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NONLINEAR CURVED BEAM THEORY
Nonlinear strain-displacement relations (exact)

A curved beam, or rod, is a one
dimensional entity in the following
formulation. Exact strain-displacement
relations will be derived and then these will
be approximated in several ways as r'-:"
appropriate for specific applications. The
process and the several types of _ﬁ -
approximations illustrate parallel aspects of \< U t
plate and shell theories. The centerline )
(later identified with the location of the
neutral bending axis) in the undeformed
and deformed states is depicted in Fig. Al.

Let s be the distance measured along the
centerline in the undeformed state and 5§
the distance in the deformed state. Fig. Al
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With reference to Fig. Al, use the over-bar to denote quantities in the deformed

state. The displacements, w(s) and v(s), are normal and tangent to the undeformed

beam and are regarded as functions of distance along the undeformed beam:
F=r+w(s)i+v(s)t, :Z—r, A« =0, i is "on the right"
S

Define the rotation ¢ as

where the radius of curvature of the undeformed centerline is % = —d—,
S S

of 1. di 1
ds R ds R
and
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Note that
singa::-ﬁ:ﬂd—f
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Define the stretching strain as
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The change in curvature Ax is
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Thus,

AK:d—i(d—w+d—(pj—d—W:(1+8)_1[d—¢—gd—l//}:(1+8)_1[d—¢+£}
ds\ ds ds ds ds R

This completes the nonlinear strain-displacement relations, except it is useful to define an

alternative stretching strain measure, 7, analogous to the Lagrangian measure in 3D

elasticity:
1[(ds Y’ 1
==|| = | —1|=2¢(2
7 2 (dsj } 28( +e)
1[ df df 1, 1.,
=—|——-1|=e+=€"+—
772 s ds } 2% 137

A) Summary of exact equations for finite strain and finite rotation

with e-d W 5 dw Vv
ds R ds R

Sin(pzﬁ, & :3—§—1, n :g(l—i-%g) = e+%e2 +%ﬂ2, Azc:i[cé—(sp—i-%}

B) Inextensional strains and finite rotations (exact inextensional theory)

This theory reduces to the elastica for initially straight members. With e and £ defined
in A),

S



C) Small strains and finite rotations

Assume |¢| <<1, which implies that |7 <<1 and & =7. With e and 4 defined as above,

use |¢[ <<1 to obtain the following approximations:

. 1, 1, do ¢
sinp=p, e=e+=e"+=f°, Axk=|—+—
v=F 2 2’6 [ds R

D) Small strains and moderate rotations
This is an important class of theories because it allows rigorous nonlinear buckling
analyses for linear elastic beams, columns and rings. Moreover, some of the most widely

used plate (von Karman theory) and shell theories (DMV theory) are derived under the

assumption of small strains and moderate rotations. As in C), assume |g| <<1. For

moderate rotations we require @* <<1, which in turn implies that > <<1. (Note that
this is less restrictive than |p| <<1.) These assumptions imply, e* <<|e| and p = 3.

Thus, the equations for this theory are
ds R ds R 2 ds R
E) Small strains and small rotations (linear theory)
The linearized set of equations from A) or, equivalently, from D) are

_dv+ﬂ —d_W_l AK—|:d_¢+£:|

' ’ “lds R

g:e_— =
ds R ¢ ds R

Homework Problem1: Vanishing of the strain measures under rigid body displacements

Q) For a rigid body translation, ¥ =7 +U , where U is a constant vector in the
plane, show that £ =0 and Ax =0 for all the five cases above.

(i) Consider a rigid rotation about O in Fig. AL, T =/;r, =1 +(¢; —6;)r;, where
@ is the rotation about the normal to the plane and the non-zero /; are

¢, =cos@, (,=-sind, (, =sin@ and ¢,, =cosd. Show that £ =0 and

Ax =0 for A, B and C above. For D & E, determine the dependence of ¢ and

Ax onsmall 4, i.e. determine the lowest order dependence on small 4.



First order constitutive relations for small strain, linear elastic behavior (no
restrictions on rotations other than the strains due to bending are small)

There are many possibilities that could be considered for constitutive laws. For
example, if one were interested in applications to rubber materials that undergo large
strains one would have to consider nonlinear finite strain constitutive models. Where the
bending moment (or moment/length), M , and the stretching force (or force/length), F,
are related to the two strain quantities through and energy density function, ®(Ax, &) by
)

oAk’ oe

However, almost exclusively in these notes, we will be concerned with applications

M

relevant to structural materials which by their nature have strains due to stretching and
bending that are small if linear elastic material is assumed, which it will. (It should be
noted, however, that the strain-displacement relations and the equilibrium equations
derived later are applicable when plastic straining occurs, but we will not consider
plasticity in these notes.)

Digression: constitutive laws for first order beam theories ,b

As background consider the engineering theory for straight
wide plates and beams which is a first order theory. For
wide plates, the constitutive relation is M = BAx with
B=Elwhere E=E/(1-v?), | =h*®/12 and h is the
thickness. The ode governing a uniform plate subject to a
transverse load/length, p(s), is Bd*w/d*s=p. Thisisa
first order theory based on the deflection of the centerline.
Consider a clamped beam of length L shown in the figure
for the beam at the top and for a 2D plane strain elasticity
problem at the bottom. Beam theory treats p as being
applied along the centerline, and it cannot distinguish
between loads applied along the top of the beam or along the
centerline, for example, as in the case of the 2D problem.
With energy/length &, =M ,Ax, /2 and @, = M Ak, /2
of the two 2D problems, typically,
(©,—D;)/D,=0(h/L). Thatis, depending on details that
beam theory cannot capture, there are inherent relative
differences on the order of h/L. With ® =MAx/2 from
beam theory, it is also true that (&, —®)/®, =0(h/L).

For a curved beam another length enters, R --see




example for a circular ring in the figure. The load induces
both a change in curvature, Ax, and a stretching strain, ¢ .
Let ® = EIAx?/2+Ehg?/2 be a measure of the
energy/length. Plane strain, 2D elasticity solutions for
annular regions such as that to the right differ by relative
order h/R for problems that would be modeled identically
by curved beam theory, e.g. the pressure acting on top vs. on
the bottom of the beam. That is, for two such problems, A &
B, (©,-®;)/P,=0(h/R). Thisis an inherent error
expected of curved beam theory. We will make good use of
this result.

End of digression

For problems limited to small strains and linear stress-strain response, let B and

S be the bending and stretching stiffness of the beam, respectively. These may be a
function os s. (For the wide plate B = Eh®/[12(1-v?)] and S = Eh/(1-v?).) Recall the
standard constitutive equation for a straight beam or rod with uniform isotropic elastic
properties across its cross-section under combined bending and stretching:

1 00, oy g0,

QDA:—BAK2+1852; M = =S¢
2 2 OAK £

For plane strain deformations of a curved or flat plate, M and F are the moment and
force per length perpendicular to the plane. The constitutive relation above coincides
exactly with the results from 3D linear elasticity for pure bending and stretching of a
uniform flat plane in plane strain. Moreover, the variation of the strain component
parallel to the middle surface through the thickness of the plate is

&, =¢— YAk
where vy is the distance from the middle surface.

One possibility for curved beam theory is to employ @, as the energy/length.
However, consider the following alternative. Instead of using (Ax,¢) as the pair of
strain measures, use (K, &) where K =Ax—¢/R. (Knowledge of (K,&) provides
(Ax, &) and vise versa, and the difference between the two sets vanishes for a flat plate.)

The advantage of the alternative bending strain measure K is the simplified bending

strain relation:



< g0

ds
Now, what if we were to use the following constitutive relation?
®B=18K2+3852; M :aq)B =BK, an(DB =S¢
2 2 oK oe

For flat plates this is the same as that based on @, . It is important to realize that a

curved beam is, in fact, a 2D or 3D entity although we will model it as being 1D. The
first order theory we are in the process of deriving is a 1D theory based solely on the
deformation of the neutral bending axis. An important argument of W.T. Koiter that
carries over to shell theory is that for a first order curved beam or plate theory (i.e. a

theory that is valid to lowest order in h/R and/or h/L), either &, or ®, may be used
because the error intrinsic to any first order theory is of the order @ ,-®,. We will use
@, since it results in “nicer” equations, but solutions based on @, would be equally

valid. The analog will emerge in first order shell theory.
The details of Koiter’s argument for curved plates are as follows. With B =k’S

where k is a radius of gyration and with ¢, = kAx as a measure of the strain due to

bending at a distance k from the neutral axis, then one can easily show that
— 1 2 2 _ 1 2 2 k 2 k 2
(DA_ES(gb +& )and @B—ES(% +& —2€b8§+8 7L

such that the relative difference between the two is

©,-0; _k 2¢,6+°(KIR) _O(Ej
D, R g2 +&° R

Exact solutions from 2D plane strain elasticity for thin circular annular regions subject to
various loadings show that differences of this order cannot be avoided if one considers
the whole range of problems of interest for a first order theory (see the digression). That
is, a specific problem might be more accurately represented by one or the other of these
two constitute models, but if one considers all possible problems one is as accurate as the

other and we are free to choose the one we like. The choice based on ® =®; and K

gives the “nicest” set of equations, and this will be our choice.



Principle of Virtual Work (PVW) and Equilibrium Equations
We will illustrate the PVW and derive equilibrium equations for theory D for
small strains and moderate rotations which has

g=e+l¢2, sz_go e_dv w dw v
2 ds

ds R 4 ds R
Note that the only nonlinearity is the ¢° termin . (This theory reduces to the 1D
version of von Karman nonlinear plate theory for wide plates.) Virtual strains and

displacements are related by

o€ = 0€ + oY, 5K—d5¢ oe = d5V+5W, 5(0:@_&
ds ds R ds R

Define the Principle of Virtual Work (PVW) in terms of the internal virtual work (IVW)

and external virtual work (EVW) for a curved beam extending from 0 to L as
VW = [ (MSK + Foe )ds
L L
EVW = [ (p,ow+ p,6v)ds +[P,ow+mdp+Rov],

The PVW requires IVW=EVW to hold for all admissible virtual displacements 6w and
ov. The following illustrates the standard process for generating equilibrium equations

and boundary conditions

VW =[] M d[—da""—ﬂjﬂr @+5—W+¢£—d5""—ﬂj ds
ds R ds R ds R

Integrate by parts to obtain

w—[][M, E_dF) 5W+(1d_M_d_F_F(/’j5v ds
ol d’s R ds Rds ds R

L
M mﬂ [—d—M+ F¢j§w+(—M+ FJcSv
ds ds R .
Enforcing IVW=EVW for all admissible 6w and 6v gives the equilibrium equations

d°M _F_d(Fp) _ Fo_
d?s R ds " Rds ds R !

and the conditions at the ends of the interval

L L
p doW [_d_'v'+ F¢]§W+(—M+ Fjév {P5W+mdi+(P ——)5V}
ds ds R 0 ds 0




Thus, at either of the end the boundary conditions involve the specification of

M=m ord—W ;and —OI—IV|+F(p:Pn or w; and M+F:m+F>t orv.
ds ds R R

The distributed loads we have defined are defined as load/length of the undeformed beam
and they act in the directions defined by the undeformed normal and tangent vectors, fi
and t . They are called dead loads. A pressure loading, is an example of a live load, and
it is defined a load/length in the deformed state and acts parallel to 0. We will treat

pressure loads later.

Small strain-moderate rotation equations for circular rings
With reference to the figure, let s=Ré& where R is the radius of the ring and & is
the angular measure in the undeformed state measure counter clockwise. For a linear

material, M =BK and F =Se&. Let ()'=d()/dé and note that ¢ = (w'—Vv)/R and

e=(vV'+w)/R. The equilibrium equations expressed in terms of e and ¢ are
B(p"’+SR2(e+%(p2)—SR2[(e+%(p2)(p} =R%p,

Bg” - SR? (e+%gp2)' —SR? (e+%¢2)¢: R®p,
Boundary conditions depend on whether the ring is complete
and how it is supported. We will use this set of equations to
investigate buckling of a ring under dead pressure load.

These equations also apply to the dynamic behavior
of a circular ring if one invokes D’ Alembert’s Principle and

takes p, =—pW and p, =—pV where (y=o6()/ét and p is

the mass/unit length of the undeformed ring.

Linear vibrations of a circular ring

Linearize the above equations to obtain
Bp" +SR% =-pR*W and Bg"-SR% =—-pR%

noting that e and ¢ depending linearly on w(é,t) and v(é,t).



Homework Problem #2: Vibration frequencies and modes of a complete ring
Consider solutions to the above equations of the form
W =W, cosndsinwt and v =V, sinndsin ot
where n=0,1,2,3,....and @ is the unknown vibration frequency which will depend on n.

Show that this is an eigenvalue problem and show that « satisfies

a“—az[n“+n2(1+(R/r)2)+(R/r)2]+nz(nz—1)2(R/r)2 -0

4
where 5:,/pBR w and r =\/§ (for a uniform beam of thickness h, r = h/(2«/§) and is

called the radius of gyration of the section). Note that, in general, there are two
frequencies for each n. Compute all the vibration modes and frequencies for n=0 to 10
for the case r/R=20. Comment on the single mode for n=0. Comment on the mode
for n=1 (be alert for a rigid body mode). Sketch the two modes for n =2 and comment
on why the frequency of one of the modes is so much higher than the other. Hint: In
carrying out this problem you will probably find it useful to calculate the relative

amplitudes of the eigenmodes both for, w, and v,, and for ¢, and ¢, .

Classical buckling of circular ring under uniform radial pressure (dead pressure)
The ring is subject to a uniform dead pressure loading with p, =—p and p, =0.

The ring and the loading are axisymmetric and it is easy to see that the following simple

solution exactly satisfies the nonlinear coupled equations for small strains and moderate

rotations:

Wo

20 p=0
R’ Y

2
W=W, =— PR
S
We conduct a buckling analysis analogous to the “classical” bucking analysis of a

,v=0,e=¢,=

straight column. The question asked is the following: “Is there a critical value of

pressure, denoted by p., at which a solution emerges other than the simple axisymmetric

solution given above.

The following is a bifurcation analysis. For specified p, perturb w and v about

w=w, and v=0 with x as the perturbation parameter. With

10



W=W, + W, +..., V=4V +...,
one finds

Q=pp +..=p(W V) R+.., e=e;+pue +..=€+pu(vi+w)/R+...
Substitute into the full nonlinear equations and linearize with respect to s :

B+ SR, + pR%p, =0

B! —SR%¢] + pR°p, =0
Eliminate e, from the above two equations to obtain

B(o* o)+ PR’ (¢ +¢,) =0
This is an eigenvalue problem with p as the eigenvalue. Look for eigenmodes of the

form: ¢, =sinng (or ¢, =cosnd) for n=12,3,... to find the eigenvalues:

B
pnzﬁn

Note that €] = (R/S)[Bgol”/ R® + pgol] =0 forall n. Solve for w) and v, where

w, =W cosnd and v, =V’ sinnd given e, = (v, +W,)/R and ¢, = (W, —Vv,)/R to obtain
vn+w) =0 and v)+wn=-R

For n=1 there is no solution. The lowest eigenvalue which is identified with the

buckling pressure, p., occurs for n=2 with
4B 0 0 -
Pe =P, e w, =—2R/3, vy =R/3 (Buckling under dead pressure)

Note that e, =0 and, thus, the buckling mode is inextensional to first order in z .

Classical buckling of circular ring under uniform radial pressure (live pressure)

Under live pressure, the load/length in the deformed state is —pi and the external
virtual work is EVW = —J' phe(owii+6vi )dS . From page 2,

ds

= ds = _ = — _
t =£((1+e)t +pA) and, thus, W= dg(_ﬂt +(1+e)f)

Now it is straightforward to see that

11



EVW = —j p[(L+e)sw— Bév]ds
When this EVW is used in place of that used earlier for dead loads and with S = ¢ for

moderate rotations, one obtains for the circular ring under live pressure

B¢>’”+SR2(e+;¢>2)—SR2 [(e+§(p2)(p] =—R%(l+e)p (replace rhsby —R%p)

Bp' SR (e+1¢?) —SR?(e+ L% ) =Rpp

One additional approximation can be made consistent with the fact that we have already

neglected terms like e compared to unity: replace the right hand side of the first equation

by —-R®p.

Homework problem #3: The buckling pressure for a circular ring under live pressure
Q) Show that the pre-buckling axisymmetric solution is the same as that for dead
pressure.

(i) Show that the critical buckling pressure (the lowest eigenvalue) is
p. =3B/R® and the associated buckling mode is ¢ = ¢, cosn@ with n=2.

The buckling pressure under live pressure is 33% lower than that under dead pressure.

Euler’s elastica—Axial buckling of an inextensional uniform straight column

Consider the initially straight column in the figure. Itis 47 gax o
pinned at the ends (M =0, w=0, v(0) = 0) with a horizontal A A
&
load P applied at the right end. The column is modeled as -
< ¢ ¥ -l

inextensional (& =0), and the theory B) for arbitrary large 7

rotations is employed such that M = Bdg/ds where B is

‘P
constant. Let X(s) and y(s) denote the location of points in the _"/\—ic} P
deformed state in the rectangular coordinate system shown. (touts. Lo
Note that dx/ds =cos¢ and dy/ds=-sing. Moment L _'1 n
\-) €«—7
equilibrium about the left end (see figure) requires M =y (s)P. f

12



(Comment: Alternatively, you could obtain this equilibrium equation from the PVW.)

Then note,
dd'vI jyp=—smqu = Bp"+Psing=0 (0<s<L), ¢'(0)=¢'(L)=0
S S

where ( )'=d( )/ds. The equation is the same as that for finite oscillations of a

pendulum if s is regarded as time. It has solutions that can be expressed in terms of
elliptic functions, as will be seen below.

A first integral is readily noted:
" F 1 12 ’ 1 12
Bp"+Psing=0= EB(p —Pcosp | =0 = Eng —Pcosp=C
Let ¢, = ¢(0) (which is unknown at this point). Then noting that ¢'(0) =0,

%ng'z —~Pcosgp=-Pcosg, = ¢ :(prj(cos(p—cos(po)

= @' =+/2B/ P Jcos p—cos ¢,
Let’s look for solutions such as those depicted in the figure with ¢, >0 which are

symmetric with respect to the center of the column such that for 0<s<L/2, ¢>0 and

@' <0 with ¢(L/2)=0. Then,

E S_J‘% d¢
\' B ¢ \/COSp—COS ¢,

Since ¢(L/2)=0, it follows that

= x/—E (sin(g, /2))

2P L _ J‘%
\ B 1/COS(p COS @,
This is the relation between P and ¢, -- E; is the complete elliptic integral of the first

kind, but the integral is as easy to use for numerical evaluation. Note that for small ¢, ,

2P L, g —
B 2 % Jipi-p)12 2
Thus, the buckling load (the lowest load such that the column is not straight—also called

the bifurcation load) is P. = z°B/L?; this is the famous Euler load.

13



All other details of the deformed shape can be computed from the above

equations. In particular, the deflection at the center of the column, 6 =—-y(L/2) is given

f I% sinpdg
2P°0 Jcosop— c03gp0

And the horizontal displacement through which the end load works, A =L —X(L) is

L/2dx 2 |B o cosepde
- __I s=1-2% _J‘
LV2P Jcosp—cosg,

These relations are plotted in the following figure where they are compared with results

by

based on small strain/moderate rotation theory (Homework Problem #4).
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Homework Problem #4: Column buckling using small strain/moderate rotation theory
Consider the problem above within the contest of small strain/moderate rotation

theory (the equations are listed on page 8 with R =o). Make no other approximations.

Here are a few hints. Show that F is independent of s = x and is therefore given by

F =—P . The equation for w(x) is an eigenvalue problem which gives the result

P = z2B/ L? for all values of 5/L where & is the deflection at the center of the beam.
Then, note that

=-u(L)= —jOLu’dx = jOL(—S+%W'2)dX

Determine results analogous to those in the figure above for A/L and &/L. Recall that

this theory is the same as von Karman plate theory for 1D problems.
Homework Problem #5: Spaepen’s Elastica problem

Consider an initially straight rod that is

squeezed between two platens by imposing d

-

as shown in the figure. Equal and opposite

forces P arise. Frans Spaepen used this as a

|
|

N SR QU
—x—!

test configuration to create a region of high
curvature at B where a highly local material

instability occurred once the curvature became
large enough. The question of interest is the relation of the curvature at B, x;,to d .
Assume finite rotation/inextentional strain theory and limit consideration to symmetric
deflections about B. Note that the point of contact at A is not known in advance—its
determination is part of the problem. Denote the length of the rod between A and B by
L/2 (this is also unknown). The boundary conditions are

p(0)=712, ¢'(0)=0, @(L/2)=0
This would appear to over specify the problem, but the extra condition allows L to be
determined. The condition ¢'(0) =0 follows from the fact that the rod is straight above

A, and M is necessarily continuous across A (why?). Show that

15



i_ﬁ/2d¢_ \/E:n/z _
\/;L_jo W_z.ezz, - jo Jcospdep =1.198,

2P Inlzsmgodgo 2. K(s)= 2Pc05¢> 2P 1198
0 cos ’

Homework Problem #6: Non-uniform pressure distribution acting on a circular ring

Consider an unsupported complete circular ring of radius R, uniform bending
stiffness B and uniform stretching stiffness S. (As is typical for a thin ring, B =k*S
with k/R <<1.) The ring is loaded by a normal pressure distribution, p, =qcosné

where n is an integer. Using linear ring theory, determine w(&) and v(&) for
n=0,2,3,4,.... Hint: guess the form for w(¢) and v(&) with due regard for the phase.
Q) Why is there no solution for n=17?
(i) Determine the displacements &, = w(0) +w(z) and

05 =W(r/2)+w(3x/2) forall n other than 1. Why is the result for
n=0 special?
(i) For each n, compute the bending energy, .[2”1 BK*Rd@, and the

stretching energy, j 1S&?Rd@. Compare them by taking their ratio

(use B =k?S) and remark on the difference between n=0 and the
other n.
(iv)  Given you have the solution for p, =q,cosné (and, therefore, also

for p, =g,sinnd), describe in words how you would produce the
solution for any equilibrated normal pressure distribution, p(é).

Homework Problem #6A—Two elastica problems

Both the deformed beams in the figure are straight
with length L in the undeformed state. The top beam is
bent into a circle and the ends are then welded such that __L__ A
the slope (and curvature) is continuous. The bottom 2m -
beam is bent into the shape shown such that at the left the
two ends meet with the ends tangent to each other as
shown and then welded. Using the theory for the elastica,

determine and compare the bending moment in the

circular hoop and the bending moment at A in the loop.

16



Homework Problem #6B: Two circular arch problems (Messy solution!!)

The two circular arches in the figure to the right are identical. Each has modulus
E, thickness t, width b perpendicular to the plane, radius of curvature R, and each has
a curved length L in the undeformed state (the support span is 2Rsin(L/2R). Both are

simply supported at each end (M =0,w=0) and horizontal component of displacement

of both is zero at the left end (U, =0). The upper arch has

U, =0 at the right end, while the lower arch has no Lt P
resistance to horizontal force at the right end (F, =0). {/ ; ‘L; -
Using linear curved beam theory, determine the vertical
deflection at the center of the beam. [ M

(i)  Show that for L/+/Rt <<1, the center v S S

deflections of the two beams are essentially
the same, and comment on why this is.

(i) Show that for L/ JRt >>1, the center deflections of the two beams are
very different with the upper arch undergoing much less deflection—it is

acting as an arch, while the lower beam is supporting the load by bending.
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