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Name Date
IB AP Calculus 2

Related Rates: wa i d.F'FtM.I’ r'd'k-*‘ o\o o'mﬂn""
%J&"%‘Htj + GEC e 0(4’ A re|4"1'ongL:/J }9-(_"'\«/((-’/)
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1. Matt is standing at the top of/a 25 ft. ladderthat is leaning against a wall. Brian is at the

foot of the ladder holding so that the ladder will not slip. Suddenly, Brian hears the ice

5 cream truck, decides that he is hungry angd rurs-away- = ately for Matt, the bottom of
j 2 the ladder starts to slip away from the ‘4 at the €2 gw fast is the top of the
ladder sliding down when the bottom of the ladd rom the wall?
—

Step 1: Begin by defining the variable starting with t. (Include a diagram)
' +‘V“€- In Sepde

= e v of et befues The wuall ¢ the

y= ‘l'lqg, Aum b~ s feet l.’x,‘LM\'l'l"e")'“ Fa*f the_
lkﬂ(d((/' J’-”\G/J(N'\/

Step 2: Write down any numerical facts about x and y and their derivatives with respect to t.

This is the information that

,d-L: Z'F"L/SQQ
dt

|
Step 3: Write down what we wish to find{ This is the “what".

\,\/m’d wha  xz1g
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f! Step 4: Write an equation to relate x and y. (Refer to your diagram) \

X} gls 25

y Step 5: Differentiate both sides of the equation with respect 1@
/

Qxf?‘ _,ftf, O

Sy

Step 6: Substitute your “*know” and solve.
2s-

(19)(3) ‘i‘és)%{% =0 y

S +284y =20 =12
1 Et \S -Va 25

- c U KA Ty
allﬁ‘ e H’/Sec 3520

Step 7: Write a concluding sentence about your solution including direction and any other

information that was asked.

V\)r\'cn‘p\e_ })o‘vl"-lwng—-l-‘ﬂt ",{,Ie, WARE >4 —Co.,,
the Wall +he dop s# the lofde~ 15 er::]

/ﬁ\JV\ GfF & rafe of Q.lgﬂ/sec.
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3. Two cars, one going @ at the rate ond the other going@ue south at the

rate of 60 km/hr, are traveling toward the intersection of two roads. At what rate are the

cars approaching each other at the instant when the first car is .2 km and the second car is

R ——
.15 km from the intersection?

Step 1: Define the variables and draw a diagram.
t= ‘hfw, " Iﬁow! Y

X= dl.,('\'lp\(-a. —FAM Cf‘ ‘\‘b\ﬂ*" seet M (‘M) __L—-E
y= k'\_( '\’U‘(t va cw & ‘)Dinl'ffcdﬂ-\ (kn\) ﬂj
2= dichine betwtenthe dcos

Step 2; Numerical facts about their variables and their derivatives; “know".

g = =4 k/he by - - bohu/he

Step 3: Write down what we wish to find; “what”.

"“I'Q'I LL/\ = . M 0 [}
W oE W X=. a K 9 ISk

% Step 4: Write an equatlon
Xy’

Step 5: Differentiate both sides of the equation with respect to t.

=3

j‘\ ——

A

% 4 x WAZ Ag -

Step 6: Substitute and solve.
()19 +CI9(-4o) (»ﬁ ,a) +(;:) 2
_X¥ =z JS’# Mas 2>
2'3:;/)03 k,../;,,. 72,95

Step 7: Write a concluswn

e cws o RfmmLma tack othe &t & sk of —l0bRnVh~
whta X< R
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Page 150 #9, 40
9) Find the derivative: 7 = 502 sec

dr—l()ﬂ 6 + 562 g tan @
T sec secd tan

40) Find the second derivative: J = CSC X
dZ

Froie cot? x cscx + csc3 x
X

Page 170 Section 4.2 Exercises #1, 27
1)Find dyldx: x2y + xy? = 6
dy 2xy + y?
dx  2xy + x2

27) Use implicit to find dy/dx and the second de |vat|ve

ay__x @uakint 4% A_‘_,

dx y _'J
dy  @4yH 1 -_J.3
dx?~  y3 )3
J 3 3
Page 257 Section 5.6 Exercises #1, 3, 11 U

1) The radius r and the area A of a circle are related by the equation 4 :@
Write an equation that relates dA/dt t

dA—Z dr
ac - ar

3) The radius r, height h, and volume V of a right circular cylinder are related by the

equaton VV = wrih

a) How is dV/dt related to dh/dt if r is constant? d_V :@%
dt dt

d dr
b) How is dV/dt related to dr/dt if /)is constant? dl = 2nrh a

%How is dV/dt related to dr/dt and dh/dt if neither r nor h is constant?

av _ dh . dr
gL =gt amrheg

11) A spherical balloon is inflated with helium at tke rate of 100 p K now

ov
a) fast is the balloon's radius |nf$3|ng at the instant the radius is 5 ft? M

<y cde
d_‘/:i r—)dr {OD’T' YT/S)
At /YTFZ AdE oo = (007

b) How fast is the surface area increasing at that'instant?

40 pi ft¥/min
of

r~

A = L/ﬁrl T < /
ASA_ QM7 A
At d&

SgM(sY (1) = Yo IT €1 ) i
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2Eater is flowil"l/g at the rate of ngmin into a tank in the form of an inverted cone having an

altitude of 16 m and a radius of 4 m. How fast is the water level rising when the waterj

m deep? ’ //-
Step 1: Define the variables and draw a diagram.

- h< ,)h‘l‘ ef watr n ~elvs

| \b
'r=(¢d|'\/s oF watr Ir Nf""fs

‘v:VD,nd OPWAW(M}) L

\ K i Step 2: Numerical facts about their variables and their derivatives; “know”. q
nd.. _C —_ —

AE hoC
\/\/6’\" Il SfEp -r|downwhalwewmhioﬂnd\want l(o : l‘{l")

Step : Write an e

w‘(\ el
01 \/ D € - Doth sides ofaekeqiatlcm with respect to-tL—
dat " >(ﬂ’t\ HM(

t ] ) edy
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Step 5 Redo: Differentiate both sides of the equation with respect to 1.

Step 6: Substitute and solve.

Step 7: Write a conclusion.
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AP® CALCULUS AB
2008 SCORING GUIDELINES

Question 3

01l 15 leaking from a pipeline on the surface of a lake and forms an oil slick whose volume increases at a

conc;tant rate of _mmmumﬂe:s.pﬂ_mte The o1l slick takes the form of a right circular cylinder

e, (Note: The volume ¥ of a right circular cylinder with

(a) At the instant when the radius of the oil slick 15 100 centimeters and the height 1s 0.5 centimeter, the

radius 15 increasing at the rate of,j_nennmetcs.pemnmlg_m this instant, what 15 the rate of change
of the height of the o1l slick with respect to time. in centimeters per nunute?
]

\ R
= l(navx/ dl/: 9000(""/,«,\(\
_% d—z‘ '

h \‘va+ ' % Wl’\((\

V= h
() /dh VT acde
%\/_(m\ m\ +(h)/ T

&mo:(,q—(uop\ (3%\—5 4&{\ DA (@

2000 ~ |0,000 TI\% 1 XS0
T

Q000- 2SO0 _ A4h

|0,000 " (}‘A.'n At
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" dav
(a) When r =100 cmand h =05 ecm. — =

dh

dr

) 2 di
2000 = 27 (100)(2.5)(0.5) + JTEIOO]'d—':

di
(3: = 0.038 or 0.039 cm/nun

- O.0y

At

O.039

2000 em” [ min

[.dV _, dr _ .
| 1: e 2000 and - 25
-

| 2 : expression for av
o dt

| 1:answer
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AP® CALCULUS AB
2007 SCORING GUIDELINES

Question 5
% = :
Gt 0 2 7 11 12

5
]
r(t) - 3”

(feet per minute)

57 | 40 1.2 | 06 | 05

The volume of a sphencal hot air balloon expands as the air inside the balloon 15 heated. The radius of the
balloon, in feet, is modeled by a twice-differentiable function r of time . where ¢ is measured mn minutes.
For 0 <t <12, the graph of r is concave down. The table above gives selected values of the rate of change.

r'(t), of the radius of the balloon over the time interval 0 < t < 12. The radius of the balloon is 30 feet when
—_—
=3 (\Iote The volume of a sphere of radius r 1s given by I ——?rr )

(b) Find the rate of change of the volume of the balloon with respect to time when t = 5. Indicate units of
measure.

wWat A~ Wt 5 | =30 bt

L 20% e -y (39 (s)

Y (20) () = /gT(_?oB:1
- 7o-Mo77/4”(7""-"\
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© 3o (5. dr
® % =3P & 3:4°°
F 1 3/ 1:ans

‘;—H = 4x(302 § 72007 8/ min L& -

10
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x

1995 ABS/BC3

Ansess

As shown in the figure above, water is draining from a conical tank with height 12 feet
and diameter 8 feet into a cylin 'almnklh.nh.h.ibmmarcavwo quHILl‘tL
The tkplhh n feet, of the water in the conical tank is changing at therale 0

at 1
feet per minute. (The volume V of a cone with radius » and height # is ¥ —Eirrh )
(a) Wnitean expression for the volume of water in the conical tank as a function of 4 .
e

(b)  Atwhat rate1s the volume of water i the conical tank changing when A=37
Indicate units of measure.

(c) Let ybe

) changing when /=37 Indicate units of measure., l k}
© v-drh = b () - 8 )%7/

e Wit AV Ve~ h=
@ T e 222 tj%-:u«/:{:g.n

\/:_’V_‘_hz> ST

\/: (Ara clrclcbm) h

Clj,‘/'o‘”

V= oumhoy 4

4 -1d]

- Yy dy Ay Doy,
Vm \mnlr d dt "o s

11
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1995 AB5/BC3

Solution
Id]L—i—l— r==h
h 12 3 3

J —]—;r'llhl h= 2]
\3 27

: dV _zh' dh

dt 9 dt
Th' 3 e
=5 (h=12)=-9x

¥ is decreasing at 9x i’ /min

(¢) Let W= volume of water in cylindrical tank

w )
W = 4007y ‘T - 400z 2

af art

dy
A xr—=19;
dt i

9 .
¥ 1s increasing at — {t/min
400

October 27, 2020
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w
8

\{X«\S\,Jf 1094 AB 5-BC 2

A circle is inscribed in a square as shown in the fipure above. The circum ur -
circle al 6 inches per second. As the cl expands, Jhe
square nds to maintain the condition of tangency. (Note: A circle with ...1:!12@‘}5
circumference C =27 & ﬂ.j_i A =ar)

———

@ ['ii!-J-‘,.'li_ rate at which the perimeter of the square is increasing. Indicate units of
measure -

(b) At the instant when the agea gf the circle is 3’ square inches
Increase In thesfea enclosed betweent

13
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1994 AB5-BC 2
(a) P=8R
dp _ dR
dar = dt R
dac

(b) Area=4R'-gFK’
d(A:ea]= dR dR

S8R— - 2xR—

dt dt dt
~(4-x)2R R
dt

Area of circle =257 =aR*
R=5

d(‘qm‘]hes‘.-second
dt I

14
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S .
Wﬁ_ A man 6 feet tall is walking toward a building at th€ rate of 5 ft/sec. )f there is a light on

the ground 50 feet from the building, how fast is the man gdow on the building growing
shorter when he his 30 ft from the building? Ww”. whes XT521

20 49“}" v J

15
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Homework
Page 257-258 #9, 16

9) The length | of a rectangle is decreasing at
the rate of 2 cm/sec while the width w is
increasing at the rate of 2 cm/sec. When | =12
cm and w = 5 cm, find the rates of change of:

a) the area 14 cm?%sec
b) the perimeter 0 cm/sec

c) the length of the diagonal of the rectangle
-14/13 cm/sec

d) Which of these quantities are decreasing and
which are increasing?

Area increasing, derivative is positive
Perimeter is not changing, derivative is 0

Diagonal length is decreasing, derivative is neg.

16) Sand falls from a conveyer belt at the rate of
10 m®min onto the top of a conical pile. The
height of the pile is always three-eigths of the
base diameter. How fast are the

(a) height 90/(256pi) m/min

(b) and radius changing 120/(256pi) m/min
when the pile is 4 m high?

Page 258-260 #19, 42

19) A 13 foot ladder is leaning against a house
when its base starts to slide away. By the time
the base is 12ft from the house, the base is
moving at the rate of 5 ft/sec.

(a) How fast is the top of the ladder sliding
down the wall at that moment? 12 ft/sec

(b) At what rate is the area of the triangle
formed by the ladder, wall, and ground
changing at that moment? -119/2 f/sec

(c) At what rate is the angle between the ladder
and the ground changing at that moment?

-1radian/sec

42) Coffee is draining from a conical filter into a
cylindrical coffeepot at the rate of 10 in*/min.

=

03

How fist
i this

L\,"\J s

(a) How fast is the level in the pot rising when
the coffee in the cone is 5 in. deep?

10/(9pi) in/min

(b) How fast is the level in the cone falling at
that moment? 8/(5pi) in/min

October 27, 2020
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w +/( 2
i?wa’w *#X&IL ZI/?";

/S)(a\wL(IQY Q\ (R\ o=

* A
@ l now et t

7 de

/- df t
r‘JB'h 90 . 2 o
\/:Jiﬂ'(h—lf\);lq 25T, 142
: Y 20 - dr
\/__Jg_w(%kh R o AT
R0
Ve lep 33—67”%;’3@(‘_
D7
AV lmrfélqgg‘_kf
f
S
o= e ‘/\(—;[,5
9 (" &2
[0 - ng(aﬂ" %Li_
qo o, b
dse 7" oy

October 27, 2020
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[ = ’ - =
[ 104\
Tervooele KW | I [ - |
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2
- (0 :—%ﬂ“(g) jﬁé_

-1o= 2asm dh
T a4t

—40 _
QST A

- g
S“ﬂ\'\/

21
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W

0 -

dh_; - ﬁ I! ' 10 cm
ft |

| ]

A container has the shape of an open right circular cone, as shown in the figure above. The height of the
container is 10 cm and the diameter of the upcnin" is 10 cm. Water in the container is evaporating so that
its depth £ is changing at the constant rate of I = cm/hr.

. . : —_ : . L3

(Note: The volume of a cone of height h and radius r is givenby V = ki h.)

‘ (a) Find the volume V of water in the container when h = 5 c¢m. Indicate units of measure.

—? (b) Find the rate of change of the volume of water in the container, with respect to time, when h = 5 cm
Indicate units of measure.

(c) Show that the rate of change of the volume of water in the container due to evaporation is directly

proportional to the exposed surface area of the water. What is the constant of proportionality?

| O

-
- -
—

s
3 S =
Tl\(g\)(g (’:%
V:(Df—ﬂ“ N
R T~

| T lo = S
\/1’3’!7'(3 h (
l/-_ﬂ;t\2 (=

dl . l %)) a(h
ﬂ/é /S/?r

2P

AV . T ’ /3
At (g o

dv ‘—‘7§'T" 2
B (/O (m.//\/\

22



_,_12:'}_
M ﬁl
r 5
(b) 7 m,-nr jh
. 1 ., dV _1_.dh
‘ E.;‘Th lh E.-fi T Tf‘l.'h E
v 1., 3)_ 15_ om3
7 T"["”{_lu) e /ﬁ
OR
dV 1 [ ,dh , , dr\ dr _1dh
TP E G T E
dv 1 {25\ 3 /5 3
—_— ==+ 2|=]5] ——
& s, 5 3 [(4)( 10) (3)'[ Ju))
15 3
__?;NJJI
(.”_l_'_-l”l__:l 2
© F=*uE""n™
e gt =_3% ,
o ) 0" o "™

~ N e 3
The constant of proportionality is = TR
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1: Vwhenh=>5

<

1
i: r —;h in (a) or (b)
V as a function of one variable
in (a) or (b)
1 OR

dr

a

dVv
dt
< =2 > chain rule or product rule error

9.
1: evaluation at h =5

dv
1: shows — =k
oW fff area
1: identifies constant of

proportionality

units of em* in (a) and mxr in (b)

1:

correct units in (a) and (b)

23
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11. Two sides of a triangle have lengths 12 m and 15 m. The angle between them is

increasing at a rate of 2 degrees per minute. How fast is the length of the third side

increasing when the angle between the sides of fixed length is 60 degrees?

24
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Then go to logs notebook

w

12.

2016 AP® CALCULUS BC FREE-RESPONSE QUESTIONS

5. The inside of a funnel of height 10 inches has circular cross sections, as shown in the figure above. At height A,

: " 3 2 1 /. 2 2 . .
the radius of the funnel is given by r = ETTL G h :I where 0 < h < 10. The units of r and & are inches.

é Find the average value of the radius of the funnel.
) Find the volume of the funnel.
(c) The funnel contains liguid that is draining from the bottom. At the instant when the height of the liquid is
h = 3 inches, the radius of the surface of the liquid is decreasing at a rate of % inch per second. At this

instant, what is the rate of change of the height of the liquid with respect to time?

_\’\/L"\'I\ = 3 _C&l'l:
h o 2

/
What 1 ¢ Q
At

-
S (3% 2k

25
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12.

‘ .19 avem ¥w1°
(a) A\erageradnus-mj; E(3+h )dh—ﬁ[3h+7]ﬂ

1 1000 109 .
 — 0 + =] =] = =
200[(3 T ) ) 60 "

10 %:
(b) Volume = :rj; ((%](3 + hj)) dh = %j{:{’(q +6h” + ') dh

5710
- L[qm 2w + X ]

400 Sk
_ " 100000]_ )= 2209z . 3
400((90+..000+ 3 0 30 1
dr 1 dh
J_3dn
5710 dr
dh _ 110 _ 2.
~ RaNe S S Teea

- integral
: antiderivative
: answer

- integrand
: antiderivative
: answer

: chain rule
1 : answer

26
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Homework MC
,,;
Page 14 #11 = E ~ %-—0'3 0

1. The radius 7 of a spherg ss—rereasing gt the uniform rate of 0.3 inches per second. At the instant
when the surface are ‘ quare inches, what is the rate of increase, in cubic inches

per second, in the volume 777 [..‘?:thr:' and V:%.’[J‘j] ot 7\2—
(A) 10x (B) 12n (C) 225= D) 25=n (E) 30=n
m%ﬂv:‘uzr‘ %=W‘°§ﬁ
T vy ¢ t
¢ > ad. - ym ’ F
ae - 1MEs) l"h’liio,}

¢ (0 +o~

Page 18 #28 =B

dx 3d_1

28 The sides of the rectangle above increase in such a way that F‘ =1 and E = . At the instant
t

. dx
when x=4 and y=3. what is the value of ?‘.‘
t

1 .
@ 3 B) 1 (©) 2 D) 5 (E) 3

Page 20#34 =D

34. A person 2 meters tall walks directly away from a streetlight that is 8 meters above the ground. If
. . . . . _4
the person is walking at a constant rate and the person’s shadow is lengthening at the rate of —
e—— 9

meter per second, at what rate, in meters per second. is the person walking?

@) — ® 2

27
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« Homework AP FR Page 2 (page 3)

Ship A is traveling due ward Lighthouse Rock : “
[ — H
speed of 15 kilometers per hour (km/hr). Ship B is traveling Ship B W F
due north away from Lighthouse Rock at a speed of 10 B Z— :
km /hr. Let r be the distance between Ship A and Lighthouse y hi ~
Rock at time ¢, and let y be the distance between Ship B and T
o
o e

Lighthouse Rock at time ¢, as shown in the figure above. .ﬁl Lighthouse  * -

3 . : Riock
a) Find the distance, in kilometers, between Ship A and é‘&

Ship B when r= 4 km and y = 3 km
(b) Find the rate of change, in km /hr, of the distance between the two ships when r = 4 km
nd 3 km

¢) Let @ be the angle shown in the figure. Find the rate of change of #, in radians per hour
when £ =4 km and y = 3 km

28
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(&)

Distance = +/3* + 4* <

rf=z +y
L R
r—=1r— 12

df dt dit

or explicitly:

r=ar i

dr 1 [ dr dy\
I e e D

AP~ o { e T T

Atr=4,y=3,
dr _ 4(-15) + 3(10)

T z 6 km/hr
tan # = i
I
dy dr
N TR
soc? 6 _ gt _dt
dt T
Atr=4and y= 3, sech = :.
de _ MG 1ig4d) — | 15)(3)
dt 25 16
85 17
= —: = ; radians /hr
25 i1

answer

1 : expression for distance
2 : differentiation with respect to
2 > chain rule error

1 : evaluation

1 : expression for # in terms of r and y
2 : differentiation with respect to t
< —2 > chain rule, quotient rule, or
transcendental function error
note: 0/2 if no trg or inverse trig
function

1 : evaluation
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Homework page 5 says page 9 on bottom
o 4 p&° La? 12z PR

y |1T’:‘l_l.7j,i{-t;.4-,f, 1222 + 6y = 1.

(S Pl = 2 ©

(b) Write an eqr

2. Consider the curve

(a) Show th

(¢) The line through the origin with slope —1 is tangent to the curve at point P. Find the z

and— FeTTteS Of PO
—_—

) 30’
@, "35& -}%4-(‘3\('3)«\‘1‘1)(&:0
dy 2 21x7139% - §(x-2eg)
@ Ax (oﬁ{ﬂ-(,x? 16 (Xjfj:*"\
CL)(?O - V’Y_QK\CI
Ax(A-4)= O

N o 9=
Go back o the Cur~=
X = O 4. f\,\/?l 3:;
Nr A C"’IC.
Y= 16 <
(O,.lbg\
Mz O
Y-. 16 ¢ = 0(x-0)
Y:leC

No Solvhon

i:,i:_l "l: L/Y’-:;)“j

Z’O ¥+ |
~ == ¥ %= 2l - )
X))
e s
oy

S22 - yxaaxT

O ~Yxtyx+ |
O-’(QX+I>(Q>(+|>
S

30



COVID Year 8 Chapter 3-Derivatives use this one after tuesday.notebook October 27, 2020

(a)

(b)

c)

dy o dy dy
E+GI ot 12ry—?4r+6$ =0

Gy2

dy . - 2

d—{ﬁg,r2 + 622 +6) = 24z — 122y
i

dy 24z —12ry  4x—2xy
dr  6r2+6y2+6 22+y?+1

dy
— =10
dr

dr —2zy =2x(2-y)=0

r=0 or y=2
When 2 =0, 2y + 6y =1:

There is no point on the curve
y coordinate of 2.

y = 0.165 is the equation of the only
horizontal tangent line.

y = —x is equation of the line.
2(—z)® + 62%(—x) — 1227 + 6(—7) = 1
823 — 1222 — 6z -1=0
r=-1/2, y=1/2
or
dy

dx

dr —2zy=-2 -y -1
r+22° = -2 - 22 -1
2° +4r+1=0
x=-1/2, y=1/2

1:  implicit differentiation

2 . . dy
1: wverifies expression for —
dr
i dy
1: sets — =10
. Y dz
d
1: solves =2 =0
dr
4 4

1: uses solutions for x to find equations
of horizontal tangent lines
1: wverifies which solutions for y vield
L equations of horizontal tangent lines

Note: max 1/4 [1-0-0-0] if dy/dx = 0 is not
of the form g(z,y)/h(x,y) = 0 with solutions
for both x and y

l: y=-x
9 1: substitutes y = —z into equation
of curve
1: solves for x and y
or
dy
l: sets i ~1
3 I: substitutes y = —z into ﬂ

dr
1: solves for r and y

Note: max 2/3 [1-1-0] if importing
incorrect derivative from part (a)
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