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Abstract

Let v be a positive integer and Z, the residue class ring modulo v. Two subsets D, and D, of Z,, are
said to be equivalent if there exist ¢, se Z, with ged(f,v)=1 such that D, =tD, +s. We are interested
in the number of equivalence classes of k-subsets of Z, and the number of equivalence classes of
subsets of Z,. We first find the cycle index of the direct product of permutation groups, and then use
it to obtain the numbers mentioned above which can be viewed as upper bounds, respectively, for the
number of inequivalent (v, k, 1) cyclic difference sets (when k(k—1)=A(v— 1)) and for the number of
inequivalent cyclic difference sets in Z,.

1. Introduction

Let v be a positive integer and Z, the residue class ring modulo v. Motivated
by the concept of equivalence of cyclic difference sets (cf. [1,2 or 5]), Wei et al. [6]
have introduced a similar equivalence relation among the subsets of Z,, and studied
the number of equivalence classes. Two subsets D; and D, of Z, are said to be
equivalent, denoted by D, ~D,, if there exist 1,se€Z, with ged(t,v)=1 such that
D,=tD,+s.

Obviously, the relation ~ is an equivalence relation, under which the set of subsets
of Z, are partitioned into disjoint equivalence classes, and the subsets in one equiva-
lence class have the same cardinality.

Let

T,={(t,s)|t,s€Z,, ged(t,v)=1}. (1.1)
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Then [T,]=¢(v)v, where @(v) is the Euler’s phi-function. One can associate each
element (z,5)e T with the following permutation on Z,;

(e, 5= 0 1-d-v—1
s t+setd+s-to—1)+s

Let G,={a(t,s)|(t,5)eT,}. For a(t,s),0(t',s')eG,, we define

(o(t,s)-a(t,s))d=c(t,s)a(t',s")d), deZ,.
Then
a(t,s)-o(t',sY=a(tt' ts'+5)eG,, (1.2)

and G, is a permutation group on Z,. Denote the cycle index of G, (cf. [3] or [4]) by

1
|G,

P (X1, X X)) = Y, x1® X PO X1, (13)

9€Gy

where n;(g) (1 <i<v)is the number of cycles of length i in the decomposition of g into
disjoint cycles. Wei et al. [6] proved the following theorem.

Theorem 1.1. The number of equivalence classes of k-subsets of Z,, is
L d ¥ P L,x2+1 Y41 14
a1 lge) Pe et x4 1, x4 1) = (1.4)
and the number of equivalence classes of subsets of Z,, is
Ps (2,2,...,2). (1.5)
According to this theorem, the problem of finding the number of equivalence classes
of k-subsets (or subsets) of Z,, is reduced to finding the cycle index of the permutation

group G,. When v is a prime power p* Wei et al. [6] have found P ,(x1, X5, ..., Xx;2) as
in the following theorems.

Theorem 1.2. Let p be an odd prime and o= 1. Then the cycle index of G, is

1 a
P e xp) = 4 Y P2 () xg
6 X0 X2 )= {Zﬂ” (p—1)x3

a—1
+o(l)a— (p* 1= 1),
2 2 P (i

w=0 I|lp—-1

d P p—1yi
x <]_[ xpu,> } (1.6)
u=0
where

o>,
5”)’{0 if 1=1.
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Theorem 1.3. The cycle index of G,= is
3(xi+xy) if a=1, (1.7)

Lixt+2xix, +3x342x,) if a=2, (1.8)

a—1
1 2-w
2t {22(111)"” Y, @D h)2e xR
w=1
a=2
- Z P22 x} 425 x3x3TT -
w=0

w

><<z x2u>21_w—1} if 2323, (1.9)

u=1
In the present paper we will settle the general case when v has the factorization:
v=p3'p%...p¥, p;s are distinct primes. (1.10)

To this end, we first study in Section 2 the index of the direct product of permutation
groups, which also has its own independent interest and use it to find the cycle
index of G,, and then give in Section 3 formulas for the number of equivalence
classes of k-subsets of Z, as well as for the number of equivalence classes of subsets
of Z,. Naturally, these numbers can be viewed as upper bounds, respectively, for
the number of inequivalent (v, k, 4) cyclic difference sets (when k (k—1)=4 (v— 1)) and
for the number of inequivalent cyclic difference sets in Z,, although they are too
coarse.

2. Cycle index of direct product of permutation groups

Let H, be a permutation group on a finite set S; and |S;|=v; (1 <i<r). Let the cycle
index of H; be

vi

P,,i(xl,xz,...,x,,l,)=—1- e 2.1)
| H,] hieH; j=1
Let §=S;x8,x...x8, be the Cartesian product of S,,5,,...,S,, and
H=H xH,x-.-xH, the direct product of H,H,,...,H,. For an element a=
(a,as,...,a,) of S and an element h=(hy, h,,...,h,) of H, we define the action of
h on a by

h(a)'—“(hl’ h29 AR hr)(alvaZv 9ar)=(h1(al)r h2(a2)’ AR hr(ar))- (22)
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Evidently, H is a permutation group on S. Denote by C,(a) the length of the cycle
containing the element acS§ in the decomposition of the permutation / into disjoint
cycles, and by C, (a;) the length of the cycle containing the element a;eS§; in the
decomposition of the permutation #; into disjoint cycles. Then we can prove the

following relation between C,(a) and C, (a;) (1 <i<r), where a=(a,,a,, ...

Lemma 2.1. For any element a=(a,a,, ...,a,)eS, we have

Ciula)= [Ch,(al)s Chz(aZ), s Ch,(ar)],

,a,).

(2.3)

where [Cy (a1), Ch,(a3), ..., Cy (a,)] denotes the lcm of Cy (a,), Cy,(az), ..., Cy (a,).

Proof. From h**“(a)=a, we have

(hclh(a) (al), h%h(a)(az), cees hﬁh(ﬂ) (ar)) = (al, Aoyueny ar),
ie.

W@ (a)=a; (1<i<r)

Thus, Cy(a;)| Cpla) (1<i<r), and then
[Ch,(a1), Ch,(az), ..., Ch (a)]]| Chla)

Write m=[C,,(a,), Cy,(az), ..., Cy (a,)], and [;=m/Cy(a;) (1 <i<r). Then
h™@)=(h{@0" (ay), h§292%(ay), ... byt (a,)).

From this and

her @l ()= hen @) henad (g) =g, (1<i<r)
I

we get

hm(a)=(a13 Az, aar)za'
Therefore,
Cula)|m.

Combining (2.4) and (2.6), we prove the theorem. [

We introduce a special kind of product as follows.

Definition 2.2. Let f(xy, X5, ..., X, )=Ya;, ..; Xi'x%...xk and g(xy, x5, ...
ijljz..,jvx’l‘xff .. x¥ be two polynomials. The x-product of f(x,x,,...

(2.4)

(2.5)

(2.6)

»Xp)=
,x,) and
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g(x1,x2,...,X%,), denoted by f(x(,x5,...,%,) % g(x1, X5, ...,X,), is defined to be

St X2, 00, x0) % g(xq, Xg, ... ’xu)=zai1i2--- iubjlj2"'ju

< T (s xi), 2.7)
1<I<u
1€smsv
where
x‘;' x x#":x:;:::]jm/[l,m]. (28)

Some useful properties of x-multiplication are listed in the following lemma.

Lemma 2.3. (a) The »-multiplication is commutative:
S X0, e X ) X G(X1, X0, oo, X)) =X 1, X2,y a3 Xp) % f (X0, X2, 0005 X))
(b) The s-multiplication is associative:
(f 1, X250, %) % (X1, X2, 000, X)) % (X1, X2, 00, Xy)
=f (X1, X2, 0, %) %G (X1, X2, o0, X)) K G(X1, X2, ., X)),

and in general, the X-product of r polynomials is the same no matter how to associate the
factors, so we can use the symbols:

)~

JilX1 X2, 00, X0 )= f1(x1, X550, X0,) % fo (X1, X3, 00, X0,)

il

i=1

Moo Xf;.(xl,xZ, ...,xur).

Moreover,
d . . . . . .
KX =xp g/t 2.9)
j=
(© (7)™ ¢ (x;gi)l=(x;li % x?a)ml'
: 1
(d) X PHj(Xl,xz,...,ij =—T—‘7 Z
i=1 j:ll JI (hlrhla“whr)eHlegX»-‘)(H'
x H X i/uZ[""“"“’"'h"(l <uy<oplTj=1 ujnj, () (2.10)
uzl

Proof. (a) follows from (2.7), for its right-hand side is independent of the order of
x4 and xZm. (b) follows from

Bioxe i} 3¢ o in.vjn-/[i.j],-_ Am in.-jn-mn,,,/[[i,j],m]
(e 3 x J7) e = xSk =i

=xifima B Lm= o (e s X7,
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Based on this we get (2.9) by mathematical induction. The verification of (c) is
straightforward. We now prove (d):

- 1|H| 2 H "’"‘"’)—ﬁl Y [T x s

hieHj u=1 z=1| her, t<u <o /=1
h2eH> 1<uz<vz

hrEHr 1 <ur<vr

1 H )
e xulnlu,(hl)Hanuz(hZ)"'urnrur(hr)y/[uh“Zy‘--xuy]
n_ |H| [uy 1z, u,]
i=1150 pieHy 1<uy <oy
haeHz 1 <us<vy
hyeH, 1<u, <0,
1 r
=#H, |H,| I l x3/"2[141,“2,...,ur]=u(1<ujSvj)nj=1“J'"ju,(hj).
i=1107 (hi bz, he) oyt

eHyxHa2x - xH,

This proves the lemma.
We are now in a position to prove the main result of this section.

Theorem 2.4. The cycle index of the permutation group H=H; x Hy x --- x X, is

PHlezx...XH,(xbe) 7xv1uz-<-vr)= X PH,-(xlsXZa 9xv,-)'
i=1

Proof. Let h=(hy,h,,...,h,) be a given element of HyxH,x - xH, and a=
(ay,as,...,a,)agiven element of §; x S, x --- x S,. Let a; be in a cycle of length [; of the
decomposition of the permutation h; into disjoint cycles (1 <i<r). By Lemma 2.1, a is
in a cycle of length [I,1,,...,1,] of the decomposition of the permutation h into
disjoint cycles. Since the cycle indicator of h; is

x';il(hi)xgiz(hi) xz:vl(hi) (1 slsr)’

there are [];_, (ny,(h;)l;) elements of S that are in one of the cycles of length
[y 1, ..., 1,]. Thus, there are [T} _, (Iing,(h))/[11, 12, ..., 1] cycles of length [1y, 15, ..., 1]
in the decomposition of k into disjoint cycles. Therefore, the cycle indicator of
h=(hy,h,,...,h,)is

H x’l”u,(hl)lznzlz(hz) Irnylr(hr)/[lllev ] .
[l )

1<l <oy
1<lh<v

1<, <o,
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PHIXHZX--- xHr(xly-xZ, 7xvlvz w-u,)

__ Z H ) lonag () o dong () D, 1
Tl5., [ Hl Uselys o dy]

(hi,h2, ... hy)  1<lisor
eHyxHax -~ xHr 1<lag

1<l <or

r
= ¥ Py (x1,X5,...,%,,)
i=1

This proves the theorem. O

3. Enumeration of equivalence classes

In this section we will first find the cycle index of the permutation group G,, and
then use it to obtain an enumeration formula for the number of equivalence classes of
subsets (or k-subsets) of Z,,.

Let v be a positive integer and have the factorization (1.10). From number theory,
there are integers zy,2,, ..., z, such that

r
X
2 = [ py=1.
i=1 j#i

1<j<r

For any teZ,, set

ti=tz; [] p¥ (modp¥) (I<i<r).
J#i
1gjgr

Then the map §:

B([)=(I1,[2,...,l,) (31)

is an isomorphism from Z, to (—sz 1 Zp- And it is easy to see that ged(r,v)=1 if and
only if ged(t;, p;)=1 (1 <igr).
Write

Gyr={0ultiy st s)eTyn ) (1<i<r) (32)

where a;(t;,s;) means the permutation on Z,x such that for a,eZys, oi(t;, s;)a;=
{tia;+s; )i, where {t;a;+s;); is the smallest nonnegative residue of t;a;+s; modulo
pi' and is regarded as an element of Gz (1 <i<r).

We now prove the following theorem.
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Theorem 3.1. G, is isomorphic to the direct product of Gps (1 <i<r):

G2 @Gy (3.3)
i=1
and then
Pg (x1,X5,...,X%,)= % PGn?' (X35 X2, 0ers Xpzi). (34)
i=1 !

Proof. Let (,s) be a given element of T, f be as defined in (3.1), B(t)=(t,t2,..., 1),
and B(s)=(s1,53, ..., 5,). Then we have gcd(t;,p;) =1 (1 <i<r),s0 (¢, 5)€ Ty (L <i<r).

We can induce from o(t, s} a permutation 6((ty,ta,...,t,), (S1,82,...,5,)) on @:‘:1
Z,x as follows:

G(t1,tas ey ty)y (81,82, s s @y,az, ..., a,)
=ty 45101, {t2a2+5302, .., {tpar+S04), (3.5)

where (a1,4a,, ..., a,) is any element of (P;_, Z,». Write

Go={G((t1st2, s 10)s (51552, -, S )t 8)€ T (1 KPP}
Then it is easily seen that

G,=G,. (3.6)
On the other hand, for o,(t;,s;)€Gpx and a;€Z s,

olt,s)a;={Ga;+8); (1<igr).
Combining this and (3.5), we have

G((t,tas e b)), (51,82, .-, ) =(01(t,$1), 02(t2,52), ..., 04(tr, 50)),

where (a1 (t1,51), 02(t2,52), .-, 0,(t,,s,)) means such a permutation on (P, Z,s that
for each (aj, asz,...,a)e@. | Z,s.,

(O-l(tlssl)7 02(12982)’ vee aar([r’sr))(alaa27 aar)
=(01(t1,51)a1, 02(t2,52), -, 0,(Lr,5,) ;).

Clearly, 6((t1,t2,...»t) (S1:52,---,8,)) and (o1(ty,81), 02(t2,82),...,0,(t,,s,)) are
uniquely determined from each other.

Moreover, if also (t',s")e Ty, B(t')=(t1, th, ..., t;), and B(s')=(s%,5%, ...,5,), then for
any (ay,az,....a,)e@_ | Zp

a—((trlat123 ’t;)a (S/I’S/Z’ ,S,/,))O'_((tl,[z, atr)’ (S17529 ’Sr)) (alaa27 7ar)
=6(([/1’t,27 7t;)a (S/lﬁs,Za ’S;))(al(tlasl)ab 0-2(t2952)a2’ “ee :Gr(tr’sr)ar)

'—_(O-l(tll’ S/l) Gl(tlv sl)als al(t/27 S/Z) O-2(t2> Sl)als cees O’r(t;‘r S;') Ur(tra Sr)ar)'
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This implies that
&((t’h IY27 “ees [;)3 (S’I’S’Z, ,S;))&((tl, t23 LR tr)’ (SI’SZa >Sr))

=(0'1 (llla Sll) 61([1,51), O-Z(t/l’ 5/2) GZ(IZ’ SZ)’ s O-r(t;'s S;) O',.([,, Sr))'

Thus, we have proved

G2 @ Gy 3.7

i=1
Combining (3.6) and (3.7), we get (3.3). Since isomorphic groups have the same cycle
index, we obtain (3.4). This completes the proof. [J

From Theorems 1.1 and 3.1, we immediately obtain the following theorem.

Theorem 3.2. The number of equivalence classes of k-subsets of Z,, is

1 d kK r .
—=1ll5=] X P a.(x+1,x2+1,...,x”i'+1)j| ,
k! I:(dx) i=1 ot =0

where P ,, are given in (1.6)—(1.9). And the number of equivalence classes of all subsets of
pi

Z,is

[x PGP@,(x+1,x2+1,...,xp?'+1):]
i=1 ¢

x=1

Applying Theorem 3.2 to the number of inequivalent cyclic difference sets, we have
the following theorem.

Theorem 3.3, Let v,k, A be positive integers and A(v— 1)=k(k—1). Then the number of
inequivalent (v, k, A} cyclic difference sets is less than or equal to

1 d\r o

and the number of all inequivalent nontrivial cyclic difference sets in Z,, is less than or
equal to

[x Pg . (x+1,x>+1, ...,x”?+1)} —2(v+1).
i=1 '

x=1

Of course, the upper bounds, in general, are very coarse.
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