
Chapter Six

Transient and Steady State Responses

In control systemanalysisand designit is important to considerthe complete
systemresponseand to designcontrollerssuch that a satisfactoryresponseis
obtainedfor all time instants

�������
, where

���
standsfor the initial time. It

is known that the systemresponsehastwo components:transientresponseand
steadystateresponse,that is�	� ��

� ������� ��
�� ������� ��
 (6.1)

The transientresponseis presentin the short period of time immediately
after the systemis turnedon. If thesystemis asymptoticallystable,the transient
responsedisappears,which theoreticallycan be recordedas���������� ����� � ��

�"!

(6.2)

However, if the systemis unstable,the transientresponsewill increasevery
quickly (exponentially) in time, and in the most casesthe system will be
practically unusableor even destroyedduring the unstabletransientresponse
(as can occur, for example,in someelectrical networks). Even if the system
is asymptoticallystable, the transientresponseshould be carefully monitored
sincesomeundesiredphenomenalike high-frequencyoscillations(e.g. in aircraft
during landing and takeoff), rapid changes,and high magnitudesof the output
may occur.

Assumingthat the systemis asymptoticallystable,thenthe systemresponse
in the long run is determinedby its steadystatecomponentonly. For control
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262 TRANSIENT AND STEADY STATE RESPONSES

systemsit is importantthat steadystateresponsevaluesareascloseaspossible
to desiredones(specifiedones)sothatwe haveto studythecorrespondingerrors,
which representthe differencebetweenthe actualanddesiredsystemoutputsat
steadystate,and examineconditionsunderwhich theseerrors can be reduced
or even eliminated.

In Section6.1 we find analytically the responseof a second-ordersystem
due to a unit step input. The obtainedresult is usedin Section6.2 to define
importantparametersthat characterizethe systemtransientresponse.Of course,
theseparameterscan be exactly definedand determinedonly for second-order
systems.Forhigher-ordersystems,only approximationsfor thetransientresponse
parameterscanbe obtainedby usingcomputersimulation. Severalcasesof real
controlsystemsandthecorrespondingMATLAB simulationresultsfor thesystem
transientresponsearepresentedin Sections6.3 and6.5. The steadystateerrors
of linear control systemsare definedin Section6.4, and the feedbackelements
which help to reducethe steadystateerrorsto zeroareidentified. In this section
we also give a simplified versionof the basiclinear control problemoriginally
definedin Section1.1. Section6.6presentsasummaryof themaincontrolsystem
specificationsand introducesthe conceptof control systemsensitivity function.
In Section6.7 a laboratoryexperimentis formulated.

Chapter Objectives

Thechapterhasthemainobjectiveof introducingandexplainingtheconcepts
thatcharacterizesystemtransientandsteadystateresponses.In addition,system
dominantpolesandthesystemsensitivityfunctionareintroducedin this chapter.

6.1 Response of Second-Order Systems
Considerthe second-orderfeedbacksystemrepresented,in general,by the block
diagramgiven in Figure6.1, where # representsthe systemstaticgain and $ is
thesystemtime constant.It is quiteeasyto find theclosed-looptransferfunction
of this system,that is %'&�(*),+.- &/(0)12&/(0) + 3 4( 576984 (:6 3 4 (6.3)

The closed-looptransferfunction canbe written in the following form- &/(0)12&/(0) + ; 5<( 5 6>=@? ; < (A6 ; 5< (6.4)
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where from (6.3) and (6.4) we haveBDC EF�G,H@I�J GLKH CNM I (6.5)

U(s)

+ - s(Ts+1)
K Y(s)

O

Figure 6.1: Block diagram of a general second-order system

Quantities P and QSR are called, respectively,the system damping ratio and the
system natural frequency. The systemeigenvaluesobtainedfrom (6.4) aregiven
by TVU W X:Y[Z P�Q R2\^] Q R`_ a Z P X Y[Z P�Q R�\b] Qdc (6.6)

where Q,c is the system damped frequency. The locationof the systempolesand
the relation betweendampingratio, natural and dampedfrequenciesare given
in Figure 6.2.
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Figure 6.2: Second-order system eigenvalues in terms of parameters egfihkjlfmhkn
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In thefollowing we find theclosed-loopresponseof this second-ordersystem
dueto a unit stepinput. SincetheLaplacetransformof a unit stepis o�p q we have

rts q�u7v wLxyq s q x7z|{@} w y q z w xy u (6.7)

Dependingon the value of the dampingratio } three interestingcasesappear:
(a) the critically dampedcase, } v~o ; (b) the over-dampedcase, }>� o ; and
(c) the under-dampedcase, }>� o . All of them are consideredbelow. These
casesaredistinguishedby the natureof the systemeigenvalues.In case(a) the
eigenvaluesare multiple and real, in (b) they are real and distinct, and in case
(c) the eigenvaluesare complexconjugate.

(a) Critically Damped Case

For } v~o , we get from (6.6) a double pole at � w y . The corresponding
output is obtainedfrom

r�s q0u
v w xyq s q z w y u x v oq � oq z w y � w ys q z w y u x
which after taking the Laplaceinverseproduces

� s�� u
v[o:�����l�@����� w y � �0���g��� (6.8)

The shapeof this responseis given in Figure 6.3a, where the location of the
systempoles

s��V� v�� ����� x v�� x u is also presented.

(b) Over-Damped Case

For the over-dampedcase,we havetwo real andasymptoticallystablepoles
at � } w y�� wd� . The correspondingclosed-loopresponseis easilyobtainedfrom

r�s q0u
v oq z � �q z>} w y z wd� z � xq z>} w y � w,�
as � s�� u
v[o z � � �0�������g���l�@�/��� z � x ���`�����g��� �@����� (6.9)
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It is representedin Figure 6.3b.

0 2 4 6 8 10 12 14 16
0

0.5

1

1.5

(c)

(a)

(b)

−2 −1 0
−1

−0.5

0

0.5

1

(a)

 

p1=p2

−4 −2 0
−1

−0.5

0

0.5

1

(b)
 

p1 p2

−2 0 2
−2

−1

0

1

2

(c)

 

p1

p2

Figure 6.3: Responses of second-order systems and locations of system poles

(c) Under-Damped Case

This caseis the most interestingand importantone. The systemhasa pair
of complexconjugatepolesso that in the ¡ -domainwe have¢t£ ¡@¤,¥.¦g§¡©¨ ¦gª¡ ¨|«�¬,­®¨^¯*¬d° ¨ ¦l±ª¡ ¨>«�¬S­³²�¯*¬,° (6.10)

Applying the Laplacetransformit is easyto show (seeProblem6.1) that the
systemoutput in the time domain is given by

´ £�µ ¤
¥©¶ ¨ ·@¸V¹�ºg»�¼½ ¶ ²�« ª ¾�¿�À^Á�Â ¬ ­ ½ ¶ ²�« ªÄÃ µ ²�Å Æ (6.11)

where from Figure 6.2 we have

Ç�Èg¾ Å ¥ ²É« Ê ¾�¿iÀ Å ¥ ½ ¶ ²�« ª Ê Ë�Ì À Å ¥ ½ ¶ ²Í« ª²Î« (6.12)

The responseof this systemis presentedin Figure 6.3c.
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The under-dampedcaseis the mostcommonin control systemapplications.
A magnifiedfigure of the systemstep responsefor the under-dampedcaseis
presentedin Figure 6.4. It will be usedin the next sectionin order to define
the transientresponseparameters.Theseparametersare important for control
systemanalysisand design.
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Figure 6.4: Response of an under-damped second-order system

6.2 Transient Response Parameters

The most important transientresponseparametersare denotedin Figure 6.4.
Theseparametersare: responseovershoot,settlingtime,peaktime, andrisetime.

The responseovershootcan be obtainedby finding the maximum of the
function Ò	Ó�ÔÄÕ , as given by (6.11), with respectto time. This leadstoÖ Ò	Ó�Ô�ÕÖ Ô ×©Ø Ù0ÚÜÛÝ Þ Ø Ù@ß

à�áVâ�ãgä�å@æ�çiè Ó Úêé Ô ØÍë Õ�ì Ú,éÝ Þ Ø Ù*ß
à�áVâ�ãgä�å@íÄîïæ Ó Údé Ô Ø�ë Õ ×ñð

or

Ù�ÚSÛ æ/ç�è Ó Ú,é Ô Ø�ë Õ Ø Údé íÄîgæ Ó Ú,é Ô Ø�ë Õ ×òð
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which by using relations(6.12) and Figure 6.2 impliesó�ô�õ÷öêøÄù7úòû (6.13)

It is left asan exerciseto studentsto derive(6.13) (seeProblem6.2). From this
equationwe have ö ø ùLúñü�ýSþ üêúòû þ�ÿ*þ��	þ������ (6.14)

The peak time is obtainedfor ü2ú9ÿ , i.e. asù�� ú ýödø ú ýö��
	 ÿ���
�� (6.15)

and times for other minima and maximaare given byù�����ú ü�ýö ø ú ü�ýö���	 ÿ���
�� þ ü ú�� þ�� þ��lþ������ (6.16)

Since the steadystatevalue of ��� ù�� is �! " #� ù$� ú ÿ , it follows that the response
overshoot is given by%'& ú �(� ù)����� �! " #� ù$�
ú[ÿ+*-,!.0/�132�465+�>ÿ®ú7,!.0/�1328495Aú�, . :�;< =6> :"? (6.17)

Overshootis very oftenexpressedin percent,so thatwe candefinethemaximum
percent overshoot as@BA %C& ú %'& �ED �
ú�, . :�;< =9> : ?�F ÿ û@û ��D � (6.18)

From Figure6.4, the expressionfor the response5 percentsettling time can
be obtainedas �(� ù  �dú ÿ+* , .0/�1 2 4HG	 ÿ��I
�� ú[ÿ�� û�J (6.19)

which for the standardvaluesof 
 leadstoù  úK� ÿ
�öL�NM õPO û(� û�J 	 ÿ���
��8QSR �
�öL� (6.20)

Note that in practice û��TJIUV
IUNû��TW .
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The responserise time is defined as the time required for the unit step
responseto changefrom 0.1 to 0.9 of its steadystate value. The rise time
is inverselyproportionalto the systembandwidth,i.e. the wider bandwidth,the
smallertherisetime. However,designingsystemswith wide bandwidthis costly,
which indicatesthat systemswith very fast responseareexpensiveto design.

Example 6.1: Considerthe following second-ordersystemXPY"Z�[\]YEZ^[N_ `Z!acb�d�Z�b `
Using (6.4) and (6.5) we gete af _ `Cg e f _ dLhji�kmlon�pIdoq e f _ d g q _sr3tTuewv _ e fyx z�{ q a _}| ~ hji�kml!n
The peak time is obtainedfrom (6.15) as��� _ �e v _ �| ~ _ z t � d�n
and the settling time, from (6.20), is found to be�E��� ~q e f _�~ n
The maximumpercentovershootis equal to�K���C� _���� ���� �6� �"� z r�r YE��[ _ z�� t�~ �
The step response of this system obtained by the MATLAB function
[y,x]=step(num,den,t) with t=0:0.1:5 is presented in Figure
6.5. It can be seenthat the analytically obtainedresultsagreewith the results
presentedin Figure6.5. From Figure6.5 we areable to estimatethe rise time,
which in this caseis approximatelyequalto

���C� r�tT� n .
Note that the responserise time can be very preciselydeterminedby using

MATLAB (seeProblem6.15). Also, MATLAB can be usedto find accurately
the transientresponsesettling time (seeProblem6.14). �
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Figure 6.5: System step response for Example 6.1

6.3 Transient Response of High-Order Systems

In the previoussectionwe have beenable to preciselydefine and determine
parametersthatcharacterizethesystemtransientresponse.Thishasbeenpossible
due to the fact that the systemunderconsiderationhasbeenof order two only.
For higher-ordersystems,analyticalexpressionsfor the systemresponsearenot
generallyavailable. However,in somecasesof high-ordersystemsone is able
to determineapproximatelythe transientresponseparameters.

A particularlyimportantis thecasein which anasymptoticallystablesystem
hasa pair of complexconjugatepoles(eigenvalues)muchcloserto theimaginary
axis than the remainingpoles. This situationis representedin Figure 6.6. The
systempolesfar to theleft of theimaginaryaxishavelargenegativerealpartsso
that theydecayvery quickly to zero(asa matterof fact, theydecayexponentially
with ���!��� , where ��� arenegativerealpartsof thecorrespondingpoles).Thus,the
systemresponseis dominatedby the pair of complexconjugatepolesclosestto
the imaginaryaxis sincethey decayslowest,as they haverelatively small real
parts. Hence,thesepolesare called the dominant system poles.
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Figure 6.6: Complex conjugate dominant system poles

This analysiscan be also justified by using the closed-loopsystemtransfer
function. Consider,for example,a systemdescribedby its transferfunction as£B¤E¥^¦�§©¨ ¤"¥^¦ª]¤E¥^¦ § «­¬�®!¯�¯ ¤�¥+° « ¦¤E¥�°�±3¦$¤E¥+° «­¯ ¦�¤�¥�° ®�¯ ¦$¤"¥�°³² ¯ ¦
Sincethepolesat –60and–70arefar to the left, their contributionto thesystem
responseis negligible(they decayvery quickly to zeroas ´!µ�¶�·$¸ and ´^µº¹�·�¸ ). The
transferfunction can be formally simplified as follows£»¤E¥^¦�§ «�¬�®�¯�¯ ¤"¥¼° « ¦¤E¥�°½±3¦$¤"¥�° «­¯ ¦ ®�¯�¾À¿¶$· ° «�Á ² ¯Â¾w¿¹�· ° «­ÁÃ ±3¤�¥+° « ¦¤"¥�°�±3¦�¤�¥+° «�¯ ¦ §7£IÄ�¤"¥^¦ (6.21)

Example 6.2: In this example we use MATLAB to comparethe step
responsesof the original and reduced-ordersystemswhose transfer functions
aregiven in (6.21). The resultsobtainedfor Å ¤"Æ$¦ and Å Ä ¤�Æ�¦ aregiven in Figure
6.7. It can be seenfrom this figure that step responsesfor the original and
reduced-order(approximate)systemsalmostoverlap.
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Figure 6.7: System step responses for the original
(1) and reduced-order approximate (2) systems

The correspondingresponsesare obtainedby the following sequenceof
MATLAB functions

z=-1;
p=[-3 —10 —60 —70];
k=12600;
[num,den]=zp2tf(z,p,k);
t=0:0.05:5;
[y,x]=step(num,den,t);
zr=-1;
pr=[-3 —10];
kr=3;
[numr,denr]=zp2tf(zr,pr,kr);
[yr,xr]=step(numr,denr,t);
plot(t,y,t,yr,’- —’);
xlabel(’time t [sec]’);
ylabel(’(1):y(t), (2):yr(t)’);
grid;
text(0.71,0.16,’(1)’);
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text(0.41,0.13,’(2)’); Ç
Similarly onecan neglectthe complexconjugatenon-dominantpoles,as is

demonstratedin the next example.

Example 6.3: Considerthe following transferfunctioncontainingtwo pairs
of complex conjugatepolesÈÊÉ"Ë�ÌÀÍ Î�Ï É"Ë�Ð Î ÌÉEË�Ð³Ñ�ÒÔÓmÌ�É�Ë�Ð³Ñ+ÐÕÓ(Ì�É�Ë+Ð�Ñ Ï ÒÖÓyÑ Ï Ì�É�Ë�Ð³Ñ Ï ÐÕÓyÑ Ï Ì
andthe correspondingapproximatereduced-ordertransferfunction obtainedbyÈ»ÉEË^Ì�Í Î�Ï É"Ë�Ð Î ÌÉ"Ë!×cÐ Î Ë�Ð Î Ì$ÉEË­×�Ð Î�Ï Ë+Ð Î�Ï�Ï ÌÍ Î�Ï ÉEË+Ð Î ÌÉ�Ë × Ð Î Ë+Ð Î Ì Î�Ï�Ï�Ø�Ù�Ú×�Û�Û Ð ×�Û Ù×�Û�Û Ð�Ñ�ÜÞÝ ÉEË�Ð Î ÌÑ Ï É"Ë�×cÐ Î Ë�Ð Î Ì Í}Èàß­ÉEË^Ì
The step responsesof the original and approximatereduced-ordersystemsare
presentedin Figure 6.8.
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Figure 6.8: System step responses for the original (1) and
approximate (2) systems with complex conjugate poles
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It can be seenfrom this figure that a very good approximationfor the step
responseis obtainedby using the approximatereduced-ordermodel. á

However, the abovetechniqueis rathersuperficial. In addition, for multi-
input multi-outputsystemsthisprocedurebecomescomputationallycumbersome.
In that casewe needa moresystematicmethod. In the control literatureone is
ableto find severaltechniquesusedfor thesystemorderreduction.Oneof them,
the method of singular perturbations (Kokotović and Khalil, 1986; Kokotović
et al., 1986), is presentedbelow. The method systematicallygeneralizesthe
previouslyexplainedidea of dominantpoles.

The eigenvaluesof certainsystems(having large andsmall time constants,
or slow and fast systemmodes)are clusteredin two or severalgroups (see
Figure6.9). According to the theory of singularperturbations,if it is possible
to find an isolatedgroup of poles (eigenvalues)closestto the imaginary axis,
then the systemresponsewill be predominantlydeterminedby that group of
eigenvalues.

Im{ s}

Re{ s}
0

fast modes dominant
slow modes

Figure 6.9: System eigenvalues clustered in two disjoint groups

The statespaceform of suchsystemsis given byâ3ãäLåãäLæ�çÖè âLé å é æå ê éPë å ê éPì ç â ä�åäLæ�çCí âLî åå ê î æ(çºïð èòñ å$ä�å í³ñ æ ä æ (6.22)
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where ó is a small positiveparameter.It indicatesthat the time derivativesfor
statevariables ô�õ are large, so that variables ô�õ changequickly, in contrastto
variablesô�ö , which areslow. If the statevariablesô õ areasymptoticallystable,
thenthey decayvery quickly, so thatafter the fast dynamicsdisappear÷�øô õ�ù�ú3û ,
we get an approximationfor the fast subsystemasú'ù�üPý ôLö�þ�ÿ�ÿ�� ü�� ô õ þ�ÿ$ÿ���� õ�� (6.23)

From this equationwe are able to find ô õ þ�ÿ�ÿ (assumingthat the matrix ü	�
in nonsingular,which is the standardassumptionin the theory of singular
perturbations;Kokotović et al., 1986) asô õ þ�ÿ$ÿ ù�
 ü
� ö� ÷ üPý ô�ö�þ�ÿ�ÿ���� õ��Lû (6.24)

Substitutingthis approximationin (6.22), we get an approximatereduced-order
slow subsystemas øô ö�þ�ÿ$ÿ ù�ü
� ô ö�þ�ÿ�ÿ ��� ���� þ�ÿ�ÿ ù�� � ô ö$þ�ÿ�ÿ ��� � �

ü � ù�ü ö 
àüÖõ�ü�� ö� üPý�� � � ù �'ö 
IüÖõjü�� ö� � õ� � ù�� ö 
��Cõ�ü � ö� ü ý�� � � ù�
�� õ�ü � ö� � õ
(6.25)

From the theory of singular perturbationsit is known that ôLö�÷�� û is close toô ö$þ�ÿ�ÿ ÷�� û for every ��� ��! , and � þ�ÿ�ÿ ÷�� û is a good approximationfor � ÷�� û for���"� ö�# � ! , where ���"� ö indicatesthe fact that this approximationbecomes
valid shortly after the fast transientdisappears(Kokotović et al., 1986).

Example 6.4: Considera mathematicalmodelof a singularlyperturbedfluid
catalytic crackerconsideredin Arkun and Ramakrishnan(1983). The problem
matricesare given by

ü ù
$%%%%&

('�)+*,'-' 
 ú+*/.-0 1324*51 ú úú6*Tú6' 
7'�)+*50-0 ú ú '�1+*/8+2'�9+*,'-' ú 
:9-.+*5) 
('�)+*5932 23'-*;2�<
:9=.+*>.=) ú ú 
('­ú323*>1 1-.=1+*?'='16*>1@2 )=0+*,' ú 1+*5132�. 
('­ú-16*>0-0

A>BBBBC



TRANSIENT AND STEADY STATE RESPONSES 275D7EGFIH3J-JLK?J�M N�O+K>P6J N:M+J-K Q6J NSR=O+K>P P-Q6K?JN7J�M+K5P O+K5O-P T T TVUWXF H�T T T T JT J T T TYU
The eigenvaluesof this systemareZ\[^]�_ F�` N:M6K a-R+b�N:c3K;cLa+b�Ndcfe\K>O=M+b�NSa=MLK>a=P+bgN7J�M=Q+K5T-a�h
which indicatesthat the systemhastwo slow (–2.85 and –7.78) and threefast
modes. The small parameteri representsthe separationof systemeigenvalues
into two disjoint groups. It can be roughly estimatedas i�j c4Kkc�a-l=c�e\K>O-M j T+K,J
(the ratio of the smallestand largest eigenvaluesin the given slow and fast
subsets).We useMATLAB to partition matrices

] b D b W as follows

eps=0.1;
A1=A(1:2,1:2);
A2=A(1:2,3:5);
A3=A(3:5,1:2)*eps;
A4=A(3:5,3:5)*eps;
B1=B(1:2,1:2);
B2=B(3:5,1:2)*eps;
C1=C(1:2,1:2);
C2=C(1:2,3:5);

The slow subsystemmatrices,obtainedfrom (6.25), aregiven by]
m FIHnNoepK>Tqe4R=M J�M+K/e=e+c�eT+K,J�RLe3a N:a+K>M=T-O=RrU b D m FIHnJ�P+K>a=O-M6J N7J�M+K>PR+K5T-O-M=T O6K>O-PsUW m F H�T+K5T+J=J�P T+Kkc�Tqe4PT J U bIt m F H�T6K>P-Q=O TT TuU
Theeigenvaluesof theslowsubsystemmatrixare

Zv[�]
m�_ F�` NSO6K>P=MLe3R+bnN:a+K5P-Mqe4O=h .
This reflectsthe impactof the fast modeson the slow modesso that the original
slow eigenvalueslocatedat –2.85 and –7.78 are now changedto –3.6245and
–8.6243. In Figure 6.10 the outputsof the original (solid lines) and reduced
(dashedlines) systemsarepresentedin the time interval specifiedby MATLAB
ast=0:0.025:5. It canbeseenthat the outputresponsesof thesesystemsare
remarkablyclose to eachother. w
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Figure 6.10: Outputs of the original fifth-order system and reduced
second-order system obtained by the method of singular perturbations

Modelsof manyrealphysicallinearcontrol systemsthathavethesingularly
perturbedstructure,displaying slow and fast statevariables,can be found in
Gajić and Shen(1993).

A MATLAB laboratoryexperimentinvolving systemorder reductionand
comparisonof correspondingsystemtrajectoriesand outputsof a real physical
control systemby using the methodof singularperturbationsis formulatedin
Section 6.7.

6.4 Steady State Errors

The responseof an asymptoticallystablelinear systemis in the long run deter-
minedby its steadystatecomponent.During the initial time interval the transient
responsedecaysto zero,accordingto the asymptoticstability requirement(6.2),
so that in the remainingpart of the time interval the systemresponseis repre-
sentedby its steadystatecomponentonly. Control engineersare interestedin
havingsteadystateresponsesascloseaspossibleto the desiredonesso that we
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definethe so-calledsteadystateerrors,which representthe differencesat steady
stateof the actualand desiredsystemresponses(outputs).

Before we proceedto steadystateerror analysis,we introducea simplified
versionof the basiclinear control systemproblemdefinedin Section1.1.

Simplified Basic Linear Control Problem

As definedin Section1.1thebasiclinearcontrolproblemis still verydifficult
to solve. A simplified version of this problem can be formulatedas follows.
Apply to the systeminput a time function equal to the desiredsystemoutput.
This time function is known as the system’sreference input and is denotedbyx=y�z|{ . Note that x=y�z}{Y~���y�z}{ . Comparethe actualanddesiredoutputsby feeding
backthe actualoutputvariable. The difference� y�z|{���x=y�z|{�~��qy�z}{ representsthe
error signal. Use the error signal togetherwith simplecontrollers(if necessary)
to drive the systemunder considerationsuch that �Ly�z|{ is reducedas much as
possible,at leastat steadystate. If a simple controller is usedin the feedback
loop (Figure6.11)theerrorsignalhasto beslightly redefined,seeformula(6.26).

In the following we usethis simplified basiclinear controlproblemin order
to identify the structureof controllers(feedbackelements)that for certaintypes
of referenceinputs (desiredoutputs)producezerosteadystateerrors.

Considerthe simplestfeedbackconfigurationof a single-inputsingle-output
systemgiven in Figure 6.11.

G(s)
�
H(s)

U(s) = R(s) E(s)
�

+ -

Y(s)
Controller - Plant
�

Feedback Element

Figure 6.11: Feedback system and steady state errors

Let the input signal �d�^�q�������^�q� representthe Laplacetransformof the desired
output (in this feedbackconfigurationthe desiredoutput signal is usedas an
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input signal); then for ���^�L�:��� , we seethat in Figure 6.11 the quantity �����q�
representsthe differencebetweenthe desiredoutput ���^�q�Y���d�^�q� andthe actual
output ���^�q� . In orderto beableto reducethiserrorasmuchaspossible,we allow
dynamicelementsin the feedbackloop. Thus, ���^�q� asa function of � hasto be
chosensuchthat for the given type of referenceinput, the error,now defined by�����q�����7�n�L�¡ ¢�����L���£�^�q� (6.26)

is eliminatedor reducedto its minimal value at steadystate.

From the block diagramgiven in Figure 6.11 we have�����q�¤�����^�q�u ������q�^¥¦�^�q�^�����q�
so that the expressionfor the error is given by�����q��� ���^�q��¨§������q�^¥¦�^�q� (6.27)

Thesteadystateerrorcomponentcanbeobtainedby usingthefinal valuetheorem
of the Laplacetransformas©�ª�ª �¬«?­?®¯±°d² © ��³|���´«?­±®ª °dµv¶ ���£���L�¸·7��«?­¹®ª °:µ»º �����^�q��¨§������L�n¥¼�n�L�6½ (6.28)

This expressionwill be usedin order to determinethe natureof the feedback
element �����L� such that the steadystateerror is reducedto zero for different
typesof desiredoutputs.We will particularlyconsiderstep,ramp,andparabolic
functionsas desiredsystemoutputs.

Beforewe proceedto theactualsteadystateerroranalysis,we introduceone
additional definition.

Definition 6.1 The type of feedback control system is determinedby the
numberof polesof the open-loopfeedbacksystemtransferfunction locatedat
the origin, i.e. it is equal to ¾ , where ¾ is obtainedfrom¥¦�^�q�^�����q��� ¿ �n��§¢ÀLÁÂ�vÃ�Ã�Ã}���o§�ÀÂÄ���gÅ��^�Æ§�Ç Á �n�n��§ÈÇpÉ��pÃ�Ã�Ã}�^�o§ÈÇ+Ê3Ë Å � (6.29)

Now we considerthesteadystateerrorsfor differentdesiredoutputs,namely
unit step,unit ramp, and unit parabolicoutputs.
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Unit Step Function as Desired Output

Assumingthatour goal is that thesystemoutputfollows ascloseaspossible
the unit stepfunction, i.e. ÌdÍ^Î=Ï¨Ð�Ñ7ÍnÎLÏ�ÐÓÒ�ÔLÎ , we get from (6.28)Õ�Ö�Ö ÐØ×;Ù±ÚÖ�Û:ÜÞÝ ÎÒÆß¢à�ÍnÎLÏ^á¦Í^ÎqÏ ÒÎ�â Ð ÒÒÆßã×,Ù±ÚÖ�Û:Üuä à�Í�ÎLÏná¦Í^ÎqÏnå Ð ÒÒ¨ß¢æ¦ç (6.30)

where æ¦ç is known as the position constant and from (6.30) is given byæ¦ç(Ð�×,Ù±ÚÖ�Û:Ü ä à�Í^ÎqÏ^á¦Í^ÎqÏ|å (6.31)

It can be seenfrom (6.30) that the steadystateerror for the unit stepreference
is reducedto zero for æ¦ç£ÐXè . Examiningclosely (6.31), taking into account
(6.29), we seethat this condition is satisfiedfor é�ê�Ò .

Thus,we can concludethat the feedbacktype systemof order at leastone
allows the systemoutputat steadystateto track the unit stepfunction perfectly.

Unit Ramp Function as Desired Output

In this casethe steadystateerror is obtainedasÕ Ö�Ö Ð´×?Ù±ÚÖ�Û:Ü ä Î�ë�Í�ÎqÏ�åìÐ�×?Ù¹ÚÖ�Û:Ü Ý ÎÒ¨ß�à�Í�ÎLÏ|á¦Í�ÎLÏ ÒÎ�íîâ Ð Ò×?Ù¹ÚÖ�Û:Üuä Î�à�Í^ÎqÏ^á¦ÍnÎLÏ}å Ð Òæ�ï
(6.32)

where æ�ïdÐ�×?Ù¹ÚÖ�Û:Ü ä Î�à�Í^ÎqÏ^á¦ÍnÎLÏ}å (6.33)

is known as the velocity constant. It can be easily concludedfrom (6.29) and
(6.33)that æ�ïSÐØè , i.e. Õ�Ö�Ö Ð�ð for é£êãñ . Thus,systemshavingtwo andmore
pure integrators( ÒLÔLÎ terms)in the feedbackloop will be able to perfectly track
the unit ramp function as a desiredsystemoutput.

Unit Parabolic Function as Desired Output

For a unit parabolicfunction we have Ñ7Í�ÎqÏ�Ðòñ@Ô�ÎÂó so that from (6.28)Õ Ö�Ö Ð�×,Ù±ÚÖ�Û:Ü Ý ÎÒ¨ß�à�Í�ÎqÏ^á¦Í^ÎqÏ ñÎ ó â Ð ñ×,Ù±ÚÖ�Û:Ü ä Î�íÂà�Í�ÎqÏ^á¦ÍnÎLÏ}å Ð ñæ£ô (6.34)

wherethe so-calledacceleration constant, æõô , is definedbyæõôdÐ´×?Ù±ÚÖ�Û:Ü�ö Î í à�Í�ÎqÏ^á¦ÍnÎLÏø÷ (6.35)
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From (6.29) and(6.35),we concludethat ù�ú7û�ü for ý
þ�ÿ , i.e. the feedback
loop musthavethreepureintegratorsin orderto reducethecorrespondingsteady
stateerror to zero.

Example 6.5: The steadystateerrorsfor a systemthat hasthe open-loop
transfer function as � ������������� û 	�
 ������
��������� 	 �����������
are ù��dû�ü � �����¨û 
 ������� �!�ù#"dû 	 � � ��� û 
�$ �%�'&)(�*#�+�ùõú:û 
 � �����oû�ü ���,(�&)(.-+/�02143.�
Sincetheopen-looptransferfunctionof this systemhasoneintegratortheoutput
of the closed-loopsystemcan perfectly track only the unit step. 5

Example 6.6: Considerthe second-ordersystemwhoseopen-looptransfer
function is given by � ������������� û ����� ÿ ����6�7
������8� 	 �
The position constantfor this systemis ù � û 
 $ �

so that the corresponding
steadystateerror is �9�'��û 

:� ù � û 

8�7
 $ � û 
;$=<
The unit stepresponseof this systemis presentedin Figure6.12, from which it
canbe clearly seenthat the steadystateoutput is equalto


;$=>
; hencethe steady

stateerror is equal to

@? 
;$A> û 
;$B<

. 5
Note that the transientanalysisand the study of steadystateerrorscan be

performedfor discrete-timelinear systemsin exactly the sameway aswasused
for continuous-timesystems. The steadystateerrors for discrete-timesystems
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areobtainedby using the final valuetheoremof the C -transformandfollowing
the sameprocedureas in Section6.4.
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Figure 6.12: System step response for Example 6.6

6.5 Response of High-Order Systems by MATLAB
For high-ordersystems,analyticalexpressionsfor systemstepresponsesarequite
complex. However,we are still able to determineapproximatelythe response
parametersin many cases. In this section,we plot the unit stepresponseof a
high-ordercontrolsystemby usingMATLAB anddetermineapproximatelyfrom
the graphobtainedsomeof transientresponseparametersandthe corresponding
steadystateerror.

Considerthe mathematicalmodel of a synchronousmachineconnectedto
an infinite bus. The matrix D of this seventh-ordersystemis given in Problem
3.28. The remainingmatricesare chosenasEGFIH=J J J J J J KLJNM2OPQFQHSR R R R R R R!MUT VWF7J
For a systemrepresentedin the statespaceform, the stepresponseis obtained
by using the MATLAB function [y,x]=step(A,B,C,D,1,t), where 1
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indicatesthat the stepsignalis appliedto the first systeminput andt represents
time. The stepresponseof this systemis given in Figures6.13 and6.14.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
0

0.2

0.4

0.6

0.8

1

1.2

1.4

time t [sec]

y(
t)

Figure 6.13: Step response of a synchronous machine for X8Y[Z \L]�^`_
Figure6.13is obtainedfor theinitial time intervalof a�bdc=e;f)g�h . It showstheactual
responseshape,but it is hard to draw conclusionsaboutthe transientresponse
parametersfrom this figure. However, if we plot the systemstepresponsefor
time interval aibQcjekf�l�e�h , then a responseshapevery similar to that in Figure
6.4 is obtained. It is pretty straightforwardto read from Figure 6.14 that the
peaktime is a�monIgqp , the overshotis approximatelyequalto e;rBl , the rise time
is a�stnQuvp , and the settling time is roughly equalto w9uvp . By using MATLAB,
it is obtainedthat xLy�y{z|w}rjeLu}u.~ so that the steadystateerror is �9y'ytz�e;rAeLuLu}~ .
This canbe obtainedeitherby finding x;�'a�� for some a long enoughor by using
the final value theoremof the Laplacetransformasx y'y8���2���y����+�.��� � � ��� ���2���y����!���9� � � ���{� � ��� �������y'��� � ��� � � � w��� � � ��e�� (6.36)

where � � � � is the systemclosed-looptransferfunction, which can be obtained
by using MATLAB as [num,den]=ss2tf(A,B,C,D,1). Then, for this
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particularexampleof orderseven,we haveyss=num(1,8)/den(1,8). Note
that num(1,8)=5048.8 andden(1,8)=4937.2.
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Figure 6.14: Step response of a synchronous machine for �8�[� �}�U�.�`�
6.6 Control System Performance Specifications

Control systemsshould satisfy certain specificationssuch that systemsunder
considerationhave the desiredbehaviorfor both transientand steadystatere-
sponses.If the desiredspecificationsarenot met, controllersshouldbe designed
and placedeither in the forward pathor in the feedbackloop suchthat the de-
siredspecificationsareobtained.The desiredspecificationsincludethe required
values(or upperand/orlower limits) of alreadydefinedquantitiessuchasphase
and gain margins, settling time, rise time, peak time, maximum percentover-
shoot, and steadystateerrors. Additional specifications can be definedin the
frequencydomainlike control systemfrequencybandwidth,resonantfrequency,
and resonancepeak,which will be presentedin Chapter9.

Of course,it is impossibleto meetall the specificationsmentionedabove.
Sometimessomerequirementsare contradictoryand sometimessomeof them
arenot affordable. Thus,control engineershaveto compromisewhile trying to
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satisfy all of imposedcontrol systemrequirements.Fortunately,we are able to
identify the most importantones.First of all, systems must be stable; hencethe
main goal of controllerdesignis to stabilizethe systemunderconsideration,in
otherwords,the systemphaseandgain stability marginsshouldbehandledwith
increasedcare.Secondly,systems should have limited overshoot and settling time
and the steady state errors should be kept within admissible bounds. In the most
of casesonly thesespecificationswill be taken into accountwhile designing
controllersin Chapters8 and 9.

In additionto the abovespecificationscontrol systemsshouldbe insensitive
to variation of systemparametersand components. Linear models are very
often obtainedby performing linearizationof nonlinearmodels,i.e. the linear
models are in many casesjust approximationsof nonlinearsystemsat given
operatingpoints. That is why it is requiredthat controllersusedfor control of
suchsystemsbe robust, i.e. they shouldproducesatisfactoryresultsfor broad
families of linear systemsthat arecloseto linearizedsystemsat given operating
points. The importanceof control systemsensitivity to parameterchangeshas
beenrecognizedsincethe beginningof moderncontrol theory (Tomovíc, 1963;
Kokotović andRutman,1965;Tomovíc andVukobratovíc, 1972). Controlsystem
robustnesshasbeenthe trend of the eightiesandnineties(Morari andZafiriou,
1989; Chiangand Safonov,1992; Grimble, 1994; Greenand Limebeer,1995).
Studying thesecontrol systemspecifications(reducedsensitivity and increased
robustness)in detail is beyondthescopeof this book. Here,we just introducethe
basicsystemsensitivityresultanddefinethe control systemsensitivityfunction.

Considerthefeedbackcontrolsystemgivenin Figure6.11. Theplanttransfer
function �¡ �¢�£ is obtainedthroughmathematicalmodelingeither analytically or
experimentallyand is assumedto be known. However,due to plant parameter
changes,e.g. dueto componentsagingor parameteruncertainties,theactualplant
transferfunction is in fact �¥¤� �¢�£v¦7�� �¢�£k§d¨©�� �¢�£ , where ¨#�¡ �¢�£ representsthe
absoluteerror of the plant transferfunction, so that the correspondingrelative
error is ¨#�� �¢�£«ª��� �¢�£ .

The closed-looptransferfunction for the systemin Figure6.11 is given by¬  �¢�£v¦ �� �¢�£­ §��� �¢�£'®¯ �¢�£ (6.37)
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and the actualclosed-loopsystemtransferfunction is°²±�³�´�µv¶ · ±�³�´�µ¸:¹ · ±�³�´�µ'º¯³�´�µ (6.38)

The correspondingabsolutetransferfunction error is obtainedas» °¼³�´�µv¶7° ± ³�´�µ¾½¿°¼³�´�µÀ¶�°Q³�´�µÂÁ °²±}³�´�µ°Q³�´�µ ½ ¸ Ã¶7°¼³�´�µ ¸¸:¹ · ± ³�´�µ�ºÄ³�´�µ · ±�³�´�µÅ½ · ³�´�µ· ³�´�µ (6.39)

This leads to » °Q³�´�µ°Q³�´�µ ¶ ¸¸8¹ · ±�³�´�µ�ºd³�´�µ » · ³�´�µ· ³�´�µ ¶ÇÆ ± ³�´�µ » · ³�´�µ· ³�´�µ (6.40)

where Æ+±�³�´�µv¶ ¸¸8¹ · ± ³�´�µ�ºd³�´�µ (6.41)

representstheso-calledcontrolsystem sensitivity function. Notethat thesensitiv-
ity functiondependson the complexfrequencý . It follows from formula (6.40)
that the magnitudeof the sensitivityfunction shouldbe chosento be assmall as
possibleover the frequencyrangeof interest. Sincefrom (6.41) È Æ+±�³�´�µ ÈkÉ ¸

, it
follows that the closed-looprelativetransferfunction error is reducedcompared
to the open-looprelative plant transferfunction error. In conclusion, feedback
alone reduces system sensitivity to system parameter variations.

Finally, let us point out that feedbackalso decreasessystemsensitivity to
externaldisturbances.This problemhasbeenalreadytacitly studiedin Section
2.2—seethe block diagrampresentedin Figure 2.3 and formula (2.18).

6.7 MATLAB Laboratory Experiment

Part 1. Considera generalsecond-ordersystemgiven in (6.3). Choose
valuesfor parametersÊ and Ë suchthat all threecasesappear(over-damped,
under-damped,and critically damped). Using MATLAB, plot the unit step
responsesfor all cases. Find the transientresponseparametersfor the under-
dampedcase.
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Part 2. Considerthesecond-ordersystemasgivenby (6.3)with Ì�Í%Î . Take
severalvaluesfor the static gain Ï suchthat Î¡ÍÇÏoÐ¡Ñ�ÏÓÒ@Ñ�Ï©Ô©Ñ�Ï#Õ@ÍÇÖL×
and plot the correspondingunit step responses. Draw conclusionsabout the
impactof Ï on the maximumpercentovershootand the steadystateerrors.

Part 3. Use the methodof dominantcomplexconjugatepoles in order to
approximatethe stepresponsefor the secondoutput of the F-8 aircraft, given
in Section3.5.2, by an equivalentsecond-ordersystem. Hint: Find the fourth-
order transferfunction for the secondoutput and reduceit to the second-order
transferfunctionby following theprocedureof Example6.3. Note that thesame
reduction techniquehas to be applied to the transfer function zeros. In that
respecteliminatethe pair of complexconjugatezeros.

Part 4. UseMATLAB in orderto find approximatelythe transientresponse
parametersandthe steadystateerror for the synchronousmachineconsideredin
Section6.5, this time with the matrix Ø equal toØÙÍÇÚA× Î × Î Î Î Î+Û
Hint: Uset=0:0.5;30 while plotting the stepresponse.Find the exactvalue
for Ü�Ý�Ý by using formula (6.36).

Part 5.1 Use the methodof singular perturbationsin order to reducethe
fifth-order model of a voltage regulatorconsideredin Kokotović (1972) to an
equivalentsecond-orderslow model. The voltageregulatormatricesare given
by

Þ Í ßààààá â ×�ãjä ×kãjÖ × × ×× â ×;ãAÖ Î}ãjå × ×× × â Î)æçãjä�è è}Ö;ãjé�Î ×× × × â ä}Ö é.Ö× × × × â Î9×
êjëëëëì¥íïî Í ßààààá ××××ð ×

êjëëëëìØQÍIÚñÎ × × × ×òÛ í ó Í7×
Use MATLAB to partition this systemas a singularly perturbedsystemhaving
two slowandthreefastmodeswith A1=A(1:2,1:2) andsoon. Take ô:Í7×;ãA×LÖ .
Showthat the stepresponsesof the original andreduced-ordersystemsarevery
closeto eachother by plotting them on the samegraph.

1 This part is optional.
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6.9 Problems

6.1 Findexpressionsfor constantsõÂö and õÂ÷ in (6.10)andderiveformula(6.11).

6.2 Derive formula (6.13).
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6.3 Find the transientresponseparametersfor the following second-ordersys-
tems ø�ù�úüû ø�ý�úþ ø�ý�útÿ �ý�� ��� ý ���ø��+ú û ø�ý�úþ ø�ý�ú ÿ �ý	� �
� ý � �ø � ú û ø�ý�úþ ø�ý�ú ÿ �	�ý � �

 ý �
�

6.4 Considerthe second-ordersystemthat hasa zero in its transferfunction,
that is û ø�ý�úþ ø�ý�útÿ � ø�ý � � úý	� �
� ý ���
Use the Laplacetransformto obtain its stepresponse.Find the transient
responseparametersandthe steadystateerror for a unit step.Comparethe
stepresponsesof this systemand the systemconsideredin Problem6.3a.
Plot the correspondingresponsesby using MATLAB.

6.5 Determinethesteadystateerrorsfor unit step,unit ramp,andunit parabolic
inputsof a unity feedbackcontrol systemhavingtheplant transferfunction� ø�ý�ú ÿ � � ø�ý � � úý���ø�ý �
� ú�ø�ý � � ú�ø�ý � ��� ú

6.6 Comparethe steadystateerrors for unit feedbackcontrol systemsrepre-
sentedby ��� ø�ý�ú ÿ �	�ý�ø�ý �
� ú�� � � ø�ý�ú ÿ �ý���ø�ý � � ú�ø � ý � � ú
assumingthattheinputsignal(desiredoutput)is givenby

��� � � ��� � � � ��� � .

6.7 For a linear systemwith a unit feedbackrepresentedby� ø�ý�ú ÿ ���ø�ý � � ú�ø�ý � � ú
calculatesteadystateerrors,pick time, 5 percentsettling time, andmaxi-
mum percentovershoot.
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6.8 Find the valuesfor the staticgain � andthe time constant� suchthat the
second-ordersystemrepresentedby��� �"!$#%�&��!(' ��)� � �+*�,-!�. �/���)!('10
hasprespecifiedvaluesfor the maximumpercentovershootand the peak
time.

6.9 Solve Problem6.8 by requiring that the peak time and settling time be
prespecified.

6.10 Find the closed-loopsystemtransferfunction(s) for the F-8 aircraft from
Section3.5.2 by using MATLAB, and calculatethe steadystateerror(s)
due to a unit stepinput by using formula (6.36). Note that thereare two
outputsin this problem.

6.11 RepeatProblem6.10 for the ninth-ordermodel of a powersystemhaving
two inputsandfour outputs.This model is given in Section5.8, Part3.

6.12 RepeatProblem6.10 for the fifth-order distillation column consideredin
Problem5.19 with the following output matrices2 '43 0 5 5 55 0 5 576 .48 '43 5 55 576

6.13 Generalizethe order-reductionprocedureby the methodof singularpertur-
bations,presentedin Section6.3, to the casewhenthe outputequationhas
the matrix 8 different from zero.

6.14 Write a MATLAB programfor finding the transientresponsesettlingtime.
Hint: Seethe MATLAB programpresentedin Example8.8.

6.15 Write a MATLAB program for finding the transientresponserise time.
Hint: First solve Problem6.14.


