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Abstract

This paper offers a tractable model of competing intermediaries. We consider
two representative modes of intermediation: a middleman mode where an in-
termediary holds inventories which he stocks from sellers to resell to buyers; a
market-making mode where an intermediary offers a platform for buyers and
sellers to trade with each other. Under Bertrand competition between two inter-
mediaries where one can combine the two modes and the other is a pure market-
maker, we show that a marketmaking middleman, who adopts the mixture of these

two intermediation modes, can emerge in equilibria.
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1 Introduction

This paper develops a theory of competing intermediaries who can adopt hybrid business
modes. We consider two representative business modes of intermediation. In one mode, an
intermediary acts as a middleman, who holds inventory and resells to buyers, e.g., supermar-
kets. In the other mode, an intermediary acts as a marketmaker, who offers a platform for fees,
where the participating buyers and sellers can search and trade with each other, e.g., auction

sites and many real estate agencies.

In most real-life markets intermediaries are not one of those extremes but operate both
as a middleman and a market-maker at the same time. This is what we call a market-making
middleman. One well-known example is the electronic intermediary Amazon, who started as
a pure middleman, buying and reselling products in its name. After facing the competition
from eBay, Amazon moved toward a market-maker mode by allowing third-party sellers to
join its marketplace. Today, the market-maker sector has accounted for around half of the
gross merchandise volume of Amazon. A similar pattern has been observed in financial
markets. For example, the New York Stock Exchange (NYSE) adopted an expanded plat-
form “NYSE Arca” after a serious market share drop around 2008. In housing markets, the
Trump Organization established a luxury residential real estate brokerage firm, competing
with thousands of housing brokers in New York City. Recently, Ikea is exploring some online
sales website that combines a middleman mode (Ikea products) and a market-maker mode

(rival products), with Alibaba and Amazon in mind.!

A common feature of these marketmaking middlemen is the presence of competing in-
termediaries. Amazon’s marketplace is, at least partially, due to the competition with eBay.?
NYSE'’s platform sector is clearly driven by the decentralized equity trading — the order-flow
in NYSE-listed stocks today is divided among many trading venues, 11 exchanges, more than
40 alternative trading systems and more than 250 broker-dealers in the U.S. (Tuttle, 2014). In
short, the hybrid intermediation mode seems to be a way to keep ahead of competing inter-

mediaries.

15ee a report of Financial Times https://on.ft.com/2StN4GU (visited on Feb 25th, 2019).
2See details in the book of The Everything Store: Jeff Bezos and the Age of Amazon by Stone (2013).



In the precursor to the current paper (Gautier et al., 2018), we have shown that in the
presence of outside markets, a marketmaking middlemen mode can be profit-maximizing for
a monopolistic intermediary. This is because a middleman with its large inventory holdings
can reduce the out-of-stock risk, while a marketmaker with its enrolled third-party sellers
can reduce the outside option value of buyers and lower the outside competition pressure.
It is not clear, though, whether this intuition holds when the outside market is not passive
but is operated by another strategic player. The current paper fills this gap by explaining the

emergence of marketmaking middlemen in a duopoly.

In our model, there is a finite mass of buyers and sellers who can only meet by using
intermediary. There are two intermediaries open to agents, call them an incumbent and an
entrant. We assume the entrant is restricted to be a pure market-maker, while the incumbent
can combine two business modes: as a middleman, he is prepared to serve many buyers at a
time by holding inventories; as a marketmaker, he offers a platform and charges transaction
fees. Both intermediaries rely on a transaction fee paid ex-post when a transaction takes place
between two matched parties. Besides, the incumbent has an additional pricing instrument,
the price of its inventory which affects the allocation of the attending buyers among his two

business modes.

We formulate the incumbent market as a directed search market to feature the intermedi-
ary’s technology of spreading price and capacity information efficiently. For example, one can
receive instantly all relevant information such as prices, the terms of trade and stocks of in-
dividual sellers using the search function in web-based platforms. In this setting, each seller
is subject to an inventory capacity of discrete units (normalized to one unit in the model),
whereas the middleman has continuous access to production.” Naturally, the middleman is
more efficient in matching demands with supplies in a directed search equilibrium.

With this setup, we investigate a Bertrand duopoly competition game. A key difference
between the two intermediaries is that agents hold an optimistic (pessimistic) belief towards

the incumbent (entrant). That is, agents are willing to visit and trade at the incumbent when-

30r equivalently, the middleman is subject to an inventory capacity of a mass K, and assuming a low inven-
tory cost, then the optimal K is chosen to satisfy all demands. Essentially, the out-of-stock risk is zero at the
middleman, as is shown in Gautier et al. (2018).



ever possible. This assumption on pessimistic beliefs about the participation decisions of
agents on the other side of the market is consistent with Caillaud and Jullien (2003). It is in
this sense that the incumbent is more established. Based on the pessimistic beliefs about the
entrant, we analyze the existence and sustainability of the market structure in two situations,

single-market search versus multiple-market search.

Under single-market search, agents have to choose which intermediary to visit in ad-
vance. Under the pessimistic beliefs against the entrant and the two-sidedness of a platform,
it is a classical result that in the equilibrium all agents only visit and trade at the incumbent.
That is, market monopolization is the only equilibrium. Given that the middleman mode is
more efficient in realizing transactions, the incumbent uses the middleman-mode exclusively

when agents search in a single market. This conclusion is the same as Gautier et al. (2018).

In multi-market search, we allow for the possibility that agents search sequentially. As
in Gautier et al. (2018), we assume the incumbent intermediary opens prior to the entrant.
Accordingly, a pessimistic expectation against the entrant means that agents are willing to first
visit and trade at the incumbent whenever possible. This changes the nature of competitive
strategies — the prices/fees charged by the incumbent must be acceptable relative to the
available option at the entrant; otherwise, buyers and sellers can easily switch to the entrant.
Thus, under multiple-market search, the entrant represents an outside trading option for

agents.

Consistent with Gautier et al. (2018), the incumbent faces a trade-off between trading
quantity and marginal trading profit. On the one hand, a larger middleman sector leads to
more transactions and consequently to larger profits. On the other hand, sellers are less likely
to trade on a smaller-scaled platform, so more sellers are available when a buyer attempts
search at the entrant market, a downward restriction on the price/fees that the incumbent
can charge. This trade-off determines the middleman scale and eventually the intermediation
mode of the incumbent. Beyond the results in Gautier et al. (2018), we further show that a
pure middleman incumbent is profitable only when the entrant charges a fee at the monopoly

level so that a buyer’s expected value at the entrant is zero.

An important difference between Gautier et al. (2018) and this paper is that the entrant
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intermediary in our framework also faces strategic choices.* He can either act as a “second
source”, set a relatively high fee, wait for the leftover agents who are not matched at the
incumbent market, or undercut the incumbent fiercely with a transaction fee low enough in
order to break the pessimistic beliefs. In the latter case, the entrant, despite the pessimistic
beliefs, becomes the sole active source. Therefore, how costly the undercutting determines

how profitable a sole source can be. And this, in turn, gives different equilibria.

We first show that a marketmaking middleman incumbent emerges in the equilibria of
multi-market search. A pure middleman incumbent can not show up in an equilibrium of
pure strategies because the entrant has an incentive to undercut the incumbent, leading to a
positive buyer’s value at the entrant intermediary. According to the best response of the in-
cumbent, it is profitable for the incumbent to activate its platform trading whenever a buyer’s
outside value at the entrant is positive. On the other hand, a pure market-making incumbent
is also not possible in a pure strategy equilibrium. This follows the logic of Varian (1980). The
entrant has an incentive to undercut the incumbent for a discrete jump in total transactions,
as long as transaction fee is positive. And at the fee level of zero, the entrant would rather

increase the fee to the highest level, extract full surplus and work as a second source.

Our main result is that there exists a pure strategy equilibrium when undercutting the
incumbent is costly. In the equilibrium, the incumbent works as a market-making middleman
and is the first source to implement transactions, and the entrant is a second source. Both
make positive profits. Moreover, we further extend the insights of Gautier et al. (2018): As
the buyers’ outside value becomes larger, the incumbent operates a smaller middleman sector
and a larger platform sector in the equilibrium. Finally, when undercutting the incumbent is
more profitable, we show there exists a mixed strategy equilibrium where the market-maker

sector is activated with positive probability.

Literature Review This paper extends Gautier et al. (2018) to the case of competing interme-
diaries. The incumbent (entrant) here corresponds to the centralized market (decentralized

market). So the best response analysis of the incumbent in our model corresponds to the

4In the model of Gautier et al. (2018), the decentralized market, a counterpart of the entrant intermediary here,
is passive.



profit-maximizing intermediation mode analysis (Proposition 2) in that paper. We show the
main conclusion of Gautier et al. (2018) can be extended to the case of duopoly competition
despite the strategic behavior of the entrant. In particular, when undercutting the incumbent
is not profitable, there exists a pure strategy equilibrium that resembles the market structure

as is characterized by Gautier et al. (2018).

This paper is related to the middleman literature and the two-sided market literature, as
has been discussed extensively in Gautier et al. (2018). Our model is in particular, closely re-
lated to Caillaud and Jullien (2003) who examined a Bertrand competition game between two
intermediaries. They considered a rich set of contracting possibilities including the “divide-
and-conquer” strategy. Using pessimistic beliefs, they characterized various equilibria as-
suming both intermediaries are pure market-makers. Compared to them, we abstract from
the possibility of using negative participation fees for breaking the pessimistic beliefs and
focus on the endogenous intermediation structure out of the market competition. A “divide-
and-conquer” strategy would be useful for the entrant to break the disadvantageous beliefs.
It is not clear whether the “divide-and-conquer” strategy would reinforce or undermine our

results. We leave it for future research.

Our paper is also related to the vast literature of discontinuous games, see, for example,
Dasgupta and Maskin (1986b). In our model, an equilibrium of pure strategies exists simply
because cutting the transaction fee slightly is not enough to for the entrant to get a discrete
jump in demands. As the entrant’s fee decreases, a buyer finds it more appealing to visit the
incumbent platform, since even he is unmatched, the outside option value — to trade at the
entrant — is now higher. Consequently, more sellers are successfully matched at the incum-
bent platform, leaving fewer sellers available at the entrant. As a result, buyers” expected
value at the entrant does not increase with a decreasing transaction fee. This would be the
case as long as the incumbent is of a mixed mode. This barrier to an undercutting strategy
makes a pure strategy equilibrium possible. When indeed undercutting is more profitable
for the entrant, we make use of Proposition 5 in Dasgupta and Maskin (1986a) to show the

existence of a mixed strategy equilibrium.

The plan of the article is as follows. Section 2 introduces the model. In Section 3, we consider



the case of single-market search, which serves as a benchmark for our subsequent analysis.
Section 4 contains our main results about multi-market search. Finally, Section 5 concludes.
The more technical proofs are relegated to Appendix A. Appendix B contains our extension

to the case that the entrant intermediary is a pure middleman.

2 Setup

Agents We consider a large economy with two populations, a mass B of buyers and a mass
S of sellers. Agents of each type are homogeneous. Each buyer has unit demand for a homo-
geneous good, and each seller is able to sell one unit of that good. The consumption value
for the buyers is normalized to 1. Sellers can purchase the good from a wholesale market. We
assume the wholesale market is competitive, the demand of all suppliers is always satisfied

with a price equal to the marginal cost which is normalized to zero.

Intermediaries Buyers and sellers can only meet by using intermediaries. There are two
intermediaries in the economy, an incumbent I, and an entrant E. Both have some matching
technology to facilitate trading. The names “incumbent” and “entrant” are not related to
strategic entry deterrence. Instead, they reflect two advantages of I over E: First, the matching
technology of I is more advanced in the sense that pricing and capacity information can be
spread within the scope of I; Second, I faces favorable beliefs from agents. We will discuss

each feature in details, starting with the matching technology.

Trade at intermediary E Intermediary E is a pure marketmaker, or equivalently a platform,
and it makes profits by extracting a transaction fee denoted by f° € [0,1]. E owns an in-
ferior matching technology. It is “inferior” because E is not able to spread price and stock
information, and a buyer only receives such information after meeting a seller. We charac-
terize this matching technology by random matching and bilateral bargaining. In particular,
here we employ a simple linear matching function as follows. Suppose all buyers and sellers
participate in E, then a buyers finds a seller with probability A’ and a seller finds a buyer

with probability A%, satisfying BA? = SAS. If a subset of buyers BE < B and sellers SE < S



participate, then the meeting probabilities become A" = A? % and AY = )\SB;, respectively.’
Matched partners follow an efficient bargaining process, which yields a linear sharing of the
total surplus, with a share of § € [0, 1] for the buyer and a share of 1 —  for the seller. In this

paper, we focus on the case of = 1, i.e. the buyer gets the full trading surplus.

Trade at intermediary I Intermediary I can work as a marketmaking middleman. First, as
a marketmaker, I can extract transaction fees from platform trade. I’s platform has a more
advanced matching technology — the prices and capacities of all the individual suppliers are
publicly observable — and hence buyers can make use of this information to “direct” their
search. Still, given that individual buyers cannot coordinate their search activities, the limited
selling capacity of individual sellers creates a possibility that some units remain unsold while
at the same time some demands are not satisfied. In this sense, I is subject to coordination
frictions. Second, other than the platform, I can also work as a middleman — he purchases a
good from the wholesale market and resells it to buyers. Therefore, I can be both the manager
of the platform (called a marketmaker) and a middleman participant to the platform, so called

a “marketmaking middleman”.

Compared to a seller, the middleman sector of I has an inventory advantage — he is able
to hold more inventory, precisely a continuum of inventory, to lower the out-of-stock risk.
For simplicity, we consider an extreme of the flexible inventory technology: A continuous
access to production. That is, the middleman can produce as he gets an order from some

buyer. Effectively, the out-of-stock probability is zero.°

Now let’s describe how the directed search works in I. Given a mass of B! € (0, B]
buyers and a mass of S! € (0, S] sellers have decided to participate in I, the matching process

in I is specified by a directed search game which consists of the following stages. In the first

5To understand AY, imagine that all sellers are registered at E, but not all would be available. In our model,
a seller is absent from market E if he has sold the unit inventory in other markets. If the seller that a buyer is
supposed to meet is not available, then the meeting would fail. Given an mass of SE < S sells join the platform,
the probability a buyer finds an available seller would be A” % The same logic applies to A¥. It is easy to verify
that BEAY = SEAS/,

® An alternative interpretation of the inventory technologies is that individual sellers have to produce in advance
(up to the inventory constraint of 1 unit) whereas middlemen can produce to orders. Suppose the middleman has
to “produce in advance” and holds a mass K of inventory. Given a zero inventory cost, it is a weakly dominant
strategy to have K larger or equal to the mass of visiting buyers. This gives a zero out-of-stock probability.



stage, all the suppliers, i.e., the participating sellers with the unit selling-capacity and the
middleman with a continuous access to production, post a price which they are willing to sell
at. We denote the posting price of an individual seller by p®, and that of the middleman by p™.
Observing the prices and the capacities, all buyers simultaneously decide which supplier to
visit in the second stage. As is standard in the literature, we assume that each buyer can visit
one supplier, one of the sellers or the middleman. Assuming buyers cannot coordinate their
actions over which supplier to visit, we investigate a symmetric equilibrium where all buyers
use an identical strategy for any configuration of the announced prices. Each individual seller
(if any) has an expected queue x° of buyers and the middleman has an expected queue x™ of
buyers. These quantities should satisfy two requirements. The first requirement is a standard

accounting identity,
S'x*+x" = B/, (1)

which states that the number of buyers visiting individual sellers S'x® and the middleman x™
should sum up to the total population of participating buyers B. The second requirement is

that buyers search optimally:

B! if V(B') > V*(0)
x™ =< (0,BY) if V"(x™) = V5 (x%) 2)
B!

0 i V™(0) < V(B

wn

where Vi(x') is the equilibrium value of buyers in the C market of visiting a seller if i = s

and the middleman if i = m (yet to be specified below). Combining (1) and (2) gives the

BI

counterpart for x° € [0, 5r]. We define the intermediation mode of I as follows.

The Game The situations we consider in the following sections all have the same timing

structure.

1. Two intermediaries setting fees/prices. Intermediary I decides whether or not to ac-

tivate the middleman sector and/or the platform, and announces a transaction fee



f! € [0,1] charged to a seller, a price p™ € [0,1] charged to a buyer on his own in-
ventory. Intermediary E announces a transaction fee f£ € [0,1] charged to a seller.

Let’s denote these prices (or fees, interchangeably) by P = {f!, p™, f£}.7

2. Observing P, buyers and sellers simultaneously decide whether to participate in the
two (or one out of two) intermediaries, yielding a distribution of buyers/sellers across

intermediaries.

3. In the I market, the participating buyers, sellers and middleman are engaged in a di-
rected search game as has been specified. In the E market, agents search randomly and

follow the efficient sharing rule for the trade surplus.

Let NV = {B I BE sI SE, x™} denote a distribution of buyers/sellers across intermediaries
with B! (BF) the mass of buyers visiting I (E), ST (SF) the mass of sellers visiting I (E), and
x™ the mass of buyers visiting the middlemen if B! > 0. A market allocation is a mapping
N (+) that associates to each price/fee P an equilibrium distribution of buyers/sellers N'(P).
Hence, N (-) generates a reduced-form price-setting game among intermediaries where a

Nash equilibrium can be defined.

Definition 1 An equilibrium of the game with a market allocation N (-) is a price vector P* =
{f*, p™*, fE*} and an associated distribution of buyers and sellers N'(P*) where neither intermediary

I nor E has an incentive to deviate under N (-).

Some regularities on A/ (-) are necessary to proceed. First, we impose a tight structure
on N (+) according to pessimistic beliefs about E which is yet another advantage of I relative
to E. A pessimistic market allocation differs slightly under single/multi-market search. In
the single-market search, we impose N/ (-) such that buyers and sellers coordinate on the

distribution with zero market share for E as long as it is in their interests to do so.

Definition 2 (Pessimistic Expectations in Single-market Search) Under single-market search,

"Here we assume that transaction fees are charged to sellers for simplicity. But as is shown in Gautier et al.
(2018), the results hold if the fee is charged on buyers or split between a matched pair.
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a pessimistic market allocation against E, N'(+), is that B = B,S! = S, BE = SE = 0 as long as

max{V"™(N,P),V*(N,P)} >0,

for some x™ € [0, B]; and BF = B,SF = S, B! = S! = 0 otherwise.

In the single market search case, agents decide which intermediary to join under the
expectation that all others visit I. A buyer or a seller only chooses to join E if the fees of I
are so high that he would rather visit E. Since he expects no counterparts at E, the expected

value at E is 0.

In the multi-market search, intermediary I opens first, and participating in I does not
rule out the possibility of visiting E later. A pessimistic market allocation against E is that
agents first visit and trade at I and then E as long as it is in their interests to do so. We defer

a formal definition to Section 4.

3 Single-market Search

In this section, we show that, under single-market search, I chooses to be a pure middleman
in equilibrium. We start by analyzing the best response of I. For any offers from E, buyers
have an expected value VE = 0 under favorable beliefs towards I.> Given f L p" < 1, the
expected value of an agent at I is non-negative. Thus, for all price P, we have the agent
distribution N that B! = B,S! = §,BE = SE = 0.

Suppose I is a pure middleman, the best response involves setting p™ = 1 — VE =1
which gives a profit of B. Since this is the whole trading surplus, it is easy to speculate that
the pure middleman mode is the optimal response. This is indeed true: Even I can also get
the full surplus for each transaction through the platform, as long as there is some matching

frictions that deliver less transactions, using a platform is dominated.

We now derive the matching function of I’s platform. Suppose I has an active platform

with S sellers, B — x™ buyers, and an intermediation fee f I'<1. Then, the platform generates

8E faces a chicken and egg problem. To get a positive market share despite pessimistic beliefs, E must adopt a
divide and conquer strategy. This is analyzed in Caillaud and Jullien (2003).
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anon-negative trade surplus 1 — f! > 0. The number of buyers visiting an individual seller is

e*xxﬂ
n! 7/

arandom variable, denoted by N, which follows a Poisson distribution, Prob[N = n] =

with an expected queue of buyers x > 0 (due to coordination frictions — see the seminal work

by Peters, 1991 and 2001). With limited selling capacity, each seller is able to serve only one

buyer. A seller with an expected queue x° > 0 has a probability 1 — e™* (= Prob[N > 1])
1—e

of successfully selling, while each buyer has a probability 7°(x*) = “=5— of successfully

buying. Hence, the expected value of a seller on the platform with a price p* and an expected

queue x° is given by

W(x*) = x1° () (p° = f1),

while the expected value of a buyer who visits the seller is

And the platform as a whole generates an expected trading volume of S(1 — ¢™*"). Hence,

the resulting profit of I satisfies

S(1—e ™) fl 4 x™p™ < (Sx° + x™)max{f!, p"} < B.

From the second inequality it follows that f!, p™ < 1. And the first inequality follows directly
from the matching function of the platform. In a nutshell, the pure middleman mode dom-
inates any other modes with an active platform, and in the equilibrium, I is able to gain a

monopoly profit B.

Proposition 1 (Pure Middleman) Given single-market search technologies, in the equilibrium with
a pessimistic market allocation against E, I acts as a pure middleman, setting f' = p™ = 1, all buyers

and sellers join intermediary 1, and E is inactive with f£ € [0,1].

12



4 Multi-market Search

This section is devoted to the analysis of competition between two intermediaries who offer
non-exclusive services, so that users may engage in multi-market search. We say an inter-
mediary is the first source if buyers/sellers would like to first visit it and trade there, and the

second source if it is visited only when buyers/sellers did not trade at their first source.

In this section, we assume that intermediary I opens prior to intermediary E and I is
the first source by default as in Gautier et al. (2018). This is the pessimistic belief against
E under multi-market search. A formal definition will be given in Definition 3. It can be
understood as the common belief in the economy and reflects the fact that the incumbent has

been well-established in the market.

Under such a belief, when fees/prices of I are comparable to that of E, buyers and sellers
will indeed firstly visit I and trade there. It is only when E’s fees are much lower than that of
I that buyers and sellers will forgo trading opportunities of I and trade at E instead. Then, I

becomes inactive, and E is the only active intermediary, called the sole source.

We start by examining the directed search equilibrium at intermediary I and the best
response of I assuming that I is the first source. This analysis is enough to show that equilib-
rium with pure mode I does not exist. We then turn to the best response analysis of E and the
existence of an equilibrium with I of a mixed mode. We show that under certain conditions,
there exists an equilibrium of pure strategies that features (1) both intermediaries are active;
(2) agents meet and trade first at I and then join E, i.e. I is the first source and E is the second
source; (3) I is a marketmaking middleman. Moreover, we show there exists an equilibrium

of mixed strategies where the market-maker sector of I is activated with positive probability.

4.1 Directed search equilibrium at intermediary I

We work backward and first describe the directed search equilibrium at intermediary I, given
that such an equilibrium exists with some P = {f!, p™, fE}1. As under single-market search,

any directed search equilibrium has to satisfy (1) and (2). Given the multiple-market search

9This section is a simplified version of the directed search equilibrium assuming seller’s bargaining power at
E is zero. For a full analysis, see section 4.1 of Gautier et al. (2018)
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technology, what is new here is that, when deciding whether or not to accept an offer in the I

market, buyers expect a non-negative value at E, defined by

VE(™, fF) = A (1 - fF).

VE can be understood as follows: The outside payoff is 1 — f£ if the buyer is matched with a
seller who has failed to trade in the I market. This happens with probability A’e~*". Hence,
the larger the platform size x°, the higher the chance that a seller trades in the I market, and
the lower the chance that a buyer can trade successfully in the E market and the lower his

expected payoff at E.

Whenever [’s platform is active x* > 0, it must satisfy the incentive constraints:

1-p° > VEQ™, fE), 3)

rF—f >0 (4)

The constraint of buyers (3) states that the offered price/fee in the platform is acceptable only
if the offered payoff, 1 — p°, is no less than the expected value in the E market VE(x™, fE).
The constraint of sellers (4) states that the payoff in the I market p* — f! should be no less
than the expected payoff in the E market which in principle depends on a seller’s chance of
engaging in a trade in the I market. However, since the bargaining power of sellers is zero,

so a seller’s expected payoff at E is reduced to zero.

We have a similar condition of buyers for the middleman sector:

1—p" > VE™, fF), (5)

where the middleman’s price must be acceptable for buyers relative to the expected payoff in

the E market.

Given the outside option of the E market, the equilibrium value of buyers in the I market

14



is V. = max{V(x®), V(x™)}, where

VA (x) = 7° () (1= p°) + (1= ° (")) VE(x™, ) 6)

for an active platform x* > 0 and

Vr(x™)=1—p" (7)

for an active middleman sector x™ > 0. Here, if a buyer visits a seller (or a middleman), then
he gets served with probability #°(x®) (or probability 1) and his payoffis 1 — p° (or 1 — p™). If
not served at intermediary I, then he enters the E market and he can find an available seller
with probability Ae~*", and gets a payoff 1 — fE. Similarly, the equilibrium value of active

sellers in the platform is given by

W(x*) = °°(x°) (p° = 7 —¢) + (1 = x°° (7)) 0. (®)

A seller trades successfully on I’s platform with probability x°7°(x*) and receives p* — fI. If
not successful, he enters E’s platform where he meets a buyer with some probability and get

an expected value of 0 as the seller’s bargaining parameter is assumed to be zero.

We now proceed to determined the equilibrium price p° take as given the first-stage
price/fees P = {f!,p™, fE}. Suppose a seller deviates to a price p # p° that attracts an ex-
pected queue x # x° of buyers. Note that given the limited selling-capacity, this deviation
has measure zero and does not affect the expected utility in the I market, V. Since buyers
must be indifferent between visiting any seller (including the deviating seller), the equilib-

rium market-utility should satisfy

V=1 (x)(1-p)+ 1 -7 (x)V" ©)

where 7° (x) = % is the probability that a buyer is served by this deviating seller. If not

served, which occurs with probability 1 — #° (x), his expected utility at intermediary E is
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VE = APe=* (1 — fF). Given market utility V, (9) determines the relationship between x and
p, which we denote by x = x (p|V). This yields a downward sloping demand faced by the
seller: when the seller raises his price p, the queue length of buyers x becomes smaller, and
vice versa.

Given the search behavior of buyers described above and the market utility V, the seller’s
optimal price should satisfy

p* (V)= argmr?x (1 — e—x(plv)> (p _ fl>

Substituting out p using (9), the sellers” objective function can be written as
W(x)=1-e™)(1-VE—f)—x(V-VF),

where x = x (p|V) satisfies (9) and 1 — V¥ is the intermediated trade surplus, i.e., the total
trading surplus at intermediary I net of the outside options at E. Since choosing a price is
isomorphic to choosing a queue, the first order condition is

oW (x)
dx

=e*1-VE-fH—(v-VE)=0

The second order condition can be easily verified. Arranging the first order condition using
(9) and evaluating it at x°* = x (p°|V'), we obtain the equilibrium price p* = p° (V) which can
be written as
s gl (4 X (_ E_I)
p f—<1 1_”5) 1-vE—fh). (10)
For the platform to be active, the price and fees must satisfy the incentive constraints (3)

and (4). Substituting in (10) yields
fr1=VEGE™ £5), (11)

which states that for the platform to be active x* > 0, the transaction fee f! should not be

greater than the intermediated trade surplus, 1 — VE(x™, fF). Whenever (3) and (4) are satis-
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tied, (11) must hold, and whenever (11) is satisfied, (3) and (4) must hold. Hence, we can say

that the market maker faces the constraint (11) for an active platform.

4.2 The Best Response of Intermediary |

For a given fee f£ € [0, 1], we analyze the most profitable choice of intermediation mode and
price/fee {f!, p"} by I. We impose a “bad expectation” market allocation against E, which

we formally define as follows.

Definition 3 (Pessimistic Expectations in Multi-market Search) Under multi-market search, a

pessimistic market allocation against E, N (+), is that B! =B,5! =Sas long as

max{V"(N,P),V¢*(N,P)} > VE(N, P), (12)

where BE = B—x™ — S (1 —e ™) and BE = S— S (1 — e~ for some x™ € [0, B]. Otherwise, the
distribution follows that all users forgo the trading opportunity at I and only visit E, BE = B, St =

S,Bl =5l =0.

Therefore, under the pessimistic expectation allocation, buyers/sellers first visit and
trade at I and then E whenever possible. Notice in the definitions above, we do not im-
pose restrictions on x™. The equilibrium x™ is determined by conditions (1) and (2). Also
note that incentive constraints (5) and (11) imply the pessimistic expectation condition (12).
So whenever I optimizes its profits obeying the incentive constraints, buyers/sellers follow

the pessimistic expectation distribution.

Our next step is to determine the profit of each intermediation mode, denoted by I1(x™).

Pure Middleman: If I does not open the platform, then x” = B and any encountered seller
at E is always available for trade. Hence, the middleman serves all buyers at the highest
possible price p" = 1 — A’(1 — fF) with a binding incentive constraint (5) and makes profits

IT'(B) = B(1-A"(1 - fF)). (13)
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Pure Market-maker: When the middleman sector is not open, x° = % Given the equilib-

rium price p° in the platform in (10), the intermediary charges a fee f I'in order to maximize
S (1 - e_g) f L
subject to the constraint (11). The constraint is binding and it yields:
Fr=VEQO fF) =1-Abe s (1 fF).

The profit for the market-maker mode is

T (0) = S(1 — e 3)(1 — Abe 3 (1 — fE)). (14)

Market-making middleman: If the intermediary is a market-making middleman, then x™ €
(0,B) and x° € (0, £), satisfying V" (x™) = V* (x°). Applying (6), (7), and (10), this indiffer-

ence condition generates an expression for the price p” = p™ (x™):
prx) = 1= VEQ", f5) — e (1= VEQ", f5) = f1), (15)

Together with (1), this equation defines the relationship between p™ and x™. Applying this
expression, we can see that the condition (5) is eventually reduced to (11). The profit for the

marketmaking middleman mode is

IT(x™) = maxII (x™, f,K) = max {S(l _ efxs)fl + mem}

xm,fl xm,fl
subject to (11) and x™ € (0, B).
Profit-maximizing intermediation mode To derive a profit-maximizing intermediation mode,
it is important to observe that relative to the pure middleman mode, an active platform at I

with multiple-market search can undermine intermediary E by lowering the available supply

since St = Se™*, which relaxes the constraint on f! imposed by the incentive constraint (11).
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This influences the middleman’s price similarly. With f! = 1 — VE(x™, fE), the incentive

constraint (5) is binding, and the middleman’s equilibrium price is given by
P =1 VER, fF)

for any x* > 0 according to (15). This shows that p™ decreases with x™: the outside value
of buyers depends positively on the size of the middleman sector, since a larger scale of the
middleman crowds out the platform and increases the chance that a buyer can find an active
seller in the E market (who was unsuccessful in I’s platform). Hence, in order to extend the
size of the middleman sector, I must lower the price p™. In other words, a larger platform of
I allows for a price increase by reducing agents” outside trade opportunities at E. This key

insight from Gautier et al. (2018) holds for any f£ < 1.

Proposition 2 (Market-making middleman/Pure Market-maker) Given multi-market search tech-
nologies, there exists a unique directed search equilibrium with active intermediation of 1. In particu-

lar, I will act as
e a pure middleman x™* = B if ff = 1;
o a pure market-maker x™* = 0if Abe™B/S > T and fF <1 — 5l
o a market-making middleman x"* € (0,B) if Abe™B/5 < 1 or Abe=B/S > 1 and fE > 1—
sLgrs, and x™* is characterized by fE = b!(x™*), where b’ (x™) is defined by

2)be

S(1—e™™)
(2S(1 —e=x") + xm)Abe—x"

bl(x™) =1- (16)

And in all cases, the optimal prices are set at p"* = fI* =1 — Abe=" (1 — fF).
Proof. See the Appendix. N

When £ = 1, we are essentially back to the single-market search scenario where agents

do not have outside options. So the pure middleman with p"* = 1 is optimal. Whenever
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fF < 1, with multiple-market search technologies, there is a cross-market feedback from E
to I, which makes using the platform as part or all of I’s intermediation activities profitable.
Additionally, I must decide whether it wants to operate as a pure market maker. Our result
shows that it depends on parameter values. If Ale=8/5 < 1 then the buyers’ outside option
value is low. In this case, the middleman sector generates high enough profits for the market-
making middleman mode to be adopted for any value of fE. If instead A’ "8/ > 1 then the
buyers” outside option value is high, and attracting buyers to the middleman sector is costly.
In this case, the intermediary will act as a market-making middleman if f£ > 1 — Wr
where buyers expect a low value from E market, and as a pure market maker if f£ < 1 —

M%B/S, where buyers expect a high value from the E market.

When the mixed mode is activated, b’(-) in equation (16) characterizes the optimal in-
termediation structure that I is willing to pursue (“b” for best response function). It is es-
sentially the best response of I in facing a transaction fee f£. It is easy to check that b!(x™)
is monotonically increasing in x™, implying that as f£ decreases, I moves towards the pure
platform mode. Eventually, as ff approaches 1 — Mbeli_m (if it is positive), I becomes a pure
market-maker.'” Being different from the optimal intermediation structure shown by Gautier
et al. (2018), the pure middleman can be the optimal mode. Moreover, it is not clear which

intermediation mode will show up in an equilibrium which we now turn to.

4.3 Equilibrium Candidate with I of a Pure Mode

Armed with the characterization in Proposition 2, we can now perform the equilibrium anal-
ysis. Doing so, we shall also derive the best responses of E. We start by ruling out any pure

strategy equilibrium where I acts a pure middleman or pure market-maker.

A pure middleman intermediary I does not arise in equilibrium because, given Proposi-
tion 2, I only adopts a pure middleman mode with p” = 1 when £ = 1. But facing p" = 1,
E would rather set f E —1—¢ for some ¢ > 0 to become the only active intermediary and

make a profit of BA” fE > 0.1

10This is so because limyn_,q b1 (x™) = 1 — W, limgn_,pbY(x™) = 1. And if 1 — W < 0, then
limeﬁo x™ > 0.
1 The best response analysis of E when I is a pure middleman is as follows. When I is a pure middleman, E can
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Turn to the case when I is a pure market-maker. Under pessimistic expectation against

E, when

VE — )\befB/S(l _fE) <1 _fI/

E is the second source. Otherwise, I becomes inactive and E is the sole active source.

Consider an equilibrium candidate where E sets a fee f£¢ € [0,1] (“c” for candidate) and
a pure market-maker I sets a fee fI© = 1 — AYe=B/5(1 — £E¢).12 In this proposed equilibrium,
E wants to undercut I whenever possible, or deviate to ff¢ = 1 to get the whole trading
surplus from its transactions (“d” for deviation). In the case that ¢ > 0, it is profitable to
undercut f¢ by setting % = fE¢ —¢. As such, E becomes the sole source and makes a profit
of BAPfE4. On the other hand, if ¢ = 0, then E would rather take the full surplus of each

transaction by f£? = 1 and makes a profit of BA’e=2/5 > 0.

We summarize these observations in the following lemma.

Lemma 1 There does no exist a pure strategy equilibrium where I is a pure middleman or a pure

market-maker.

In Gautier et al. (2018), the pure middleman mode is suboptimal with a passive outside
platform. Lemma 1 shows the same conclusion holds in an equilibrium when the outside
market is operated by another intermediary E and responses actively. E has an incentive
to undercut I, and this gives a positive outside value for buyers. To lower buyers’ outside
value, I activates the market-maker mode. Lemma 1 asserts an even stronger claim: The pure
market-maker mode can not be in an equilibrium. This follows the intuition of the classical
Bertrand-Edgeworth game. Since the matching probability is less than one at the market-
maker sector, it is a profitable deviation for E to set f£ = 1 to abstract full trading surplus

from agents that are not matched at I.

only make transactions by setting a fee fF low enough so that buyers’ incentive constraint to trade at I, condition
(5), is violated, i.e., 1 — p" < /\b(l — fE) That is, to undercut I by setting fE =1- 17\—5 — e forsome e > 0, as
long as this leads to a non-negative fE. In this way, I becomes inactive and E makes a profit of BA? fE.

12 According to Proposition 2, f¢ is required to satisfy the best response of I. Any f! # ¢ would lead to a
deviation of I.
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4.4 The Best Response of Intermediary E

Now we turn to the existence of an equilibrium with I of a mixed mode. According to Propo-
sition (2), as a market-making middleman, I’s optimal strategy features p™ = fI. Let’s denote
the price/fee level by 1. To construct the equilibrium, we first analyze the most profitable fee
choice of E taking ¢ as given.

Under pessimistic beliefs against E, for any f£ € [0,1], if there exists an x™ € [0, B] such
that buyers and sellers are willing to first search in I before turning to transaction opportuni-
ties in E, as stated in (12), then E remains to be the second source. This means E can have two
roles in the multi-market search environment: (1) E can work as a second source following

pessimistic beliefs; or (2) E can break the beliefs and act as a sole source by undercutting I.

E works as a sole source Let’s first explore the possibility of E being a sole source. Insert
V" = 1—1¢pand V" = ¢ *(1— VE —¢) + VE, the condition to maintain a bad market
allocation (12) becomes f£ > 1 — ﬁ (1 —1), forall x° € [0, B/S]. The right hand side takes

the minimum value at x°* = B/S. Therefore, as long as

1
fEZl—W(l—lP)r (17)

E is a second source.

To become the sole source, E can set f£ slightly lower than the right hand side of (17)

and make profits of

1
5 () = BA® (1 - W(l —9) - 5)- (18)

Obviously, if p <1 — AbeB/S thenTIE, < 0.

sole
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E works as a second source To be a second source, E has to choose an f£ > 1 — Abe%m(l -

) to satisfy (17). That is, E’s profit maximization problem is

1k, () = max (B XM §(1— e_xs)))tbe_xs £E, (19)
fEell= g7 (1=9) 1]

subject to the equilibrium constraint (1) and (2). As I, itis in E’s interest to have V" = V*. On
the one hand, V' > V* leads to a pure middleman incumbent, leaving zero market share to E.
On the other hand, V" < V* means E needs to set f£ unnecessarily low — E could increase f£
without changing the distribution of agents and make higher profits. This is formally stated

in the following lemma.

Lemma 2 Given p™ = f! = v, the optimal solution of problem (19) features
vr(p") = Vi, 1 £F). (20)

Proof. Let { /£, 2"} denote the optimum. Suppose at the optimum V" (p™) > V5(2", f!, fF),

then #™ = B. It follows that
VL) =1 f =1 g = V),

And we have reached a contradiction.

Suppose at the optimum, V" (p™) < V3(2™, 1, fE), or

VS =eB/S(1— Iy 4+ (1 —e B/5)Abe B/S(1 — fE)y > 1 - p™,

This implies that £ < 1 — % But then E gains a higher profit by deviating to ff =
1-— % At fE, E maintains £ while extract higher fees from each transaction. Il

Insert the expression of Vi i =m,s, E, into constraint (20) we have

Ae (1 — By =1—y. 1)
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Constraint (21) states the trade-off that E faces: increasing fE leads to less favorable out-
side option for buyers on I’s platform, hence more buyers visit I’s middleman sector (x™

X

increases), and there are more unmatched sellers left for E (e~ increases). Substitute for fF

from (21) and insert into (19) yields

£ (y) = max (B XM §(1— e*xf‘)) (Abe*xs —(1- qy)). (22)

Facing a ¢, by choosing an f£, E essentially chooses an x™ to balance its demand and supply.
A higher x™ implies less buyers join E after trading at I, i.e.,, B— x™ — S(1 — e~ ) decreases
in x™. At the same time, more sellers join E since the matching probability is now lower for

X

sellers at I's platform, i.e., e~ * increases in x™. So the intermediation structure at I affects the

supply and demand at intermediary E.

This trade-off crucially depends on the benefit E has by marginally increasing x™, which
is determined by the equilibrium price level . When ¢ is high, it is profitable to have more
buyers at I’s platform by decreasing x and ultimately increase participating buyers to E. E
can achieve this by decreasing f£. When ¢ is low, E finds it less profitable to have more par-
ticipating buyers, and the optimal £ should be higher. So i and f* are strategic substitutes
via market structure x™. From this point of view, this is a quantity competition.

Meanwhile, there is an aspect that i and fF are strategic complements. Holding x° con-
stant, (21) implies a Bertrand type price competition. In a nutshell, the game we characterize
has both a price competition element (when holding x° constant) and a quantity competition
element (when tracing the change due to x°).

Finally, to have these trade-offs, there much be some space for E to manipulate f£. Notice
when 1 < 1 — A?, there does not exist an x™ € [0, B] that gives positive profits for E either as
a second or a sole source. Hence, such a ¢ will not exist in a pure strategy equilibrium. For

our equilibrium analysis, we focus on iy > 1 — AL,

Lemma 3 There does not exist an (pure strategy) equilibrium where < 1 — AL,
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Proof. Suppose in the equilibrium, ¢ < 1 — A?, then
Vvt =1-— 1p > e—Xs(l _ IIJ) + (1 _e—xs)/\b(l _fE) — VS,

for all x™ € [0,B] and ff € [0,1], where equality only holds when x™ = B, and ff = 0.
This means x™* = B. According to Proposition 2, this is consistent with I’s optimal choice
only when fE* = 1. But given f* = 1., I would rather set ¢ = 1, and this contradicts with
p<1-1A" M

The following proposition then characterizes the best response of E for ¢ € (1 — A, 1].

Proposition 3 Given multi-market search technologies, and f' = p™ = ¢ € (1 — AY, 1], intermedi-

ary E’s optimal strategy has the following property:

e Forp € (1— AP, 1 — APe=B/S], E works as the second source, and > 0 > IIE  and the

sole’

optimal x™* € (0, B) satisfies

S

B—xm—S(l—e")>;

S(1—e) @3

1— = Abe™" (1 -

Define ¢(B, S, /\b) = \be~B/S <1 — 7Bg(sl(i;f;/i/)s)>,

e if (B, S, Ab) > 0, we have

— forp € (1—Abe™B/S,1—¢(B, S, A?)), E may work as a second or a sole source since both

deliver positive profits, I15 ,, TIE, > 0, and if E works as the second source, x™* € (0, B)

satisfies (23),

— for g € [1 — ¢(B, S, AY), 1], E undercuts I to become the sole source I1E, > TIE . > 0;

sole

e ifp(B,S,\V) < 0, then for € (1 — Abe~B/S 1], E may work as a second or a sole source since

both deliver positive profits, 115 |, TIE

ore > 0, and if E works as a second source, x™* € (0, B)

satisfies (23).

Equation (23) is the best response function of E. It indicates for a given 1, the optimal

market structure, represented by x™, that E would like to choose. Consider a range of [x", B]
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where the right hand side of (23) is non-negative. It then follows that

dap 1 Ale™ (1 — ™% — x%e™¥)
s = sV g

)<0,

for x™ € [x™, B]. This corresponds exactly to the intuition above: as ¢ increases, E finds it’s
more profitable to compete, he lowers f£ to make the middleman sector of I less favorable

and x™ decreases.

4.5 Equilibrium Analysis

The equilibrium should jointly solve the optimal responses of two intermediaries, (16) and
(23), together with the equilibrium conditions (1) and (21). Inserting the equilibrium condi-
tion (21) into (23) gives an alternative form of the best response function of E that facilitates

our analysis:

_ o B—=x"—S5(1—e¥)
fE _bE(x ) S(l_e_xS) . (24)

The equilibrium x™* € (0, B) if it exists should solve b!(x™) = bt (x™). Proposition 4 gives a

sufficient condition for the existence and uniqueness of the equilibrium.

Proposition 4 There exists a unique equilibrium that features a market-making middleman I as a

first source, and a second source market-maker E, if

1—Ae ™ B/S > >1- 20 (25)

where * =1 — Ale™*" <1 — B_x;lzl__se(,l;f)_x )>, xS = B_Sxm*, and x™* € (0, B) solves

B—x" S(1—e ™)
S(1—e )  Abe=x(25(1 — > + xm)’

(26)

The equilibrium is characterized by a distribution of buyers and sellers

N* = {BI = B,BE =B — xm* — S(l — eixs*),sl = S,SE = Seixs*,xm*},
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and a price vector P* that

* * * * 1—9"
P S

And both intermediaries make positive profits.

The equilibrium, if it exists, features a first source intermediary I of a mixed mode serv-
ing all agents, and a second source intermediary E that serves the rest of agents who are
not matched at I. At the equilibrium, the intermediary structure of I, x™*, is derived by
b(x™) = bE(x™) indicated by (26), which together with ¢* < 1 — Abe~B/S guarantees x™* is
the mutually best response.

Figure 1 demonstrates an equilibrium by two variables, the price/fee level represented
by fF, and the market structure represented by x™. It plots the two best response functions
b!'(x™) in (16) and bF (x™) in (24), and we have marked values as x™ approaches 0 and B."
The interaction of the two best responses gives the equilibrium { f£*, x"*}. The equilibrium
distribution and price variables can be accordingly derived, as stated in the proposition.

The figure illustrates the comparative statics. Let’s consider exogenous changes of the
buyer’s meeting rate A’ and the buyer population B. As A’ increases to A, b!(x™) moves
upward while bF (x™) does not move, leading to a smaller x*. This is illustrated in Figure 2.

Now consider an exogenous change of B, it follows that

E(x™)  1—e ™ —x%e ™

38~ S(i=er)
I(m bym ,—2x°

ab(x):_Axe <o
dB S2(1—e*)?

That is, as the population of buyers B increases, b’ (x) moves down while b% (x™) moves up-

ward, leading to a higher x™*. This is illustrated in Figure 3 (the mass of buyers increases from

13We make use of the following observations:

1
. Imy 1 __ . Iomy _
Jm BT =1 s Jmp b () =1
B—S(1—e B/9)
lim pF(x™) = —————=, lim b"(x") =0.
dm ) = =Sy )
We have plotted one particular scenario that 1 — W > 0 and % < 1. But these restrictions are not

required for the existence of an equilibrium.
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B—S(1—e~B/9)
S(1—e—B/S)

Figure 1: Equilibrium under multi-market search

B to B'). Similar comparative statics can be done on the seller population S. We summarize

these observations in Corollary 1.

Corollary 1 (Comparative statics) Consider a parameter space in which a pure strategy equilib-
rium exits. Then, an increase in the buyer’s meeting rate AY in the D market, or a decrease in the
buyer-seller population ratio B/ S, leads to a smaller middleman sector x™ and a larger platform x° of

L

Numerically, it is easy to verify that the sufficient condition (25) is satisfied in some pa-
rameter space. For example, taking B = S = 1, and set a grid of A’ with two decimals from
0.01 to 0.99, then (25) holds for all A grids between smaller than 0.95. While for AP grids
between 0.95 and 0.98 (25) is violated, it can be verified that being the second source is more
profitable than being a sole source for E, so a pure strategy equilibrium still exits. For the grid
Ab = 0.99, E finds it more profitable to undercut I and become the sole source. Then there

does not exist a pure strategy equilibrium.
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Figure 2: Comparative Statics w.r.t. A
E
f
B'—S(1—e ® /S*
S(1—e-B'/5)
1
B—S(1—e~B/%)
S(1—e—B/S)
fE*’
fE*
1
L= oxee=m75
1— — 1
2\be—B’/S
0
T xm*' B ™M

Figure 3: Comparative Statics w.r.t. B
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Equilibrium of mixed strategies When the pure strategies equilibrium does not exist, by
applying Theorem 5* of Dasgupta and Maskin (1986a), we show that because I (T1F) is
bounded and weakly lower semi-continuous in f and p™ (in f£), and Il + ITF is upper semi-

continuous, there exists a mixed strategy equilibrium.
Proposition 5 There exists a mixed strategy equilibrium under multi-market search.

Given that f£ € [0,1) is selected with positive probability, according to Proposition 2, I

activates its platform with positive probability in equilibrium.

Corollary 2 In the mixed strategies equilibrium, I's platform is activated with positive probability.

5 Conclusion

This paper has proposed a framework to analyze imperfect competition between two inter-
mediaries, with a particular focus on the intermediation mode. We considered two repre-
sentative business modes of intermediation that the incumbent can adopt: a market-making
mode and a middleman mode. We show that the incumbent faces a trade-off between more
transactions by using the middleman mode and more profits per transaction by using the
market-making mode. This trade-off determines its intermediation model in the competition
game with entrant. Therefore, the main insight of Gautier et al. (2018) holds with competing

intermediaries.

Furthermore, the duopoly framework gives a number of new insights. First, the interme-
diation structure of the incumbent is an equilibrium result, where the strategy of the entrant
(or outside) intermediary also plays a role. In other words, what shapes the Amazon structure
is not only Amazon’s strategy but also other fee-setting intermediaries such as eBay. Second,
the first-mover advantage of the incumbent does not necessarily leads to a higher market
share. In the mixed strategy equilibrium, the entrant intermediary might be able to undercut
and become the sole source for some category of goods. As a real-world example, the entrant
clothing and fashion online platform Zalando can defeat incumbents like Amazon and eBay

and becomes the leading online shop.
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Appendix A Proofs

A.1 Proof for proposition 2

Using (15), the intermediary’s problem can be written as
I1 (xm,f1> = maxs(1- e ) L4 xmpm
= maxs(1 - ¥ (1 VEG, £5)) e (1 VEG, )~ f1)
le’
subject to (11) and 0 < x™ < B.
Observe that: limn_,g IT (x™, 1) = I1(B) and lim»_,o I1 (x™, f, K) = I1(0), where I'1(B)
is the profit for the pure middleman mode (13) and I1(0) is the profit for the pure market-

maker mode (14). Hence, we can compactify the constraint set and set up a general problem
to pin down a profit-maximizing intermediation mode using the following Lagrangian:

1 (1) e 55— (1 VEGe ) ).

where the p’s > 0 are the lagrange multiplier of each constraint. The following first order
conditions are necessary:

oL oIl (x™, f1) oVE (xm, f1)

I PR L A P 7
ac  oam(xm )

aff = o WS 0, (28)

The solution is characterized by these and the complementary slackness conditions of the
three constraints.
First, (28) implies that we must have
pr=S(1- e ) 4 aMe ™™ >0,

which implies the binding constraint (11),
fr=VvE (5", ). (29)

Second, we show that the pure middleman mode is optimal if f£ = 1. Given ff =1,
then VE(x™, fE = 1) = 0. Using (29) and (15), the intermediary’s problem can be written as
IT(x™) = maxy» S(1—e™*") +x™, where IT (x™, f!) is concave in x™. The first order condition
with respect to x™ is 1 — e™* = 0. Therefore, at the optimal x"* = B.

Next, given f£ < 1, we show that I’s platform is active, i.e., x™ < B at the optimum.
Substituting p ¢ into (27),

] b
HWp—po = (1—6*"5)(1—Abe*"5(1—f’5))—(x’”+5(1—e*"5))%e*x (1—fF)
= ¢(x™|B,S,AL fE). (30)

Suppose that the solution is x™* = B. Then, (30) yields ¢(B | ) = up = —2A?(1 — fF) <0,
which contradicts y;, > 0. Hence, the solution must satisfy x™* < B (which implies y;, = 0).
Suppose that the solution is x* = 0. Then, (30) yields ¢(0 | -) = —puo = (1 — e B/5)(1 -
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2)\Pe=B/5(1 — fE)), which requires

1
E
fo =1 s
This leads to the conditions in the proposition. Set y, = g = 0, we have ¢(x™ | B, S, A?, fE) =
0 according to (30). Since x™ < B, we have 1 — e~ > 0. This gives condition (16).

Finally, it is straightforward to verify the second order condition using the Hessian of £
with respect to [f, x™].H

A.2 Proof for proposition 3

First, from (18) and (22), it is straightforward to see thatif ¢y <1 — AP, then Hgn 4 < 0;and if

p < 1—Abe™B/S thenT1E, < 0. These observations give the signs of the profits in all three
cases of the proposition.

Second, the first order condition of an ;4 with respect to x™ is

aIIgm(xmf¢)

O lon = =S(1—e ™) (Abe™ — (1 —¢))+ (B—a" — S(1 — x,xs))/\be,xs —o.

(31)

Since ITS ,(x™) is continuously differentiable on [0, B], the maximum point is among x™ =
E m

0, x™ = B or an ™ such that %#um = 0. Underyp > 1 — AP, x™ = Bis not a

maximum poi i It (¥ = B) = Wh N3y hat is 1 — Abe—B/S(1 —
point since IT; ,(x™ = B) = 0. en —2d|m_g > 0, that is e

%) > i, 2™ = 0is not a maximum point. The following discussion depends on the
sign of ¢(B, 5, AY) = AteP/5 (1 - Pz ).

If $(B,S,\?) > 0, then for ¢ € [1 — ¢(B, S, A?), 1], as a second source E chooses x"* = 0,
which is strictly dominated by being the first source (lowering fF slightly by some & > 0)

() = (B—S(1—e P/5)(A%e™P/S — (1 —y)) < B(A"e™P/ — (1 - ¢) — &) = I (y).

sole
For ¢y € (1—Abe™B/S,1—¢(B,S,A?)), E compares I1E, and I1E , to decide which is more
profitable.

If (B, S, AP) < 0, then for pel-— Abe=B/S 1], one needs to compare the profit of being
second source and sole source. These observations give that 0 < x™* < B in the first two
bullet points of the proposition.

Finally, rearranging (31) gives (23). Bl

A.3 Proof for proposition 4

Define

g(x™) = bl(x™) — bE(x™).
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First, notice g(x™) is continuous differentiable with respect to x™. Taking the limits of x™ to 0
and B, we have

lim ¢(x™) = lim b!(x™) — lim bE(x™)

x™—0 x™m—0 x"m—0
B 1 B—S(1—e B/S)
T 2Mer §(1—e B/Y)
1 B

2Abe=x G(1 — e~ B/S) <

lim ¢(x™) = lim b!(x™) — lim bE(x™)
x"—B x"—B x"—B

=1-0>0.

According to the Intermediate Value Theorem, there exits an x"* € (0, B) such that b’ (x"*) =
bE < P ) .

Second, x™* is unique. This is because g is monotone increasing in x™ on (0, B). Taking
the first order derivate with respect to x™, we have

/

g/(x") = b (") — " (x") >0,
where
! () = Tzzégljeef,i?))i(i;);:?_;i ™ o,
bEl(xm) = _53(1—16—3‘5)2(1 —e¥ —x%e ) <0.
Thirdly, if ¢ = 1 — Abe™>" (1 — :zl Se“;f)_ xs*)> € (1 —Ab, 1 — Abe=B/5) then according

to Proposition 3, E has no incentive to deviate to the sole source since I1E,, < 0.

Finally, according to Proposition 2 and Proposition 3, both intermediaries make positive
profits. W

A.4 Proof for corollary 1

Let’s consider a marginal increase in MY Band S in turns.

Consider an increase in A’: A = A" + ¢ with ¢ > 0. We show the equilibrium market struc-
ture under A follows x™* < x™*, where x™* is the in the equilibrium under AP and x™* is
the in the equilibrium under A”. We denote the best response function under A’ by b;‘b( ")

and that under AY (x™) by bAb,( ™),i=1,E. Since aba&b ) =, ah;()f;m) > 0, for x™ € (0,B), we
have b%, (x™) = by, (x™), and b}, (x™) > b}, (x™).
Suppose x™*" = x™*, then

b/\b,( m*/) > b/I\b(xm*/) — b/I\b(xm*) — bib( ) b/\b,( *) b)\b/( m*/).

(x™*) > bk, (x™*') implies that x™*' = x"* is not in an equilibrium.

But bﬁb,

Suppose x™* > x™*, then
b/\b/( m*/) > b/l\h(xm*/) > b/]\b(xm*) —_ bfb( ) b/\b/( *) > bAb/( m*/)‘

( m*/) > b
A A
Consider an increase in B: B’ = B 4 ¢ with ¢ > 0. We show the equilibrium market structure

Again, b! (x™*) implies that x™*' > x™* can not be in an equilibrium.
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mx ~ x"*_ Since

OBE(x™)  1—e ¥ —xe ™

under B’ follows x

3B sA—ery Y
ob'(x™) — 28(1-— e™*)2 4 x™ <0
0B (2S(1—e*) 4 xm)2Abe—x* T

for x™ € (0, B), we have b, (x™) > b5(x™), and bk, (x™) < bk (x™).
Suppose x™* = x™*, then

bL (x™) < BL(x™) = bl (x™*) = BE(x™*) < bE (x™*) = B, (x™).

But b, (x™') < bE,(x™*') implies that x™*' = x™* can not be in an equilibrium.
Suppose x™* < x™*, then

b (x™) < bh(x™") < bl (x™) = bE(x™*) < bE (x™) < bE, (™).

Again, bL, (x™") < bk, (x™) implies that x™* < x™* can not be in an equilibrium.
Consider an increase in S: S’ = S + ¢ with ¢ > 0. We show the equilibrium market structure
under S’ follows x™* < x™*. Since

E(™)  (1—e ™ —xe )’ “0
s SA—e ) /
by P20 g )
= 0,
as S2(1—e ™) fxm/SPAbex

for x™ € (0, B), we have b, (x™) < bE(x™), and bL, (x™) > bL(x™).
Suppose x™* = x™*, then

bl (x™7) > bL(x™) = bE(x™) = bE(x™) > bE (x™) = b (x").

Sut b, (x™') > b, (x™*') implies that x™*' = x™* can not be in an equilibrium.
Suppose x™*' > x™*, then

Bl (x™) > b(x™) > BE(x™*) = b(x"™) > b (x™) > bE (x").

Again, bl (x™") > bE (x™') implies that ™ > x™* can not be in an equilibrium. This
completes the proof of corollary 1.l

A.5 Proof for proposition 5

Consider a game between I, who selects (f, p™) € [0, f] x [0, p] with a payoff IT! = IT!(f, p™ |
fE), and E, who selects f£ € [0,1] with a payoff I[1f = TTE(fE | £, p™). Here, we set f,p > 1
and f > 1 (p > 1) leads to an inactive platform (middleman sector). We apply Theorem 5 of
Dasgupta and Maskin (1986) to show there exists a mixed strategy equilibrium.

Given Theorem 5 of Dasgupta and Maskin (1986a), it is sufficient to show that 1! (TIF)
is bounded and weakly lower semi-continuous in f and p™ (in f£), and IT! + ITF is upper
semi-continuous. Clearly, IT! (ITf) is bounded in (£, p™) € [0, f] x [0, p] (in fE € [0,1]).

Both of the profit functions are continuous except at

min{f, p"} =1 - VE(fF), (32)

where VE(fF) is evaluated at x™ = 0. So we shall pay attention to this discontinuity point.
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First, we show that IT!(f, p™ | f£) is weakly lower semi-continuous in (f, p™). Give the
discontinuous point in (32), we have

HI(f,Pm |fE) _ {g(l —e*xs)f—i-xmpm’ if min{f,pm} <1-— VE(fE)

otherwise,

where in the second situation, the price/fee of I is not competitive to the fee of E, hence
agents will trade via E, rather than I, and so I will become inactive. Consider some f8 [0,1],

and some f,p™ > 0 such that min{f, pm} = 1— VE(fF). For any sequence {(fV) pm(j))}
converging to (f, p") such that no two f()’s, and no two p’”(]) s are the same, and f/)
£, p"0) < p™, we must have min{f(f), mi)} <1 — VE(fE). Hence,

lim [T/(f DI By =11 (f, p" | £F),

]~>oo

satisfying the definition of weakly lower semi-continuity (see Definition 6 in page 13 of Das-
gupta and Maskin, 1986, or condition (9) in page 384 of Maskin, 1986).

Second, we shall show that TTE(fE | f, p™) is lower semi-continuous in fE. Consider a
potential discontinuity point fy € (0, 1) satisfying (32) such that

BAbf if f£ < f
(fE |f ) {(B—Xm _S(l_e—x5>)/\bf5 lffE ng

Clearly, this function is lower semi-continuous, since for every € > 0 there exists a neighbor-
hood U of fy such that TTE(fE | -) > TIE(fy | -) — e for all f£ € U.

Finally, we prove the upper semi-continuity of I1' + ITE. For this purpose, consider
all sequences of {fU), p"0), fEG)Y that converges to {f,p™, fF} that satisfies min{f, p"} =
1- VE(E).

Consider first an extreme in which case min{ f(/), pm(j )} < 1— VE(fE0) for all j. As the
equilibrium is that I is visited prior to E, we must have

lim [T(f9, p"0) | fEO) + T0F(FF0) | £, pm0)) = T (F, p7 | F5) + 115(FF | £, ™).

]~>oo

Consider next the other extreme in which min{ (), p"} > 1 — VE(fE()) for all j. Then, in
the equilibrium only E is active and we must have

Lim TT(f0), p"0) | fEO) + 115 (fF0 | 00, p™0)) = BA®FF.

jm
If f > p™, then
I (f, p™ | f5) +TIE(FF | f,p™) = Bp™ = B(1 = A"(1 = f¥)) > BA"fF.
If f < p™, then
T (f, ™ | F5) + TE(FE | £,p™) = B(1— e %) f + BA%e 5 f£ > B[(1—e75) + Abe 5] fF > BAVfE,
Thus,
i T (£0), p 00 | fE0) 4 TUE(FEO) | 0, p00) < TU(F, 7 | F5) + 82 | £ ).

As these two extreme cases give the upper and lower bounds respectively, all the other se-
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quences give some limits in between. Therefore,

lim 1T'(fO, p"0 | fEO) + 105 (FF0 | £, pm0) <TU(F, p™ | f5) + 11 (FF | £, ™),

]

for any of the sequences converging to { f, p”, f£}, and so IT' + ITF is upper semi-continuous.
This completes the proof of Proposition 5. Il

Appendix B The Game With A Pure Middlamn E

O Single-market search. First of all, suppose E is a middleman with a price pF, then VE =

1-— pE . If I is a pure middleman, then it makes a profit of Bp™ with price p™ =1 — VE If I
activates a platform, it must satisfy the participation constraints,

7°(x)(1—p°) = VF,
p - f>o0.
Under these conditions, it holds that
fl<1-VE

Hence, the resulting profit of I satisfies S(1 — e ™) fl + x"p™ < (Sx° + x™) max{f, p"} <
B(1 — VE). That is, the pure middleman mode dominates any other modes with an active
platform. Therefore, under single-market search, I must be a pure middleman in all possible
equilibria.

(O Multi-market search: E is a pure middleman. With multi-market search, when E is a pure
middleman, an active platform of I has to satisfy the incentive constraints,

1— ps > 1-— pE
p-fl =0
These constraints imply: f! < pE. Similarly, an active middleman sector has to satisfy p™ <
pE. Then, if max{p™, f'} < pE, then I can be a market-making middleman, and if

min{p", f} < p*,

then trade can occur in either one of the sectors, and so I can be an active intermediary. The
profit of I is

S(1—e ) f +xmp™.

Noting x* = & _Sxm, we see from this expression that the profit maximization requires that

" = B with p" = f = pf. Hence an active platform is not profitable. Then, since the two
intermediaries compete with price, any equilibrium must be subject to the Bertrand under-

cutting, leading to p™ = pf = 0 and zero profits.
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