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COMPLEX NUMBERS:EXAMPLES & SOLUTIONS

Question (01)

(L-i)x+2i  (2+3)y+i __

(i) Find the real values of x and y such that :
3-i 3+i

(ii) Find the real values of x and yare the complex numbers 3-ix’y and

—-x*-y—-4i conjugate of each other.

(iii) Find the square roots of 4+4i

(iv) Find the complex number Z satisfying the equation

z—12‘:5 nd ‘2—4

Z-8| 3 Z-8

-
3

(v) Find real @ such that M is
1-2isind
(a) real

(b) imaginary

Solution
@-ix+2 4 (2+3)y+i _ 3
3-i 3+i

{@-i)x+2} B+i) +{(2+3)y+i} (3-i) _
(3-i)(3+i) -

(i)

(3+i)(L—i)x+6i +2i> +(2+3)(3-i)y+3i -i* _
9-i2 -

(B+i =3 —i®*)x+6i +(6+9 -2 —3i*)y+3 +i® _
9+1

(4-21)x+(9-7i)y+9 -1=-10i
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[4x+9y-1] +i(19-2x~7y) =0

(i) 3-ixy=-x*-y-4i
3-ix’y =—(X* +y) +4i

O-(¢+y)=3  -x’y=4

Oxt=-4
<=0
4/ =3
VY
y?+3y—-4=0
(y+4)(y-1)=0

y=-4 or y=1

wheny=-4 X =

x=%1land y=-4
(i)  Let Z2 =4+4i and z=(X+iy)
Oz=va+4i 7 =(x+iy)(x+iy)
= X2 +2ixy +i’y?
22 =(X* -y +i2xy
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(X -yd)+i2xy=4+4i
Ox*-y*=4 2xy=4
X —{%}2 =4
X*=4x*+4=0
(x*-2)*=0

Ox*=2

X =242

Dyz%iﬁ:iﬁ
z2=2+2i or z=-J2-2i

z-12| 5
S e 1
z—8i‘ 3 @
z-4
———1 =1 s 2
e (2)
Let z=x+iy

712 = (x—=12) +iy 212 = [(x-12)? +y?
z-8i = x+i(y-8) 2-8| =)} +(y-8)?
z-4=(x-4)+iy 2-4 = J(x-4)* +y?
z-8=(x-8) +iy 2-8=(x-8) +y?

-12
From (1); ||z—2||| :g = 3J(x-12)* +y* =52 +(y-8)°
of(x-12)% +y?} =255 +(y=82H o M

Produced by The Open University of Sri Lanka

2015



2-4

|2-8

Jx=4)2+y? = [(x-8)2 +y?

From (2) =1

(x=4)*+y* = (x=8)* +y’
x> —8X+16+ y* = x* 16X+ 64+ y*
8x =48
x=6
O form (1); 9H6-12)* +y*H= 25" +(y-8)*F
9H36+Yy*)H=25(36+(y-8)°F
16y* — 400y + (2500-324) =0
16y* — 400y +2176=0
y? - 25y+136=0
(y-17) (y-8)=0
y=17 or y=8
z=6+17i or z=6+8i

_3+2isind _ (3+2ising)(1+2isind)
1-2isind (1-2isin@)(1+2isinfd)

(v) z

_(3-4sin%0) ,_8isng
1+4sin?0 1+4sin’0

8snd
If zisreall—————=0 @#=7%
1+4sin?0 A

0 =nz+(-1) % n07Z

3-4sn%*6 _

If z isimaginary ——M— =
8 y 1+4sin® 0
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sin26?:%r

sng=+—

S

I

I+
w|y

N

O=nr+— nOdZ

Question (02)

(i) Express the following complex numbers in the polar form

(aﬁB—iﬁ
2+iH
1-i)
A+i)(1++/30)

1+7i

ey

(d) o+0i

(ii) Find the modulus and the principal value of the argument of the following

complex numbers

1-3
@

1-i 1+i
(b)——-—
1+1 1-i

(c)1+cosa +isina

1-(1-i)?

(@) 1+2i
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(iii)Find the modulus and the principal value of the argument of each of the following
complex numbers

(a) @-/3i)(a-i)

b) (-3++/3i)

O =i

() (-3+~/3i)(4- 4)

(iii) Find the square roots of

(a)5+12i
(b)15+8i
(c) 24+10i
Solution
_m-id_0E-)e-)d _+i2-50_, ..
Qe 2= i Baviye-ng 5 5 g Y

{\/E(cos(— x/4)) +i Sin(—ff/4))}2
= (v2)*{ cos(~ 7/4) +isin(-x/4)}{cos(~ 7/ 4) +i sin(- z/4)}
= 2[cos(~r/4~r/4) +isin(-z /4~ /4]

= 2[cos(~7/2) +isin(-z/2)]

(b) 2= L7 _ (@-)@E-i)a-va)
@A+)1+/3)  @+i)(L-i)(1+/3)1-/3)

_ R+i*-2 E(l—\/i_’vi) _ ~2i(1-/3)

1-i)(1-3?) 2.4
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= (3=

NG )

N[ &

]
p
N

N
M

_ %{ cos(-57/6) +i sin(-57/6)}

1+ 147 1470 (A+T7)(3+4)

(€)z="——5=7—H = : : :
(2-1)° 2°+i"—-4i (3-4i) (3-4i)(3+4)

_3+28i°+25 _ -25+25
25 25

- VEYVE NI

= (=1+i)

=+/2[cos37/4+isin37/4]
(d)z=0+0i is not possible to write in the form z=r{cosé +isin6}

Where r>0 -7<0<nr
Since there is no 8 value such that cosé@ =0and sind=0

O There is no argument for Zero Complex number.

fi)(a) 2= 178 = 1=3) 1-20) _1+6i°-5 _-5-5
C1+2i (1+2)(@-2) 1-4% 5

=-1-i =2{-1/V2+ (-1V2)i]
=/2[cos(~37/4) +isin(-37/4)]

O|2=+2 and arg(z) =-37/4

_1-i @) @-i)2-@+i)? _[1-i+a+i][1-i-1-i]
1+ (1-) @+@-i) 1-i2

(b) z
- @ =-2j = 2[COS(—7Z/2) +i Sin(—ﬂ/Z)]
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14 =2 arg(2) =-x/2
(c) z=1+cosa +isina
=2cos’ (a/2) +2i sin(a/2) cos(a/2)
z=2cos(a/2){cos(a/2) +isin(e/2)}
|Z=2cosa/2  ag(2)=a/2

1-(1-i)* _ _1- (1-2i+i%) _1+2i _

(d).z= :
1+ 2i 1+2i 1+ 2|

=1{ cos0+isinC}
1Z=1 arg(2) =0
(iii)(a) z= (L1-~/3))(1-1)
o 3.0 :
=2 ~ -
N ol
=2 %os(—%) risin(-7) E\/E %os(—%) 4 sin(—%)%
= 2y/2[cos(—~(x/3+ 7/ &) +sin(~(z/3+ 7/ 4))]
= 2y/2[cos(~77/12) +isin(-77/12)]

Arg(2) =-7r/12  |4=2J2
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Question (03)

(a)Given that the complex number Z and its conjugate Z satisfy the

equation ZZ +2iZ =12+6i find the possible values of Z.
(b)If Z=x+iyand Z*> =a+ibwhere x,y,a,bare real,prove that 2x* =Ja*+b* +a

By solving the equation Z* +6Z? +25=0 for Z?,or otherwise express each of the four
roots of the equation in the form x+iy.

Solution
(). zz+2iz=12+6i Let z=x+iy x,yOR
0 z=x-iy
2= (X" +y?)
X2+ y? +2i(x+iy) =12 +6i
O (x> +y*—2y)+2xi =12+6i
Ox*+y*-2y=12 and 2x=6
Ox=3
F+y?-2y=12
y*-2y-3=0
(y-3)(y+1)=0
y=3ory=-1
z=3+3i or z=3-i
(b) z=x+iy
Z* = (x+iy)? = (X* - y*) +i2xy
Z* =a+ib
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Oa=x"-y* and b=2xy

yob
2X
0b f
a=x"-G—[]
12X
a=x’- b
4x?

[ 4x* —4ax®* -b?> =0

2 - daxy16a’ +16b°

8

o = ax+a’+b’

2

SincexOR 0O x*=0

[ 2x*> =a++/a’ +b?
z2°4+62° +25=0

(z*+3)°+16=0

(2+3)" = (4

[0 z2=-3+4i or 22 =-3-4i

Let z=x+iy and Z° =a+ib=-3+4i

02x% =/(-3)%+4? -3=2

z=1-2i or z=(-1+2i)

0 The roots of the equation z* +67°+25=0 are 1+2i,-1+2i, -1-2i,1-2i
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