n)1(2 
  

)sin
)1(2

cos
)1(4

(),(
2

1

2

nx
n

nx
n

etxu
nn

tn

n

n
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Question 4 
 

Consider the PDE: 

                                
2 2

2 2

( , ) ( , )
9

u x t u x t

t x

 


 
 

For each set of BCs and ICs, solve the initial value problem. 

 

(a) 
0 0

0

( , )
:

( , )

u t
BCs

u tp





   and     

20

0
0

( , )

: ( , )

u x x x

ICs u x

t

p  






  

    let ( ) ( )u X x T t  

 

   
2 2

2 2

( , ) ( , )
9

u x t u x t

t x

 


 
 

    9'' ''XT X T  

9

'' ''T X

T X
  (separable) 

     
Case 1: 2k l  

2
''X

X
l  

2 0''X Xl   
2 2 0m l   
2 2m l            

m l            
x xX Ae Bel l   

 

From boundary condition 

0 0( , )u t   
0 00 ( ) ( )Ae Bel l   

0 A B                 ------------------ (1) 

0( , )u tp   

0 ( ) ( )Ae Bel p l p       -------------- (2) 

 

By comparing (1) & (2), we get 0A B   

 no eigenvalue for 2k l  

 

 

 

 

 

 

Case 2: 0k   
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0
''X

X
  

0''X   
2 0m   

1 2
0m m   

0 0( ) ( )x xX Ce Dxe   

X C Dx   

 

From boundary conditions 

0 0( , )u t   

0 0( )C D   

0C      

     

0( , )u tp   

0 ( )C D p     

0Dp   

0D    

 No eigenvalue for 0k  because 0C D    

 

Case 3: 2k l   

2
''X

X
l   

 2 0''X Xl   
2 2 0m l   
2 2m l             

m il            

cos sinX E x F xl l   

 

From boundary conditions 

0 0( , )u t   

0E   

 

0( , )u tp   

0cos sinE Fl p l p   

Since 0E  , 0sinF l p   

0sin l p  , because 0F  , otherwise trivial solution. 

 

l p  = 0, π, 2π, 3π, … 

l = 0, 1, 2, 3, … 

Eigenvalue, 
n

nl  ;    n = 0, 1, 2, 3, . . . 

sinX F nx  

 

 

 

For time equation ( 2k l  ) 
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2

9

''T

T
l   

29''T Tl   
2 29m l   

3m il   
   

3 3cos sin
n n

T G t H tl l   

3 3cos sinT G nt H nt   
 

n
u X x T t  ( ) ( )  

3 3F nt G nt H nt sin ( cos sin )  

3 3sin ( cos sin )
n n

nt A nt B nt   

Where 
n

A FG ,  
n

B FH  

 
From initial boundary,  

2

0
0( , ) sin

nn
u x x x A nxp




    

 

L =  (from boundary conditions) 

2

0

2
( )sin

n
A x x nxdx

p

p
p

   

2

0 0

2

2 3

0 0

2

3

0 0

3 3

3

3

2
2

2 2 2
2

2 2
2

4 4

4
1

4
1 1

sin sin

sin
cos cos sin cos

cos cos cos

cos

( cos )

( )
n

x nx dx x nx dx

nx x x
nx nx nx nx

n n n n n

x
nx nx nx

n n n

n
n n

n
n

n

p p

pp

pp

p

p

p

p

p

p
p p

p
p

p

 

  
        

   

  
      

   

 

 

    

 

 

 
From initial boundary,  

0
0

( , )u x

t





 

 
0

3 3 3
( , )

sin cos sin
n nn

u x t
nA nt nB nt nx

t






  


  

 
0

0
3 0

( , )
sin

nn

u x
nB nx

t
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0
n

B   

 

30

4
1 1 3 3( , ) ( ) cos sin

n

n
u x t nt nt

n p




       

 
(b) 0 0

2 0

( , )

: ( , )

u t

BCs u t

x

p




 
 

   and    

0

0
0

( , ) sin

: ( , )

u x x

ICs u x

x








 

  let ( ) ( )u X x T t  

 
2 2

2 2

( , ) ( , )
9

u x t u x t

t x

 


 
 

9'' ''XT X T  

9

'' ''T X

T X
  (separable) 

 Case 1: 2k l  

2
''X

X
l  

2 0''X Xl   
2 2 0m l   
2 2m l            

m l            
x xX Ae Bel l   

' x xX A e B el ll l    

From boundary condition 

0 0

0 0

0 ( ) ( )

( , )u t

Ae Bel l



 
 

0 A B           ------------------ (1) 

2 0

( , )u t

x

p





 

2 20
( ) ( )

A e B e
p p

l l

l l


   -------------- (2) 
 

By comparing (1) & (2), we get A = B = 0 

  No eigenvalue for 2k l  

 

 

 

Case 2: 0k   

0
''X

X
  

0''X   
2 0m   
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1 2
0m m   

0 0( ) ( )x xX Ce Dxe   

X C Dx   
'X D  

 

From boundary conditions 

0 0( , )u t   

0 0( )C D   

0C   

 

2 0

( , )u t

x

p





 

0D   

 No eigenvalue for 0k   because 0C D   

 

Case 3: 2k l   

2
''X

X
l   

 2 0''X Xl   
2 2 0m l   
2 2m l             

m il            

cos sinX E x F xl l   

 

From boundary conditions 

0 0( , )u t   

0E   

 

2 0

( , )u t

x

p





 

'
sin cosX E x F xl l l l    

'
cosX F xl l    ( 0E  ) 

 

0cosF xl l   

 

 

 

 

0cos xl   because 0F   otherwise trivial solution. 

 

 

3 5

2 2 2 2
, , , ...

p p p p
l   
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2 1

1 2 3
2

( )
; , , , ...

n
n

p
   

        
Eigenvalues, 2 1 1 2 3; , , , ...

n
n nl     

 

2 1sin( )X F n x   

 

For time equation ( 2k l  ) 

2

9

''T

T
l   

29''T Tl   
2 29m l   

3m il   
 

3 3cos sin
n n

T G t H tl l   

3 2 1 3 2 1cos ( ) sin ( )T G n t H n t     

( ) ( )
n

u X x T t   

 2 1 3 2 1 3 2 1sin( ) cos ( ) sin ( )F n t G n t H n t      

 2 1 3 2 1 3 2 1sin( ) cos ( ) sin ( )
n n

n t A n t B n t         

Where 
n

A FG ,  
n

B FH  

 

 
1

2 1 3 2 1 3 2 1( , ) sin( ) cos ( ) sin ( )
n n n

n

u x t n t A n t B n t




      

      
From initial conditions, 

0
0 2 1( , ) sin sin( )

nn
u x x A n x




    

 

2
L

p
   (from boundary conditions) 

2

0

2
2 1

2

sin sin( )
n

A x n x dx
p

p
   

 

 

 

 

 
The solution exists when 1n   

 

2

0

4
sin sin

n
A x x dx

p

p
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2

0

2

0

2

0

4 1
1 2

2

2
1 2

2 1
2

2

2

2

1

( cos )

( cos )

sin

( )

x dx

x dx

x x

p

p

p

p

p

p

p

p

 

 

 
  

 









 

 

 
1

3 2 1 3 2 1 3 2 1 3 2 1 2 1
( , )

( ) sin ( ) ( ) cos ( ) sin( )
n nn

u x t
n A n t n B n t n x

t






       


  

 

From initial conditions, 

 
1

0
3 2 1 2 1

( , )
( ) sin( )

nn

u x
n B n x

t






  


  

 

0
0

( , )u x

t





 

 

 
1

3 2 1 2 1 0( ) sin( )
nn

n B n x



    

 
0

n
B   

 

3( , ) cos sinu x t t x    
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Question 5 
 

Solve the initial-boundary value problem: 

 

                         ( , ) 4 ( , )tt xxu x t u x t ,  0 2x ,  0 t   

                         (0, ) (2, )u t u t ,  0 t   

                         
1

( ,0) sin
2 2

x
u x


 ,  ( ,0) sin

2
t

x
u x


  ,  0 2t   

 

 ( , ) 4 ( , )

'' 4 ''

" "
( )

4

u x t u x t

XT X T

T X
separable

T X






 

Case 1 

 

xx BeAeX

m

m

XX

X

X

k

























22

2

2

2

"

"

  

 

           
 

 

0 0

2 2

:

(0, ) 0

0

0 1

(2, ) 0

0 2

From BCs

u t

Ae Be

A B

u t

Ae Be

 

 







 

      



     

 

    

Comparing  (1) &(2), we get 0A B   

no eigenvalue 

 

Case 2 

         DxCX

mm

m

X

X

X

k













0@0

0

0"

0
"

0

2
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:

(0, ) 0

0 (0)

0

(2, ) 0

0 (2)

0

From BCs

u t

C D

C

u t

C D

D



 





 



 

no eigenvalue 

 

Case3 

 

xFxEX

im

m

XX

X

X

k













sincos

"

"

22

2

2

2













        

 

            

solutiontrivialotherwiseF

F

tu

E

FE

tu

BCsFrom

,0

2sin0

0),2(

0

0sin0cos0

0),0(

:
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For time equation ( 2k ) 
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Solution exists when n = 1 
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Question 6 
 

Suppose we pluck a string by pulling it upward and release it from rest. We model the initial 

displacement in an idealized manner; using a triangular function defined on 0 1x  . Since 

the string is released from rest, its initial velocity is zero. Therefore, the problem to be solved 

is: 
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Case 1 : 2k   
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Case 3 : 2k    
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For time equation, 2k    
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